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Extended Cauchy equations for the refractive indices of liquid crystals
Jun Li and Shin-Tson Wua)

School of Optics/CREOL, University of Central Florida, Orlando, Florida 32816

~Received 8 September 2003; accepted 29 October 2003!

The extended Cauchy equations are derived based on the Vuks equation for describing the
wavelength- and temperature-dependent refractive indices of liquid crystal compounds and
mixtures. This model fits experimental data well in the off-resonance spectral region. Correlations
between the Cauchy coefficients for the nematic and isotropic phases are derived and validated by
experiments. ©2004 American Institute of Physics.@DOI: 10.1063/1.1635971#

I. INTRODUCTION

Refractive indices of a liquid crystal~LC! are fundamen-
tally interesting and practically useful parameters. Most liq-
uid crystal light modulators, e.g., flat panel display devices,
utilize the electric-field-induced refractive index change. In
addition to the molecular constituents, the wavelength and
temperature are the two most important factors affecting the
LC refractive indices. For instance, to achieve a full-color
display three primary colors@red, green, and blue~RGB!# are
used. It is essential to know the wavelength-dependent re-
fractive indices of the LC mixture employed in order to op-
timize the cell design. As the operating temperature changes,
the refractive indices change accordingly. The temperature
effect is particularly important for projection displays. Due
to the thermal effect of the lamp, the temperature of the
display panel could reach 50– 60 °C. It is important to know
the LC properties at the anticipated operating temperature
beforehand.

Liquid crystal is a complex molecular system involving
short and long range molecular interactions. Several models
have attempted to address the wavelength and temperature
dependencies of the LC refractive indices.1–9 Each one has
its own merits and demerits. The Vuks model2 is analogous
to the classical Clausius–Mossotti equation for correlating
the microscopic LC molecular polarizability to the macro-
scopic refractive indices. However, the wavelength and tem-
perature effects are not described explicitly. The single band
model4 gives an explicit expression on the wavelength and
temperature dependence for birefringence, but not for the
individual refractive indices. On the other hand, the three-
band model7 describes the origins of the LC refractive indi-
ces for single LC compounds. Unfortunately, the three-band
model needs three fitting parameters for each LC compound.
If a LC mixture consists of 5–10 distinct molecular struc-
tures, it would be too complicated for the three-band model
to quantitatively describe the LC refractive indices of the
mixture.

In this article, we derive the extended Cauchy equations
for describing the wavelength- and temperature-dependent
refractive indices of anisotropic liquid crystals. The original
Cauchy equation was intended for theisotropic gases and

liquids.10 The extended Cauchy equations not only apply to
single compounds but also to LC mixtures. In Sec. II, we
briefly discuss the pros and cons of the three-band model and
show the derivation processes for the extended Cauchy equa-
tions. In Sec. III, we validate the extended Cauchy equations
by experimental data. Excellent agreement between theory
and experiment is obtained.

II. THEORY

In this section, we give analytical expressions of the
three-band model and the extended Cauchy model and dis-
cuss their pros and cons.

A. Three-band model

In the three-band model,7 ones→s* transition~desig-
nated as thel0 band! and two p→p* transitions~desig-
nated as thel1 andl2 bands withl2.l1) are considered.
The l0 band is located in the vacuum UV region (l0

;120 nm), andl1 is located between 190 and 210 nm, not
too sensitive to the LC structure, andl2 increases substan-
tially as the molecular conjugation increases. For example,
for the 4-cyano-4-n-pentyle-cyclohexane-phenyl~5PCH! LC
compound, itsl15200 nm andl25235 nm while for the
4-cyano-4-n-pentylbiphenyl~5CB! its l1 shifts to 210 nm
andl2 shifts to 282 nm.8 This is because 5CB has a longer
molecular conjugation than 5PCH.

In the three-band model, the refractive indices (ne and
no) are expressed as follows:7

ne>11g0e

l2l0
2

l22l0
2 1g1e

l2l1
2

l22l1
2 1g2e

l2l2
2

l22l2
2 , ~1a!

no>11g0o

l2l0
2

l22l0
2 1g1o

l2l1
2

l22l1
2 1g2o

l2l2
2

l22l2
2 . ~1b!

