491
Progress ol Theorctical Physics, Vol. 38, No. 2, August 1967
Extended Translation Invariance and Associaled Gauge Fields

Kenji HAYASHI and Tadao NAKANO*

Department of Physics, Kyoto University, Kyoto
*Department of Physics, Osaka City University, Osaka

(Received April 1, 1967)

‘Gauge fields together with non-linear field equations to govern them are introduced by
requiring that the Lagrangian should be invariant under an extended translation in space-
time, i.e. a translation in which four parameters are replaced by four arbitrary coordinate-
dependent functions, A prescription is given to convert a non-invariant canonical (“pseudo”)
energy-momentum tensor into an invariant one. _

The symmetric part of these field equations is examined for the two cases: (1) under
linear and non-relativistic approximation, it reduces to the classical gravitational-field equation,
(2) for static and spherically symmetric field, its solution is shown to correspond to Schwarz-
schild’s solution. The antisymmetric part has no classical analogues, for there are no sources
of skew-symmetric energy-momentum tensors in the classical experiments. A reasonable
method is proposed to eliminate this redundant field.

§ 1. Introduction

Since it was suggested that the electromagnetic interaction is best understood
in terms of a principle of gauge invariance, under a gauge transformation with
a coordinate-dependent function, there have been a number of attempts to deduce
the existence of gauge fields coupled to conserved currents, starting with the idea
of extended transformations.” ‘

It was shown that the invariance under the n-parameter Lie group of trans-
formation referred to space-time and/or fields leads to the conservation of =
generators. Further, invariance requirement under an extended transformation,
ie. a transformation whose n parameters are replaced by # space-time dependent
functions, necessitates the introduction of n (generally) non-commuting vector
fields together with field equations which they must obey.”"®

The purpose of this paper is to deduce the existence of a gravitational field

from the translational invariance in an extended sense just mentioned above. In
order to construct the gravitational interaction, Utiyama has proposed to introduce
24 new field variables by postulating the invariance under an extended four-
dimensional rotation which is specified by six skew-symmetric arbitrary functions
w;;(x).” However, the self-inconsistency of his scheme was pointed out by Kibble
who has claimed that it is necessary to consider the extension of full 10-parameter
inhomogeneous Lorentz group in place of the restricted six-parameter group.”
Then, our method is different from both of them and will be shown to be one
of the simplest ways of discussing the gravitational interaction within the Lagrangian
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492 K. Hayashi and T. Nakano
formalism of the unquantized fields in that we need the minimal transformation
group (translation group) and its extension necessary and sufficient to deduce it ™

In the following section, a general formulation of the extended translation is
given within the classical Lagrangian framework and a prescription is presented to
convert a “pseudo” energy-momentum tensor into an invariant energy-momentum
tensor. In §3, we apply it to the system consisting of the spinor field and the
new fields.

We identify the symmetric part of these new fields with the classical gravi-
tational field by means of the linear approximation to the non-linear field variables.
In § 4, for the purposes of comparison we shall consider the static and spherically
symmetric field in which the exact solution of Einstein’s equation of gravitation
has been well known and verified by the observations. In §5, elimination of
the antisymmetric part of the new fields will be attempted and the final section
is devoted to a discussion of the results,

§2. General formulation

EFE S

We start with the Lagrangian density
LO :LO <qAa q,’]t’ x/ﬂ) » Q’Ak = aq/i/axk >

where ¢* are a set of fields, (A=1, 2, ---, N). The action integral referred to
an arbitrary four-dimensional domain 2%,

13 = g Lo(x)d'z | (@1

Py
is invariant under the following infinitesimal transformation :
g () >¢"" () =q¢" (2) +0q" (2),
} @2

xr—xy =x+0xy

if the following identity holds true at any world points (independent of the
behavior of ¢# and its derivatives):

I_z[) -+ Loé‘.fk*k:é\*Lo’{‘ (Lo(‘)\xk)]\,zo s (2’8)

where 0xL,=0L,— L0z, 1s often called a substantial variation in the sense that
a variation caused by the coordinate transformation is subtracted.**** Up to
the variation of first order, it follows that '

* Einstein’s theory of general relativity has been based on the general covariance under the
extended translation within the classical mechanics.

