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Recently, there have been many authors, who established a number of inequalities in-
volving Khatri-Rao and Hadamard products of two positive matrices. In this paper, the
results are established in the following three ways. First, we find generalization of the
inequalities involving Khatri-Rao product using results given by Liu (1999), Mond and
Pecari¢ (1997), Cao et al. (2002), Chollet (1997), and Visick (2000). Second, we recover
and develop some results of Visick. Third, the results are extended to the case of Khatri-
Rao product of any finite number of matrices. These results lead to inequalities involving
Hadamard product, as a special case.
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1. Introduction

Consider matrices A and B of order m x n and p X g, respectively. Let A = [A;;] be par-
titioned with A;; of order m; x n; as the (i, j)th block submatrix and let B = [By] be
partitioned with By of order px X q; as the (k,I)th block submatrix (m = Zf»zl mi, n=
Z;i:l nj, p= k-1 Pk» 4 = 2J-1q1). For simplicity, we say that A and B are compatible
partitioned if A = [A;;]};_; and B = [By;]{;_, are square matrices of order m x m and
partitioned, respectively, with A;; and B;; of order m; x m; (m = Xi_ m; = z;zl m;).

Let A® B, Ao B, A®B, and A *x B be the Kronecker, Hadamard, Tracy-Singh, and
Khatri-Rao products, respectively, of A and B. The definitions of the mentioned four
matrix products are given by Liu in [5, 6] as follows:

(i) Kronecker product

t
i,j=

A®B= [a,-jB]ij, (1.1)

where A = [a;;], B = [by] are scalar matrices of order m X n and p X g, respec-
tively, a;; B is of order p X q, and A ® B of order mp X ng;
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(ii) Hadamard product

AOBZ[a,‘jb,‘j]ijZBOA; (1-2)
where A = [a;;], B = [b;;] are scalar matrices of order m X n, a;;b;; is a scalar, and
Ao Bis of order m X n;

(iii) Tracy-Singh product

A®B = [A;;0B];; = [[Aij ® Buly] (1.3)

ij
where A = [A;j], B = [By] are partitioned matrices of order m X n and p X
g, respectively, A;; is of order m; X nj, By of order pi X qj, Aj; ® By of order
m;px X njqi, A;jOB of order m;p X njq (m = Zle mi, n = thi:l nj, p= k=1 Pk
q=2>1_1q1), and A®B of order mp X ng;
(iv) Khatri-Rao product
AxB=[A;®Bjl;; (1.4)
where A = [Aj;], B = [B;;] are partitioned matrices of order m X n and p X g,
respectively, A;; is of order m; X nj, By of order p; X q;, A;; ® B;j of order m;p; X
njq; (m= Zlemi, n= Z?:ﬂlj, p= Zf»:lpi, q= Zleqj), and A * B of order
M XN (M = Zle mip,-,N = Z?:l I’quj).
In general, AOB # BOA, A® B+ B®A, Ax B # B A, butif A = [a;;] is a scalar matrix
and B = [Bj;] is a partitioned matrix, then A * B = B * A. Additionally, Liu [5] shows
that the Khatri-Rao product can be viewed as a generalized Hadamard product and the
Tracy-Singh product as a generalized Kronecker product, as follows:
(1) for a nonpartitioned matrix A, their A®B is A ® B, that is,

A®B = [aij®B]ij = [[aj ®Bkl]kl]ij = [[aijBkl]kl]ij = [aijB]ij =A®B; (L.5)

(2) for nonpartitioned matrices A and B of order m X n, their A * B is A o B, that is,

AxB= [a,‘j ® bij]ij = [aijb,-j]ij =AoB. (1.6)

The Khatri-Rao and Tracy-Singh products are related by the following relation [5, 6]:
A% B=Zl(A®B)Z,, (1.7)
where A = [A;;] is partitioned with A;; of order m; X n; and B = [By] is partitioned with

t d .
By of order px x q1 (m = Xi_ymi, n=35_nj, p= Sho1Pk 9= 20-1q1), Z1 isan mp X
r(r= Z§=1 m;p;) matrix of zeros and ones, and Z, is an ng Xs (s = Z?:l njq;) matrix
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of zeros and ones such that Z{Z, = 1,, ZZ, = I, (I, and I; are r x r and s X s identity
matrices, resp.).

In particular, if m = nand p = g, then there exists an mp x r (r = 3!_, m;p;) matrix Z
such that ZTZ = I, (I, is an r X r identity matrix) and

A%xB=Z"(A®B)Z. (1.8)
Here
Z
7 = , (1.9)
Z;
where each Z; = [01 -+ 0i-t Lup; O -+ 02T s an real matrix of zeros and ones, and 0j; is

a m; p; X m;py zero matrix for any k # i. Note also that ZiTZi =] and
ZZT(A,JGB)Z] = Z,T(A,] ®Bk1)k1Zj = A,‘j ®Bij7 i,j =1,2,...,t. (1.10)

In [5-8], the authors proved a number of equalities and inequalities involving Khatri-
Rao and Hadamard products of two matrices. Here we extend these results in three ways.
First, we establish new attractive equalities and inequalities involving Khatri-Rao prod-
uct of matrices. Second, we recover and develop some results of Visick, for example, [8,
Theorem 11, page 54]. This does not follow simply from the work of Visick. Third, the
results are extended to the case of Khatri-Rao products of any finite number of matrices.
This result leads to inequalities involving Hadamard product, as a special case.

