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1 Introduction

The Banach contraction principle is the most celebrated fixed point theorem, which has
been extended in various directions. In 2007, Huang and Zhang [1] introduced cone met-
ric spaces and extended the Banach contraction principle to cone metric spaces over a
normal solid cone, being unaware that cone metric spaces already existed under the name
of K-metric spaces and K-normed spaces that were introduced and used in the middle of
the 20th century in [2-9]. Furthermore, Huang and Zhang defined the convergence via
interior points of the cone. Such an approach allows the investigation of the case that the
cone is not necessarily normal, for example, the authors in [10-18] established many fixed
point results and common fixed point results in cone metric spaces over a non-normal
cone. In 2012, based on the definition of cone metric spaces and partial metric spaces,
which were introduced by Matthews [19], Sonmez [20, 21] defined a partial cone met-
ric space and considered the extensions of Banach contraction principle to partial cone
metric spaces.

It is worth mentioning that in most of the preceding references concerned with fixed
point results of contractions in cone metric spaces and partial cone metric spaces, the
contractions are always assumed to be restricted with a constant. In [9], Agarwal consid-
ered a contraction restricted with a positive linear mapping and proved the following fixed

point theorem in cone metric spaces.

Theorem 1 (See [9]) Let (X, d) be a complete cone metric space over R” and T : X — X. If
there exists a linear bounded mapping L : R} — R with the spectral radius r(L) <1 such
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that
d(Tx, Ty) < Ld(x,y), Vx,y€X. 1)
Then T has a unique fixed point x* € X.

Itis clear that R” is a normal solid cone of R” endowed with the usual norm. Motivated
by [10-18, 20, 21], we in this paper shall extend Theorem 1 to partial cone metric spaces
over a non-normal solid cone of an abstract normed vector space.

2 Preliminaries
Let E be a topological vector space. A cone of E is a nonempty closed subset P of E such
that

(i) ax+ by € P for each x,y € P and each a,b > 0, and

(ii) PN (=P) = {6}, where 6 is the zero element of E.

Each cone P of E determines a partial order < on E by x <y <= y — x € P for each
x,y€X.

A cone P of a topological vector space E, is solid [22] if int P # (3, where int P is the interior
of P. For each x,y € E with y —x € int P, we write x < y. A cone P of a normed vector space
(E, || - |I), is normal [22] if there exists N > 0 such that x < y implies that ||x| < N|y| for
each x,y € P, and the minimal N is called a normal constant of P.

Lemmal Let P be a solid cone of a normed vector space (E, || - ||), and let {u,} be a sequence
inE. Then u, L implies that for each € € int P, there exists a positive integer ny such that
€ tu, €intP,ie., u, K€ foralln> ny.

Proof For each € € int P, there exists some ¢ > 0 such that ||x|| < & implies that € = x € int P
foreachx € E. If u, L] 0, then for this ¢, there exists a positive integer ny such that ||u,|| < &
for each n > ng, and hence € + u,, € int P for each n > ny, i.e., —€u,, < € for each n > ny.
The proof is complete. O

Remark 1 The converse of Lemma 1 is true provided that P is normal. In fact, for each

€ > 0, there exists some ¢ € int P such that ||€|| < , where N denotes the normal con-

&
2N +1
stant of P. Note that for this ¢, there exists a positive integer nj such that —e < u, < € for
each n > ng, and so 0 K u, + € < 2¢. Then |u,| < ||u, + €]l + |l€|| < (2N +1)|¢]|| < € for

each #n > ngy by the normality of P. This forces that u, Iy,

The following example shows that the converse of Lemma 1 may not be true if P is non-
normal.

Example 1 Let E = C}[0,1] with the norm ||u|| = |lulle + [|4/]lcc and P = {u € E : u(t) >
0,t € [0,1]}, which is a non-normal solid cone [22]. Let u,(t) = %"t Clearly, [lu,|l =1, and

SO Uy, LK} 6. On the other hand, let v, (f) = %, then v, € P, v, M 0 and -v, < u, <v,. By

Lemma 1, for each € € int P, there exists a positive integer ny such that 6 < v, <« € for all
n > np, and hence —¢ K u,, K € for all n > ny.