*#) Jt is assumed that the Lagrangian to be considered hereinafter contains the first derivatives
of the field variable at most.
*#k) We use the imaginary fourth coordinate xy=1zct.
w0 A summation convention for dummy indices is used throughout this paper.
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Lixtended Trawslation Invariance and Associated Gauge Fields 493

() —>1' (D) =| L (@) A+ 0z d'a @1
which is used in deriving the above identity. Consider a translation
0g"=0, Oxpz=¢,, (€,: infinitesimal parameter), (2-4)

then the following identity must obtain in order to preserve the invariance
under this transformation :

0L, _dL, 0L 0g* 0L aqé =

0L 0
Oxy, dx, 0q* 0x, 0g7 0x

s . (2'5>

which obviously implies that the invariant Lagrangian under the translation has
no explicit z-dependence, hence we shall consider exclusively the Lagrangian

Lo=1Ly(g*, ¢') . (2-6)
Equation (2-3) is rewritten as
[Lola0%q” + Spy=0, 2-7)
and the equation of motion is abbreviated :
_O0Le _(OLey _g s .
[LoJer= 4~ (Ga1) =05 @y

where

Sk, = Lo'q,fkan - Tuc@x,, s OLo/aqf}c = Lo’qﬁ:

K

. (2-9)
Ty= Lo,q,f}cqﬁ —0uly .

If the action integral is invariant under the translation (2-4), the conservation
law of the energy-momentum tensor defined above follows
TIcZ‘L:O . (2‘ 10)

on account of the field equation (2-8).
" Next we consider the extended translation**®

0g*=0, Oxt=¢"(x), (2-11D)
(e*(x); infinitesimal arbitrary function).

The invariance property of L, under the translation (2-4) breaks down in this
case ; the variation of the derivative does not vanish,

0gf= (0q*), — g0zt = —€.q% . (2-12)

We shall further require the invariance of the action integral under the extended

#) This is called the Euler equation and derived by postulating 6%/=0 under the condition that
8%q4 should vanish on the boundary surface of the integration domain.
**) In this case the Greek indices are used for conveniences.
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494 : K. Hayashi and T. Nakano

translation, by defining the covariant derivative through which the new field
a,* () is introduced so as to satisfy our postulate :

Dyg* = {04+ a ()} ¢ = b (&) ', (2-13)
0D =0 . (2-14)

In order to satisfy Eq. (2-14), it follows immediately,
' 0byt =cehb,. (2-15)

Therefore we recover the invariance of the action integral even under the extended
translation (i) by simply replacing g% in the original Lagrangian by the covariant
derivative D,q* defined above ;

Lo(g*, ¢v) —>L (g%, ¢%, bi") =L (¢*, Dxg?)
= LO (qAa qf;C >DkqA) ’ (2 : 16)
hence its variation associated with (2-11) vanishes identically
0L’ =0

and further (ii) by multiplying L’ by a certain function 4#(x) so as to satisfy
the required identity (2-3):

(2-16")

>

0L+ Let, =0,

L=bL". (2-17)
Accordingly, the transformation property of # has to be

0b=—¢elb . v | (2-18)

Next tasks are then to construct such a function &(x) and the invariant field
strength from &, and its first derivatives. For these purposes, it is necessary
to define the field &y, inverse to b,* from the following orthogonal relations :

blebLM - 6[61 5
‘ (2-19)
4]7k,,,])ky - 6/‘”.
Consequently, it follows
6blcu = - eyﬂblcu ’
hence we choose

b=det(b,),

because it has the desired property (2-18). In other words, the invariant volume
element becomes bd‘x instead of d*x. Suppose that we obtain a free Lagrangian
L? for the new field, the action integral turns out

1(5) :& d'zl

2

220z 1snbny |z uo1sanb Aq 9€0€881/L61/2/8E/e1one/did/woo dnoolwepede)/:sdyy woll papeojumoq



