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Abstract

The spinor representations of the orthosymplectic Lie superalgebras osp(m|n) are consid-
ered and constructed. These are infinite-dimensional irreducible representations, of which the
superdimension coincides with the dimension of the spinor representation of so(m − n). Next,
we consider the self dual tensor representations of osp(m|n) and their generalizations: these
are also infinite-dimensional and correspond to the highest irreducible component of the pth

power of the spinor representation. We determine the character of these representations, and
deduce a superdimension formula. From this, it follows that also for these representations the
osp(m|n) ∼ so(m− n) correspondence holds.

1 Introduction

In space-time, space and time are not equivalent. The metric of so(3, 1), ds2 = dx2+dy2+dz2−dt2,
counts time as negative distance. From the point of view of the photon travelling at speed of light
between two distant galaxies, the proper time and distance are zero. This explains why the photon
only has two degrees of freedom. Although it is described classically by a 4-component vector
of so(3, 1), its two polarization states form an so(2) vector, defined in the two-dimensional space
transverse to the direction of propagation.

In order to avoid the mathematical difficulties in the rigorous formulation of quantum field
theory in Minkowski space-time, one may use the formulation in Euclidean space ds2 = dx2+dy2+
dz2 + dτ2, obtained by performing a so-called Wick rotation τ = it, which changes the signature
of the metric and effectively replaces so(3, 1) by so(4). But this raises a problem, since the photon
would acquire 4 degrees of freedom. The solution, inspired by Feynman [15], De Witt [12], Faddeev
and Popov [14], and by so called BRST symmetry [2,6] (see also [5] and the references therein), is
to add two anticommuting directions (θ, θ) and use a Euclidean metric in (x, y, z, τ) space and anti-
symmetric symplectic metric in (θ, θ) space: ds2 = dx2 + dy2 + dz2 + dτ2 + dθdθ− dθdθ, effectively
replacing so(3, 1) by osp(4|2) thus, replacing Minkowski space-time R3,1 by the superspace R4|2 [13].

Further, one uses the fact that the two Grassmann variables θ, θ̄ are compensating the extra
dimensions created by the Wick rotation, thus, recovering the so(2) invariant transverse physical
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space. In terms of representation theory, one could say that the 6-dimensional defining representa-
tion of osp(4|2), with 4 ordinary variables and 2 Grassmann variables, has superdimension 4 − 2,
coinciding with the dimension of the defining representation of so(2). This is a manifestation of
what is called the osp(4|2) ∼ so(2) correspondence. More generally, the coincidence of superdi-
mensions of osp(m|n) representations with dimensions of so(m − n) representations is called the
osp(m|n) ∼ so(m− n) correspondence.

To quote other examples of this phenomenon for mass zero gauge fields, the gµν graviton and
the anti-symmetric 3-tensors of so(10, 1) supergravity follow the same pattern [9]. The number of
degrees of freedom are respectively 44 and 84, equal to the respective dimensions of the metric
and the 3-tensor of so(9). Their so-called ghost spectra are given by the corresponding tensors of
osp(11|2) [4].

In the early days of Lie superalgebra representations, the osp(m|n) ∼ so(m−n) ∼ sp(n−m) cor-
respondence was established for various classes of representations [1,18,25]. For finite-dimensional
tensors of osp(m|n) it was observed that they follow the same rule: their superdimension is equal
to the dimension of the corresponding tensor of so(m − n). For example, the superdimension of
the skew 3-tensor of osp(10|4) is 6 · 5 · 4/6 = 20, matching the skew 3-tensor of so(6). For a precise
statement of when this correspondence holds, see [22, Theorem 3.3]. Note that also for affine Lie
superalgebras this correspondence was examined [23].

But the important case of chiral fermions and self dual tensors, which occurs for example
in osp(9|1) supergravity [19] remained unsolved. These representations have no simple covariant
quantization scheme, probably because they have no finite-dimensional osp(m|n) counter-part. The
aim of the present study is to address this problem.

We show that the chiral spinors and self dual tensors of osp(m|n) exist, that they are infinite-
dimensional, and that they also follow the osp(m|n) ∼ so(m− n) correspondence, possibly paving
the way for a new covariant quantization scheme.

In terms of (the distinguished) Dynkin diagrams of osp(m|n), the spinor representation has
Dynkin labels [0, 0, . . . , 0, 1] and the self dual tensor [0, 0, . . . , 0, 2]. In this paper, we shall treat the
irreducible representations (irreps) with Dynkin labels [0, 0, . . . , 0, p], where p is a positive integer.
Such representations do not appear in Kac’s list of finite-dimensional irreps [21], so they are infinite-
dimensional highest weight representations (see also [39]). For infinite-dimensional irreps, one has
to be more careful with notions such as dimension and superdimension. It will be useful to view
(super)dimension as some infinite formal power series in a variable t, such that the coefficient of tk

keeps track of the finite (super)dimension “at level k” from the highest weight (according to some
gradation).

The technique used in this paper to compute superdimensions is as follows. We consider the
branching to the gl(m|n) subalgebra (i.e. osp(2m+ 1|2n) → gl(m|n) and osp(2m|2n) → gl(m|n)).
The decomposition of the infinite-dimensional irrep [0, 0, . . . , 0, p] according to this branching rule
is a (infinite) direct sum of covariant tensor representations of gl(m|n). For these tensor repre-
sentations of gl(m|n), labeled by a partition λ, the superdimension is a very simple expression: it
actually reduces to the dimension of a gl(m−n) irrep. This explains why it is so useful to determine
the decomposition with respect to gl(m|n). Note that this is equivalent to expressing the character
of the osp(2m(+1)|2n) irrep [0, 0, . . . , 0, p] as an infinite sum of supersymmetric Schur functions
(since the characters of the covariant tensor representations of gl(m|n) are given by these Schur
functions).

So the main problem is then the determination of the character of the osp(2m(+1)|2n) ir-
rep [0, 0, . . . , 0, p] in an appropriate form. For this part of the problem, we are lucky. For
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osp(2m + 1|2n), the character of [0, 0, . . . , 0, p] has been determined in [35]. In fact, the irrep
[0, 0, . . . , 0, p] is (equivalent to) the “irreducible parastatistics Fock space of order p”. A combined
system of m parafermions and n parabosons generate the algebra osp(2m + 1|2n), and the Fock
space V (p) of order p (constructed in [35]) corresponds exactly to the irrep [0, 0, . . . , 0, p]. For the
case of osp(2m|2n), the character of [0, 0, . . . , 0, p] can be obtained by considering the decomposition
osp(2m+ 1|2n) ⊃ osp(2m|2n).