Let X be a nonempty set and P be a cone of a topological vector space E. A cone metric
[1] on X is a mapping p : X x X — P such that for each x,y,z € X,
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(dl) dx,y)=0 <= x=y;

(d2) d(x,y) =d(y,%);

(d3) d(x,y) < d(x,2) +d(z,).
The pair (X, d) is called a cone metric space over P. A partial cone metric [20, 21] on X is
a mapping p: X x X — P such that for each x,y,z € X,

(pD) p(x,y) = plx,x) = p(,y) = x=y;

(p2) plx.y) =p(y:%);

(p3) plx,x) < p(x,y);

(p4) p(x,y) < p(x,2) + p(z,9) - p(2,2).
The pair (X, p) is called a partial cone metric space over P.

Each cone metric is certainly a partial cone metric. The following example shows that

there does exist some partial cone metric which is not a cone metric.

Example 2 Let E = C3[0,1] with the norm [u|| = [|ulloo + [|#]loc; and X =P ={u € E :
u(t) > 0,t € [0,1]}. Define a mapping p: X x X — P by

X, xX=Y,
pxy) = .
x+y, otherwise.

For each x,y € X, p(x,y) = p(y,x) = x and p(x,x) = p(x,y) = x when x = y, and p(x,y) =
p,x) =x+yand p(x,x) =x < x +y = p(x,y) when x # y, i.e,, (p2) and (p3) are satis-
fied. For each x,y € X, p(x,y) = p(x,x) = p(,¥) = x whenever x = y, and x = y whenever
px,x) = p(y,9), i.e., (pl) is satisfied. For each x,7,z € X,

pxy) =x=px,2) +p@»,z2) -plz,z), whenx=y=g¢g,
pxy)=x=<x+y+z=pxz2) +p0y,z) —plz,z), whenx=yy+z
px,y) =x+y=pz)+p(z)-plzz), whenxiyy=z
pxy)=x+y=pxz)+p(yz)—plz,z), whenxZyx=z,

pxy)=x+y=<x+y+z=px,z)+p0,2) —p(z,z), whenx#y,y#z,x#z,

i.e., (p4) is satisfied for each x,y,z € X. Hence p is partial cone metric, but not a cone
metric, since p(x,x) # 6 for each x € X with x #6.

Each partial cone metric p on X over a solid cone generates a topology 7, on X, which
has a base of the family of open p-balls {B,(x,€) : x € X,0 < €}, where B,(x,¢) = {y € X :
p,y) < plx,x) + €} for each x € X and each € € int P.

Definition 1 Let (X, p) be a partial cone metric space over a solid cone P of a topological
vector space E.
(i) A sequence {x,}in X converges [20] to x € X (denote by x,, 2 x), if for each
€ €int P, there exists a positive integer 79 such that p(x,,x) < p(x,x) + € for each
n > ny. A sequence {x,} in X strongly converges [21] to x € X (denote by %, i x), if
1im,,, oo (X, %) = limy,_s o0 P, %) = p(, ).
(i) A sequence {x,} in X is 6-Cauchy, if for each € € int P, there exists a positive integer
no such that p(x,, x,,) < € for all m,n > ny. The partial cone metric space (X, p) is
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0-complete, if each 8-Cauchy sequence {x,} of X converges to a point x € X such
that p(x,x) = 6.

It follows from Lemma 1 and Remark 1 that each strongly convergent sequence {x,} of
a partial cone metric space X is convergent whenever E is a normed vector space, and
the converse is true provided that P is a normal. The following example will show that
there exists some sequence of a partial cone metric, which is convergent but not strongly

convergent if P is non-normal.

Example 3 Let (X, p), E and P be the same ones as those in Example 2, and let u,(f) =
1+sinnt
n+2

Vi L, 6, where v(t) = %

I N
. Then u, 2 0, but u, 4 6. In fact, it is clear that u, € P, p(u,,0) = u,, u, < vand
Then by Lemma 1, for each € € intP, there exists a positive

integer 719 such that 6 < p(u,,0) < v, K€ for all n > n, i.e., u, 2 9. On the other hand,
1(22,6) = p(8,0)]| = l1ts]| = 1, and hence u, 6.

