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Abstract. The usual consiruction of coherent states allows a wider interpretation in
which the number of distinguishing state labels is no longer minimal; the label measure
determining the required resolution of unity is then no longer unique and may even be
concentrated on manifolds with positive co-dimension. Paying particular attention to the
residual restrictions on the measure, we choose io capitalize on this inherent freedom
and in formally distinct ways, systematically consiruct suitable seis of extended coherent
states which, in a minimal sense, are characterized by auxiliary labels. Interestingly,
we find these states lead to path integral constructions containing auxiliary (essentially
unconstrained) path-space variables. The impact of both standard and extended coherent
state formulations on the content of classical theories is briefly examined, the latter
showing the existence of new, and generally constrained, classical variables. Some
implications for the bandling of constrained classical systems are given, with a complete
analysis awaiting further study.

1. Introduction

Traditionally, coherent-state path integrals have been constructed using a minimum
number of quantum operators and classical variables. But many problems in classical
physics are often described in terms of more variables than a minimal formulation
would entail. In particular, we have in mind constraint variabies and gauge degrees of
freedom. Although such additional variables are frequently convenient in a classical
description, they invariably become a nuisance in quantization. In this paper we
introduce auxiliary quantum operators in order to create extended coherent states
bearing additional labels, and incorporate them into new path integrals, We note
especially the subsequent emergence of classical constraints, and are able to comment
on their elimination as part of some general quantization scheme.

Of course, there exist in the literature several widely accepted methods for path
integral quantization subject to constraints [1-3], especially for systems with purely
gauge degrees of freedom [4]. In addition, there seems to be in the physics community
a certain measure of ambivalence towards genuine (i.e. second class—in the language
of Dirac) constraints, ranging from not treating them, to eliminating them completely
in principle, to turning them into first class constraints and then proceeding by one
of the methods referred to above. From the most general point of view these various
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methods all have one feature in common which is less than satisfactory, namely they
too liberally allow rather unrestricted canonical tranformations within formal phase-
space path integrals, where the validity of their use often cannot be substantiated
[5].

In this paper we imagine beginning with the purely quantum description of
a physical system, from which we extract a coherent-state path integral for the
propagator as a step en route to the classical description. By this procedure we
can assess the characteristics of a classical theory deduced in this way and the role
of auxiliary variables, both in modifying the realization of the path integral without
changing its value, and then in allowing an extension of the coherent-state description
of the entire quantum system. Finally, we are able to investigate the impact of
extended coherent states at the purely classical level, and the subsequent appearance
of constraints.

Section 2 contains a formal treatment of coherent states for auxiliary variables.
To provide a concrete demonstration of the features emerging from this exposition,
section 3 presents a number of simple examples in which we construct a variety of
extended coherent states from canonical and affine coherent states for one degree of
freedom. Armed with these examples, and having identified an appropriate expression
to play the role of a ‘classical’ action, we then consider, in section 4, the properties of
classical theories stcmming from specific quantum Hamiltonians. We examine when
and how auxiliary variables lead to classical constraints, as well as the nature of other
effects they have at the classical level.

Readers who, by reason of interest or inclination, would prefer to avoid a
somewhat formal treatment of extended coherent states, could skip ahead to section
3 without serious loss on first reading.

2. General case of extended coherent states

Although much of the following lics scattered or implied throughout a very wide
literature, for the convenience of the rcader we gather and present it here in a way
unified with our approach. This also enables us to incorporate it into a single cohesive
development of extended coherent states, and path integrals with auxiliary variables,
as new objects of study.

2.1. Background

A quantum action principle can be derived as follows. (We normally set £ = 1
although occassionally we also discuss explicit deperdence on #, including the limit
where & — 0.) First write

o= [ [0l = (winlay] e e

in which {4/} represents the quantum state of a system as a vector in an abstract
Hilbert space, and X is the quantum Hamiltonian operator, which generates the time
evolution of the quantum state by its action in the Hilbert space. Variation of this
quantum action leads to the familiar Schrédinger equation. For concrete purposes it
is necessary to introduce some specific representation of the abstract Hilbert space;
e.p. the Schrédinger (coordinate) representation or, as we employ throughout this
paper, a coherent-state representation. We now pass to a description of coherent
states from a general viewpoint [6].
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22, General coherent-state review

Coherent states are a set of non-zero vectors {|€) : £ = (¢!, £2,...,£L) € L} that are
continuously labelled, so that (£|¢’} is jointly continuous, and which admit a resolution
of unity in the form

1= / ley(e]6¢ 2.2)

integrated over L, where &£ denotes a positive measure. Usually, the labels £ are
chosen to be a minimal set for the problem at hand. With {¢|€) > 0 for all £ we
can, without loss of generality, rescale §¢ so that (£|¢) = 1 for all £. Although not
mandatory, it is often especially convenient to choose |£) = U (£)|n), where the
operators U(£) form a (not necessarily irreducible) unitary representation of some
continuous group, and where |n) is a fixed, normalized fiducial vector. In the group
case, the measure 6£ is typically a suitably normalized left-invariant group measure.
Even when the U(£) do not form a group it is useful to embed them, at least
conceptually, in the group they would generate. For convenience we suppose that the
£ variables are real. A great variety of different kinds of coherent states have been
defined over the years, and we refer the reader to the literature for many examples
[6-8].

