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COMMUNICATIONS

Extended corresponding-states behavior for particles
with variable range attractions
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We propose an extension of the law of corresponding states that can be applied to systems—such
as colloidal suspensions—that have widely different ranges of attractive interactions. We argue that
the “reduced” second virial coefficient is a convenient parameter to quantify the effective range of
attraction. Knowledge of the pair-potential alone allows one to estimate the relative location of the
liquid—vapor and solid—fluid coexistence curves. 2000 American Institute of Physics.
[S0021-960600)52432-5

van der Waals's law of corresponding states expresses z=gP/p=f(T*,p*,x), ®)
the fact that there are basic similarities in the thermodynami
properties of all simple gases. Its essential feature is that i
we scale the thermodynamic variables that describe an equ
tion Of. state(temperatur(.e: pressure, anq VOIL)M.h respect is hard to determine with high accuracy, and a better choice
to their values at the'crltlcal point, 'aII S|mple fluids obey theWas sought. The slope of the vapor pressure clave re-
same reduced equation of state. Pitters given a molecular uced temperature oF, =0.7), w, turned out to be a more
interpretation of the law of corresponding states for ClaSSicagonvenient choice fovz.“'s .Va;rio,us equations of the form
monoatomic systems using statistical mechanical argument§(.|.* p*, ) have been presentdhat agree well with the

This proof is restricted to systems for which the total inter'thermodynamic properties for several classes of molecular
molecular potential can be written as a sum over pair poteng s

tials in the form

herex is a third parameter that is usually related to some
haracteristic feature of the phase diagram of a substance. At
flrs the critical compression factay, was used fox, butz;

In this communication we focus on the effect of chang-

u=>, ev(r; /o) (1 ing the range of attractive forceg in sus_pen;ions of spherical
ij colloids. As the range of attraction varies independently of

the hard-core radius, the effective interactions are clearly

where € is as an energy parameter anda characteristic ! . .
length. The law of corresponding states follows when wehot conformal. It is known that the phase behavior of colloi-

assume that the pair potentials of all substances to which th%aI suspensions depends strongly on the range of the attrac-

law applies areonformal i.e., when their plots can be made Eve |Int§ract|ons. Hov(\;e\(/jez, at fpresent, ths_re Is—to O#r
to superimpose by adjusting the values eofind o. With nowledge—no extended law of corresponding states that

these assumptions, the partition function is of the form allows us to make predictions about the phase behavior on
the basis of the effective pair potential alone. It is our aim to

formulate an extended law of corresponding states that al-

' (2) lows us to compare different pair potentials. In particular, we
have considered the square-well mofelktractive Yukawa
potential$® 2n-n Lennard-Jones type potentils the
a-Lennard-Jones potential used in the description of
protein—protein interaction's;*?an effective potential repro-
X " theducing the depletion attractive forces in colloid—polymer
pressure—are functions gt andp* only. mixtures*® and more complex potentials, which include a

Unfortunately the interactions between real moleculegey sive barrier, i.e., the effective two-body potential for
are never truly pairwise additive, nor are the pair potential$, iy res of additive asymmetric hard sphet®at this stage
of different molecules conformal. Even for inert gases the, o |imit our analysis to the phase behavigound the criti-
conformality of pair potentials is only fair. While only & a1 hoint but our findings should be generalized to densities

small family of substances can be described by the originalay from the critical region, in the spirit of the extended
form of the law of corresponding states, many fluids conformy,, corresponding states.

quite accurately to extended equations-of-state that involve a /o proceed to calculate the scaling parameterss

third parameter. Thus, the compressibility faciocan be  5nqy) \which stem from the knowledge of the interparticle
expressed as potential alone, without any need for further experimental
measurement. An obvious choice for the length soakethe
dElectronic mail: massimo@amolf.nl effectivehard core diameter. Some care has to be taken in the

3

QIN.V,T)=| T30(T* %)

whereg is the same functiorfor all molecules and depends
only on T*=kgT/e, the reduced temperature, and
=N/Vo*® the reduced densify.It then follows that many
other thermodynamic properties—in particular
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0.20 TABLE I. Values of T*, p*, 7and the range of the equivalent square well
systemR for different potentials, and for different ranges, calculated at the
liquid—gas critical point.

