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Exponential sums for symplectic groups
and their applications

by

DAE SAN KM (Seoul)

1. Introduction. Let A be a nontrivial additive character of the finite
field F;, and let r be a positive integer. Then we consider the exponential
sum

(1.1) Yo Merw)),

wESP(2n,q)

where Sp(2n, q) is the symplectic group over F,, and trw is the trace of w.
Also, we consider

(1.2) > Mtrw)"),

weEGSpP(2n,q)

where GSp(2n, ¢) denotes the symplectic similitude group over F,.
The main purpose of this paper is to find explicit expressions for the
sums (1.1) and (1.2). It turns out that (1.1) is a polynomial in ¢ times

(1.3) > A0
v€F,

plus another polynomial in ¢ involving certain exponential sums. On the
other hand, the expression for (1.2) is similar to that for (1.1), except that
the polynomial in ¢ involving (1.3) is multiplied by ¢ — 1 and that the
exponential sums appearing in the other polynomial in ¢ are replaced by
averages of those exponential sums.

In [8], the sums in (1.1) and (1.2) were studied for » = 1 and the con-
nection of the sum in (1.1) with Hodges’ generalized Kloosterman sum over
nonsingular alternating matrices was also investigated (cf. [4]-[6]). As the
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sum in (1.3) vanishes for » = 1, the polynomials involving (1.3) do not ap-
pear in that case. For r = 1, similar sums for other classical groups over a
finite field have been considered ([7]-[14]).

The sums in (1.1) and (1.2) may be viewed as generalizations to the
symplectic group case of the sum in (1.3), which was considered by several
authors ([1]-[3]).

Another purpose of this paper is to find formulas for the number of
elements w in Sp(2n,q) and GSp(2n,q) with trw = (3, for each § € F,.
Although we derive those expressions from (5.2) based on a well-known
principle, they can also be obtained from the expressions for (1.1) and (1.2)
by specializing them to the r = ¢ — 1 and r = 1 cases.

We now state the main results of this paper. For some notations here,
one is referred to the next section.

THEOREM A. The sum -, csp(2n,q) M(tT w)") equals

9) > A"

~v€F,
plus
[n/2] b
(1.4) ¢! Z g" [ ] H -
[(n—2b+2)/2} -1
X Z ¢ MKy _oppo_o1(N'51,1) Z H(q]r% -1)
=1 v=1
with
) n [n/2] b
_ n? b(b+1) 2j—1
(15)  fl@)=4q {H Zq {Qb] [T -1)
Jj=1 75=1
[(n—2b42)/2] -1
% Z ql_l(q B 1)n—2b+2—2l Z H(qjl,—2u o 1)}7
=1 v=1

where both unspecified sums in (1.4) and (1.5) run over the same set of
integers ji, ..., 511 satisfying 2l — 1 < 551 < ... < j1 <n—2b+1, and
MK,,(\";a,b) = MK,,(\";a,b;0) is the exponential sum defined in (3.16)
and (3.17) (cf. (3.19)).

THEOREM B. With f(q) as in (1.5), the sum 3 , ccspian,q) At w)") is

given by
=050 ¥ A0
v€EF,
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plus the expression in (1.4) with MK, _ap12-21(A\";1,1) replaced by the av-
erage

> MEKn opia-a(Nsa,1).
acl,

THEOREM C. For each 3 € Fy, the number Ngpan q)(8) of w € Sp(2n, q)
with trw = B is given by

¢ [I@” -1
j=1

plus
, /2 i [ 1 b
n°—1 b(b+1 25—1
"> g [Qb} [ -1
b=0 qj=1
[(n—2b+2)/2]

X Z ¢ (6(n—204+2—-21,¢;08) —q (g — 1)n—2b+2—2l)
1=1

-1
> T[@ -,
v=1

where the innermost sum runs over the same set of integers as in (1.4), and
d(m,q; B) is as in (5.4) and (5.5).

THEOREM D. For each 3 € F,, the number Nggpan,q)(B8) of w €
GSp(2n, q) with trw = (3 is given by

(q—1)g"

—.

Il
—

@ =1—q¢ " Y Atrw) if B#0,

weGSp(2n,q)

@7 -D+q(g=1) > Atrw) ifs=0,

weGSp(2n,q)

J

2_
(g—1)g" !

—.

I
—

J

where X is any nontrivial additive character of F, as before and the last sum
is the expression in Theorem B with r =1 (cf. (5.9)).

Theorems A, B, C and D are respectively stated below as Theorems 4.2,
4.1, 5.2 and 5.3.