The structure of the paper is as follows. In section 2 we describe, as an introductory example,
the construction of osp(m|2n) spinors. The ideas of this construction appeared already in [36], but
are reviewed here because they open the way to the more general problem discussed in this paper.
In the following sections, we describe some of the mathematical notions needed here. In section 3,
we recall the basic notation and terminology related to partitions, remind the reader of symmetric
and supersymmetric Schur functions and their relation to gl(n) and gl(m|n) irreps, and recall some
useful (super)dimension formulas for the gl case. Section 4 deals with (super)dimensions of some
infinite-dimensional representations of osp(1|2n), which is a special case among the orthosymplectic
Lie superalgebras. We shall see that the technique and results of this section will be crucial for the
remainder of the paper. The core of the paper is in sections 5 (osp(2m+1|2n)) and 6 (osp(2m|2n)).
The main results are as follows: the superdimension of the osp(2m + 1|2n) irrep [0, 0, . . . , 0, p] is
equal to the dimension of the so(2m+1−2n) irrep [0, 0, . . . , 0, p]. Herein, if 2m+1−2n is negative,
the algebra so(2m+1−2n) should be interpreted as osp(1|2n−2m). Secondly, the superdimension
of the osp(2m|2n) irrep [0, 0, . . . , 0, p] is equal to the dimension of the so(2m−2n) irrep [0, 0, . . . , 0, p]
(or [0, 0, . . . , p, 0]). In this case, if 2m−2n is negative, the algebra so(2m−2n) should be interpreted
as sp(2n− 2m). At the end of the paper, we also include a section on D(2, 1;α), in order to cover
all type II orthosymplectic Lie superalgebras, and we give a summary of the main results in terms
of Dynkin diagrams.

2 Construction of osp(m|2n) spinors

In his famous lectures on the theory of spinors [8], Cartan has shown that there is no finite-
dimensional spinor in curved space. But they exist as infinite-dimensional representations, analysed
much later by Ne’eman [32]. In the same way, Kac [21] has shown that the orthosymplectic Lie
superalgebras have no finite-dimensional spinors. Their infinite-dimensional counterpart, however,
can be constructed very simply as follows [36].

Consider the vector space Pn of polynomials in n formal variables x1, . . . , xn with complex
coefficients. This space is naturally graded by the total degree in the variables

Pn =

∞
⊕

k=0

Pk, (1)

where each subspace Pk has dimension
(

n+k−1
k

)

. Its partition function, or t-dimension (see later for
a formal definition), is

dimt(P
n) =

∞
∑

k=0

dim(Pk)t
k =

1

(1− t)n
. (2)

The 2n operators of multiplication and partial derivation relative to xi

γ2i−1 = xi, γ2i = 2
∂

∂xi
, i = 1, 2, ...n (3)
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form a Weyl algebra
γiγj − γjγi = 2ǫijI (4)

where I is the identity and ǫ is a 2n dimensional block diagonal matrix where each 2× 2 diagonal
block is of the form

[

0 −1
1 0

]

.

In other words, ǫ is the canonical skew symmetric metric fixed by the sp(2n) symplectic Lie algebra.
And indeed, the 2n(2n+ 1)/2 symmetric bilinear operators

Jij =
1

4
(γiγj + γjγi) i, j = 1, 2, ...2n (5)

satisfy the sp(2n) commutation rules

[Jij , Jkl] = JijJkl − JklJij = ǫjkJil + ǫjlJik + ǫilJjk + ǫikJjl. (6)

The Chevalley generators ei, fi, hi, i = 1, 2....n of sp(2n), satisfying the standard Chevalley-Serre
relations [33], are represented by the operators

ei = xi+1 ∂

∂xi
, fi = xi

∂

∂xi+1
, hi = xi+1 ∂

∂xi+1
− xi

∂

∂xi
, i = 1, . . . , n− 1

en =
1

2

(

∂

∂xn

)2

, fn = −
1

2
(xn)2, hn = −

1

2
(xn

∂

∂xn
+

∂

∂xn
xn).

Since these operators map polynomials of even (resp. odd) degree in x into polynomials of even
(resp. odd) degree in x one obtains the two irreducible so-called metaplectic representations char-
acterized by their highest weight 1 and xn, the only monomial belonging to the kernel of all the ei.
By inspection, the Dynkin weights are:

–1/2000

nn–121

0 –3/210

nn–121

In a similar way, the orthogonal Lie algebra so(2m) can be realized by means of operators acting
on polynomials of anti-commuting variables. For this purpose, consider the vector space Qm of
polynomials in m formal anti-commuting variables θα (α = 1, 2, . . . ,m) with complex coefficients.
Since (θα)2 = 0, this space is finite-dimensional

dim(Qm) = 2m. (7)

The following 2m operators

γ2α−1 = θα +
∂

∂θα
,

γ2α = i(θα −
∂

∂θα
), α = 1, 2, ...m
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represent the 2m dimensional Clifford algebra

γµγν + γνγµ = 2gµνI, µ, ν = 1, 2....2m (8)

where I is the identity and gµν is a 2m dimensional identity matrix. In other words, gµν is
the canonical symmetric metric fixed by the so(2m) orthogonal Lie algebra. And indeed, the
2m(2m− 1)/2 antisymmetric bilinear operators

Jµν =
1

4
(γµγν − γνγµ), µ, ν = 1, 2....2m (9)

satisfy the so(2m) commutation rules

[Jµν , Jρσ] = JµνJρσ − JρσJµν = gνρJµσ − gνσJµρ + gµσJνρ − gµρJνσ. (10)

In other words, using polynomials in anti-commuting variables, one obtains a simple construction
of the well known 2m-dimensional Dirac matrices in 2m dimensions.

Since the Jµν operators are even in θ, the representation space Qm splits into the even and
odd polynomials, which correspond to the left and right spinors, each of dimension 2m−1. The
so(2m+ 1) algebra is obtained by defining the operator Γ5 and adding the operators Jµ5 = −J5µ:

Γ5 = γ1γ2 · · · γ2m, Jµ5 = γµΓ5 = −Γ5γµ = −J5µ, Γ2
5 = (−1)m. (11)

Since Γ5 is even in the θ’s, the Jµ5 operators are odd and they connect the even and odd polynomials,
so the space Qm is irreducible and the dimension of the spinors of so(2m+ 1) is 2m.

The parallel between the so and sp construction is striking, but notice that the statistics is
counter-intuitive: in spinor space sp(2n) acts on “bosonic polynomials” and so(2m+ 1) on Grass-
mann or “fermionic polynomials”.

The generalization to the orthosymplectic Lie superalgebra osp(2m|2n) is now immediate. One
considers the space Pm|n of superpolynomials in m anti-commuting and n commuting variables.
As we will see later in general, this corresponds to the spinor representation of osp(2m|2n). Using
the same gradation by the total degree in x, the t-dimension is

dimt(P
m|n) =

2m

(1− t)n
. (12)

The superdimension (difference between dimension of even and odd subspaces) is

sdim(Pm|n) = dim−1(P
m|n) = 2m−n. (13)

So for m ≥ n, the superdimension of the (infinite-dimensional) spinor representation of osp(2m|2n)
coincides with the (finite) dimension (7) of the spinor representation of so(2m− 2n), fulfilling the
correspondence being studied in this paper.