Definition 2 Let (X, p) be a partial cone metric space over a solid cone P of a normed
vector space (E, || - ||). A sequence {x,} in X is Cauchy [20, 21], if there exists u € P with
|lu|| < oo such that limy,; ,—, oo p(%y,, %) = u. The partial cone metric space (X, p) is complete
[20, 21], if each Cauchy sequence {x,} of X strongly converges to a point x € X such that

px,x) = u.

If P is a normal solid cone of a normed vector space (E, || - ||), then each complete partial
cone metric space is f-complete by Lemma 1 and Remark 1. But the converse is not true,
the following example shows that a partial cone metric space which is #-complete, is not

necessarily complete.

Example 4 Let X = {(x1,%,...,%) : % > 0,%; € Q,i = 1,2,...,k}, E = R* with the norm

Il =4/ Zle %2, P= R¥, where Q denotes the set of rational numbers. Define a mapping
p: X x X — P as follows:

pEy) =@ VyLx Vys,..ox V), YxyeX.

Clearly, (X, p) is a partial cone metric space, p(x,x) = x foreachx € X, p(x,0) =0 <= x =0,
P is normal.

Let {y,} be a sequence in (X, p), where y, = Vi1, Vu2, - - > ¥uk)- If {y,} is 6-Cauchy, then
by Remark 1 and the normality of P, limy, ;0o p(¥u» ¥m) = 0, and so for each ¢ > 0, there
exists ng such that ||[p(y,, ym)ll < € for each m,n > ny. Thus, Vi V Vi = pPOnis Yimi) < €
for each m,n > ny and each 1 < i < k. This means lim, ., y,; = 0 for each 1 <i <k,
i.e., lim,_, oy, = 6. Therefore, lim,_, o p(¥,,,6) = lim, .o ¥, = 0 = p(6,0), i.e., y, 2 0, and
hence (X, p) is 8-complete since 6 € X.

Let y,; = i(1 + %)" for each n and each 1 <i <k, and € = (e,2e,...,ke). It is clear that
limy, s 00 P> ¥m) =€, and hence {y,} is a Cauchy sequence in (X,p). If there exists
x € X such that p(x,x) = ¢, then x =€, which contradicts to the fact that ¢ ¢ X since
e ¢ Q. This means p(x,x) # ¢ for each x € X, and so there does not exist x € X such that
limy,; - 00 POV Ym) = p(x, x). Therefore, (X, p) is not complete.
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3 Extensions of Banach contraction principle
In this section, we present some extensions of Banach contraction principle in the setting
of partial cone metric spaces over a non-normal solid cone of an abstract normed vector

space.

Theorem 2 Let (X,p) be a 6-complete partial cone metric space over a solid cone P of a
normed vector space (E, || - ||) and T : X — X. If there exists a linear bounded mapping
L : P — P with the spectral radius r(L) < 1 such that

p(Ix, Ty) X Lp(x,y), Vx,y€X. ()
Then T has a unique fixed point x* € X. In addition, for each x, € X, let
X, =Tx,.1=T"xy, Vn, (3)

T,
then there exists a positive integer no such that y, £ x*, where {yu} is a subsequence of {x,,}
defined by y,, = T"0x,.

Proof By r(L) <1 and Gelfand’s formula, there exists 0 < 8 <1 such that

lim .7
n—0oQ

L =r() < B,

which implies that there exists a positive integer 7o such that

"] < B",  ¥n=no. (4)
Clearly,
Y= Ty = T T V0x = T"0y, 1 Vn., (5)

By (2), (5) and L(P) C P,

P(J’n,yml) :p(TnOx(n—l)ngx Tnoxnno) = Lnop(yn—lryn) <--- = Lnnop(y():yl): Vl’l,

and so by (p4),

m-1

p(ynvym) fp(yn;ynﬂ) +p(yn+1:yn+2) t-- +p(ym—1;ym) = ZLinop(yo,yl),

i=n

Vm > n. (6)
By (4),

m-1 ) m-1 ) m-1 ’

