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EXTENSIONS OF HARDY SPACES AND THEIR
USE IN ANALYSIS

BY RONALD R. COIFMAN AND GUIDO WEISS!

1. Introduction. It is well known that the theory of functions plays an
important role in the classical theory of Fourier series. Because of this certain
function spaces, the H? spaces, have been studied extensively in harmonic
analysis, When p > 1, I and H? are essentially the same; however, when
p < 1 the space H” is much better adapted to problems arising in the theory
of Fourier series. We shall examine some of the properties of H? for p < 1
and describe ways in which these spaces have been characterized recently.
These characterizations enable us to extend their definition to a very general
setting that will allow us to unify the study of many extensions of classical
harmonic analysis.

The theory of H? spaces on R" has recently received an important impetus
from the work of C. Fefferman and E. M. Stein [29]. Their work resulted in
many applications involving sharp estimates for convolution operators. It is
not immediately apparent how much of a role the differential structure of R”
plays in obtaining these results. Our purpose is to isolate from this theory some
of the measure theoretic and geometric properties that enable us to obtain in
a unified form many of these applications as well as other results in harmonic
analysis. We shall not deal with those questions involving H?” spaces that are
not relevant to our purpose. Some general references involving harmonic
analysis and H? spaces are [23], [64], [27], [62], [57] and [55].

The main tool in our development is an extension and a refinement of the
Calderon-Zygmund decomposition of a function into a “good” and “bad”
part. This tool is presented in the proof of Theorem A and is of a somewhat
technical nature. It is included here in order to make the presentation of the
theory we develop essentially self-contained. In some examples we give
applications of this theory that require material not presented here. We do,
however, give the necessary references. In this sense, we hope that this
exposition is accessible to a general audience.

Before beginning our presentation we would like to thank our colleagues
A. Baernstein, Y. Meyer, R. Rochberg and E. M. Stein who read a large part
of this manuscript and made many useful suggestions.

Suppose fis a real-valued integrable function on T, the perimeter of the unit
disc in the plane (which we identify in the usual way with [—=, 7)). Suppose f
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570 R. R. COIFMAN AND GUIDO WEISS

has the Fourier series 3%, ¢, ¢’*?. Let F be the analytic function defined by
the power series ¢y + 2 3° ¢, z*, |z| < 1. This association of analytic func-
tions in the disc D = {z € C: |z| < 1} with real functions on T is the basis of
a general technique, known as the use of complex methods, for obtaining results
in the theory of Fourier series. The essential ingredients of this procedure can
be described briefly in the following way. Certain basic operations on
functions f on 7 (often realized as multiplication of the Fourier coefficients of
f by specific sequences) can be interpreted as operations on the associated
analytic functions F. Powerful tools from the theory of functions (such as
factorization of zeroes, conformal mappings, etc.) can be used to study the
properties of such operations on the functions F. The properties can then be
translated as results about functions on T since f can be recovered from F by
taking the almost everywhere existing radial limits

(1.1 f6) = ’ll_ff} %{F("em)}-z
r<li
If f€ IP(T), 1 < p < oo, the M. Riesz inequality (see [64] for a proof) is
satisfied by the analytic function F and the original function f:

(12) ( f_” [F(rew)lpd9>l/p < 4,011,

where 4, is independent of f and r, 0 < r < 1. Moreover, the radial limits
(1.1) can be taken in the I” norm as well.
In 1915 [33] Hardy considered the means

u,(F;r) = ( /. ”,, lF(re"")l”da)'/p,

0 < p < o0, as functions of r and showed that they behave similarly to the
“maximum modulus” g, (F;r) = max{|F(re'’)|; § € [~m,7)} (among other
things, he showed that p_(F;r) increases with r and satisfies the conclusion of
the “three circle theorem”). In 1923 F. Riesz (see [48]) introduced the class of
functions F, analytic in D, for which

F = su F;r) < o0,
(1.3) I Fll o oSup w,(Fsr)

where 0 < p < oo, and denoted this class by the symbol H? in obvious

homage to Hardy. Since that time these spaces have become known as Hardy
3

spaces.

2 Many examples of this technique can be found in the books of Duren [23], Hoffman [35] and
Zygmund [64].

3 In his 1923 paper F. Riesz established many of the important properties of these spaces (e.g.
the Blaschke product factorization, the existence of boundary values and other results). His
brother M. Riesz also made important contributions in this field. Thus, it could be argued fairly
that the name “Riesz” should also be attached to these spaces. We shall not enter into such an
argument but would also like to point out that subsequent contributions by Hardy and Littlewood
were most basic to the development of the theory of H? spaces.
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For the next few pages we shall assume that I7(T) consists only of real-
valued functions and, thus, is a vector space over the real numbers. Though
not essential, this assumption will simplify some of the assertions we are going
to make.

An immediate consequence of the M. Riesz inequality is that F
€ HP whenever f € I7(T), 1 < p < 0. Conversely, if an analytic function
F belongs to H” then the limit function f in (1.1) exists (in the I? norm and
a.e.); moreover, F can be reconstructed from f (up to an imaginary constant)
in the manner described above, provided 1 < p < o (see [64, Chapter VII]).
Hence, for these values of p, I7(T) is the space Re H? consisting of the
boundary values of the real parts of functions in H? (in the sense of (1.1)).4
The situation is completely different when p = 1. In fact, for a nonnegative
f€ INT), F € H'if and only if f™_f(1 + log*f) < oo (see Chapter VII in
[64]). Characterizations of e H! have been obtained only recently; in a sense,
this is the origin of this exposition. We shall explain these characterizations in
great detail later.

It was observed by Hardy and Littlewood, as well as many others, that there
are many results in Fourier analysis that hold for I7(T), 1 < p < 0, fail to
be true for L1(T) and, yet, remain true for ReH'. Since LI(T) & IP(T)
¢ ReH! € INT)when 1 < p < g < oo we see that Re H' can be regarded
as a good “substitute” for L' (T) that is endowed with many of the properties
enjoyed by the I spaces for 1 < p < o and, moreover, contains all these
spaces. Let us examine some specific examples of this situation.

Suppose f € IP(T), 1 < p < 2, has the Fourier series 23X ¢, %0, A well-
known result of Paley (see [64, Vol. 2. p. 111]) asserts, in part, that

(1.4) S el ?k]P < o0.®

This result is false when p = 1. In fact, there exists an integrable function
whose Fourier series is 3,5° cos k8/log k (see [64, Vol. 1, p. 184]). On the other
hand, Hardy has shown that if f € Qe H' we have

o0

(1.5) > ley] < 0.
Ze k]

This last inequality is more striking when we realize that no condition on
the rate of convergence to 0 can be given for the Fourier coefficients of a
function in L!(T) (see [64, Vol. 1, p. 183]); in this sense, the Riemann-
Lebesgue theorem, asserting that these coefficients tend to zero, cannot be
improved. Another example of this phenomenon is Paley’s result:

(1.6) _zw leye|? < o0

4 1t is not hard to show, making use of (1.2), that the space of complex-valued I7(T) functions
and H” (with norm given by (1.3)) are equivalent Banach spaces when 1 < p < oo (see Boas [1]).

5 We are adopting the standard notation: 3’ means that we are summing over all nonzero
integers k:
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is satisfied by the Fourier coefficients of a function f in ®eH' but does not
hold for an arbitrary function in L!(T).

Perhaps the most basic difference between L!(T) and ReH!' that was
discovered by Hardy and Littlewood involves the Poisson integral of f:

1 2

ENO =5 [ =5 O

= u(re?),
0K r< 1 Let

(P*f)(0) = _ sup [ur(w)|
jw—et (<2 (1-iwl)

denote the (nontangential) maximal operator associated with this integral.
Hardy and Littlewood showed that P*f € L/(T) when f € ReH', while this
is not true for a general f € L!(T). It has been understood for a long time that
this result represents a basic difference between these two function spaces;
however, it was only recently shown by Burkholder, Gundy and Silverstein (2]
that we have here a real-variable characterization of KeH': for f € L'(T),
P*fe INT)ifand only iff € ReH'.5

If f € ReH' then, by definition, f(8) = ReF(e'?), where F € H'. If we
make the restriction that the imaginary part of F vanishes at 0, the function F
is unique. We can then put a norm on Qe H' by letting ||flly1 = [|Fllg (see
(1.3)). With this norm ®e H' is a Banach space.

The next important step toward an understanding of ®e H' was taken by C.
Fefferman who characterized the dual, {Re H 1}* , of this space as the class of
functions of Bounded Mean Oscillation (BMO) originally introduced by John
and Nirenberg [38]: a periodic function / (of period 27) is said to be in the
class BMO provided it belongs to L' (T') and

J,16) = mDIF < e

for all finite intervals J, where ¢ is independent of 7/ and m;(/)
= (1/]1]) f; 1(9) d8. The space BMO is a Banach space if we let

2
wh !

be its norm. C. Fefferman showed that the mappings

Wlawo = +sup o f, U = my (1)

£ I 1004,

induced by the various / € BMO, yield all the bounded linear functionals on
Qe H' and their norms as linear functionals are equivalent to ||-|[zp0- (The

6 We mentioned before that, for f > 0, being a member of ReH' is equivalent to the
integrability of f log* f. On the other hand, this last condition is equivalent to the integrability of
P*{ (in this connection, and for higher dimensional extensions, see E. M. Stein [53]).
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integrals {7, f/ have to be interpreted appropriately; we shall consider this
point later in §3.)7

This characterization of {Re H!}* is easily seen to be equivalent to the
following description of the functions belonging to AeH'. We begin by
introducing a basic “building block™ for the elements of Re H!:

DEFINITION. An atom (more precisely, a l-atom) is either the function
ay(#) = 1/27 or a function a(d), —7 < 0 < 7, satisfying:

(i) The support of a is contained in an interval I C [—m,x);?

(il [a(6)] < |17 for all @ € [~a,7);

(iti) f3" a(8)dé = 0.

The above-mentioned characterization is, then, simply: a function f belongs
to Re H' if and only if

(17) 7= 3 ne
Jj=0

where a; is an atom, 0 < j, and Ef—)——o ’)\jl < o0. Moreover, if F is the analytic
function corresponding to f (in the manner described above) there exist absolute

constants c| and ¢y such that
o0
(1.8) cllFllgn < inf 2 [N] < el Fll,

where the infimum is taken over all decompositions (1.7).
This characterization of ReH' leads us to a corresponding real-variable
characterization of ReH?,0<p < 1. The example

F(z) = (1/2m)[(1 + 2)/(1 - 2)]

of a function in H?, 0 < p < 1, whose real part converges to 0 as
z=ré® 5 efasr—> 1) for § € (0,27), indicates that ReH? is not a
function space; rather, it should be defined as a space of distributions (in this
example, the boundary value is the Dirac measure concentrated at § = 0).
When 1/2 < p < 1 these distributions are obtained by a simple renormaliza-
tion of the atoms we have just introduced: We call a function a(f) a p-atom if
it satis{i/es9 properties (i) and (iii) and, instead of (ii), if it satisfies |a(8)|
< 177,
The characterization of Re H? can be stated as follows (see [10]):

THEOREM 1. A distribution f belongs to Re H?, 0 < p < 1, if and only if it can
be represented in the form f = ZJ‘-";O Aia;, where a; is a p-atom, 0 < j,
and I3 |A]P < co.

It is a common practice of modern mathematics to transform a theorem
characterizing a mathematical notion into a definition of that notion. Doing

7 This will become evident later on when we discuss the more general setting for the theory of
HP spaces.

8 We are really dealing with functions defined on the perimeter of the unit circle and our
“intervals” are intervals in this perimeter. Thus, we allow 7 to have the form {#: ~# < 8§ < aorb
< 8 < m, where a < b}

9 For the cases 0 < p < 1/2 we also have to modify condition (iii). We shall discuss this matter
later.
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this is particularly fruitful if the characterization has three basic properties:

(a) Known results follow easily from it.

(b) New results follow easily from it.

(c) The notion being characterized can be extended to new situations and
this leads to a theory as useful and powerful as the original one.

Theorem I has these features. First of all, it is clear that the defining
properties of an atom make sense in any topological measure space where a
basis for open sets (such as the intervals used above) is prescribed. This is one
of the major points of this presentation. First, however, we shall give some
illustrations of properties (a) and (b).

We begin by establishing Hardy’s inequality (1.5). Let us first observe that
it suffices to prove (1.5) for the Fourier coefficients of an atom. In fact, we shall
show that

(19) Sl ey

whenever a, = (1/27) f™. a(#)e™*? d8 are the Fourier coefficients of a 1-atom
a(#). Hardy’s inequality then follows immediately from (1.9) and the represen-
tation (1.7) of functions in ReH'.1® Thus, let a(d) be a l-atom whose
supporting interval, /, in conditions (i) and (ii) is centered at 0 (there is no loss
in generality since |a; | is unchanged by translations). Using first (iii) and then
(i) we have

1 y 1
la, | = IZ—TLa(H)[e Ko _ 1]de] < o= [ la(®)] k6] o
k111 -1, _ Kl
< Tf, 1177 d6 = —_~—.
Moreover, again using (ii) we have

S lal = 5 [T @R a8 < o [, 111728 = L,

Making use of these two estimates we have

k<2 kL S K S Tkl

1 1/2 /2
- 2_|I!+(2lakl) ( E_k‘z) <4
ki<l k>0

and (1.9) is established. In view of (1.8) we obtain

§lal_ v lal, 5

N

10 This is an important feature of the use of atoms: many problems can be reduced to
considerations involving only atoms and, because of this, the resolution of these problems is made
simpler.


file:///k0/d9

EXTENSIONS OF HARDY SPACES 575

ool lak!
(110) S bl < sy
-0

forany F € Qe H'.

