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Extending a valuation centered in a local domain to the formal
completion

F.J. Herrera Govantes, M. A. Olalla Acosta, M. Spivakovsky and B. Teissier

ABSTRACT

Let (R, m, k) be a local noetherian domain with field of fractions K and R, a valuation ring,
dominating R (not necessarily birationally). Let v|x : K* — T' be the restriction of v to K; by
definition, v|x is centered at R. Let R denote the m-adic completion of R. In the applications
of valuation theory to commutative algebra and the study of singularities, one is often induced
to replace R by its m-adic completion R and v by a suitable extension 7_ to % for a suitably
chosen prime ideal P, such that PN R = (0).

The purpose of this paper is to give, assuming that R is excellent, a systematic description
of all such extensions P_ and to identify certain classes of extensions which are of particular
interest for applications.

1. Introduction

All the rings in this paper will be commutative with 1.

Let (R,m,k) be a local noetherian domain with field of fractions K and R, a valuation
ring, dominating R (not necessarily birationally). Let v|x : K* — T be the restriction of v
to K; by definition, v|k is centered at R. Let R denote the m-adic completion of R. In the
applications of valuation theory to commutative algebra and the study of singularities, one
is often induced to replace R by its m-adic completion R and v by a suitable extension ¥_
to % for a suitably chosen prime ideal P, such that PN R = (0) (one specific application we
have in mind has to do with the approaches to proving the Local Uniformization Theorem in
arbitrary characteristic such as [13] and [14]). The first reason is that the ring R is not in
general an integral domain, so that we can only hope to extend v to a pseudo-valuation on R,
which means precisely a valuation _ on a quotient % as above. The prime ideal P is called the
support of the pseudo-valuation. It is well known and not hard to prove that such extensions
U_ exist for some minimal prime ideals P of R. Although, as we shall see, the datum of a
valuation v determines a unique minimal prime of R when R is excellent, in general there are
many possible primes P as above and for a fixed P many possible extensions _. This is the
second reason to study extensions U_.

The purpose of this paper is to give, assuming that R is excellent, a systematic description
of all such extensions 7_ and to identify certain classes of extensions which are of particular
interest for applications. In fact, the only assumption about R we ever use in this paper is a
weaker and more natural condition than excellence, called the G condition, but we chose to
talk about excellent rings since this terminology seems to be more familiar to most people. For
the reader’s convenience, the definitions of excellent and G-rings are recalled in the Appendix.
Under this assumption, we study extensions to (an integral quotient of) the completion
R of a valuation v and give descriptions of the valuations with which such extensions
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are composed. In particular we give criteria for the uniqueness of the extension if
certain simple data on these composed valuations are fixed.
We conjecture (see statement 5.19 in [14] and Conjecture 1 below for a stronger and more
precise statement) that
given an excellent local ring R and a valuation v of R which is positive on its
maximal ideal m, there exists a prime ideal H of the m-adic completion R such
that H( R = (0) and an extension of v to £ which has the same value group as v.
When studying extensions of v to the completion of R, one is led to the study of its extensions
to the henselization R of R as a natural first step. This, in turn, leads to the study of extensions
of v to finitely generated local strictly étale extensions R¢ of R. We therefore start out by letting
o : R — R' denote one of the three operations of completion, (strict) henselization, or a finitely
generated local strictly étale extension:

=,
I
=y
[}
=

R = R".
The ring R' is local; let m! denote its maximal ideal. The homomorphisms
R—R and R—R°

are regular for any ring R; by definition, if R is an excellent ring then the completion
homomorphism is regular (in fact, regularity of the completion homomorphism is precisely the
defining property of G-rings; see the Appendix for the definition of regular homomorphism).

Let r denote the (real) rank of v. Let (0) =A, G A, 1 G- G Ag =T be the isolated
subgroups of I" and Py = (0) ;Cé P, C .- C P. = m the prime valuation ideals of R, which need
not, in general, be distinct. In this paper, we will assume that R is excellent. Under this
assumption, we will canonically associate to v a chain H) C H3 C -+ C Hopy1 = mRT of ideals
of R, numbered by odd integers from 1 to 2r + 1, such that Hyp i "R = P, for 0 < £ < r. We
will show that all the ideals Hapyq are prime. We will define Hoy to be the unique minimal
prime ideal of P;R', contained in Hy,y; (that such a minimal prime is unique follows from the
regularity of the homomorphism o).

We will thus obtain, in the cases (1.1)—(1.3), a chain of 2r + 1 prime ideals

H0CH1C'°'CH27~:H2T+1:TTLRT,

satisfying Hye N R = Hop1 N R = P, and such that Hyy is a minimal prime of P,R for 0 < ¢ <
r. Moreover, if Rf = Ror Rt = R?) then Hoy = Hopq1. We call H; the i-th implicit prime
ideal of R, associated to R and v. The ideals H; behave well under local blowing ups along
v (that is, birational local homomorphisms R — R’ such that v is centered in R’), and more
generally under v-extensions of R defined below in subsection 1.1. This means that given any
local blowing up along v or v-extension R — R', the i-th implicit prime ideal H! of R’ " has
the property that H] N R = H;. This intersection has a meaning in view of Lemma 1.1 below.

For a prime ideal P in a ring R, x(P) will denote the residue field PRng'

Let (0)Sm; &--- S m,_; S m, =m, be the prime ideals of the valuation ring R,. By
definitions, our valuation v is a composition of r rank one valuations v = v o vy - - - 0 ., where
vy is a valuation of the field k(my_1), centered at % (see [18], Chapter VI, §10, p. 43 for the
definition of composition of valuations; more information and a simple example of composition
is given below in subsection 1.1, where we interpret each m, as the limit of a tree of ideals).

If Rt = R, we will prove that there is a unique extension 7_ of v to H%). If Rt = R, the
situation is more complicated. First, we need to discuss the behaviour of our constructions
under v-extensions.
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1.1. Local blowings up and trees.

We consider extensions R — R’ of local rings, that is, injective morphisms such that R’ is an
R-algebra essentially of finite type and m’ N R = m. In this paper we consider only extensions
with respect to v; that is, both R and R’ are contained in a fixed valuation ring R,. Such
extensions form a direct system {R'}. We will consider many direct systems of rings and of
ideals indexed by {R'}; direct limits will always be taken with respect to the direct system
{R'}. Unless otherwise specified, we will assume that

lirﬁnR’ =R,. (1.4)
R/
Note that by the fundamental properties of valuation rings ([18], §VI), assuming the equality
(1.4) is equivalent to assuming that lim K’ = K, where K stands for the field of fractions of

R/
R’ and K, for that of R,, and that 111} R’ is a valuation ring.
R/

DEFINITION 1. A tree of R’-algebras is a direct system {S’} of rings, indexed by the
directed set {R’}, where S’ is an R’-algebra. Note that the maps are not necessarily injective.
A morphism {5’} — {T"} of trees is the datum of a map of R'-algebras S’ — T” for each R’
commuting with the tree morphisms for each map R’ — R".

LEMMA 1.1. Let R — R’ be an extension of local rings. We have:
1) The ideal N := m' ®r 1+ 1 ®g m' is maximal in the R-algebra Rt @ R'.
2) The natural map of completions (resp. henselizations) Rt — R’ T is injective.

Proof. 1) follows from that fact that R /m' = R/m. The proof of 2) relies on a construction
which we shall use often: the map Rt — R’ T can be factored as

R' — (R'@r R, — R, (1.5)

where the first map sends # to 2 ® 1 and the second is determined by z ® 2/ — b(z).c(z')
where b is the natural map RT — R’ " and ¢ is the canonical map R’ — R’ T The first map is
injective because R' is a flat R-algebra and it is obtained by tensoring the injection R — R’
by the R-algebra R'; furthermore, elements of R whose image in Rt @ R’ lie outside of N
are precisely units of R, hence they are not zero divisors in Rt ®z R’ and R' injects in every
localization of Rt @ R'.

Since m' N R = m, we see that the inverse image by the natural map of R’-algebras

t: R — (R"®r RN,

defined by z’'+ 1®pa’, of the maximal ideal M = (m' @1+ 1®@rm')(R' ®@r R')Ny of
(RT ®pg R')y is the ideal m’ and that ¢ induces a natural isomorphism rf’li 5 (RTQ?}VI#/)N for
each 4. From this it follows by the universal properties of completion and henselization that
the second map in the sequence (1.5) is the completion (resp. the henselization inside the

completion) of RT @z R’ with respect to the ideal M. It is therefore also injective. O

DEFINITION 2. Let {S’} be a tree of R'-algebras. For each S’, let I’ be an ideal of S’. We
say that {I'} is a tree of ideals if for any arrow bg/g~: S’ — S” in our direct system, we have
bg,ls/,l "= I'. We have the obvious notion of inclusion of trees of ideals. In particular, we may
speak about chains of trees of ideals.
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EXAMPLES. The maximal ideals of the local rings of our system {R'} form a tree of ideals.

For any non-negative element 8 € T', the valuation ideals P5 C R’ of value 8 form a tree of
ideals of {R'}. Similarly, the i-th prime valuation ideals P/ C R’ form a tree. If rk v = r, the
prime valuation ideals P/ give rise to a chain

Po=0)GPC---CP =m (1.6)
of trees of prime ideals of {R'}.

We discuss this last example in a little more detail and generality in order to emphasize our
point of view, crucial throughout this paper: the data of a composite valuation is equivalent to
the data of its components. Namely, suppose we are given a chain of trees of ideals as in (1.6),
where we relax our assumptions of the P/ as follows. We no longer assume that the chain (1.6)
is maximal, nor that P/ & PZ 11, even for R’ sufficiently large; in particular, for the purposes of
this example we momentarlly drop the assumption that rk v = r. We will still assume, however,
that P} = (0) and that P/ = m/.

Taking the limit in (1.6), we obtain a chain

0)=mgSm &---Em, =m, (1.7)

of prime ideals of the valuation ring R, .
Similarly, for each 1 < ¢ < r one has the equality

I R R,
m - = —.
= P, my

Then specifying the valuation v is equivalent to specifying valuations vy, vy, ...,
V., where vy is the trivial valuation of K and, for 1 </ <r, vy is a valuation of

R ’
the residue field k,, , = k(my_1), centered at the local ring hm B PR/ = (i”[)“l"f and
£—1 P/ c—=
taking its values in the totally ordered group =1,
The relationship between v and the vy is that v is the composition
V=1]0V30 +0LU. (1.8)

For example, the datum of the valuation v, or of its valuation ring R,, is equivalent to the
Ru)em,
my,_3 m7*71(RV)mT71
k(m,_1) and the valuation ring (R,)m,_,. If we assume, in addition, that for R sufficiently
large the chain (1.6) (equivalently, (1.7)) is a maximal chain of distinct prime ideals then

rk v=rand rk v, = 1 for each /.

datum of the valuation ring = k(m,_1) of the valuation v, of the field

REMARK 1. Another way to describe the same property of valuations is that, given a prime
ideal H of the local integral domain R one builds all valuations centered in R having H as one
of the P, by choosing a valuation 1/1 of R centered at H, so that m,, " R = H and choosing a
valuation subring R; of the field ”1 centered at R/H. Then v = vy oT.

Note that choosing a valuation of R/ H determines a valuation of its field of fractions x(H),
which is in general much smaller than fl— Given a valuation of R with center H, in order

to determine a valuation of R Wlth center m 1nducmg on R/H a glven valuatlon 1 we must
choose an extension 7 of p t

This will be used in the sequel In particular, it will be applied to the case Where a valuation
v of R extends uniquely to a valuation 7_ of R for some - prime H of R. Assuming that R is an
integral domain, this determines a unique valuatmn of R only if the height ht H of H in R is
at most one. In all other cases the dimension of Ry is at least 2 and we have infinitely many
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valuations with which to compose ©_. This is the source of the height conditions we shall see
in §6.

EXAMPLE 1. Let kg be a field and K = ko((u, v)) the field of fractions of the complete local
ring R = ko[[u,v]]. Let ' = Z? with lexicographical ordering. The isolated subgroups of I' are
(0) S (0) ® Z & Z2. Consider the valuation v : K* — Z?, centered at R, given by

v(v) = (0,1) (1.9)
v(u) = (1,0) (1.10)
v(c) =0 for any c € k. (1.11)

This information determines v completely; namely, for any power series
F= capuv® € kollu, v,
a,B
we have
v(f) = min{(e, B) | cap # 0}.

We have rk v = rat.rk v =2. Let A = (0) ® Z. Let I'} denote the semigroup of all the non-
negative elements of T'. Let ko[[[';]] denote the R-algebra of power series Y ¢, su®v? where
Ca,p € ko and the exponents («, 3) form a well ordered subset of I'y. By classical results (see
[7], [8]), it is a valuation ring with maximal ideal generated by all the monomials u®v®, where
(a, B) > (0,0) (in other words, either a > 0,3 € Z or a = 0,3 > 0). Then

Ry = ko[[T+]} () kol(u, v))

is a valuation ring of K, and contains k[[u, v]]; it is the valuation ring of the valuation v. The
prime ideal m; is the ideal of R, generated by all the uv®, B € Z. The valuation v, is the
discrete rank 1 valuation of K with valuation ring

(Ru)m, = kol[u, v]] ()

and vs is the discrete rank 1 valuation of ko((v)) with valuation ring 51—1 = kol[v]].

ExampLE 2. To give a more interesting example, let ky be a field of characteristic zero and
K = kO(l‘v Y, Z)

a purely transcendental extension of ky of degree 3. Let w be an independent variable and
(oo}

put k= U ko (w%) Let I' = Z ® Q with the lexicographical ordering and A = (0) ® Q the
j=1

non-trivial isolated subgroup of I'. Let u, v be new variables and let y : k((u,v)) — Z2,, be the

valuation of the previous example. Let po denote the z-adic valuation of k and put p = pg o pa.
[ee]

Consider the map ¢ : ko[z,y, 2] — k[[u,v]] which sends x to w, y to v and z to u— ) wivi.

j=1
Let v1 = pi| and v = k.
The valuation v : K* — I is centered at the local ring R = ko[z,y, 2](z.y,-); We have
v(z)=(0,1) (1.12)
v(y) = (1,0), (1.13)
v(z) = (1,1). (1.14)

Write as a composition of two rank 1 valuations: v = v; o v5. We have natural inclusions R,,, C
R,, and k,, C k,, = k. We claim that k,, is not finitely generated over kq. Indeed, if this were
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not the case then there would exist a prime number p such that wr dk,, . Let k' = ko (x o )

Let L = k'(y, z). Consier the tower of field extensions K C L C k[[u,v]] and let v/ denote the
restriction of u to L. Let T be the value group of v/ and k,/ the residue field of its valuation

p—1 4
ring. Now, L contains the element z, 1=z — ) z7y? as well as Z—‘; We have
j=1
, 1
V(zp) = Py (1.15)

v (;—’;) =0 and the natural image of 22 in k,, =k is wr. Now, p [ [L: K], [[":T]| [L:

yp
K] and [k, : k] | [L: K]. This implies that z, € L and wr € ky,, which gives the desired
contradicion.
It is not hard to show that for each j, there exists a local blowing up R — R’ of R such that,
in the notation of (1.6), we have x(P]) = ko (w%> and that x(m;) = vle k(P]) = k. The first
J o0

one is the blowing up of the ideal (y, 2) R, localized at the point y = 0, z/y = z. Then one blows
up the ideal (z/y — z,y), and so on.

Another way to see the valuation v = v o 15 is to note that 7 is the restriction to K of the
v-adic valuation under the inclusion of fields deduced from the inclusion of rings

kol[z,y, 2y, = k [[v7+]]

5] .
which sends z to w, y to v and z to ) w3 vi. Recall that the ring on the right is made of
j=1
power series with non negative rational exponents whose set of exponents is well ordered. We
have k,, = k.

REMARK 2. The point of the last example is to show that, given a composed valuation as
in (1.8), v, is a valuation of the field k,, ,, which may properly contain x(P;_,) for every
R’ € T. This fact will be a source of complication later on and we prefer to draw attention to
it from the beginning.

Coming back to the implicit prime ideals, we will see that the implicit prime ideals H] form
a tree of ideals of RT. A

We will show that if v extends to a valuation of 7_ centered at % with PN R = (0) then
the prime P must contain the minimal prime Hy of R. We will then show that specifying an
extension U_ of v as above is equivalent to specifying a chain of prime valuation ideals

H)cC H| C---C Hy. =m'R (1.16)

of R’ such that H) C f{é for all ¢ € {0,...,2r}, and valuations oy, 0s,...,Jy,., where 7; is a
valuation of the field ks, , (the residue field of the valuation ring Ry, ,), arbitrary when i is
odd and satisfying certain conditions, coming from the valuation v i when i is even.

The prime ideals H; are defined as follows.
Recall that given a valued ring (R, v), that is a subring R C R, of the valuation ring R, of a
valuation with value group I', one defines for each 5 € I" the valuation ideals of R associated

to S:

Ps(R) = {x e R/v(x) > B}
Pg(R)= {z € R/v(z)> B}
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and the associated graded ring

s @@ PeB)
gr, R gPE(R)

~

a5 Ps(R)

e
Ber Pﬁ (R
The second equality comes from the fact that if 5 € T'_ \ {0}, we have ’P;(R) =Ps(R)=R.If
R — R’ is an extension of local rings such that R € R’ C R, and m, N R’ = m/, we will write
P for Ps(R).