We use the following notations:

(i) Myn,n—the set of all m X n matrices over the complex number field C and when
m = n, we write M,, instead of M, ,;;

(i) AT,A*,A*,A-'—the transpose, conjugate transpose, Moore-Penrose inverse,
and inverse of matrix A, respectively.

For Hermitian matrices A and B, the relation A > B means that A — B > 0 is a positive
definite and the relation A > B means A — B = 0 is a positive semidefinite. Given a positive
definite matrix A, its positive definite square root is denoted by AY2. We use the known
fact “for positive definite matrices A and B, the relation A > B implies A" > B"?” which
is called the Lowner-Heinz theorem.

2. Some notations and preliminary results

Let A be a positive definite m X m matrix. The spectral decomposition of matrix A assures
that there exists a unitary matrix U such that

A=U*DU = U*diag(\;)U, U*U =1, (2.1)
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where D = diag(A;) = diag(As,...,A,) is the diagonal matrix with diagonal entries A; (A;
are the positive eigenvalues of A). For any real number r, A™ is defined by

AT = U*D'U = U* diag (\}) U. (2.2)

If A € My, , is any matrix with rank (A) = s, the singular value decomposition of A assures
that there are unitary matrices U € M,, and V € M, such that

A=U>V* (2.3)

Here >, = [W 8] € My, where W = diag(gy,...,¢s) € M; is the diagonal matrix with di-
agonal entries ¢; (i = 1,2,...,s) and ¢; = ¢, = - - - = ¢, > 0 are the singular values of A,
thatis, ¢; = ¢, = - - - = ¢, > 0 are positive square roots of positive eigenvalues of A*A and
AA*. The Moore-Penrose inverse of A is defined by

w-l 0

+
wov[

] U* € My m, (2.4)

where W1 = diag(¢; 1,65 %,...,67 1) € M; is the diagonal matrix with diagonal entries
S L(i=1,2,...,s). A" isa unique matrix which satisfies the following conditions:

AATA =4,  ATAA* =AY, (AAT)" = AAY, (ATA)" = A"A. (2.5)

For any compatible partitioned matrices A, B, C, and D, we will make a frequent use
of the following properties of the Tracy-Singh product (see e.g., [1, 3, 5, 10]):
(a) (A®B)(COD) = (AC)O(BD) if AC and BD are well defined;
(b) (A®B)" = A"OB" if A € M,,, B € M, are positive semidefinite matrices and r is
any real number;
(c) (A®B)* = A*®B*;
(d) (A®B)* = A*@B".
If A € M,,, and B € M,, are positive semidefinite matrices, then (see, [3, 10])
(e) A®OB > 0;
(f) 11(A®B) = A1(A)A1(B), Amn(A®B) = A,y (A)Ay(B),
where A1(A), A,u(A) are the largest and smallest eigenvalues, respectively, of a matrix A,
and A, (B), A,(B) are the largest and smallest eigenvalues, respectively, of a matrix B.

The Khatri-Rao and Tracy-Singh products of k matrices A; (1 <i <k, k= 2) will be
denoted by ]_[f=1 *A;=A; x Ay k% --- x Ay and ]_[f;l OA; = A1OA,0 - - - OAy, respec-
tively.

For a finite number of matrices A; (i = 1,2,...,k), the properties (a)—(d) become as
in Lemma 2.1 and the connection between the Khatri-Rao and Tracy-Singh products in
(1.7) and (1.8) becomes as in Lemma 2.2.
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LEMMA 2.1. Let A; and B; (1 <i <k, k = 2) be compatible partitioned matrices. Then
(1)
k k k
(ﬂ@Ai) (ﬂ@Bi) = (]‘[ @(AiB,»)> (2.6)
i=1 i=1 i=1

if AiB; (1 =i <k, k=2) are well defined;

(ii)
k Tk
(HG)A,) =[]@4f, k=2,3,.; (2.7)
i=1 i=1
(iii)
k ok k ok
(]‘[@A,-) =[]eAf, (ﬂ*A,) =[[*Af, k=23,..; (2.8)
i=1 i=1 i=1 i=1
(iv)
k Tk
(ﬂ@A,) =[[@A] ifAi€eMyy (1<i<k k=2) (2.9)
i=1 i=1
are positive semidefinite matrices and r is any real number;
v)
k k k
(ﬂ(A,@B,-)) = (ﬂA,-)@(ﬂB,-), k=2,3,.... (2.10)
i=1 i=1 i=1
Proof. The proof is immediately derived by induction on k. O

LEMMA 2.2. Let A; = [Ag,z] € Mugiyniy) (1 <i<k, k=2) be partitioned matrices with
Ag;), as the (g,h)th block submatrix (m = 15, m(i), n =TI, n(), r = Z;ZI Ik, m;(i),
s= Z;:l H:Ll n;j(i), m(i) = Z;:l m;(i), n(i) = 2;:1 n;j(i)). Then there exist two real ma-
trices Zy of order m X r and Z, of order n X s such that 2Lz, = I,, 2T 7, = I, (Z\, Z, are real
matrices of zeros and ones) and

k k
ﬂ*A,-zZlT(HGA,-)ZZ, k=23, (2.11)

i=1 i=1

where I, and I; are identity matrices of order r X r and s X s, respectively. In particular, if
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m(i) = n(i) (1 <i<k,k = 2), then there exists an m X r matrix Z of zeros and ones such
that ZTZ = I,

k k
H*A,-zZT(nG)A,-)Z, k=23,..., (2.12)
i=1 i=1

and ZZ" is an m x m diagonal matrix of zeros and ones, so

0<2zz" <1, (2.13)

where m = ]_[521 m(i).