Extended Translation Invariance and Associated Gauge Fields 495

where ‘
L=L'+L=b(L'+L%» (2-20)
and L consists of the invariant field strength. We shall write for short
| Q%) = (g*, b,). (2-21)

The invariance of the action integral follows from the following identity analogous
to (2-3):

6*[4 + (LE“)’#: O >

which is just shown above to hold by means of our prescription. The above
identity is rewritten as before,

[L]ga0*xQ% 4 8%, =0, (2-22)
where

g L (2-23)
TDF = L’Q(’pr’i - (()\vﬂL = '”LT’).U/ "l‘ tUF‘)

A .
mTvl‘ = L’,qfi‘qu - 6"/4]JI’

B (2-24)
’Zvﬂ - L’(ibk)"lbblcx’v - au”LG~
From (2-22), we obtain
(— &) {[L T gaqs+ [Ls, burw— ([L1s, broy
(2-25)

—{[L]y, bre’ + L5, bueh+ CTF 1,20

As ¢, ¢, and ¢, are chosen arbitrarily inside the integration domain 2, the
second term of Eq. (2-25) resolves itself into the three identities

es (LBl et (T +1,),=0, (2-26)
8?/* 5 I:L] bkﬂblcu + (m Tu‘u + ivﬂ) -+ (lggklh’thU)’hEo > (2 ° 27)
G?AXL%kh,ﬂblcv:“':o , (2-28)

among which there are only two independent identities, for the last identity
implies '
L +L% =0 (2-28)

B Okpn
and the differentiation of the second identity yields the first one, by making use

of (2-28”). Furthermore it suggests that the invariant field strength must contain
an antisymmetric combination of 2., with respect to the Greek subseripts and

#) Tn the standard terminology of tensor algebra, L is named the “‘tensor density”.
#0) mT s tm are the “canonical” energy-momentum tensors. '
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496 K. Hayashi and T. Nakano

then the contraction of these indices has to be performed; finally we have®
Coim = 2bugwibiba’,
= 261,00 O
with
0Ckim =0 .

It should be noticed that there exist infinitely many conservation laws for gene-

ralized energy-momentum tensors in addition to the one implied directly by (2-26),
(f®: an arbitrary function),

TO= O (T +1,) — £ (TS, . b,

. (2-29)

TOr=0 *%

Under the extended translation only the Greek indices are associated with the
transformation properties: Then there arises a question, “ What role does the
Latin index play ?” To see it, we consider the four-dimensional rotation of the
field variables only,

0x*=0,
6qA: TqA } . (2' 30)

under the assumption that L’ is kept invariant under (2-30) and L, under the
Lorentz transformation specified by

0x, =0y, (W =0),
0g*="Tgq".
The assumed invariance properties respectively yield the following identities :
| LA aT g+ Ly adTDyg* + Lty y0b,# =0, (2-31)
LogaTq" + Lot Tqh — Logaqion =0 ,
and (2-31) passes into
(0by* — 0 Lya4gi, =0,
by making use of the relation (2-16). Hence the transformation property is
established,

O\bk/" = C()/GLZ)lM,

that is, the Latin index is related to the four-dimensional rotation and b,* trans-
forms as a four vector under it (the same is true for b;, too).
The quantity 5,” is the contravariant vector as it transforms contragradiently

A= (12) (A, + A, D, A= 172) (A,,—4,,).
#1) The conserved quantities will be explicitly given later in an invariant manner.
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Extended Translation Invariance and Associated Gauge Fields 497

to 0¢7,, and by, the covariant vector as it transforms cogradiently to (2-12). b.*
is to be referred to as a “ vierbein” system because of its dual character under
the extended translation and the four-dimensional rotation specified by (2:11)
and (2-30), respectively. These situations are made clear and are summed up
by the following statement. Under the combination of these two independent
transformations, ‘

Ot =c"(x), ' | (2-30")
0g* =Tq*, (2-307)

L’ stays invariant if 4;* (or equivalently b;,) transforms as follows:

()‘bkﬁ = S:tbkv -+ a)k‘lblwy
(2-30")

o
0 blc/:, - S?ﬂbkv + U)Icl])l,,u .