Fix a valuation ring R, dominating R, and a tree 7 = { R’} of ncetherian local R-subalgebras
of R,, having the following properties: for each ring R’ € T, all the birational v-extensions of
R’ belong to T. Moreover, we assume that the field of fractions of R, equals ELH K', where

R/
K’ is the field of fractions of R’. The tree T will stay constant throughout this paper. In the
special case when R happens to have the same field of fractions as R,, we may take T to be
the tree of all the birational v-extensions of R.

NoTAaTION. For a ring R’ € T, we shall denote by T (R’) the subtree of T consisting of all
the v-extensions R of R'.

We now define

Harer = ) ((1;979;31%’*) ﬂRT> ,0<l<r—1 (1.17)

BEA, R

(in the beginning of §3 we provide some motivation for this definition and give several
elementary examples of H/ and HY).

The questions answered in this paper originally arose from our work on the Local
Uniformization Theorem, where passage to completion is required in both the approaches of
[13] and [14]. In [14], one really needs to pass to completion for valuations of arbitrary rank.
One of the main intended applications of the theory of implicit prime ideals is the following
conjecture. Let

LT (1.18)
be an extension of ordered groups of the same rank. Let
0)=A,SA,1G--GAy=T (1.19)

be the isolated subgroups of I" and
O =4 GA G Gh=T
the isolated subgroups of T, so that the inclusion (1.18) induces inclusions
Ay Ay and (1.20)
A A,
AV Apyr
Let G < G be an extension of graded algebras without zero divisors, such that G is graded by

I, and G by T'y. The graded algebra G is endowed with a natural valuation with value group
I" and similarly for G and I'. These natural valuations will both be denoted by ord.

(1.21)

DEFINITION 3. We say that the extension G — G is scalewise birational if for any z € G
and £ € {1,...,7} such that ord x € A, there exists y € G such that ord y € Ay and zy € G.

Of course, scalewise birational implies birational and also that I=Tr.
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While the main result of this paper is the primality of the implicit ideals associated to a
valuation, and the subsequent description of the extensions of the valuation to the completion,
the main conjecture stated here is the following:

CONJECTURE 1. Assume that dim R’ =dim R for all R’ € T. Then there exists a tree of
prime ideals H' of R’ with H' N R’ = (0) and a valuation 7_, centered at lim % and having
the following property: R -

For any R’ € T the graded algebra gr,, % is a scalewise birational extension of gr, R’.

The example given in remark 5.20, 4) of [14] shows that the morphism of associated graded
rings is not an isomorphism in general.

The approach to the Local Uniformization Theorem taken in [13] is to reduce the problem to
the case of rank 1 valuations. The theory of implicit prime ideals is much simpler for valuations
of rank 1 and takes only a few pages in Section 2.

The paper is organized as follows. In §3 we define the odd-numbered implicit ideals Hyy41 and
prove that Hopy1 N R = Py. We observe that by their very definition, the ideals Har41 behave
well under v-extensions; they form a tree. Proving that Hapy is indeed prime is postponed
until later sections; it will be proved gradually in §4—§8. In the beginning of §3 we will explain
in more detail the respective roles played by the odd-numbered and the even-numbered implicit
ideals, give several examples (among other things, to motivate the need for taking the limit
with respect to R’ in (1.17)) and say one or two words about the techniques used to prove our
results.

In §4 we prove the primality of the implicit prime ideals assuming a certain technical
condition, called stability, about the tree 7 and the operation f. It follows from the
noetherianity of R' that there exists a specific R’ for which the limit in (1.17) is attained.
One of the main points of §4 is to prove properties of stable rings which guarantee that this
limit is attained whenever R’ is stable. We then use the excellence of R to define the even-
numbered implicit prime ideals: for ¢ = 2¢ the ideal Hy, is defined to be the unique minimal
prime of P,RT, contained in Hspq1 (in the case R = R it is the excellence of R which implies
the uniqueness of such a minimal prime). We have

HoyyNR=PF

for £ € {0,...,r}. The results of §4 apply equally well to completions, henselizations and other
local étale extensions; to complete the proof of the primality of the implicit ideals in various
contexts such as henselization or completion, it remains to show the existence of stable v-
extensions in the corresponding context.

In §5 we describe the set of extensions vl of v to lilil

Y
of R'" such that P’ N R’ = (0). We show (Theorem 5.4) that specifying such a valuation v/' is
equivalent to specifying the following data:

(1) a chain (1.16) of trees of prime ideals H/ of R'" (where H}, = P'), such that H! c H for
each i and each R’ € T, satisfying one additional condition (we will refer to the chain (1.16)
as the chain of trees of ideals, determined by the extension Vi)

(2) a valuation 1/;r of the residue field ky; ) of 1/;[_1, whose restriction to the field lim r( ! )

rt . L
%, where P’ is a tree of prime ideals

R'T, R/
is centered at the local ring lim ———t—.
w T
If ¢ = 2¢ is even, the valuation VZT must be of rank 1 and its restriction to x(my_7) must

coincide with vy.
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Notice the recursive nature of this description of v/ : in order to describe v} we must know
1/;71 in order to talk about its residue field k + .
i—1

In §6 we address the question of uniqueness of v! . We describe several classes of extensions v

which are particularly useful for the applications: minimal and evenly minimal extensions,
and also those v! for which, denoting by ht I the height of an ideal, we have

ht Hby y —ht Hyy <1 for0 <<, (1.22)
in fact, the special case of (1.22) which is of most interest for the applications is
Hyy=Hlyy for1<e<r (1.23)

We prove some necessary and some sufficient conditions under which an extension v1 whose
corresponding ideals ﬁl’ satisfy (1.23) is uniquely determined by the ideals HZ’ . We also give
sufficient conditions for the graded algebra gr, R’ to be scalewise birational to grs_ R’ for
each R’ € T. These sufficient conditions are used in §9 to prove some partial results towards
Conjecture 1.

In §7 we show the existence of v-extensions in 7, stable for henselization, thus reducing the
proof of the primality of Hap41 to the results of §4. We study the extension of v to R modulo
its first prime ideal and prove that such an extension is unique.

In §8 we use the results of §7 to prove the existence of v-extensions in 7, stable for completion.
Combined with the results of §4 this proves that the ideals Hyp11 are prime.

In §9 we describe a possible approach and prove some partial results towards constructing
a chain of trees (1.16) of prime ideals of R’ satisfying (1.23) and a corresponding valuation
U_ which satisfies the conclusion of Conjecture 1. We also prove a necessary and a sufficient
condition for the uniqueness of _, assuming Conjecture 1.

We would like to acknowledge the paper [5] by Bill Heinzer and Judith Sally which inspired
one of the authors to continue thinking about this subject, as well as the work of S.D. Cutkosky,
S. El Hitti and L. Ghezzi: [3] (which contains results closely related to those of §2) and [2].

2. Extending a valuation of rank one centered in a local domain to its formal completion.

Let (R, M, k) be a local noetherian domain, K its field of fractions, and v : K — 'y U {oc0}
a rank one valuation, centered at R (that is, non-negative on R and positive on M).

Let R denote the formal completion of R. It is convenient to extend v to a valuation centered
at %, where H is a prime ideal of R such that HN R = (0). In this section, we will assume
that v is of rank one, so that the value group I' is archimedian. We will explicitly describe a
prime ideal H of R, canonically associated to v, such that H N R = (0) and such that v has a
unique extension U_ to %.

Let & =v(R\ (0)), let Ps denote the v-ideal of R of value § and Pg the greatest v-ideal,

properly contained in Pz. We now define the main object of study of this section. Let

H:= () (PsR). (2.1)

BeP®

REMARK 3. Since R is noetherian, we have v(M) > 0 and since the ordered group T' is
archimedian, for every 8 € ® there exists n € N such that M"™ C Ps. In other words, the M-
adic topology on R is finer than (or equal to) the v-adic topology. Therefore an element z € R
lies in PBR <= there exists a Cauchy sequence {x,,} C R in the M-adic topology, converging
to x, such that v(x,) > g for all n <= for every Cauchy sequence {x,} C R, converging to
x, v(zy,) > B for all n>> 0. By the same token, x € H <= there exists a Cauchy sequence
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{zn} C R, converging to z, such that lim v(x,) = co <= for every Cauchy sequence {x,} C

. . n—oo
R, converging to z, lim v(z,) = cc.
n—oo

ExampLE 3. Let R = k[u,v](y,,). Then R = k[[u,v]]. Consider an element w = u —

S} . A
> ¢iv* € R, where ¢; € k* for alli € N, such that w is transcendental over k(u, v). Consider the
i=1

injective map ¢ : kfu, v](y,) — k[[t] which sends v to ¢ and u to Y ¢;t*. Let v be the valuation
i=1
induced from the t-adic valuation of k[[t]] via ¢. The value group of v is Z and ® = Ny. For
p-1

each f € N, Pg = <Uﬂ7u -y civi>. Thus H = (w).
i=1

We come back to the general theory. Since the formal completion homomorphism R — R is
faithfully flat,

PsRNR="Ps forall §c . (2.2)

Taking the intersection over all 5 € ®, we obtain

anR=) (Pﬁz%) NR= () Ps=(0), (2.3)
Be® Bed

pid
H

In other words, we have a natural inclusion R —

THEOREM 2.1.
(i) H is a prime ideal of R. A
(ii) v extends uniquely to a valuation v_, centered at %.

Proof. Let Z € % \ {0}. Pick a representative & of Z in R, so that Z =z mod H. Since
xg¢ H, we have P, R for some a € P.

LEMMA 2.2. (See [18], Appendix 5, lemma 3) Let v be a valuation of rank one centered in
a local noetherian domain (R, M, k). Let
®=v(R\(0)) CT.

Then ® contains no infinite bounded sequences.

Proof. An infinite ascending sequence a3 < ag < ... in ®, bounded above by an element
B € &, would give rise to an infinite descending chain of ideals in 7,—Rﬁ. Thus it is sufficient to

prove that Pi has finite length.

Let § := v(M) = min(® \ {0}). Since ® is archimedian, there exists n € N such that 8 < nd.
Then M™ C Pg, so that there is a surjective map FRn — 7%. Thus 7% has finite length, as
desired. |

By Lemma 2.2, the set {# € ® | § < a} is finite. Hence there exists a unique 8 € ® such
that

z€PsR\ PSR (2.4)
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Note that 3 depends only on Z, but not on the choice of the representative z. Define the
function 7_ : £\ {0} — @ by

v_(z) =B (2.5)
By (2.2), if z € R\ {0} then
v_(z) = v(z). (2.6)
It is obvious that
v (z+y) 2 min{d_(z), - (y)} (2.7)
v_(zy) = v-(z) + - (y) (2.8)

for all z,y € %. The point of the next lemma is to show that % is a domain and that 7_ is, in
fact, a valuation (i.e. that the inequality (2.8) is, in fact, an equality).

LeEMMA 2.3. For any non-zero Z,y € %, we have 3§ # 0 and V_(Zg) = V_(Z) + V(7).

Proof. Let a=0_(z), B=0_(j). Let & and y be representatives in R of z and 7,
respectively. We have MP, C P, so that

&u Pa _&
Pi  Pi+MP, Pd

P., R _ PoR

_ P.R
®

MR T (PE ¥ MPOR  PIR

and similarly for §. By (2.9) there exist z € Py, w € Pg, such that z =z mod 77;[]:3 and
w = y mod P;R. Then

~

Qrk =

=2 (2.9)

Ty = zw mod P;+BR' (2.10)

Since v is a valuation, v(zw) = a + 3, so that zw € Payg \P;_-FB' By (2.2) and (2.10), this
proves that zy € Pa+5R \ 73;_[3]%. Thus xydH (hence Ty # 0 in %) and 7_(Zy) = a+ B, as
desired. U

By Lemma 2.3, H is a prime ideal of R. By (2.7) and Lemma 2.3, _ is a valuation, centered
at %. To complete the proof of Theorem 2.1, it remains to prove the uniqueness of v_. Let z,
Z, the element a € ® and

z € Po \ P (2.11)
be as in the proof of Lemma 2.3. Then there exist

ULy Uy € PF and

V1,...,0, €R (2.12)

n n N
such that x = z 4+ Y w;v;. Letting 0; := v; mod H, we obtain T =z 4+ 3 4;7; in %. Therefore,

i=1 i=1
by (2.11)-(2.12), for any extension of v to a valuation 2/, centered at £, we have

V' (Z)=a=10_(T), (2.13)
as desired. This completes the proof of Theorem 2.1. |

DEFINITION 4. The ideal H is called the implicit prime ideal of R, associated to v.
When dealing with more than one ring at a time, we will sometimes write H(R,v) for H.
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More generally, let v be a valuation centered at R, not necessarily of rank one. In any case,
we may write v as a composition v = g o g, where po is centered at a non-maximal prime
ideal P of R and p; B is of rank one. The valuation p;

B is centered at %. We define the
implicit prime ideal of R with respect to v, denoted H(R,v), to be the inverse image in
R of the implicit prime ideal of %; with respect to py
continue to assume that v is of rank one.

. For the rest of this section, we will

R
P

REMARK 4. By (2.9), we have the following natural isomorphisms of graded algebras:

We will now study the behaviour of H under local blowings up of R with respect to
v and, more generally, under local homomorphisms. Let 7 : (R, M) — (R',M’) be a local
homomorphism of local noetherian domains. Assume that v extends to a rank one valuation v/ :
R'\ {0} — I, where I" > I'. The homomorphism 7 induces a local homomorphism 7 : R— R
of formal completions. Let ®" = v/(R"\ {0}). For 8 € ®’, let Pj denote the v'-ideal of R,/ of
value f3, as above. Let H' = H(R',1/).

LEMMA 2.4. Let 8 € ®. Then

(PoR) N R =Py (2.14)

Proof. Since by assumption ¢/ extends v we have 73['3 N R = Pp and the inclusion
(ngz’) NR2PsR. (2.15)

We will now prove the opposite inclusion. Take an element z € (Pé]%’ ) N R. Let {zn} C R be

a Cauchy sequence in the M-adic topology, converging to x. Then {7(z,)} converge to ()
in the M’-adic topology of R’. Applying remark 3 to R’, we obtain

v(z,) =V (n(x,)) > B for n>>0. (2.16)

By (2.16) and Remark 4, applied to R, we have = € ng%. This proves the opposite inclusion
in (2.15), as desired. O

COROLLARY 2.5. We have
H'NR=H.

Proof. Since v/ is of rank one, ® is cofinal in ®'. Now the Corollary follows by taking the
intersection over all 8 € ® in (2.14). O

Let J be a non-zero ideal of R and let R — R’ be the local blowing up along J with respect
to v. Take an element f € J, such that v(f) = v(J). By the strict transform of J in R’ we

will mean the ideal
o= ((I8) 1) = (78 n R

1=
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If ¢ is another element of J such that v(g) = v(J) then v (5) =0, so that § is a unit in R'.
Thus the definition of strict transform is independent of the choice of f.

COROLLARY 2.6. H" C H'.

Proof. Since HR' C H', we have H5" = (HI:Z}) NR c (H’R’f) N R = H’', where the last

equality holds because H’ is a prime ideal of R , not containing f. |

Using Zariski’s Main Theorem, it can be proved that H' is prime. Since this fact is not
used in the sequel, we omit the proof.

COROLLARY 2.7. Let the notation and assumptions be as in corollary 2.6. Then

ht H' > ht H. (2.17)
In particular,
. R R
dim 7 < dim T (2.18)
Proof. Let R := (R ®gr R’ ) . . Let ¢ denote the natural local homomorphism
M'R'N(RRR’)

R—R.
Let H := H' N R. Now, take f € J such that v(f) = v(J). Then f¢H' and, in particular, feH.
Since R} = Ry, we have Ry = Ry. In view of Corollary 2.5, we obtain HRy = HRy, so
ht H = ht H. (2.19)

Now, R is a local noetherian ring, whose formal completion is R’. Hence ¢ is faithfully flat
and therefore satisfies the going down theorem. Thus we have ht H’ > ht H. Combined with
(2.19), this proves (2.17). As for the last statement of the Corollary, it follows from the well
known fact that dimension does not increase under blowing up ([12], Lemma 2.2): we have
dim R’ < dim R, hence

dim R =dim R <dim R =dim R,

and (2.18) follows from (2.17) and from the fact that complete local rings are catenarian. [J

It may well happen that the containment of corollary 2.6 and the inequality in (2.17) are
strict. The possibility of strict containement in corollary 2.6 is related to the existence of
subanalytic functions, which are not analytic. We illustrate this statement by an example in
which A% G H' and ht H < ht H'.

EXAMPLE 4. Let k be a field and let
R = k[l'vya Z](m,y,z)v
R/ = k[x/,y'7z/](x/7y/7z/),
where 2’ = x,y' = £ and 2’ = 2. We have K = k(z,y, 2), R= kllx, v, )]s R = kl[«',y', Z]]. Let

t1,t2 be auxiliary variables and let Y ¢;t! (with ¢; € k) be an element of k[[t;]], transcendental
i=1
over k(t1). Let 6 denote the valuation, centered at k[[t1,2]], defined by 0(t;) = 1, 0(t2) = /2
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(the value group of @ is the additive subgroup of R, generated by 1 and v/2). Let ¢: R’ —
K[[t1,t2]] denote the injective map defined by ¢(z') = ta, 1(y') = t1, t(2’) = Y ¢;t}. Let v denote

i=1
the restriction of 6 to K, where we view K as a subfield of k((¢1,t2)) via ¢. Let & = v(R\ {0});
@' =v(R'\ {0}). For 8 € @, Pj is generated by all the monomials of the form 2'“y"” such

(2 .
that v2a + v > B, together with 2’ — > ¢;y"/, where i is the greatest non-negative integer
j=1
such that ¢ < 6.