Proof. The special case in (2.12) of Lemma 2.2 is proved in [3, Corollary 2.2] and (2.13)
follows immediately by the definition of matrix Z. We give proof of the general case in
(2.11) of Lemma 2.2 for the sake of convenience. We proceed by induction on k. If k = 2,
then (2.11) is true by (1.7). Now suppose (2.11) holds for the Khatri-Rao product of k
matrices, that is, there exist an m X r matrix Py, of zeros and ones and an #n X s matrix Ry
of zeros and ones such that PkTrPkr =1, R]’{;Rks =1, and

k k
]_[*Aizp,f,<]_[®Ai>Rks, k=23,.... (2.14)
i=1 i=1

We will prove that it is true for the Khatri-Rao product of k + 1 matrices. Then by (1.7),
there exist an m(1)r X r matrix Q; of zeros and ones and an #n(1)s X s matrix Q, of zeros
and ones such that QT Q; = I,, Q¥ Q, = I,, and

ﬁ*A A1*<ﬁ*A) ( 1®ﬁ*A)QZQI{ 1@(13{,(?[1@,4,-)12,{5)}@

affnio(i(flon))le

k+1
=Q1T(1m(1)®Pkr{ (H@A)} Lu)®Rk: ) Q;
k+1
= Q[ (Im1©P},) (H@Ai) (L) ©ORks ) Q.
i=1

(2.15)

Letting Z, = (In(1)®Pk,)Q1 and Z, = (I,1)®Rks) Q,, the inductive step is complete. Here
Q1 = Py = P;, Q1 = Ry = Ry, and it is a simple matter to verify that

Zy = (In1)®Px;) Py = P(rs1yrs Z{ =PI (In1)®P},) = Pl 1y,

(2.16)
Zy = (In(l)@)Rks)Rs = Rk+1)s Zz = RST( n(1)®Rks) = (7;<+1)5-
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Note that
Z{ Zy = Pl (L) @Pk,) (1)OPk,) Py = QI (Iu(1)®P) (Ln(1y®OPx,) Q
= Q (I Im(1y©P}, Pkr)Ql
IT o (2.17)
- X1 (Im ) (Im(l)G)Ir = Im(l)r)
= Ql (Im1)r) Q1 = Q[ Qi = I..
Similarly, it is easy to verify that Z Z, = I.. O

LEmMMA 2.3. Let a be a nonempty subset of the set {1,2,...,m} and let A € M,, be a positive
semidefinite matrix. Then (see Chollet [4])
(1) ifeither —1 <r <0orl <r <2, then

A'(a) = A(a)", Va (2.18)
(i) if 0 <r < 1, then
A'(a) <A(a)’, Va, (2.19)

where A(«) is the principal submatrix of A whose entries are in the intersection of the rows
and columns of A specified by a.

Lemma 2.4. Let X; >0 (j = 1,2,...,k) be n x n matrices with eigenvalues in the interval
(w,W] and U; (j = 1,2,...,k) are r X m matrices such that Z?:l U; U;“ = 1. Then (see
Mond and Pecarié¢ [7])

(i) for every real p > 1 and p <0,

k P
Z PUF <y {ZUX U*} : (2.20)

where

-8 (pore—1\ o w
y_(P—l)(8—1)< p 5p_5>’ o= (2.21)

While for 0 < p < 1, the reverse inequality holds in (2.20);
(ii) for every real p > 1 and p <0,

k p
{ZUJ-X}PUJ»*} {zUX U*} < piI}, (2.22)
j=1

where

WwP —wWP 1 WP —wP PPy
AW W -t .

YE W o p W—w (2.23)

While for 0 < p < 1, the reverse inequality holds in (2.22).
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3. New applications and results

Based on the basic results in Section 2 and the general connection between the Khatri-Rao
and Tracy-Singh products in Lemma 2.2, we generalize and derive some equalities and
inequalities in works of Visick [8, Corollary 3, Theorem 4], Chollet [4], and Mond and
Pecari¢ [7] with respect to the Khatri-Rao product and extend these results to any finite
number of matrices. These results lead to inequalities involving Hadamard products, as a
special case.

THEOREM 3.1. Let A; = [Ag,i] € Mu(yniy (1 i<k, k=2) be partitioned matrices with

Ag;, as the (g, h)th block submatrix (m = ]_[5;1 m(i), n= Hf-‘zl n(i)) and let Z1 and Z, be the
real matrices of zeros and ones that satisfy (2.11). Then

(1) there exists an m X (m — r) matrix Q(m) of zeros and ones such that the block matrix

Q = [2% Qu ] is an m X m permutation matrix. Q) is not unique but for any such

choice of Qum),
Z{Qm =0,  Q\nQuw =In-r,  QunQim+Z1Z{ =1In (3.1)
(ii) for any m X n matrix L,
ZILL*Z) = (ZF12,) (2T LZ,)" = 0. (3.2)

Proof. Though the proof is quite similar to the proof of [8, Corollary 3(iii) and (vii)] for
Hadamard product, we give proof for the sake of convenience.