Every set of coherent states leads to a representation of abstract Hilbert space by
bounded, continuous functions (£) = (£|+/) in which the inner product reads

(ple) = /cp"(f)tb(f)éﬁ- 2.3)

Each such function satisfies the integral equation
b= [k @4

where K (¢';£) = (£|£) denotes the reproducing kernel. In turn, & (¢; €)" = K (6, ¢)
and :

K (2" 2y = / K (£";8) K (&) 6¢ 2.5)

demonstrating that K is the representation of a projection operator on L2 (40).

In the context of coherent states, operators, such as #, generally act through
integral kernels defined by (£/[#|¢). However, two ‘symbols’ associated with M are
important to identify. One, the upper symbol, on which we shall concentrate mainly
for convenience, is defined by

H(£) = (£[H|E) (2.6)

the other, the lower symbol, is defined through the equation

H= f h(E)[0)1]5¢ @7
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and is of some advantage particularly in alternative constructions of the path integral.
The upper symbol, H, exists (modulo domain issues) quite generally and is unique;
the lower symbol, A, may exist and be unique, may exist but not be unique, or may
not exist at all, depending on the operator in question and the specific set of coherent
states [6]. If both symbols exist they are related by the integral equation

H)= / h(£)|(£| &) 6¢. (2.8)

As we shall see, each of them might be regarded as a candidate for the classical
Hamiltonian.

Two alternative formulations of coherent-state path integrals are standard [6]. In

the first definition, repeated application of the resolution of unity is used to re-express
the integral kernel

(Eule—iT‘H |£.r) = (Erf]e—is?te—ie'n . _e—ic‘Hlef)
N ) N
= [+ [ Tl T %,
a=l a=

where £ = £y and £" = £, and e = T/ (N + 1). For small ¢

@.9)

<£n+l|e_itﬂ|en) A (‘en-i-ll g - iEH) ]gn> = ('en.-i-llen)[l - i‘E(e'n-«]—l I’H!en)/(en-}l wn)l
(2.10)

leading to

(@e=TH1e) = lim ffﬁ(e IO — el [HIC) /(8 ay1.3] ﬁae .
N oo o n+ll%n nl n n+litn n

n=1

(2.11)

It is customary to interchange the order of the limit and the integration in a
formal way, and to write for the integral the form it assumes for continuous and
differentiable paths. Since

H(En-i-l[en) = ]___[[l - (Bn+1| ('en+l> - len))]

2.12
~ e~ Sllapr|(las)=1ta}) &

it follows that the propagator admits the formal path integral representation

(@"]e-TH |y = f exp {i f [i(ﬁ]f—tlf)—(fi?{lf’)] dt}!‘)é’ @.13)

an expression that involves the upper symbol H(¢) = (£|H|¢). Here and elsewhere,
formal expressions such as that represented by this path integral do not admit a
rigorous mathematical formulation, but they may be expected to inherit a well defined
meaning in terms of a lattice limit such as that used here in this construction.
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The second coherent-state path integral makes use of the lower symbol associated
with the Hamiltonian, ie. h(£), which, for the present, we assume exists. It follows
that

1-ieH= / [1—ich (£)]]6)(¢]5¢ @.14)
and therefore that
emieH = / e~ieh(D|0) (262 + O(e?). 2.15)

Repeated use of this expression leads to

N N
(£~ TH|eY = A;i_;_nm/...f]‘[(enﬂgen> e ertse,  (216)
n=0

n=1

which is a perfectly acceptable prescription. When the integrations and the limit
are interchanged, we arrive at an alternative formal path integral expression for the
propagator

(e~ TR = f exp {i f [i{ﬁl;—tw)—h(e)] df}'DE (2-17)

which now involves the lower symbol.
Generally H(£) # h{£). To make firm contact with classical physics it is desirable
o have

lim H(¢) = lim b (€) = H(0) (2.18)

in which the limit is what normally becomes identified as ke classical Hamiltonian.
When appropriate, the coincidence of these limits can be achieved by choosing |€)
(and especially |n)) so that, roughly speaking,

lim K| o 6(£— £). (2.19)

(When such a limit is inappropriate because H_ vanishes, e.g. as in the case of a
spin s system, s < oo, then we might choose either H or h to act as the classical
Hamiltonian. That case is not of particular interest in this paper.)