0.15 T Pt v R

SW (Ref. 7) 2.61 0.273) 0.0765 1.000

T 1.79 0.213) 00766  0.750

0.10 1.27 0.313) 0.0942 0.500

: 1.01 0.342) 0.0924 0.375

0.78 0.422) 0.1007 0.250

Yuk (Refs. 8 and » 1.170 0.311) 0.0969 0.427

0.05 0.715 0.373) 0.1044 0.227

' 0.576 0.382) 0.1009 0.153

0.412 0.502) 0.1020 0.070

g 2n-n (Ref. 10 1.316 0.305) 0.0990 0.476

000 Lo S SE o on

050 0.75 .00 1.25 1.50 0.730 0.3%5) 0.0996 0.229

0.603 0.3 0.1001 0.167

T* 0.560 0.385) 0.0997 0.146

0.425 0.425) 0.0986 0.082

FIG. 1. Stickyness parameter plotted vs the reduced temperatufé a-LJ (Ref. 1) 0.418 0.443) 0.1073 0.073

=kgT/ e for different potentials(—O—) attractive Yukawa(---C1---) 2n-2 Coll (Ref. 13 0.712 0.375) 0.0970 0.225

Lennard-Joneg;--A--+) a-Lennard-Jones. 0.562 0.415) 0.1023 0.144
HS-mix (Ref. 14 0.186 not avail. 0.0744 0.005

. . . 0.173 0.%2) 0.0758 0.003

calculation of o for continuous potentialg¢such as the 0.164 0.52) 0.0788 0.002

Lennard-Jones 2nyn According to the Weeks—Chandler—
Andersen(WCA) method, we separate the potential into at-
tractive v,y and repulsivev e, parts;® and calculate the
“equivalent” hard-core diameter for the repulsive part of the
potential using the expression suggested by Bafker:

ciently short-ranged attractions. Our working hypothesis is
that for a wide range of colloidal materials, the compressibil-
ity factor z is a function of only three parameters, viz. the

* reduced temperaturg* =kgT/e, the reduced density*
— @ Ure N/kgT B ’
Teff= JO dr[1—e"redDiieT]. (4) =N/V (o), and the reduced second-virial coefficidit
Two parameters are needed to properly describe the role of z=f(T*,p*,B3). (6)

atiractions: an energy scale and a second quantity related tpis conventional to express the reduced second-virial coef-
i

the range of attraction. At low temperatures, the potential cient in terms of a parameterthat is defined in the follow-
energy per particle in the crystalline phase is given by thefng wayl’ Bi=1-1/4r. 7 is a measure for the
value of the pair potential at the nearest-neighbor Separaﬁo?emperatl.Jre—lzow(high) T corresponds to lowhigh)
multiplied by the number of neighbofand divided by two, However 7 is not a linear function off '
to correct for double counting This is independent of the In Figi. 1 we plot the stickyness pa{rameteis a function

functional form of the potential. This makes(rmy), the of the reduced temperature for some of the cases listed in

depth of the potential well, our natural choice for the energy. . .
) . . Table 1. In the temperature ran i he stickyn -
scalee. The third parameter is the reduced second virial co- able the temperature range studied, the stickyness pa

. . iy . o rameter increases almost linearly with the reduced
efficient, 1-€., the s.e.cond virial coeff|C|eBt2.d|V|d<-:fd by the temperaturé® The figure shows another important feature: if
second virial coefficient of hard spheres with a diametgr.

Th d virial ficienB b i lculated the 7— T* curves for two different potentials are close at any
€ second virial coetlicienb, can be easily caiculate particular temperature, they tend to be closedibitempera-

once the functional form of the potential has been Speclfl(Edtures studied. Such behavior is an indication that the present
scheme to compare nonconformal potentials is reasonable.
As can be seen from the figutand from Table ), the value

of =and therefore that of the reduced second virial
and the reduced second virial coefficieBf is defined as coefficient—at the critical point is remarkably constant
B,/2 mfgﬁ. Note that all three parametes.;, €, and B%) (around 7=0.1). This fact had been noted earlier by
can be computed directly from the pair potentiét). Inthis  Vliegenthart and Lekkerkerké?.In fact, 7 hardly varies be-
sense, our approach differs from those extended correspontiveen the limit of extremely narrow attractive welBax-

ing states laws that use experimental data to define appropter’s adhesive hard-sphere modéknd the(van der Waals

ate scaling parameters. This is particularly useful for the delimit of infinitely long-ranged attractive wells, as also in
scription of colloidal systems where the topology of themixtures of the two model

phase diagram changes as the range of the attraction is de- We mentioned above that the reduced second virial co-
creased. For instance, it would not be feasible to use thefficient is a measure for the range of the attractive part of
properties at the critical point as scaling parameters, as thime potential. To make this statement more precise, we have
critical point may be experimentally inaccessible for suffi-to specify what we mean by the “range” of a potential.

