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Abstract: In this paper a connection between extended eigenvalues of direct sum of operators in the direct sum of Hilbert spaces and
their coordinate operators has been investigated. Moreover, the structure of the set of extended eigenvalues of normalcompact operators
has been researched.
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1 Introduction

It is known that a complex numberλ is called an
extended eigenvalue of the linear bounded operatorA in
the Hilbert spaceH if there exists nonzero operator
T ∈ L(H) such thatTA= λAT, whereL(H) is a space of
linear bounded operators. A set of extended eigenvalues
of the linear bounded operators is denoted byΣ(·) [1].

Note that the structure of the set of extended
eigenvalues in complex plane for operators inL(H) have
many different forms (for example, see [1-7]). One of the
fundamental problems in this theory is to describe a
structure of the set of extended eigenvalues in complex
plane for linear bounded operators in Hilbert spaces.

2 Extended eigenvalues of direct sum of
operators

In this section the structure of the set of eigenvalues of
direct sum of operators will be investigated. Firstly, we
prove the following result.

Theorem 2.1. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A =
∞
⊕

n=1
An ∈ L(H). In this case for the set of extended

eigenvalues it is true that

∞
⋃

n=1

Σ(An)⊂ Σ(A).

Proof. Firstly we assume thatλ ∈
∞
⋃

n=1
Σ(An). In this case

there exists at least one natural numbernλ and nonzero
operatorTnλ ∈ L(Hnλ ) such that

Tnλ Anλ = λAnλ Tnλ .

If we choose an operatorTλ : H −→ H in form

Tλ = {0, ...,0,Tnλ ,0, ...},

where operatorTnλ is placed innλ -th index, then operator
Tλ ∈ L(H),Tλ 6= 0 andTλ A= λATλ . Hence,λ ∈ Σ(A), i.e.

∞
⋃

n=1

Σ(An)⊂ Σ(A)

Theorem 2.2. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A =
∞
⊕

n=1
An ∈ L(H),λ ∈ Σ(A) such thatTA= λAT and

THnλ ⊂ Hnλ for somenλ ∈ N. Thenλ ∈
∞
⋃

n=1
Σ(An), i.e.

{λ ∈ Σ(A) : TA= λAT and there exists nλ ∈N such
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that THnλ ⊂ Hnλ } ⊂
∞
⋃

n=1

Σ(An)

Proof. Let us λ ∈ Σ(A). Then there exists nonzero
operatorT ∈ L(H) such thatTA= λAT. In this case from
relationTA= λAT it is obtained that

TAn = λATn,n≥ 1,

whereTn is a restriction of the operatorT to the space
Hn,n ≥ 1. Since THnλ ⊂ Hnλ for some nλ ∈ N and
Tnλ 6= 0, then it is established that

Tnλ Anλ = λAnλ Tnλ ,

i.e.λ ∈ Σ(Anλ ). Consequently

λ ∈
∞
⋃

n=1

Σ(An).

From these theorems we have the following corollary.

Corollary 2.3. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A =
∞
⊕

n=1
An ∈ L(H). If for each λ ∈ Σ(A) there exists

Tλ ∈ L(H) such thatTλ A= λATλ and there existsnλ ∈ N

such that{0} 6= Tλ Hnλ ⊂ Hnλ , then

Σ(A) =
∞
⋃

n=1

Σ(An).

Theorem 2.4. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A =
∞
⊕

n=1
An ∈ L(H). If Am = 0 for somem ∈ N, then

Σ(A) = C.

Proof. Indeed, if we choose the operator

T =
∞
⊕

n=1
Tn : H −→ H in following form

Tm 6= 0 and Tn = 0,n 6= m,n≥ 1,Tn ∈ L(Hn),

then it is clear that an equationTA= λAT is hold for any
λ ∈ C andT ∈ L(H).

Theorem 2.5. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A=
∞
⊕

n=1
An ∈ L(H). If for somem∈ N an operatorAm is a

nilpotent inHm, thenΣ(A) = C.

Proof. In this case the operatorT can be choosen

T = 0⊕·· ·⊕0⊕Ak−1
m ⊕0⊕·· · ,

wherek∈ N is a nilpotency index of the operatorAm.

It is known that ifA is a normal compact operator in a
Hilbert spaceH, then it can be written as a direct sum of

operators, i.e.A =
∞
⊕

n=0
µnEn, whereEn : Hn −→ Hn is a

identity operator, Hn = Hµn(A) is a subspace of
eigenelements corresponding to eigenvalueµn of the

operatorA for any n ≥ 0,µ0 = 0. MoreoverH =
∞
⊕

n=0
Hn,

whereH0 = kerA.