In one of the above formulations, it will be seen that the expression

f [i(ﬂ[(%[e) - (em|e>} at 2.20)

enters in the same way that the classical action does in the standard representation of
the path integral. However it is important to realize that here & has not been set to
zero. Thus, we will wish to use the adjective ‘classical’ in two distinct senses, for which
the meaning will generally be clear from the context. In particular, H(f) = (£|H|¢},
where % # 0, will frequently be referred to as the classical Hamiltonian, as will
H{f) = }!‘i_*mu H(£), which we will generally try to distinguish as the strictly classical
Hamilionian. A similar, potentially ambiguous, use of classical will apply to action
functionais as well.
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2.3. Case of extended coherent states

Extended coherent states arc coherent states for which the measure associated with
the resolution of unity is not umnique, including examples where the measure is
concentrated on manifolds of co-dimension one or higher. Thus, in principle, all
their properties and consequences may be obtained from the foregoing simply by
treating cases where 6¢ has the proper non-uniqueness and support. However, we
prefer to use a less implicit scheme and instead will assume that extended coherent
states, denoted by vectors such as |¢; A), where £ € L, A € A, have the property that

I= j]E; A& AléL (2:21)
holds for all A. In consequence, we will have
1= [laagsaseson) = [163(6Mau(s) @22)

for any o such that [de(A) = 1. There is no restriction on the A dependence of
the states |£; A} in this construction, although our primary interest lies in cases where
each value of (£; ) labels a distinct ray. The measure du(£; \) is not unique because
of the freedom in do(A).

For the sake of definiteness we now consider in detail two generally distinct
prescriptions to define extended coherent states.

2.4. Quter extended coherent states

As a starting point, we assume that

I= / [£){€)6¢ (2.23)
in which, for purposes of exposition, 6¢ is now definitely taken to be unique, and we

introduce a family of unitary operators V(), where A = (A1, A%,..., A8 € A, so
that

1= VIVI(A) = / 6 A8 2|62 (2.24)
holds for any A, where |& A) = V(A)}£). Supposing that |£) = U(£L)]n) as in the

previous consideration, we now call the states V(A)U(£)|n) outer extended coherent
states. Consequently,

I:/[E;A)(E;A[éé’da()«) =/1e;;\>(e; Aldu(e: A) (2.25)

for any o such that [do(A) = 1. In addition we introduce the upper symbol by
H(8X) = (& A[H[E; ). (2.26)

For the lower symbol we first define

VHOHV(A) = fh(z; A)J€)(e|6e 2.27)
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from which it follows that

H = /h(e;x)w; A6 Al6e. | (2.28)
These two symbols are then related by

H(e ) =]h(£;k)i(£;)\|£’; MNYyPse (2.29)
or when A = A, by

H(Z;0) =/h(£;}\)i(£1£’)|26€ (2-30)

just as before.
Equipped with the quantities defined above, it follows that we can then write

€ N'e=HT g XYy = /exp{i/ [i(e;)\[d%[é; A) - H(E;A)} dt}Du(E;A) (2.31)

where it must be emphasized that the formal measure Du(f; \) may depend on
time in an essentially free manner, so long as the paths are pinned to the desired
boundary conditions £(0); A(0) = £ X" and £(T); A(T) = €"; X', A similar formal
path integral expression exists, just as before, with h(£; A) replacing H(#¢; A).

When it does not vanish, we may adopt

= m/ [i(E;A[d%[e;A)— (e;)\m;e;,\)] d 232)

as the classical action appropriate to the system under consideration.

25, Inner extended coherent states

We next proceed to introduce a potentially different form of extended coherent states
which, as will become evident, have virtues of their own. Let {{/(¢)} denote a set of
unitary operators that have the property that

1= [v@eEviese @)
holds for a wide class of unit vectors |£). Next assume that the vectors
|A} = V(A)m) (2.34)

for a fixed unit vector |) and a set of unitary transformations {V{A)} are all vectors
of the form |£} for which equation (2.33) holds. In that case we find that

7= f 16, A){&; Al62 (2.35)
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holds for all A, where, adopting the same notation, we now set

&) = U(QV(A)|n). (2.36)
We call the vectors in equation (2.36) inner extended coherent states (V is inside)
in contrast to the vectors appearing in equation (2.25), the outer extended coherent
states (V' is outside). Of course, even these two cases are by no means exhaustive.

