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1 Introduction

Let ¢ be a positive integer and D be a non-empty, closed and convex subset of
H = R% Let also G : D — H be differentiable. The variational inequality
problem, denoted by A := VIP(D, G) involves finding a vector p € D such
that

(y—p)'G(p) >0 for all y € D. (1.1)

Many problems can be formulated as (1.1) using mathematical modeling
[1-10]. Such problems involve but not limited to equilibrium problems, con-
strained optimization problems complementarity and other problems [1-9].
One wishes to find a vector p satisfying (1.1) in explicit form, but this is
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seldomly possible. That is why, one employs a numerical method to generate
a sequence approximating p.

One of the most important methods is Newton’s defined for all n =
0,1,... by

(y — i) (Gly) + G (20) (Xpsr — ) >0 for all y € D, (1.2)

where x( is an initial point. That is x,.; solve A, = VIP(D,G"), where
for all z € D, G"(x) := G(z,) + G'(z,,)(x — ). The convergence region
for Newton’s method using the Kantorovich theory [1,2,7] or Smale’s «
theory [9] or Wang’s v— theory [2,3,10] is small in general. It turns out
that the convergence region can be extended using smaller Lipschitz, a,~
constants than before [1-3,7,9,10] and without additional hypotheses. This
is the novelty of the present study. We achieve this goal by considering a
more precise convergence domain where the Newton iterates lie than in the
aforementioned studies. This way the resulting new constants are at least as
small leading to the following advantages for local convergence analysis:

(a) Larger ball of convergence.
(b) More precise distances ||z, — p||.

Therefore, the local convergence advantages lead to a greater choice of initial
guesses xo and at least as few iterates to achiev a desired error tolerance.
Semi-local convergence analysis:

(a) Larger convergence region.
(b) More precise distances ||z, — p||.
(c) Better information about the solution.

That is the convergence domain is extended and again the number of iterates
is reduced.

These advantages are important in computational mathematics [1-10]
(see also Remark 2.8 and Remark 3.2). Our idea of restricted convergence
domains can be used to extend the applicability of other iterative methods
along the same lines [1-10].

Let p € H and p > 0. Let U(p, p) be the open metric ball in H and let
Ul(p, p) be its closure. In the rest of the study G : D C H — H is a C?
mapping and by M:= (M + M7) for all M € H x H.

The rest of the paper is structured as follows. Section 2 contains the
local convergence whereas in Section 3 we study the semi-local convergence
analysis of the method (1.2).
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2 Local convergence

Some definitions and auxiliary results follow:

Definition 2.1. Let0 < r < %, for some g > 0. Let also w € H be such that

G'(w) is positive definite. It is said that G satisfies the center ~yo-criterion at
win DNU(w,r), if

1
(1 = 0llz — wl])?

IG" (w) "M 116" (2) = G (w)l| < — 1 for all x € U(w, 7).

(2.1)

We shall use the function g defined on the interval [0, 2_2‘/5) by g(t) =
1 — 4t +2¢2. Clearly, function g is monotonically decreasing on [0, 2=/2)). We

need an auxiliary result on positive definite matrices.

Lemma 2.1. Let 0 < r < 1y := 257‘0/5. Let also w € H be such that G'(w)
is positive definite. Suppose that G satisfies the center yo— criterion at w in
DNU(w,r). Then, the following items hold G(x) is positive definite and

oG < 0=l =l (L=l = w])?
1@ NGNS 50 e =l =1 gole—w) 2

forallx € DNU(w,r).
Proof. Tt follows from (2.1) that for all z € DN U(w,r)

1

HG@YHMW@—fﬂwW§<LJmu—wm

S—1<1,  (23)

since the right hand side inequality in (2.3) is equivalent to ||z — w|| < %ﬁ
which is true by the definition of r and ry. Hence, by [3, Lemma 2|, G'(x)
is positive definite. Moreover, estimate (2.2) holds by (2.3) and the Banach

Lemma [1,3,7]. O

Definition 2.2. Let 0 < r < 7. Let also w € H be such that G'(w)~" exists.
It is said that G satisfies the restricted y-criterion at w in D N U(w,r), if

~ 2/7
|G () H|G" ()] < - forallz € DNU(w,r).  (2.4)
(1 =7llz — wl])?
Lemma 2.2. Let 0 < r < 7y and 7y < 7. Let also w € H be such that G'(w)
is positive definite. Suppose that G satisfies the restricted y— criterion at
w in DN U(w,r). Then, G(x) is positive definite and (2.2) holds for all
reDNU(w,r).
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Proof. We can write
G'(z) — G (w) = /O G (w + 0z — w))(z — w)db. (2.5)