The field strength ¢y, is reducible under the four-dimensional rotation ; the

irreducible parts of it are calculated by means of the standard method :
i) an irreducible tensor of rank 3,

Citim = Cwtym (1/3) (61cLCmV‘”6an(loCL>V> >
i1) a vector, ,
¢’ = Comp= (OD) /b,
iii) an axial vector,

vt = 1ChmnCimn/ 6 .

The tensor cu, is represented in terms of these irreducible tensors,
Crim = (4/3> cl:vljl/mj 'i" (2/3) 6lc[LC7rI;] + ielcl.mnanu

We shall require that L% should be of the quadratic form in the first derivative
of b*. Thus, we choose

LY =b (actmCim+ Bey ¢’ +yeey +0)™ (2-32)

with the arbitrary constants «, B, 7, 0. Inserting the above Lagrangian into
(2-27), we obtain after some algebra

By="T, . (2-33)
Blcl = - bmﬂéFklm, Py CmV Tomt T (1 /2) CLmanmn - C'nmlcp‘mnl + 6lclLG; (2 ’ 34)
Fklm =4b {aclz’[lmj + Balc[l(::rjj - (1/6> iTEL;ZmnCnA} 3 (2 ¢ 35)

mTkl — blgubl/wm Tu,w — bm]ﬂm 1

| (2-36)
_F A 7 k)
—«.Ls])LqAD}CC] —‘(FML ,]/k

) We shall assume invariance under space reflection.  If we do not assume it, we can add a
linear sum of the following two terms: bep¥ ¢4, i€, ¢ i €V g :

6 Tt is also rewritten as —L’,,,,m by,
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498 K. Hayash: and T. Nakano

where all the tensors are converted into the local tensors in order to preserve
the invariance under the extended translation.

We shall manage to write down the equation of motion (2-33) in a simpler
form analogous to the divergent form (2-27),

~ (00 Frgm) , = b (" Ty + 811, (2-37)
where
= by byt =L uby"
O Y

ikl = bkvbl,u.‘i:vﬂ

(2-38)

(2.39)
=1+ blc/bbmubn,u‘uEwnl .

It should be emphasized that t,, remains invariant under the extended translation
while 7,; is not invariant, as is easily shown (hence a tilde has been attached
to the canonical energy-momentum tensor density 7,*). From (2-37), we obtain
the conservation law

b (" Ty+8) =0, - (2-40)

which is essentially the same as (2-26), although ¢, is preferred to 7,*. In a
manner similar to that stated above, (2-29) turns out

(bl/&Tl(f)),#: 0 , ]
T/ = fior ("Toa+ t) = Forsbn’ Form | (2-41)
(fuy (x) 1s an arbitrary function). J

Hence there exist indenumerable conserved quantities
P@:Sdu@wym (2-42)

where of course the conserved vector corresponding to (2-40) is included by
a particular choice in f (x):

(fw) = (fiey) = (0,
Pk:S d’xb) "Tiy+ 1) . (2-43)

A function fy, needs not to be a vector under the four-dimensional rotation.
Before closing this section, we shall resolve (2-33) into the symmetric and
skew-symmetric parts*®

L, corresponds to the famed “psendo™

encergy-momentum tensor of the gravitational field
which does not transform as a tensor under the general coordinate transformation.
6. Just recall that the symmetrized (not the canonical) energy-momentum tensor of the matter

source is of physical significance.
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Extended Translation Invariance and Associated Gauge Fields 499

B(m) =" T(kz), (2 : 44)
B[lcl] =" T[jlcl], . (2 * 45)

and further attempt to convert them into the divergent forms similar to (2-37),

- {[77[)L”bmu (30{ <Clclm - (8/2> is/v;LmnCnA> - 2 (CK - 2/3)) (()‘k[lcfr;l'-]) } ‘v } (2 46)