Whichever the prescription, inner or outer, the same expansion of the resolution
of unity applies:

I =f]£;A)(E;)\[§£da(A)=f]£;/\)(ﬁ;,\|d,u(£; A) @.37)

where  do(A) = 1; and in either case, equation (2.26) gives the upper symbol while
equation (2.31) corresponds to the representation of the formal extended coherent-
state path integral.

What is the advantage of inner compared with outer extended coherent states? If
U(&)V(A) make an L + A parameter continuous group there is no real difference
between the inner and outer states, only a coordinate change. A difference is
apparent, however, when the operators U(£)V(A) taken together do nor form a
group.

For the rest of this section we focus on inner extended coherent states. Consider
the case where {V(A)} form an Abelian set of wansformations. Then it is
straightforward to see that the kinematical one-form has the structure

(6 Nd14 2) = v, (6 1)de° +d((A) (2.38)
(summation convention implied) where [9]

va(6A) = i(??IV7(A)U7(f)3—2;Lf(€)V()\)In)- (239

No matter how many s, the maximum number of independent ys is determined
by the number, L, of labels occurring in U(£). Examples in section 4 will show a
case where this maximum is realized, as well as cases where it is not. It is clear that
whenever A > L there will effectively be fewer variables represented in the one-form
with components denoted by equation (2.39) than occur in the extended coherent
states, and this will eventuate in there being constraints among the classical equations
of motion. Of course, if not all the ys are independent as functions of the As (or
equivalently, if some are constant), there will be additional constraints.
Up to surface terms the classical action now reads

I= f[ya(e;,\)éa — H(&N)] . (2.40)

For convenience let us assume that the operators {U(¢)} generate a group, and let
{X,} denote generators of that group. Furthermore, let us assume that the quantum
Hamiltonian H = H(X,, X3,..., Xy ) = H(X,). In that case

H{&GA) = (6 AH(X)[6:2) = (nfH(AF(E X (A)n)
= (nH{AF(E)a (M + AL(£)6 X (A))|m) (2.41)

in which the A{(£) are determined entirely by the group generated by the U/(£), and
where X (A) = VI(A)X . V()) and o,(A) = (n[X (\)|n). The quantum corrections
are all contained in 6 X () = X (A)—o (M), but the auxiliary variables aiso appear
tangled up in the classical Hamiltonian in a quite complicated way.



Extended coherent states and path integrals with auxifiary variables 1705
3. Basic examples of extended coherent states

J.1. Canonical coherent states

We start with conventional canonical coherent states based on an irreducible, self-
adjoint representation of a Heisenberg pair of variables @ and P that satisfy
[Q, P} =il. If [} denotes an arbitrary, normalized fiducial vector, then

|p, q) = 7 9Fe¥ ) G.1)

defined for all (p,q) € R? constitute the set of canonical coherent states. For any
|} these states satisfy

1= [ lp,(p,aldpda/2n 62)

yielding a resolution of unity in terms of an equally weighted integral of the one-
dimensional projection operators these states make. If H = H(P,Q) denotes the
self-adjoint Hamiltonian for some quantum mechanical system then, following section
2, the propagator expressed in a canonical coherent-state representation admits a
formal path integral expression in the form

(", q"le"T|p',q') = MfeXP {tf [i(p,ql;l—tlp,q} ~ {p-alH|p, q}] dt}ﬂp’Dq
(3.3)

where p(0),q(0) = p’.¢’ and p(T),q(T) = p"”.q". This prescription certainly
suggests the interpretation of

I= [ [i(P,qld%‘IP,CI) —(P,qi’Hlp,Q)] d¢ (3.4)

as a classical action for this system. Indeed, if {n|P|n} = 0= {n|Q|n), then

1= [tpa- Hp o) 35
where

H(p, )= (p,qlH(P, Q)lp,q) = (nIH(P + oI, Q + a)|n}).  (3.6)

Whenever the dispersions (n]F?|n} and (n[Q?%n), and the higher moments, vanish
as i — 0, it then follows that

H(p,q) = H (p,q}+ O(h p,q) (3.7

showing, as previously indicated, that apart from /i-dependent corrections H(p,¢q) =
H.(p,q) the strictly classical Hamiltonian for theories with £ = 0. We often
encounter situations for which both dispersion terms depend on /i in the same way
(to leading order). These will be of particular interest to us in what follows.
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3.2. Dilation extended canonical coherent states

For our first example of extension, let ' = (QP + PQ)/2 denote the self-adjoint
dilation generator that satisfies [Q, D] = i@ and [P, D] = —iP. Together with
[Q,P] = il, it follows that P, Q and D make a three-parameter Lie algebra in
the same sense that P and Q make a two-parameter Lie algebra (namely, as factor
representations of groups). Define

V(r) =D .50 (3.8)

and observe that

T= VIV = [Vlp,a)p.alV!() dpde/2n
(3.9)
= fliﬂ,q;f«‘)(p.q;v‘ldpdcz/br

holds for any », where

lp.g;m) = V(rllp, @) (3.10)

denotes an {outer) extended coherent state. If o is a measure on r such that
fdo(r) = 1, then it also follows that

1= f 1p,¢; 7){p. g; r| dpdqda(r)/2n. (3.11)

Among such possible measures we mention do(r) = §(r—£) dr, even with £ different
in every time slice which arises in the construction of a path integral.