Let w' := 2 — 3 ¢;y/". Then H' = (w'), but H = H' N Rk = (0), so that H*™ = (0) S H' and
i=1
ht H=0<1=ht H'.

Recall the following basic result of the theory of G-rings:
PROPOSITION 2.8. Assume that R is a reduced G-ring. Then Ry is a regular local ring.

Proof. Let K = Rp,, = k(Ps) (here we are using that R is reduced and that Pw, is a
minimal prime of R). By definition of G-ring, the map R — R is a regular homomorphism.
Then by (2.3) Ry is geometrically regular over K, hence regular. O

REMARK 5. Having extended in a unique manner the valuation v to a valuation ¥_ of
we see that if R is a G-ring, by Proposition 2.8 there is a unique minimal prime Poo of R
contained in H, corresponding to the ideal (0) in Ry. Since H N R = (0), we have the equality
P NR= (0). Choosing a valuation p of the fraction field of ﬁR% centered at ﬁRz whose

~Ru P

value group VU is a free abelian group produces a composed valuation 7_ o p on 75& with value

group ¥ P F ordered lexicographically, as follows:

Given z € Z*, let ¢ = u(z) and blow up in R the ideal P, along our original valuation,
obtaining a local ring R’. According to what we have seen so far in this section, in its completion
R’ we can write z = ye with p(e) =¢ and y € R \ H'. The valuation v on R’ extends uniquely

to a valuation of £ 477, which we may still denote by Z_ because it induces 7_ on E Let

us consider thjs image § of y in %,. Setting (_opu)(z) =v@Pr_(y) e vPT determlnes a
valuation of -£- as required.

If we drop the assumption that ¥ is a free abelian group, the above construction still works,
but the value group Fofi_o 1 need not be isomorphic to the direct sum ¥ @ T'. Rather, we
have an exact sequence 0 — I' — ' — ¥ — 0, which need not, in general, be split; see [15],
Proposition 4.3.

In the sequel we shall reduce to the case where R is an integral domain, so that Poo = (0) and
we will have constructed a valuation of R.

3. Definition and first properties of implicit ideals.

Let the notation be as above. Before plunging into technical details, we would like to give
a brief and informal overview of our constructions and the motivation for them. Above we
recalled the well known fact that if rk v = r then for every v-extension R — R’ the valuation v
canonically determines a flag (1.6) of r subschemes of Spec R’. This paper shows the existence
of subschemes of Spec R, determined by v, which are equally canonical and which become
explicit only after completion. To see what they are, first of all note that the ideal P/ R , for
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R €T and 0 < /¢ <7 —1, need not in general be prime (although it is prime whenever R’ is
henselian). Another way of saying the same thing is that the ring Pi need not be analytically
irreducible in general. However, we will see in §8 (resp §7) that the valuation v picks out
in a canonical way one of the minimal primes of P/R’ (resp. P/R'). We call this minimal
prime H/, for reasons which will become apparent later. By the ﬁatness of completion (resp.
henselization), we have H}, N R’ = P;. We will show that the ideals H), form a tree.

Let

0)=A,CA 1 G- SA=T (3.1)

T Z r—1 =

be the isolated subgroups of I'. There are other ideals of I%, apart from the Hsy, canonically

associated to v, whose intersection with R equals P, for example, the ideal [ Pg]:?. The
BEA,
same is true of the even larger ideal

Hypir = () <<1;g17>g1%’) ﬁR), (3.2)

BEA, R’

(that Hoprq N R = Py is easy to see and will be shown later in this section, in Proposition 3.1).

While the examples below show that the ideal () ng% need not, in general, be prime, the
BEA,

ideal Hypyq always is (this is the main theorem of this paper; it will be proved in §8). The

ideal Hopy1 contains Hop but is not, in general equal to it. To summarize, we will show that

the valuation v picks out in a canonical way a generic point Hsy of the formal fiber over Py

and also another point Ha,41 in the formal fiber, which is a specialization of Hay.

The main technique used to prove these results is to to analyze the set of zero divisors of
PI’%iR’T (where R stands for either R, R, or a finite type étale extension R of R), as follows. We
show that the reducibility of P R'T
of k(P,) inside x(P;) ®p RT. More precisely, in the next section we define R to be stable if

1

is related to the existence of non-trivial algebraic extensions

P 2 &7 18 a domain and there does not exist a non-trivial algebraic extension of £(F1) which
embeds both into £(Pp41) ®r R and into (P}, ;) for some R’ € T. We show that if R is stable

/
then Pz/+1R,T is a domain for all R’ € T. For B € Al+1’ let

Py = {zeR | v(z) mod Agyq > B} (3.3)

If ® denotes the semigroup v(R\ {0}) C T', which is well ordered since R is noetherian (see
[ZS], Appendix 4, Proposition 2), and

B(0) = min{y € ® | B—7 € Apsa}

then PB == P@(l).
We have the inclusions
P, C PE C PZ+1>

and 735 is the inverse 1mage in R by the canonical map R — +- of a valuation ideal fg cl&

for the rank one valuation & o \ {0} — A Ay - induced by ve41.

R — R’ we have PLR'T N R = PﬂRT, which gives us a very good control of the limit in the
definition of Hapi1 and of the v-extensions R’ for which the limit is attained.

We then show, separately in the cases when R = R (§7) and Rf = R (88), that there always
exists a stable v-extension R’ € T.

We are now ready to go into details, after giving several examples of implicit ideals and the
phenomena discussed above.
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Let 0 < ¢ <r. We define our main object of study, the (2¢+ 1)-st implicit prime ideal
Hyy1 C R, by

Hypr= () ((1@%3’*) ﬂRT>, (3.4)

BEA, R

where R’ ranges over 7. As usual, we think of (3.4) as a tree equation: if we replace R by
any other R"” € T in (3.4), it defines the corresponding ideal Hy, ; C R". Note that for £ = r
(3.4) reduces to

H2r+1 = mRT

We start by giving several examples of the ideals H] (and also of fifl' , which will appear a little
later in the paper).

EXAMPLE 5.  Let R = k[z,y,2](s,y,-)- Let v be the valuation with value group I' = z
[e.e]

defined as follows. Take a transcendental power series ) c;u’ in a variable u over k. Consider

Jj=1

the homomorphism R < k[[u,v]] which sends z to v, y to u and z to > ¢;ju’. Consider the
j=1

valuation v, centered at k[[u,v]], defined by v(v) = (0,1) and v(u) = (1,0); its restriction to

R will also be denoted by v, by abuse of notation. Let R, denote the valuation ring of v in
k(x,y,z) and let T be the tree consisting of all the local rings R’ essentially of finite type over

R, birationally dominated by R,. Let T =" denote the operation of formal completion. Given

B = (a,b) € Z2,, we have Pg = z° (y*, 2 — c1y — - -+ — cq—1y°~ ). The first isolated subgroup

A1 =(0)®Z. Then () (’P/@R) =(y,2z) and ) (PBR> =|z—> ¢j’|. It is not
pe(0)®z BET=A, j=1

oo ) . ~
hard to show that for any R’ € T we have H] = (z -> cjy3> R’ and that Hs = (y,2)R. It
j=1
will follow from the general theory developed in §6 that » admits a unique extension 2 to lir_p R
R/
This extension has value group I' = Z3 = and is defined by #(z) = (0,0,1), 2(y) = (0,1,0)

S} .
and © (z -> cjy3> = (1,0,0). For each R’ € T the ideal Hj is the prime valuation ideal
i=1
corresponding to the isolated subgroup (0) & Z2  of I (that is, the ideal whose elements have

values outside of (0) & Z2 ) while Hj is the prime valuation ideal corresponding to the isolated

subgroup (0) 4 (0) & Z.

oS .
EXAMPLE 6. Let R = k[x,y,2](z,y,2), [ = Z? ., the power series > cju’ and the operation
j=1
T =" be as in the previous example. This time, let v be defined as follows. Consider the
homomorphism R < k[[u,v]] which sends z to u, y to Y. c;u’ and z to v. Consider the
j=1
valuation v, centered at k[[u,v]], defined by v(v) = (1,0) and v(u) = (0,1); its restriction to
R will be also denoted by v. Let R, denote the valuation ring of v in k(z,y,z) and let T
be the tree consisting of all the local rings R’ essentially of finite type over R, birationally

dominated by R,. Given = (a,b) € Z},, we have Pg = z° (a:b,y - — - — cb,lxb_l).

The first isolated subgroup A; = (0)@®Z. Then () (795]:2) =|y— Y ¢al, 2| and
Be(0)BZ Jj=1
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, rﬂA (PﬁR) = (0). It is not hard to show that for any R’ € T we have H| = (0) and
€l'=Ao

0 . A A
that H3 = (y — > ¢;ja?, 2z | R'. In this case, the extension © to lim R’ is not unique. Indeed,
i=1 "

one possible extension #(!) has value group I' = Z} . and is defined by 2 (z) = (0,0,1),

S (y— io:l cjxj> =(0,1,0) and #(M(2) = (1,0,0). In this case, for any R’ € T the ideal
HY is the ;);ime valuation ideal corresponding to the isolated subgroup (0) & (0) & Z of T".
Another extension () of v is defined by #?(z) = (0,0, 1), v (y - i cjwj> =(1,0,0)
and 7 (z) = (0,1,0). In this case, the tree of ideals corresponding to thje:ilsolated subgroup
(0) ® (0) © Z is H} (exactly the same as for (1)) while that corresponding to (0) © Z2,  is H| =

00 . ~
y— > cja? |. The tree H{ of prime 7(?-ideals determines the extension #(2) completely.
j=1

The following two examples illustrate the need for taking the limit over the tree 7T .

EXAMPLE 7. Let us consider the local domain S = % There are two distinct

valuations centered in (z,y). Let a; € k, i > 2 be such that
y—|—m—|—2aimi y—x—Zai:ﬁi =y2—a:2—x3.
i>2 i>2

We shall denote by vy the rank one discrete valuation defined by

vi(a) = vi(y) = 1,

vi(y+2) =2,
b—1
vy (y—i—m—l—Zaixl) =b.
i=2

Now let R = % Let I' = Z? with the lexicographical ordering. Let v be the composite
valuation of the (z)-adic one with v, centered in %. The point of this example is to show

that

Héké+1 = ﬂ PﬁR
BEA,

does not work as the definition of the (2¢ 4 1)-st implicit prime ideal because the resulting
ideal H3,, , is not prime. Indeed, as P(q,0) = (2%), we have

Hik = ﬂ 'P(a,b)R = (0)

(a,b)ez?

Let f=y+a+ Y aixt,g=y—x— 3 a;x' € R. Clearly f,g¢H} = (0), but f-g =0, so the
i>2 i>2
ideal Hy is not prime.
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One might be tempted (as we were) to correct this problem by localizing at H3,, ;. Indeed,
if we take the new definition of Hj,, , to be, recursively in the descending order of ¢,

Hypy=| () PsRag,,, | N R (3.5)
BEA,

then in the present example the resulting ideals Hf = (z, f) and Hf = (f) are prime. However,
the next example shows that the definition (3.5) also does not, in general, give rise to prime
ideals.

k

EXAMPLE 8. Let R= ([wyzw Let I' = Z? with the lexicographical ordering. Let

22 —y2(1+x))

t be an independent variable ayn let v be the valuation, centered in R, induced by the
t-adic valuation of k Htr H under the injective homomorphism ¢: R — k [[tr]], defined by
v(x) =t (y) =t and o(z) = t10V/1 4 0D, The prime v-ideals of R are (0) & P1 S m,
with Py = (y,2). Wehave () PgR = (y,2)R= PiRand (| PsR(,.) = ()| PsR = (0). Note

BEAL BeT Ber
that the ideal (0) is not prime in R. Now, let R' =R [ﬂ > where m' = (x,y,g — 1) is the
center of v in R [ﬂ We have z — yv/1+ 1z € R \ P(Q’O)R. On the other hand, z — yv/1+x =
Yy (5 — /1 +x> =0 in R'; in particular, z — yWil+z€e N Péf%’. Thus this example also
pBer

shows that the ideals PgR, (| PsR and (| PsgRp,,., do not behave well under blowing
up BEA, BEA,

Note that both Examples 7 and 8 occur not only for the completion R but also for the
henselization R.
We come back to the general theory of implicit ideals.

ProrosiTiON 3.1. We have Hyy1 1 N R = Fy.

Proof. Recall that P,={z € R | v(z)g¢As}. If € P, then, since A, is an isolated
subgroup, we have x € Py for all 5 € Ay. The same inclusion holds for the same reason in
all extensions R’ C R, of R, and this implies the inclusion Py C Hopy1 N R. Now let z be in
Hzpy1 N R and assume ¢ Pp. Then there is a § € Ay such that ¢ Pg. By faithful flatness of
R' over R we have 735RJr N R = Pg. This implies that x@ZPgRT, and the same argument holds
in all the extensions R’ € T, so x cannot be in Hazy1 N R. This contradiction shows the desired
equality. ]

ProPOSITION 3.2. The ideals H§e+1 behave well under v-extensions R — R’ in T. In other
words, let R — R’ be a v-extension in T and let Hj, , denote the (2{ + 1)-st implicit prime
ideal of R'. Then Haypy1 = Hy, 1 N RT.

Proof. Immediate from the definitions. O

To study the ideals Ho41, we need to understand more explicitly the nature of the limit
appearing in (3.4). To study the relationship between the ideals PsR' and P[’gR’Jr N RT, it is

useful to factor the natural map Rt — R'" as R — (RT @ R )ap % R as we did in the proof
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of Lemma 1.1. In general, the ring Rf ® g R’ is not local (see the above examples), but it has one
distinguished maximal ideal M’, namely, the ideal generated by mR' ® 1 and 1 ® m/, where m’
denotes the maximal ideal of R’. The map ¢ factors through the local ring (RT Qr R ) o and

the resulting map (RT ®r R ) e R is either the formal completion or the henselization; in
either case, it is faithfully flat. Thus PéR’T N (R' ®g R’)M, = P (R ®r R’)M,. This shows
that we may replace R’ f by (RT ®R R’) in (3.4) without affecting the result, that is,

M’
Hyr = () ((1@77;, (R &g R’)M,> ﬂRT> : (3.6)
BEA, R

From now on, we will use (3.6) as our working definition of the implicit prime ideals. One
advantage of the expression (3.6) is that it makes sense in a situation more general than the
completion and the henselization. Namely, to study the case of the henselization R, we will
need to consider local étale extensions R® of R, which are contained in R (particularly, those
which are essentially of finite type). The definition (3.6) of the implicit prime ideals makes
sense also in that case.

4. Stable rings and primality of their implicit ideals.

Let the notation be as in the preceding sections. As usual, R will denote one of R, R or R®
(a local étale v-extension essentially of finite type). Take an R’ € T and (8 € AA[il. We have
the obvious inclusion of ideals

PzR' c PsRT N R (4.1)

(where P7 is defined in (3.3)). A useful subtree of 7 is formed by the {-stable rings, which we
now define. An important property of stable rings, proved below, is that the inclusion (4.1) is
an equality whenever R’ is stable.

DEFINITION 5. A ring R’ € T(R) is said to be {-stable if the following two conditions hold:
(1) the ring

k(P))@r (R @r RT),, (4.2)

is an integral domain and

(2) there do not exist an R” € T(R') and a non-trivial algebraic extension L of x(P;) which
embeds both into « (P}) ®r (R ®g R'),,, and x(F}').

We say that R is stable if it is ¢-stable for each ¢ € {0,...,r}.

REMARK 6. (1) Rings of the form (4.2) will be a basic object of study in this paper. Another
way of looking at the same ring, which we will often use, comes from interchanging the order of
tensor product and localization. Namely, let T’ denote the image of the multiplicative system
(R’ ®@g R") \ M’ under the natural map R’ ®p R" — k (P}) ® R'. Then the ring (4.2) equals
the localization (T")~* (k (P}) ®r RT).

(2) In the special case R' = R in Definition 5, we have

K (P) @r (R ®r RY),,, =k (P;) ®r R'.

If, moreover, P% is analytically irreducible then the hypothesis that & (P;) ®g R is a domain
holds automatically; in fact, this hypothesis is equivalent to analytic irreducibility of P% if
Rt =Ror Rt =R.
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(3) Consider the special case when R’ is Henselian and T = . Excellent Henselian rings are
algebraically closed inside their formal completions, so both (1) and (2) of Definition 5 hold
automatically for this R’. Thus excellent Henselian local rings are always stable.

In this section we study ¢-stable rings. We prove that if R is ¢-stable then so is any R’ € T(R)
(justifying the name “stable”). The main result of this section, Theorem 4.6, says that if R is
stable then the implicit ideal H,, , is prime for each £ € {0,...,r} and each R' € T(R).