Our next observation is that we can easily identify the dual spaces of
ReH?,0 < p < 1, if we know Theorem I. We restrict our attention to the
case 1/2 < p < 1, since we have defined a p-atom only for this range of p. If
L € {ReHP}* it is easy to show (and we will do so later in a more general
context) that the action of this linear functional on atoms a(#) is given by an
integrable function /(#) as follows:

La = f_ ﬂ a(0)1(0) .

Moreover, the continuity of L is equivalent to the “boundedness” | La| < ||L|].
We claim that / satisfies

(1.11) L. )lll“/”fl 18) — my(DId(®) < 2IILI.

To see this we choose a function f supported in I such that ||f, < 1.
Obviously, if x; is the characteristic function of I,

a8) = 271177 £(8) - m;(f)x1(0))

is a p-atom. We thus have

f,1@U® = mOlas| = | [,150) = miV@a0)

= 21|V < 2117y,

f; a(0)1(8) d0

Inequality (1.11) now follows by taking the supremum over all such functions
f. Tt is also clear, by retracing our steps, that if the supremum in (1.11) is finite
then the integral above this inequality defines a bounded linear functional on
ReH?.

When p = 1 (1.11) is the defining condition for the space BMO. This
condition has been studied extensively for p < 1 as well (see [7] and [46]). In
particular, as we shall show later, when 1/2 < p < 1 (1.11) is equivalent to

(1.12) @) — il < clo -l a=lp-1

This yields the characterization of the dual of ReH?” given by Duren,
Romberg and Shields [24]. At this point it is relevant to point out that results
involving H? spaces are translated by duality into results on Lipschitz spaces
(i.e. spaces of functions satisfying inequalities of the type (1.11) or (1.12)). We
shall return to this point after we have introduced our extensions of the Hardy
spaces.

We have encountered many other situations where Theorem I can be used
directly and efficiently to produce known results in the theory of H? spaces.
Let us now illustrate the fact that Theorem I enjoys property (b); that is, new
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results can be obtained from it. Perhaps the most striking development in this
direction is that we can obtain a simple and useful characterization of the
Fourier coefficients of elements in feH?. It is well known that such a
characterization exists for I?(T) via the Plancherel theorem; that is, a
necessary and sufficient condition for a sequence {a;}, k = 0, =1, +2, ..., to
be the sequence of Fourier coefficients of an f € I2(T)is 25> _,, lakl2 < 0.
This condition enables us to easily characterize those linear operators com-
muting with translations that are bounded on L2(T). In fact, it is easy to see
that if A4 is such an operator then its action is determined by an associated
sequence {y, } in such a way that if f has Fourier coefficients {a;} then Af has
Fourier coefficients {u, a;}.!"! It is immediate to check that {u, @} is square
summable for all square summable sequences {a;} if and only if {p,} is
bounded. The study of convolution operators on Re H? is not quite so simple;
however, we shall see that the characterization we will give of the Fourier
coefficients of the elements of these spaces is very useful for such a study.

We first observe that, if a(f) is a real-valued (nonconstant) l-atom whose
supporting interval is centered at 0, then, making use of (i), (i) and the
estimate e’ — 1)? < |9)2,

(1.13) ( I ]a(0)|2d0)1/2( S la@)R e - 1I2d0)1/2 < %

Let 3%, a,¢*® be the Fourier series of a(f) and A(z) = 2 3{° a,z* the
analytic function associated with a() described in the beginning of this
exposition. It is a well-known fact (see Zygmund’s book [64]) that the
boundary values A(e?) = lim,_,; A(re’) cannot vanish on a set of positive
measure. Thus, 4(e'?) could be an atom, or a multiple of one, only if it were
bounded by 1/27; but simple examples (we can choose a(f) = (27)"! sgn 6,
—7 < 8 < 7) show that this cannot be expected. Nevertheless, A(e'?) does
inherit the very basic property (1.13). In fact, using Plancherel’s theorem and
the fact that a_, = @, we have

T . 1/2 w . .
( [ |A(e”’)\2d0) ( 7 14EPI - e'0|2d9)
0 5 V2, o 5 5 1/2
=t £ 1) (2 lenr -l + lal?)
K=1 k=1

i 3 ) (3 - ?)”

= ([ awan) (7 tat@rPis - &*Pan)

1 The property of commuting with translations easily implies that the functions &k =0,
*1, %2, ..., are proper vectors for the operator 4. The sequence {w,} is the corresponding
sequence of proper values of 4. Such operators are called multiplier operators or (more
appropriately) convolution operators; {, } is referred to as the sequence of multipliers.

12

(1.14)

/2
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More generally, let us consider (possibly complex-valued) functions M
€ L*(T) satisfying

" meytas) ([T 1m@Re — 12as) <1,
L, I

f_’; M(8)dd = 0.

(1.15)

Such functions can be shown to be sums of atoms centered at 0 that are
“neatly stacked one on top of the other”. We shall return to this point later;
we mention this now, however, to justify calling such functions molecules.!2 It
turns out that molecules are practically as basic as atoms in the study of H?-
space theory.

We first observe for any M in L(T)

116) [ |m@)d0 < 30( :IM(0)|2d0>l/4( [T 1m@)Rie? - 1|2d0)l/4

In fact, let My(8) = |1 — &'%|M(8); then
k.4
f_ M) do = ( f|o|<A2 ot fwwz /2)|M(0)|d9

< HMllz(z I 2d0)1/2

+( [T 1m@)PI* - nZdo)W(z [PAEE 11—2)1’/2

© /2
< Mg + Mol2e(2 [ 072a8) " = oA + 2al ™"
Letting A = Qn||M, |, [|M]);" )l/ 2 we obtain (1.16). Thus, any molecule satisfies
IMllj < 3. Incidentally, (1.16) is a version of an inequality of Carlson [9].

It now follows easily that any f satisfying (1.7) does, indeed, belong to
Re H'. In order to see this it suffices to consider an atom a(f) and observe that
the associated analytic function A(z) satisfies |4y < v/2(1 + 7). But this is
an immediate consequence of (1.13), (1.14), (1.16) and the well-known fact
that i, (F; r) = f™ | F(re'®)| d6 is a nondecreasing function of r. Thus, one half
of Theorem I is established in case p = 1.

Similar considerations apply when p < 1. Note that a p-atom is obtained
from a_l-atom a(9), when 1/2 < p < 1, by multiplying the latter by |1]'~(/?)
< l|a||§(l"' e, Consequently, we define a p-molecule (centered at 0), to be a 1-
molecule multiplied by its [2-norm to the power 2(1 — p)/p. The reader can
then check that if (1.15) is replaced by

(1.17) IMIBP2 M1 = &O)E7 < 1

12 More precisely, M is a 1-molecule centered at the origin; for a molecule .centered at
6, € (—m, 7] the defining condition is obtained by replacing le® — 1)%in (1.15) by lei® ~ eifo|2,
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the above arguments can be easily modified to provide a proof of one of the
implications in Theorem I when 2/3 < p < 1.

Let us now return to the study of multiplier operators and the Fourier
coefficients of H'! functions. We first make the general observation that if B is
a linear operator mapping l-atoms into molecules satisfying (1.15) then, by
(1.16), B clearly has a bounded extension as an operator from Re H' to L(T).
We can say more, however, by observing that the argument involving the
identity (1.14) can be applied to M = Ba (a(f) being a l-atom) to show that
M € ReH! and its associated analytic function belongs to H! with H! norm
not exceeding 2 (because of (1.16)). Hence, B maps ®eH' boundedly into
itself. Thus, we see that any linear operator mapping atoms into molecules has
an extension that is a bounded operator on ®e H'. In §3 we shall show that a
molecule belongs to H'! in a general setting in which the notion of “analytic
H'" is completely absent.

We are thus led to examine the question: Which operators map atoms into
molecules? If the operator is a multiplier two basic properties of the Fourier
coefficients {a;} of atoms centered at 0 are particularly useful in trying to
resolve this question. The first of these comes from (1.13) and Plancherel’s
theorem:

(1.18) (k §w [ak|2)1/2(k §w lag+1 — ak|2) < ‘\2/—3‘

The second one was established in the proof of Hardy’s inequality (see the
argument following (1.9)) and can be restated as follows:

-2
(1.19) la, | < min{l,-@@—}, k=0,%1,%2....
We shall illustrate the usefulness of these two properties of Fourier coefficients
of atoms by establishing the following result:

THEROEM (1.20). Suppose {p,} is a bounded sequence satisfying |wy 1 — p!|
< ¢o/k, k = 0, =1, 2, ..., then the multiplier operator associated with this
sequence maps Re H' boundedly into itself.13

All we have to show is that if a(f) = 3T, ape*? is an atom then
M@B) = 3, m,a,e™? satisfies (1.15) independently of a. We have:

) o A2/ \12
Il 101e? = Dl = 2a( S Imael) (E besraens = mearl)
Let |jull,, be the sup,{|u;|} and observe that

Bt Grar = M@, = (py = )1 + (@i — ap)-

13 The condition [p,,; — | < co/k implies 27 E%Z_, {Igsq — yk|2 + g — u_k|2} < ¢
for all N > 0. Such a condition is often called a Hormander condition (see [36]). The proof we give
can easily be changed to show that the Hérmander condition yields the conclusion of (1.20).
Similar theorems are also announced in [29, p. 150].
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Thus the product involving the two series above is dominated by

(g | | )1/ (2 P lag s = a] )l/2

+(§° l.“-kak,z) (i g 41 = Hklzlakﬂlz)l/z,

By (1.18) we see that the first summand does not exceed /2 ”MHZO/ 27. Using
(1.19), on the other hand, we have

S AYER 2 2
> '.U'kak’ > l.uk+1 "#kl |ak+1l
-00 -0

<|,M,|;(g|ak|2)(i§ s Lelat+ 3 0‘2’)-

7% ) <lalp k2 1> lal? &

But this last expression is clearly less than a constant depending only on ||ul,
and ¢y and Theorem (1.20) is proved.

When p < 1, Re H? is not naturally converted into a Banach space.
Nevertheless, we can introduce a “norm” by letting ||f||y, = |[Flly», where F
is the analytic function associated with the distribution f and Im F(0) =
(see (1.13)). This is not a norm; however, d,(f,g) = ||f - g[],f defines a metric.
Thus, we can discuss continuity questions concerning operators on e H”. In
particular, a linear operator mapping p-atoms into p-molecules is continuous
on ReH?, 1/2 < p < 1. We can translate (1.17) into a condition on the
Fourier coefficients of a p-atom that is analogous to (1.18). Condition (1.19)
also has a simple analog. All this can be stated by saying that the Fourier
coefficients {a, } of a p-atom a(@), 1/2 < p < 1, are such that {Ilallp /(2=p)-1 a;}
are the Fourier coefficients of a 1-atom. Using these facts one can show that
the assumptions in Theorem (1.20) imply that the multiplier operator is
bounded on Re H? as long as 2/3 < p < 1.

Several examples of multipliers satlsfymg the hypotheses of Theorem (1.20)
can be given. The case where y, = |k|", y real, has been studied by several
people. The operator associating to f € Qe H' the boundary value F of the
analytic function in H' such that e F = f is a multiplier operator given by
e =0if k <0, g =1 and p, = 2if k > 0. The fact that H' is stable
under the action of certain convolution operators was first pointed out by E.
M. Stein. (See [54] and [55]; there this situation is discussed in higher
dimensional settings. We shall do the same later on.)

Several considerations are in order once the continuity of such operators on
the spaces ReH?,p < 1, is established. First, we remark that a duality
argument shows that the corresponding Lipschitz spaces (see (1.12)) are
preserved.

Secondly, the question of interpolating the boundedness of these operators
becomes a natural one. We have already remarked that any such multiplier
operator is bounded on L*(T'). At this point we would like to point out that
here, again, the atomic characterization of fe H” is particularly well suited for
obtaining a variety of results on interpolation of operators. We shall develop
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this topic later in a more general setting. For the moment, however, we shall
illustrate the simplicity of some of the methods involved by examining some
aspects of the following theorem:

TueoreM (1.21). Fix py < 1. Let B be a bounded linear operator on L*(T)
satisfying the condition

(1.22) l|Ball,, < ¢

for all p-atoms. Then, ||Bfl, < c,|lfllge for pp < p < 1, and || Bfl|, < a,If]]
for 1 < p <2, where c, and a, are independent of f € H? or f € L”(Ts
(though they do depend on ¢ in (1.22) and py).

To illustrate our point we shall only consider the case 1/2 < p, < 1 and we
shall deduce the conclusion for p = 1. As we have already seen on several
occasions it suffices to obtain the result for f(#) = a(f) a l-atom. Then
|1 Il“(l/”°) a is a pg-atom (I being the supporting interval of a). Thus, by (1.22)
and the I?-boundedness of B we obtain

(1.23) IBall,, < c[7("" and ||Bal, < c'}217Y2

Using Holder’s inequality and (1.23) we obtain the desired conclusion:

f |Ba| = f | Ba| P/ @) | Bq|@=2p0)/ (2= p0)

< (f 1Bal”°>]/(2_p0)( f lBaP)“”’”)/ 2=po)

< ccrlI](I—Po)/(z-Po)]II(Po—l)/Q—Po) = ¢c'.

We thus see that the boundedness of many operators on H?, or merely on
atoms, for some p < 1, implies its continuity as an operator on L7 for certain
g > 1. In particular, the familiar results of Calderén-Zygmund (see [5]) have
a natural setting in this atomic approach to H? spaces. In fact, let k(8) be
integrable for 0 < e < |4] < 7 for all ¢ > 0 and satisfy the two conditions

(a) the sequence k(j) = lim,_,q fe<]0[<w e’Uf’k(B)dO exists and is bounded
by ¢;3

(b) frgi<igicn KW = 8) — kW) dY < oy.