Y Loy < lpGo)| Y27 | < [p0o.3)| D B

_ lpGo, )8 = p+D)
= ey

’
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which implies that Zfﬁ;l L%p(y0,y1) - 6(n — 00) by B < 1. Then by (6) and Lemma 1, for
each € € int P, there exists a positive integer n; such that

m-1

P(ym}’m) 52Likp()’0»yl) <€, VWI»VlZl’ll,

i=n

which implies that {y,} is a #-Cauchy sequence in (X, p). Moreover by the 0-completeness
T

of (X, p), there exists some x* € X such that y, £ x* and px*,x*) = 6, and so there exists

a positive integer 7, > m; such that

p(ymx*) < % Vn > ny. (7)

Since r(L) <1, then (I — L)(P) C P. Thus, by (p4), (2), (5) and (7),

p(T”Ox*’x*) ﬁp()’ml; Tnox*) +p(yn+17x*)
< L"p(ym %) + p(yus1,5%)
<P x) + p(Tnex") K€, V> my,

which together with the arbitrary property of € implies that p(7"0x*,x*) = 0, and hence
T"x* = x* by (pl) and (p3), i.e., x* is a fixed point of 77. Let x € X be a fixed point of
7™, i.e., T"0x = x. Note that ||L"|| <1 by (4), then the inverse of I — L™ exists, denote it by
(I — L™)7t. Moreover by Neumann'’s formula, (I — L"0)™}(P) C P. By (2), we have p(x,x*) =
p(T"0x, T"0x*) < L"p(x,x*), and hence (I — L")p(x,x*) < 0. Act it with (I — L")7L, then
p(x,x*) < 0. This implies that p(x,x*) = 0, and hence x = x* by (pl) and (p3). Hence x* is
the unique fixed point of 7.

Note that x* is a fixed point of 7", then T (Tx*) = T(T"x*) = Tx*, i.e., Tx* is also a
fixed point of T"0. By the uniqueness of fixed point of 770, we have Tx* = x*, i.e., x* is also
a fixed point of T'. Let y be a fixed point of T It is clear that y is also a fixed point of 7",
and so y = x* by the uniqueness of fixed point of 7"°. Hence x* is the unique fixed point
of T. The proof is complete. O

Remark 2 Itis clear that Theorem 1 is exactly a special case of Theorem 2 with £ = R” and
P =R’. Let Lu = cu for some constant ¢ € [0,1), then (L) = ¢ <1, and so Theorem 1 of [1],
Theorem 6 of [20] and Theorem 7 of [21] directly follow from Theorem 2. In addition,
the normality of P necessarily assumed in [1, 9, 20, 21] has been removed in Theorem 2.
Therefore, Theorem 2 indeed improves the corresponding results in [1, 9, 20, 21].

The following example shows the usability of Theorem 2.

Example 5 Let (X, p), E and P be the same ones as those in Example 2. Let (Tx)(¢) =
(Lx)(2) fotx(s) ds for each x € X, where ¢ € [0,a], a > 0. Clearly, 0 is the unique fixed point
of T.

Foreachx,y € X, p(Tx, Ty) = fotx(s) ds = Lp(x,y) whenever x = y, and p(Tx, Ty) = fot [x(s) +
y(s)]ds = Lp(x,y) whenever x # y, i.e., (2) is satisfied. It is clear that (L"x)(¢) < tn—n, lx]| o for

each ¢ € [0,a], and hence || L% oo < % ||]|0. Note that (L"x) () = (L™ x)(¢), then

— n!

/ a” a" a” a”
sl = sl 1) | = (5 g W = (5 + g i
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which implies that |L"|| < ‘;—T + (;’Tnl), Therefore by Gelfand’s formula, r(L) =

lim,,_, o /]IL"]] = 0 since lim,,_, % =0, and hence T has a unique fixed point in X by
Theorem 2.

However, the existence of fixed point of 7' cannot derive from the fixed point results in
[1-21, 23], since P is non-normal, and p is not a cone metric by Example 1 and Example
2, and there does not exist a constant ¢ € [0,1) such that p(Tx, Ty) < cp(x, y).