2. Preliminaries. In this section, we fix some notations and gather
some elementary facts that will be used in the sequel.

Let F, denote the finite field with ¢ elements, ¢ = p? (p a prime, d a
positive integer). Let A be an additive character of F,. Then A = A, for a
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unique a € F,, where, for v € F,,

(2.1) Aa<v>=exp{2;l<m+<m> T +<m>pd”>}.

It is nontrivial if a # 0.

In the following, tr A denotes the trace of A for a square matrix A, and
!B denotes the transpose of B for any matrix B.

Let GL(n, q) denote the group of all invertible n x n matrices with entries
in F,. The order of GL(n, q) equals

n—1

(2.2) In = H(q H ¢’ —1).

§=0
Sp(2n, q) is the symplectic group over ]Fq defined by
Sp(2n,q) = {w € GL(2n,q) | ‘wJw = J},

where
(2.3) J = [_(in 10”} ,
As is well known,
(24) Sp(2n.q) H
P(2n, q) indicates the maximal parabohc subgroup of Sp(2n, ¢) given by
(25) P(2n,q) { [gl tAol] [1n 13} < pon, )| A< L) } |

The Bruhat decomposition of Sp(2n, ¢) with respect to P(2n,q) can be
expressed as a disjoint union of right cosets of P = P(2n,q):

(2.6) Sp(2n, q) HPab A\ P),
b=0
where
(2.7) Ay = Ap(q) = {w € P(2n,q) | opwa, ' € P(2n,q)},

0 0 1y 0

0 1, O 0
-1 0 0 0

0 0 0 1,

From (3.10) and (5.7) of [8] (cf. (2.17)),

(29) A\l =) 7]

(2.8) Op =
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and the number a; of all b x b nonsingular alternating matrices over F,, for
each positive integer b, is given by

b/2
(2.10) ap = g/ /2-1) H(qu_l —1) if bis even,

i=1

0 ) if b is odd.
GSp(2n, ¢) denotes the symplectic similitude group over F, given by
GSp(2n,q) = {w € GL(2n,q) | ‘wJw = a(w)J for some a(w) € F)},

where J is as in (2.3). We have
(2.11) |GSp(2n,q)| = (¢ — 1)q H

Q(2n, q) is the maximal parabolic subgroup of GSp(2n, q) defined by

(2.12) Q(zn,q):{[gl atAolng ﬁ] A € GL(n,q), }

aelFX,'B=B
The decomposition in (2.6) can be modified to give

(2.13) GSp(2n,q) HQO’b Ap\P),

where Q = Q(2n,q) is as in (2.12).
We recall the following theorem from [17, Theorem 5.30]. For a nontrivial
additive character A of F, and a positive integer r,

(2.14) > Ay Z_: G4, \)

v€F,

where 9 is a multiplicative character of F,, of order e = (r,g—1) and G(¢7, \)
is the usual Gauss sum given by

(2.15) G N =Y v(y
YEFY

For a nontrivial additive character A of F, and a,b € Iy, the usual
Kloosterman sum is given by

(2.16) K(Xja,b) = Y May+by™).

X
v€Fg

We put, for integers n,b with 0 < b < n,

b—1
1) | =T - v -,
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and put

(259),, = (1 —2)(1 —2q)...(1 —z¢"7"),
for x an indeterminate and n a nonnegative integer. Then the g-binomial
theorem says

(2.18) > m (-1’42’ = (z;9),,

b=0
Finally, for a real number z, [z] denotes the greatest integer < x.

3. Certain exponential sums. For a nontrivial additive character A
of IFy, r a positive integer, and for a,b € F,, we define

(3.1) KerggWiab) = > Aatrw+btrw "))
weGL(t,q)

In [8], this sum was defined for » = 1 and its explicit expression in that
case was derived.

As mentioned in (4.4)—(4.6) of [8] and (3.3)-(3.5) of [7], we have the
following decomposition:

(32) GL(t,q) = P(t—1,L;q) [T P(t -~ 1, 1;9)o(B(t, @)\ P(t — 1,1:q)),

where
A, B, d are respectively of sizes
Pe-1u0 =15 4] ectea |
0 d (t—1)x (t—1),(t—1)x1,1x1

B(t7Q):{w€P(t_171;q)‘O-wo—_l EP(t_LLQ)}a

0 0 1
c=10 1,9 0
-1 0 0

A recursive relation for (3.1) can be obtained by using an argument
similar to that in Section 4 of [8]. For this, we need to consider a sum which
is slightly more general than (3.1). Namely, for o € F, 3 € Fy, we define