Theorem 2.6. If A is a normal compact operator in a
Hilbert spaceH, kerA 6= 0,σp(A) = {µn : n ≥ 0} is point
spectrum ofA, Hn = Hµn(A),n ≥ 0 is a subspace of
eigenelements corresponding to eigenvalueµn of the
operatorA, thenΣ(A) = C.

Proof. SinceA0 = 0 in the direct sumA=
∞
⊕

n=0
µnEn in the

Hilbert spaceH =
∞
⊕

n=0
Hn, then from the Theorem 2.4 it is

obtained thatΣ(A) = C.
The following examples are some applications of the

last theorem.

Example 1.Let us

A : l2(N)−→ l2(N),A(xn)= {0,w2x2,w3x3, . . .},(xn)∈ l2(N),

where(wn) is a sequence of complex numbers such that
lim

n−→∞
wn = 0.

It is clear thatA is normal compact operator. Then
from above theorem we haveΣ(A) = C.

Example 2.Let H be any Hilbert space,M be any linear
manifold inH, M 6= H,dimM < ∞ andP : H −→ M is an
orthogonal projection compact operator inH.

In this case from Theorem 2.6 it is clear that
Σ(P) = C.

Example 3. In Banach spaceB there exists a compact
operatorA such thatΣ(A) = C.

Indeed, if we assume thatB = lp(N),1 ≤ p < ∞ and
for anyx= (xn) ∈ lp(N)

A(xn) = {w1x1,0,w3x3,0,w5x5, . . . ,0,w2n−1x2n−1,0, . . .},

where(wn) is a sequence of complex numbers such that
lim

n−→∞
wn = 0, then A is compact operator inlp(N).

Moreover an operator defined in form

T : lp(N)−→ lp(N),1≤ p< ∞,
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T(xn) = {0,x2,0,x4,0, . . . ,0,x2n,0, . . .},x= (xn) ∈ lp(N),

it is hold thatTA= AT = 0. Consequently,Σ(A) = C.

Theorem 2.7.Let A be a normal compact operator in a
Hilbert spaceH, σc(A) = {0},σp(A) = {µn : n ≥ 1} is

point spectrum ofA =
∞
⊕

n=1
µnEn, Hn = Hµn(A),n ≥ 1 is a

subspace of eigenelements corresponding to eigenvalue

µn of the operatorA, H =
∞
⊕

n=1
Hn, λ ∈ Σ(A),TA= λAT

and Tn is a resrtiction of the operatorT to the space
Hn,n ≥ 1. In this case if TnHn ∩ Hm 6= {0} and
TnHn ∩ Hk 6= {0} for some m,k ∈ N, then m = k and
λ = µn

µm
.

Proof. In this case there exists an elementxm
n ∈ Hn \ {0}

such that

Txm
n ∈ Hm\ {0} and TnAnxm

n = λAmTnxm
n .

Therefore
(µn−λ µm)Tnxm

n = 0.

Consequently

λ =
µn

µm
.

In a similar way it can be obtained thatλ = µn
µk

. From
this we haveµm = µk, thenm= k.

Theorem 2.8. For a normal compact operatorA with
kerA= {0} it is true that

Σ(A)⊂
∞
⋃

n,m=1

{

µn

µm

}

,

whereµn,n≥ 1 is a nonzero eigenvalue ofA.

Proof. Let λ ∈ Σ(A). Then there exists nonzero operator
T ∈ L(H) such thatTA= λAT. SinceT 6= 0, then there
existsn⋆ ∈ N such thatTn⋆ 6= 0, Tn⋆ is a restriction of the
operatorT to the spaceHn⋆ ,n⋆≥ 1. From last relation there
existsxn⋆ ∈ Hn⋆ \ {0} such thatTn⋆xn⋆ 6= 0. Additionally,
there existsm⋆ ∈N such that

ym⋆ = Tn⋆xn⋆ ∈ Hm⋆ \ {0}.

In this case from relationTA= λAT it is obtained that

TAn⋆ = λATn⋆ ,n⋆ ≥ 1.

Then forxn⋆ ∈ Hn⋆ \ {0},n⋆ ≥ 1

TAn⋆xn⋆ = λATn⋆xn⋆ .

From this

µn⋆ (Tn⋆xn⋆) = λ µm⋆ (Tn⋆xn⋆) .

Then
(µn⋆ −λ µm⋆)Tn⋆xn⋆ = 0.

SinceTn⋆ ,n⋆ ≥ 1, thenλ =
µn⋆

µm⋆

.

Actually, the last results are true for the large class of
linear bounded operators too.

Theorem 2.9.If A ∈ L(H),kerA = {0},σ(A) = σp(A) =
{µn : n≥ 0},Hn = Hµn(A) is a subspace of eigenelements
corresponding to eigenvalueµn of the operatorA for any

n≥ 1 andH =
∞
⊕

n=1
Hn. In this case it is true that

Σ(A) =
∞
⋃

m,n=1

{

µm

µn

}

.