To construct the osp(2m|2n) generators, one considers the m(2m − 1) antisymmetric Jµν , the
n(2n+ 1) symmetric Jij and adds the 4mn odd operators

Jµi = γµγi, µ = 1, 2....2m, i = 1, 2, ...2n. (14)

Their anticommutators close on the previous even operators, completing the construction of the
osp(2m|2n) superspinor representation:

{Jµi, Jνj} = JµiJνj + JνjJµi = 4ǫijJµν + 4gµνJij . (15)
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The superspinor representation space Pm|n naturally splits in four components

Pm|n = P
m|n
0,0 ⊕ P

m|n
1,0 ⊕ P

m|n
0,1 ⊕ P

m|n
1,1 , (16)

where P
m|n
i,j denotes the subspace of polynomials of total even (resp. odd) degree in the variables

θ for i = 0 (resp. i = 1) and of total even (resp. odd) degree in the variables x for j = 0 (resp.
j = 1). Since the odd operators Jµi are of odd degree in x and θ, they map these subspaces onto
each other. On the other hand, these operators are of total even degree (in x and θ combined), so
under the action of osp(2m|2n) the superspinor representation space Pm|n still splits into a “left

sector” P
m|n
0,0 ⊕ P

m|n
1,1 and a “right sector” P

m|n
1,0 ⊕ P

m|n
0,1 , each of superdimension 2m−n−1.

The case osp(2m+1|2n) follows by adding the so(2m+1) operator Γ5 as described above, and
in this case the space Pm|n is irreducible of superdimension 2m−n.

In the following sections we shall be dealing with the self dual tensors of the orthosymplectic Lie
superalgebras and their generalizations. These can be considered as the top irreducible component
of the pth symmetric tensor product of the superspinor. These self dual tensors are also infinite-
dimensional and follow the osp(m|n) ∼ so(m−n) correspondence. Notice that we have given in this
section a construction of the superspinor, with the explicit action of all the generators of osp(m|n).
As far as we know, there is no such simple construction for the self dual tensors. In the remainder
of the paper, we only give the characters of the irreducible self dual tensors, and that is already
sufficient to establish the correspondence.

3 Preliminaries

3.1 Partitions, symmetric functions and supersymmetric functions

We need in this paper some basic notions on partitions and symmetric functions, see [30] as a
standard reference. A partition λ = (λ1, λ2, . . . , λn) of weight |λ| and length ℓ(λ) ≤ n is a sequence
of non-negative integers satisfying the condition λ1 ≥ λ2 ≥ · · · ≥ λn, such that their sum is |λ|,
and λi > 0 if and only if i ≤ ℓ(λ). To each such partition there corresponds a Young diagram F λ

consisting of |λ| boxes arranged in ℓ(λ) left-adjusted rows of lengths λi for i = 1, 2, . . . , ℓ(λ). For
example, the Young diagram of λ = (5, 4, 4, 2) is given by

The conjugate partition λ′ corresponds to the Young diagram of λ reflected about the main diagonal.
In other words, λ′

j is the length of column j of F λ. For the above example, λ′ = (4, 4, 3, 3, 1).

An important notion is the Frobenius notation [30] of a partition λ. If F λ has r = r(λ) boxes
on the diagonal, r is said to be the rank of λ. In the above example, r = 3, denoted by crosses in
the diagonal boxes:

×
×

×
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The arm lengths ak = λk−k and leg lengths bk = λ′
k−k (k = 1, . . . , r) refer to the remaining boxes

to the right or below the kth diagonal box, where a1 > a2 > · · · > ar ≥ 0 and b1 > b2 > · · · > br ≥ 0.
The Frobenius notation of λ is then

λ =

(

a1 a2 · · · ar
b1 b2 · · · br

)

.

Note that for our example we have λ =
(

4 2 1
3 2 0

)

.

Denote by Λn the ring of symmetric polynomials with integer coefficients in the n independent
variables x = (x1, x2, . . . , xn). The Schur functions [30] or S-functions sλ(x) form a Z-basis of Λn,
where λ runs over the set of all partitions of length at most n. There are various ways to define
Schur functions. For a partition λ with ℓ(λ) ≤ n, one has

sλ(x) =
det(x

λj+n−j
i )1≤i,j≤n

det(xn−j
i )1≤i,j≤n

. (17)

If ℓ(λ) > n, one puts sλ(x) = 0. Clearly, for the zero partition λ = (0) (which is the only partition
with Frobenius rank r = 0) one has s(0)(x) = 1.

In terms of two sets of variables x = (x1, . . . , xm) and y = (y1, . . . , yn), one can define the ring
Λm,n of supersymmetric polynomials with integer coefficients [3]. This ring consists of all double
symmetric polynomials in x and y (elements of Λm ⊗ Λn) that satisfy the so-called cancellation
property (i.e. when the substitution x1 = t, y1 = −t is made in an element p of Λm ⊗ Λn, the
resulting polynomial is independent of t). For a partition λ, one can define supersymmetric Schur
functions sλ(x|y) belonging to Λm,n. One possible definition is [3, 24]

sλ(x|y) =
∑

µ,ν

cλµ,νsµ(x)sν′(y),

where the sum is over all partitions µ (ℓ(µ) ≤ m) and ν (ℓ(ν ′) ≤ n), and cλµ,ν are the Littlewood-
Richardson coefficients [30]. The polynomials sλ(x|y) are identically zero when λm+1 > n. Denote
by Hm,n the set of all partitions with λm+1 ≤ n, i.e. the partitions (with their Young diagram)
inside the (m,n)-hook. The set of sλ(x|y) with λ ∈ Hm,n form a Z-basis of Λm,n.

3.2 Dimension formulas for gl(n) and superdimensions for gl(m|n)

A finite-dimensional irreducible representation of the Lie algebra gl(n) is characterized by a par-
tition λ with ℓ(λ) ≤ n. In terms of the standard basis ǫ1, . . . , ǫn of the weight space of gl(n), the
highest weight of this representation is

∑n
i=1 λiǫi, and the representation space will be denoted by

V λ
gl(n). Weyl’s character formula for such representations corresponds to the right hand side of (17),

and thus
charV λ

gl(n) = sλ(x), (18)

where xi = eǫi .

There are two useful formulas for the dimension of V λ
gl(n), by specializing all xi = 1 in the Schur

function sλ. One is Weyl’s dimension formula:

dimV λ
gl(n) =

∏

1≤i<j≤n

(λi − λj + j − i)

(j − i)
. (19)
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The other expression uses hook-lengths:

dimV λ
gl(n) =

∏

(i,j)∈λ

n+ j − i

hij
=

∏

(i,j)∈λ

n+ j − i

λi + λ′
j − i− j + 1

. (20)

Herein, the product runs over all boxes (i, j) of the Young diagram F λ, and hij = λi+λ′
j − i− j+1

is the number of boxes of the hook with hook box (i, j). For example, for the partition (5, 4, 4, 2)
and n = 5, the numbers (n+ j − i) and hij read, respectively,

5 6 7 8 9
4 5 6 7
3 4 5 6
2 3

8 7 5 4 1
6 5 3 2
5 4 2 1
2 1

Note, if λ is a partition with ℓ(λ) > n, (20) gives automatically 0, whereas in (19) one has to impose
that dimV λ

gl(n) = 0.