(i) It is evident from the structure of Z,; that it may be considered as part of an m x m
permutation matrix Q = [Z1 Qu) |, where Q) is an m X (m — r) matrix of zeros and ones.
For example, when k = 2, then Q(,) is not unique (see, [8, page 49]). Using the properties
of a permutation matrix together with the definition of Q = [Z Qu |, we have

I, =007 = [Zl Q(m)] [QZ(TI;J = Q) Qly + 2121,
I 0 ro_ | 21 207 21 Qun o)
o L R R A R P A
From these come the required results in (i), that is,
ZFQum =0, Qo Qumy = Im—r» Qum) Qlyy + Z1Z1 =1, (3.4)
(ii) By (2.13) of Lemma 2.2, we have I, > Z,Z] > 0 and so
ZILL*Z) = ZT L2, 2T 1% 7, = (2T L2,) (2] LZ,)" = 0. (3.5)

We now generalize [8, Theorem 4] to the case of Khatri-Rao product involving a finite
number of matrices. 0
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THEOREM 3.2. Let A; = [Ag;l] € My (1 <i<k, k=2) be partitioned matrices with A;,’Z
as the (g,h)th block submatrix. Let Z, be an mF x r matrix of zeros and ones that satisfies
(2.12) and let Q(ny be an n* x (n* — s) matrix of zeros and ones that satisfies (3.1). Then

k k k * k k *
]J* (A;AF) = (E*(A,»)) (E*A,) +Z{<E®Ai)QwQa) <1I®A,-) Z
k k * k k *
“([emo) ([1e) +((ow)an) (7 ([Ton)n)
i=1 i=1 i=1 i=1 (36)
and hence

k k k *
[ [*(AA]) = (ﬂ*(A,))(]_[*A,-) , k=23, (3.7)
i=1 i=1

Proof. From Lemma 2.1(i) and (iii), we have

,ﬁ O(AAF) —(ﬂ@A)(lﬁ@A,)*. (3.8)

But by Theorem 3.1(i), there exist an n¥ X s matrix Z, of zeros and ones that satisfies

(2.12) and an n¥ x (n* — s) matrix Q(, of zeros and ones that satisfies (3.1) such that
7273 +Qum Q[ = I and

Zﬁ@)(AiA,*) = (ﬁ@AJ (2221 +Quwy (ﬁ )
- (ﬁ@Ai) (ZZZZT)<H®A>*+ (]ﬁ >(Q(,,)Q(Tn)) (ﬁ@A,)*.

(3.9)

Since A; (1 <i <k, k = 2) are rectangular partitioned matrices of order m X n, then due
to (2.11) of Lemma 2.2 there exist two real matrices Z; and Z, of zeros and ones of order
mk x r and n* x s, respectively, such that

k k
]_[*Ai=ZlT(1_[®Ai)Zz, k=23,.... (3.10)

i=1 i=1

But because A;Af (1 <i <k, k > 2) are square matrices of order m X m, then due to
(2.12) of Lemma 2.2 there exists a real matrix Z; of zeros and ones of order m* x r such
that

k

k
[ [*(A:AF) T(ﬂ@(A,Af‘))ZI, k=2,3,.... (3.11)
i=1

i=1
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Due to (3.9), (3.10), and (3.11), we have

k k k k *
]_[* (AAF) =Z] (]‘[ O(AA} ) Zf(ﬂ@A,-)ZZZZT(HG)Ai) Z

i=1

f[ > QnQh) (1‘[@4,-) P
(1o

i=1

i=1

k * k k *
(1_[ *Ai> +ZlT<1_[®Ai) Qn )Q(n)(l_[®Ai) Z
i=1 i

w)([1ea) + (1 (en)ou) (#(TTon)o-) -

(3.12)

]

If we put k = 2 in Theorem 3.2, we obtain the following corollary.

COROLLARY 3.3. Let A; = [Agg] € M, (1 <i<2) be partitioned matrices with Agz as the
(g,h)th block submatrix. Let Zy be an m* X r matrix of zeros and ones that satisfies (1.8)
and let Q) be an n* X (n* — s) matrix of zeros and ones that satisfies (3.1). Then

A]Aik >|<A2A;< = (A1 *Az)(Al *Az) +Zl (A G)AZ)Q(n Q ( 1®A2) Zl, (313)
and hence

ALAF % AZA% > (A % Ay) (AL % Ay) ™. (3.14)

COROLLARY 3.4. Let A; = [ ] € My, (1 <i <k, k=2) bepartitioned matrices with A(')

as the (g, h)th block submatrlx Let Z; be an mF X r matrix of zeros and ones that sutzsﬁes
(2.12) and let Q(ny be an n* x (n* — s) matrix of zeros and ones that satisfies (3.1). Then the
following statements are equivalent:

(i)

k k k *
n*(A;Af‘)z(ﬂ*(Ai)><n*Ai> , k=2,3,..; (3.15)
(ii)

zl (H@A)Q<n =0, k=2,3,..; (3.16)
i=1
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(iii)

k
n*(AiXi) = (ﬁ*(A,)) (ﬁ*(X,)), forXi EMn,m (I1<ix< k, k> 2). (3.17)

i=1 i= i=1

Proof. To arrive from (i) to (ii), notice that (i) holds if and only if the last term of (3.6)
is zero, which is equivalent to Z] (]_[f:1 ®A;)Q(n) = 0. To arrive from (ii) to (iii), notice
that (ii) may be rewritten as Z{‘F(]_[f:1 ®A,-)Q(,1)Q(7;l) = 0. By Theorem 3.1(i), there exist an
n* x s matrix Z, of zeros and ones that satisfies (2.12) and an n* x (#* — s) matrix Q) of
zeros and ones that satisfies (3.1) such that Q(n)Q(Tn) = I — Z,Z7, this becomes

k k
zZl (ﬂ@Ai) =zl <1—[®Ai)ZzZ2T. (3.18)

i=1 i=1

By postmultiplying by (Hi;l ©X;)Z, for any of the n X m matrices X; (1 <i < k), we have

k k k
zl (ﬂ@)(A,X,»))Zl =zl ( HG)A,-) 2,77 ( H@X,-) Z, (3.19)

i=1 i=1 i=1

which is (iii) by (2.11) and (2.12) of Lemma 2.2. To arrive from (iii) to (i), assume (iii)
holds for all # X m matrices X; (1 < i < k). It must therefore be true for X; = A (1 <i <
k), which is condition (i). Hence (iii) implies (3.6) which is (i). [l

If we put k = 2 in Corollary 3.4, we obtain the following corollary.

COROLLARY 3.5. Let A; = [Ag;)l] € My, (1 <i <2) be partitioned matrices with Ag,: as the
(g, h)th block submatrix. Let Z; be an m? X r matrix of zeros and ones that satisfies (1.8) and
let Q(ny be an n? X (n* — s) matrix of zeros and ones that satisfies (3.1). Then the following

statements are equivalent:

(i)
ALAT % AAT = (A1 % Ay) (A1 % Ay) ™5 (3.20)

(ii)
ZT (A10A2) Q) = 0; (3.21)

(iif)
A1 Xy % AyXo = (A1 % Ay) (X1 % X2),  for X1,X5 € My (3.22)

THEOREM 3.6. Let A; > 0 (1 <i <k, k = 2) be n X n compatible partitioned matrices. Then
(i) ifeither -1 <r <0orl <r <2, then

k k r
[[*Ar = (]_[ *Ai> ; (3.23)
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(i) if 0 <r < 1, then

k k r
[[*Ar < (]‘[ *Ai> . (3.24)
i=1 i=1

Proof. If we put s = 1, replace r by 1/r and A; by A} in [3, Theorem 3.1(i)], we obtain (i).
But, if we put s = —1, replace r by 1/ — r and A; by A; " in [3, Theorem 3.1(i)], we obtain
(ii). O
Remark 3.7. Tt is easy to give another proof of Theorem 3.6 by replacing A by ]_[':-{:1 OA;
in Lemma 2.3 and applying (2.12) of Lemma 2.2.

THEOREM 3.8. Let A; > 0 be compatible partitioned matrices such that Hf-;l BA;>0(1 =<

i<k, k=2).Let W and w be the largest and smallest eigenvalues of 1,04, respectively.
Then
(i) for every real p > 1 and p <0,

k k p
H*AfSy(ﬂ*A,) , k=23, (3.25)
i=1 i=1
where
p
B ) p—16r-1 w
”‘@1)(51)( p apa> > 0= (3.26)
While for every 0 < p < 1, the reverse inequality holds in (3.25);
(ii) for every real p > 1 and p <0,
k k p
[]*A? - ( >l<A,~> <yl, k=2,3,..., (3.27)
i=1 i=1
where
/(p=1)
WwP —wW? 1 we—wh\”
V=T ‘”<pw_w> - (3.28)

While for every 0 < p < 1, the reverse inequality holds in (3.27).

Proof. This theorem follows from [3, Theorem 3.1(ii) and (iii)]. We give proof for the
sake of convenience. In (2.20) and (2.22) of Lemma 2.4, set k = 1 and replace U by Z7,
U* by Z, and X by Hf-‘zl ®A;, where Z, is the selection matrix of zeros and ones that
satisfies (2.12). By using Lemma 2.1(iv), we establish Theorem 3.8. O

From (3.25), we have the following special cases:
(i) for p = 2, we have

k k 2
H*A%S{WKH*A") , k=23, (3.29)
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(ii) for p = —1, we have

k -1
1_[ _{ VZJV”; }(ﬂm) . k=23,.... (3.30)

i=1

From (3.27), we have the following special cases:
(i) for p = 2, we have

k k 2
[]#42 - (ﬂ*A,-) < TWowlilh, k=23, (331)
i=1 i=1

(ii) for p = —1, we have

k k -1
[]*A7! - (H*Ai> S{M}I, k=23,.... (3.32)
i=1 i=1 wW

4. Further developments and applications

Due to Albert’s theorem in [2] and [9, Theorem 6.13], for a partitioned matrix [ 2% 5] with
a positive (semi) definite matrix A € M,

A B .
[B* D}ZO iff D> B*A'B, (4.1)

for any positive semidefinite matrix D € M,,. It is also known that if matrix A is square
and nonsingular, then A* = A~! and [é“* g] > 0ifand onlyif D> B¥*A™'B.