REMARK 7. In the next two sections we will show that there exist stable rings R’ € T for
both R = R and R = R¢. However, the proof of this is different depending on whether we
are dealing with completion or with an étale extension, and will be carried out separately in
two separate sections: one devoted to henselization, the other to completion.

PROPOSITION 4.1. Fix an integer £, 0 < ¢ < r. Assume that R’ is {-stable and let R" €
T(R'). Then R" is {-stable.

Proof. 'We have to show that (1) and (2) of Definition 5 for R’ imply (1) and (2) of Definition
5 for R”. The ring

K (P))®r (R' ®r R'),,, (4.3)
is a localization of  (P}') ®r (k(P;) ®@r (R' ®r R'),,,). Hence (1) and (2) of Definition 5,
applied to R, imply that x (P)) @ (R’ ®r RT)M,, is an integral domain, so (1) of Definition 5

holds for R”. Replacing R’ by R” clearly does not affect the hypotheses about the non-existence
of the extension L, so (2) of Definition 5 also holds for R". O

Next, we prove a technical result on which much of the rest of the paper is based. For
3 r
B € A let
Pgy = {reR |v(z) mod Ay >pB}. (4.4)

As usual, PIEJr will stand for the analogous notion, but with R replaced by R’, etc.

PROPOSITION 4.2. Assume that R itself is (¢ + 1)-stable and let R’ € T(R).

(i) For any f3 € Aﬁil

PLR' R = PR (4.5)
(ii) For any B € ﬁ the natural map

/ R/T
P T PL R t
ﬂ+R B+ /

(4.6)
is injective.
Proof. As explained at the end of the previous section, since R’ Tis faithfully flat over the

ring (R' ®g R’)M,, we may replace R'T by (R ®r R’)M, in both 1 and 2 of the Proposition.
Proof of 1 of the Proposition: It is sufficient to prove that

Pi (R @r R'),, (R = PgR'. (4.7)
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One inclusion in (4.7) is trivial; we must show that

P;(R'@r R'),, R C PgR". (4.8)

LEMMA 4.3. Let T' denote the image of the multiplicative set (R’ @ R) \ M’ under the

R,
natural map of R-algebras R' @z RT — P’T ®pg RT. Then the map of R-algebras
Z+1
R Ry,
7T ou R (1) Pf,“ or R (4.9)
PzRp,,, 77 P

induced by m: R — R’ is injective.

Proof.  (of Lemma 4.3) We start with the field extension
K(Pri1) = K(Priq)

induced by . Since R is flat over R, the induced map m, : k(Ppy1) ®p RT — k(P 1) ®r Rt
is also injective. By (1) of Definition 5, (P, ;) ® R' is a domain. In particular,

R/
Kk (Pjy,) ®r RN = (73' Pl op RT> : (4.10)
15+1 red
R, A
The local ring ﬁ is artinian because it can be seen as the quotient of P R, by a
valuation ideal correspondlng to a rank one valuation. Since the ring is noetherian the valuation
of the maximal ideal is positive, and since the group is archimedian, a power of the maximal

ideal is contained in the valuation ideal.

’ /

Py Rpy
Therefore, its only associated prime is its nilradical, the ideal P/Ri,“l; in particular, the
TR,

’

R,

(0) ideal in this ring has no embedded components. Since R' is flat over R, # ®r RY
R, R, T

is flat over P'T by base change. Hence the (0) ideal of M# ®g R has no embedded

2+1 +
components. In particular, since the multiplicative system 7" is disjoint from the nilradical of

TR, R’Z“ ®gr R, the set T' contains no zero divisors, so localization by 7" is injective.
3 /
Poia
’

R,
By the definition of Pz, the map 7sz: L e R, +1_ i3 injective, hence so is
£t E+l
/
R Rp,
Pyy1 ®R RT N tz/+1 ®R RT

PsRP,., P

2+1

by the flatness of Rt over R. Combining this with the injectivity of the localization by T", we
obtain that 7 is injective, as desired. Lemma 4.3 is proved. U

Again by the definition of P, the localization map A= — 51— is injective, hence so is
B B Peg1

the map

R
—~ @r Rl » 241 g R (4.11)
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by the flatness of R over R. Combining this with Lemma 4.3, we see that the composition

L R — (T)7? o, ®r R (4.12)
Py P’R;D, f '

of (4.11) with 7 is also injective. Now, (4.12) factors through (713,' ®Rr RT) (here we are
B

guilty of a slight abuse of notation: we denote the natural image of M’ i also by
M’). Hence the map
R R’
— @rR' = | — @r R' (4.13)
Pz 73
M/

. ' R'®rR') ,
is injective. Since 7% ®pr RT = P?IT%T and (gl; ®r RT) o %, the injectivity of

(4.13) is the same as (4.8). This completes the proof of 1 of the Proposition.

Proof of 2 of the Proposition: We start with the injective homomorphism

l

7)7
—— ®r K(Pry1) —

— @ k() (4.14)
B+

7)/

of k(Pyy1)-vector spaces. Since R' is flat over R, tensoring (4.14) produces an injective
homomorphism

Pt !

PzR Pg

P g or ) = p/ ®n #(Ppy,) ®r BT (4.15)

’

PL
of Rf-modules. Now, the # (P 1)-vector space P, ®p (P, ) is, in particular, a torsion-free

#(Pyy1)-module. Since x(Ppy1) g RT is a domaln by definition of (£ + 1)-stable and by the
pL

flatness of Rt @ g k(Pyy1) over k(Pyy1), the RT @ g k(Pyyq)-module - Qr k(P 1) ®r RT is

also torsion-free; in particular, its localization map by any multiplicative system is injective.

Let " denote the image of the multiplicative set (R’ ®g R') \ M’ under the natural map of
R-algebras R’ ®r R" — k(P},,) ®p R'. By the above, the composition

'P/

’Pl

PERT

P Rt ®gr £(Pr1) — (S/)_ ( ®r /Q(P¢+1)®R RT> (4.16)
B+

of (4.15) with the localization by S’ is injective.

s .. P P5
By the definition of Pg, the localization map = = ®pr k(Pyy1) is injective, hence so
B+

Pﬁ

is the map

Peltl _ P5 ®r RN — =2 @ k(Pry1) (4.17)

R R R{L0+1 .

Pg Rt Pgy Py Bif
by the flatness of R over R. Combining this with the injectivity of (4.16), we see that the
composition

PsRY [ Ps )

PR — (91 P’ @r k(P4 1) ®r R (4.18)
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of (4.17) with (4.16) is also injective. Now, (4.18) factors through ;D/ ®@r (R @r RY),,,

Hence the map

P5RT P5
b 2 (R ®g RY) (4.19)
_ / R M/ :
P wid PB+
P L R'T
is injective. Since 7;, QR AR P,B 7+ and by faithful flatness of R'" over (R’ Rr R )M,, the
+
injectivity of (4. 19) 1mphes the injectivity of the map (4.6) required in 2 of the Proposition.
This completes the proof of the Proposition. O

COROLLARY 4.4. Take an integer ¢ € {0,...,r — 1} and assume that R is (¢ + 1)-stable.
Then

Hy1= () PsR. (4.20)
BEA,

Proof. By Lemma 4 of Appendix 4 of [18], the ideals PB are cofinal among the ideals Pg
for g € Ay. O

COROLLARY 4.5. Assume that R is stable. Take an element 3 € I". Then PgR’l N R = Ps.

Proof. Tt is sufficient to prove that for each £ € {0,...,7 — 1} and 3 € ﬁ, we have
T
PLR" N RT = Pg; (4.21)

the Corollary is just the special case of (4.21) when ¢ = r — 1. We prove (4.21) by contradiction.
Assume the contrary and take the smallest ¢ for which (4.21) fails to be true. Let ® = v(R’\
{0}). We will denote by A the image of ® under the composition of natural maps ¢ — F —

% and similarly for AH Clearly, if (4.21) fails for a certain f3, it also fails for some 3 €

Ae+1
take the smallest 3 € A‘fﬁ’»l with this property. If we had 3 = min { Be A/z+1 B-Be A@}

then (4.21) would also fail with 3 replaced by 3 mod A, € Ag, contradicting the minimality
of £. Thus

!

AVERT

ﬁ>min{/3’€

B-Be Ag} . (4.22)

Let B— denote the immediate predecessor of 3 in A . By (4.22), we have 3 — 3— € A,. By the

choice of 3, we have Ps_ = P’ R'TAR' but Ps C P' R'"N Rt. This contradicts Proposition
4.2, applied to B—. The Corollary is proved. |

Now we are ready to state and prove the main Theorem of this section.

THEOREM 4.6. (1) Fix an integer ¢ € {1,...,r 4+ 1}. Assume that there exists R’ € T(R)
which is (¢ 4+ 1)-stable. Then the ideal Hopy1 Is prime.
(2) Let i = 20 + 2. There exists an extension v, of vy, to lim k(H;_,), with value group
R/
Ay

Ajio= L 4.23
BT AL, (4.23)
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whose valuation ideals are described as follows. For an element 8 €

Ay T Rf
Z" the v,,-ideal of T

_ AR,
of value (8, denoted by P%e’ is given by the formula
PLR'T R
T | B
PB,ZJA = 1%%1 e N T (4.24)

REMARK 8. Once the even-numbered implicit prime ideals H), are defined below, we

will show that VZTO is the unique extension of vy to lim k(H[_,), centered in the local ring
R/
R,
lim —2e42
— H}, R

’
R/ TRHVUHY,

Proof. (of Theorem 4.6) Let R’ be a stable ring in 7 (R). Once Theorem 4.6 is proved for
R, the same results for R will follow easily by intersecting all the ideals of R’ " in sight with
RT. Therefore from now on we will replace R by R’, that is, we will assume that R itself is
stable.

Let @, denote the image of the semigroup v(R\ {0}) in %ﬂ. As we saw above, @, is well
ordered. For an element 8 € &, let S+ denote the immediate successor of 8 in ®y.

Take any element x € RT \ H; ;. By Corollary 4.4, there exists (a unique) 8 € ®, N Aéil
such that
x € PR\ Pz R (4.25)
(where, of course, we allow 3 = 0). Let  denote the image of x in HR;. We define
vl (z) =B.
Next, take another element y € R\ Hopy 1 and let v € &, N AAZil be such that
y € PR\ P-, R (4.26)

Let (a1,...,an) be a set of generators of Pz and (b1, ...,bs) a set of generators of P, with
vey1(ar) = B and vgy1(b1) = 7. Let R’ be a local blowing up along v such that R’ contains all
the fractions ¢+ and ﬁ By Proposition 4.1 and Definition 5 (1), the ideal PZ’_~_1]~'€’Jr is prime. By

construction, we have a1 |  and by | y in R'T. Write z = za; and y = wby in R'T. The equality
(4.5), combined with (4.25) and (4.26), implies that z,ngPZ’HR’T, hence

2wg Py, R (4.27)
by the primality of Py, R'". We obtain
Ty = a1byzw. (4.28)

Since v is a valuation on R’, we have (PIE+W+ : (a101) R ) C P,,,. By faithful flatness of R’ i
over R’ we obtain

( y R (albl)R’*) c PR (4.29)
Combining this with (4.27) and (4.28), we obtain
rye¢Ps,~, R, (4.30)

in particular, zyd Hoy, 1. We started with two arbitrary elements z,y € R \ Hoy,1 and showed
that xyd Hopy1. This proves (1) of the Theorem.
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Furthermore, (4.30) shows that 1/30(5537) =pB+7%, so I/ZTO induces a valuation of k(H;_1) and
hence also of limk(H;_;). Equality (4.23) holds by definition and (4.24) by the assumed

’

R
stability of R. |

Next, we define the even-numbered implicit prime ideals Hj,. The only information we need
to use to define the prime ideals Hj, C Hj, , and to prove that Hj, | C Hj, are the facts that
Hyy1 is a prime lying over P, and that the ring homomorphism R’ — R'' is regular.

PROPOSITION 4.7. There exists a unique minimal prime ideal Hop of P,R', contained in
Hogy1.

Proof. Since Hypyy N R = Py, Hyyyq belongs to the fiber of the map Spec R — Spec R
over Py. Since R was assumed to be excellent, S := RT @z x(F) is a regular ring (note that the
excellence assumption is needed only in the case Rt = E; the ring homomorphism R — R is
_ PeRLzeJrl
is a regular local ring. In particular, S is an integral domain, so (0) is its unique minimal
prime ideal. The set of minimal prime ideals of S is in one-to-one correspondence with the set
of minimal primes of Py, contained in Hgpy1, which shows that such a minimal prime Hyy is

unique, as desired. |

automatically regular if Rf = R or Rt = R®). Hence its localization S := Sy, 18 =

We have P, C HyyN R C Hyyp1 N R = Py, 80 HyyNR C Py
PRrROPOSITION 4.8. We have Hyp_ 1 C Hyyp.

Proof. Take an element 3 € Aii;l and a stable ring R’ € T. Then Pj C P/, so
Hy,_, c P4R'Y ¢ PR c Hy,. (4.31)

Intersecting (4.31) back with RT we get the result. O

In §7 we will see that if Rt = R or Rt = R¢ then Hyy = Hyyyq for all £.
Let the notation be the same as in Theorem 4.6.

ProrosiTiON 4.9. The valuation Z/ZTO is the unique extension of vy, to a valuation of
ot
’
lim r(H;_,), centered in the local ring lim ﬁ
R/ R/ 2t-1 Hél

Proof.  As usual, without loss of generality we may assume that R is stable. Take an element
x € RY\ Hy_ 1. Let B = I/;fo(f) and let R’ be the blowing up of the ideal Pg = (a1, ...,a,), as
in the proof of Theorem 4.6. Write

T = zap (4.32)
in R’. We have z € R'! \PéR/T, hence

2 r prt A
Lo Fm, Pl by, R hy,
1
Héf—lR/Hé[

1 prt
\ T T i
Hyy Ry, Hy Ry,

/ T
HQZ—lR Héz

\ (4.33)
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Al
Hl

If v* is any other extension of vy to lim k(H]_;), centered in lim g then v* (a1) =0,
R Ry,
v*(z) =0 by (4.33), so v*(z) =8 = Vjo(i‘). This completes the proof of the uniqueness of l/;ro.

O

REMARK 9. If R’ is stable, we have a natural isomorphism of graded algebras

R, R, ,
2¢ ~ £
1 ———=— oy ——L Qp k(Hy).
Vio 1771 1t ve p/ /
Hy, R H}, PfflRPé

g

In particular, the residue field of 1/30 is k1 = limk(Hj,).
0 -
R/

5. A classification of extensions of v to R.

The purpose of this section is to give a systematic description of all the possible extensions
vl of vtoa quotient of R by a minimal prime as compositions of 27 valuations,

vl :l/iro~~~oygr, (5.1)

satisfying certain conditions. One is naturally led to consider the more general problem of
extending v not only to rings of the form R% but also to the ring lim 1}3—,, where P’ is a tree of
—

prime ideals of R'T, such that P’ N R/ = (0). We deal in a uniform way with all the three cases
Rt = R, Rt = R and R = R®, in order to be able to apply the results proved here to all three
later in the paper. However, the reader should think of the case Rf = R as the main case of
interest and the cases RT = R and RT = R® as auxiliary and slightly degenerate, since, as we
shall see, in these cases the equality Hoy = Hoap41 is satisfied for all £ and the extension z/i will
later be shown to be unique.

We will associate to each extension v| of v to R a chain

H)CcH C-- cH, =m'R" (5.2)

of prime Z/T_—ideals7 corresponding to the decomposition (5.1) and prove some basic properties

of this chain of ideals. ~ .
Now for the details. We wish to classify all the pairs ({H{)} ,UL), where {H{J} is a tree of
prime ideals of R’ T, such that ﬁ(’) N R’ = (0), and 1/1 is an extension of v to the ring lim If; )
— 0

Pick and fix one such pair ({ﬁé} ,I/I_). We associate to it the following collection of data,

which, as we will see, will in turn determine the pair ({ﬁé} J/i).

First, we associate to ({ﬁé} ol ) a chain (5.2) of 2r trees of prime ! -ideals. Let 't denote

the value group of vl Defining (5.2) is equivalent to defining a chain
rf=aAl oAl > oAl =AL =0 (5.3)

of 2r isolated subroups of I'f (the chain (5.3) will not, in general, be maximal, and AL@—H need
not be distinct from A;Z).

We define the A;-r as follows. For 0 < /¢ <r, let A;e and A;E 41 denote, respectively, the
greatest and the smallest isolated subgroups of I'f such that

Al,NnT=A},_ NI =A, (5.4)
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LEMMA 5.1. We have
AT
20—1

Al

rk

=1 (5.5)

for1 </{<r.