In the visible and infrared regions wherel@l0 , thel0 band
can be approximated by a constant and Eqs.~1a! and~1b! are
simplified as

ne>11n0e1g1e

l2l1
2

l22l1
2 1g2e

l2l2
2

l22l2
2 , ~2a!

no>11n0o1g1o

l2l1
2

l22l1
2 1g2o

l2l2
2

l22l2
2 . ~2b!
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In Eq. ~2!, l1 andl2 could be determined from the ultravio-
let absorption spectra of the compounds studied. The three
unknowns aren0e , g1e , andg2e for ne and n0o , g1o , and
g2o for no . The major advantages of the three-band model
are twofold: ~1! it explains clearly the origins of the LC
refractive indices, and~2! it allows quantitative assessment
of each band’s contribution to the overall refractive indices.5

However, as shown in Eqs.~2a! and ~2b! there are three
unknowns involved in each index. For single LC com-
pounds, this model works well. However, a LC mixture often
consists of 5–10 components with different structures in or-
der to lower the melting temperature and widen the nematic
range. If each compound has its own three independent pa-
rameters, then a mixture would have too many unknowns.
Thus, it is impractical for the three-band model to accurately
describe the refractive indices of a complicated LC mixture
unless the individual molecules all have similar core struc-
tures.

B. Extended Cauchy equations

The original Cauchy equation is intended forisotropic
liquids and gases. Several authors have attempted to fit the
refractive indices ofanisotropicliquid crystals using Cauchy
equations.11,12 Although the fitting results are still satisfac-
tory, the physical meaning is not clear.

In this section, we derive the extended Cauchy equations
starting from the Vuks equation, which correlates the micro-
scopic molecular polarizabilities (ae,o) of a liquid crystal to
the macroscopic refractive indices:2

ne,o
2 21

^n2&12
5

4p

3
Nae,o . ~3!

In Eq. ~3!, ne andno are refractive indices for the extraordi-
nary and ordinary rays, respectively,N is the number of mol-
ecules per unit volume,ae,o is the molecular polarizability,
and^n2& is the average value of the refractive indices defined
as

^n2&5~ne
212no

2!/3. ~4!

In the Vuks equation, the local field effect is assumed to be
isotropic. The Vuks equation provides some important physi-
cal insights for understanding the refractive indices of an
anisotropic liquid crystal. However, its descriptions on the
wavelength and temperature effects forne and no are not
explicit.

By substituting Eq.~4! into Eq.~3! and separatingne and
no , we obtain

ne5F11
4pNae

12 4
9 pN~2ao1ae!

G1/2

, ~5a!

no5F11
4pNao

12 4
9 pN~2ao1ae!

G1/2

. ~5b!

Equations~5a! and ~5b! are very similar except for the dif-
ferenta. For most liquid crystals developed so far, their re-
fractive indices are around 1.45–1.80. Therefore, the second

term in the square root is larger than 1, but less than 2.24. In
order to expand Eq.~5! into a power series, we rewrite Eq.
~5a! as

ne5&F11S 2pNae

12 4
9 pN~2ao1ae!

2
1

2D G1/2

, ~6!

and then expand Eq.~6! into power series:

ne'
3&

4
1

&pNae

12 4
9 pN~2ao1ae!

. ~7a!

Similarly, no can be expanded as

no'
3&

4
1

&pNao

12 4
9 pN~2ao1ae!

. ~7b!

From the above equations, the wavelength and temperature
effects of LC refractive indices are determined byae and
ao . We need to find howae and ao vary with wavelength
and temperature.

Liquid crystal is a state of matter with physical proper-
ties lying between an isotropic liquid and a perfect crystal.
Thus, its molecular differential polarizabilityae2ao is re-
lated to the crystalline statege2go by the order parameter
as13

ae2ao5S~ge2g0!. ~8!

The average molecular polarizabilities^a& and^g& are related
to their individual molecular polarizabilities as

^a&5 1
3 ~2a01ae!, ~9!