Let us also assume that the convolution f7, k(8 — ¢)f(p)dyp is suitably
defined for f € I2(T). We shall show that

(1.24) e+ alh = 7 ] 7 k(0 - gale)do| b < ¢ + c;

for all 1-atoms a. From this it will follow that there exists a constant ¢ such
that

(1.25) ik * all, < ¢, lifl,

whenever 1 < p < o0.
Before doing this we would like to point out that these considerations
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provide us yet another method for showing that the atomic e H ! space is,
indeed, included in the real part of the classical H 1 space. This follows from
the fact that the kernel k(8) = (1 + ¢)/(1 ~ %) ~ 1 +2 32, €/ ob-
viously maps (as a convolution operator) f into the boundary value of the
analytic function having real part f (for any reasonably “nice” f ) and,
moreover, the mean value theorem yields the inequality

k(y ~ 0) ~ k@) < clol/1¥%, if [y] > 2/6),

which certainly implies (b).

To establish (1.24) we argue as follows: First observe that condition (a) tells
us that f = k * fis a bounded operator on I2(T). Now let a(6) be a 1-atom
supported in an interval 7 centered at 0. Since the result is trivial for the
constant atom, we can assume §”, a = 0. Then,

e+ aly = [ 1k « @)l dy
= [inicioicn & * D@ dy +

To estimate the first of these integrals we make use of the fact that « has mean
0 and, thus, the integral equals

o (& * D] v

fzm<m<ﬂ f_i, [k(y ~6) ~ k(¢)}a(0)d0‘ dy

< S O ( fycres I = 0) = k) av) .

But, by condition (b), f5; 1< |y/<x k(@ — 8) — k(¥)|d¥ < ¢, and we obtain the
inequality

f2111<r¢1<w I * )W)l d¥ < e [ 1a(8)| 46 < cy.

To estimate the second integral we use Schwarz’s inequality and the L%
boundedness of the convolution operator

Sz 1k = al < Ik alp211)72 < cyllalp1]7 < o
and (1.24) is established. Inequality (1.25) then follows by interpolation and
duality (since convolution operators are the negative of their adjoints).

Let us summarize very briefly some of the points we have made favoring the
study of H? spaces, p < 1, and, in particular, the atomic approach to this
study:

(1) Many results that are valid for LY(T), 1 < q < oo, fail for L!(T’) but
remain valid for Re H' (or Re H?).

(2) Several estimates on operators (in particular, convolution operators) are
easily made on atoms and imply corresponding estimates for these operators
applied to general functions.
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(3) We can characterize the Fourier coefficients of the distributions f
€ ReH?” and from this obtain results on multiplier operators.!4

(4) The boundedness of some operator on ReH?, p < 1, implies (via
interpolation theorems) the boundedness of this operator on certain L(T)
spaces, 1 < q. Moreover, by duality we see that such an operator must
preserve certain smoothness properties. Atoms are very useful for obtaining
such results easily.

Let us now describe briefly the Hardy spaces associated with the real line R
and their atomic characterization. The classical definition of these spaces is the
following one: F € H?(R), 0 < p, if and only if F is an analytic function
defined on the upper half-plane R2 = {z = x + iy € R*;x € R,y > 0}
satisfying

o Vp
(1.26) sup (721G + o)l7ax) = [Fllyr < o

y>0NTT®
Their theory was developed by Krylov [44]. In particular, it is known that the
boundary values

(1.27) 11m F(x + iy) = F(x)

exist almost everywhere and in the I” norm (p > 0). As was the case in the
circle, these boundary values should be considered as distributions when
p < 1 and, in this case, their real parts can be characterized in terms of atoms
that can be defined in a manner that is completely analogous to the one we
gave above. This characterization applies to the case p = 1 as well. We shall
now, however, introduce a variant of the notion of an atom that has the
advantage of having a completely characterizable Fourier transform:

DEFINITION. A function @ € L2(R) is a (p, 2)atom, p < 1, if

(i) it is supported in a finite interval I;

(ii) (J; la(x)lzdx/lll)' 2 < |1r“’

(iii) 2, x*a(x)dx = 0 for k = 0, 1, ..., [I/p] — 1, where [a] denotes the
largest integer less than or equal to a.13

With this definition the statement of Theorem I on R remains unchanged
and the H”(R) analog of (1.8) holds.

Recall that we had made the assumption that Z7(T) consisted of real-valued
functions and e H” consisted of the boundary values of the real parts of H?
functions on the unit disc. We shall abandon this convention and we allow our
atoms to be complex-valued. H?(R) will denote the complexification of the

14 We are aware of the fact that despite announcing a characterization of the Fourier
coefficients of functions f € e H! we have not yet given a characterization. Actually, for our
purposes, we needed only to know properties (1.18) and (1.19) for Fourier coefficients of atoms.
The reader can easily verify that 3 ¢, e is a Founer sertes of f & ReH' if and only if
e = 3 N e*a{® where 3 [A,| < o0; each sequence a® = {...,a"),a"),a{",a",a", ...}
satisﬁes (1.18) and (1.19); the numbers a,, reflect the fact that we translated the atoms in the
decomposition (1.7) so that their supporting interval is centered at 0.

15 That is, as p tends to zero we impose the condition that more moments of a are 0. Similar
conditions on the p-atoms on T are the ones that are needed for Theorem I when p € 1/2 (see

10)).
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space Re H”(R). This space (of distributions) should not be confused with the
space of boundary values of analytic functions satisfying (1.26).

Let us now suppose a(t) is a (p, 2)-atom supported on an interval / which is
centered about the origin. There is no loss in generality if we assume
Hal[ = |I| P=2)/P Then the function A(z) = (1/27) 2, e~ a(t)dt is an en-
tire function in the complex plane C. Moreover, |4(z)] < el#ll! [”0”1 that i is, A
is of exPonentxal type. The Plancherel theorem and (ii) yield {22 |A(x2| dx
< |1t from (iii) we also have the fact that the derivatives 4%)(0)
= 0fork =0,1,...,[1/p] — 1. It follows from the Paley-Wiener theorem
(see (7.2) in Vol. II of [64]) that the converse of all this is also true: If
A € L*(R) is the restrlctlon of an entire func‘uon of exponential type o, is
normalized by |4} = ¢'""®P) and satisfies 4%)(0) = 0 for k = 0, I,

[1/p] — 1, then 4 is the Fourier transform of a (p, 2)-atom. This gives us the
following characterization of the Fourier transforms of the elements of H?(R):

THEOREM I1. } is the Fourier transform of a member of H?(R), p < 1, if and
only if

w N
- & yera o

where D, [)\ 17 < o0, a; are real numbers and A Ax) are the restrictions of entire
functions of exponential type a; such that ||4; |f2 = o1 @/P); moreover, A k)(O)
=0for 0 < k <|[l/p] - 1

In complete analogy with (1.13) any (1, 2)-atom a(r) satisfies [lall, [[za(?)],,
< 1. Since the Fourier transform of ta(z) is —id’(x) it follows from Plancher-
el’s theorem that [|4|,]|4’|, < 1. We are led, as before, to introduce the
notions of a molecule and of a Fourier-molecule centered at 0. We define the
latter to be a function I on R satisfying

(1.28) @ Imploh <1, G) :E)] < |x]/120E.

We leave it to the reader to verify that 4 = 4 satisfies (ii) when a is a (2, 1)-
atom centered at 0, that M + i(sgn M)" € L' with uniformly bounded L'
norm (thus, 9 is in H!(R)) and, finally, that Theorem II holds if we replace
the functions 4; by Fourier-molecules.

For 2/3 < p < 1 we say that M is a Fourter-molecule for HP(R) (centered
at 0) if o'~ (VPM is a Fourier-molecule for H'(R), where lléD?ll2 = ¢2/P-1,
Again, it can be easily verified that Theorem II can be restated in terms of
Fourier-molecules (similar definitions can be given for p < 2/3).

Theorem (1.20) has the following analog:

THEOREM (1.29). The multiplier operator mapping f € HP(R) into (uf) is
bounded on HP(R) when 2/3 < p, provided p € L*(R) satisfies
SUPrso R Src<ar WO dx < co.

This result follows immediately from the observation that the conditions we
just imposed on y are necessary and sufficient for the multiplier to preserve the
defining properties (1.28) of the Fourier-molecules in question (the slight
alteration of the inequalities (i) and (ii) by fixed constants depending only on
p are of minor importance).
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Another application of Theorem II stated in terms of Fourier-molecules
follows from the simple general inequality ||M|'| < |P¥| valid for any
differentiable function M. Since this inequality implies that [IR| is a Fourier-
molecule whenever % is one we have

TueoREM (1.30). Suppose f € H'(R). Then there exists g € H'(R) such that
(| < g and |lglgn < cl|fllys, where c is independent of f.

(See p. 287 of Vol. I of [64] for the version of this result on 7.) We shall
restrict ourselves to these remarks concerning H”(R). It will become clear in
the sequel that the atomic approach plays an important role here as well:
duality, the study of other operators commuting with translations, maximal
operators and other subjects can be studied from this point of view.

We shall now extend these notions so that we can see how they apply to the
study of convolution operators on n-dimensional Euclidean space R”. Let us
begin by describing an extension of the theory of Hardy spaces to R”"
developed in [59]. The first observation that motivated this extension is that
the Cauchy-Riemann equations admit the following natural generalization to
higher dimensions: A vector-valued function F(x,y) = (4y(x,5), % (x,»), ...,
u,(x,y)) defined on the upper half-space R2*! = {(x,y) € R*': x € R", y
> 0} is called a generalized analytic function or a Riesz system if and only if
u;,j =0, 1,..., n, are harmonic functions satisfying:

n o Ju; ou; du
L = = Tk
(1.31) j§0 o, 0 and dx, ~ Ox,”

where /9 x, is defined to be 9/dy.
Such a generalized analytic function F is said to belong to H?(R"), p > 0,
provided

I/p
1Pl = sup( o 1P )

= sup (ﬁv [jéo luj(x,y)lz]i’mdx)l/p < .

y>0

It can be shown that if p > (n — 1)/n then lim,_o F(x,y) = (fo(x), (), ...,
£,(x)) = F(x) exists a.e. and in the IP-norm. As is the case in one dimen-
sion,when p < 1 one should consider these boundary values in the sense of
distributions. When p = 1, however, F(x) is a bona fide vector-valued
function in L' (R") and its components are related by the Riesz transforms. In
terms of the Fourier transform these relations can be expressed in the

following way:

(1.32)

0 = e/ 1xD Sl J=12..0om

Moreover,

(P*F)(x) = sup |F( )|
- X<y

belongs to IP(R") whenever F € HP(R"), (n — 1)/n < p (see [59] for all
these results).
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C. Fefferman and E. M. Stein [29] recently proved that this property
actually characterizes the distributions that are boundary values of functions
in HP(R"). More precisely, a distribution f is the boundary value of the first
component of a Riesz system F € HP if and only if

(1.33) (P*f)(x) = o yl({’v*f )(@)]

belongs to IP(R"), where I)’,* fis the Poisson integral of f:

y
cnfnf(s)”s _ tIZ +y2](n+l)/2ds

We shall call such an f a boundary distribution of H?(R"). Other maximal
operators, besides the maximal Poisson integral (1.33) can be used for this
characterization. For example, if ¢ > 0 is a C* function with compact
support and @, (x) = £ "p(e”! x) then sup,~ol(f * ¢,)(x)| belongs to 17 if and
only if fis a boundary distribution of H”(R"). The discovery of this “maximal
function” characterization of H?(R") was an important breakthrough in the
real-variable understanding of these spaces as well as in the study of operators
on them.

An interesting application of the Fefferman-Stein results is the observation
made by L. Carleson [8] that H”(R") can also be defined in terms of
holomorphic functions of several complex variables. In fact, let I}, i=12

.., h + 1, be open convex cones with vertex at the origin such that their
union covers R”, except for the origin. Assume that none of the I} contains an
entire straight line. Then f is a boundary distribution for H?(R") 1f and only if

(1.34) f=h+h++ha

where each f; is a boundary distribution of a holomorphlc function £ in the
HP space associated with the tube domain Tr*

Briefly, we obtain this representation in the following way: Suppose fis a
boundary distribution of H?(R"). We can construct n + 1 functions ¢; that
are homogeneous of degree 0 such that 37| ¢;(x) = 1 (x # 0), the support
of g, lies in [* and each ¢; belongs to the class C°° (R" ~ {0}). It follows from
the Feﬁ'erman—Steln theory that f; = ((p fY isalso a ‘boundary distribution of
HP(R"). The integral representatron of F in terms of L (see footnote 16) is then
in HP(Tr»). Conversely, if f; is the boundary value of a function in H? (7}*) it
follows from the theory of Hardy spaces on tubes that a Poisson-type maximal
function of f; belongs to I(R"). This, in turn, forces f; to be a boundary
distribution of H?(R") because of the Fefferman-Stein theory.