Just as the functions sλ(x) are characters of irreducible representations (or simple modules)
of the Lie algebra gl(n), the supersymmetric Schur functions are characters of a class of simple
modules of the Lie superalgebra gl(m|n), namely of the covariant representations [3]. For a partition
λ ∈ Hm,n, the corresponding covariant representation will be denoted by V λ

gl(m|n). In terms of the

standard basis ǫ1, . . . , ǫm, δ1, . . . , δn of the weight space of gl(m|n), the highest weight of this
representation is

∑m
i=1 λiǫi +

∑n
j=1max(λ′

j −m, 0)δj . The main result of [3] is

charV λ
gl(m|n) = sλ(x|y), (21)

where xi = eǫi and yj = eδj .

Any Lie superalgebra g is Z2-graded: g = g0̄⊕g1̄. A Lie superalgebra module or representation
V is also Z2-graded: V = V0̄ ⊕ V1̄. In our convention, the highest weight vector v of V will always
be an even vector (v ∈ V0̄). When V is finite-dimensional, one can speak of the dimension and
superdimension of V :

dimV = dimV0̄ + dimV1̄, sdimV = dimV0̄ − dimV1̄.

Dimension formulas for covariant representations of gl(m|n) are not particularly simple [31], but
there is a great simplification when it comes to superdimensions [24]. The result depends on whether
m is greater than, equal to, or less than n. It can be summarized as follows:

sdimV λ
gl(n+k|n) = dimV λ

gl(k), sdimV λ
gl(m|m+k) = (−1)|λ| dimV λ′

gl(k). (22)

In particular, when m = n, sdimV λ
gl(n|n) = 0 unless λ is the zero partition (0) (then V

(0)
gl(n|n) is the

trivial module with sdimV
(0)
gl(n|n) = 1). Note that (22) implies: when ℓ(λ) > k then sdimV λ

gl(n+k|n) =

0; when λ1 > k then sdimV λ
gl(m|m+k) = 0.

4 The Lie superalgebra osp(1|2n)

Although the main aim is to study superdimensions of certain infinite-dimensional representations
of the Lie superalgebras B(m,n) = osp(2m+ 1|2n) and D(m,n) = osp(2m|2n), it will be useful to
start with the special case B(0, n) = osp(1|2n). Let us first fix some notation [16, 20, 21]. In the
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common basis δj for the weight space of osp(1|2n), the odd roots are given by ±δj (j = 1, . . . , n),
and the even roots are δi − δj (i 6= j) and ±(δi + δj). The simple roots are

δ1 − δ2, δ2 − δ3, . . . , δn−1 − δn, δn. (23)

It will be helpful to use the following Z-gradation of g = osp(1|2n): g = g−2⊕g−1⊕g0⊕g+1⊕g+2,
where each gj is spanned by the root vectors corresponding to the following roots:

g−2 g−1 g0 g+1 g+2

−δi − δj −δi δi − δj δi δi + δj

Note that g0 = gl(n).

We will consider some infinite-dimensional highest weight representations V of g, so at first
sight it might be strange to speak of the dimension and superdimension of V . However, if the
action of g0 = gl(n) on the highest weight vector v of V corresponds to a finite-dimensional g0
module V0, then the Z-gradation of g induces a Z-gradation of V :

V = V0 ⊕ V−1 ⊕ V−2 ⊕ · · ·

in terms of finite-dimensional g0 modules. Then one defines:

dimt(V ) =

∞
∑

i=0

dimV−i t
i, sdimt(V ) =

∞
∑

i=0

dimV−i (−t)i. (24)

Clearly sdimt(V ) = dim−t(V ), and dimt(V ) is a formal power series in the variable t such that the
coefficient of tk counts the dimension “at level k” according to the Z-gradation.

For reasons that will become clear, we will consider the irreducible highest weight representation
with highest weight given by (−p

2 ,−
p
2 , . . . ,−

p
2) =

∑n
i=1(−

p
2)δi, where p is a non-negative integer.

This representation will be denoted by V = V
(−p/2)n

osp(1|2n). Its Dynkin labels according to the simple

roots system (23) are [0, 0, . . . , 0,−p]. Clearly, with this choice of highest weight one has dimV0 =
1. Obviously, the structure of the irreducible highest weight representation with highest weight
(−p

2 ,−
p
2 , . . . ,−

p
2) is completely the same as the irreducible lowest weight representation with lowest

weight (p2 ,
p
2 , . . . ,

p
2). This last representation is well known: it is the paraboson representation of

order p. Its structure and character have been determined in [29]. Using the notation xi = e−δi ,
the following character formula holds:

charV
(−p/2)n

osp(1|2n) = (x1 · · ·xn)
p/2

∑

λ, ℓ(λ)≤p

sλ(x). (25)

This is an infinite sum over all partitions of length at most p. Since sλ(x) = 0 if ℓ(λ) > n, the sum
is actually over all partitions satisfying ℓ(λ) ≤ min(n, p).

In order to give a first expression of dimt V
(−p/2)n

osp(1|2n) one should (apart from the factor (x1 · · ·xn)
p/2)

specify xi = t in (25). Thus one finds:

dimt V
(−p/2)n

osp(1|2n) =
∑

λ, ℓ(λ)≤min(n,p)

dimV λ
gl(n)t

|λ|. (26)

This is an infinite sum; it can be simplified using the alternative character formula also determined
in [29]:

charV
(−p/2)n

osp(1|2n) = (x1 · · ·xn)
p/2 En,p(x)
∏

i(1− xi)
∏

i<j(1− xixj)
. (27)
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Herein,

En,p(x) =
∑

η

(−1)cηsη(x),

where the sum is over all partitions η of Frobenius form

η =

(

a1
a1 + p

a2
a2 + p

· · ·
ar

ar + p

)

and cη = a1 + · · · + ar + r = |a| + r. So the sum in En,p(x) is over all self-conjugate partitions to
which r “legs” of p boxes are added. Note that En,p(x) = 1 if p ≥ n. In the following, this trivial
case will be left out and we shall deal only with p < n.

Specifying xi = t in (27) now yields

dimt V
(−p/2)n

osp(1|2n) =
En,p(t, . . . , t)

(1− t)n(1− t2)n(n−1)/2
. (28)

So, let us therefore consider En,p(x) in more detail, starting with En,0(x). Since sλ(x) = 0 when
ℓ(λ) > n, the expression En,0(x) has only a finite number of terms:

En,0(x) =
n
∑

r=0

∑

n−1≥a1>a2>···>ar≥0

(−1)|a|+rs(a1
a1

a2
a2

···ar
ar

)(x). (29)

It is easy to see that this expression has 2n terms. Similarly, En,p(x) has 2
n−p terms, and

En,p(x) =

n−p
∑

r=0

∑

n−p−1≥a1>a2>···>ar≥0

(−1)|a|+rs( a1
a1+p

a2
a2+p

··· ar
ar+p

)(x). (30)

Let us now turn to the dimension formula. In general, for a partition λ given in Frobenius notation

λ =

(

a1 a2 · · · ar
b1 b2 · · · br

)

≡
(a

b

)

one can write
sλ(t, . . . , t) = tr+|a|+|b|sλ(1, . . . , 1) = tr+|a|+|b| dimV λ

gl(n).