^g&5 1
3 ~2g01ge!. ~10!

Based on Eqs.~8!–~10!, the individual molecular polarizabil-
ities can be expressed as

ge5^a&1
2~ae2ao!

3S
, ~11!

g05^a&2
ae2ao

3S
, ~12!

ao5^g&2
S

3
~ge2g0!, ~13!

ae5^g&1
2S

3
~ge2g0!. ~14!

Substituting Eqs.~13! and ~14! back to Eq.~9!, we prove
that:

^g&5^a&. ~15!

That means the average molecular polarizabilities in the liq-
uid crystal state and crystalline state are essentially equal.
Plug Eqs.~13!–~15! back to Eqs.~7a! and ~7b!, we obtain

ne'
3&

4
1
&pN^a&

12
4

3
pN^a&

1

2&

3
pNS~ge2g0!

12
4

3
pN^a&

, ~16!
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no'
3&

4
1
&pN^a&

12
4

3
pN^a&

2

&

3
pNS~ge2g0!

12
4

3
pN^a&

. ~17!

In Eqs.~16! and~17!, the first term 3&/4;1.0607 is close to
unity, the second term is weakly dependent on temperature
through the molecular packing densityN and the average
molecular polarizabilitŷa&, and the third term is sensitive to
the temperature as it depends on the order parameter. In a
temperature not too close to the clearing temperature (Tc),
the order parameter can be approximated as14

S5~12T/Tc!
b, ~18!

whereb is a material parameter; it depends on the LC mo-
lecular structure. In an isotropic state,S50 and the third
term vanish. Under such a circumstance,ne5no5ni with

ni~l!'1.06071
&pN^a&

12 4
3 pN^a&

. ~19!

For 5CB in the isotropic state,ni;1.647 atl5400 nm and
ni;1.580 atl5800 nm.7 From l5400 to 800 nm, the re-
fractive index is only decreased by;4%. That means in the
isotropic state the refractive index is relatively insensitive to
the wavelength. Substituting these numbers into Eq.~19!, we
find 0.247,pN^a&,0.267, indicating thatpN^a& is not
sensitive to the wavelength. This approximation should be
applicable to other LC compounds as well. On the other
hand, the temperature effect ofni is through the packing
density (N) variation, which is also very weak~for 5CB,
dni /dT;431024).

In the off-resonance region, the molecular polarizability
(ae,o) is related to the electronic transition wavelengthl i

and the corresponding oscillator strength (f e,o) i as15

ae,o~l!'(
i

~ f e,o! i

l2l i
2

l22l i
2 . ~20!

In Eq. ~20!, l i represents the three electronic transition bands
involved. In the off-resonance region wherel@l i , the three
bands can be merged to a single band with resonance wave-
lengthl* :4

ge,o}Z fe,o*
l2l* 2

l22l* 2 . ~21!

Thus, the differential molecular polarizability can be rewrit-
ten as

ge2go5gZ~ f e* 2 f o* !
l2l* 2

l22l* 2 , ~22!

where g is a proportionality constant,Z is the number of
active electrons per molecule, and (f * ) is the effective os-
cillator strength at the mean resonance wavelengthl* . Sub-
stituting Eqs.~19! and ~22! back to Eq.~16!, we obtain

ne~l,T!'ni~l!1

2&

3
pgNZS~ f e* 2 f o* !

12
4

3
pN^a&

l2l* 2

l22l* 2 .

~23!

As mentioned above, the (4/3)pN^a& term in the denomi-
nator of Eq.~23! is insensitive to wavelength and tempera-
ture and, to the first order, can be treated as a constant. As a
result, Eq.~23! can be further simplified as

ne~l,T!'ni~l!1GS
l2l* 2

l22l* 2 . ~24a!

Similarly, no ~and, hereafter,Dn5ne2no) can be derived
through the same process. Results are

no~l,T!'ni~l!2
GS

2

l2l* 2

l22l* 2 , ~24b!

