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Abstract

For mass traﬁsfef to the wall of a tube with fully developed,
laminar fiow»and-a constant wall cencentratioen, Lévgque's solutien
is useé as a basis for an expansion valid near the entrance to the

mass-transfer section.
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For mass transfer to the wall of a tube with fully dévelopéd, laminar

flow, the concentration satisfies the sguation

- 2<vz>< ’")T 2 (-3 8201 W

Z

: 2
For any appreciable flow rates, the axial diffusion term Dagci/az can

-be neglected. With this approximation and a constant concentratien at the

wall, one has the classical Graetz problem.'l The boundary coenditions thus

become ' .
c; = cb at z = Q,
c; =c, atr=R. (2)
Bci/ar =0 at r = 0.

A 2 - :
Leveque wused a similarity transformation to obtain the solution near
the entrance to the mass-transfer section. In order to use Lév%que's solu~
tion as a basis fer ebtaining higher order terms in an expansion valid

for small values of z, it is appropriate to use Lévgque's similarity variable
. 1 /
& = (R-1)(4<v,>/9DRz) /3 (3)
as one variable and a dimensionless axial distancé
= 9Dz /b (v Yi® - o)
- zr

as the second variable. In terms of the dimensionless concentration

e = (ci'-co)'/'(c.b—co) s | (5)
thé problem then bec0més
% 208 1/3 3 £3¢1/3 2 Y@ 3 2'2/3 8
R R (ecv_-l——émgzlgec 73 (©

with the beundary conditiens

6=-0at£=0, O=1latf=% ©=latli=0 (7)
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The solutlon can be expressed as a power serles in C /3

6-e (&) + cl/3@ (&) + 236, (®) + o(t)

where the leading term @o(ﬁ)
 ential equations for'®o, e,

. 2.
0" .+ 3£°@
o 3 o

it 2 ] ‘ ,.
®l + 35.91 - 3&@1

1 2451
e, + 3¢ e - 66@2

with boundary conditions

@ozl,.

is Levegue 5 solution.

and ®2 are
=0,

(1‘+ ; &3).9' ’

aedede+eer -3l

=®2=Oatﬁ=

@ = @ =Oatg=®

The solutions for ®o and ©. are

_ 1 -x3
o

| o | Qe-és / 0 -x3 R
®1=‘T§'1‘7173'5’P /3’€_-£ ¢

Hence the differential equatlon (ll) for 8, becomes

sy - 65@ Ksﬁ*ié s 5)?@73‘5 ﬂ%f

with the solution

) 3‘{'10 f
4/3

, 1l T(5/3)

The ordinary d1ffer~

 1 .3 6 €
(210 tm & eoo€>1“@/3)

/3
°3% r(u/3)13 J[ (1- x>2 3°

53/ (1-x) dx .

®

'(id): e
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(13)
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(15)

(17)
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For the derivatives-at the surface we then thain

8! (0) 1/P(h/3) = 1,1198h652 .

@i(o)j -0.6 . : - | (18)

(o) . 11/180 /3)
@2(0) TTE7§7 [—%37—7] = -O 0899230 .

Hence, the average Nusselt number refefred to the concentration difference at

the inlet is

/3 1/3
= 1, 6151 'fT?é) - 1.2 - 0.28057 Céégi> ., (19)

where
J is the amount transferred to the wall in a length z.

Pe = 2R <VZ>/D is thé Péclet number.

Discussion
In order to determine the applicable range of.the Lév%due series, and
also toe check for algebraic errors, it is desirable to compare this series
with the Graetz series. For tpisxpurposé we use the mass transfer J in a
length 2z divided by the totalj;ass transfer for an infinite length. The

Léveque series for this quantity is

T - 2wz - k.069792 #3202 - o, 0, Ly 53787 2 473, 5/3) 20)

R (cb-co)<vz>
where \Np2 .

o Z= zD/2 <vz>R 5 : (21)
and the GraetZ'Series is _
g i -XiZ
ﬂRg(c-—c )<&;> Lk :

