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Abstract BERG [2] has introduced isotropic light scattering into a
KM oriented approach. However, his model remains re-

Due to its simplicity, the theory of KBELKA-MUNK [1] . ; . . .
has found a wide acceptance for modeling the optical propg,trlcted to two dimensions and disregards the influences of

erties of light scattering materials. However, the concepPti@htened papers or surface reflections. .

is not explicitly adapted to predict halftone prints on pa- ' this article we extend BrGs differential equation
per. In this respect, a recent improvement was given b)gystem to three dimensions. Especially, we analyze the
BERG [2]. Our approach is an extension oEBG's model spectral absorption and internal reflections within the ink

in order to reduce the gap between the mathematical dé’ €0ating layers on both sides of a paper sheet. This is

scription of the paper's point spread function and the ex.done by an appropriate enhancement of the boundary con-

perimental results of simple reflectance measurements, ditions of the differential equation system. Finally, we
adapt the model to brightened papers by considering the

fluorescence of the paper’s bulk.
The solution is given by an analytical, fourier trans-

ormed description of the reflectance and transmittance

:c_ua::gg?)lrlllgfg Sc?r:tfr:g]ﬁtlesr;[fltﬁg Zg\?eerlaeldaby r%g;'g:gfrfﬁjactors as a function of different, optically relevant con-
CSh. ' PP stants, in particular, the internal reflections, the transmit-

point spread _funct|on f.o.r paper are knpwn. Most of themtance variations of the printed ink layer and the specific
were determined empirically, see for instance [3], or as-

sume a specific type of function [4, 5] but others are baseg cattering and absorbing factors.
on numerical simulations [6, 7], microscopic reflectance .
measurements [8], image processing [9], multi-flux the- 2. Brightened papers
ory [10] or radiative diffusion [11]. . ] ] ) )
The original theory of KIBELKA and MUNK [1] was Basically, the point spread function of bng_hFened papers is
developed for light diffusing and absorbing infinitely wide &ffected by the included fluorescent additives. The sup-
colorant layers. Due to its simple use and to its acceptablBliéd brighteners absorb a certain energy of the radia-
prediction accuracy, this model is very popular in indus-tions invisible upper frequency banthe excitation spec-
trial applications. The concept is based on the simplified™M [12]. A specific amount of that energy, defined by
picture of two diffuse light fluxes through the layer, one jthequ_ar_num yieldis then released by radiative .relaxatlon
proceeding downward and the other simultaneously upin & Visible bandthe fluorescence spectrunThis tech-
ward. Instead of applying the KM-model on a colorant Nique _compensates the yellowish appearance of natural
layer, we adopt this theory for analyzing the light scatter-Non-brightened papers. But, as the emission of the fluo-
ing inside paper printed with a halftone. rescence spegtrum hqppens. in all space Q|rect|ons in the
Halftone ink or toner prints consists of microscopically P2Pers body, it acts like a diffuse partial light source or
varying transmittances and cannot be regarded as an ifonverter. By consequence, the brightening effect ampli-
finitely wide layer. Incident photons being scattered intofi€S the point spread function of the paper in the bluish
the lateral direction can be re-scattered again in the origindi2"ge of the visible light and must be taken into account
perpendicular direction after traveling a period along thevhen analyzing the PSF. This is done in the analysis of the

extension of the paper. Consequently, the entrance point §llowing section.

incident light differs form its exit point in general which is

well known as the YJLE-NIELSEN [3] effect. Because of 3. Three Dimensional Scattering Analysis

the negligence of lateral light streams, the original concept

of KUBELKA-MUNK is not adequate for modeling optical First note thata circular illumination source together with a
properties of halftone prints. To overcome this drawbackcircular detection sensor results in circular symmetric mea-

1. Introduction
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surements. For that reason, the efforts can be reduced Bgctor27r can be canceled out of all of them. Note that in
choosing polar coordinates for the problem formulation,a strong mathematical sense, the introduced optical con-
see Fig. 1. Let andz be the radial and the vertical coor- stants retain their validity only in the applied polar coordi-
dinates, the azimuth is neglected due to symmetry. nates. A verifying comparison of these parameters to es-
tablished ones from a cartesian system is therefore subject
z Ma(r 2+ dz)2mr di to an.appropriate parameter transformation. From a more
’ practical point of view, the physical relevance of these pa-
rameters is given by their correspondence with the empiri-
cal data.