Proof. For the simplicity of explanations let us
Axn = µnxn,dimHn = 1. In work [5] it has been proved
that

Σ(A)⊂ {λ ∈ C : σ(A)∩σ(λA) 6=∅}

From this and the structure of the spectrumA it is implied
that

Σ(A)⊂
∞
⋃

n,m=1

{

µn

µm

}

.

Now we assume thatT ∈ L(H), Tn is a restriction of
the operatorT to the subspaceHn for n≥ 1. If we choose

operatorT =
∞
⊕

n=1
Tn : H −→ H in form

Tnxn = xm,n≥ 1 and Tk = 0,k 6= n,

then forx= (xn) ∈ H it is clear that

TAx= TA(xn) = T(Anxn) = T ({A1x1,A2x2, . . . ,Anxn, . . .})

= T ({µ1x1,µ2x2, . . . ,µnxn, . . .})

= {0,0, . . . ,0,µnxm,0, . . .}

In a similar way it can be shown that

ATx= AT({x1,x2, . . . ,xn, . . .}) = A({0,0, . . . ,0,xm,0, . . .})

= {0,0, . . . ,0,µmxm,0, . . .}

Then for theλ = µm
µn

∈C andT ∈ L(H),T 6= 0 we have

TAx=

(

µm

µn

)

ATx.

This means that

µm

µn
∈ Σ(A),m≥ 1,n≥ 1.

Consequently

∞
⋃

m,n=1

{

µm

µn

}

⊂ Σ(A).
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Hence

Σ(A) =
∞
⋃

m,n=1

{

µm

µn

}

.

Corollary 2.10. If A∈C∞(H),kerA= {0},σp(A) = {µn :
n≥ 1}, then

Σ(A) =
∞
⋃

m,n=1

{

µm

µn

}

.

Theorem 2.9 and Corollary 2.10 give some ideas on
the form of the set of extended eigenvalues in complex
plane (see [7]).

Example 4. Unfortunately these results are not true for
nonnormal compact operators. For example, the Volterra
operator

V : L2(0,1)−→ L2(0,1),V f(x) =

x
∫

0

f (t)dt, f ∈ L2(0,1)

is a nonnormal compact operator inL2(0,1) andΣ(V) =
(0,+∞) (see [1]).

On the other hand in Hilbert spaceH there exists
nonnormal compact operatorA such thatΣ(A) = {1} [7].

Theorem 2.11. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A=
∞
⊕

n=1
An ∈ L(H). If dimH < ∞, then

Σ(A) =
∞
⋃

n,m=1

{λ ∈C : σ(An)∩σ(λAm) 6=∅} .

In general case

Σ(A)⊂
∞
⋃

n,m=1

{λ ∈C : σ(An)∩σ(λAm) 6=∅} .

Proof. Under these conditions it is easy to prove that

σ(A) = σp(A) =
∞
⋃

n=1

σp(An).

On the other hand for the case dimH < ∞ it is known that

Σ(A) = {λ ∈ C : σ(A)∩σ(λA) 6=∅} .

But for any Hilbert space

Σ(A)⊂ {λ ∈ C : σ(A)∩σ(λA) 6=∅} [5].

Hence the above relations are true.

Remark 2.12. Let Hn be a Hilbert space,

An : Hn −→ Hn, An ∈ L(Hn) for anyn≥ 1, H =
∞
⊕

n=1
Hn,

A=
∞
⊕

n=1
An ∈ L(H). In general

Σ(A) 6=
∞
⋃

n=1

Σ(An).

Proof. It is sufficient that to give an example for the
validity of this claim. Assume thatH1 and H2 are any
Hilbert spaces,

A1 ∈ L(H1),A2 ∈ L(H2),H = H1⊕H2,A= A1⊕A2,

σ(A1) = {1,3},σ(A2) = {2,4}

In this case

{λ ∈ C : σ(A1)∩σ(λA1) 6=∅} = {1,3,1/3},

{λ ∈ C : σ(A2)∩σ(λA2) 6=∅} = {1,2,1/2},

{λ ∈ C : σ(A1)∩σ(λA2) 6=∅} = {1/2,1/4,3/4,3/2},

{λ ∈ C : σ(A2)∩σ(λA1) 6=∅} = {2/3,4/3,2,4}.

Then from Theorem 2.11 it is clear that

Σ(A) = {1,1/4,1/3,1/2,2/3,3/4,4/3,3/2,2,3,4}

6= Σ(A1)∪Σ(A2) = {1,1/3,1/2,2,3}

3 Conclusions

In this paper the inner structure of the set of extended
eigenvalues of direct sum of operators defined in the
direct sum of Hilbert spaces has been researched. In
particular this problem for normal compact operators has
been investigated more deeply. In corresponding places
the obtained results have been supplemented by
examples.
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