= /)1# <mT(u) ‘{‘ tu) ”{“ 2 (CK ‘i’ }9) bbL [7)”,61]'» B

- {/)[hﬂ'/)m <3/9>7 (CL/ - (4/9> T) Ertmaln’ }’u

9 } (2-47)

=0 (T + i) —2(a+B) bbbty |

with
t= tl.:llm ty l

| (2-48)

= [) (3/4) 7 {CK - (4/9> 7,} elcmnjclmncjjl’

where ¢i, does not contain an arbitrary constant /3 ; it can be rewritten in terms
of the irreducible tensor components,

tm— (1/2) lb{(z““ (4/9> T} \Zblmmuclmn(/] + C](Z”LJCWZ {’] “{ 3z <6IcL(/m, (/m — i Cl 1)}
(2-48")
In deriving (2-46) and (2-47) a special care is taken in order to eliminate the

second derivate of the field variables from the definitions of t;, and tu, by dint
of the useful identity

B Crim € Cun = 2By (2-49)
If we put
a-+H3=0, (2-50)
the above two equations (2-46) and (2-47) yie].d'after the differentiation
{67 (" Ty + i)}, =0, (2-51)
b T +t2) },=0 . (2-52)

§ 3. Linear approximation in spinor-vierbein interaction

The field equations proposed in § 2 are non-linear with respect to the field
variables 4. We know that a linear theory (Newton’s theory) accounts, with
a considerable degree of accuracy, for the motion of bodies under the gravitational
forces. We shall discuss the interaction between the spinor field and the vier-
bein field 4, by assuming both the difference

/)/m 6&,& =y

and its first derivatives are so small as compared to unity that the quadratic
terms in a,* and/or its derivatives lead only to secondary effects and are
hereafter neglected. In this linear approximation, all the Greek indices are
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500 K. Hayashi and T. Nakano
replaced by the Latin indices as there remain no differences between them. From
the orthogonal relations (2-19), it follows that
ai = — ay, 5
and the various non-linear quantities pass into the linearized ones,

Crlm ™ Za}c[L"m] N

C!?Lm = Ay m a(k‘?ﬁ’lf) - <1/3> (6klcmv - 6m(kcg> s

e =2ag @1
i = (1/3) ichimn@imn -
The field equations (2-44) and (2-45) become
—3aJawn + Ca—8) (Qwnym + myms)
+ (a0 —28) {0x (e~ ammwmn) — @} + (@ +B) (@enyme + dimym)
+0-0u="T s , (3-2)
—{a— 4/ 7} Dapn+ 18+ 4/ 7} (@imrms — Aemym)
— (@ +B) (@amyms— @gmym) =" T (3-3)

with
a = a?nm bl D = a'mam .

Provided that the relation (2:50) holds, these two equations are completely
decomposed into the symmetric and anti-symmetric parts,

—3a{Dawy + @ — Ay mi — Ay mi — O (1@ — Qamnymn) § +0 000 ="T ay
(3-4)
—{a— (4/9) 7} (Dawen + apmyms — @enynd) =" 1wy - (3-5)
With the help of the convenient notations
a= (3", a—(4/9r=1"",
agy— (1/2)0na=r£Su, (3-6)
A= A Ak,
we shall be able to simplify the form of these equations to some extent,
1Sk — 28 tememty + Ot (S — £0) = — Ty ¥ 3D
1A~ 2A0memiy = — T (3-8)

Further by imposing the generalized Lorentz conditions on Sy and A

*) k0 corresponds to the cosmological constant, hence it will be neglected hereinafter.
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Extended Translation Invariance and Associated Gauge Fields 501

Sewn=0,
Ao =0, @9
we obtain
(8w = —&"Tan, . (3-10)
(A= =T . , (3-11)

On the other hand, we choose the Lagrangian of a spinor field, say an
electron, as a matter field,

Lo= (1/2) (Prsps — Pursp) +m (3-12)
hence we obtain the invariant substitute of it by the prescription stated in § 2,

L= (1/2) b Bt — i) + i (3-13)
The equation of motion derived from L’ =5AL’ is

b i+ (L/2) " rip +mp =0, (3-14)

which is reduced by the linear approximation (3-1) and the condition of diver-
gence-free (3-9) to

"flc {05 =1 (Sp— (1/2)04S) 0,4 2440, — A/D)eSptd+mp=0 , (8-14%)
(Lgmm == LS’) .