Proof. Since by construction A;é #+ Agé_l, equality (5.5) is equivalent to saying that there
is no isolated subgroup At of I't which is properly contained in A;Z_l and properly contains
A;E. Suppose such an isolated subgroup AT existed. Then

A=A}, NTCATNT S AL NT=A4,4, (5.6)

where the first inclusion is strict by the maximality of A; , and the second by the minimality of
A; s_1- Thus AT NT is an isolated subgroup of T, properly containing A, and properly contained

7

. S . . Ag_ . o Boo

in A;_1, which is impossible since rk é(l = 1. This is a contradiction, hence rk zﬂ L =1, as
2¢

desired. 0

DEFINITION 6. Let 0 < ¢ < 2r. The i-th prime ideal determined by vl s the prime -

ideal ﬁz’ of R/ T, corresponding to the isolated subgroup AI (that is, the ideal I;TZ’ consisting of
all the elements of R'" whose values lie outside of Aj) The chain of trees (5.2) of prime ideals
of R’ formed by the H is referred to as the chain of trees determined by vl

The equality (5.4) says that
HyyNR =H),,NR =P, (5.7)

By definitions, for 1 <i < 2r, V;( is a valuation of the field £ + . In the sequel, we will find
i—1
it useful to talk about the restriction of 1/3 to a smaller field, namely, the field of fractions of
th R/l\

. . Al . . et ot t . A
the ring lim Tt we will denote this restriction by v},. The field of fractions of TRT,
’ i—1 Hi . i—1 Hi
’
is K(H]_;), hence that of lim =——— is lim x(H]_, ), which is a subfield of k .- The value
RV H] R/ -
/
. : . . P/
group of Z/JO will be denoted by A;_1,9; we have A;_; 9 C 51 Af i =20 s even then —f— <
i 1=1""p/
T 1
R g . Ry . LY . n + .
———i— g0 lim 5—%4— < lim = t—  In this case rk v/ = 1 and v an extension of the rank
Hz/ 1R/T"/’ =7 PlflRP’ 7 H1/ 1R/T~/ v v
- H ’ 1 / b= H

1 valuation v from K(Pp—1) to ki ; we have
i—1

Al
Al

%

Ag_q
Ay,

C Ai—l,O C (58)

PROPOSITION 5.2. Let i = 2(. As usual, for an element 3 € (Aéil)y let Pz (resp. PIE)
denote the Iirejmage in R (resp. in R') of the vy41-ideal of P% (resp. %) of value greater than
or equal to 8. Then

N lim (73[’?1-2’T + H{H) Ry NRC i (5.9)
se(attr), "

VS
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The inclusion (5.9) should be understood as a condition on the tree of ideals. In other words,
it is equally valid if we replace R’ by any other ring R” € T.

i t
Proof.  (of Proposition 5.2) Since rk ii: =1 by Lemma 5.1, A?—f—l is cofinal in i}: Then
for any x € N lim (PLR/T + I:Ii/H) R/Tg, N R we have v (£)¢A!, hence = € H,1,
Be( A¢ ) R P o2
Aet1 /)y
as desired. |

From now to the end of §6, we will assume that 7 contains a stable ring R/, so that we can
apply the results of the previous section, in particular, the primality of the ideals H.

PRrROPOSITION 5.3. We have

H! C H] for all i € {0,...,2r}. (5.10)

Proof. For B eTtand R €T, let PéT denote the v! -ideal of R'" of value 3. Fix an integer
£ €{0,...,r}. For each R' € T, each B € Ay and = € Pj we have vl (z) = v(z) > B, hence

T T
PR C Py (5.11)
Taking the inductive limit over all R' € T and the intersection over all 5 € A, in (5.11),

and using the cofinality of A, in A;Hl and the fact that (] | lim ’P[;T = lim fIéHh we
peal, \ R/ R’

obtain the inclusion (5.10) for i = 2¢ + 1. To prove (5.10) for i = 2¢, note that Hj, N R’ =

ffée 4+1 N R = Py. By the same argument as in Proposition 4.7, excellence of R’ implies that

there is a unique minimal prime HJ, of P;R’ T, contained in H. 5041 and a unique minimal prime
H3) of PéR’T, contained in Hj,. Now, Proposition 4.7 and the facts that Hj,,, C Hj,,; and
Hj, C Hy,, imply that Hy, = H3, = Hj;, hence Hy, = Hy; C Hy,, as desired. O

DEFINITION 7. A chain of trees (5.2) of prime ideals of R'"is said to be admissible if
H! C H] and (5.7) and (5.9) hold.

Equalities (5.7), Proposition 5.2 and Proposition 5.3 say that a chain of trees (5.2) of prime
ideals of R’ T, determined by vl is admissible.

Summarizing all of the above results, and keeping in mind the fact that specifying a
composition of 2r valuation is equivalent to specifying all of its 2r components, we arrive
at one of the main theorems of this paper:

THEOREM 5.4. Specifying the valuation vl

The data will be described recursively in 4, that is, the description of VZT assumes that V;[l is
already defined:

(1) An admissible chain of trees (5.2) of prime ideals of R’ L

(2) For each i, 1 < i < 2r, a valuation v ofk i (where v} is taken to be the trivial valuation
i—1

R'T,

. o . . r . . . H

by convention), whose restriction to lim x(H]_,) is centered at the local ring lim TN I
. — ! -

R/ RV

is equivalent to specifying the following data.
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The data {1/:} is subject to the following additional condition: if i = 2¢ is even then
1<i<or

Tk u;( =1 and V;f is an extension of vy to k 1  (which is naturally an extension of k,,_, ).
i—1

T

In particular, note that such extensions v always exist, and usually there are plenty of

them. The question of uniqueness of v and the related question of uniqueness of l/;r , especially
in the case when 7 is even, will be addressed in the next section.

6. Uniqueness properties of vl

In this section we address the question of uniqueness of the extension v! . One result in this
direction, which will be very useful here, was already proved in §4: Proposition 4.9. We give
some necessary and some sufficient conditions both for the uniqueness of v once the chain
(5.2) of prime ideals determined by v has been fixed, and also for the unconditional uniqueness
of v . In 87 we will use one of these uniqueness criteria to prove uniqueness of v1 in the cases
Rt = R and R = R*. At the end of this section we generalize and give a new point of view of
an old result of W. Heinzer and J. Sally (Proposition 6.9), which provides a sufficient condition
for the uniqueness of v ; see also [14], Remarks 5.22.

For a ring R’ € T let K’ denote the field of fractions of R’. For some results in this section
we will need to impose an additional condition on the tree 7: we will assume that there exists
Ry € T such that for all R’ € T(Rp) the field K’ is algebraic over Ky. This assumption is
needed in order to be able to control the height of all the ideals in sight. Without loss of
generality, we may take Ry = R.

PROPOSITION 6.1. Assume that for all R' € T the field K’ is algebraic over K. Consider
a ring homomorphism R’ — R in T. Take an £ € {0,...,r}. We have
ht Hj, < ht Hj,. (6.1)
If equality holds in (6.1) then
ht Hypyy > ht Hy, . (6.2)

Proof. We start by recalling a well known Lemma (for a proof see [18], Appendix 1,
Propositions 2 and 3, p. 326):

LEMMA 6.2. Let R < R’ be an extension of integral domains, essentially of finite type. Let
K and K’ be the respective fields of fractions of R and R’'. Consider prime ideals P C R and
P’ C R’ such that P = P’ N R. Then

ht P’ + tr.deg.(k(P")/k(P)) < ht P+ tr.deg.(K'/K). (6.3)
Moreover, equality holds in (6.3) whenever R is universally catenarian.
Apply the Lemma to the rings R’ and R” and the prime ideals P, C R’ and P/ C R”. In
the case at hand we have tr.deg.(K"/K') = 0 by assumption. Hence

ht P/ < ht Pj. (6.4)
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Since HJ, is a minimal prime of PjR'" and R'! is faithfully flat over R’, we have ht P = ht H},.
Similarly, ht P, =ht HY,, and (6.1) follows. Furthermore, equality in (6.1) is equivalent to
equality in (6.4).

To prove (6.2), let R = (R" ®p R'")prv, where M" = (m”@l—l—l@mR’T) and let m
denote the maximal ideal of R. We have the natural maps R’ "5 R% R The homomorphism
o is nothing but the formal completion of the local ring R; in particular, it is faithfully flat.
Let

H=HY  NR, (6.5)

Ho = HjJ N R. Since H{ is a minimal prime of R"" and o is faithfully flat, Hy is a minimal
prime of R.

Assume that equality holds in (6.1) (and hence also in (6.4)). Since equality holds in (6.4),
by Lemma 6.2 (applied to the ring extenbion R — R”) the field £(P") is algebraic over x(F).

Apply Lemma 6.2 to the ring extension £ = 7 2 and the prime ideals Haern d +-. Since

H’ H),
K" is algebraic over K’, k(Hy) is algebralcoover K(HO) Since k(P") is algebralc over k(P'),

x(H) is algebraic over KJ(H2Z +1)- Finally, R’ is universally catenarian because it is a complete

local ring. Now in the case T =" Lemma 6.2 says that ht H““ = ht L Since both R’ and R
are catenarian, this implies that

ht Hj,,, =ht H. (6.6)

In the case where T stands for henselization or a finite étale extension, (6.6) is an immediate
consequence of (6.5). Thus (6.6) is true in all the cases. Since o is faithfully flat and in view of
(6.5), ht H < ht Hy,, ;. Combined with (6.6), this completes the proof. O

COROLLARY 6.3. For each i, 0 < i < 2r, the quantity ht H] stabilizes for R’ sufficiently far
out in T.

The next Proposition is an immediate consequence of Theorem 5.4.

PROPOSITION 6.4. Suppose given an admissible chain of trees (5.2) of prime ideals of R'".
For each ¢ € {0,...,r — 1}, consider the set of all R' € T such that

ht Hj,y —ht Hy, <1 for all even i (6.7)

R,
2e+1
Hy,R'T,
2Z+l
analytically irreducible). Assume that for each ¢ the set of such R’ is cofinal in T. Let u;r 0410
R,
denote the unique valuation centered at lim I Rff“
R’ 2z+1
Assume that for each even i =2(, v, admits a unique extension Z/ZTO to a valuation of

s
Then specifying the valuation v

and, in case of equality, the 1-dimensional local ring is unibranch (that is,

is equivalent to

~ /
: y .
lim k(H]_,), centered in lim R
H

R P
specifying for each odd i, 2 < i < 2r, an extension ViT of the valuation VZTO of limk(H;_,) to
R/

T always exist). If for each odd i,

its extension field k 1  (in particular, such extensions v!
i—1

2 < i < 2r, the field extension lim k(H]_|) — ki is algebraic and the extension vl of VZTO to
— i—1
R/
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k + is unique then there is a unique extension v of v such that the ﬁ{ are the prime ideals,
i—1

determined by vl
Conversely, assume that K' is algebraic over K and that there exists a unique extension v of
v such that the H| are the prime vl -ideals, determined by vl . Then for each { € {0,...,7r—1}
and for all R sufficiently far out in T the inequality (6.7) holds. For each even i = 2{, v,
. R'T,
admits a unique extension VJO to a valuation of lim K (Hi/—1): centered in lim ﬁ ; we
Y o -1t g

R/

R,
have rk ujo = 1. For each odd i, the ring lim ﬁ is a valuation ring of a (not necessarily
rO A .
discrete) rank 1 valuation. For each odd i, 1 < i < 2r, the field extension lim x(H;_,) — k_+
— i—1

RI
is algebraic and the extension l/;r of VZTO to k + is unique.
i—1

REMARK 10. We do not know of a simple criterion to decide when, given an algebraic
field extension K < L and a valuation v of K, is the extension of v to L unique. See [6], [16]
for more information about this question and an algorithm for arriving at the answer using
MacLane’s key polynomials.

Next we describe three classes of extensions of v to lim R’ T7 which are of particular interest

U

for applications, and which we call minimal, evenly minimal and tight extensions.

DEFINITION 8. Let v/ be an extension of v to lirgl R'" and let the notation be as above. We
R/
say that vl s evenly minimal if whenever ¢ = 2/ is even, the following two conditions hold:

(1)

Ay
Ai—10= gél- (6.8)
_ RT_ _
(2) For an element 3 € Aﬁ;, the v -ideal of ﬁ of value 3, denoted by P%’ . 1s given
by the formula '
PLRT Rt
PL, = |lm e (6.9)
N\ W HLRL | HLER]

We say that v is minimal if H/ = H! for each R’ and each i € {0,...,2r + 1}. We say that

vlois tight if it is evenly minimal and

H=H],, for all even i. (6.10)

7

REMARK 11. (1) The valuation VJO is uniquely determined by conditions (6.8) and (6.9).
Recall also that if { = 2/ is even and we have:

i H!=H] and (6.11)

1{—1 = 1(—1 (6.12)

then VZTO is uniquely determined by vy by Proposition 4.9. In particular, if v is minimal (that
is, if (6.11)~(6.12) hold for all i) then ' is evenly minimal.
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(2) The definition of evenly minimal extensions can be rephrased as follows in terms of
the associated graded algebras of v, and I/JO. First, consider a homomorphism in 7 and the
following diagram, composed of natural homomorphisms:

PLR'L, T

B

P R/T P/T (6' 13)
B+ H B+

’
Pﬁ
’P/

N

A
Qr R =

PL P i
i =ty <(¢ A)(P (H’))) (6.14)

Taking the direct sum in (6.14) over all 3 € ‘ L and passing to the limit on the both sides,

we see that the extension Vj

graded algebras:

is evenly minimal 1f and only if we have the following equality of

R _ . ;
e (hm p/) o x (1) = gy, | lim

EXAMPLES. The extension © of Example 5 (page 16) is minimal, but not tight. The

valuation v admits a unique tight extension 5 o /3 to hm Vi ; the valuation 7 is the composition
R
of the discrete rank 1 valuation 74, centered in llgl R ! with 75 o U3.
R/
The extension 7! of Example 6 (page 16) is minimal. The extension 7(?) is evenly minimal
but not minimal. Neither #(!) nor #(?) is tight. The valuation v admits a unique tight extension

D9 03 to hm A where H] = [y — > ¢;27 |; the valuation ) is the composition of the
= j=1
discrete rank 1 valuation 27, centered in lim R;q, with 05 o U3.
L !
R/

REMARK 12. As of this moment, we do not know of any examples of extensions _ which
are not evenly minimal. Thus, formally, the question of whether every extension ©_ is evenly
minimal is open, though we strongly suspect that counterexamples do exist.

PROPOSITION 6.5. Let ¢ = 2¢ be even and let Z/JO be the extension of vy to lim k(H!_,),

R/
R,

centered at the local ring lim
R/

W defined by (6 9) Then

kf —hm/s( 7). (6.15)
I
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R'T,
Proof. Take two elements z,y € lim ﬁ, such that vl (z) = vl (y). We must show
ROV A
that the image of ¥ in kV-jo belongs to lim k(H!). Without loss of generality, we may assume
R/
i

R,
that x,y € ﬁ Let 8 = V;ro(.’lﬁ) = V;ro(y). Choose R’ € T sufficiently far out in the direct
1R
PoR Gy

system so that z,y € . Let R — R” be the blowing up of the ideal PzR'. Then in

i
H,{, R/T
1"t o H;
Pa R g
I3
HL R

i

we can write

T =az and (6.16)
y = aw, (6.17)

where u;ro(a) =/ and I/JO(Z) = Vjo(w) = 0. Let z be the image of z in x(H!") and similarly for
w. Then the image of % in kuTO equals % € k(H/"), and the result is proved. |

REMARK 13. Theorem 5.4 and the existence of the extension 1/;570 of v, in the case when
~§e = H/, and ﬁéhl = H/, , guaranteed by Theorem 4.6 (2) allow us to give a fairly explicit
description of the totality of minimal extensions as compositions of 2r valuations and, in
particular, to show that they always exist. Indeed, minimal extensions v can be constructed at
will, recursively in i, as follows. Assume that the valuations 1/1r . uj_l are already constructed.
If 4 is odd, let V;r be an arbitrary valuation of the residue field k + of the valuation ring

i—1
R+ . If i =2(is even, let V;ro be the extension of vy to limk(H/_;), centered at the local
i—1 J—

R
R,
. . H! . .
ring lim R whose existence and uniqueness are guaranteed by Theorem 4.6 (2) and
— !
RV H]

Proposition 4.9, respectively. Let 1/;r be an arbitrary extension of VJO to the field k + . It is
i—1

clear that all the minimal extensions v| of v are obtained in this way.
In the next section WeTWﬂl use this remark to show that if Rf = R or RT = R® then v admits
a unique extension to fl—g, which is necessarily minimal.

We end this section by giving some sufficient conditions for the uniqueness of vl

PROPOSITION 6.6. Suppose given an admissible chain of trees (5.2) of prime ideals of R
For each ¢ € {0,...,r — 1}, consider the set of all R’ € T such that

ht ﬁée“ —ht Hy, <1 for all even i (6.18)
/T_
and, in case of equality, the I-dimensional local ring = Rﬁ“l is unibranch (that is,

20+1
analytically irreducible). Assume that for each { the set of such R’ is cofinal in T.
Let v' be an extension of v such that the H| are prime vl -ideals. Assume that v' is evenly
minimal. Then there is at most one such extension v and exactly one such vlif

H!=H] for alli. (6.19)
+

(in the latter case v! is minimal by definition).
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Proof. By Theorem 4.6 (2) and Proposition 4.9, if (6.19) holds then v is minimal and for
each even i the extension v), exists and is unique. Therefore we may assume that in all the
cases v is evenly minimal and that V;ro exists whenever (6.19) holds.