There are several other extensions of Hardy spaces in terms of generalized
Cauchy-Riemann equations (see [6] and [60]).!7 Fefferman and Stein have

16 These are yet another extension of Hardy spaces to the n-dimensional case. We shall not
consider them further in this paper. For their definition and properties see Chapter I1I of [57]. In
this case [* is the cone dualto [and fu = {z = x+iy EC: x € R"andy € L*}. fand E
are related as follows: the support of lies in L,

E2) = fl; eu-tfj(t)dt and ys:lp* fR" |F(x + iy)|Pdx < oo.
Y
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shown that their maximal function characterization remains valid for these
extensions. Moreover, they show that the dual of H'(R") is the space
BMO(R") of functions of bounded mean oscillation on R” (the definition of
this space is the same as in the one dimensional case except that intervals are
replaced by solid spheres). Atoms on R” can also be introduced as before
(using solid spheres instead of intervals). Thus, the atomzc $'(R") space is well
defined on R": it consists of all functions f = 32| A;a;, where 3 [A;| < oo
and each g; is an atom (either a 1-atom, defined similarly to those mtroduced
when discussing T, or a (1, 2)-atom. We shall show later that this makes no
difference). If we define the norm of f, ||f |I®|(R,,) = |f H@l, to be the infimum
of all the sums X |A;| for which f = 3 A;a; we obtain a Banach space.
Similarly the atomic .@”(R”) space can be 1ntroduced by making use of p-
atoms. We shall do all this carefully in a much more general setting. We end
this section by making some observations concerning these spaces. The first
one is that the elements of $P(R") are always boundary distributions of HP(R")
when n/(n + 1) < p < 1. This follows easily from the general theory of
HP(R") spaces developed in [59] once the following inequality is established:

(1.35)  Ifaisap-atom,n/(n+ 1) < p < 1, then |R;all, < ¢, s

where R; is the jth Riesz transform of a and ¢, is a constant independent of
the atom a. This is as easy to show as was (1.24): R; is the integral operator
with kernel k;(x) = x;/ Ix™,ji=1,2,...,n (up to a multiplicative con-
stant). (R;a) (x) is, then the principal value integral

1, fmpp Bl = OV = BY. f b = el

An immediate calculation using the mean value theorem yields

136) (=2 - k() < (Hz)z"l'lill if 20| < |l

Because of the translation invariance of the convolution operator R; there is
no loss in generality if we assume g is suplported in the sphere S, about the
origin of radius r > 0 and la(x)| < |S,| /P = ¢r=n/P (from here on let us
agree that ¢ denotes a constant, not always the same one, that is independent
of the atom a), We have

IR;ally = f” P.V. ~[|y!<r ki(x — y)a(y)dy

- (flxl@r * flx|>zr)

We estimate I by using Holder’s inequality and the I2-boundedness of R;:

/2
L= oo U RO d < (PR [ R a) @)

< Crn(Z—p)/ZHaHZP < er"2=P)/2,n(p-2)/2 —

p
dx

p
dx=1+1I.

P.V. ﬁy|<r ki(x = y)a(y)dy

17 In fact, this approach can be carried out even in the setting of compact Lie groups [16].
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We estimate II by making use of the fact that a has mean 0 and property
(1.36):

= f o | e Bt =) ~ k) ]

—pln »
< el [ 7 “’{ f,yK, i} ds

cj;o s”“l‘P(”+1)ds(ﬁy,<r |)’]r’”/”dy) < ermAnt)pmntpntl) = ¢,

This establishes (1.35).

Let us examine some of the consequences of (1.35) when p = 1. By a simple
extension of the reasoning used to establish (1.11) it follows that BMO(R")
represents the dual of §'(R”). In particular, || f !I$I(Rn) is equivalent to the norm
obtained by considering the maximum of all values Lf where L is a bounded
linear functional on $'(R") represented by a BMO function having BMO
norm 1. But, as we stated above, Fefferman and Stein showed that this last
norm is equlvalent to that of H'(R"). Thus, (1.35) shows that &' (R") is not
only contained in H!(R") but the two norms are equivalent. Moreover, it
follows from the work of Fefferman and Stein that BMO represents (H' (R"))*
in the same manner it represents ($'(R”))* (see §3). The Hahn-Banach
theorem can be invoked to argue that §'(R") = H'(R").

For p < 1 the identification of &7 with H? cannot be done using duality.
The decomposition theorem obtained in [10] has recently been extended by
R. Latter to R” and provides a direct proof that any f € H? admits an atomic
decomposition; that is, $? = H? J8

dx

N

2. Hardy spaces associated with spaces of homogeneous type. In [17] we
introduced certain topological measure spaces having properties that permit-
ted us to extend the Calderén-Zygmund theory of singular integrals to these
spaces. It turns out that these properties can also be used to obtain a very
useful theory if we employ Theorem I in order to define Hardy spaces. As can
be seen from §1, by doing this we completely avoid the problem of finding an
appropriate system of partial differential equations generalizing the Cauchy-
Riemann equations. Nevertheless, we shall see that in certain examples, where
the structure of the space allows us to introduce natural extensions of the
Cauchy-Riemann equations, the spaces introduced here are closely related to
Hardy spaces that could be defined in terms of such partial differential
equations.

We begin by introducing the notion of a space of homogeneous type: this is
a topological space X endowed with a Borel measure u and a quasi-metric (or
quasi-distance) d. The latter is a mapping d: X X X - R* = { € R: ¢t > 0}
satisfying (a) d(x,y) = d(y,x), (b) d(x,y) > 0 if and only if x # y and (c)
there exists a constant K such that d(x,y) < K[d(x,z) + d(z,y)] for all x, y, z
in X. We postulate that the spheres B,(x) = {y € X: d(x,y) < r} centered at

18 Latter’s proof was communicated to us by a letter from J. Garnett while this manuscript was
still being written.
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x and of radius » > 0 form a basis of open neighborhoods of the point x and,
also, u(B,(x)) > 0 whenever r > 0. Our basic assumption relating the meas-
ure and the quasi-distance is the existence of a constant 4 such that

2.1) WB,(x)) < A(B,5(x).

Before developing the theory of Hardy spaces in this setting we shall give
several examples of spaces of homogeneous type.

(1) X = R, d(x) = |x =y = (Si) (5~ 5)")? and p equals Le-
besgue measure;

(2) X = R", d(x,y) = Z]_| |x; — y;|7, where ay, a, ..., a, are positive
numbers, not all equal, and p is Lebesgue measure (we shall refer to such
distances as nonisotropic);

(3) Example (1) can be further generalized by letting X and d be as in (2)
and p a measure for which (2.1) holds. An important class of such measures is
obtained by letting du(x) = [d(x,0)]Pdx, B > 0, where dx is the element of
Lebesgue measure;

(4) X = [0,1), nis Lebesgue measure and d(x, y) is the length of the smallest
dyadic interval containing x and y (we consider the intervals to be closed on
the left and open on the right);

(5) X = [~1,1], u is Lebesgue measure and du(x) = (1 — x)*(1 + x)P dx,
where a, B > —1 (this space is associated with the study of Jacobi polynomi-
als);

(6)X =R, = {r € R;r > 0}, du(r) = r" ' dr, dis the usual distance (this
space is important for the study of radial functions in R");

(7) Compact Riemannian manifolds with natural distances and measures
furnish us with a wide variety of these spaces. Particular examples are compact
Lie groups G and the homogeneous spaces G/K obtained from the closed
subgroups of G. We shall study in detail the case of the surface Z,_; of the
unit sphere in R” (which can be identified with SO(n)/SO(n — 1)). The special
case when n = 4 is especially interesting since 23 can be identified with SU(2)
(see [17]). For £,_;, d(x,y) = |x — y| and u is the Lebesgue measure;

(8) X is the boundary of a Lipschitz domain in R”, g is harmonic measure
and d is Euclidean distance;

(9) When X is the boundary of a smooth and bounded pseudo-convex
domain in C” one can introduce a nonisotropic quasi-distance that is related
to the complex structure (see [42], [56] and example (13)) in such a way that
we obtain a space of homogeneous type by using the Lebesgue surface
measure. A concrete example that will be studied here is the surface of the unit
sphere 2,, | = {z € C": z-z = 3| z;7; = 1}. The nonisotropic distance
is given by d(z,w) = |1 — z - W|1/2 = |1 - 3 zjwj|l/2 (this is not equivalent
to the distance given in the seventh example);

(10) Similarly, a quasi-distance can be introduced on the closure of a
bounded, smooth pseudo-convex domain in order to obtain an example of one
of our spaces (again, see [56] and example (13)). In the solid unit ball
By, ={zeC" |z]* = z -z < 1) the quasi-distance can be expressed in the
form
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d(z,w) = [|z]~w|| +

when z and w are close (in the Euclidean sense) to the boundary. We shall
consider this situation in greater detail later when we discuss the Bergman
kernel associated with B,,;

(11) Other nonisotropic distances, besides those given in the second
example, arise naturally on Euclidean spaces. For each x = (x;,x;,%;) € R
consider the matrix

1 x xy+(xx/2)
0 l X2
0 0 1

which we shall also denote by x. Matrix multiplication gives us a group
structure on R3 and Haar measure coincides with Lebesgue measure. The
reader can verify that the product of x = (x;,x5,x3) and y = (y,»7,»3) is
the point (x; + y),x; + ¥y, X3 + y3 + (x; 92 — x23,)/2). The dilations T x

= (Ax;,Ax;,Ax;3), A € R, obviously preserve this operation; in fact they
are automorphisms of this group of 3 X 3 matrices. In studying operators that
commute with these automorphisms it is useful to employ the quasi-distance
induced by the “norm” ||x|| = |x| + |x;| + |x3| . That is,

d(x,y) = oyt = |x; = y| + |xg =yl + |x3 = y3 + (x5 — xiv2)/272,

This usefulness stems from the fact that d is homogeneous with respect to 7;;
that is, d(7 x, i, y) = Ad(x,y) for all R, . This is just a special case of a class
of groups having such dilations (see [40]). This group is an example of a
Heisenberg group. It can also be identified with the boundary of a “general-
ized half-space” that is the image of the ball B, C C? under an appropriate
Cayley transform (see [42]).

(12) Another class of examples is obtained if X is a locally compact group
for which there exists a countable base {U;} of open neighborhoods of the
identity 1,/ = 0, £1, £2, ... (if G is compact we consider only the indices
J < 0) satisfying (a) Uy = U7, () YU C Uy, () 0 < wlUyy) < en(l)),
where u is Haar measure and cisa constant 1ndependent of j, (d) WU = X
We can then introduce a quasi-distance having the property that the solid
spheres of radius » > 0 have a measure that is essentially r. This is done in the
following way: We first define a distance m from 1 by letting m(x)

= inf{u(U;): x € U}; the desired quasi-distance is then d,,(x,y) = m(xy™!)
(see [17, p. 78] for a proof of this fact). If X is the group of 3 X 3 matrices we
considered in example (11) we obtain a countable base of open nelghborhoods
of the identity by letting U; = E,B ,j=0,%1,+2, ..., where BO is the
interior of the ordinary solid sphere of radius 1 in R3. The distance d,, is then
equivalent to the distance d introduced in the previous example. Another
interesting special case is furnished by the integers (or, more generally, by the
group Z" of lattice points in R”). Observe that in this case we have no
differentiable structure. A similar situation arises when X is the field of p-adic
numbers. For example, we discuss briefly the 3-adic field Q5. Formally the
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nonzero elements of Q; are represented by the sums x = 32, a,3', where
a; = 0, 1 or 2, with a; # 0. In this case the norm of x is denoted by ||x|| and
is equal to 37%. A neighborhood system for the origin is given by the
“fractional ideals” P¥ = {x € Q3: ||x|| < 37%}. PO = R is the ring of inte-
gers in Q3. If Haar measure (with respect to addition) u is normalized so that
#(R) = 1 then it can be shown that u(P¥) = 37X, It follows that U = P/
satisfy properties (a), (b), (c) and (d).

(13) In most of the examples we have given X was either a group or had
associated with it a natural group acting on it. A general method for obtaining
spaces of homogeneous type that does not involve a group structure is the
following. (Actually we can define the concept of a space of homogeneous
type by this method.) Let X be a topological space on which there is defined
a Borel measure p. Suppose that at each point x € X there exists a basis of
open neighborhoods {U2}, « € %, such that (a) U,U* = X, (b) N UZ
= {x}, (c) either: U C UP or UP C UZ, (d) there exists a constant ¢ such
that if y € UQ then there exists 8 € % such that Ul C Uyﬁ and u(Uyﬁ)
< ep(UY). Tt is easy to see that the spheres of a space of homogeneous type
satisfy these properties. An appropriate quasi-distance d is obtained by letting

d(x,y) = inf{W(UY): y € U2} + inf{,u(UyB): x € UyB}

for all x,y € X. If, for r > 0, there exist neighborhoods U C UXB such that
ar < WU < w(UF) < cyr, where ¢, c, are independent of x and r, then
the spheres B,(x) defined by the quasi-distance 4 have measure comparable to
r. This situation occurs often and provides a technically convenient fact
enabling one to obtain certain normalizations independent of the dimension.

When X is the boundary of a smooth and bounded strongly pseudo-convex
domain in C” one can construct a quasi-distance by this method. A system of
open neighborhoods at a point x can be obtained by considering the surface
of the osculating sphere = at x: The distance introduced in example (9) gives
us a natural basis of open neighborhoods of x as a point of 2. These
neighborhoods can then be projected onto X and they, in turn, can be used to
define a quasi-distance by the method we have just described.

If 9 is a bounded domain in C” with smooth boundary 3 define a smooth
mapping x — X of 9 to 9% with the property that whenever x is close to 9
then X is the normal projection of x to 09. Let v; be the unit vector in the
direction of the outward normal to 3% at X. Denote by 7;? the 1-dimensional
complex vector space generated by »;. Let T be the orthogonal complement
of T.2. The sets

U=z EDz=x+z+252 € T}z, € T2, |7|* + |2,] < 7},
r > 0, form a system of neighborhoods at x satisfying (a), (b), (c) and (d).!9

19 The pseudo-convexity assumption is not necessary when we consider boundaries of smooth
domains in C". In fact, if we restrict the quasi-metric just defined on % to 3% we obtain a distance
that is equivalent to the one defined in the previous paragraph. We can make use of pseudo-
convexity if we wish to avail ourselves of certain estimates for Szegd and Bergman kernels in order
to study the operators they define on H? spaces and I? spaces associated with these domains (see
(31}, [s6)).
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Before discussing the H”-space theory associated with a space of homoge-
neous type we make some additional bibliographical comments. As we
mentioned at the beginning of this section, spaces of homogeneous type were
introduced in [12], [17] as a geometric setting for the basic real variable theory
of singular integrals; at the same time Koranyi and Vagi [42] and N. Riviére
[49] independently introduced this theory in the setting of example (12). The
basic motivating examples were (9) and (11). The quasi-distances for pseudo-
convex domains in C* were given by Stein [56] who also proved that they give
a space of homogeneous type. Various generalizations of these distances are
in Rothschild and Stein [50].