This particular example serves to illustrate an additional feature of certain types of
extended coherent states: the same set of extended coherent states may be obtained
by the extension of several inequivalent sets of coherent states. For suppose we
consider the set of states

lp, ) = P2 P TI () n) (3.12)
defined for all p € R and r € R* = R\{0}. Here
N(r) = 6(r) + 6(—7)10 (3.13)

where Il denotes the parity operator. Then provided c, = (7] [Q|™!{n) < oo, these
states also lead to a resolution of unity in the form (see appendix)

¥ = /ip,r}(p,r{r'zdpdr/Z'rrcn (3.14)

which is one form of the well known resolutions of unity associated with the affine
coherent states [10,11]. In analogy with the previous discussion we observe that

7= f]p,r; 9)(p. 3 alr~2 dpdrdo(q) /2re, (3.15)
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where [do(g) = 1 and where

lp.1rq) = e‘iqp|p, r) (3.16)
denotes an element of an ‘aliernative’ set of extended coherent states, As a matter of

fact the |p,r;g) states are closely related to the |p,q;r) states thanks to the group
structure involved; specifically

lp, 759} = |rp, 7~ g [r) (317

a relation that holds for all » ¢ R*,
Additionally, we may introduce the states

lg, vy Be~ 9P e BITIDTI ()|} (3.18)

defined for all ¢ € R and r € R", for which (see appendix)

¥ =f|q,r)(q,r| drdg/2x¢, (3.19)

where &, = (n]|P|~!{n) < oo restricts the choice of |n). As before

| =/Iq,'r';p)(q,r;pldrdqda(z?)/hé,, (3.20)
provided [do(p) = 1, where

lg, s p) = €79q, 7). (321)
These states are phase related to the others by

lg,73p) = €79|p, 73 q). (3.22)

3.3. Generalization

Now, from the more general point of view adopted in the first part of section 2, we
may equally well consider the extended coherent states

|psgsr} B |p.7;q) (3.23)

as a set of coherent states in their own right (where (p, q,7) € R? x R*) for which
a resolution of unity exists in the form

I =]Imq,r)(p,q,rldﬂ(p,q,r) | (3.24)

for any of an infinite class of suitable measures p [12]. This measure may even
just pick out certain sections of the coherent states, signifying that only two of the
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variables are required, the remaining one being auxiliary. Based on our previous
discussion three such sectional measures are given by

dy, (pyg,7) = é6(r ~&)dpdgdr/2n
dp,(p,q,7) = 8(q - &)r~2dpdqdr/2nc, (3.25)

du,(p,q,v) = 8(p—€£)dpdqdr/2ne,
clearly demonstrating the non-uniqueness, and the support on a manifold of co-

dimension one, as discussed in section 2. Alternatively, 4 may be a non-sectional
measure, such as

du(p,q,7) = f(r)dpdgdr/2x (3.26)
where f(r) 2 0and [ f(r)dr = 1; for example, f(r) = x(), where x(r) = 1 if
2 < r < 3and y = 0 otherwise. Observe that a restriction or weighting of some
sort must apply to the measure dpdgdr or dpdqdr/r?, since a totally unrestricted
integration over R? x R* necessarily leads to a divergence.

Let us choose p as any of the suitable measures appropriate to the coherent
states {|p,q,r}}. In that case ¥(p,q,r) = (p,q.7|y) leads to a (u-independent)
representation of Hilbert space in the usual way. Additionally, a formal path integral
expression for the propagator exists in the form (see section 2)

(", q", r"le"HT |p', ¢", ')

_fexP{/[ P=qsridtlpsq, )

- ('Paqsriwlpﬂbr)] dt}'Dp(p,q, r} (3.27)

where, we emphasize, the choice of u(p,q,r) can depend on time. To illustrate just
one case covered by this general formulation we observe that

(p”, q.u, nie-i'h'Tlpf,qr ,Pf)
_M/GXP{ /[ p,q,rl Ip,q,r) (p.q,rl'}tlp,q,r)] dt}

x &{r(:) - £&(-}}PpDgDr (3.28)
where £(t) is any smooth path that connects £(0) = ' and £(T") = »". Thus, here
is a formal path integral representation for a propagator where r(t} can assume any
smooth path one chooses consistent with the boundary data, yet the propagator in no
way depends on the chosen path. Alternatively, similar é-measures on ¢ or p could
equally be chosen.