The valuation v' | if it exists, is a composition of 2r valuations: v| = Z/I o V; o0---0 ygr,
subject to the conditions of Theorem 5.4. We prove the uniqueness of vl by induction on
r. Assume the result is true for r — 1. This means that there is at most one evenly minimal
extension v} o} o---ovl of Lyovzo-- 0w, to lim k(H3), and exactly one in the case when

R/
(6.19) holds. To complete the proof of uniqueness of Vi, it is sufficient to show that both VI
and v} are unique and that the residue field of 1} equals lim r(H3).
R/

We start with the uniqueness of VI . If (6.10) holds then 1/;r is the trivial valuation. Suppose,
on the other hand, that equality holds in (6.18). Then the restriction of 1/1r to each R € T
such that the local ring lim 7]}';{ is one-dimensional and unibranch is the unique divisorial

’
0 i/
R Hi

valuation centered in that ring (in particular, its residue field is x(H/)). By the assumed
cofinality of such R’ the valuation 1/1r is unique and its residue field equals lir_{l k(H71). Thus,
R/

regardless of whether or not the inequality in (6.18) is strict, ] is unique and we have the
equality of residue fields

k,; = lim k(HY) (6.20)

R/

This equality implies that V; = V%O. Now, the valuation 1/; = V;O is uniquely determined by the
conditions (6.8) and (6.9), and its residue field is

kg =k, = lim £ (H3). (6.21)
RI

by Proposition 6.5. Furthermore, by Theorem 4.6 exactly one such 1/; exists whenever (6.19)
holds. This proves that there is at most one possibility for ' : the composition of u{r o u;r with

viovlo-- oul  and exactly one if (6.19) holds. O

PROPOSITION 6.7. The extension v is tight if and only if for each R’ in our direct system

the natural graded algebra extension gr,R' — gr + R’ T is scalewise birational.

REMARK 14. Proposition 6.7 allows us to rephrase Conjecture 1 as follows: the valuation
v admits at least one tight extension vl

Proof. (of Proposition 6.7) “If” Assume that for each R’ in our direct system the natural
graded algebra extension gr, R’ — gr R’ T is scalewise birational. Then
rf=T. (6.22)
Together with (5.4) this implies that for each I € {1,...,r + 1} we have Angz = Angl = Ay
t
under the identification (6.22). Then % = (0), so for all odd i the valuation 1/;r is trivial.
2¢

This proves the equality (6.10) in the definition of tight. It remains to show that vl s evenly
minimal. We will prove the even minimality in the form of equality (6.14) for each 3 € Aﬁ? )
The right hand side of (6.14) is trivially contained in the left hand side; we must prove the
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+

7)
opposite inclusion. To do that, take a non-zero element x € P%. By scalewise birationaliy,

B
there exist non-zero elements ¥, z € gr, R, with ord g,ord z € Ag,+such that zy = z. Let y be a
representative of § in R, and similarly for z. Let R — R’ be the local blowing up with respect
to v along the ideal (y, z). Then, in the notation of (6.14), we have

z=1" <(¢' o ) (; ®r 1)) c ! <(¢' oN) (;;’3 Dn K (H))) : (6.23)
+

This proves (6.14). “If” is proved.

“Only if”. Assume that v! is tight (that is, it is evenly minimal and (6.10) holds) and

take R’ € T. Then the valuation vy is trivial for all £, so v| = yg o z/l 0---0 ng We must

show that the graded algebra extension gr,R' — gr i R’ T is scalewise birational. Again, we
i o
VlO---OD;T?é’

use induction on 7. Take an element z € R'T. If v{ () € Ay then in  x € gr hence

by the induction assumption there exists y € R’ with v! (z) € A; and in i (zy) € gr,/%. In
this case, there is nothing more to prove. Thus we may assume that Vi(x)éAl. It remains to
show that there exists y € R’ such that in : (xy) € gr, R’. Since the natural map sending each
element of the ring to its image in the graded algebra behaves well with respect to multiplication
and division, local blowings up induce birational transformations of graded algebras, and it is
enough to find a local blowing up R” € T(R’) and y € R” such that in + (zy) € gr,R".

Now, Proposition 6.5 shows that there exists a local blowing up R’ — R” such that z = az
(6.16), with z € R” and v (a) = y;r’o(a) = 0. The last equality means that v/ (a) € Ay, and the
result follows from the induction assumption, applied to a. |

The argument above also shows the following. Let &7 = v (R’ T\ {O}), take an element
B e @ and let P’E denote the v -ideal of R'" of value 8.

COROLLARY 6.8. Take an element x € 73'13. There exists a local blowing up R' — R/ such
that € v(R")\ {0} and x € PgR”T.

The next Proposition gives a sufficient condition for the uniqueness of vl (this result is due
to Heinzer and Sally [5]).

PROPOSITION 6.9. Assume that K’ is algebraic over K for all R' € T and that the following
conditions hold:

(1) ht Hy <1

(2) ht H{ + rat.ork v =dim R/, where R’ is taken to be sufficiently far out in the direct
system.

Let v be an extension of v to a ring of the form lim RJ,T . Then either
r °
H} = H] or (6.24)
H) = H]. (6.25)

. . . . . rt . . .t
The valuation v admits a unique extension to lim };T' and a unique extension to lim %' The
~5 HY| — 1
R/ R
first extension is minimal and the second is tight.
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Proof. For 1 < /{¢<r,let ry, denote the rational rank of v,. Let v! be an extension of v to

a ring of the form lim %j, where HJ is a tree of prime ideals of R'" such that H} N R’ = (0).

H 0

By Corollary 6.3 ht H| stabilizes for 1 < i < 2r and R’ sufficiently far out in the direct
system. From now on, we will assume that R’ is chosen sufficiently far so that the stable value
of ht H{ is attained. Now, let ¢ = 2¢. The valuation VJO is centered in the local noetherian ring

R'T,
R hence by Abhyankar’s inequality

i—1 g

rat.rk vy, < dim ———— < ht H — ht H!_,. (6.26)
20 H, i—1

Since this inequality is true for all even i, summing over all i we obtain:

dimR = dim R = irjl(ht H! —ht H,_|) > ht H| +Z§le(ht Hj, — ht Hy, ) >
> ht B+ Y ratork vl > bt H| + 3 ro = ht H} + rat.rk v = dim R.
= ! (6.27)
Hence all the inequalities in (6.26) and (6.27) are equalities. In particular, we have
ht H| = ht H};
combined with Proposition 5.3 this shows that
H| = H]. (6.28)

Together with the hypothesis (1) of the Proposition, this already proves that at least one of
(6.24)—(6.25) holds. Furthermore, equalities in (6.26) and (6.27) prove that

ht H = ht H]_,

for all odd ¢ > 1, so that

H/=H] ,  wheneveri>11isodd (6.29)

and that
r; =ht H — ht H|_, (6.30)
whenever 7 is even.

Now, consider the special case when H]= H! for i >1 and H} is as in (6.24)—(6.25).
According to Proposition 4.9 for each even i = 2¢ there exists a unique extension v, of v

R'T,
to a valuation of lim xk(H/_,), centered in the local ring lim H/sz . Moreover, we have
— — Haop_1
RI ’
k”;e.,o = lim k(Hby) (6.31)

R/

by Remark 9. By Theorem 5.4, there exists an extension v of v to lim g,f such that the {fIZ/ }
w
as above is the chain of trees of prime ideals, determined by vl . In particular, (6.29) and (6.30)
hold with H] replaced by H]. 3
Now (6.30) and Proposition 5.3 imply that for any extension v we have H! = H] for i >0,
so that the special case above is, in fact, the only case possible. Furthermore, by (6.29) we have

Hj, = Hj, for all £ € {1,...,r}. This implies that for all such ¢ the valuation V;f£+1,0 is the



EXTENDING A VALUATION TO THE FORMAL COMPLETION  Page 37 of 54

trivial valuation of llrg k(Hb,); in particular,
R/
— tim k() (6.32)

12
20+41,0 =

forall £ € {1,...,r —1}.
If H) = H}, = Hj then the only possibility for v}, = 1/ is the trivial valuation of lim £ (H1);
RI
we have
iy =hyp = lims(HY). (6.33)

R’

If H) = H} then by the hypothesis (1) of the Proposition and the excellence of R the ring
R'T,
ﬁ is a regular one-dimensional local ring (in particular, unibranch), hence the valuation

0 Hi

al
VI = I/IO centered at lim ﬁ is unique and (6.33) holds also in this case.
RO a

By induction on ¢, it follows from (6.31), (6.32), the uniqueness of 1/;@ o and the triviality of

1/;@ 41,0 for £>1 that vl is uniquely determined for all i and ky;r = lim £(HJ). This proves that
R/

in both cases (6.24) and (6.25) the valuation v' = vf o-.. 0] is unique. The last statement
of the Proposition is immediate from definitions. |

A related necessary condition for the uniqueness of v will be proved in §9.

7. Extending a valuation centered in an excellent local domain to its henselization.

Let R denote the henselization of R, as above. The completion homomorphism R — R factors
through the henselization: R — R — R. In this section, we will show that H; is a minimal prime
of R, that v extends uniquely to a valuation 7_ of rank r centered at I%, and that H; is the

unique prime ideal P of R such that v extends to a valuation of %. Furthermore, we will prove
that Hop4q is a minimal prime of PZR for all ¢ and that these are precisely the prime r-ideals
of R.

Studying the implicit prime ideals of R and the extension of v to R is a logical intermediate
step before attacking the formal completion, for the following reason. As we will show in the
next section, if R is already henselian in (3.4) then Pj A}féul N R =PgR for all § and R’ and

thus we have Hopr1 = () (’P@R).
BEA,
We state the main result of this section. In the case when R¢ is an étale extension of R,

contained in R, we use (3.6) with Rt = R® as our definition of the implicit prime ideals.

THEOREM 7.1. Let R® be a local étale extension of R, contained in R. Then:

(1) The ideal Hygyq is prime for 0 <1 < r; it is a minimal prime of P;R¢. In particular, H;
is a minimal prime of R®. We have Hoy = Hopq1 for 0 <1 <.

(2) The ideal Hy is the unique prime P of R® such that there exists an extension v¢ of v to
R?f; the extension v¢ is unique. The graded algebra gr,,. g—i is scalewise birational to gr, R; in
particular, vk v¢ =r.

(3) The ideals Hypyq are precisely the prime v¢ -ideals of R®.
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Proof. By assumption, the ring R° is a direct limit of local, strict étale extensions of R
which are essentially of finite type. All the assertions (1)—(3) behave well under taking direct
limits, so it is sufficient to prove the Theorem in the case when R° is essentially of finite type
over R. From now on, we will restrict attention to this case.

The next step is to describe explicitly those local blowings up R — R’ for which R’ is /-
stable. Their interest to us is that, according to Proposition 4.2, if R’ is ¢-stable then for all
R" e T(R)

Ps(R" ®p R°) N R® = PgR; (7.1)

in particular, the limit in (3.6) is attained, that is, we have the equality

Happq = n ((Plﬁ (R°®@r R'))p) ﬂRe) : (72)

BEA,

LEMMA 7.2. Let P% — T be a finitely generated extension of , contained in H Let

q=
my

There exists a v-extension R — R’ of R such that % =Tq.
£

Proof. WriteT = [al, ..., ax], with@; € %, that is, vp41 (@;) > 0, 1 < i < k. We can lift
the @; to elements a; m R such that v (a;) > 0. Let us consider the ring R’ = Raq, .. ak] C
R, and its localization R' = R]| .. The ideal P; is the kernel of the natural map R ;’;
Thus both % and Ty are equal to the & +, -subalgebra of I%, obtained by adjoining @y, ..., ax

to g inside == and then localizing at the preimage of the ideal 2z. This proves the Lemma.
1 my my

O

Let us now go back to our étale extension R — R°.

LEMMA 7.3. Fix an integer | € {0,...,r}. There exists a local blowing up R — R’ along v
having the following property: let P, denote the {-th prime v-ideal of R'. Then the ring % is
4

analytically irreducible; in particular, % ®p R is an integral domain.
14

REMARK 15. We are not claiming that there exists R’ € T such that g, is analytically
irreducible for all ¢ (and we do not know how to prove such a claim), only that for each /¢
there exists an R’, which may depend on ¢, such that /, is analytically irreducible. On the
other hand, below we will prove that there exists an /- stable R’ € T. According to Definition
5 (2) and Proposition 4.1, such a stable R’ has the property that x(P)) ®g (R” ®r R°) n
is a domain for all R” € T(R'). For a given R”, this property is weaker than the analytic
irreducibility of R”/P}’. The latter is equivalent to saying that x(P)') ®g (R" ®r RF)pn is a
domain for every local étale extension Rf of R

Proof. (of Lemma 7.3) Since R is an excellent local ring, every homomorphic image of
R is Nagata [10] (Theorems 72 (31.H), 76 (33.D) and 78 (33.H)). Let = : g — S be the

normalization of . Then S is a finitely generated —-algebra contained in ; to which we

can apply Lemma 7 2. We obtain a v-extension R — R’ such that the ring P, = PRII{, is a
localization of S at a prime ideal, hence it is an excellent normal local ring. In partlcular it is
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analytically irreducible ([11], Theorem (43.20), p. 187 and Corollary (44.3), p. 189), as desired.
U

Next, we fix £ € {0,...,7} and study the ring (77)~'(k(P)) ®r R°), in particular, the
structure of the set of its zero divisors, as R’ runs over T(R) (here T” is as in Remark 6).
Since R¢ is separable algebraic, essentially of finite type over R, the ring (77)~!(x(P)) @r R%)
is finite over k(P;); this ring is reduced, but it may contain zero divisors. In fact, it is a direct
product of fields which are finite separable extensions of k(F;) because R is separable and
essentially of finite type over R.

Consider a chain R — R' — R" of v-extensions in 7. Let

K(P) ®r R® = H K; (7.3)
()"} (5 (P}) ®r R°) H K] (7.4)
(1)~ (ke (P @r B) = [ K7 (7.5)

be the corresponding decompositions as products of finite field extensions of k(P;) (resp. k(F}),
resp. £(P))). We want to compare (1")~! (k (P)) @ R®) with (T")~! (k (P}') ®r R®).

REMARK 16. The ring x (P)) ®g R is itself a direct product of finite extensions of  (P);
say k (P;) = [[ K for a certain set S. In this situation, localization is the same thing as the
jes
natural projejction to the product of the K over a certain subset {1,...,n} of S’. Thus the
passage from (T”)7! (k (P)) ®g R®) to (T")~! (k (P}') ®r R°) can be viewed as follows: first,
tensor each K with x (P}’) over x (P}); then, in the resulting direct product of fields, remove
a certain number of factors.

Let K7,..., K., be the distinct isomorphism classes of finite extensions of x (P;) appearing
among Ki,..., K/, arranged in such a way that [K; PR (Plf)] is non-increasing with j, and

similarly for K, ... K/

e

LEMMA 7.4. We have the inequality

([I_(i' : K(Pél)] e [I_(g,, : H(Pél)] ,n”) < ([I_({ : /@(Pé)] e [I_(}l, : /{(Pg/)] ,n’) (7.6)

in the lexicographical ordering. Furthermore, either R’ is {-stable or there exists R” € T such
that strict inequality holds in (7.6).

Proof. Fix a g€ {1,...,7'} and consider the tensor product K} ®g  (P}). Since K is
separable over & (P)), the rmg K, ®rk(P))= 11 Kjis a product of fields. Moreover, two
jesy

cases are possible: )
(a) there exists a non-trivial extension L of  (P;) which embeds both into x (P;') and K.
In this case

(K :k(P))] < [K):x(P)] foralljes). (7.7)
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b) there is no field extension L as in (a). In this case K/ ®p & (P}') is a field, so
( q L
#S; =1 (7.8)
and
(K} :k(P))] = [K,:r(P;)] forjels). (7.9)

Now, if there exists ¢ € {1,...,7'} for which (a) holds, take the smallest such ¢g. Then (7.7)—(7.9)
imply that strict inequality holds in (7.6). On the other hand, if (b) holds for all ¢ € {1,...,7’}
then (7.8) and (7.9) imply that

(BT w (PO)] s (K s m (B]) = ([K7 2w (B)] - [ m (PY)]) (7.10)

and n” <n’, so again (7.6) holds.

Finally, assume that R’ is not -stable. If there exists R € T and q € {1,...,n'} for which
(a) holds, then by the above we have strict inequality in (7.6) and there is nothing more to
prove. Assume there are no such R” and ¢. Then (T")~!(x(P)) @ R®) is not a domain, so
n' > 1.

Take R"” € T(R') such that (g—x ®R Re> is an integral domain; such an R’ exists by

1 M
Lemma 7.3. Then n” =1 < n’/, as desired. O

COROLLARY 7.5. There exists a stable R’ € T. The limit in (3.6) is attained for this R'.

Proof. 1In view of Proposition 4.1, it is sufficient to prove that there exists R’ € 7 which
which is £-stable for all £ € {0,1,...,r}. First, we fix £ € {0,1,...,7}. Lemma 7.4 implies that
there exists R’ € T(R) which is ¢-stable.

By Proposition 4.1, repeating the procedure above for each ¢ we can successively enlarge R’
in such a way that it becomes stable.

The last statement follows from Proposition 4.2. ]

We are now in the position to prove Theorem 7.1.

By Theorem 4.6 (1), Has—1 is prime. By Proposition 3.1, Hopy1 maps to P, under the map
¢ : Spec R® — Spec R. Since this map is étale, its fibers are zero-dimensional, which shows
that Hopyq is a minimal prime of P,. This proves (1) of Theorem 7.1.