The example discussed in the last part of (12) is a particular case of the
martingale setup for H”. It is in this setting that the atomic characterization
of the H? space was obtained first by C. Herz [34]. For a discussion of BMO
and H' for martingales see Garsia’s book Martingale inequalities, Benjamin,
1973.

We are now ready to introduce the Hardy spaces associated with a space of
homogeneous type X. If 0 < p < ¢q,p € 1 € ¢ < o0, we say that a function
a(x) is a (p, g)-atom if

(i) the support of a is contained in a sphere B,(xp);

(ii) {[1/0(B, (o)1 S la(o)l ()0 < (B, (xp))} 75

(iii) f a(x)du(x) = 0.

In case u(X) < oo the constant function having value [u(X )]_1/" is also
considered to be an atom. (In order to simplify certain calculations we shall
henceforth assume w(X) = 1 whenever X has finite measure.) Observe that a
(p, 9)-atom is in L'(X,p) and is normalized in such a way that its IP(X, )
norm does not exceed 1.

Recall that when we discussed H? spaces associated with T or R, when
p < 1, we pointed out that these were not spaces of functions defined on T or
R. In fact we considered the elements of H? to be distributions. In the present
setting we are, again, forced to introduce an appropriate space of linear
functionals in order to define the Hardy spaces. In order to do this we
introduce the Lipschitz (or Holder) spaces £,, a > 0, consisting of those
functions / on X for which

(2.2) l(x) — 1(»)] < Clu(S)*,

where S is any sphere containing both x and y and C depends only on /.20 Let
R@ (/) be the infimum of all C for which (2.2) holds. If we define

20 Unless a is sufficiently small it can happen that the only functions satisfying (2.2) are the
constants. This is true for T and R if & > 1. On the other hand if X is the space described in
example (4) (or is a p-adic field) any finite sum 3 4 xg,, where the xgs are characteristic functions
of disjoint spheres, belongs to £, for all a > 0. In any case, for each of our examples, there is an
interval of positive a’s where £ is nontrivial. Condition (2.2) can also be written in the more
familiar form |/(x) ~ /(y)| < Cm{x,y)* if m is a quasi-distance such that the spheres of radius r
have measure comparable to r (this can be done quite generally; see p. 78 of [17]). When
X)) = oo, £, really consists of equivalence classes of such functions: /; and /; are equivalent if
h — 1, is constant. We will consider this point in greater detail in §3.
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R@(), if p(X) = oo,

1 = .
200) + [f, d| a0 = 1,

then ||-|® is a norm. A straightforward argument shows that £,, so normed, is
a Banach space.

If ais a (p, g)-atom, 0 < p < 1 and @ = 1/p — 1, then using (i), (iii), (2.2)
and (ii), in this order, we have

|t = |f, oy ] = [f, ) 20U = 1500 )

< M8 [, lao)ldue) < 1.

That is, the mapping / — fy aldu is a bounded linear functional on £, with
norm not exceeding 1.

We now define the space H?4, for 0 < p < 1 £ ¢, to be the subspace of
the dual £ of £,, where @ = 1/p — 1, consisting of those linear functionals
admitting an atomic decomposition

o0
(23) h= 2N

where the a;’s are (p, g)-atoms, Z§° |A;|” < oo. (This last inequality implies
that the series in (2.3) converges in the norms of £* and we consider 4 to be
the limit, in this norm, of the partial sums of this series.) The infimum of the
numbers 35 |A;|? taken over all such representations of & will be denoted by
the symbol llhIle,q. The mapping & — ||Al},, is clearly not a norm (it is
homogeneous of order p < 1); But d, ,(h,g) = ||k — gl|,, is a metric. When
p=1< g < oo the sums (2.3) are convergent in the L' norm whenever
E§° IAj] < oo and the g;’s are (1, g)-atoms; hence, they define a subspace
H' of I!(X). In this case the mapping h — l|2lh,4 is a norm.

A straightforward argument shows that H?9 is complete. In particular H'
is a Banach space. It also follows easily from the above definitions that

(2.4) HP® C HPR C HPA

whenever 1 < ¢ < ¢, < w and 0 < p < 1 (¢, may equal 1 whenp < 1). A
basic result concerning these spaces is that the converses of the set-theoretic
inclusions (2.4) hold:

THEOREM A. HP? = HP*® whenever p < q < o0. Moreover, the metrics
4,4 and d, , are equivalent; that is, there exists a constant ¢ (depending on p and
qs such that
Sdyy < Cdy,.

The proof of this theorem is rather technical. In order not to disrupt the flow
of this presentation we shall give it later.
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Theorem A enables us to define the space H? = H?(X) forp < 1 to be
any one of the spaces HP? for p < g < o0, 1 < g. Any one of the metrics d,,,
can be used in order to turn H? into a topological space. It is often useful to
choose the space H”? and the metric d /,,2 to work with when the space X has
a “Fourier transform” associated w1th it, since the (p, 2)-atoms are L%
functions.

In order to characterize the dual of H!(X ) we introduce the function spaces
BMOq21 a function / on X is said to belong to BMO, provided it is locally in
LX) and

21/
@) [ 55 fs 160 = mstoran] * <

for all spheres S, where

ms(1) = 5 J 1) dut)

and C is independent of S. Let R,(/) denote the infimum of all constants C
for which (2.5) holds. We can then introduce a “norm” on BMO, by defining

@ _ i LA ) =
) - q =
1@ = 11%0 %) + i [ 1)),

When the measure of X is finite, BM 0,, together with this norm, is a Banach
space. If uw(X) = oo then we consider the set of equivalence classes of
functions defined by the relation */; and /, in BMQ, are equlvalent if and on )y
if §; = I, is constant”. If /; and /, are equivalent then, clearly, ||/, || (@) = 12, (4
Thus, we can define the norm of each equivalence class to be the norm of any
of its members and we obtain a Banach space which we also denote by BMO,
(as is usually done when dealing with f-spaces we call the members of BMO,
“functions” even when we really are talking about equivalence classes).
We shall show (in §3)

THEOREM B. If p < 1 and a = (1/p) — 1 then £, is the dual of HP(X ). That
is, each continuous linear functional on HP is a mapping of the form h
>3INSg ld,u,wherel € Ryandh = 2 Nja; € Hp(see(23)) Ifp = 1 then
BMO ls the dual of H'(X). More precisely, lf h =Y \Na € H' then

if u(X) = 1.

(2.6) lim 2 N [ lajdu

n->00

is a well-deﬁned continuous linear functional h — {h,1>, for each | € BMO,
whose norm is equivalent to ||l||gapr0s moreover, each continuous linear functional
on H' has this form.

In the proof of Theorem B it will be shown that BMGg4,and BMO,,,

21 “BMO” stands for bounded mean oscillation. These functions were introduced by John and
Nirenberg [38]. We shall often write BMO instead of BMO,.
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1 < ¢, ¢, < 0, are equal as vector spaces and the norms || (410 and || [(a2)
zxrel eci’{uivalent.22 This will follow from the fact that BMO, characterizes
HWa

We introduced the notion of a molecule in the first section and showed how
molecules can be used in order to obtain multiplier theorems. This notion
extends to spaces of homogeneous type and, as we shall see, is quite useful for
studying operators associated with some of the particular spaces we have
described above. Let e > 0. We say that M is an e-molecule for H' = H'(X)
centered at x if and only if

e {f, 1P }{ f, 1M i sl i)} < 1

where m(x, x;) is the infimum of the measures of the spheres containing both
x and xp, and

@7) S Mx)du) =

The function m(x, x¢), defined on X X X, will be called the measure distance.
It can be shown quite generally that it is, indeed, a quasi-metric such that, if
we consider it together with X and p, we have a space of homogeneous type
that is “equivalent” to (X,u,d) in particular, the spaces H?(X) defined in
terms of 4 are the same as those defined in terms of m. Assuming this to be
the case we shall now show

TueoreM C. If M is a molecule for H' centered at x then M € H'.
Moreover, | M|y depends only on the constant € in (2.7).

The proof of this result illustrates again the importance of Theorem A since
we shall show that M is decomposable into a sum of (1, 2)- and (1, c0)-atoms.
To fix our ideas let us assume X has infinite measure and that if B, ,,(xo)

= {x: m(x,xp) < r} then (B, ,,(xo)) is between C,r and C,r, where 0 < C,
< C, are constants independent of x, and r. We write u(B,,,(xq)) ~ r to
denote this relation between the radius of a sphere and its measure.23

Set o = M2, let Xo denote the characteristic function of B, (xo)
= B, ,(xp) and, for i > 1, let x; be the characteristic function of {x: 021
< m(x, xp) < 02'}. Define M; to be the function Mx; — ((1/f x;) S Mx;dp) for

=0,1,2,.... We shall show that (up to an unimportant multiplicative
constant) 2'(5/ 2) M is a (1, 2)-atom. Clearly, f M;dp. = 0 for i > 0. Moreover,

1 ), \V? 1 , \V2 1 2
(Ef‘M"' d“) < (Efﬂ,,<xo)|M| d“)' * (EIB,(xo)W‘d“) <o

22 This last assertion extends only part of a result of John and Nirenberg [38]. They show that
BMO is equivalent to “exponential BMO” as well. Their proof can be adapted to spaces of
homogeneous type.

23 1t can be shown that, in general, u(B, ,, (x;)) is of the same order of magnitude as » provided
we take into account certain obvious nonessential difficulties (if (X ) < o0, we cannot allow r to
be too large; if u({xg}) > 0 we cannot allow r 1o be too small). These are technical points that we
do not wish to elaborate on at the present time.
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Thus, (1/2)M, is a (1, 2)-atom. If i > 1 we make the following estimate in
which (2.7) is used:

(flM"lzd“)l/z < 2(f|M|2x:')
- 2(f |M (")lz[m(x,xo)]m[m(x,xo)]_lhex;(x)d‘u(x))l/2

< @2y I ce2gl2 = cr(2ioy VA2V,

1/2

It follows that

/
(f ‘M’zﬁ(z?@("_))“)] i < (const)2™¢2/2
2i6\X0

and, thus, 2%/ 2M; is a constant multiple of an (I, 2)-atom. We have

M = T2y M+ 22 m;xj, where m; = [ Mx;dp and x; = x;/f x;. The

argument we just gave shows that 32, M, € H' and the H' norm of this

function is, up to a constant, less than or equal to 2¢/2/(2¢/2 ~ 1). Let

th = X2; m;. Then, summing by parts and using I¢° m; = [ Mdp = 0 we
ave

o0 o0 0
i§0 miXi =J-§o N = Nptdx; = 2 Nt (1 = x7)-

Since [ xjdu =1 for all j we have f(xj.) — xj)du = 0. Moreover, the
support of x},; — x; lies within B, .1, which has measure ~ 2/ *lo. From the
definition of x; we also have [x}y; — xj| < /f xj41 + 1/ x; < 2/f x;. Since
1(Byjq(x9)) ~ 0% it follows that f x; ~ p(By;,(xg)) = w(Bys1,(x)) ~ 2’0
~ 271g = 27716 = 2/9/2,2% This shows that, up to a multiplicative constant
Xj+1 — Xjis a (1, o0)-atom. Furthermore, making use of (2.7) again we have

0 ) V2
1< 2 [ imldns 5 (f1mPx) @)
i= =j
< € 3 (@) il (g2)V? = ¢ (272
i=j

This shows that 32 m; x; belongs to H' (= H"*) and, up to a multiplica-
tive constant, its norm does not exceed 2¢2/(2¥2 —1). This establishes
Theorem C.

Before developing the general theory further let us make three observations.
First, recall that immediately following (1.17) we pointed out that any linear
operator mapping atoms into molecules satisfying (1.15) has a bounded
extension mapping H' into itself. The argument we gave, however, used the
fact that the conjugate function operator maps H' boundedly into itself.

24 Recall that the notation u(B,(x,)) ~ r meant that for appropriate constants 0 < C; < C,
we have C;r < (B, (xy)) < C,r. We are tacitly assuming that 2C; > C,. If this were not the
case then ¢gCy > C, would hold for a sufficiently large ¢. The argument we are giving would still
be valid if ¢/ is used when 2/ occurs.
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Theorem C shows that this was not necessary and that, in general, a linear
operator mapping atoms into molecules satisfying (2.7) and (2.7) has a
bounded extension mapping H' into itself.

Secondly, it should be remarked that any (1, 00)- (or (1, 2)-) atom is a
molecule for H'. If we define such an atom in terms of the measure distance
this follows from a straightforward computation.

Thirdly, when we introduced inequality (1.17) we did so in order to indicate
the role played by molecules for H? for some values of p less than 1. This can
be done in general. We leave it for the reader to verify that appropriate
molecules for H” can be defined and that the values of p for which this can
be done depend on .

We shall now discuss two interpolation theorems for operators acting on
HP(X)and L9(X). The first result is a Marcinkiewicz-type interpolation
theorem (see [64]). In order to state it we need to introduce the notion of weak-
type operators. Suppose B is a map from a vector space into measurable
functions on a measure space (Y,r); we say that B is sublinear provided
|B(f + g)| < |Bf| + |Bg| and |Baf| = |a|| Bf| a.e. whenever f and g belong
to the domain of B and a is a scalar. If B is defined on H?(X '), for some p < 1,
we say that it is of weak-type (H?,p) provided »({y € Y: |(Bf )(»)l > A})
< (M/N)?\|flly» for all f € HP, where ||f]| 5, denotes any one of the “norms”
Itf ]]M.25 If B is defined on IF(X), 0 < p < oo, we say that it is of weak-type
(p. p) provided w{y € Y: |(Bf )(»)| > A}) < (MIifll,/N)” for all f € L7; we
define weak-type (o0, o0) to be the same as boundedness: || Bf|l, < M||f]l, for
all f € L* (X). For p fixed, the infimum of all constants M for which any one
of these inequalities hold (independently of f) is called the weak-type norm of
B.