Dn~l,T!'
3GS

2

l2l* 2

l22l* 2 , ~24c!

where

G5
2&

3
pgNZ~ f e* 2 f o* !Y S 12

4

3
pN^a& D ,

is a proportionality constant.
The temperature effect ofN and f e* 2 f o* is much smaller

than that of S. Thus, we can assumeG is insensitive to the
temperature. Equation~24c! is identical to the single-band
birefringence dispersion model,4 although the derivation pro-
cedures are not the same.

Although Eqs.~24a! and ~24b! describe the wavelength
and temperature effects ofne andno , they still involve the
isotropic state refractive indexni(l). In the isotropic state,
ni(l) can be expressed by the traditional Cauchy equation:

ni~l!5Ai1
Bi

l2 1
Ci

l4 , ~25!

where Ai , Bi , and Ci are the Cauchy coefficients for the
isotropic state.

Figure 1 shows the fitting of Eq.~25! to the experimental
results of 5CB atT536.1 °C, which is above the clearing
temperature (Tc) of 5CB (Tc;35.3 °C). Indeed, a very
good fitting is obtained. The three Cauchy coefficients ex-
tracted are: Ai51.5721, Bi50.0021mm2, and Ci

50.0016mm4.
By substituting Eq.~25! into Eqs.~24a! and ~24b!, we

obtain:

ne5Ai1
Bi

l2 1
Ci

l4 1GS
l2l* 2

l22l* 2 , ~26a!

no5Ai1
Bi

l2 1
Ci

l4 2
GS

2

l2l* 2

l22l* 2 . ~26b!

In the off-resonance region where (l@l* ), we can expand
the right-hand terms of Eqs.~26a! and ~26b! into a power
series. Retaining thel22 andl24 terms, we derive the fol-
lowing extended Cauchy equations:
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ne5Ae1
Be

l2 1
Ce

l4 , ~27a!

Ae5Ai1Ae8S, ~27b!

Be5Bi1Be8S, ~27c!

Ce5Ci1Ce8S, ~27d!

whereAe85Gl* 2, Be85Gl* 4, Ce85Gl* 6, andAi , Bi , and
Ci are the Cauchy coefficients of the LC in its isotropic state.
By the same procedures, we find the Cauchy coefficients for
no :

no5Ao1
Bo

l2 1
Co

l4 , ~28a!

Ao5Ai2Ao8S, ~28b!

Bo5Bi2Bo8S, ~28c!

Co5Ci2Co8S, ~28d!

whereAo85Gl* 2/2, Bo85Gl* 4/2, andCo85Gl* 6/2.
Equations~27! and ~28! give the complete temperature

and wavelength dependence of the liquid crystal refractive
indices. Equations~27! and ~28! can be applied to LC mix-
tures as well. Thene andno of each compound in the mix-
ture share the same forms as Eqs.~27a! and~28a! except for
the different Cauchy coefficients. These individual equations
can be superimposed and still lead to the same Cauchy form.
Thus, the extended Cauchy equations can be applied to
single compounds and mixtures.

As shown in Eqs.~27a! and~28a!, at a given temperature
both ne andno decrease as the wavelength increases. In the
long wavelength region (l.1 mm), the contributions of the
B and C terms become negligible. Under these conditions,
ne→Ae and no→Ao ; they are independent of wavelength.
This result is consistent with many experimental evidences.

Equations ~27! and ~28! predict that if we plot the
Cauchy coefficients as a function of the order parameter,
straight lines with positive slopes forne and negative slopes
for no should be found. Moreover, each corresponding pa-
rameter forne and no ~e.g., Ae and Ao) will intersect atS
50, and the intersections areAi , Bi , andCi ; the Cauchy’s
coefficients in the isotropic phase.

III. RESULTS AND DISCUSSIONS

The extended Cauchy model we derive here has three
fitting parameters. To validate this model, we need to have at
least half a dozen data points. From the literature, we found
that 5CB has the most complete experimental refractive in-
dex data.7 At a given temperature, there are more than 50
refractive index data measured spanning in the 400–800 nm
spectral range.