By Proposition 5.3, for 0 < i < 2r, H; is a prime ideal of R¢, containing H;. Since the fibers of
¢ are zero-dimensional, we must have f{i = H;, so f{y = ﬁze“ = Hop= Hopy1 for 0 <2 <.
In particular, Hy = H,. This shows that the unique prime Hy of R¢ such that there exists an
extension v¢ of v to &= is Hy = H;. Now (2) of the Theorem is given by Proposition 6.6.

(3) of Theorem 7.1 is now immediate. This completes the proof of Theorem 7.1. U

We note the following corollary of the proof of (2) of Theorem 7.1 and Corollary 6.8. Let
¢ = e (R°\ {0}), take an element 8 € ®¢ and let P§ denote the v¢-ideal of R® of value 3.

COROLLARY 7.6. Take an element x € P§. There exists a local blowing up R — R’ such
that 3 € v(R')\ {0} and x € PyR'".

8. The Main Theorem: the primality of implicit ideals.

In this section we study the ideals H; for R instead of R. The main result of this section is
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THEOREM 8.1. The ideal Hoy_1 is prime.

Proof. For the purposes of this proof, let Hoy_1 denote the implicit ideals of R and Hoyp_;
the implicit prime ideals of the henselization R of R.

Let S be a local domain. By [11] (Theorem (43.20), p. 187) there exists bijective maps
between the set of minimal prime ideals of the henselization S and the maximal ideals of
the normalization S™. If, in addition, S is excellent, the two above sets also admit a natural
bijection to the set of minimal primes of $ [11] (Corollary (44.3), p. 189). If S is a henselian
local domain, its only minimal prime is the (0) ideal, hence by the above the same is true of
S. Thus S is also a domain.

This shows that any excellent henselian local domain is analytically irreducible, hence

Hyy 1R is prime for all £ € {1,...,r +1}. Let 7_ denote the unique extension of v to H£7
1

constructed in the previous section. Let H3, ; C ﬁﬂ denote the implicit ideals associated to
1

the henselian ring HE and the valuation v_.
1

i * _ Haea
Claim. We have H}, | = o

Proof of the claim: For g € T', let 155 denote the v_-ideal of 51 of value . For all 8, we have
g‘i C ]55, and the same inclusion holds for all the local blowings up of R, hence Hgl‘l C H3,_;.

To prove the opposite inclusion, we may replace R by a finitely generated strict étale extension
R of R. Now let ®¢ =v° (R°\ {0}) and take an element 5 € ®¢ N Ay_;. By Corollary 7.6,
there exists a local blowing up R — R’ such that x € PéR’e. Letting 8 vary over ®¢ N A,_q,

. . . Hop_
we obtain that if x € Hj, , then z € 125;1 L

, as desired. This completes the proof of the claim.
R
H,
other words, we may assume that R is a henselian domain and, in particular, that R is also a
domain. Similarly, the ring P% Qr R P% is a domain, hence so is its localization k(P;) ®p R.

Since R is a henselian excellent ring, it is algebraically closed in R ([11], Corollary (44.3),
p. 189 and Corollary the Appendix.4 of the Appendix); of course, the same holds for P% for all
(. Then (P,) is algebraically closed in (P;) ®g R. This shows that the ring R is stable. Now
the Theorem follows from Theorem 4.6. This completes the proof of Theorem 8.1. |

The Claim shows that replacing R by

in Theorem 8.1 does not change the problem. In

9. Towards a proof of Conjecture 1, assuming local uniformization in lower dimension

Let the notation be as in the previous sections. In this section, we assume that the Local
Uniformization Theorem holds and propose an approach to proving Conjecture 1. We prove
a Corollary of Conjecture 1 which gives a sufficient condition for #_ to be unique, which also
turns out to be necessary under the additional assumption that 7_ is minimal. We will assume
that all the R’ € T are birational to each other, so that all the fraction fields K/ = K and the
homomorphisms R’ — R’ are local blowings up with respect to v. Finally, we assume that R
contains a field k¢ and a local ky-subalgebra .S essentailly of finite type, over which R is strictly
étale. In particular, all the rings in sight are equicharacteristic.

First, we state the Local Uniformization Theorem in the precise form in which we are going
to use it.

DEFINITION 9. We say that the embedded Local Uniformization theorem holds in
T if the following conditions are satisfied.
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Take an integer te{l,...,r— 1} Let pigq1 := vey10vpq2 0+ o v, Consider a tree { H'} of
prime ideals of £ Pr such that H’ P, = (0) and a tight extension fizg4o of prg41 to 11&11 %.

R/
(1) There exists a local blowing up 7 : R — R’ in T, which induces an isomorphism at the
center of vy, such that & 7 is a regular local ring.

(2) Assume that R/ is a regular local ring. Then there exists in 7 a sequence 7 : R — R’ of

local blowings up along non-singular centers not containing the center of v; such that ﬁ/, is a
regular local ring.

It is well known ([1], [9], [17]) that the embedded Local Uniformization theorem holds if R
is an excellent local domain such that either char k=0 or dim R < 3 (to be precise, (1) of
Definition 9 is well known and (2) is an easy consequence of known results). While the Local
Uniformization theorem in full generality is still an open problem, it is widely believed to hold
for arbitrary quasi-excellent local domains. Proving this is an active field of current research
in algebraic geometry. Proving local uniformization for rings of arbitrary characteristic is one
of the intended applications of Conjecture 1. Note that in Definition 9 we require only local
uniformization of rings of dimension strictly less than dim R; the idea is to use induction on
dim R to prove local uniformization of rings of dimension dim R.

We begin by stating a strengthening of Conjecture 1 (using Remark 14):

CONJECTURE 2. The valuation v admits at least one tight extension »_. This tight
extension U_ can be chosen to have the following additional property: for rings R’ sufficiently

) = v(R'\ {0}) and for

far in the tree 7 we have the equality of semigroups U_

B € v(R \{0}) the v_-ideal of value 8 is =2—. In partlcular we have the equality of graded
O
R/
algebras gr, R = gr, e
Below, we give an explicit construction of a valuation U_ whose existence is asserted in the
Conjecture by describing the trees of ideals H/, 0 < i < 2r and, for each i, a valuations ; of
the residue field k,,_,, such that 7_ =1, o. Z/QT More precisely, for ¢ € {0, . 1}, we will

construct, recurswely in the descending order of £, a tree Jj, , of prime 1deals of I, R eT,
such that Jy, NnE& Pz = (0), and an extension figg+2 of pet1 to 111_{1 ﬁ;R”
will be our candidate for the desired tight extension v_ of 3 = 11%. Unfortunately, two steps in
this construction still remain conjectural, namely, proving that fiz¢42 is, indeed, a valuation,
and that it is tight (this is essentially the content of Conjectures 3 and 4 below). Once these
conjectures are proved, our recursive construction will be complete and Conjecture 2 will follow
by setting U_ = jio.

Let us now describe the construction in detail. According to Corollary 6.3, we may assume
that ht H] is constant for each i after replacing R by some other ring sufficiently far in 7.
From now on, we will make this assumption without always stating it explicitly.

By (1) of Definition 9, applied successively to the trees of ideals

the Valuatlon 12

P,CR, (e{l,....,r—1},

there exists R” € T such that £ P/, isregular for all £ € {1,...,r — 1}. Without loss of generality,

we may also assume that R” is ‘stable.
For ¢ e {l,...,r—1} and R” € T, let T¢(R") denote the subtree of T, consisting of all the
local blowings up of R” along ideals not contained in P, (such local blowings up induce an
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isomorphism at the point P;’ € Spec R”). Below, we will sometimes work with trees of rings
and ideals indexed by T¢(R") for suitable £ and R” (instead of trees indexed by all of T); the
precise tree with which we are working will be specified in each case.

For £=r—1, we define Jj,_, := Hj,_, and fis, := D, 0; according to Proposition 4.9,

Dar0 = D2y is the unique extension of v, to hm ﬁ.
2r—1
Next, assume that £ € {1,...,r — 1}, that the tree J;, | of prime ideals of H, N and a tlght

extension figpyo of fpyq to lir_r} 3 are already constructed for R € 7 and that J%Jrl N ? =
R/

2041

(0). It remains to construct the ideals J}, , C # and a tight extension figy of g to
hm for ReT.

We Wﬂl assume, inductively, that for all R’ € T the quantity ht Jj,, , is constant and the
following conditions hold:

(1) We have the equality of semigroups fiog+o ( \ {0 }) = ot (i: \ {O})
(2) For all 8 € ppy1 (P, \ {O}) the figeqo-ideal of J, of value 3 is the extension to J,R

2041

of the jip41-ideal of £ 7 > of value B.

: : R~ R
(3) In particular, we have a canonical isomorphism grj,, 27y, 9T e By of graded
algebras.

By (2) of Deﬁmtlon 9 applied to the prime ideals .J3, | C —*=, there exists R’ € T such that

H/ R/ )
both R, and 7— are regular. The fact that £ 7 is regular implies that so is =< P . In particular,
2@+ 4

R g g domain, so Hj, = PZR’ Take a regular system of parameters

PR
u' = (uy,... up,,)
of %. Let k' denote the common residue field of R’, PZI and %. Fix an isomorphism
% =~ k/[[@']]. Renumbering the variables, if necessary, we may assume that there exiéts
se € {1,...,ng} such that u},...,u;, are k'-linearly independent modulo (m” + JQHI)%.
‘SNi}IllgfeJ;Zl is regular, the ideal Jj,, , is generated by a set of the form v’ = (vg,,4,...,7;,),
vy =) — ¢j(uh, ... ul,), oj(uy,. .. aul,) € K[y, . .. al,]].

Let w" = (w},...,w,,) = (4},...,u;,). Let 2’ be a minimal set of generators of P,‘ . Let k|

be a quasi-coefficient field of R’ (that is, a subfield of R’ over which £’ is formally etale such
a quasi-coefficient field exists by [10], moreover, since R’ is algebraic over a finite type algebra
over a field by hypotheses, k' is finite over ko) By the hypotheses on R and since g, is a
, £
regular local ring and @’ is a minimal set of generators of its maximal ideal %, there exists an
14
ideal I C kj[2'] such that PI,%, is an étale extension of w By assumptions, we have
—1
ht P,_, < ht Pj,s0 0 < ht P;— ht P;_, = ht(z") — ht I, in other words,
ht I < ht(2"). (9.1)

Next, we prove two general lemmas about ring extensions.

NoTATION. Let kg be a field and (S,m,k) a local noetherian kg-algebra. For a field
extension
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such that k ®j, L is a domain, let S(L) denote the localization of the ring S ®, L at the prime
ideal m(S ®g, L).

LEMMA 9.1. Let ko, (S,m, k) and L be as above. The ring S(L) is noetherian.

Proof. 1If the field extension (9.2) is finitely generated, the Lemma is obvious. In the general
case, write L = 11_1)11 L; as a direct limit of its finitely generated subextensions. For each L;,

let k; denote the Zresidue field of S(L;); k; is nothing but the field of fractions of k ®g, L;.
Write S = @, where x is a set of generators of m and H a certain ideal of k[[x]]. Then

S/(IT-) =~ ;IZ[[[“[”EH Given two finitely generated extensions L; C L; of kg, contained in L, we

have a commutative diagram

S(Ly) = S(Ly) = ;;i][[[gfy]]
Vi T o T ¢ij
S(L) B S(L) = 4k

where ¢;; is the map induced by the natural inclusion k; < k; and the identity map of x to
itself. Let koo = lim k;. Then, for each ¢, we have the obvious faithfully flat map p; : S (L;) —

K3
;,j"“f’fg]ﬂ]”, defined by the natural inclusion k; — k., and the identity map of x to itself; the

maps p; commute with the ¢;;. Thus, we have constructed a faithfully flat map p; o m; from
each element of the direct system S(L;) to the fixed noetherian ring ;?[[[gfg]g]]]; moreover, the
maps p; o m; are compatible with the homomorphisms ;; of the direct system. This implies

that the ring S(L) = lim S(L;) is noetherian. O

LEMMA 9.2. Let (S,m, k) be a local noetherian ring. Let ¢t be an arbitrary collection of
independent variables. Consider the rings S[t] and S(t) := S[t],sp)- Let I be an ideal of S.
Then

IS(t) N S[t] = IS]t). (9.3)

Proof. First, assume the collection ¢ consists of a single variable. Consider elements f,g €
S|t] such that

femsl] (9.4)
and

fg € IS[t]. (9.5)
Proving the equation (9.3) amounts to proving that

g € ISt]. (9.6)

We prove (9.6) by contradiction. Assume that g&IS[t]. Then there exists n € N such that
g (I +m™)S[t]. Take the smallest such n, so that

g€ (I +m" ) S\ (I +m")S[]. (9.7)
Write f = i a;t/ and g = i bjti. Let
§=0 3=0
lo:=max{j €{0,...,1} | b;dl +m"} and (9.8)
g0+ = max{j € {0,...,q} | a;gm}. (9.9)
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Let ¢j,44, denote the (Ip + go)-th coefficient of fg. We have

Clo+qo = Z aibj = aqg,bi, + Z aibj + Z aib;.
i-+j=lo+qo i+3j=1o+q i+7=1Ilo+qo
i>qo Jj>lo

By definition of ly and go and (9.7) we have:
agobi, € I +m"™ and (9.10)

Z (Libj + Z (Libj el+m". (911)
i+j=1lo+qo i+j=1lo+qo
1> qo J>lo

Hence ¢y 44,941 +m"™, which contradicts (9.5). This completes the proof of Lemma 9.2 in the
case when ¢ is a single variable. The case of a general t now follows by transfinite induction on
the collection t. U

LEMMA 9.3. There exist sets of representatives

u' = (uy,... up,,)
of @' and ¢; of Q_Sj, S¢ < J <ny,in ﬁ, having the following properties. Let
20—
w = (wy,...,w,,) = (u17...7u'sg), (9.12)
U/ = (U;[+1’ o 'U ) - ( sﬁ-l - ¢Se+lv s 7u’/I’Lg - ¢nz)' (913)
! HéZ*l /!
Let Jy v = g7, + (V') C Hg,z - Then
/
w' C —— (9.14)
Py
and
R/
Jo01 N 55— P (0). (9.15)
-1

Proof.  (of Lemma 9.3) There is no problem choosing w’ to satisfy (9.14).

As for (9.15), we first prove the Lemma under the assumption that k is countable. We
choose the representatives v’ arbitrarily and let ¢;(u') € k[[u']] denote the formal power series
obtained by substituting u’ for u’ 1n (b] Any representative qu of qu, s¢ < j < ny has the form
05 = 0y(u/) + hy with h; € () -
j. Take j € {sg+1,...,n¢}. Assume that h

. h]_1 are already defined and that

seq1re
R/
’ / o
(Vgyq1s- -+, V5-1) N P (0), (9.16)
—1
where we view PI/?’ as a subring of 7. Since the ring P, is countable, there are countably
1 — —1
R’ ("R’ . ..
many ideals in not contained in which are minimal
y Hy,_1+(v] sp+10 —1)’ Hy,_ 1+(”5Z+17'"v i—1)’

R/
Hée—1+(véz+1*"'vvlf
us denote these ideals by {I,},en; we have

Let

primes of ideals of the form ( f ) 3 where f is a non-zero element of

P/1

ht I, =1 forall ¢ € N. (9.17)
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We note that
(ZI)R/
H, |+ (v;Hl, .. .,v;;l)

¢ I, forallgeN. (9.18)

Indeed, by (9.1) and (9.16) we have ht oo +((vz pid 5 = 1. In view of (9.17), containment
1 spH10 ] 1

in (9.18) would imply equality, which contradicts the definition of .
Since Hj,_; G Hy, and Jy, | & H,R we have

R/ m/R/
dim > (ht H)y, — ht Hb, ;) + ht —(j—s—-1)>
Hy, |+ (U‘;Hp-naU;—q) 2t 21 Héz
m'R’
!
(ht Hjy, — ht Hby_ 1) + ht —— 7 —ht Jyp 1 +12>3. (9.19)
2¢
Let u; denote t}}e image of u}; — $;(u') in T, 1+(Uf;17 STt Next, we construct an element
h (R
h; € L T such that
iy —h;d | J I (9.20)
q=1

R/
Hj, 1+(”55+17"'* - 1)’
convergent in the m'-adic topology, which we will now construct recursively in ¢. Put h]() =
0. Assume that ¢ > 0, that hjo,...,h;,—1 are already defined and that for ¢ € {1,...,¢ —1}

_ q q q—1 _ t—1
we have u; — ¢;(u') — lz% hjlgi/lU1 I; and hj, € ()N (lﬂl Il>. If u — ¢;(u') — ZX% hji1¢1;, put

- t—1 t—1
hje = 0. If u} — ¢;(uw') — > hji € Iy, let hj be any element of (2')[) <ﬂ IZ> \ I; (such an
1=0 =1

The element h; will be given as the sum of an infinite series Z Rl in (2')

element exists because I; is prime, in view of (9.18)). This completes the definition of izj. Let

R/
H . .

h;j be an arbitrary representative of h; in
2£-2

We claim that
Rl

=) (9.21)

(Hée_l + (’U;g-‘rl? ey U;)) N
Indeed, suppose the above intersection contained a non-zero element f. Then any minimal

prime I of the ideal (v )H,[ e AT is also a minimal prime of (f)