As we have seen on several occasions now, from a path integral point of view the
expression

. d
1= [ [itecarriggio g, = tpuarrilp,a,m)] o (:29)

assumes the role of the classical action, and it is clearly different from the expression
considered previously in equation (3.4), where, in effect, »(¢) = 1. In this new
expression for the action there is no trace of which variables are ‘fundamental’ and
which are ‘auxiliary’; this division—artificial but nevertheless necessary—is embodied
in the choice of u and arises only in the path integral quantization as we have
described it.
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3.4. Additional extensions of canonical coherent states

The example we have just introduced is of particular interest since elimination of
any one of the three generators P, @ or D will still lead to a closed subalgebra. In
the next set of examples we consider, this will not be the case. For each further
example we will specify the (inner) unitary operator chosen for the extension, and
from it obtain the resultant path integral action. And we will see that, in general, it is
judicious to introduce some new classical variables, shifted from the original canonical
label values by amounts which depend on A. In what follows the basic generators are
P and Q supplemented by those arising from the inner extension.

To deal collectively with the various particular cases we are about to consider, it
will be helpful to introduce some additional convenient notation. Thus, let

V(v) = exp(iv'Y;) exp(iv?Y;) - --exp(iv*Y},) - - -exp(ivtY,)  (3.30)

where the Y, have been included as further generators of the extended Lie algebra.
We will consider only the case where all Y, commute among themselves. Then with
() = {n] - n) we define
P(v) = VI(v) PV (v) Q(v) = VI{(v)QV{(v)
6P(v) = P—H(P(v)) §Q(v) = Q -I{Q(v)) (3:31)
P=p+(P(v)) T=q+{Q(v)).
Expressed in these variables the path integral action becomes

A

I= / [ﬁ?— CION R CHICHED I AL H(ﬁ,a,v)] a (332

k=1

in which " after a quantity represents the time derivative of that preceding quantity,
and where

H(P,7,v) = (n|H(H + 6 P(v), & + 6Q(v))[n) (3.33)

which depends on the labels {v*} through the implicit dependence of 6§ P(v), §Q(v).

We now choose two distinct classes of extended coherent states for further
consideration: (i) Y, = Q*t! and (ii) ¥, = DF¥; and we select two particular
examples for examination in the next section. For V,, = elfQ’e?’ (ie. B = v,
7 = v,) we find

(B, =0Q P(B,v) = P+28Q + 3 Q*

with a straightforward gencralization. It follows that (@ (/3,v)) = 0 in this case,
which will lead to constraints in the classical theory, even when both 8 and ~ are
considered time dependent. Alternatively, for V), = el IrlPei D [i(7), we have

Q(r,u) = r-le Qe~24P P(r,u) = re™ PP (3.34)

with generalization being not so straightforward. It is clear that, for » and u
independent, (P (r,u)){Q@ (r,u}) is not a total derivative (uniess « or r is some
fixed constant). Thus there will be no classical constraints here in general.
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As a final remark in this section we note first that, quite generally, there will be
no constraints when the rank of the totally antisymmetric matrix A, given by

o=} (BEEAGEN 2O AP ON) (335

2 dype av® Jve avb

is equal to its dimension, A. In examples based on canonical coherent states for one
degree of freedom, this is never possible unless A = 2. Our example with Vj, is
one such occurrence from which constraints are absent, while for VQ all additional
classical equations will be constraints.

The motivation behind the development in section 2 was that auxiliary variables
can lead to a more complete description of a guantum state than is afforded by
the standard coherent states constructed with a minimal label set. The introduction
of extended coherent states also leaves its imprint on the extended version of the
classical equations of motion which they generate. Just such equations and their
interpretation are the subject of the following section.

4. Quantum to classical limit

Simple examples are enough to demonstrate several of the various situations which
arise. We shall use the free particle, the harmonic oscillator and the quartic potential,
each of which yields non-trivial results. The following list relates individual terms in #
to their corresponding contributions in A (D is added 1o this list for later reference):

P—7p
Q-7

D — 53+ {D(v)}) — (P(v)HQ(v))

P2 — B+ (8 P(v)?)

Q= +{5Q(v)D

Q* > T+ 67{6Q(v)) + 45(6Q(v)*) + (6Q(v)Y).