Let Z, and Z; be the real matrices of zeros and ones of order m X r and n X s, respec-
tively, that satisfy (2.11) in Lemma 2.2. Now another way to use Lemma 2.2 to generate
inequalities involving the Khatri-Rao product is by using the following obvious inequal-

ity:
rre = | I [T 1] = OTe Ty (4.2)
T, [L°Y 72 T,TF TTF |~ ‘
where T} and T, are n X [ and m X | matrices, respectively. Note that T, T}* and T, T are

positive semidefinite (positive definite) matrices for every (nonsingular) complex matri-
ces T and T,. This leads to

zI o]ty TTi|[Z 0 ZInTiz, ZImTizZ
T * * = T * T * >0, (4~3)
0 Z || LT T.1; 0 Z ZiI7Z, Z T, T5Z,
if and only if

ZITY TS 2y = (2 T T 2) (2] T T 22) (2] T T3 20). (4.4)
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Therefore (4.4) can be considered to be more general than (3.2). In order to prove this we
set Ty =1 and T, = L in (4.4), we have

ZILL*Z, = (ZTLI* 2,) (2111 Z,) " (ZX1L* Zy)
= (ZIL2)(Z32:) (Z1*20) (Z3Z,=1) (4.5)
= (2{12,) (2] 1L2,)".

Returning to (4.4) and (3.2), it can be easily seen that various other choices of the
matrices Ty, T», and L are possible which lead to quite different inequalities involving
Khatri-Rao products. However, there exist some inequalities that do not seem to follow
directly from (1.7) or (2.11), but follow easily from (4.4) and (3.2). Based on (4.4) and
(3.2) we generalize some inequalities in works of Visick [8, Corollary 13, Remark in page

56, Theorems 11, 17, and 20] and establish some new inequalities involving Khatri-Rao
products of several positive matrices.

THEOREM 4.1. Let Ay and A, be compatible partitioned matrices. Then
AAT % AQAS + AL AT x AJAT + A1AS k AyAT + AyAT x A1 A5
> (A * A+ A x Ar) (A1 % Ar) " + (A x A)) 7). (46)
Proof. Set Ty =I1@®I and T, = A|®A; + A;0A;. Then calculations show that
TyT = ALAT @ALAT + Ay AT @A AT + AL AT OAAT + A, AT @A AS,

T, T} = A|@A; + A,0A, T\ Ty = (A,04;)" + (4,04,)7, T\ T} =10Ol.
(4.7)

Substituting these into (4.4) and using (1.7), we get (4.6). O

CoRroLLARY 4.2. Let A; (1 <i < 2) be Hermitian compatible partitioned matrices. Then

(@)

A?x A2> (A % Ay (4.8)

(i)
A2x A2 > (A% A ifAis nonsingular; (4.9)

(i)
IxA?> (IxA). (4.10)

Proof. (i) Set A} = A, and A} = A; in (3.14) of Corollary 3.3, we get (4.8).
(ii) Set A} = Aand A, = A7 in (4.8), we get (4.9).
(iii) Set A; = and A, = A in (4.8), we get (4.10). O

CoROLLARY 4.3. Let A; >0 (1 <i < 2) be compatible partitioned matrices. Then

1/2

(AT % A3) "= A % A, (4.11)
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Proof. It follows immediately by (4.8) and Lowner-Heinz theorem. O

THEOREM 4.4. Let A; >0 (1 <i <k, k= 2) be compatible partitioned matrices and let
AV = AJPATVE = ATV2AYE (1 <i < k). Then

k k k
2(1_[ *A?) + (Al [ ] >|<A,*> + (Af [ ] *A,-)
iz i=2 i=2
k k k + k k
> (A1 s [ [*AY+A) % [ ] *Ai) (]_[ *Ai> <A1 k[ [*AY+A) [ *A,).
i=2 i=2 i=1 i=2 i=2
(4.12)
Proof. Since A; >0 (1 <i<k, k=>2), then A = A;. Set T} = Hf-;@A,w and T, =

AV?OTTE, @A + ATV2O [T, AV Since AV2AY? = A;, AFV2ATY? = Af, and A? =
AYPATV2 = ATV2AY? (1 < i < k), then calculations show that

k k k £
TS = 2(1‘[@),4?) + <A1®H®A?) + (AT®1_[®Ai>> Nt =[]e4,

i=1 i=2 i=2 i=1

k k k k
T, T} = (A1®H®A?+A?®n®Ai>, T\TS = (A1®H®A?+A?®n®Ai>.
i=2 i=2 i=2 i=2
(4.13)

Substituting these into (4.4) and using Lemma 2.2, we get (4.12). O

If we putk = 2 and replace A; by A} (1 <i < 2) in Theorem 4.4, we obtain the following
theorem.

THEOREM 4.5. Let Ay = 0, Ay = 0 be compatible partitioned and let r be any nonzero real
number such that A) = A7*AT7? = AT2AV? and A9 = AY*AT7? = A372AY?. Then

2A9 x A+ AT % AJT+ AT x A
0 0 + 0 0 (4.14)
> (AT x AJ+A] % AY) (AT % AD) " (A} x A + A x AY).

If A; >0, A, >0 in Theorem 4.5, we obtain the following theorem.

THEOREM 4.6. Let A; >0, A, >0 be compatible partitioned and let I be a compatible parti-
tioned identity matrix. Then for any nonzero real number r,

+AT %Ay +AT % AL = (AT I+T % AL) (AT % AL) (AT« T+1%A}).  (4.15)

Ifwe putr =1and A; = A, in Theorem 4.6, we obtain the following theorem.