Since v;¢ z7— 1+(szse)ﬁ ''''' 7 we have I ¢ il
Then v; € I, which contradicts (9.20).
Carrying out the above construction for all j € {s,+1,...,n¢} produces the elements ¢;
required in the Lemma. This completes the proof of Lemma 9.3 in the case when k is countable.
Next, assume that k is uncountable. Let u’ be chosen as above.
By assumption, PI,%/ contains a kg-subalgebra S essentially of finite type, over which P,
is strictly étale. Take a countable subfield Ly C kg such that the algebra S is defined already
over Ly (this means that S has the form

S = (81 @, ko)m (S;01, ko)s (9.22)

where (S7,m,k7) is a local Li-algebra essentially of finite type). Next, let Ly C Ly C ... be
an increasing chain of ﬁnitely generated field extensions of Lp, contained in kg, having the

following property. Let (Sy,my, k;) denote the localization of S} ®y; L, at the maximal ideal

R’
Hy, 1+(U5£+17 7171)

R
S e L Hence [ = 1, for some g € N.
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m} (5] @k, Lq). We require that
= U K,
q=1

contain all the coefficients of all the formal power series ¢s,41,-..,¢,, and such that the

ideal g%j‘l is generated by elements of M[[u’]], where I, is the kernel of the natural
2£—-2 oo

homomorphism k7 [[']] — H, - Let Hy 4 o= % N M[[u’}] We have constructed
20—2 e
an increasing chain S C Sy C ... of local L;-algebras essentially of finite type such that k;
oo
is the residue field of Sj. Then S’ := |J S; is a local noetherian ring whose completion
q=1
is ( Pé71ﬁ§£3éi][][z/,ul]]. Let m/, denote the maximal ideal of S’_. The abcive argumeint in
the countable case shows that there exist representatives ¢s,y1,...,¢n, of ¢s,11,...,¢n, in
Hgésﬁ such that, defining v = (v{,,4,...,v,,) as in (9.13), we have
(') + Hyy_y o) NS, = (0). (9.23)

oo
Let Loo = U L, and let ¢ denote a transcendence base of kg over Lo,. Let the notation be as

q=1
in Lemma 9.1 with kg replaced by L.,. For example, S/ (Lo (t)) will denote the localization
of the ring S, ®1_. Loo(t) at the prime ideal ideal m/ (S’ ®r.. Loo(t)).
By (9.23),

(") + Hap1 00) S5[t] N S [t] = (0)- (9.24)
Now Lemma 9.2 and the fact that S/_[t] is a domain imply that
(V') + Hap1,0) S (Loo () N S (Loo (1) = (0). (9.25)

L) is finite over S’ (Loo(t)).
we have

Next, let 1~L~be a finite extension of Lo (t), contained in ko; then S7 (
Since S7 (L) is faithfully flat over S’ (Loo(t)) and in view of (9.25),

)
() + Hae—s o0) S(£) 185 (E)) 1 S (Lao () = (0).
Hence ht (( "+ H), Oo) S/ (L)n S’ (L) = 0. Since S’ (L) is a domain, this implies that

(V") + Hap1 00) S5 (L) N S5(L) = (0). (9-26)

Since kg is algebraic over Lo (t), it is the limit of the direct system of all the finite extensions
of Loo(t) contained in it. We pass to the limit in (9.26). By (9.22), we have S = S/_(ko); we

also note that S = Iz
2 A ~ A
Since the natural maps S._(L) — S’ (ko) are all faithfully flat, we obtain

(V) + Hhy_y o) Sho (ko) NS = (0). (9.27)
Since S = - is also the formal completion of §’_(ko), it is faithfully flat over S’_ (ko). Hence
2[

. R .
301N 8l (ko) = ((v') + Hayy,00) 57— 0 Sl (bo) = () + Hipoy o) Sio (ko). (9.28)
20-2
Combining this with (9.27), we obtain
Joe_1 NS = (0). (9.29)

Thus the ideal J5, ;N P, contracts to (0) in S. Since P}?/ is étale over S, this implies the
—1 1

desired equality (9.15). ThlS completes the proof of Lemma 9.3. |
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!
Since —f— is a complete regular local ring and (w’,v’) is a set of representatives of a
HL R

(not necessarily regular) such that % = R)[[w’,v']]. Consider the ring homomorphism
24—1
Ry[w', v = Ry[[w], (9-30)

obtained by taking the quotient modulo (v'). By (9.30), the quotient of H, by Jby_y is the
integral domain Rj[[w']], hence J}, , is prime.

ponsider a local blowing up R’ — R/ "in T. Because of the stability assumption on R, the ring
% ®r k(P 1) is finite over H, - QR K(P_;); hence the ring lim (H” . k(P]" 1))

R'ET
integral over H, ® r £(P/_;). In particular, there exists a prime ideal in
. R//
lan (H// ®R ”(Pl 1)) )
R"ET 20-2

lying over J5, H, ® r K(P/_y). Pick and fix one such prime ideal. Intersecting this ideal

with H,/ for each R” € T, we obtain a tree JJ,_, of prime ideals of H,/ , R e 'T

20—-2 2

Our next task is to define the restriction of the Valuatlon flo¢ to the ring J, . By the
-1

induction assumption, figsyo is already defined on lim —*— . For all stable R” € T we have
wer T
D1 R//

. . R ~ R . . .
the isomorphism gr,, w277 = I e By of graded algebras (in particular, grp,, N
17
scalewise birational to gr,, +1% for any R” € T and [igrro has the same value group A, as
4

£+1)-
li+De)ﬁne the prime ideals HY, , = Hy, 1 to be equal to the preimage of J3,_, in R" and

90 = H3y, the preimage of Jj, , in R". By definition of tlght extenblons the valuation
Dop4+1 must be trivial. It remains to describe the valuation fisy on J;’ , R e T. We will first
define 75y and then put figy = Dap 0 figpyo.

By definition of tight extensions, the value group of jigy must be equal to Ay_; and g}at of

Do to ’ L For a positive element 3 € A’ L define the candidate for Dgp-ideal of ﬁ
2e-1"ay,
of value 6 , denoted by Pﬁé, by the formula
P//R//
A H//
gf = Foll no (9'31)
20— 1RH//

CoONJECTURE 3. The elements ¢; of Lemma 9.3 can be chosen in such a way that the
following condition holds. For each positive element € 2=1 and each tree morphism R’ — R”
in 7, we have

CONJECTURE 4. The elements ¢; of Lemma 9.3 can be chosen in such a way that

N (P;; + f{éz,l) R%Iée C Hj, ;. (9.32)
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For the rest of this section assume that Conjectures 3 and 4 are true.
For all § € (A‘ 1) , we have the natural isomorphism
+

! D/
Ag ;D,B e, (Hyp) — ?
P+

of m(f[ée)—vector spaces. The following fact is an easy consequences of Conjecture 3:

COROLLARY 9.4. (conditional on Conjecture 3) If the elements ¢; of Lemma 9.3 can
be chosen as in Conjecture 3 then the graded algebra

- ’]5’,

P ] [a¥) ﬁ

&ry, Pé (R ®K( 1) H(Héé) = @ B
Be(S5t), °F

12

is an integral domain.

Ry, .
For a non-zero element = € H,H” , let Valp(z) = {6 €y ( \ {0}) ‘ T € Plﬁl}' We define

20—1
D¢ by the formula

Doe(2) = max Valy(x). (9.33)
Since vy is a rank 1 valuation, centered in a local noetherian domain PI,% the semigroup
1

vy ( \{0}) has order type N, so by (9.32) the set Valy(z) contains a maximal element.

This proves that the valuation Doy is well defined by the formula (9.33), and that we have a
natural isomorphism of graded algebras

P/ -~ RI:'I/

! £
Wpéli ®u(py_,) K(Hae) = g1y, Hé;l-

Since the above construction is valid for all R € T, D5y extends naturally to a valuation centered

in the ring 11m ﬁ (by abuse of notation, this extension will also be denoted by o).
R A
The extension fizs of py to 11131 ﬁ,,R = is defined by fiop = Doy 0 figgya-
RreT(R) 71
This completes the proof of Conjecture 2 (assuming Conjectures 3 and 4) by descending
induction on 4. 0

The next Corollary of Conjecture 2 gives necessary conditions for 7_ to be uniquely
determined by v; it also shows that the same conditions are sufficient for 7_ to be the unique
minimal extension of v, that is, to satisfy

H=H| 0<i<2r (9.34)

Suppose given a tree {f{{)} of minimal prime ideals of R’ (in particular, R’ N H} = (0)). If the

valuation v admits an extension to a valuation v_ of hm iR then H0 is the 0-th prime ideal
R/

of R/, determined by _. Since H} is assumed to be a minimal prime, we have H} = H} by
Proposition 5.3.
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REMARK 17. Let the notation be as in Conjecture 2. Denote the tree of prime ideals { Hj}
by {H'} for short. Consider a homomorphism

R - R' (9.35)

in 7. Assume that the local rings R’ and H/, are regular, and let V = (V4,...,V;) be a minimal
set of generators of H'. Then V' can be extended to a regular system of parameters for R'. We
have an isomorphism R’ & % [[V]]. The morphism (9.35) induces an isomorphism R';, 2 RY,,,,
so that V' induces a regular system of parameters of ]%3{1,,. In particular, the H"-adic valuation
of RY, coincides with the H’-adic valuation of R’;,. On the other hand, we do not know,
assuming that R’ and II;”,, are regular and ht H” = ht H', whether V induces a minimal set
of generators of H''; we suspect that the answer is “no”.

COROLLARY 9.5. (cond1t1onal on Conjecture 2) If the valuation v admits a unique

extension to a valuation U_ of hm
R/

H, , then the following conditions hold:

(1) ht H] <1
(2) H] = H]_, for all odd i > 1. Moreover, this unique extension v_ is minimal.

Conversely, assume that (1)-(2) hold. Then there exists a unique minimal extension v_ of v
- R
R/

Proof. The fact that conditions (1), (2) and equations (9.34) determine #_ uniquely is
nothlng but Proposition 6.6. Conversely, assume that there exists a umque extension v_ of v
to hm H,. By Remark 13, there exist minimal extensions of v to hm T hence 7_ must be

R 4
minimal.

Next, by Conjecture 2, there exists a tree of prime ideals H' with H' N R’ = (0) and a tight
extension fi_ of v to hm ek The ideals H’ are both the the 0-th and the 1-st ideals determined

/

by fi—; in particular, we have

H,Cc H CH' (9.36)
by Proposition 5.3. Now, take any valuation 6, centered in the regular local ring %{’, such
0 !
that the residue field kg = k(H’). Then the composition i_ o 6 is an extension of v to lim %,
el 14
R/
hence
fi_of=10_ (9.37)

by uniqueness. For ¢ > 1, the i-th prime ideal, determined by fi_ o § = U_ coincides with that
determined by ji_. Since v is minimal and ji_ is tight, we obtain condition (2) of the Corollary.
Finally, if we had ht H' > 1, there would be infinitely many choices for 6, contradicting 9.37
and the uniqueness of 7_. Thus ht H' < 1. Combined with 9.36, this proves (1) of the Corollary.
This completes the proof of Corollary (9.5), assuming Conjecture 2. ]

Appendix. Regular morphisms and G-rings.

In this Appendix we recall the definitions of regular homomorphism, G-rings and excellent
and quasi-excellent rings. We also summarize some of their basic properties used in the rest of
the paper.
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DEFINITION 10. ([10], Chapter 13, (33.A), p. 249) Let 0 : A — B be a homomorphism of
noetherian rings. We say that o is regular if it is flat, and for every prime ideal P C A, the ring
B ®4 k(P) is geometrically regular over x(P) (this means that for any finite field extension
k(P) — K, the ring B ®4 k' is regular).

REMARK 18. If x(P) is perfect, the ring B ® 4 k(P) is geometrically regular over x(P) if
and only if it is regular.

REMARK 19. It is known that a morphism of finite type is regular in the above sense if
and only if it is smooth (that is, formally smooth in the sense of Grothendieck with respect to
the discrete topology), though we do not use this fact in the present paper.

Regular morphisms come up in a natural way when one wishes to pass to the formal
completion of a local ring:

DErFINITION 11.  ([10], (33.A) and (34.A)) Let R be a noetherian ring. For a maximal ideal
m of R, let R,, denote the m-adic completion of R. We say that R is a G-ring if for every
maximal ideal m of R, the natural map R — R,, is a regular homomorphism.

The property of being a G-ring is preserved by localization and passing to rings essentially
of finite type over R.

DEFINITION 12. ([10], Definition 2.5, (34.A), p. 259) Let R be a noetherian ring. We say
that R is quasi-excellent if the following two conditions hold:

(1) R is J-2, that is, for any scheme X, which is reduced and of finite type over Spec R,
Reg(X) is open in the Zariski topology.

(2) For every maximal ideal m C R, R,, is a G-ring.

It is known [10] that a local G-ring is automatically J-2, hence automatically quasi-excellent.
Thus for local rings “G-ring” and “quasi-excellent” are one and the same thing. A ring is said to
be excellent if it is quasi-excellent and universally catenary, but we do not need the catenary
condition in this paper.

Both excellence and quasi-excellence are preserved by localization and passing to rings of
finite type over R ([10], Chapter 13, (33.G), Theorem 77, p. 254). In particular, any ring
essentially of finite type over a field, Z, Z,), Z,, the Witt vectors or any other excellent
Dedekind domain is excellent. See [11] (Appendix A.1, p. 203) for some examples of non-
excellent rings.

Rings which arise from natural constructions in algebra and geometry are excellent. Complete
and complex-analytic local rings are excellent (see [10], Theorem 30.D) for a proof that any
complete local ring is excellent).

Finally, we remark that the category of quasi-excellent rings is a natural one for doing
algebraic geometry, since it is the largest reasonable class of rings for which resolution of
singularities can hold. Namely, let R be a noetherian ring. Grothendieck ([4], IV.7.9) proves
that if all of the irreducible closed subschemes of Spec R and all of their finite purely inseparable
covers admit resolution of singularities, then R must be quasi-excellent. Grothendieck’s result
means that the largest class of noetherian rings, closed under homomorphic images and finite
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purely inseparable extensions, for which resolution of singularities could possibly exist, is quasi-
excellent rings.

We now summarize the specific uses we make of quasi-excellence in the present paper. We
begin by recalling three results from [10] and [11]. As a point of terminology, we note that
Nagata’s “pseudo-geometric” rings are now commonly known as Nagata rings. Quasi-excellent
rings are Nagata ([10], (33.H), Theorem 78).

THEOREM THE APPENDIX.1. ([10], (34.C), Theorem 79) Let R be an excellent normal
local ring. Then R is analytically normal (this means that its formal completion R is normal).

THEOREM THE APPENDIX.2. ([11], (43.20), p. 187) Let R be a local integral domain, R its
Henselization and R’ its normalization. There is a natural one-to-one correspondence between
the minimal primes of R and the maximal ideals of R'.

PROPOSITION THE APPENDIX.3. ([11], Corollary (44.3), p. 189) Let R be a quasi-excellent
analytically normal local ring. Then its Henselization R is analytically irreducible and is
algebraically closed in its formal completion.

From the above results we deduce

COROLLARY THE APPENDIX.4. Let (R, m) be a Henselian excellent local domain. Then R
is analytically irreducible and is algebraically closed in R.

Proof. If, in addition, we assume R to be normal, the result follows from Theorems the
Appendix.1 and the Appendix.3. In the general case, let R’ denote the normalization of R.
Then R’ is a Henselian normal quasi-excellent local ring, so it satisfies the conclusions of the
Corollary. Consider the commutative diagram

R—2sR (A1)

where R’ stands for the formal completion of R’. Since R is Nagata, R’ is a finite R-module.
Thus ¢ coincides with the m-adic completion of R’, viewed as an R-module. Hence R’ =
R ®p R. Since 1 is injective and R is flat over r, the map 45 is also injective. Since R’ is
analytically irreducible, R isa domain, and therefore so is its subring R. This proves that R
is analytically irreducible.

To prove that R is algebraically closed in R, take an element z € R, algebraic over R. Since
all the maps in A.1 are injective, let us view all the rings involved as subrings of R’. Since R’
is algebraically closed in R’, we have z € R’, in particular, we may write z = ¢ with a,b € R.
Now, since (a)R C (b)R and R is faithfully flat over R, we have (a) C (b) in R, so z = T ER.
This proves that R is algebraically closed in R. The Corollary is proved. ]

Next we summarize, in a more specific manner, the way in which these results are applied
in the present paper. The main applications are as follows.
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(1) Let R be an excellent local domain, P a prime ideal of R and H; C H;1 two prime ideals
of R such that

HNR=H 1NR=P (A2)

Then % is also excellent. Definitions 10, 11 and 12 imply that the ring R®nr k(P) is
geometrically regular over P, in particular, regular. Moreover, (A.2) implies that the ideal

Hiy1 - . . R PR . . R

PR 1}2 a prime ideal of PR disjoint from the natural image of R\ P in Ph Thus the local

ring —*1 is a localization of R ®r k(P) at the prime ideal H; 1 R ®r k(P)) and so is a
g PR P +

Hitq
local ring, geometrically regular over x(P), in particular, a regular local ring and, in particular,
a domain.

. e . .. . - Rp, . .
(2) Assume, in addition, that H; is a minimal prime of PR. Since # is a domain, H;
Hit1

is the only minimal prime of PR, contained in H;;;. We have P]:?Hi+1 = H;Ry, .
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