On multiplying the dual operator, we obtain the differential equation of second
order,

{1+ £S) [~ 26840:0,— (1/D £ (IS) } ¢
+ i {6 (SemiO0m — (1/2) S00%) + 2 A0} Cu) —m*p =0 | (3-15)
where
Vil =0p +i0s .

Now let us proceed to the non-relativistic limit of (3-10), (3-11) and
(3-15);

(1Se0= —K&"Tw= —kQ, )
(8w =0=Suw, (a, b=1, 2, 3), (3-16)
0Ar=0,
Ep={p*/ @m) — (km/2) Soo+ (*/8m)" T} ¢, 3-17)
where the well-known relations

10)=n+E)¢, — 1040 = put , (a=1, 2, 3)

*) One is permitted to set Sy=0=A, except for Sy only, as there are no components of
sources for them. '
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502 K. Hayashi and T. Nakano

are used and p denotes the density of matter sources.
Equation (3-17) turns out,

Ep={p’/ @m) — (km/2) Su} ¢, (3-18)

where we neglected the last term containing £°
Upon comparing the potential term in this Schroedinger equation with the
Newtonian potential of gravitation ¢, we find that

Y= (l‘:/2> Soo= Qs . (3 . 19)

- If the field does not change quickly with time, i.e. Sy, is almost static, it follows
from (3-16) and (3-19)

do=— (£/2) 4Sw= (£*/2) 0,
with which the Newtonian equation
do=4rkp

is to be compared. In this manner we are able to determine the coupling constant

of the symmetric field,
’ k= 8rk, )
L | (320
(E=1.06%x10"°9*=52x10""cm® in the natural units).

We close this section by remarking that the coupling constant of the anti-
symmetric field A, cannot be determined as there seems no source of skew-
symmetric energy-momentum tensors in the classical experiments.

§ 4. Comparison with Einstein’s theory

In this section we shall compare the symmetric part of our equation (2-44)
with Einstein’s equation of gravitation, by defining the symmetric metric tensor by

97 =blby 9 o = b1y, 4-1)
The Christoffel three-index symbol of the second kind is given by
2= b bubprin+ b} . (4-2)
The Einstein equation takes the form ‘
Gu=R,,~ (1/2)RY,, +£'9,,0 =" T, ,
where
R, =24 o= L d ks
R=9"R,, .

Transition from the Greek indices into the Latin ones (as already shown in
(2-36), for example) yields
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Extended Translation Invariance and Associated Gauge Fields 503

le:bkﬂbluG/w =T ay , (4-3)
with which our symmetric equation (2-44) (devided by &)
£ B = £ T gy (4-4)

should be compared. By the use of the previous notation (3-7) provided that
the relation (2-50) holds, the difference of these two equations is represented by

£ By — Gy = — (4/12) (=8 mmiCrymncit + 66‘1aACkA + 30 cncn™). (4-5)

It should be noticed that each term of the difference contains an axial vector ¢;*.
Now we have to check whether it vanishes or not.

Apart from the linear approximation where the above difference vanishes
exactly, there has been the well-known solution of Schwarzschild in the spherically
symmetric field. In particular, we consider its static case: the field variables do
not depend on time and a mass point is situated at the origin under the influence
of the spherically symmetric forces. In this situation, the components of &,
transform according to the laws

04 = Wapbpa + D agbag ’

61)@4 = wabbbci 5

(4-6)
6})4,1 = U)aﬂb,}/g 5
6544203 (Cl, b’ af) lea 2; 3)7
under the three-dimensional rotation
02" =wapx®, (Wws=0),
8 (@B) 4.7

0zx'=0.