Theorem 3 Let (X,p) be a 6-complete partial cone metric space over a solid cone P of a
normed vector space (E, || - ||) and T : X — X. If there exist four nonnegative constants c,
C, C3 and ¢y With ¢1 + ¢y + ¢c3 + 2¢4 < 1 such that

p(Tx, Ty) X c1p(x,y) + cop(x, Tx) + csp(y, Ty) + ca [p(x, Ty) + p(y, Tx)], Vx,yeX. (8)

Then T has a unique fixed point x* € X, and for each xo € X, x, N4 x*, where x,, is defined
by (3).

Proof By (3), (8) and (p4),

p(xmxm—l)
= P( Txn—l: Txn)
= 1p(Fn-1,%n) + CoP(Xn_1,%0) + C3P(Ens Xpi1) + Ca[P(En-1, K1) + P %) ]

= 1p(En-1,%n) + CoP(Xn_1,%n) + C3P(Eny K1) + Ca[ P(Hn1, %) + PKs %) ], V1,

and so

p(xm xn+1) = Cp(xn—l; xn)» Vn,

where ¢ = Cﬁ';—i”: <1byc + ¢+ ¢3 + 2¢4 < 1. Moreover by (p4),
m—1 m-1 ’ c”p(xo xl)
Ky X) < X Xi1) < Y Cplxg,x1) X ———2, Vm>n. 9
Pl ) =D pliin) = 3 Cpom) = = ©)
i=n i=n
Since ¢ < 1, then % I 0, and hence by Lemma 1, for each € € intP, there exists a

positive integer 7; such that % < € for all n > ny. Thus, by (9),

"p(xg, x
p(xmxm) = w <€, Vm,n>n,
—-c

i.e., {x,} is a -Cauchy sequence. Therefore, by the 6-completeness of (X, p), there exists

T
x* € X such that x, £ x* and p(x*,x*) = 0, and so there exists a positive integer ny > n;
such that

(L—cy—ca)e

* —
p(x,,,x ) < 20+ ¢ +2¢)

Vn > no, (10)

and

1—cy—cy)e
R (1)
3

Page 7 of 9
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By (p4) and (8),

(T, 5%) < p(Ta* 5t + (s 6°)
<ap(a*,%,) + cop(x*, Tx*) + c3p(, %)
v ea[p(x 1) + (o T6%)] + (6 %01
<ap(x*,%,) + cop(*, Tx*) + c3p(o, 1)
s ea[p(a ) + p(wx?) + p(a, Te)] + p(a )
= (a1 + cap (%) + (ca + ca)p (o T

+ e3P Xm1) + (L + ca)p(%*, %001), Vi,

and so

- (c1 + ca)px*, %) + e3P Xi1) + (1 + Ca)p(X™, Xp041)

* K
p(Tx",x%) < p— , Vn

Then by (10) and (11),
p(Tx",5") <e, Vn=ny,

which together with the arbitrary property of € implies that p(Tx*,x*) = 6, and so Tx* = x*
by (pl) and (p3). Let x be a fixed point of T. Then by (8) and (p3),

p(x*,x) = p(Tx", Tx)
=< clp(x*,x) + czp(x*, Tx*) +c3plx, Tx) + ¢y [p(x*, Tx) +p(x, Tx*)]

=(q + 2c4)p(x*,x) +c3p(w,x) < (c1 +c3 + 204)p(x*,x).

This forces that p(x*,x) = 6 since ¢; + ¢3 + 2¢4 < 1, and so x = x* by (p1) and (p3). Hence x*
is the unique fixed point of 7. The proof is complete. O

Remark 3 Theorem 3 and Theorem 4 of [1] are special cases of Theorem 3 in the setting
of cone metric spaces with ¢; =c4 =0, ¢2 = ¢3 and ¢; = ¢; = ¢3 = 0, respectively, and Theo-
rem 7 of [20] and Theorem 8 of [21] are special cases of Theorem 3 with ¢; = ¢4 = 0, ¢3 = ¢3.
In addition, P is not necessarily normal in Theorem 3. Compared with the corresponding
results of [20, 21], the partial cone metric space X is only assumed to be -complete, but

not complete in Theorem 2 and Theorem 3.
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