It is worth realizing to begin with that even for canonical coherent states quantum
corrections to the path integral action already arise. Thus, for 2K = P? 4 Q% we
find

(4.1)

2H =P+ @+ (AP + {(AQ)) “42)

where AQ = Q — (@) and AP = P~ {P). In the case of the extended coherent
states generated by P, Q and D, the classical Hamiltonian satisfies

2H =P+ T + (AP + r 2{(AQ)H) 4.3)

and since r enters into the first-order (path integral derived) Lagrangian density only
through H and as part of a total derivative, it is clear that stationary variation of the
action with respect to r will lead to a constraint,

OH

T = r(APY) - r((aQ)%) =0. @4
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Now, although the quantum corrections are proportionai to # (since we assume this
property of the two dispersion terms) and, in fact, the whole constraint is thus an
equation of nominal order A, nevertheless its solution for v from

= ((AQ)")/((AP)?) (4.5)

will be some number effectively independent of %, which will exist and equally could
be required to hold even in the limit # — 0. Had we considered just the free particle,
it would have been impossible to impose the constraint without going to the classical
limit so that the dispersion could vanish (recall » # 0 from equation (3.8)).

With extended coherent states generated by P, @ and Q2 we find
(VIB)YPV(B)) = (P} + 283(Q), so that § P(3) becomes AP + 28AQ while §Q
remains simply AQ. Then the harmonic oscillator Hamiltonian becomes

2H =P +F + {(AP)) + (AQ))) + 28(APAQ + AQAP) + 45%((AQ)%)

4.6)
and there similarly arises the constraint (of order k)
aH
35 = (APAQ+AQAP) +45((8Q)) = 0 @7)

with its classical solution {which, again, will remain well defined, even for i — 0)

_{APAQ+AQAP)
H(AQ)%)

For both of these examples, and in a number of specific respects, the & — O limit has
an effect somewhat resembling that of the m — 0 limit in classical electromagnetism.
Specifically, we have an analogue of the decoupling of the longitudinal degreec of
freedom but, of course, we are without an analogue of the covariant conservation of
sources.

As explained in the previous section, the addition of a Q* generator leads to an
additional constraint. With this extension, & P (3, ) becomes A P+23A Q4+38AQ%,
in which AQ? = Q? - (Q?), and the constraint equations which follow give

o _ (APAQ+ AQAP) +43((AQ)) +6v(AQAQYN =0

A= (4.8)

4.9
35y = (APAQ* + AQ*AP) + 43{AQAQH + 64((AQHH =0

which generally will have non-trivial solutions. A solution in which ~ is also
independent of & to leading order will coincide with a contribution in the next-
to-leading order dependence of 3 on £, We note that in all these cases considered
so far, we could satisfy the constraints within the path integral by a suitable choice
of the measure, u, in the resolution of unity, simply because the constraints for r, or
3, or 3 and -~y were constants.

In the last example we shall consider related to the harmonic oscillator, we use
the full extension given by V. It wili be convenient to introduce

P(‘U.) = e—iuD2 Pneit.'.D2 and Q(u) - e-—-iuDchiqu (4.10)
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and to define a new quantity:
6D(u) = D — {(P(ul){Q(u)T (4.11)

while § P(u) and §Q(u) are defined analogously to equation (3.31). The r, u degrees
of freedom again decouple from the 7, § degrees of freedom, and the equations of
motion they satisfy are now dynamical:

8{8 D(u))

oH 3éD(u))u _ OH
du - 8w r or’

f.
- = and
r

= Bu du r ar (4.12)

We thus have two new classical variables with no constraints.
The final example we consider is obtained from the quantum Hamiltonian
operator

2H = P2 4+ Q* (4.13)

and we use the P, Q and D extended coherent states, for which the classical
Hamiltonian becomes

2H =P+ 3 + rH{A P + 635 2{AQY) + 45r~ 3 (A QY + r4{(A QY. (4.14)

In this case there is again a constraint, §H /8r = 0, with solution r = r(q),
where now the awxiliary and the original (shifted) canonical variables are completely
intercoupled. Elimination of this constraint will not change the ciassical dynamics,
but it will clearly break contact with the original quantum theory, because there is
no reason to suppose that any measure exists which can preserve the resolution of
unity (heavily used in the construction of the path integral, hence the classical action),
while being compatible with the constraint. This is perhaps a very simple, yet striking,
example of how elimination of classical constraints can affect the transition back to a
quantum theory.

5. Discussion and conclusions

The formalism surrounding the general theory of coherent states is exceptionally
rich. Not only does it provide a bridge between the quantum action principle of
equation (2.1) and a classical action principle such as equation (3.5) that arises for
canonical classical variables, but, by allowing for suitably supported measures in the
resolution of unity, equation (2.2), it also encompasses a description of extended
coherent states containing auxiliary variables which are accompanied by new path
integral representations of the propagator, for example equation (2.31). These same
path integrals identify classical actions with additional, and often constraincd, degrees
of freedom. Thus, the choice of coherent-state extension can strongly affect what
becomes the classical theory. One thing which has become evident in our examination
of specific examples in sections 3 and 4, and which we would like to stress, is that the
relation between the resultant classical theories and the initial quantum theories is
far from being trivially transparent. This is especially so when the classical equations
contain new dynamical degrees of freedom, but is still the case when constrained
variables couple to the genuinely dynamical variables. In particular, only when
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constraint variables completely decouple does there generally exist a measure for
which elimination of the constraint will remain compatible with a coherent state
resolution of vnity.

