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Abstract. This paper proposes a nonlinear controller to extend the Z-
width of a haptic device. A time-domain passivity analysis of the Z-width
diagram leads to the new haptic controller, which employs acceleration
feedback. The passivity condition for one degree of freedom (1DOF) hap-
tic interaction with a virtual wall via the proposed controller is derived
using passivity theory in the frequency domain. The perfomance of the
proposed controller is validated experimentally on a PHANTOM Omni
haptic device. The experiments illustrate that the new controller consid-
erably extends the Z-witdh of the haptic interface.

Keywords: Z-width, virtual damping, passivity, time-domain passivity,
acceleration feedback.

1 Introduction

The haptic rendering of a virtual wall is a key building block for haptic simu-
lations of rigid virtual environments. Yet, displaying rigidity via high stiffness
control of impedance haptic interfaces is challenging. Various factors limit the
maximum stiffness that a manipulandum can display. They include the friction
and the damping of the haptic device, the resolution of its encoders, the zero-
order hold inherent in the control and the simulation algorithms, the limited
bandwidth of the device amplifiers. The effect of these factors on stability has
been the focus of much haptics research, alongside control strategies aiming to
improve performance.

The role of the zero-order hold in the generation of unphysical energy (termed
“energy leaks” [1]) by the virtual environment has been elucidated in [1]. In [2],
passivity of linear time invariant networks and frequency domain tools are used
to derive the passivity condition for a haptic interaction system. This condition is
a general condition that depends on the Z-transform of the virtual environment.
As an example, the passivity condition for the specific case of a virtual wall
modeled as a linear spring-damper system has also been derived in [2].

Haptic systems have also been studied using passivity analysis in the time
domain. In [3], the effect of physical damping, Coulomb friction, sampling and
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quantization on the passivity of haptic interaction with a virtual spring has been
investigated. The passivity condition has been derived via analyzing the time-
domain balance between the energy generated by sampling and quantization,
and the energy dissipated through Coulomb friction and physical damping. Be-
cause the virtual wall is a pure stiffness, the derived passivity condition does not
consider virtual damping. A similar analysis has been performed in [4], where
the effect of quantization and sampling rate on the stability of the interaction
with a pure stiffness has been clarified.

Passivity analysis in the time domain has led to nonlinear control in [5]. In
this work, the energy leak caused by the zero-order hold is counteracted via
suitable control. The control entails a passivity observer and a passivity con-
troller. The observer keeps track of the generation and the dissipation of energy
in the system. When the generated energy exceeds the dissipated energy, a con-
trol force is calculated to dissipate the excess energy over a single control step.
Since the control force is applied over a single time step, it may be very large and
may cause actuator saturation or may excite the high frequency modes of the
haptic interface. To overcome these problems, a modified passivity observer and
passivity controller that avail of a reference energy have been introduced in [6].

Classical control tools have also been utilized to derive stability conditions for
the haptic rendering of virtual walls. In [7], the Z-width diagram has been derived
by considering the closed loop characteristic equation and ignoring the human
operator. A discrete time spring-damper represents the virtual wall in this work.
A similar approach has been used in [8] to study a device with physical damp-
ing. The Ruth-Hurwitz criterion has provided the stability boundary for haptic
interaction with a spring-damper virtual wall without considering time delays
and physical damping in [9], and including time delays and physical damping
in [10].

The present paper proposes a nonlinear control method for extending the Z-
width of a haptic device, with one degree of freedom [2]. In Section 2, it presents
a time-domain passivity analysis which leads to the new controller in Section 3.
The performance of the new controller and the Z-width of a PHANTOM Omni
haptic interface with and without this controller are verified experimentally in
Section 4. Concluding remarks are presented in Section 5.

2 Energy Analysis of the Haptic System Including
Virtual Damping

The energy analysis of the haptic interaction with a virtual wall presented in
this section is based on passivity concepts and focuses on energy balance during
one time step. Following the approach in [3], it can be shown that for haptic
interaction with no initial eneregy and with a virtual wall modeled as a linear
spring-damper system, the passivity condition is:

− 1
2
KT |Δy| |v(ξ)| + (B + b) |Δy| |v(ξ)| + B

∫ (k+1)T

kT

(v∗ − v)vdt ≥ 0. (1)
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In Eq. (1), y and v are the position and the velocity of the haptic device, |Δy| is
the device displacement during one time step, b is the device (physical) damping,
K and B are the stiffness and the damping of the virtual wall, k is the time step
and ξ ∈ [kT, (k + 1)T ]. The last term in Eq. 1, Ev = B

∫ (k+1)T

kT
(v∗ − v)vdt, is

the effect of virtual damping and discussed in the next section.

3 Alleviating the Negative Effect of Ev

3.1 Acceleration Feedback

Because Ev may be positive or negative, it may increase or decrease the energy
dissipated by the system, i.e., it may have a positive or a negative effect on
passivity. The negative influence of Ev on passivity can be alleviated via changing
the expression to be integrated such that it is positive.