It is easy to comstruct the general form of b, such that it has the required
transformation properties mentioned above.

aa = 60,04 (1 + A) + BX(LXDI s

b(IA = iCXa ,
(4-8)
bia=1DX, ,
bu=1+E,
where
Xo=x%/r, r’=x",
and A, B, -, E are functions of » only.
A simple calculation yields by making use of these general forms,
| C]CA =0 . (4: . 9)

Consequently, the equivalence between the solution of Schwarzschild and ours

220z 1snbny |z uo1sanb Aq 9€0€881/1L61/2/8E/e1oe/did/woo dnoolwepede)/:sdyy woly papeojumoq



504 K. Hayashi and T. Nakano
is established.

§ 5. Elimination of the antisymmetric field

We shall discuss various choices in the arbitray constants introduced in the
free Lagrangian L€ for the b,* field (2-32), except for a trivial case, a=8=7=0.
In particular we lay emphasis on the possible vanishing of the skew-symmetric
~energy-momentum tensor generated by a matter field about which no definite
statements have been given in the previous sections, The well-known procedure
of symmetrizing energy-momentum tensors by means of adding the canonical spin
angular-momentum to it cannot be applied to the present case.

To be specific, we shall base our arguments on the spinor Lagrangian (3-12).
As it is invariant under the translation in the usual sense (see (2-4)), there are
the conservation laws of the symmetric and antisymmetric energy-momentum
tensors separately,

T(u)’L:O 5 (5’ 1)

Tty =0, (5-2)
where

Tw= (1/2) (@1~ ) -

As stated at the end of § 2, we could obtain the separate conservation laws (2-51)
and (2-52) closely similar to the above ones, provided that « and /8 satisfy the
relation given by (2-50). Now we shall assume it, although we cannot find any
a priori reason to require such separate conservation laws in an extended sense;

however, the result obtained in §4 seems to support our assumption. Various
cases are investigated in order,

Case 1: a+B3=0.
The field equations for the 4, field become
— {00, 03[ chum — (B/2) i€ipmucn — Zak[zé'Z]] Fo=0 T gy + ti) 5 (5-3)
- {blﬂbmvb (3/2> Z[CK - (4/9) T] ekbmnCnA} P bl/‘ (m T[lcl] + ﬁi’) . (5 : 4)

As is easily shown, it is impossible to make both sides of Eq. (5-4) vanish
identically without further conditions.

Case 2: a+£=0and a— (4/9)7=0.
We find
£y, =0, ty =1y ‘ (5-5)
and
By =0 . (5-6)

However, the skew-symmetric part of the energy-momentum tensor Ty cannot
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vanish identically so long as the matter field exists. It is interesting to check
whether its derivatives should vanish or not. By making use of the equation of
motion (3-14) and the generalized Klein-Gordon equation which is derived from
(3:14) by multiplying a proper dual operator,
(O —m®) ¢ = {iC DD + cn " Do+ (1/2) b e,
+ (i/2) O"NZ’IL[)??I”CZ:;L_{— (1/4) (mVCmV} ¢,*)
DG:DmDm, . (5'7)

we observe the connection between the energy-momentum tensor and its derivative
as follows

"= (1/2) bbt (Frprp— Gutah) =" T, (5-8)
O Ta) =~ Cot" Tus (5-8)
™) = — b (/) Smaymn Tt s — BrgtsT ) +

| + (1/2) (b’ a7 ) » (5-9)
(0 t10) = — Conatons + 200" Dy 1 (D 0 Frgm ). (56-10)

In fact, the sum of (5-8) and (5-10) vanishes if the field equation for the &;*
field is employed. Thus, the derivative of the skew-symmetric energy-momentum
tensor cannot be made zero with any choices in the free parameters.

Case 8: a+3=0, a—(4/9)7=0 and we add an axial-vector interaction to the
matter field. '

First, we consider the local homogeneous Lorentz transformation (compare
with (2-30)),

Bt =0,
0p= (/4 0ou(2) 0, (Dan(x) =0), (5-11)*®
00 =— (i/4) v () P04 .