Using (20), one finds

dimV λ
gl(n) = dimV

(a
b )

gl(n) =
r
∏

i=1

(n+ ai)!

(n− bi − 1)!

/

∏r
i=1 ai!bi!

∏r
i,j=1(ai + bj + 1)

∏

1≤i<j≤r(ai − aj)(bi − bj)
. (31)

And hence

En,p(t, . . . , t) =

n−p
∑

r=0

∑

n−p−1≥a1>a2>···>ar≥0

(−1)|a|+r dimV

(

a
a+p

)

gl(n) t2|a|+(p+1)r. (32)

Let us complete this section by means of some examples:

E1,0(t, . . . , t) = 1− t

E2,0(t, . . . , t) = 1− 2t+ 2t3 − t4 = (1− t)2(1− t2)

E3,0(t, . . . , t) = 1− 3t+ 8t3 − 6t4 − 6t5 + 8t6 − 3t8 + t9 = (1− t)3(1− t2)3

E3,1(t, . . . , t) = 1− 3t2 + 3t4 − t6 = (1− t2)3

E3,2(t, . . . , t) = 1− t3

E4,1(t, . . . , t) = 1− 6t2 + 15t4 − 20t6 + 15t8 − 6t10 + t12 = (1− t2)6
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Of course, due to the general factorization of En,0(x) [26], one has En,0(t, . . . , t) = (1 − t)2(1 −
t2)n(n−1)/2. Some other general expressions following from (32) are:

En,1(t, . . . , t) = (1− t2)n(n−1)/2

Ep+1,p(t, . . . , t) = 1− tp+1

Ep+2,p(t, . . . , t) = 1− (p+ 2)tp+1 + (p+ 2)tp+3 − t2p+4

Ep+3,p(t, . . . , t) = 1−
(p+ 2)(p+ 3)

2
tp+1 + (p+ 2)(p+ 4)tp+3 −

(p+ 3)(p+ 4)

2
tp+5

−
(p+ 3)(p+ 4)

2
t2p+4 + (p+ 2)(p+ 4)t2p+6 −

(p+ 2)(p+ 3)

2
t2p+8 − t3p+9

These were a few examples of En,p(t, . . . , t). Including denominators according to (28) one finds
the actual dimensions, e.g.:

dimt V
(0,0,0)
osp(1|6) = 1

dimt V
(−1/2,−1/2,−1/2)
osp(1|6) =

1− 3t2 + 3t4 − t6

(1− t)3(1− t2)3
=

1

(1− t)3
= 1 + 3t+ 6t2 + 10t3 + 15t4 + · · ·

dimt V
(−1,−1,−1)
osp(1|6) =

1− t3

(1− t)3(1− t2)3
= 1 + 3t+ 9t2 + 18t3 + 36t4 + · · ·

dimt V
(−3/2,−3/2,−3/2)
osp(1|6) =

1

(1− t)3(1− t2)3
= 1 + 3t+ 9t2 + 19t3 + 39t4 + · · ·

5 The Lie superalgebra osp(2m+ 1|2n)

We will now treat one of the two main cases, the Lie superalgebra B(m,n) = osp(2m+1|2n). The
weight space of osp(2m+ 1|2n) has basis ǫ1, . . . , ǫm, δ1, . . . , δn, and the distinguished set of simple
roots is [16, 20]

δ1 − δ2, . . . , δn−1 − δn, δn − ǫ1, ǫ1 − ǫ2, . . . , ǫm−1 − ǫm, ǫm. (33)

Also in this case there exists a useful Z-gradation of g = osp(2m + 1|2n): g = g−2 ⊕ g−1 ⊕ g0 ⊕
g+1 ⊕ g+2, where each gj is spanned by the root vectors corresponding to the following roots:

g−2 g−1 g0 g+1 g+2

−δi − δj −δi δi − δj δi δi + δj
−ǫi − ǫj (i 6= j) −ǫi ǫi − ǫj ǫi ǫi + ǫj (i 6= j)

−ǫi − δj ±(ǫi − δj) ǫi + δj

So in this case g0 = gl(m|n). Note that this Z-gradation is different from the more common
Z-gradation for which g0 = g0̄ [16, 17].

Let us now consider the irreducible highest weight representation with highest weight given
by (p2 , . . . ,

p
2 ;−

p
2 , . . . ,−

p
2) =

∑m
i=1

p
2ǫi +

∑n
i=1(−

p
2)δi, where p is a non-negative integer. This

representation will be denoted by V = V
(p/2)m,(−p/2)n

osp(2m+1|2n) . According to the simple roots system (33),

its Dynkin labels are [0, 0, . . . , 0, p]. The action of g0 = gl(m|n) on the highest weight vector v
is again trivial, so the Z-gradation of g induces a Z-gradation of V with dimV0 = 1, and one
can again study dimt(V ) and sdimt(V ). In the current situation, the structure of the irreducible
highest weight representation with highest weight (p2 , . . . ,

p
2 ;−

p
2 , . . . ,−

p
2) is completely the same

as the irreducible lowest weight representation with lowest weight (−p
2 , . . . ,−

p
2 ;

p
2 , . . . ,

p
2). This
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representation has been studied recently and its structure is well known: it is the parastatistics
representation of order p [35]. Using the notation xi = e−ǫi , yi = e−δi , the following character
formula holds:

charV
(p/2)m,(−p/2)n

osp(2m+1|2n) = (y1 · · · yn/x1 · · ·xm)p/2
∑

λ, λ1≤p

sλ(x|y). (34)

So here the sum is over all partitions λ inside the (m,n)-hook (otherwise sλ(x|y) is zero anyway)
with λ1 ≤ p, or equivalently ℓ(λ′) ≤ p. There is also an alternative character formula [35, Theo-
rem 7], but we do not need it here.

In order to determine sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) , one should (apart from the factor in front of the

above sum) specify xi = t and yj = −t in the above character, and so one finds

sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) =
∑

λ, λ1≤p

sλ(t, . . . , t| − t, . . . ,−t)

=
∑

λ, λ1≤p

sλ(1, . . . , 1| − 1, . . . ,−1) t|λ|

=
∑

λ, λ1≤p

sdimV λ
gl(m|n) t

|λ|. (35)

We can now make use of the expressions and properties of gl(m|n) superdimensions, given at the
end of section 3, and thus specify the following three cases.