The sign of Ev depends on the rate of change of velocity, i.e., on the accelera-
tion of the device a, and on the sign of the velocity of the haptic interface. Indeed,
when av ≥ 0, (v∗ − v) and v have opposite signs and Ev ≤ 0. When av ≤ 0,
(v∗ − v) and v have the same sign and Ev ≥ 0. Hence, a suitable algorithm to
eliminate the negative effect of Ev is:

– if av ≥ 0, change v∗ to change the sign of (v∗ − v). This change of sign can
be achieved via adding nTa∗ to v∗ when a∗v ≥ 0, where a∗ is the sampled
acceleration of the haptic device, and n is a constant.

In the following section, the passivity condition of the haptic interaction system
with the proposed controller is determined using the approach presented in [2],
and a suitable n is identified.

3.2 Passivity Condition with Proposed Controller

Consider the following passivity condition [2]:
∫ t

0

(Ky∗ + Bv∗ + bv)vdτ ≥ 0. (2)

By defining a class of truncated signals vθ(τ):

vθ(τ) =
{

v(|τ |) |τ | ≤ θ
0 |τ | ≥ θ

, (3)

Eq. (2) can be written as:
∫ +∞

−∞
(Ky∗

t + Bv∗t + bvt)vtdτ ≥ 0. (4)

Parseval’s theorem gives an equivalent inequality [2]:
∫ +∞

−∞
(KY ∗∗(jω) + BV ∗∗(jω) + bV (jω))V ∗(jω)dω ≥ 0, (5)
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where Y ∗∗(jω), V ∗∗(jω), and V (jω) are the Fourier transforms of y∗
t , v∗t and

vt, respectively, and V ∗(jω) is the conjugation of V (jω). It is shown in [2] that
Eq. (5) is equivalent to:

∫ +∞

−∞

(
−KT

2
+ Bcos(Tω) + b

)
V (jω)V ∗(jω)dω ≥ 0. (6)

Because the proposed controller is nonlinear, the Describing Function method
[11] is used to find a linear approximation of the controller for use in the analysis.
The controller can be described as:

c(t) =
{

nTa if av ≤ 0
0 if av ≥ 0 . (7)

By considering the input as v(t) = Acos(ωt) and neglecting higher order terms
in the Fourier series:

c(t) =
2nT |ω|

π
v(t), (8)

and the Fourier transfer function of the linear approximation of the controller
becomes:

C(jω) =
2nT |ω|

π
V (jω). (9)

Furthermore, considering the sampling effect equivalent to that of a time delay
T , the Fourier transform function of the proposed controller becomes:

C(jω) = e−Tjω 2nT |ω|
π

V (jω). (10)

After addition of Eq. (10) to Eq. (6), the passivity condition becomes:
∫ +∞

−∞

(
−KT

2
+ Bcos(Tω) + b + e−Tjω 2nT |ω|

π
V (jω)

)
V (jω)V ∗(jω)dω ≥ 0.

(11)
Since vθ(t) is a purely real and even function, its Fourier transform is real and
even. Hence, Eq. (11) becomes:

∫ +∞

−∞

(
−KT

2
+ Bcos(Tω) + b + Bcos(Tω)

2nT |ω|
π

)
V (jω)V ∗(jω)dω ≥ 0.

(12)
Eq. (12) will be satisfied for all admissible V (jw) iff the expression in brackets
is positive at all frequencies, i.e.,:

− KT

2
+ Bcos(Tω) + b + Bcos(Tω)

2nTω

π
≥ 0 ∀ω ≥ 0, (13)

or, after addition and subtraction of B:

− KT

2
+ B + b − 2Bsin2

(
Tω

2

)
+ Bcos(Tω)

2nTω

π
≥ 0 ∀ω ≥ 0. (14)
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In Eq. (14), the −2Bsin2
(

Tω
2

)
term shows the difference between the effect

of physical damping and of virtual damping on the passivity of the haptic
interaction system. The effect of the proposed controller is embodied in the
Bcos(Tω)2nTω

π term. Indeed the controller alleviates the negative effect of ZOH
on the virtual damping, i.e., −2Bsin2

(
Tω
2

)
term, and enhances passivity when

ω ≤ ωN

2 , ωN is Nyquist frequency. Therefore, n is computed such that the term:

− 2Bsin2

(
Tω

2

)
+ Bcos(Tω)

2nTω

π
≥ 0 (15)

is positive in a broader frequency range. The performance of the proposed con-
troller is validated experimentally in the following section.

4 Experimental Validation

The experimental setup consists of a PHANTOM Omni haptic device with
motion restricted along the vertical direction. The experiments are performed
without touching the manipulandum. Rather, gravity is used as a constant user-
applied force. The Z-width of the haptic device with and without the proposed
nonlinear controller is identified experimentally in Fig. 1. This figure illustrates
the extended Z-width of a PHANTOM Omni under the new control.

Fig. 1. Experimental Z-width of the PHANTOM Omni: with the proposed controller
(continuous line); and via direct coupling to the virtual wall (dotted line)

5 Conclusions

This paper has investigated the effect of virtual damping on the stability of
1DOF haptic interaction with a virtual wall. Based on passivity arguments, it has
proposed a nonlinear controller to enhance the positive effect of virtual damping.
A new passivity condition for interaction with a virtual wall via the proposed
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controller has predicted the stable haptic display of larger virtual stiffnesses. The
theoretical developments have been validated via experiments performed using
a PHANTOM Omni device.
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