This‘comparison'ié made in table 1. Values of the first five eigenvalues

3

, and ﬁhe first five wvalues of M, were

A were taken from Abramowitz K

k



‘Table_l. Comparison of Lév'éque series and Graetz series

J/nRE(cb—co) (vg

7 Graetz = . Léveque series €
series 1 term . 2 terms 3 terms
0 0.002508 0 0 0 emmem
0.001 0.038190 0, 040698 0.038298 0.038253 0.165
0.002 ~ 0.059614  0.06M6E0k 0.05980L  0.059692 0.131
0.003 0.077172 0.084655 0.077455 0.077262  0.117
0.00k4 0.092566  0.102552 0.092952 0.092669 0.111
0.005 0.106502 0.119001 0.107001 0.106621  0.112
0.006 0.119360 = 0.134382 0.119982 0.119496  0.11k
0.007 0.131375 _o,1h8926 0.132126 . 0.131530 ° 0.118
0.008  0.142703  0.16279%2  0.14359%2  0.142879  0.123
0.009 0.153457 0.176090 0.154490 0.153656 0.130
0.01 0,1637;9 0.188903 0.164903 0.163943  0.137
0.015  0.209501  0.2L7533 0.211533  0.209885 0.183
0.02 0.248849  0.299865 0.251865  0.249447  0.240
8.085 - 0.2838Mh  0.3u7962  0.287962  0.284706  0.30k
0.03  0.315603  0.39293% - 0.32093%  0.316782 = 0.37h

€ is the .per cent deviation of the three-term Le’v’e‘que series from
the Graetz seijiés.’ : ‘



calculated from the results oaf‘-;Lipkis,.LL Values of Kk and Mk for the sixth
through thirtieth terms of’theﬁGraetz series were calculated from the for-
. R .

mulas of Sellars, Tribus, and Klein,” which formulas are valid in the

asymptotic limit of large'xkg".

The per cent deviafion‘éibf the three-term Lévgque séries from the Graetz .
series increases as Z'approaéﬂés ZEer0. »This can be attributed to errors in
the Graetz series sincgbthe’fésults of Lipkis are given to only five signi-
ficant figures. Truncation.errors_due to carrying only thirty terms in
thevGraetz series show up oﬁly in the value for'Z=O, not in the value for
Z=0.001. The Graetz seriés, as calculated, is appreciably in error up to
Z2=0.01.

With due allowance fbr-the efrors in the Graetz series, the remaining
deviations'in table 1 can be attributed to terms neglected in the Lév@que
series. From the behavior of these deviations one can estimate that the
first neglected term in equation (20) is -0.3 25/3, corresponding to the
next term in equation (19) of -0.25 (z/2R Pe)2/3. |

It is occasionally stated that thé Lév@que solution Should be good for
7 < 0.02. We see from table 1 that for this value of Z the Lévique solution
predicts an average rate anmaSSﬁtransfer that is too high by 20.5%, while

the three-term Lévgque series is accurate to 0.24%. At this point 25% of

the possible mass transfer has already occurred.

If one uses the values of Xk and Mk obtained from the formulas of
Sellars, Tribus, and Kléin.foriall terms of the Graetz series instead of Jjust
the sixth and higher terms, the error is considerably greater than that

shown in table 1. 1In féct, replacing the values for the first term by those

of Jakob6 leads to a considerable improvement. It is worthwhile to point
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this out since at least one text, that of Knudsen ana‘Katz7, quotes values
from Sellérs, Tribus, énd Klein for ten terms without mentioning that the
formulas on which they are baseq are valid only for large values‘of‘Xk.

We might note that Lipkis.suggests the following formula for the local

Nusselt number for small values of Z:

Nu. (z) = 1.357 ‘2'1/3 -1.7. (23)

loc
The term -1.7 can be compared diréctly with the term -1.2 of equation (19).
Finally, the Léveque series might be expected to Break down when the
diffusionilayer reaches the middle of the_pipe; since there.seems to be nb
way to téke this into account in the analysis.‘ This problem would arise

beginning with a value of Z in the range from 0.05 to 0.08. On the other

- hand, the Graetz series is uniformly convergent for any non-zero value of

Z (althOugh'more accurate values of Xk and Mk are required for small Z).

Conclusions
The Lévgque solution for mass transfer‘in fuily developed, laminar pipe
flow can be.extended to”higher terms, with a considerable improvement in
the accﬁrécy. Near the beginning of the mass-transfer seg#ion'this series

works better than the Graetz series.
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Nomenclature
¢, - cdhcentraﬁion of regctant.
y - inlet concentration.
s - wall concentration.
D - diffusioﬁ coefficient.
J - amount offmateriél transferred to the wall.
Nu - Nusselt number.
Pe - Péclet number.
T - radial position.
R~ =« radius of pipe.
v - axial velocity. R

®i> - average axial velocity.

z - axial distance.

T -'gamma function.

£ - dimensionless axial distance.
e - dimensibniess concentration.
£ —_Lév@que similarity variable.
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