Using (2.4), (2.5) and the estimate connecting G’ with G’ (see [1,3,7])

IG"(z) = G'(w)l| < |G (2) = G'(w) (2.6)

we obtain in turn that

IG" (w) I (2) = G (w)l]

< G@) MG (@) — G (w)]
< / G ) G w0+ 6 — w)) [ —
Jo Az —wl 1 -
ﬂ—ﬂMezw)w (1 =7z — wl))? 1 (2.7)

where xy = w + 0(x — w) for each 6 € [0, 1]. The preceding equality estimate
n (2.7) is standard [2,3,10]. The result now follows from Lemma 2.1. [

The y— criterion given in the literature [2,3,10] is

Definition 2.3. Let 0 < r < % for some v > 0. Let also w € H be such that
G'(w)~" exists. It is said that G satisfies the y-criterion at w in DOU (w,r),
if
~ 27
|G (w) |G (z)]| < for all z € U(w, ). (2.8)
(I =llz —wl)?

Remark 2.1. It follows from Definition 2.2, Lemma 2.2 and Definition 2.3
that

Yo < (2.9)
and for 2;‘/5 <

1
Y0 v’

7 <. (2.10)

Notice that 4 depends on 7. The definition of 4 was not possible before
using Definition 2.3. Therefore, if

2 -2
2%

then 74 can replace 7 in the local convergence results in [3].
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Let us define function ¢ on the interval [0, %) by

1-— ’7075 2 ’7t
olt) = < 1— “_Yt) g(wt) b

We have p(0) = —1 and ¢(t) — +o0 as t — %_. Function ¢ has zeros in

the interval (0, %) by the intermediate value theorem. Let r* = ¢(~o,7) be
the smallest zero. Notice that if 7y =4 =, then

5— 17
V(v,7) =11= 4—;/_ <7t (2.12)

Define function w on [0, £) x (0, +00)? by

(t70,7) 1—vt\> 7t
w = .
VTR T 9o

w(t, v0,7) < w(t,v,7): (2.13)

Then, we have that

Hence, we arrive at:

Theorem 2.3. Suppose: p is a solution of A; G satisfies the restricted
y—criterion at p in D N U(p,r*) and G'(p) is positive definite. Then, the
sequence {x,} generated for xo € U(p,r*) by Newton’s method converges to
p so that

[2ni1 = pll < wlllzn = pll, Y0, V)2 —pl| forall n=0,1,2,.... (2.14)

Proof. We follow the proof in Theorem 3.1 in [3] but with the important
difference of using (2.1) instead of (2.8) to arrive at

0 =1 1 — o[l — pll)?
G (z) G ()] < ( 2.15
(instead of the less precise used in [3], since 5 < 7)
Ny 1 — 5|l —pl)?
G (zp) M IG ()] < ( : 2.16
IG" () 1 G" () aColler =2 (2.16)

Moreover, as in [3], we get

1C ) G ) — C) + G () (0 — 2]
1) / / 1G"(p + (s — p)) s — plldrde

< zi, — pl|*drds. 2.17
[ ] et 247

IN
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Then, from formula (3.8) in [3], (3.15) and (2.17) we obtain in turn that

(1 = ol — pll)* / / 2
: x, — pl||“dTdf
g(vollex — pll) 1_77||x p||)3|||| k=l
(1 —ollzx — pl])?

9ollzr = pI) (1 = llzx — pl))?

1 —vollxx — // x, — pl|*drdd
(0= ollx = pl) sl

(1 —ollze — pI)*Allx —29H2
(1 =Allzx = pl)29(vollzr — pl)

= w(llzx = pll; 70, Mllzk = pl, (2.18)

which completes the induction for (2.14). Then, from the estimate
[2e1 = pll < ellzy —pl| <7, (2.19)

where ¢ = w(||zx — pll,7%,7) € [0,1), we conclude that klim x = p and
—00
Tpr1 € U(p,1*). O

Remark 2.2. Tt follows from Remark 2.6 and Theorem 2.3 that (2.12) holds
and

w(llzk = pll, 70, 7) < wlzx = pll, 7, 7)- (2.20)

Hence, Theorem 2.3 improves Theorem 3.1 in [3] with advantages as already
stated previously.