A. Comparisons of models

Figure 2 depicts the fittings of the experimental data of
5CB using the three-band model~solid lines! and the ex-
tended Cauchy equations~dashed lines!. The fitting param-
eters are listed in Table I. In the visible and near-infrared
regions, both models give excellent fits to the experimental
data. In the UV region, the deviation between these two
models becomes more apparent. The three-band model con-

FIG. 1. Wavelength-dependent refractive index of 5CB in an isotropic state,
T536.1 °C. Circles are experimental data and solid lines are fittings using
Eq. ~25!. The fitting parameters are:Ai51.5721,Bi50.0021mm2, andCi

50.0016mm4.

FIG. 2. Wavelength-dependent refractive indices of 5CB atT525.1 °C.
Open and closed circles are experimental data forne andno , respectively.
Solid line represents the three-band model and dashed lines are for the
extended Cauchy model. The fitting parameters are listed in Table I.

TABLE I. Fitting parameters for the three-band model and the extended
Cauchy equations. LC: 5CB atT525.1 °C. The units of Cauchy’s B and C
coefficients aremm2 andmm4, respectively.

Model ne no

Three-band n0e g1e g2e n0o g1o g2o

model 0.4618 2.1042 1.4413 0.4202 1.2286 0.4934

Cauchy Ae Be Ce Ao Bo Co

model 1.6795 0.0048 0.0027 1.5187 0.0016 0.0011

899J. Appl. Phys., Vol. 95, No. 3, 1 February 2004 J. Li and S. Wu



siders the resonance effect, but the extended Cauchy model
does not. Thus, in the near-resonance region the results from
the three-band model are more accurate.

B. Temperature effect

From Eqs.~24a! and ~24b!, at a given wavelength, the
refractive indices have the following forms:

ne~T!'ni1G8S 12
T

Tc
D b

, ~29a!

no~T!'ni2
G8

2 S 12
T

Tc
D b

, ~29b!

where ni is the refractive index in the isotropic state and
G85G@l2l* 2/(l22l* 2)# andb are fitting parameters. For
5CB, the experimental refractive index data atT525.1, 27.2,
29.9, 32.6, 34.8, and 36.1 °C are available in thel
5400– 800 nm range. To illustrate the calculation methods,
we selected the data at three primary colors (l5450, 550,
and 650 nm! used for display applications.

Figure 3 plots the temperature-dependent refractive indi-
ces of 5CB atl5450 ~triangles!, 550 ~circles!, and 650 nm
~squares!. The solid lines are fitting curves using parameters
listed in Table II. The fitting results are quite satisfactory. As

the temperature increases,ne decreases gradually whileno

increases slightly. At a given temperature, bothne and no

increase as the wavelength decreases.
It is noteworthy that Eqs.~29a! and ~29b! are inter-

related. Although each equation has two adjustable param-
eters (G8 and b; provided thatni is known!, these two pa-
rameters have to fit bothne and no simultaneously. During
the fitting process, we first obtainedG8 andb for each wave-
length by fitting the temperature-dependentne of 5CB using
Eq. ~29a!. We then fixed theb value and fitted theno data
through Eq.~29b! by only usingG8 as a variable parameter.
For the RGB wavelengths studied, the obtainedG8 values
for ne andno agree within 5%. From Table II,G8 decreases
as the wavelength increases. The same trend holds for both
ne andno . In principle, theb exponent should not depend on
the wavelength employed. From Table II, we findb50.142
60.004, the variation is within63%.

C. Correlations between Cauchy coefficients

According to Eqs.~27! and~28!, the Cauchy coefficients
for both ne and no are linearly proportional to the order
parameter (S). If we plot the Cauchy coefficients as a func-
tion of S, then straight lines with positive and negative
slopes forne andno , respectively, should be obtained. The
interceptions atS50 lead to the Cauchy coefficients at the
isotropic state.