Case 1: m = n, osp(2n+ 1|2n).
This is the simplest case, since all superdimensions of covariant representations of gl(n|n) are zero,
except when λ = (0). Hence:

sdimt V
(p/2)n,(−p/2)n

osp(2n+1|2n) = 1. (36)

Case 2: m = n+ k, osp(2n+ 2k + 1|2n).
Now it follows directly from (35) and (22) that

sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) =
∑

λ, λ1≤p

dimV λ
gl(k) t

|λ| =
∑

λ, λ1≤p, ℓ(λ)≤k

dimV λ
gl(k) t

|λ|. (37)

So the original infinite sum reduces to a finite sum, running over all partitions λ with λ1 ≤ p and
ℓ(λ) ≤ k. In other words, the sum is over all partitions λ whose Young diagrams fit inside the (k×p)
rectangle. However, such an expression is known, see [34] for a detailed investigation (although the
origin goes back to work of Bracken and Green [7]). Indeed, in the branching so(2k + 1) ⊃ gl(k),

the so(2k + 1) highest weight representation V
(p/2)k

so(2k+1) with highest weight (p2 , . . . ,
p
2) decomposes

into the direct sum of covariant gl(k) representation V λ
gl(k) with ℓ(λ′) ≤ p. Thus we find:

sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) = dimt V
(p/2)k

so(2k+1), (38)

or, in terms of Dynkin labels:

sdimt[0, 0, . . . , 0, p]osp(2n+2k+1|2n) = dimt[0, . . . , 0, p]so(2k+1). (39)

Let us give a few examples. For k = 3 and p = 1, one finds

sdimt[0, 0, . . . , 0, 1]osp(2n+7|2n) = dimt[0, 0, 1]so(7) = 1 + 3t+ 3t2 + t3.
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and thus sdim[0, 0, . . . , 0, 1]osp(2n+7|2n) = dim[0, 0, 1]so(7) = 8. For k = 3 and p = 2, one gets

sdimt[0, 0, . . . , 0, 2]osp(2n+7|2n) = dimt[0, 0, 2]so(7) = 1 + 3t+ 9t2 + 9t3 + 9t4 + 3t5 + t6.

and sdim[0, 0, . . . , 0, 2]osp(2n+7|2n) = dim[0, 0, 2]so(7) = 35.

Case 3: n = m+ k, osp(2m+ 1|2m+ 2k).
Again following (35) and (22), one finds

sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) =
∑

λ, λ1≤p, λ1≤k

(−1)|λ| dimV λ′

gl(k) t
|λ| =

∑

µ, ℓ(µ)≤min(p,k)

dimV µ
gl(k) (−t)|µ|. (40)

The right hand side is the same expression as (26) (with t → −t). Following (28) one can write

sdimt V
(p/2)m,(−p/2)n

osp(2m+1|2n) = dim−t V
(−p/2)k

osp(1|2k) =
Ek,p(−t, . . . ,−t)

(1 + t)k(1− t2)k(k−1)/2
. (41)

Herein, a finite expression for Ek,p(−t, . . . ,−t) can be found in (32). Note that in terms of Dynkin
labels one could write:

sdimt[0, 0, . . . , 0, p]osp(2m+1|2m+2k) = dim−t[0, . . . , 0,−p]osp(1|2k). (42)

Let us again consider some examples. For k = 3 and p = 1, one finds

sdimt[0, 0, . . . , 0, 1]osp(2m+1|2m+6) = dim−t[0, 0,−1]osp(1|6) =
1

(1 + t)3
= 1−3t+6t2−10t3+15t4−· · · .

One could say that the actual superdimension (for t = 1) is 1/8. More general, for arbitrary k,

sdimt[0, 0, . . . , 0, 1]osp(2m+1|2m+2k) = dim−t[0, . . . , 0,−1]osp(1|2k) =
1

(1 + t)k
.

For k = 3 and p = 2, one gets

sdimt[0, 0, . . . , 0, 2]osp(2m+1|2m+6) = dim−t[0, 0,−2]osp(1|6)

=
1 + t3

(1 + t)3(1− t2)3
= 1− 3t+ 9t2 − 18t3 + 36t4 − · · · .

6 The Lie superalgebra osp(2m|2n)

The second main case treated here is the Lie superalgebra D(m,n) = osp(2m|2n). The weight
space of osp(2m|2n) has the same basis ǫ1, . . . , ǫm, δ1, . . . , δn, and the distinguished set of simple
roots is now

δ1 − δ2, . . . , δn−1 − δn, δn − ǫ1, ǫ1 − ǫ2, . . . , ǫm−2 − ǫm−1, ǫm−1 − ǫm, ǫm−1 + ǫm. (43)

It will be helpful to see D(m,n) as a subalgebra of B(m,n). In fact, using the Z-gradation g−2 ⊕
g−1⊕g0⊕g+1⊕g+2 of g = osp(2m+1|2n) introduced in the previous section, it is easy to see that
osp(2m|2n) = g−2 ⊕ g0 ⊕ g+2, with root structure

g−2 g0 g+2

−δi − δj δi − δj δi + δj
−ǫi − ǫj (i 6= j) ǫi − ǫj ǫi + ǫj (i 6= j)

−ǫi − δj ±(ǫi − δj) ǫi + δj
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So also in this case g0 = gl(m|n), and it will be useful to consider the representation of the previous
section according to osp(2m+ 1|2n) ⊃ osp(2m|2n) ⊃ gl(m|n).

The purpose is to study the irreducible highest weight representation of osp(2m|2n) with highest
weight given by (p2 , . . . ,

p
2 ;−

p
2 , . . . ,−

p
2) =

∑m
i=1

p
2ǫi+

∑n
i=1(−

p
2)δi, where p is a non-negative integer,

and denoted by V = V
(p/2)m,(−p/2)n

osp(2m|2n) . According to the simple roots system (43), its Dynkin labels

are [0, 0, . . . , 0, p].

Contrary to V
(p/2)m,(−p/2)n

osp(2m+1|2n) , V
(p/2)m,(−p/2)n

osp(2m|2n) has not (yet) been studied in the context of paras-

tatistics. However, the techniques of [35] can also be used in the current case. In particular, let v
be the vector of highest weight (p2 , . . . ,

p
2 ;−

p
2 , . . . ,−

p
2), then Cv is a trivial one-dimensional module

of g0 ⊕ g+2, and we consider the induced module

V
(p/2)m,(−p/2)n

osp(2m|2n) = Ind
osp(2m|2n)
g0⊕g+2

Cv.