THEOREM 4.7. Let A >0 be compatible partitioned and let I be a compatible partitioned
identity matrix. Then

Ad+A% AT+ AT A2 (AxI+TxA)(AxA) " (AxI+1*A). (4.16)
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In particular, if I is a nonpartitioned identity matrix, then
D+Ax AT+ AT A= 4T x A)(Ax A) (I % A). (4.17)

THEOREM 4.8. Let A; >0 and A; >0 be compatible partitioned matrices. Then for any
nonzero real number r

AT Ay + AT AL 420 = (AT % A2+ AT % AY2). (4.18)
In particular, if Ay = A; = A, Then
AT AT+ATRA 20 > (A2 % AP+ A2 % A7) (4.19)

Proof. Since A; >0 and A, >0, then A} = A, and A} = A,. Set L = A7?QA;"* +
A*@AY?. Compute

ZILL*Zy = ZILLZ, = Z] (A7?@A;"* + AT ?0AY?) (AT?@A; " + AT*0AT) Z,
= Z[ (AJ®A;,")Zy + 2] (I181)Z, + Z[ (I81)Z, + Z{ (A, ©A}) Z,
=A% AT +2I+ AT kAL

(4.20)
Similarly,
(ZTLZ,) (ZT1L2,)" = (ZTLZ,)" = {ZF (AV2@A; " + A, *@AY?) Z,)° .

4.
_ (Aq/z >I<A2—r/2+Al—r/2 *AE/Z)Z. ( )
Substituting (4.20) and (4.21) into (3.2), we get (4.18). O

From (4.18), we have the following special cases:
(i) for r = 1, we have

AFAT H AT sk Ay +21 = (A2 5 A7V + ATV2 % AV (4.22)

(ii) for r = 2, we have

A2k AP+ AT % A24+2T = (A % AT+ AT % Ay)° (4.23)
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From (4.19), we have the following special cases:
(i) for r = 1, we have

A* AT AT xA20 = (A K AT AT 5 AV (4.24)
(ii) for r = 2, we have
AP A2+ A2 % A2 +20 = (Ax A+ A x A)% (4.25)

THEOREM 4.9. Let A; = 0, A, = 0 be compatible partitioned and let I be a compatible par-
titioned identity matrix. Then

A200A2+2(A; % Ay) = (A1 0A,)7, (4.26)

where Ajoo Ay, = Ay % I +1 % A is called the Khatri-Rao sum.

Proof. Set L =A,VA; = A0 +I0A; (Tracy-Singh sum). Since A; > 0 and A, = 0, then
AT = Ay and Af = A,. Calculations show that

ZILL* 7, = ZFLLZ, = ZI (A1@1 +I0A;) (A0 + ,OA,) Z,

4.27
=A2kT+T1%A3+2(A; % Ay) = A200A3 +2(A; * Ay). (4.27)
Similarly,
(ZTLZ,) (ZTLZ,) ™ = {ZT (A\OI +IOA,) Z,} {ZT (A, O +IOA,) Z,} ™
X R (4.28)
= (A1 xI+1 >|<A2) = (A100A2) .
Substituting (4.27) and (4.28) into (3.2), we get (4.26). O

THEOREM 4.10. Let Ay >0 and A, >0 be compatible partitioned matrices. Then for any
positive real number r,

r(A7 * A7) + (A1Ay % Ay A1) + (A2A) x AjAy) + l(A% * A7)
’ | (4.29)
= T(A] *Az)z + (A1 *Az) (Az *A]) + (Az *A]) (A1 *Az) + ;(Az *Al)z.

Proof. Set L = £1A10A; +£,A,0A,, where & and ¢, are both positive. Since A; >0 and
Ay >0, then A} = A; and AJ = A,. Compute

ZYLL*Z) = ZFLLZ) = ZT ()A1OA; + £,A,0A,) (1A 10A; + £,A,0A) Z,
= ZlT{g‘Z% (A%@A%) +&1& (A1A2®A2A1) + 16 (AzA]@A]Az) + 8% (A%@A%) }Z]

= {8% (A% *A%) +£1£2(A1A2 *AzAl) +£1€2(A2A1 *AlAz) +£§(A% *A%)}
(4.30)
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Similarly,

(ZI1L2,) (ZTL2,)" = {Z] (e1410A; + £24,0A,) Z, }H{Z] (61A1OA; + £2A4,04,) 2, }
={Z1()A|0A; + £,A,0A,) 2,1 {Z] (61A1OA; +£,A,0A,) Z,}
= {(a1A1 x Ay + 824, % A)) )

— (A % Ay) + 162 (A % Ay) (Ay % Ay)

+erer(Ar x A1) (A % Ay) +e2(Ar % A))~.
(4.31)

Substituting (4.30) and (4.31) into (3.2), we have
{8% (A% ES A%) +£1& (A1A2 *k A2A1) +£1& (AzAl ES A1A2) +£§ (A% *k A%)}

> {ef (ATAz)z +e162 (A % Ar) (Ar % Ay) +e162(As % A1) (A1 % Ar) + €3 (AfAl)z}-
(4.32)

Setr = &1/¢&,, we get (4.29). O

Remark 4.11. Let A; (1 <i <k, k >2) be compatible partitioned matrices. Then (3.7)
can be proved by setting T = ]_[f:1 ®land T, = ]_[fll ®A;. Calculations show that

k k k * k
T,T = [ [@AA}, T,T{ = [ [®A4; T\ Tf = (ﬂ@A,-) , T\ Tf =] [OL
i=1 i=1 i=1 i=1

(4.33)

Substituting these into (4.4) and using (2.11), we get (3.7).