We can now announce the first interpolation theorem:

THEOREM D. Suppose 0 < py < 1 £ py < o0, py < py, and B is a sublinear
operator of weak-types (HP', p;) and ( p;, p,) having weak-type norms My and M,.
If 1 < p < p, then B is defined on I7(X) and

1B, < Milfl,,

where M depends on M), M,, p; and p, but is independent of f € LP. If
p1 < p < | then B is defined on HP(X) and

IBfl, < MIIfIY,

where M depends on M, M,, p; and p, but is independent of f € HP.

This result is proved in the Ph.D. thesis of one of our students, R. Macias
{45]. It was obtained in the classical situation by Igari [37] (for Riesz-systems
when p;, p, > 1) and C. Fefferman, Riviére and Sagher [30].

The original theorem of Marcinkiewicz dealt only with IP-spaces and was
proved by truncating the function f at heights A € (0,00) and making

25 Of course, when we vary ¢ the constant M changes accordingly. The important fact is that
| g and |l ll,q, are equivalent. We could have defined the notion of weak type (H”, p,) with
B # p, as well. For simplicity we restrict ourselves to the case p; = p,.
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appropriate estimates. In our case a substitute for these truncations is obtained
by a variant of the Calderén-Zygmund decomposition. We shall give more
details about this proof in the next section.

The second interpolation theorem involves an adaptation of what is known
as the “complex method” and extends a result on interpolation of analytic
Sfamilies of operators on classical H? spaces (see [58]). Before stating this
theorem we need to make some definitions. Let D ={z =x+iy € C: 0
< x < 1}. A complex-valued function F defined on D is said to be of
admissible growth if there exists a constant a < « such that e~ log | F(z)|, z
= x + iy, is uniformly bounded from above in the strip D. Let us first
consider a space of homogeneous type X such that u(X) = co. Suppose that,
for each z € D, B, is a linear operator defined on L* (X )-functions having
bounded support and mean 0 (we shall denote this class of functions by
L& (X)); we assume that the range of B, consists of measurable functions on
a measure space (¥, ») and that (B,f)g € L!(Y) whenever f € L (X ) and g
is a simple function on Y. The family {Z,} is called an analytic family of
operators on D provided F(z) = fy (T,f)gdp is continuous on D, analytic in D
and of admissible growth whenever f € LF(X) and g is a simple function on
Y. If X has finite measure we replace L{(X ) by L*(X) in the definitions
above.

THEOREM E. Suppose {B,} is an analytic family of operators satisfying

1By, < AOIAIR and 11Byayfll, < 41 (D) IA1),

for all y € (—0,0) and f€ LE(X)(f € L*(X) if mX) < ), where
log 4;(y) < G, C; > 0,7 >d > 0,j=1,2, and py < 1 < p. If I/p
= t/po+ (1 =0/p <10 <1< 1) then

(2.8) IB.fl, < MIfl,
while, if I/p = t/pp + (1 = /p 2 1 (0< 1<),
(2.9) 1B.fl, < MIIFILE,

where M depends on Cy, Cy, dy, dy, py, ;y but is independent of f
€ LF(X) (L2 (X) if (X ) < o).

The proof of this theorem (to be found in the thesis of R. Macias [45]) uses
techniques developed by Stein and Fefferman (see [29]) in order to obtain
inequality (2.8), and a modification of an argument found in [58] in order to
obtain inequality (2.9). We shall give details of this proof in §3.

We shall now illustrate how these results involving the atomic H? spaces we
have introduced can be applied to problems in harmonic analysis associated
with the spaces of homogeneous type we described above.

Let us begin with example (1) where X = R”, u is Lebesgue measure and d
is Euclidean distance. In §1 we discussed the Riesz transforms and some of
their properties. These operators are particular examples of the convolution
operator
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@10)  Jo)=lim [ KOG =Dy = k),

where

k(y) =)/ Iy y#0, vy =y/lyl, @el'E,)

and

fzn-. QyHdy =

(here dy’ denotes the element of Lebesgue surface measure). If Q satisfies the
Lipschitz condition |Q2(x’) — Q()')] € C’|x" — y/| then the kernel k satisfies
inequality (1.36)

@.11) lk(x = y) = k()] < Cly/|x"!

for an appropriate constant C whenever 2| y| < | x|. But we showed above that
this property and L2-boundedness was all that we need in order to conclude
that the operator defined by (2.10) is bounded from H' into L' (or, for that
matter, from H? for n/(n + 1) < p to I’-see (1.35)). Theorem D can now be
used to conclude that this operator is bounded on I?(R")for 1 < p < 2
(since the adjoint of this operator is its negative, this operator is bounded on
IPforl < p< )26

It is not hard to show f — k * f maps H' boundedly into itself. Because of
Theorem C it suffices to show that 4 = k * a is a constant multiple of a
molecule whenever a is an atom. To see this let a(x) be a (1, 2)-atom supported
in a sphere of radius » about x, € R”". It is clear that 4 has mean 0. Since a
has mean 0 we have

aG) =lim [ k= pa()dy = [, Ik(x =) = k(x = xo)la(y) dy.

Thus, using (2.11), we have, for |x — x| > 2r,

- |y = x|
la(x)| < fly_xOK,mla(y)ldy
r r
<G [laty)idy < Pl

It follows immediately from property (i) of a (1, 2)-atom that f |a(x)|2dx
< (const)r~". Making use of these estimates on d(x) and Ha||2 as well as the
[*-boundedness of the operator ¢ — d we have that a constant multiple of

[1acoRax) ( f1aoPlx - xpl"™ ax)
(Jiaora)( )

26 The I2-boundedness of such operators can be established easily by calculating the Fourier
transform of k * f (see [57]). In other situations where the Fourier-transform is not available one
can use a general method developed by Cotlar, Knapp and Stein that is adaptable to spaces of
homogeneous type (see [40]).
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is less than or equal to

[ (e ORI = xof* 1)’
+(j|‘x—xol>2r la(x)2|x = x| dx)n]

2 n
~n(nn+l)| £2\1 ~n f r _ L (n+l
<r (" ”aHZ) +r ( |x=xg|>2r (Ix - xo|n+l) lx xOI dX)

_ 5 _ dx "
< (const)r (- lalp)" + r nr2n<-£x-xol>zr lx = x !"ﬂ)
- X

< (const)[r~"r" + r"r7").

This shows that, up to a multiplicative constant independent of a,

(f R (1 500 )

satisfies condition (2.7) with ¢ = 1/n (observe that m(x,xy) = |x — x|" is a
measure distance in this case).
Inequality (2.11) implies the weaker condition

@12) ooy e =) = k@lax < .

In establishing (1.24) we gave an argument that is easily modified to show that
this condition, together with the boundedness of £, implies that the operator
f— k * f maps H'! boundedly into L!. Both (2.11) and (2.12) have natural
extensions to spaces of homogeneous type. In fact, it is easy to see that the
argument we have just given shows that if an integral operator

B = [, FOW(x, ) duy)

is bounded on I?(X), Bf has mean 0 when f is an atom and has a kernel
satisfying, for m(x,yq) > Cm(y,yp),

m(y,yo)]E 1
m(x,yo) 1 m(x,yo)

then it maps H'(X ) boundedly into itself. (In fact it maps H? into itself for p
close enough to 1.) If the kernel satisfies

(2.13) () — ko)l < c[

(2.14) Sty gy 1ECo) = Kozl d) < €2

and B is bounded on I?(X) then B maps H' boundedly into Z'(X) with a
norm that depends on the constants Cj, C, and the I*-operator norm of B.
This follows from a simple modification of the argument used to establish
(1.24).
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We remark that molecules can be defined in terms of other norms besides
the I? norm. For example, a function M € L%, 8 > 0, satisfying

€

[ oan=0 ana ([ 1) (1900 VUt o) <

can easily be shown to belong to H! (or, with a change in normalization, to
HP?, for some p < 1). Suppose

(BF)(x) = [ kCe.) f() du(y)

is a bounded operator on I?, then a sufficient condition on k(x, ) that implies
that atoms are mapped by B onto these (more general) molecules (and, thus,
B is a bounded transformation of H? into itself for some p < 1) is

Jrierrscmtyny e G2) = ke o) lm(e,yo )P o)

(2.15)

< Clm(y,y0)I -
This condition holds whenever (2.13) is valid and reduces to (2.14) if
d=e=0.

These observations illustrate how the atomic theory of HP-spaces can be
used to study certain Calderén-Zygmund singular integrals. In order to obtain
the boundedness of these operators on I?(R"), 1 < p < c0, much less
stringent conditions are needed. In fact, if Q is an odd function in I!(Z,_;)
one obtains this boundedness (see [57]). When £ is even we need to know
more; Calderén-Zygmund [4] show that if @ € Llog L(Z,_,) then B is
bounded on I7(R").

If n =2 then this boundedness follows from the assumption that @
€ H'(Z,) = HY(T) (see p. 160 of [21]). We shall now show that this class of
operators together with the identity forms an algebra. Let us begin by
characterizing the Fourier transforms of the operators having a kernel
k(y) = Q')/|y? with @ € H'(T). In terms of polar coordinates any such
operator has the form

(Bf )(x) = eE»%l+ f:/e fozw 9@f(x ~ re'®ydrd@.

If we write y = re'¥ then it can be shown (see p. 162 of [57]) that if
kj(re’g) = SZJ'(O)/r2 = ¢¥9/r? then

. Corle pm 0 2 s
(y) = Ceivre = 27 i =il
ki(y) 21_1)1(1)[5 j; e drdd ljle iVl
It follows from Hardy’s inequality (1.5) that if
Q) ~ 3 aje’ﬂ’
J#0

belongs to H'(T') then
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I
i Ija Y v

k(y) =27 3
Jj#0 |J|

and this last series converges absolutely. Let
= Q, + Q. where [Q@ + 7) + Q0)]/2 = Q.(6)

(2, and Q, are the even and odd parts of Q as a function on R2). Then the
function ﬁ(e””) = k() has the property

((@/d k) () = 2[R,y — 7/2) + & (b — /2)],

where Q is the conjugate function of Q, (if we consider the imaginary part
0(6) of the kernel (1 + €%)/(1 — €'%) dlscussed in the paragraph following
(1 25) then 9 is the generahzed convolution @, * Q). It follows that (d/d Wk
e H\(T). Conversely, if £(y) is a function on R2 that is homogeneous of
degree 0 and satisfies

%k € H' and fT E(e¥)dy = 0
then there exists a function k£ on R? of the form 2(9)/r? with @ € H! such
that k is the Fourier transform of k.

We shall now show that the vector space generated by these operators
together with the identity form an algebra by showing that kh has a derivative
(with respect to zl/) in H ' whenever A and £ are homogeneous of degree 0 and
have derivatives in H!. Suppose, then, that Ae¥) = 3 A A;(¥) and k(e'")
= 3 p; B/(y) where 4, Bjare atoms, 3, [\;| < 0 and 3 !p,l < 00. Obvious-
ly, 3wl < oo and we only have to show that (1/2)(4AB) is an atom
whenever A’ and B’ are nonconstant atoms. Suppose 4 has a supporting
interval I and B has a supporting interval J (since the atoms have mean zero
A and A’ have the same supporting interval). The support of 4B is contained
in I N J. Moreover, [(4B)| = |A'B+ AB'| < 1/|I| + 1/|J| (the absolute
value of the integral of an atom is always less than or equal to 1). Thus,
[(4BY| < 2/|I n J| and our claim is established.

It is not hard to show that in dimension n >> 2 the condition @ € H'(Z,_,)
implies the boundedness of the associated singular integral operator on
IP(R"), 1 < p < co. Itis natural to raise the question whether such operators,
together with the identity, generate an algebra.

Let us now turn to example (2) in which we introduced nonisotropic
distances on R”. We shall show how the theory we have described, applied to
this situation, can be used in order to obtain a priori estimates for certain
partial differential equations. Let us consider the special case of the heat
equation

dujdxy ~ *ufdx? = g(x1,x,),

where x = (x;,x,) € R2. It will become clear that the arguments presented
here apply to a wide variety of equations. Suppose g € I’(R?), for an
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appropriate p, can we find a solution u, such that du/dx, and 3%u/dx? also
belong to I7(R?) ? By applying (formally) the Fourier transform we see that
our equation is equivalent to

(2.16) (v + ir)i(y1,y2) = (31, 12);
thus,
au )A iy2 n
— , = , and
(ax2 ()/1 »2) Y12 + iyzg(yl »2)
62u>‘ _ -
(ax% ) = e iyzg(yx,yz)-

We are, therefore, led to consider the operator assigning to g the function

M) = [ 2—g(n,72)] @)
T,

(as well as the operator induced by the multiplier y?/(y? + ip,)). M is
obviously a bounded operator on L*(R?). We claim that by choosing an
appropriate distance on R? we will find it easy to show that M preserves the
H? spaces associated with this distance, for certain values of p; consequently,
M is bounded on the corresponding Lipschitz spaces and the L7 spaces for
1 < g < oo

A natural way for introducing this distance is obtained by considering the
family of “dilations” on R? mapping x into T x = \ 3x, A3 %), A > 0. Let
us also write (75 g)(x) = g(T; x). It is then clear that M (T g) = T;(Mg) for all
A > 0. That is, the operators M and 7, commute.