(3.3) Kani,g (A5 a,1;8) = Z M(atrw +trw™t +3)").
weGL(t,q)

Note that for a = ab (a,b € F*) and 8 = 0, this is the same as (3.1).
The sum in (3.3) can be written, in view of (3.2), as

(34)  Kauu,g(A\a,1;6)
= Z M(atrw+trw™t+3)")

+1B(t,))\P(t — 1, 1;¢)| 3 A(atrwo + tr (wo) ™" + 8)"),
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where both sums are over w € P(t — 1,1;¢). Here one must observe that,
for each h € P(t —1,1;q),

Z A(atrwoh + tr (woh) ™" + 8)")
weP(t—1,1;q)
- Z A(atr hwo + tr (hwo) ™ + 8)")

weP(t—1,1;q)

= Z A(atrwo + tr (wo) ™'+ 8)).

weP(t—1,1;q)
The first sum in (3.4) is

35 > AMatrA+trA rad+d ! +5))
A,B,d
=¢" Y Korg-1.9M\ 50 Liad+d7" + ),
deFy
where we use the form, with A of size (t — 1) x (t — 1), d of size 1 x 1, etc.,
B [A B

=10 d}EP(t—l,l;q).

Write w € P(t — 1,1;q) as

A A B -1
(3.6) w= | A A B, [AH A12] = [EH Elﬂ ;
0 0 d Ag1 A Ey By

where Aj1, Fh1,d are of size 1 x 1, and Agg, Eao are of size (t —2) x (t — 2),
etc. Then the second sum in (3.4) is

(37) Z )\((—CVBl + OétI'AQQ + tI'EQQ — d_lEllBl — d_1E12B2 + ,B)T),

where the sum is over all All,Alg, Agl, AQQ, Bl, BQ, d.

We separate the sum in (3.7) into the one with A2 # 0 and the other
with A1 = 0. Note that Ay = 0 if and only if Fi5 = 0.

The subsum of (3.7) with A2 # 0 is

(3.8) > D M(—aBi +atr Ay +tr By —d ' En By
AWith Alg;éo B2
Bi,d

—d 'E12By + 3)").
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Fix A with A12 7£ O,Bl,d. Write E12 = [Oél .. .Oét_Q], BQ = t[ﬁl . .ﬁt_g].
Then ay, # 0 for some k (1 < k <t—2).
Noting that, for a € F and b € F,

DM@y +b)") = A0,

v€EF,; vEF,

we see that the inner sum of (3.8) equals

(39) > M et ) = a7 30 M.
all3; By ~vEF,
with i#£k
Combining (3.8) and (3.9), we see that the subsum of (3.7) with A;5 # 0 is
(3.10) (91— (¢=1)¢" *g-2)d" (¢ —=1) Y A(Y").
vy€EF,

The subsum of (3.7) with A2 =0 is
(3.11) D A(—(a+d VA )By + artr Agy + tr Ay + 8)"),

where the sum is over A = [ﬁ; A(;], B = [g;], d.

Again, we separate the sum (3.11) into two subsums according as « +
d A #0or a+d A =0.

Assume that o+ d " PA; # 0, ie., d # —a~' A}, Proceeding just as
when we were dealing with (3.8), we see that the subsum of (3.11) with
d#—a 1A is
(3.12) (@—1)(q— 2" g2 Y _ A",

v€EFR,

On the other hand, it is easy to see that the subsum of (3.11) with d =
—a tA7 equals

(3.13) (q— 1)q2t73KGL(t72,q)()\r§ a,1; 6).
As noted in (4.12) of [§],
(3.14) [B(t,g\P(t — 1 Lq)|=q(¢"" —1)/(g—1).

From (2.2), (3.4), (3.5), (3.10)—(3.14), we get the following recursive re-
lation.

LEMMA 3.1. Let Kg,q) (A" o, 1; 8) be the sum defined by (3.3). Then,
for integers t > 2, a € ¥y and B € Fy,
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(3.15)  Karw,g(A 5, 158)

=q2)(g"! Hq 1) > A"

j=1 vy€EF,
+¢* (¢ = D) Kar—2,9 (A5, 1; 8)

+ qt*1 Z KGL(tfl,q)()‘TS a, Loy + 771 + ).
vEFS

Here we understand that Kqr,0,q) (A5, 1; 8) = (7).