To validate these predictions, we used the experimental
data of 5CB. The order parameter described in Eq.~18! is
determined by the clearing temperatureTc andb exponent.
The clearing temperature of 5CB is 308.3 K. Therefore, by
fitting the temperature-dependent birefringence data at a
given wavelength we can obtainb easily. Theb value we
found is 0.142~as listed in Table II!. Using thisb value, we
can calculate the order parameter at the specific measurement
temperatures. In the mean time, by fitting the experimental
data forne andno using the extended Cauchy equations, we

TABLE II. Parameters obtained by fitting temperature-dependentne andno

data of 5CB using Eqs.~29a! and ~29b!.

l ~nm! ni

ne no

G8 b G8 b

450 1.6209 0.2440 0.1461 0.2298 0.1461
550 1.5965 0.2092 0.1414 0.2042 0.1414
650 1.5865 0.1914 0.1375 0.1942 0.1375

FIG. 3. Temperature-dependent refractive indices of 5CB. Open and filled
triangles, circles, and squares are experimental data forne and no at l
5450, 550, and 650 nm, respectively. Measurement temperatures are 25.1,
27.2, 29.9, 32.6, 34.8, and 36.1 °C.Tc535.3 °C. Solid lines are fitting
curves using Eqs.~29a! and ~29b!.

TABLE III. Cauchy coefficients and order parameters of 5CB.Tc5308.3 K andb50.142.

T ~K! T/Tc S Ae Be Ce Ao Bo Co

298.1 0.967 23 0.615 46 1.679 46 0.004 82 0.002 73 1.518 66 0.001 63 0.001 14
300.2 0.974 04 0.595 42 1.676 49 0.004 89 0.002 66 1.518 64 0.001 63 0.001 16
302.9 0.982 80 0.561 61 1.670 30 0.004 62 0.002 57 1.520 12 0.001 58 0.001 21
305.6 0.991 56 0.507 594 1.658 66 0.004 40 0.002 48 1.523 69 0.001 74 0.001 25
307.8 0.998 70 0.389 115 1.643 04 0.003 80 0.002 17 1.530 28 0.001 83 0.001 35
309.1 1.002 92 0 1.572 09 0.002 10 0.001 61 1.572 09 0.002 10 0.001 61

900 J. Appl. Phys., Vol. 95, No. 3, 1 February 2004 J. Li and S. Wu



could extract the corresponding Cauchy coefficients. The re-
sults are listed in Table III.

Figure 4 shows the order parameter dependent Cauchy
coefficientsAe,o ~squares!, Be,o ~triangles!, andCe,o ~circles!
for 5CB. Indeed, straight lines are found. TheAe , Be , and
Ce coefficients have positive slopes whileAo , Bo , andCo

have negative slopes. The slope (Ae8 , Ao8 , etc.! of each line is
listed in Tables IV forne and no , respectively. The corre-
sponding line pairs (Ae ,Ao), (Be ,Bo), and (Ce ,Co) inter-
sect atS50. The interceptions agree quite well with the
Cauchy coefficientsAi , Bi , and Ci obtained from the iso-
tropic phase.

Based on the Cauchy coefficients listed in Table IV, the
birefringence of 5CB can be calculated at any desired wave-
length and temperature. This feature is particularly important
for the elevated temperature operation of liquid crystal de-
vices.

IV. CONCLUSIONS

We have developed extended Cauchy equations for de-
scribing the wavelength- and temperature-dependent refrac-

tive indices of liquid crystal compounds and mixtures. The
model fits well with the experimental results of 5CB. This
model is particularly useful for fitting the experimental data
of liquid crystal mixtures where the three-band model fails.
However, in the near-resonance region, the extended Cauchy
model has less accuracy than that of the three-band model.
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FIG. 4. Order parameter dependent Cauchy coefficients. Squares, triangles,
and circles are theABCCauchy coefficients obtained by fitting the 5CB data
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are for@Ae ,Ao# @Be ,Bo#, and@Ce ,Co#, respectively. Solid lines are fitting
results.

TABLE IV. ParametersAe,o8 , Be,o8 , Ce,o8 , Ai , Bi , andCi obtained from the
slopes and interceptions in Fig. 4.

5CB Cauchy coefficients

ne Ae8 Ai Be8 Bi Ce8 Ci

0.1738 1.5721 0.0045 0.0021 0.0018 0.0016
no Ao8 Ai Bo8 Bi Co8 Ci

0.0885 1.5721 0.0008 0.0021 0.0007 0.0016
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