We now introduce the “norm” [|x|| = |x|* + Ix2|3/ 2 in order to obtain
families of spheres in R? that are invariant under the action of these dilations.
Observe that

(2.17) ITxll = Alx]

for all A > 0. By letting By = {x € R?: ||x|] <A}, A > 0, we obtain the
family of spheres about the origin associated with this norm. Since the
Jacobian of the transformation T is A we see that By, = T; B, has measure cA,
where ¢ is an absolute constant. .

Suppose that M is an operator given (formally) by g = Mg = (mg) , where
the multiplier m is bounded and satisfies

m(Gy) = m(y), (Aim)(») = m(y + k) = 2m(y) + m(y — h)

(2.18)
()]

for A > 0 and y, h € R%. We claim that M is a bounded operator on H! as
well as on H? if p is close to but less than 1. (Using the fact that |4|* < cllhllz/ 3
for |h| < 1 we see that condition (2.18) is satisfied by the two multipliers
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v,/ (¥} + iy,) and v}/ (¥} + ip,) we are considering here.) This claim follows
from

LEMMA (2.19). Suppose a is a l-atom supported in the sphere B,, then
Ma = (md) is a molecule centered at 0. More precisely, f Ma = 0 and

(f 10 ax)( f KMa)(x)lznxn‘*"dx)V" < ey

where 0 < n < 1/3 and ¢, is independent of a.

Once this lemma is established we see from Theorem C that Ma belongs to
H'. The fact that the operator M commutes with the translations of R? and
the dilations 7, shows that it is well defined and is bounded on H'.

In order to establish (2.19) we shall need the following result:

LEmMMA (2.20). Suppose f € L*(R?) satisfies

[oa 166 + B = 200) + s = Wds = [, (@)@ < AP
Jor 2a > 1 then [z, LFP X dx < oo when 0 < B < 2a.

PROOF. Suppose R > 1and h = T i’ where [k’ = \/(h)> + (k)" = 1.
If R/2 < |lx|| < R then 1/2 < ||7f/Rx|| < 1. It follows that |e/® — 2 + e~/
> C002 for an appropriate constant C, where 8 = (7{/R Ky -x=h-x
= (Tjgx) - I'. Thus, by Plancherel’s theorem and the assumption made in this
lemma

Go fR/2<HxH<R xRS dx < e — 2 + e~ 2| £ (x)|* dx

R/2<IxI<R
< ChlP* = cR7 ).

We can now integrate both sides of this inequality with respect to 4" over the
unit circle in R2. Keeping in mind that x - & = (Y;/R x) « i is (essentially) the
inner product of two unit vectors we obtain

fR/2<”xII<R |f(x)|>dx < (const)R™2,

Thus,

frpg ORI < 5 2% 1)
x ]

21 x| <2

[o¢]
< (const) ; 2K(B-20) o,

Since fj <1 | F x| dx is finite (since f € I2(R?)) the lemma is estab-
lished.

Lemma (2.1?) is a consequence of the result we have just obtained if we can
establish that f = mad satisfies the hypothesis of Lemma (2.20) with a« = 2/3.
In fact,


file:///-atom
file:////xfdx
file:////x/fdx
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(AFma)(y) = m(y + WA a)(y) + a(y) (B3 m)(y)
+Hm(y + h) — m(y — W}[d(y) — &(y — h)].

To estimate the first term we use the fact that a has support in B; and m is
bounded. Thus,

[ m(y + D@} dy < Il [l = 2 + &4 Pla)?dx

< (const)|A|* < (const) |IA][¥>

when | 4] < 1 (this is clearly the only case we need to consider since [|all, < 1).
In order to estimate the second term we first observe that |d(y)| < (const)
- min{l,|y|}. Thus,

(const) [ la(y) 13 m) () dy

< “h“muy|r<1 |l|y“|4/3dy * s 4/3dy}

< (const) [J1][Y3.

Finally, in order to estimate the last term we observe that the assumption
on the second difference A2 m in (2.18) implies

Im(y + k) = m(»)] = O[(IAl/I¥I)">].

This last estimate follows from the argument preceding (3.5) on p. 44 of [64]
applied to each variable separately. Secondly, we observe that

la(y + B — a(»)| = O(k)) and [ la(y + k) — &) dy = O(H).
Thus,

[ lmy + By = m(y = BPla

<p(f o f ) - a0

i<ty ||2/3 Iyl>1

iy — b dy

Using, again, the fact that |4 is dominated b X a constant times ||4]]/> when |#]
< 1, we see that the last expression is 0(|]h]| 3) when ||4]] < 1. Lemma (2.19)
is thus established.

Recall the question we raised originally when we introduced the heat
equation: given g € IP(R?) can we find a solution u such that
du/dx, and 3%u/dx} belong to IP(R?) ? We then proceeded formally and
exhibited a solution by means of equality (2.16). It is not clear, however, that
such a solution is a function belonging to some natural function space
associated with IP(R?), nor is it clear that the multiplier operators we
considered act naturally on I”(R?). Another useful feature of the atomic
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theory of H? spaces is thatif g € H' (H' = H'(R?,| ||) being defined with
respect to the quasi-distance induced by || ||) then the solution
@21 w = [(1/(5F + ), p)T

belongs to L*(R?). This is easily seen in the following way: Suppose a is an
atom supported in B;. Then from the estimates [d(x)| < (const)min{l,|x|}
< (const)min{l, ||x||!/3} we obtain

n 1/2
(const) | %’%dx < fye I + nanz( fo: ||x||°2dx) <c

where C depends only on the dimension. Since
dx dx
WL x)| - = | ldx)|-— < C forallA >0
it follows that we have a nonisotropic version of Hardy’s inequality

(2.22) sz "ﬁi’ff'dx <

whenever g € H'(R?,]| ||). Since |#(x)] < 1 whenever @ is an atom in
H'(R?, | |) we must have, if 1 < p,

4(x)|?
f'aﬁxfll d < f

Thus, if g = 3 o;0; € H'(R2, | ||) then

d(x”dx < C

flxll

i d 1/p i d I/p
(S lewrr )" < Slad (fo ol 157) < € S i

Consequently,

v
(223) ( fR , |g(x)|"l~|‘%“) ‘< Cligllg

whenever g € HI(R2, ]| ).
Equation (2.16) gives us a solution u satisfying

F{83)] '
I3

Applying (2.23) with p = 3/2 we see that 4 € L¥2(R?). It now follows from
the Hausdorff-Young theorem that u € L*(R?). Furthermore, we have shown
that the derivatives du/dx; and 8%u/dx? (which certainly exist in the sense of
distributions) belong to H'. The fact that the operator defined by (2.21) maps
H' into I3(R?) implies, by duality, that it maps L2(R?) into BMO(R?, || ).
By applying an appropriate interpolation argument it can be shown that this
operator maps L? into L, where 1/p — 1/¢ = 2/3 and 1 < p < 3/2.

< (const)

) = | £

)’12 + iyy
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Singular integrals associated with the heat equation were studied first by
Jones [39] and later by Fabes and Riviére [26]. Perhaps some of the results
described here for H? spaces are new. Multipliers that are homogeneous
relative to generalized dilations were studied by Riviére [49] and Krée [43].

In example (3) we considered other measures on R”, besides Lebesgue
measure, which, together with the Euclidean distance, satisfied the basic
inequality (2.1). Such measures arise naturally in several ways. For example
radial functions in L! (R") give rise to the study of the integrable functions on
(0, 00) with respect to the measure r"~!dr. The study of central functions on
certain Lie groups also gives rise to measures w(x)dx satisfying (2.1), where w
is an appropriate weight function. The case w(x) = ¢?®, where b is a BMO
function, arises in factorization problems we shall discuss later. In all these
cases we are dealing with weights belonging to the class 4% of Muckenhoupt
(see [13]) characterized by the inequality

o(E N Q) |E n o\°
(2.24) ol <o)

where C and 8 are constants depending only on w, | E| denotes the Lebesgue
measure of E C R”, w(E) = [ w(x)dx and Q is a cube with sides parallel to
the axes.

It is an immediate consequence of (2.24) that w(Q) < Cw(Q) whenever 0
is the cube concentric with Q having sides twice the length of the latter (we
shall use the letter C to denote a constant, not always the same, that depends
only on the dimension n and the weight w). Thus, (R",w), together with the
Euclidean distance, is an example of a space of homogeneous type. Let
H'(R", wdx) denote the corresponding atomic Hardy space.

A basic general result relating these spaces to the more classical space
H'(R", dx) is the following:

THEOREM (2.25). H'(R", wdx) = {fw™!: f € H'(R", dx)}.

In other words, the map f — fw is an isomorphism between the “weighted”
Hardy space H'(R”, wdx) and the “ordinary” Hardy space H'(R”", dx).

In order to prove this theorem we make use of the following properties of
weights satisfying the 4% condition (2.24) (see [13]):

(a) there exists 5, C > 0 such that

1 1 )l/(l+n) w(Q)
— dx L C—+—=+,
(IQI Joe S el
(b) there exists p > 1 and C > 0 such that

p—1
9)1—(Q-Ql—)<l—é—IfQ w'l/(p"l)dx) <C

for all cubes Q. Suppose, now, that a is a (1, c0)-atom in H'(R", wdx); that is,
a is supported in a cube Q, la(x)| < V/w(Q) and f a(x)w(x)dx = 0. We claim
that A = aw is (up to a multiplicative constant independent of @) a (1,1 + n)-
atom in H'! (R", dx). The fact that 4 has mean zero is obvious; moreover, from
(2.26) (a) we have

(2.26)


file:////Q/h
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1 + l/(1+11) o e +n) C
(g [ 1aerma) " < o (Jlecarg) ™ < gy

Conversely, (2.26) (b) shows that if 4 is a (1, «0)-atom in H'(R",dx) then
a = A/wis a (1,p)-atom in H'(R",wdx). Theorem (2.25) now follows from
Theorem A.

A consequence of (2.25) is the following characterization of radial functions
belonging to H!(R", dx):

COROLLARY (2.27). Suppose f is defined on [0, 00) then x — f (lx[) is a function
in H'(R", dx) if and only if r = f(IrD)|r|"™"" is a function in H'(R!, dr).

In order to show this result let us first assume that f(|x|) = X a;a;(x),
where g; is a (1, 0)-atom on R” (not necessarily radial) and 3 |o;| < 0. We
claim that

4(lrl) = [, _, aillrlx)do(x),

where do(x) is the element of surface measure on the unit sphere in R”, is an
atom in H'(R!, |r|"” dr) times a constant that depends only on the dimension.
If the support of a = 4; contains the origin this is obviously true. 21 If the
support of a is at a dxstance R > 0 from the origin and 4 is the diameter of
this support, then there are N > C[R/d)""! rotations py, py, ..., py such that
a(pj x),j =1, , NV, have disjoint supports. Hence,

N
A = fyon (3, a0y dote

is bounded by (1/N)(1/d™) < C(1/dR"™1) (since the supports of the functions
appearing in the sum are disjoint). But the last expression is dominated by a

constant times
R+d
n—1
1 / ( fR r dr).

In order to obtain the converse we start out with a (1,c0)-atom 4 in
H'(R', lr[" dr) and observe that if its support contains 0 then the radial
function it defines is (essentially) an atom in H!(R",dx). If the support of 4
is the interval (R,R + d), R > 0, we can “reverse” the construction we just
gave in order to obtain an appropriate atomic decomposition in R” of the
radial function defined by 4. More generally, many results concerning
weighted H? spaces on R” were developed in the thesis of one of our Ph.D.
students, J. Garcia-Cuerva [32]. The class of weights considered here on R”
admits a useful straightforward extension to spaces of homogeneous type.

The notion of weighted H! spaces has interesting applications in the
compact case as well. The following result, as we shall see, can be obtained by
using this notion;

27 We remark, once and for all, that when we talk about the support of an atom we really mean
the smallest sphere containing the support of an atom.
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THEOREM (2.28). Suppose f € L'(R) has mean 0 and is supported in the
interval [~1,1). Then f = 3, a;a;, where 2 |lo;| < o0 and the aj’s are (1, 0)-
atoms supported in [—1,1), if and only if 11 f(x)ldx < o0, where

F(x) = P. V. % f —xf(_—t)tdt.

Since the Hilbert transform 4 of a (1, co)-atom satisfies [, |#(x)| dx = ||dl|;
< G, C independent of a (see the argument following (2.12)), we have

CoROLLARY (2.29). If f € L(R) is supported in an interval I and has mean
zero then f € L'(I) implies f € L'(R).

Using Theorem (2.28) and the same argument we gave to establish Theorem
(2.25) we obtain a characterization of an H' space associated with the space
of homogeneous type we introduced in example (5). In order to state this result
let us write w, g(x) = (1 — x)*(1 + N -1<x<,~1<a, B,

(HopH) = = V[ [0p®

and let H'(—1,1], Wy p(D)dr) be the atomic Hardy space generated by the
(1, 00)-atoms defined in terms of the measure w, g(r)dz. We then have

COROLLARY (2.30). f € H'(-1,1],» Wy, g(£) dt) if and only if f and H, 4 f belong
to LN(w, D) d).