Analog to KM and BRG, we assume a linear vari-
ation of the fluxes alonglr and dz which allows us to
ignore terms of higher order. Hence, applying a Taylor se-
ries expansion, we obtain a system of coupled linear partial
differential equations

Figure 1 Considered optical fluxes in a cylindrical paper sec- aE)\a(? 2) = (Cap+Odm+0qu+0) Ex(r, 2) —
ion.
(0pat@r)-SpA(r, 2) — (Omat+dy)-Sma(r, z) —
Considering a cylindrical ring of a paper sheet of total (Guatdy)-Mx(r,z),
thicknessD, we apply a spectral analysis of the up- and
downward oriented light fluxes\{, andE) as well as of My (r, 2)
the lateral onesqp, andSm,). Any light flux that enters 0. —(OuptOum+touata) -My(r,z)+

the infinitesimal volume elemeftrr dr dz from a specific
direction, loses a fractional amoumt 27r dr dz by scat- (Oput0p)- A1 2) + (Tmuct@p)-Sma(r, 2) +
tering anda - 27 dr dz by absorption and by brighteners (Oautyr)-Ex(r,2),

excitation. At the same time, it gains an according amount

by scattering and by fluorescing from the other fluxes. As  9Sp, (r, 2)

it exits the volume element we can write for the case of o —(0patoputopm+a) Spa(r, z) +
Ex(r,2) (Capt+dr) Ex(r,2) + (Oupt+dr) - Ma(r, 2) +
2y - Ex(r, z) dr = 2mr- Ex(r, z+dz) dr — (Omp+os)-Sma(r, 2),
2mr-(0gp+0dgm+0oauta)-Ex(r, z+dz)drdz +
QWT'(UPd+¢f)'SpA(T’ Z) drdz + 7asmA(r’ Z) = (Umd+0'mu+0—mp+0l)'sm)\(’r7 Z) -
21r-(Oma+df)-Sma(r+dr, z) drdz + or
271 (Gug+ds)- My (r, z) drdz, (Cam+05) Ex(r,2) — (Cum+¢5)-Mx(r, 2) —
(1) (Upm+¢f)'5p)\(7nvz)~

(2)
with the spectral paper parameters:
a specific extinction coefficient of the paper and of the
fluorescent additives according to [12, eq. 1], 4. Boundary Conditions
012 specific scattering coefficient for a light beam

coming from directionl and being scattered to Choosing adequate boundary conditions is a crucial task.
direction 2, used direction acronymsdown, up, On one hand, they strongly affect the accuracy and the

minus, plus, complexity of the model. On the other hand, they build the
connecting link between pure mathematics and observed
physics.

¢+ normalized fluorescent spectrum, weighted by the

quantum yield [12, eq. 2]. We assume a circularly illuminated printed paper sheet

placed on a backing that has a spectral reflectance fac-
tor Ry,. Since the paper is a translucent media, the op-
For the remaining fluxed/,, Sp, and Sm, similar bal-  tical conditions at the paper’s top and bottom boundaries
ances can be derived according to Fig. 1 and Eq. (1). Thenust be considered. In the proposed concept, whereas both
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faces can be covered by a coated or printed ink fagsse

Fig. 2), only top-facénalftoneprints are allowed. At these air

interfaces, any light flux that passes through the piled lay- frontside coating
ers are subject to multiple reflections [13]. To consider =] 1=
this, we adopt the 8JNDERSONcorrection [14] which de- 5 .Q;
termines the fraction of light being transmitted or reflected 5] |5
by the paper’s interfacés At the bottom-face of the pa- paper bulk
per’'s bulk, we approximate the spectral fraction of light = 1=
reflected from the bottom coating and backing interface by = £
ppb. IN the case of transmittance measurements, the frac- sl (=
tion of light transmitted through the backing plate and the backside coating
bottom coating layer is approximated by, Tacking
be 2
ppo = (pi + 7T 1— ps-Ry, ) Doy (3) Figure 2 Scheme of the considered boundary conditions.
T
R @

L—pi-ouaTy)’
. Applying these corrections, the boundary conditions
with the spectral parameters: for the reflectance factor of a paper sheet of thickn@ss

ps, 75 Fresnel reflectance and transmittance of the coating@'€ 9iven by:

air or ink-air interfaces,
My(r,0) = ppo* Ex(r,0), (8)
pi, 7 corresponding internal Fresnel reflectance and trans- Ex(r,D) = Tap-Eo,, (9)

mittance factors,

wherex indicates a two dimensional convolution. Accord-

internal transmittance of the bottom-face coating or,

7 ingly, the boundary conditions for the transmittance factor

A

inked layer. can be written as:
Similarly, the top surface transmits into the paper a
fraction approximated by,,, and a fraction out of the pa- Mx(r,0) = ppo* Ex(r,0) + 7p-Mo, , (10)
per approximated by, E\x(r,D) = 0. (11)
ran(r) = 7s(r)- Ty, (1) 5 Finally, the model for the measured reflectance and
1= pi(r)-oau-Tiy (r)?’ transmittance factor can be obtained by solving the cor-
Tpa(r) = 7i(r)- Ty, (1), (6)  responding boundary condition problem and applying the
appropriate corrections:
with 7z, () the point transmittance of the top-face coating
or inked layer which could be a halftone print. AG\- Ra(r) = pap(r) + Tpa(r) * My(1, 2) ‘Z:D7 (12)
DERSON applied his fractions to correct the “reflectance () = Toa(r) * Ma(r, 2) |Z:D. (13)