Bz=27rf drri[1—e v(D/keT], (5)
0
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R The range of the attractive part of the potential determines
0.0 0.2 04 0.6 whether a given system can exhibit a stable liquid—vapor
transition or whether this transition is preempted by freezing.
The disappearance of the liquid—vapor transition in systems
with short-ranged attraction was first noted in theoretical
work by Gast, Russel, and H&fl. This work has subse-
quently been placed on a firmer theoretical footing by Lek-
kerkerker et al?? Evidence for the disappearing of the
liquid—vapor critical point comes from both simulatidmht
and experiment® All authors agree that the liquid—vapor
04 o . - .
transition disappears for sufficiently short-ranged attraction.
o However, estimates differ for the value & where this
change in the phase diagram takes place. EstimateR for
vary from 0.1 to almost 0.4. Part of the reason why the
0.0 different estimates for the critical value & appear incon-
0 1/R 10 sistent is that the various authors have studied systems with
nonconformal interaction potentials and, more importantly,
FIG. 2. The reduced temperature at the liquid—gas critical pdifit  have used different definitions for the range. The advantage
=kgT./€e plotted vs the range of attractioi®=A—1 of the equivalent of the present approach is that we have a unique way to
square well systgm. As the range becomes shorter than the thresh_old valae . . . . . :
~0.14, the liquid—gas transition becomes metastali®@) attractive efine the range of the attractive potential for widely differ
Yukawa, (l) Lennard-Jones 2n-ifA) a-Lennard-Jones((]) square well,  ent interaction potentials. When we consider the available
(O) effective coIIo_id—coIIoid interactioninset The_ reduced critical density  data for the 2n-n Lennard-Jones potentials, dhkennard-
|Fi)r|r?ittt_ed vs the reciprocal rangeRL/the arrow indicates the van der Waals Jone_s potential, and the attractive Yukawa system, we find
that in every case the boundary between stable and meta-
stable liquid—vapor transitions is located within a narrow
band betweerR=0.13 and 0.15see Fig. 2 To date no
Here, we take the following route: there is one system folsimulation has computed the threshold value for the square-
which the range of the attractive potential is defined unamyell model itself. A rough estimate dR~0.25 has been
biguously, namely hard spheres with a square-well attractioga|culated using a simple van der Waals model for both the
© r<g fluid and the solid phagéand from a simple cell model with
some phenomenological characteEor R=0.85, theoretical
u(r)=y —€ o<rs<io. () estimates suggest that in this case the critical point is
0 ho<r stable?®
A logical choice for a dimensionless measure for the ~1he available numerical data for the reduced critical
range of the attractive part of the potentiaRis\ — 1. In the density are less accurate, but they show a definite trend: as

spirit of our extended corresponding states approach, we nofficréases the critical density decreases, from(ésimated
define the range of an arbitrary attractive potential to beSticky-sphere limitpg =0.611, to the van der Waals limit
equal to the range of that square-well potential that yields thés = 0-159.

same reduced second virial coefficient at the same reduced The predictive power of our approach based on pair po-

temperature. The stickyness parametefor a square-well tentials is expected to break down when three-body interac-
potential is given by tions become important. We have also tested our theory for
more complex pair potentials, which included a repulsive
= 1 _ (8) barrier!* Here too we have found deviations from extended

4\%—1](eVT 1) corresponding states behavior: in several cases the calculated
. . . 7 parameter, at the critical point, lies much below the con-
Using this mapping onto the square-well system, we have ) :

. . Stant value of 0.10, and the mapping onto the equivalent

computed the effective range of the attractive part of theS are-well svstem vields unphvsically small atiraction
potential for a number of different potential functions that qu sRW y Y unphysicatly :
have been used to describe colloidal suspensions or globul!rf?nge )

protein solutiongsee Table)l In general, the effective range In summary, we have formulated a simple extended cor-
of attraction is temperature dependent. responding states principle that allows us to make predic-

In Fig. 2, we show the relation betwed , the reduced tions abgut the tqpology of the phase diagram pf suspensions
critical temperature, anR, the range of the attractive poten- pf spherical colloids with variable range attraction. The scal-
tial. In the temperature range studied, the relation betieen NG parameter, e, andB; can all be derived directly from
andT? is surprisingly linear—although, again, we know that knowledge of the pair potential. Moreover, this procedure
this linear relation cannot hold for values Bfvery close to ~ &llows us to give an unambiguous definition for the range of

1.25

0.75

0.50

zero—and obeys the simple relation: the attractive part of the potential. By analyzing a number of
. simulation data for different model systems, we find that the
Te~0.26+2.1R. (9 liquid—vapor transition becomes metastable with respect to
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