Using the notation xi = e−ǫi , yi = e−δi , and the above root structure, the character is given by:

charV
(p/2)m,(−p/2)n

osp(2m|2n) = (y1 · · · yn/x1 · · ·xm)p/2
∏

i,j(1 + xiyj)
∏

i<j(1− xixj)
∏

i≤j(1− yiyj)
. (44)

Cummins and King [10,11] obtained an expansion of the above product in terms of supersymmetric
Schur functions:

∏

i,j(1 + xiyj)
∏

i<j(1− xixj)
∏

i≤j(1− yiyj)
=
∑

β

sβ(x|y)

= 1 + s1,1(x|y) + s2,2(x|y) + s1,1,1,1(x|y) + s3,3(x|y) + s2,2,1,1(x|y) + s1,1,1,1,1,1(x|y) + · · · ,
(45)

i.e. the sum is over all partitions β such that each part of β appears twice. This can also be written
as:

∏

i,j(1 + xiyj)
∏

i<j(1− xixj)
∏

i≤j(1− yiyj)
=
∑

δ

sδ′(x|y), (46)

where the sum is now over all partitions δ with even parts only. Let us denote by B the set of
partitions for which each part appears twice (including the zero partition), and by D the set of
partitions with even parts only. So

charV
(p/2)m,(−p/2)n

osp(2m|2n) = (y1 · · · yn/x1 · · ·xm)p/2
∑

λ∈B

sλ(x|y). (47)

Now we return to the irreducible representation V
(p/2)m,(−p/2)n

osp(2m|2n) . On the one hand, V
(p/2)m,(−p/2)n

osp(2m|2n)

is a quotient module of V
(p/2)m,(−p/2)n

osp(2m|2n) with character (47). On the other hand, V
(p/2)m,(−p/2)n

osp(2m|2n) is

a submodule of V
(p/2)m,(−p/2)n

osp(2m+1|2n) in the decomposition osp(2m + 1|2n) ⊃ osp(2m|2n), with charac-

ter (34). From this observation, one can deduce:

charV
(p/2)m,(−p/2)n

osp(2m|2n) = (y1 · · · yn/x1 · · ·xm)p/2
∑

λ∈B, λ1≤p

sλ(x|y). (48)
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To determine sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) , one should (apart from the factor in front of the above sum)
specify again xi = t and yj = −t in the above character, and so one finds

sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) =
∑

λ∈B, λ1≤p

sλ(t, . . . , t| − t, . . . ,−t)

=
∑

λ∈B, λ1≤p

sλ(1, . . . , 1| − 1, . . . ,−1) t|λ|

=
∑

λ∈B, λ1≤p

sdimV λ
gl(m|n) t

|λ|. (49)

As in the previous section, we now make use of properties of gl(m|n) superdimensions.

Case 1: m = n, osp(2n|2n).

sdimt V
(p/2)n,(−p/2)n

osp(2n|2n) = 1. (50)

Case 2: m = n+ k, osp(2n+ 2k|2n).
It follows directly from (49) and (22) that

sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) =
∑

λ∈B, λ1≤p

dimV λ
gl(k) t

|λ| =
∑

λ∈B, λ1≤p, ℓ(λ)≤k

dimV λ
gl(k) t

|λ|. (51)

This is a finite sum. The summation is over all partitions λ with each part appearing twice and
whose Young diagrams fit inside the (k × p) rectangle. Using a character formula for so(2k), it
is easy to see that this corresponds to the character of an irreducible so(2k) representation (see
Appendix). There is a distinction between the cases k even and k odd. We find:

sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) =







dimt V
(p/2)k

so(2k) for k even,

dimt V
(p/2)k−1,−p/2
so(2k) for k odd;

(52)

or, in terms of Dynkin labels:

sdimt[0, 0, . . . , 0, p]osp(2n+2k|2n) =

{

dimt[0, . . . , 0, 0, p]so(2k) for k even.

dimt[0, . . . , 0, p, 0]so(2k) for k odd.
(53)

As an example, let k = 5 and p = 1:

sdimt[0, 0, . . . , 0, 1]osp(2n+10|2n) = dimt[0, 0, 0, 1, 0]so(10) = 1 + 10t2 + 5t4,

and thus sdim[0, 0, . . . , 0, 1]osp(2n+10|2n) = dim[0, 0, 0, 1, 0]so(10) = 16. For k = 5 and p = 2, one gets

sdimt[0, 0, . . . , 0, 2]osp(2n+10|2n) = dimt[0, 0, 0, 2, 0]so(10) = 1 + 10t2 + 55t4 + 45t6 + 15t8,

and sdim[0, 0, . . . , 0, 2]osp(2n+10|2n) = dim[0, 0, 0, 2, 0]so(10) = 126.

Case 3: n = m+ k, osp(2m|2m+ 2k).
From (49) and (22) one obtains

sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) =
∑

λ∈B, λ1≤p

dimV λ′

gl(k) (−t)|λ| =
∑

λ∈B, λ1≤min(p,k)

dimV λ′

gl(k) (−t)|λ|

=
∑

λ∈D, ℓ(λ)≤min(p,k)

dimV λ
gl(k) (−t)|λ|. (54)
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This is an infinite sum, over all partitions λ with even parts only and with ℓ(λ) ≤ min(p, k).
Interestingly, this expression is known and follows from the character of the infinite-dimensional
irreducible sp(2k) module with highest weight (−p

2 , . . . ,−
p
2) [28]. Thus we find:

sdimt V
(p/2)m,(−p/2)n

osp(2m|2n) = dim−t V
(−p/2)k

sp(2k) , (55)

or, in terms of Dynkin labels:

sdimt[0, 0, . . . , 0, p]osp(2m|2m+2k) = dim−t[0, . . . , 0,−p/2]sp(2k). (56)

As an example, consider first p = 1. The series of partitions appearing in (54) is

(0) + (2) + (4) + (6) + (8) + · · · .

So, for k = 3, one finds

sdimt[0, 0, . . . , 0, 1]osp(2m|2m+6) = dim−t[0, 0,−1/2]sp(6)

= 1 + 6t2 + 15t4 + 28t6 + 45t8 + · · · =
1

2
(

1

(1 + t)3
+

1

(1− t)3
).

Also in general, one has

sdimt[0, 0, . . . , 0, 1]osp(2m|2m+2k) = dim−t[0, . . . , 0,−1/2]sp(2k) =
1

2
(

1

(1 + t)k
+

1

(1− t)k
).

For p = 2, the series of partitions (54) is

(0) + (2) + (4) + (2, 2) + (6) + (4, 2) + (8) + (6, 2) + (4, 4) + · · · .

For k = 3, one finds

sdimt[0, 0, . . . , 0, 2]osp(2m|2m+6) = dim−t[0, 0,−1]sp(6) = 1 + 6t2 + 21t4 + 55t6 + 120t8 + · · · .

7 The Lie superalgebra D(2, 1;α)

Among the families of simple orthosymplectic Lie superalgebras, there are besides B(m,n) =
osp(2m + 1|2n) and D(m,n) = osp(2m|2n), still C(n + 1) = osp(2|2n) and D(2, 1;α). Since
C(n+1) is a type 1 Lie superalgebra (in the sense of Kac [20]), there seem to be no representations
that one could describe as “spinor” or “self dual tensors”. So we shall not include C(n+ 1) in this
paper. By the way, all finite-dimensional irreducible representations of C(n+ 1) are known [38].