For a nontrivial additive character X, a,b,c € F,, and a positive integer
r, we define the exponential sum M K,,(A\";a, b; c) as

(3.16) MK,,(\";a,b;c)
= > Mam+dbnt ot avm by o))

Y1y Ym EFY
for m > 1, and
(3.17) MK\ a,b;¢) = A(c").
Note that, for r =1,
(3.18) MK, (X a,b,¢) = Mc)K (N a,b)™

with K (\;a,b) the usual Kloosterman sum as in (2.16).
If ¢ = 0, then for brevity, we write

(3.19) MK, (A\";a,b) = MK,,(\";a,b;0).

From the recursive relation in (3.15), one can prove the following theorem
by induction on t.

THEOREM 3.2. For a nontrivial additive character X\, integers t,r > 1,
and for a € F)¥ and 3 € F,, the exponential sum Kgy(i,q)(A"; @, 15 3) defined
by (3.3) is

(3.20)  Kar,g(A 5o, 158)
S D(E=2)/2

[(t+2)/2]

t -1
AT -D- > ¢ -0 T[> -1}
j=1 =1 v=1
Z
€l
[(++2)/2)

(t+1)(t 2)/2 Z q MKt+2 2l(>\ O[,].,ﬁ Z H Ju=2 1)7

v=1
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where both wunspecified sums are over all integers ji,...,751—1 Satisfying
20— 1 < g11 < g1oa < ... < j1 < t+ 1. Here we adopt the convention
that the unspecified sums are 1 for | = 1.

4. Main theorems. In this section, we consider the sum in (1.2),

Yo AMltrw)),

weGSp(2n,q)

for any nontrivial additive character A of I, and any positive integer r, and
find an explicit expression for it by using the decomposition in (2.13). An
explicit expression for the similar sum over Sp(2n,q) will then follow by a
simple observation.
The sum in (1.2) can be written, using (2.13), as
n
(4.1) D IANP| D A((trwo)"),

b=0 wEeQR

where P = P(2n,q),Q = Q(2n,q), Ay = Ap(q),0p are respectively as in
(2.5), (2.12), (2.7), (2.8).
Here one has to observe that, for each h € P,

D AM(trwoph)™) = > A(tr hwop)") = Y A((trway)").

weR weR weQR
Write w € Q as
1., 014 o ][ B
(42) v [0 aln] [0 tAl] [o 1n]
with
A Ar ta—1 Ey Eio Bi1 Bi2
A= , AT = , B= ,

|:A21 Ago Eo  Ea ‘Bis  Bas

(4.3) ‘Bi1 = By1, 'Bay = Baa.

Here Aq1, A12, A1, Ago are respectively of sizes b x b,b x (n —b), (n —b) x
b,(n —b) x (n — b), and similarly for ‘A=, B. Then

(4.4) Z A (trwoy)")

weq
(4.5) = Z A((—=tr A1y By — tr App"Bra + tr Ags + avtr Enp)'),

where the sum is over A, B11, B12, Bas, a, and Bj1, Boo are subject to the
conditions in (4.3).

Consider the sum in (4.5) first for the case 1 < b < n — 1 so that Ao
does appear. We separate the sum into two subsums, with A5 # 0 and
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with A5 = 0; the latter will be further divided into two subsums, with A
alternating or not. So the sum in (4.5) is

(4.6) S+ > Y

A12#0 A12=0 Ai12=0
A11 not alternating Aj; alternating

The first sum in (4.6) is

n—b+1)

@7 o

X Z Z}\((— tI’AllBll —tI‘AlgtBlg +tI‘A22 +OétI'E22)T).

A with A127£0 B2
Bi1,«

The inner sum of (4.7) can be treated just as that of (3.8), so that it equals

(4.8) ¢TIy AGD).

vEF,
Combining (4.7) and (4.8), we see that the first sum of (4.6) equals
(4.9) (q = 1) DOD2(g, — gg ") ST AR,

v€F,
The subsum of (4.5) with A1 =0 is
> > M(—trAn B +trAsy +atr Ay))")
As1,B12,Baz A11,A22,B11,a
— (") F20(nb)

(4.10) XY M(=trAnByy +tr Agy +atr Az))").
A11,A22,B11,0

Write A11 = (O{Z'j) and Bll = (ﬁz]) Then tI"AHBH = Zlfigjgbfyijﬁiﬁ

where
8773 if i =7,
Vij = {aij—kaji if ¢ <j.
So Ay is alternating if and only if v;; =0 for all 1 < < j <b.
The subsum of the sum in (4.10) with A;; not alternating is