Under this transformation, the modified Lagrangian L’ (3-13) is no longer
- invariant, According to our recipe we should introduce new fields in order to
make the theory invariant*** Instead of introducing new fields, however, we
shall here add some interaction terms consisting of the gravitational field strength.
There are the vector, the axial-vector and the tensor couplings constructed in
terms of ¢, c* and ci, in the form of tri-linear interactions. On examining
the respective transformation properties, we find a promising one, that is, an

*) Tts linearized form is given by (3-15). It should be noticed that the covariant derivative
does not commute each other, yielding the invariant field strength, [Dy, D)1=¢ D,y
1) @, (2) and its first derivative are assumed to vanish on the boundary surface of the integra-
tion domain.
**%) Detailed discussion of it will be made in a forthcoming paper.
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axial-vector coupling,
L= — @Bi/D e drsrd (5-12)
and the modified Lagrangian
41 (5-13)

remains invariant under the extended four-dimensional rotation (and of course
under the extended translation). From (5-13), the equation of motion is replaced

by v
b1+ (1/2) ¢ vip — (Bi/4) cystih +mdp =0 . (5-14)
It should be noticed, on the other hand, that the action integral

1(3) :g AL

is kept invariant even under (5-11), because of the particular choice in the
arbitrary coefficient (see (5-6)),

oI~ g Buoud'z— g Buyoud'z=0 .

X by

Now the total Lagrangian density becomes
L+ L4+ L°

Let us- calculate the contribution from L* to the energy-momentum tensor ™77,
(5-8); it is denoted by Ti,

Ti= (1/4) [(1/2) ekipmCuis — SusjmCize — EmagmCs” 10757 m
—= (/D egubi (9757w + 757 mdn ] (5-15)
The sum of the anti-symmetric parts
" Ty + Toar= (1/2) bt (@119 — G ii0) — (3/4) cts7 190
— (/D {ea” O + b QTe7 0 mih s+ T T mh)
—Oulen QT nd + b D7+ 0 7)1} + (1/2) clebringd
+ (1/2) b (1o + Our 12)

is shown to vanish after some algebra with the aid of the equation of motion
(5-14) and the similar one for ¢. Consequently, we have managed to symmetrize
the energy-momentum tensor of the matter field; in this case the additional
interaction Lagrangian of an axial-vector type plays the similar role to that of
the canonical spin angular momentum played in a conventional manner for a
flat-space. The additional interaction gives rise to a spin interaction with a spinor
field, which is explicitly observed in the non-relativistic limit.
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§ 6. Discussion

We have discussed the extension of the translation group and introduced
the new field including the gravitational field in a manner quite analogous to
the electromagnetic case. It should be stressed that the geometrical interpretation
in terms of a Riemannian space may be given if desired and if necessary.

What differs from the electromagnetic field lies in the fact that our field
strength is decomposed into the three irreducible parts. The free Lagrangian
for the new fields is constructed with the four arbitrary constants.™

In performing the linear approximation to the complicated non-linear field
equations and making comparison between the Einstein’s equation of gravitation
and ours, we have assumed one relation among the arbitrary constants. This
assumption is equivalent to the requirement that there should exist the conserva-
tion laws of the energy-momentum tensors quite similar to those implied by the
translational invariance in a narrow sense for a free matter field. The relation
assumed above has enabled us 1) to decompose the linearized field equations
into one for the symmetric field variable and the other for the antisymmetric
field variable, respectively, and 2) to identify the symmetric solution of the non-
linear field equations with Schwarzschild’s solution in the spherical symmetry.

We have been incapable of making any. definite and conclusive statement
concerning the antisymmetric part of the field equations, except for the proposed
prescription to eliminate it as a redundant field by adding the tri-linear inter-
action Lagrangian of the axial-vector type besides the particular choice in the
free parameters. In this case the total Lagrangian keeps invariant even under
‘the extended four-dimensional rotation.

In a forthcoming paper, the extension of the homogeneous Lorentz group
and its detailed consequences will be reported, where it is emphatically aimed
to introduce a massive gauge field in an invariant-theoretic way.
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