In some elementary examples which we did not discuss above at all, such as

H=aP+bQ+ecD 6.1)

with extended coherent states generated by P, ¢ and D, the classical action does not
contain agny reference to the auxiliary variable (up to a total time derivative). This
behaviour is reminiscent of a gauge variable, which should normally be accommodated
by maps for which (£ A\) is many-to-one onto rays rather than one-to-one as we have
exclusively used in section 3. In the few examples we have considered in section 4 it is
clear that the constraints were always second class. We have not yet shown a general
method of relating the existence of constraints of a particular class to the presence
of identifiable structures in the representative of the quantum theory. However,
it is certainly clear that the process of eliminating the constraints by hand at the
classical level may be actually further separating the resultant ciassical theory from
its quantum parent. Although elimination of constraints is a widespread practice, it
does not appear 10 present itself as a way of parrowing the gap between classical and
quantum physics.

In this paper we have incorporated a coherent-state representation of quantum
systems into a wider description based on extended coherent states. In this context
we have examined the impact of auxiliary variables both on the path integral
representation of the quantum propagator and on the subsequent equations of motion
for purely classical variables. Constraints have emerged as a frequent but non-
mandatory outcome of the introduction of auxiliary variables.
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Appendix

Here we give additional facts regarding the group(s) discussed in section 3 as well as
demonstrate the relevant resolutions of unity needed there.

Choose P, @ and D = (Q P+ PQ)/2 as self-adjoint operators, and introduce II,
the parity operator, which satisfies I1> =, [Tt = I, and [IQN = -Q, I PNl = —P.
We then set

U(p,q,r) = e~ 1PelrReitInNDI(r)
where (p,q) € R? and r € R\{0}, and with 8(r) = (1 + r/|r|)/Z,
O(»)=08(r) + 6(—r)11.

It follows that I/ is a unitary operator for all p, ¢ and r, and that the combination
law reads

U(p? g, P)U(P’: q’7 T") = eip'r'q' U(p + T‘-IP’-; g+ rq', T'T")'
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Subgroups of interest are those defined by
Udp,9)=U(p,q,1) Uy(q,m) = U(0,q,7) Us(p,r) = U(p,0,7)
which satisfy combination laws that follow directly from the combination law for
the unrestricted U operators. We note further that the operators {U,.(p,q)} are
irreducible by assumption, and, in addition, the operators {U,(q,r)} and {U (p,r)}
are also irreducible. (If we had omitted the reflections by restricting r to be positive,
r > 0, then peither {U,} nor {U,} would have been irreducible. Although this case
could be treated satisfactorily we omit it from our discussion.)

We next take up the question of the resolution of unity expressed in terms of
projection operators onto the extended coherent states. As in section 3 we define

Ip, g, 7) = e"i1PeiPRe DI (1)] )
which assumes the form

(=lp, g, ) = VIr[ePT=Dn(r(z - q))
when expressed in the z-representation (Q|z) = x|z}) where [[n{z)PPdz = 1.
First, we examine

f(wlp,q,f)(p,q,rly) dpdg = Irlfei”(”“”)n(r(r - )" (r(y—q))dpdq

= 2mé(z - W)Ir| [ Inr(z - )P g

=2rd(x — y)
establishing the stated resolution of unity, equation (3.9), for any r(r % 0).
Next, we examine

_/(wlp,q,r)(p,q,rly) dpdr/r? = /t’f”“"”"fi'(ﬂ‘(:n — g (r{y — q))dpdr/|r|
=2x8(z - y) [ In(r(e - )P ar/Ir

= 276(z ~ 1) f ()P dr/ |

establishing the appropriate resolution of unity, equation (3.15).
Finally, we examine

[telp.a, (e, a,rly) dger
= ][?’lei”(“‘”n(r(w —))n*(r(y — q))dgdr
- (271-)-1]1;»[&?(“-?) dqarfe-fuf(:—q)+ivr(y—ﬂﬁ(u)ﬁ*(u)dudu
= /[r|eip(”'3’)+i’"(”3"“”}6('ur—ur)ﬁ(u)ﬁ“(v)drdudv
- f eirle=)=Iru(==1) |5(u) P dr du

= 278(x — 1) j ()P du/ul

establishing the required resolution of unity, equation (3.20).
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