Remark 4.12. Let A; (1 <i <2) be compatible partitioned matrices. Then (3.14) can be
proved by putting k = 2 in Remark 4.11.

Remark 4.13. All results obtained in Sections 3 and 4 are quite general. These results
lead to inequalities involving Hadamard product, as a special case, for nonpartitioned
matrices A; (i = 1,2,...,k, k > 2) with the Hadamard product and Kronecker product
replacing the Khatri-Rao product and Tracy-Singh product, respectively.

Now we utilize the commutativity of the Hadamard product to develop, for instance,
(3.7) of Theorem 3.2. This result leads to the following inequality involving Hadamard
product, as a special case:

f{o<AfAf> > (ﬁ(A)) (ﬁA) (434

It is possible to develop (4.34) in a different direction from (3.6). For example, Visick [8,
Theorem 11, page 54] proved that if A,, A; € M,,,, and s € [—1,1], then

A1AT 0 Ay A% +5(A1AT 0 AJAT) = (1+5) (A1 0 Ay) (A1 0 Ay) ™. (4.35)
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We will extend this inequality to the case of products involving any finite number of
matrices.

If the Tracy-Singh and Khatri-Rao products are replaced by the Kronecker and Hada-
mard products in Lemma 2.2, respectively, we obtain the following corollary.

COROLLARY 4.14. Let A, € My, (1 <i<k, k=2). Then

k k
T
[[o4i=PL, (]‘[ ®A,-> Piy, (4.36)
i=1 i=1
where Pryy = (B 0. o B o oo ... o ... o ES)T is of order m* x m, 0™ is an
m X m matrix with all entries equal to zero, and E,(]m) is an m X m matrix of zeros except for

a one in the (i, j)th position.

THEOREM 4.15. Let A; € My (1 <i <k, k=2). Then for any real scalars ay,0z,...,0k
which are not all zero,

woorad) (o) o (ST (auti))

i=1 w=1

(4.37)

= (o + - - -+(xk)2(ﬁ0Ai> (ﬁoAi>*,

i=1 i=1
where p, = Zlfvzl A Owiry and w+r = (w+r) mod k with 1 < (w+r)" <k.
Proof. Let

L=a;(A1®A;® @A)+ (A2® - @At @A)+ -+ (Ar®A; ® - - - ® Ak_1),
(4.38)

where A; € My, (1 <i<k, k>2)and a;,q;,...,a are real scalars which are not all zero.
Taking indices “modk,” Lemma 2.1(i), (iii) (by setting ® instead of ®) give

k
= Z‘xi(Ai®Ai+l & - - ®Ai71)
i=1 i

=2 (MA@ - @ ARA] )+ -+l (AKAf ® AAT @ - - @ ARAY ) (4.39)

Ma-

ai(Af @ Al ® - - ® Af)

1

+ D i (AAT @ Aj AT @ ®Aj AT ).
i#j

Now the application of (4.36) and the commutativity of the Hadamard product yield
k k
Pl LL*Piy = (a3 +- - - +0a2) (1_[ ) (Zur [To(AvAfy )) (4.40)
i=1 w=1

where y, = Zﬁ, Ay and w+r = (w+r) mod kwith 1 < (w+r) <k.
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Also by (4.36) and the commutativity of the Hadamard product, we obtain
(PF LPy) =Pl {a1(A1®A2® - @A) + a2 (A2® - - - ® Ak ® Ay)
+oo (A ®A; ® - @ Ag1) } Pry
=a Pl (A/®A® - ® Ap) Pru+ aPF (A1 ® -+ @ Ay ® A)) Pra

+o ot aPl (Ak®A;® - ®Ax_1)Pra

(Xl(AloAZO"'OAk)‘i'(Xz(AZO"'OAkOAl) (441)

+-tag(Ako Ao -0 Ax )

(a1+---+ak)<ﬁoAi),

i=1
k *

(Pl LPy)™ = (a+ -+ - +ay) (]_[OA,») .
i=1

Now
* 2 k k -
(PL LPiy) (Pl LPky)™ = (01 + - -+ + ax) (ﬂoA,-)(ﬂoA,-) . (4.42)
i=1 i=1

Since P}, LL* Py, > (Pl LPy,)(PL LPy,)* by (3.2) and from (4.40) and (4.42), we get
(4.37). 0

Now, we examine some special cases briefly.

In order to see that (4.37) really is an extension in (4.34), it is sufficient to set ot; = 1
and a; = - - - = ax = 0. Thus we recover the result of Visick in (4.35) which we mentioned
before the statement of Corollary 4.14. Let k = 2, then y; = vazl A1y With w+1 =
(w+1)" mod 2, that is, 41 = 2a;a,. Then Theorem 4.15 asserts that

((X% + (X%) (AlAik o AzA;‘) +20 0, (AlAik o AzAik) > ((Xl + (Xz)z(Al o Az) (A] o Az)*
(4.43)

Simplification gives
ALAT 0 AyA% +5(A1AT 0 AJAT) = (1+5) (A1 0 Ay) (A1 0 Ay)™ (4.44)

for any s € [—1,1], just as we wanted. Finally, we present an attractive inequality using
three matrices. Let k = 3, a; = 1, &, = a3 = —1/2. Theorem 4.15 asserts that

A]Aik OAzAik 0A3A§k > %{AIA; OAzAgk 0A3Aik +A2Aik 0A3A£k OAlAgk}. (445)
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