3 Semi-local convergence

The semi-local convergence for Newton’s method uses majorizing sequences
and the majorizing function hs due to Wang [10] for § > 0. Let also b > 0.
Let function hs on the interval [0, %) be defined by

ot?

hs(t) =b—t

(3.1)

and scalar sequences {r,}, {s,}, {t,} for all n =0,1,2,... by

Tng1 = Tn—hl, (rn) " hs (1)
Sn+l = Sp — h%(Sn)_lhﬁ(Sn)
tpr = tn — B (t) " hy (L),
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Sequence {t, } has appeared in the literature and is due to Wang [10]. Sup-
pose that for v = ¢
ap = by < 3—2V2. (3.5)

Then, sequence {t,} is monotonically increasing and converges to
l+a—/(1+a)—8a

R, :
4ry

(3.6)
Suppose that
a:=by<3—2V2. (3.7)

Then, again sequences {r,} and {s,} are monotonically increasing and con-
verge to

. 1+Oéo—\/(1+@0)2—8()é0

R, = 3.8
A simple induction argument shows that for n =0,1,2, ..., if y9 <7 then
T < Sp S tn (3.9)
Tn+1 — Tn S Sp+1 — Sn S tn—i—l - Zfn (310)
and
R,, = lim r, = lim s, = lim ¢, = R,. (3.11)
n—oo n—oo n—oo
Estimated (3.9), (3.10) are strict if 9 < 7 <y for all n = 2,3,... and all
n=1,2,..., respectively. Moreover, notice that
a<3—-2V2 = 0y <3-2V2 (3.12)

The reverse is not necessarily true, unless, if 5 = ~. Items (3.9)-(3.12) justify
the claims made in the introduction of this study.

Next, we show that (3.7), {r,} (or{s,}) can replace (3.5), {t,.}, respec-
tively in the semi-local convergence analysis of Newton’s method given in

[3].

Theorem 3.1. Suppose: G'(xo)~" exists for some o € D; Let ag = by for
b= ||G"(z0) Y|||G(0)|; G satisfies the restricted 5— criterion at xo € Dy =
DN U(xy, Rag); G'(x0) is positive definite; 7o < 7 and og < 3 — 2v/2. Then,
the sequence {x,} generated by Newton’s method (1.2) starting from x exists
in U(xg, Rag) remains in U(xgy, Rog) and converges to a solution p of A in
Dqy. Moreover, the following assertions hold

1

||:Bn+1 - xn” S Sn+1 — Sn (313)

and
[z = pll < 8" — sn. (3.14)
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Proof. We use induction as in Theorem 4.1 in [3]. The proof is similar to
the proof of Theorem 4.1 in [3] and the proof of Theorem 2.3 in the present
study. Using (3.15) (for p = zy) instead of (2.16) (for p = x¢) used in [3], we
get

~r —11/ (1_70ka‘_x0||)2

Moreover, we get in turn that
IG"(20) ™ (G(wr) = Glwp-1) = G (@r-1) (@ — 1))

1 6
§ ”G/(ilfg)_l/ / G//(ilfk_l + T(Q?k — ka;_l))(afk — l'k_l)szd(gH.
0 0
(3.16)

Then, by (3.2), (3.3) and (3.16), we obtain in turn that
i — el < IG () "M IHIG (o)

><||/ / G' VG (wgy + T (2 — 1)) (28 — Tp—1)?dTd0)||

S —h/ Tk / / Sk — Sk— 1>2de9
-7 ka 1= @oll) + 7wk — zpal])?
< —h’ (r)- / / 2%(sp — Sp_1)*drdb
1 =A(lek-1 = woll) + 7llwe — zua]])?
S —h/ (Sk) 1h($k = Sk+1 — Sk, (317)

which completes the induction for (3.13). Estimate (3.13) implies that se-
quence {s,} is complete in R?, so limy__.oc 2 = p € U(xg, Rag). G is a C?
mapping and x,,1 solves A for each n, so finally, estimate (3.14) follows from
(3.13) by standard arguments [2, 7]. O

Remark 3.1. (a) If 79 =4 = =, Theorem 3.1 becomes Theorem 4.1 in [3].
Otherwise it constitutes an improvement (see also (3.9)-(3.12)).

(b) Clearly, if 4 < 7y, then the result of Theorem 3.1 hold with v, replacing
7. Examples where vy < 4 < « can also be found in [2] in the more
general setting of a Banach space.

(c) The improvements in this study are obtained using the same or less
computational effort as in [3]. The evaluation of constant y— involves,
in practice the evaluation of 79 and % as special cases.
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(d) The sufficient convergence criteria for the semi-local case can be im-

2-V2
270
zo|). Then, the corresponding constant to 5 denoted by 7 can replace

~ in the preceding results. Notice that ¥ < 4, since D; C Dy. In this
case we are still using initial data, since x; depends on xy and G.

proved even further, if Dy is replaced by Dy := DN U (x4, — ||z —
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