(4.11) > > A(—tr Ay By +tr Agy + a tr A3))").
A1 not alternating Bi1
Az,

As Ajq is not alternating, s # 0 for some s,t. By the same argument as in
the case of (3.8), we see that the inner sum of (4.11) equals

(4.12) ¢ ST A,

vEF,
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Combining (4.10)—(4.12) shows that the middle sum in (4.6) is
(4.13) (q—1)g D220 g gy —an) > AR")
v€F,

where a; denotes the number of all b X b nonsingular alternating matrices
over [F, for each positive integer b.
The subsum of (4.10) with Ay; alternating is

(4.14) D D M An ta Az

Ajj alternating o Az
B1i

b+1
—’abq 2{: }(GL(n bq)(A «, 1)

a€Fyf
where Kqr,(n—p,q)(A\";,1) is as in (3.1). Combining (4.10) and (4.14), we
see that the last sum in (4.6) is
(4.15) g2 G N K nbg) (A3 @, 1).
a€Fy

Adding up (4.9), (4.13), and (4.15), we have shown that, for each 1 <
b <n—1, the sum in (4.4) is

(4.16) q("_l)(”+2)/2{(q = 1)(gn — " P gnpar) > AH")
YEF,

+ gt g, Z Kanm-bg (A" a, 1)}-

aEF;

Next, we consider the sum in (4.4) for b = n, which is given by

(4.17) > M(—trAB)")

wew

with w as in (4.2). Just as when we were dealing with the subsum of (4.5)
with A5 = 0, we separate the sum in (4.17) into the one with A alternating
and the other with A not alternating. Proceeding as above, we see that
(4.17) equals

(418)  (¢= D" 2 (g, —a,) TN +qan }-

vEF,
So if we agree that go = 1, Kqr,(0,q)(A"; @, 1) = 1 then this is just (4.16) for
b = n. Observe that go = 1 is natural in view of the formula in (2.2). Further,
Kar0,q)(A5a,1) = 1 is equivalent to saying that MKo(A";a,1) = 1 (cf,
(3.19)), which is consistent with our convention in (3.17).
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Finally, the sum in (4.4) for b = 0 is given by

(4.19) Y MtrA+atr AN ) =g 3 Kappg(Via, 1),

wER oae]FX

again with w as in (4.2). This agrees with (4.16) for b = 0 if we understand
that ap = 1. Here again ap = 1 is natural in view of the formula in (2.10).

Putting everything together, we have shown so far that the sum in (4.1)
can be written as

(420) (g = 1)g" LN APl (g0 — " Pgupar) ) DA

b=0 v€eF,

n+1
+q Z‘Ab\P‘qb(n b)ab Z Karn- bq)(/\ a,1).
b=0 QE]FX

2.14), (2.15), (2.18) and from the explicit ex-

From (2.2), (2.9), (2.10), (
a,1) in (3.20) with 5 = 0 (cf. (3.19)), we have the

pression of Kqr,(t,q)(A";
following theorem.

THEOREM 4.1. For any nontrivial additive character X of F, and any
positive integer r, the exponential sum

> Mtrw))

weGSp(2n,q)

s given by
n [n/2] b
a2y - ve | [l - qb<b+1>[ | T -0
j=1 qj=1
[(n—2b+42)/2] e—1
D S 0 | (Tt} Y
=1 j=1
[n/2] b
n—lz b(b+1)|: :| H 2j—1
q45=1
[(n—2b+2)/2]
XD 4 ) MEnape (N alZH (¢ = 1),
=1 oze]FX
where both unspecified sums run over the same set of integers ji,...,J51—1

satisfying 2l—1 < 5;_1 < ... < j1 < n—2b+1,v is a multiplicative character
of Fy of order e = (r,q — 1), and MK,,(\";,1) is the exponential sum
defined in (3.16), (3.17) (cf. (3.18), (3.19)).
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As, with do = [ g 0 ],

GSp(2n,q) = ] daSp(2n,9),
aEF?

we see that the sum -, oo, o) A((tr w)") in (1.1) is the same as the ex-
pression in (4.21), except that the foremost term ¢ — 1 does not appear and
that > cpx MK, ap12-21(A\"; @, 1) is replaced by MK, _ap12-2(A";1,1).