‘R, which the sample would have if measured in a trans-

parent medium having the same index of refraction as the

sample”. Since we impose these corrections inherently on 5. Paper Modulation Transfer Function

the boundary condition, the "reflectan®g is replaced by

the "reflecting” scattering coefficients,; ando . The type of the obtained partial differential equation sys-
Further, in order to obtain an accurate fit of reflectanceem Eq. (2) is the same as inERGS thesis. The sys-

measurements, a "specular reflectaneg’ must be taken tem can be simplified by a one dimensional Fourier trans-

into account. According to our experience, best results aréorm [15] along the radiug. This permits to cancel the

achieved by assuming: third and fourth partial part of the transformed equation
) system. Unfortunately, we have observed a difference to
Pap(r) = ps Ty (r)”. (7 BERGS simplifying trace [2, Eq. 9.13-16] which makes it

1In this article, only non-fluorescent and weekly scattering inks aredlﬁlcuIt to compare the results directly.
assumed. Ey, and M,, from Eq. (9 and 10) are set tb For
) jGGQﬁfall¥' thesi OPticall 'a_yefshafe much tgggef than Ithe Pﬁpﬁf'%olving the boundary condition problem Eq. (12 and 13),
ody. Therefore, when analyzing the paper's , we neglect the lat- , . . . .
eral spreading of the optical fluxes within these layers, which occurs dué_)nly a SemHSOtrOP'C casels _conS|der_eq where al! d|Str_aCt'
to multiple internal reflections. ing and all reflecting scattering coefficients are identical
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respectively: Until now, it was impossible to find a closed inverse
transformation back into the original spatial domain. How-

op = o5 forze{dp,pd,dm,md,up,pu,um,mu},  eyer Eq. (14 and 15) are well suited for fast numerical

o, = o, forze {ud, du,pm,mp}, transformation by an inverdé routine. Actually, the ker-

nel of these equations can be interpreted as a Modulation

Transfer Function of paper.
For the semi-isotropic case we obtain the point reflectance
factor

BA(r) = pap(r) + Tap(0)-F 7 [ Fma)] - (14)

6. Conclusion

\/ \/7 For an accurate reflectance prediction of a halftone print,
2D, [0 2D,/ 2 we propose an extended method which is based on the con-
& _ 2y,

(e C e, (e * 1) (s, +ppb c4p)] cepts of KUBELKA-MUNK and the thesis of BRG. By
taking the dominant optical scattering properties of com-
mon papers into account, it is possible to fit the model
for non-uniform color transmittances of the print. In the

)

2D\/2;” 2D\/:7p
(e #4+1)er,+(e *—=1) (ppbc3, +ca,)

and the point transmittance factor present article, we introduce a mathematical description of
. the paper’s point spread function, which can be fitted to re-
Tnr) = mpF {}_[Tpa(’“)] ' (15)  flectance and transmittance measurements of simple solid
o patches.
D\/ . . . .
2¢i,e VP In particular, we have estimated the numerical values
D 2 oD 2 J of the introduced coefficients for different papers and suc-
(e \/“% +1)e1,+(e \/C% —1) (ppbcs, +ca,) ceeded to fit numerical results of spectral measurements
. with an accuracy o1 % and less. This was performed by
with: applying a numerical transformation of the model and op-
p spatial frequency, timizing the coefficients in orQer to fit measuremen_ts of the
bare paper and of several prints of solid patches simultane-
F the Fourier transform an@ ' its inverse. ously.
and
e, = (a+20,+20,+¢y)- 7. Biography
[(a+20,+20+¢7) (=3 ¢y) (at+40,+ds)+ Safer Mourad received the M.S. degree in electrical engi-
P (a+20,—¢y)], neering in 1993 from the Swiss Federal Institute of Tech-

nology (ETH), Zurich. From 1993 to 1997, he devel-

) oped algorithms for real-time video tracking and high-end
2, = p H(at+20—¢y) (a+20,+205+¢5), surveying instruments at Leica Geosystems. In 1998 he
joined the Media Technology Department at the EMPA,
St. Gallen and is currently working towards his Ph. D. His
research interests includes colorimetry, image processing
and real-time control applications. He received the Swiss
IEEE Award for his M.S. thesis and is a member of the
IS&T.
E-mail address: safer.mourad@empa.ch

c3 = —2- [,02 (or+¢p)+(a+20,+205+¢7)

P

[20%+0, (a+2as—¢f)+(a+60—5)¢f+¢§]] ,

cr, =2p% (a+0,+20,)+2 (a+20,4+20,+¢y):
[2 JerJs da—69¢f)+o, (a+20,—¢f)+
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