For the exceptional family D(2, 1;α) (where α is a real parameter that can be chosen positive),
there are representations that one could consider as spinors or self dual tensors. The weight space
of D(2, 1;α) is usually expressed in the basis ǫ1, ǫ2, ǫ3, with the distinguished set of simple roots
given by

2ǫ2, ǫ1 − ǫ2 − ǫ3, 2ǫ3. (57)

The purpose of this section is to consider irreducible representations V (Λ) with highest weight Λ
given by the Dynkin labels [0, 0, p] in the above simple root system. These are infinite-dimensional
representations. For p = 1 this is the “spinor” irrep of D(2, 1;α), for p = 2 the “self dual tensor”.
In terms of the ǫ-basis, the highest weight is given by Λ = (− αp

α+1 , 0, p). Such representations are
“doubly atypical”. All irreducible highest weight representations of D(2, 1;α) have been described
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in [37]. For the irreps under consideration one can describe the structure by means of the decom-
position with respect to the even subalgebra su(1, 1)⊕ su(2)⊕ su(2) (isomorphic to sp(2)⊕ so(4)).
From [37], the following decompositions hold:

p = 1:

V (Λ) → (−
αp

α+ 1
; 0, 1)⊕ (−

αp

α+ 1
− 1; 1, 0) (58)

p ≥ 2:

V (Λ) → (−
αp

α+ 1
; 0, p)⊕ (−

αp

α+ 1
− 1; 1, p− 1)⊕ (−

αp

α+ 1
− 2; 0, p− 2). (59)

The weights of such an su(1, 1) irrep with highest weight µ (µ < 0) are given by (µ, µ− 2, µ−
4, . . .): this is a negative discrete series representation. So for the case p = 1, with µ = − αp

α+1 , one
has:

• at level µ: the su(2)⊕ su(2) irrep (0, 1) of dimension 2

• at level µ− 1: the su(2)⊕ su(2) irrep (1, 0) of dimension 2

• at level µ− 2: the su(2)⊕ su(2) irrep (0, 1) of dimension 2

• at level µ− 3: the su(2)⊕ su(2) irrep (1, 0) of dimension 2

• etc.

Thus one could say that the superdimension of V (Λ) according to the above gradation (i.e. according
to the su(1, 1) diagonal element) is given by

2− 2t+ 2t2 − 2t3 + 2t4 − · · · =
2

1 + t
.

In the limit t → 1, this gives superdimension 1.

In the previous section, we always considered a gradation with respect to the subalgebra gl(m|n).
For the irrep under consideration, the decomposition with respect to D(2, 1;α) → gl(2|1) consists
of

• a gl(2|1) singlet with weight (µ, 0, 1)

• a gl(2|1) irrep with weights (µ, 0,−1), (µ− 1,−1, 0), (µ− 1, 1, 0), (µ− 2, 0, 1), of dimension 4
and superdimension 0

• a gl(2|1) irrep with weights (µ−2, 0,−1), (µ−3,−1, 0), (µ−3, 1, 0), (µ−4, 0, 1), of dimension 4
and superdimension 0

• etc.

Hence also according to this gradation the superdimension is 1 + 0 + 0 + · · · = 1, whereas the
dimension is 1 + 4 + 4 + · · · .
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For the case p ≥ 2, the decomposition is given by (59). The dimensions of the su(2) ⊕ su(2)
irreps appearing here are, respectively, p + 1, 2p and p − 1. According to the gradation by the
su(1, 1) diagonal element, one finds as superdimension:

(p+ 1)− t(2p) + t2((p+ 1) + (p− 1))− t3(2p) + t4((p+ 1) + (p− 1)) + · · ·

= (p+ 1)− 2pt+ 2pt2 − 2pt3 + 2pt4 + · · · = 1− p+
2p

1 + t
.

In the limit t → 1, this gives superdimension 1. Also according to the decomposition with respect to
gl(2|1) one finds a singlet followed by an infinite series of irreps of dimension 4 and superdimension 0,
thus the same result.

Conclusion: all D(2, 1;α) irreps [0, 0, p] have superdimension 1, which is the same as the di-
mension of the so(2) irrep [p].

8 Summary: Dynkin diagrams

The main results of sections 5 and 6 can be best summarized and illustrated by means of Dynkin
diagrams, carrying the Kac-Dynkin labels of the representations studied here.

For the case B(m,n) = osp(2m+ 1|2n), one has, in an obvious notation, from (39) and (42):

sdim

(

m+nm+n–1n+1nn–121

p000000
)

=

dim

( p000

m-nm-n–121

)

if m > n

dim

( -p000

21 n-mn-m–1

)

if m < n
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For the case D(m,n) = osp(2m|2n), the result is, following (53) and (56):

sdim















p

0

00000 m+n–1

n+1

m+n

m+n–2n1 n–1















=

dim















m-n

m-n–1

m-n–21 2 0

p

000















if m > n and m− n odd

dim















m-n

m-n–1

m-n–21 2

0 0 0

0

p















if m > n and m− n even

dim

(

n-mn-m–121

-p/2000
)

if m < n
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Appendix

In this appendix we give character formulas for the irreducible representations of so(2k) which
are relevant in the context of this paper. Following the notation of this paper, these are the
representations with Dynkin labels [0, 0, . . . , 0, 0, p] and [0, 0, . . . , 0, p, 0] (with p a positive integer),
or with highest weights (p2 ,

p
2 , . . . ,

p
2 ,

p
2) and (p2 ,

p
2 , . . . ,

p
2 ,−

p
2) respectively. The modules will be

denoted as V
(p/2)k

so(2k) and V
(p/2)k−1,−p/2
so(2k) . Of course, the characters of these representations could

be deduced from Weyl’s formula. Here, however, it is more useful to give these characters as an
expansion in Schur functions. This expression can actually be deduced from the so(2k) → gl(n)
branching rule, given in [27, Section IV]. Working out these branchings, there is a distinction
between k even and k odd. Explicitly, one finds:
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Case k even:

char[0, . . . , 0, p]so(2k) = charV
(p/2)k

so(2k) = (x1 · · ·xk)
−p/2

∑

λ∈B: λ1≤p, ℓ(λ)≤k

sλ(x). (60)

So the sum is over all partitions λ for which each part appears twice, and such that the Young
diagram of λ fits inside the rectangle of width p and height k.

char[0, . . . , p, 0]so(2k) = charV
(p/2)k−1,−p/2
so(2k) = (x1 · · ·xk)

−p/2
∑

λ∈B: λ1≤p, ℓ(λ)≤k−2

s(p,λ)(x). (61)

Here the sum is again over all partitions λ for which each part appears twice, but such that the
Young diagram of µ = (p, λ) fits inside the rectangle of width p and height k.

Case k odd:

char[0, . . . , 0, p]so(2k) = charV
(p/2)k

so(2k) = (x1 · · ·xk)
−p/2

∑

λ∈B: λ1≤p, ℓ(λ)≤k−1

s(p,λ)(x). (62)

char[0, . . . , p, 0]so(2k) = charV
(p/2)k−1,−p/2
so(2k) = (x1 · · ·xk)

−p/2
∑

λ∈B: λ1≤p, ℓ(λ)≤k−1

sλ(x). (63)

Note that in (63), due to the fact that λ has an even number of parts (since λ ∈ B), the
condition ℓ(λ) ≤ k − 1 could just as well be replaced by ℓ(λ) ≤ k since k is odd.
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