THEOREM 4.2. For any nontrivial additive character X of F, and any
positive integer r, the exponential sum

S Aerw))

weSp(2n,q)
s given by
n [n/2] n b
n?—1 25 1y _ b(b+1) 2j—1
(4.22) ¢ {H(qﬂ - 4 {213} [[@ -1
j=1 b=0 qj=1
[(n—2b+2)/2] -1 e—1 .
DD A U VA DY | (G 1)} > G
=1 v=1 7j=1
, /2 n b A
+ qn -1 Z qb(b+1) l:Qb] H(q2]fl o 1)
b=0 qj=1
[(n—2b+2)/2] -1
x> MKy g a(331,1) Y [[ (a7 - ),
=1 v=1

where both unspecified sums, ¥, and MK,,(A\";1,1) are as in Theorem 4.1.

REMARK. If r = 1, then Theorems 4.1 and 4.2 reduce respectively to
Theorem 5.3 with x trivial and Theorem 5.4 in [8].

5. Applications to certain countings. If G(q) is one of the finite
classical groups over Iy, then, for each g € F,, we put

(5.1) Nag)(B) = {w € G(q) | trw = B}|.

As applications, we will derive formulas for (5.1) in the case of G(q) =
Sp(2n, q) and GSp(2n, q).
For A a nontrivial additive character of F,, we have

(5-2) ING()(B) = [G(@)] + Y A(=Ba) Y Aa trw).
a€Fy weG(q)

Also, the following lemma can easily be proved.
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LEMMA 5.1. Let A be a nontrivial additive character of ¥y, 5 € F,, and
let m be a nonnegative integer. Then

(5:3) > M—Ba)K (X a,0)™ = gd(m.q: ) — (¢ — D)™
a€Fy
where, for m > 1,
(54)  d(m.q;B)
= (a1, yam) € F)" [ar+ a7 +... + an +a,! =B

and

(5.5) 60,8 ={ ) 1 0=0

0 otherwise.

Observe that an explicit expression of }°, s (9,4 AMatrw) for a € F¥
is given by [8, Theorem 5.4] with K (\; 1, 1) replaced by K (); «, ). Now, this
observation combined with (2.4), (5.2), (5.3) yields the following theorem.

THEOREM 5.2. For each 3 € F,, the number Ngp2n,q)(8), defined in
(5.1) with G(q) = Sp(2n, q), is given by

(5.6) ¢ [[@¥ -
j=1

[n/2]

12 b(b+1)[ ] li[ 2j-1 _

[(n—2b+2)/2]
X Z ¢ ((n—2b+2—21,¢;8) —q ' (g—1)" T
=1

1-1
<> @ -1,
v=1
where the innermost sum is over all integers ji, ..., ji—1 satisfying 2l — 1 <
Jim1 < ... <j1 <n—2b+1, and 6(m, q; B) is defined as in (5.4) and (5.5).
As aGSp(2n, q) = GSp(2n, q) for any a € F, we see from (5.2) that
(5.7)  Nasp(en.g)(B)
=q¢'[GSp(2n,q)| + ¢ D Altrw) > A(—Ba).

weGSp(2n,q) acFy

So we get the following theorem from (2.11), (5.7), and [8, Theorem 5.3].
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THEOREM 5.3. For each 3 € Fy, the number Ngsp(an,q)(8) is given by
(5.8)

2_
(g—1)g" !

—.

@ =1)—-q¢" > Atrw) if B#0,

weGSp(2n,q)

(q2j -1)+ qfl(q —1) Z A(trw) otherwise,
weGSp(2n,q)

<
Il
—_

2_
(g—1)g" !

—.

Il
_

J

where

(5.9) Z A(tr w)
weGSp(2n,q)
[n/2]

b
2_ n i—
D STl AN | (SRR
b=0 qj=1

[(n—2b+2)/2] -1
x> g Y KXa, )TN T (g - ).
=1 OZEIF; v=1
Here the innermost sum is over all integers ji,...,5—1 satisfying 2l — 1 <

jl_lggjlgn—Qb—i-l

REMARK. As we remarked in [8], the following average of tth powers of
Kloosterman sums, appearing in (5.9),

Z K a,1)
a€Fy

was studied by some authors [15], [16], [18].
In particular, it can be shown that, for any nontrivial additive character
A of IFy, we have

S KEa ) = Y K(ie, 1),

a€clFy a€cly
and, for ¢t > 1,
(5.10) Y Ko 1) ="My —(g— 1) +2(-1)",
a€Ry
where M; is the number of aq,...,q; € F; satisfying a; +...+a; = 1 and

a;t ... +a;t=1fort>1, My =0, and \; is as in (2.1).
In [18], Salié showed (5.10) under the assumption that ¢ is an odd prime.
However, this assumption is not necessary and it holds true for any gq.
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