We now pass to the proof of (2.28). Let f satisfy the hypotheses of this
theorem; then, f.(8) = f(cos #)[sin | is a function in L(—=,n),d0). If
x = cos { then

sin ¢
J&) = sin ¢ PV f fe (a)cos Y — cos 0d0
N ;P VA " 10) cor ¥ 2an.
But
1@ = 2oV [ r,0)cot Y5 s

is the conjugate function of f,. That is, f, + if{ is the boundary value of the
analytic function associated with f, we described at the beginning of §1.
Moreover, it follows from the change of variables we made above (and the fact
that f¢ is an odd functlon) that §_ 11 [f(x) dx = C §7, | f¢()| d . Consequent-
ly, f, belongs to H!(T) (= Re H'(T)) and, therefore, has an atomic decom-
position

(2.31) fe(0) = 2 ;a,(0),

where I |a | < oo andg;isa (1, c0)-atom of mean 0 supported in the interval
I We now clalm that it can be assumed that if 0 < @ < « the sum in (2.31)
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involves only atoms a; whose support / lies in [0, 7]. To see this we first observe
that since f is even

) = 5 20 D),

If 0 € [ then a;(f) = (a (0) +a;(—0))/2 is supported inl;=1{0:0 €1
-6 €l ﬁ We also have 7, a; O and, since 4} is even, f’ aJ = 0. Moreover,
|a; ()] < /|L] < 2/[0,7) N I;|. Thus, a}/2, restricted to [0,7] is a (1, 0)-
atom A snmllar argument apphes to the case 7 € ; (see footnote 8). If neither
0 nor 7 belong to / then either a;(9) or a;(—6) is 0 for 0 < @ < 7 and there
is nothing to prove

Having made this restriction of the representation (2.31) to [0, 7] we shall
now show that 4, defined on [~1, 1] by

Aj(cos )sin § = a;(6)

is a (1, p)-atom in the space H'([~1, 1},dr) for certain values of p > 1 (up to
an inessential multiplicative constant) In fact, let J; be the image of I, under
the map 6 — cos 8 = 1. Then 4; is supported by s = j sin 0d0 and
J; 4,0 dt = §, 59 ;,(8)df = 0. Thus, we need only show that

1/p C
(J, IA()I”IJ[> <G

We can rewrite this inequality in the form:

: t—p Vp
. . p(sin 8) ) C
(.[1, |4;(cos 8)sin 6] ————-—-——|in dg) < —'in

Since |4,(cos )sin 8] = ]a;(9)] < 1/|L] the desired inequality follows from
the easily derived condition

1-(1/p) ip
<|—;Tf’ sin 0d0> (l”f (sin 0)‘ Pd0> <G,
J J

for 1 < p € 2. (In fact, this is the 49 condition of Muckenhoupt [13] for the
weight sin @ valid for ¢ > 2, where 1/p + 1/g = 1) Theorem (2.28) now
follows from Theorem A.

It would be of interest to obtain higher dimensional extensions of Theorem
(2.28) and Corollary (2.29).

Corollary (2.30) is relevant to the study of Jacobi polynomial expansions.
These are polynomials, f,’,""ﬁ, of order n that are eigenfunctions of the
differential operator

Da,ﬁ—-(l-—xz) +(,8—a~—(a+ﬂ+2)x)d

corresponding to the elgenvalue —n{n+a+ B+ 1),a B> —1. The Jacobi
functions, ,‘;"B , of the second kind are also eigenfunctions of this differential
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operator corresponding to the same eigenvalue; moreover (see p. 171 of [25]),
they are related to the Jacobi polynomials by the formula

0%F(x) = (H, g B*F)(x).

Thus, expansions in terms of Jacobi polynomials are transformed into
expansions in terms of Jacobi functions of the second kind. Corollary (2.30)
glves us some information about these expansions when the former represents
H' (=1, 1], 00,5(0) o).

When a = S the B,** are the ultraspherical polynomials, Muckenhoupt and
Stein [47] have developed a theory of H” spaces involving expansions in terms
of these polynomials. When a = (n — 2)/2, n an integer, it is well known that
these expansions arise from the study of spherical harmonics. Using this
geometrical interpretation and the techniques used to establish Theorem (2.25)
one can see that the space H'([-1,1], Wy o () dt) introduced here and the H !
space studied by Muckenhoupt and Stein are identical when a = (n — 2)/2.
It would be of interest to see what is the relation between these two spaces for
other indices a. The analogous problem involving Hankel transforms has been
studied by J. Garcia-Cuerva [32].

An important topic involving expansions in terms of Jacobi polynomials is
the study of the multiplier operators associated with these expansions. These
operators can be defined in a manner completely analogous to the way they
are defined in the theory of Fourier series. We recall that the polynomials B%#
can be obtained by the Gram-Schmidt orthonormalization process from the
monomials (relatlve to the natural inner product defined by the weight w, g).
Thus, if f € L2([-1,1],0 W, p(x) dx) then

j= 3 Bed,
n=0

where f, = [, f (x)P“’B(x)wa p(x)dx. Hence, if {m,} is a bounded sequence
the operator M mapping f into the function having expansion 3> o m, f,, >

is well defined and maps into L2([~1,1],w, p(x)dx). These are the operators
commuting with the differential operator D, 5. As is the case in the study of
Fourier series and integrals it is natural to inquire what properties of f are
preserved under the action of M. Since [—1,1], together with the measure
induced by the weight w, 5, is a space of homogeneous type, the theory of
singular integrals connected with these spaces can be applied to obtain
sufficient conditions under which M is a bounded operator on

Lp([_L 1]9 wa,ﬁ(x)dx)s 1 < y4 < 0

(see [17] and [20]). A careful reading of these results and the methods used will
show that these conditions also imply the boundedness of M on the corre-
sponding atomic H? spaces when p (< 1) is close to 1 (compare with the
discussion preceding and following conditions (2.14) and (2.15)). Because of
Corollary B it then follows that M preserves the “natural” Lipschitz condition
associated with this space of homogeneous type:
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1/p—-1

9@ =10 < €| [ (= i+ o

Specifically, one can establish the following extension of a multiplier theorem
of Connett and Schwartz [20]:

THEOREM (2.32). Suppose a > B > —1/2 and k is the largest integer not
exceeding a + 2, then if {m,} is a bounded sequence satisfying

[A"m,,l2 < cRI7%*,
R<n<2R
where AF is the kih difference operator, the multiplier operator M associated with
{m{,} is bounded on IP(~1,1],w,p(x)dx) for 1<p< oo and on
H([-1,1), 0y g(x) dx).

Let us now pass to the situation encountered when X = [0, 1), u is Lebesgue
measure and the quasi-distance is given in terms of dyadic intervals as
described in example (4). We shall refer to this situation as “the dyadic case”.
Many aspects of harmonic analysis become particularly simple and elegant in
this dyadic case. In particular, the atomic H' space can easily be seen to
coincide with the space of all I! functions whose Hardy-Littlewood maximal
function f* is integrable. That is, if we let f*(x) = sup;(1/|1])]f; f], where the
supremum is taken over all dyadic intervals 7 containing x, then f is in atomic
H'if and only if f* € L'.28

In order to establish this equivalence we first observe that it is easy to see
that ||a*[; < 1 whenever a is a (1,00)-atom. In fact, if 7 and J are two
nondisjoint dyadic intervals in [0, 1) then either I C J or I D J. From this it
follows immediately that if a is supported in I then a* is also supported in J
and satisfies a*(x) < 1/(|1|); therefore, ||a* ||, < 1 and we see that

IF*h < Al

whenever fis in atomic H'. Conversely, if f and f* are in L! we shall show that
S has an atomic decomposition 3 a;a; with 3 |a;| < 8[|f* [ Without loss of
generality we can assume fol f = 0. We shall now obtain the desired represen-
tation of f by means of the Calderén-Zygmund decomposition of f. We first
consider U = {x € [0,1): f*(x) > 2%} for k an integer and we let U}
= U, I} where the I’s are maximal dyadic open subintervals of U}, (and, thus,
for k fixed, they are disjoint). Now, each J; is contained in a (unique) dyadic
interval, J;/, of twice its length. Since each I is maximal, J; contains a point
outside U}, and, thus, my(f) = (1/ [Z1) i f has absolute value less than or
equal to 2%, Let U, = U,J/; we may assume that J/, for k fixed, are mutally
disjoint (recall that two intersecting dyadic intervals have the property that
one must contain the other). The Calderén-Zygmund decomposition is then,
f = gk + by, where g, = (1 — xy, ) f + Z; my(f)x,;. Clearly, lge! < 2¥ and
the b,’s are supported in U, and satisfy f;« by = 0. As k — oo we have g, — f
(trivially in the a.e. sense and, also, in the I!-sense since the convergence is

28 f* is the natural analog of the nontangential maximal operator P* we introduced in the
beginning of §1 (see [2]).



612 R. R. COIFMAN AND GUIDO WEISS

dominated by 2f*). Also, limy_,_ ligclh = 0. Thus, f = ST, (gx+1 ~ &)
= 3% (b = brs1). Moreover, |by — byyy| = |geey — gl < 2°7!. Since
Ugsy C Uy and each interval J/ ‘must be a subinterval of some J{ we have
S (b = bri1)xy = 0. Therefore, aj = (1/2*J )by = by Ixyy is 2 (1, 0)-
atom and f = 32 _ 281 3. [J/lal,. Furthermore,

1%l = ;7 16 0.D: £ 6) > NI > S [V 2

o0
> 3 |uRkat= S gktip = 1.
=-—c0 k=-—00
But this shows that ||fll;;; < 8]|f* |} and the claim is established.

Let us now pass to some illustrations of how these methods apply to the
study of harmonic analysis on homogeneous spaces (example (7)). We begin
with an extension of Hardy’s inequality associated with the surface £,_; of the
unit sphere in R”, n > 3. Let¢’, X', y, ... denote points of Z,_,, dt’, dx’, dy’,

- the elements of Lebesgue surface measure on Z,_; (which is normalized
so that 2, _, has measure 1). H denotes the space of homogeneous harmonic
polynomials of degree k restricted to =,_; and Z¥) the zonal harmonic of
degree k with pole x'. The defining property of Z; (k) is that it is the (unique)
element of H; such that

(2.33) Y(x') = fz ) Yz ar'

whenever Y € H, . Z )(j‘) is also determined (up to a multiplicative constant)
by the property that it is a member of H that is invariant under the action of
all rotations p of R” that leave x’ fixed (see pp. 146-147 of [57]). From this and
the fact that Z )(x ) = d;, = dimension of H) we obtain the following simple
expression for zonal harmonics:

zZP) = [, 1+ <Ny,

where Z,_, is being identified with all those vectors y’ € Z,_, orthogonal to
x'. From this we see that

9?

(2.39) ETETS ;

——z® )l 2d, k(k - 1).
Now let us consider
zW@) - zHw) = (V) ) - (1 = x) + E®(x,1).

The error term involves the second derivatives of Z} () (evaluated at some
point on the segment joining x’ and ¢') and products of the type (xj — ¢ ,)
- (x; = t) Because of (2.34), therefore, we have |E®)(x',r')| < cd, k?
Ix | Moreover, it follows from the integral representation of Z; (k) that

(VZ¥)(x') = kd, x'.
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Consequently, VZQ‘)(x’) At = X)) =kd (x' -t~ 1) = ~(kd/2)|x" ~ 2.
It follows that

235)  1z9@) - d) =120y - 2P ) < cdyk?|x - 1P

If f € L}(2,-,) its projection onto H, is

) = [ 101z

(this follows from the defining property of the zonal harmonics). We thus have
the orthogonal development of f in terms of spherical harmonics (see [57,
Chapter 4, §2]): f ~ X f..We shall now derive the following extension of
Hardy’s inequality:

THEOREM (2.36). If f € H'(Z,_,) then

Sl _ &, -,
3 kz__kglk /z(f2

k=1 k"2

1/2
UEOPa) < el

n

In order to establish (2.36) we choose a (1, o0)-atom supported in a “sphere”
of radius R about x'. Then, by the “mean 0” property of a:

a,(y) = fzn_. at )z dr = fzn‘. at)zW @) - zP ) ar.

Thus, by Minkowski’s integral inequality

1/2
lalo < f;laI{ f;_1289¢) - 206y} ar
Since Z,ff‘)(u’) = Z®)(v") (see p. 143 of [57]) we have
i 12@) - 2P0y

= fzn_, (PO + 12PN - 220128 () ay

= zW() + zP() - 220() = 2y - P )
Hence, we can use (2.35) to obtain the estimate

laly < e 5 lal)lkVa|x —rldr.

Since dj, < ck"2 (see [57, p. 145]) and |x’ — ¢'| < R for ¢’ in the support of
a we have

”ak”2 < ¢Rk - kn2)/2 = chn/2‘

Making use of this inequality and the obvious estimate for the L? norm of an
atom we finally obtain
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2 Hak ”2 ”ak ||2 ”ak “2

1 kM2 kSR KM kSYR kM2

< 2 R+ (121 Hak“%)l/z(kglm k"’)v2

k<R

< (1 + |lal,R"1D/2) L ¢,

Theorem (2.36) is an immediate consequence of this inequality.

The version of Hardy’s inequality we have just discussed assumes a special
form on the sphere =5. This sphere can be identified in a natural way with the
group SU(2) of unitary 2 X 2 matrices with determinant 1. This group is the
simplest noncommutative semisimple compact Lie group to analyze and is
particularly useful for obtaining insight into problems in harmonic analysis
associated with more general Lie groups. We shall need to introduce some
notation in order to illustrate some of these features.

We write z = (z1,2,) = (x; + ixy, X3 + ixy) (€ C?) for x = (x;,%,,%3,%4)
€ R*. To x (or z) we can associate the 2 X 2 matrix

—Z z
u = u(x) = —i( 2 1).
2 2

Clearly, det u = |z |* + |z, = x} + x} + x} + xJ and, hence, £, corre-
sponds to SU(2) and normalized Lebesgue measure on 23 corresponds to
Haar measure on SU(2). The irreducible representations of SU(2) can be
realized explicitly on the spaces 9/ of homogeneous polynomlals of degree
2,1=0,1/2,1,3/2,2,...,in (wl,wz) =we C2, That is, ' consists of all
the polynomials of the form pw)=2—_q @™ wi* and the mapping of

u € SU(2) into the transformation 7' defined by

(T p) (@) = p(w'w),

where u’ is the transpose of u, is a representation. Moreover, 7;’ is unitary with
respect to an appropriate inner product for which

— I—J I+j
P((.O) - wy 7,
! V=) \/(1 +Jj)
j=-—=I -1+ 1,..., 1 form an orthonormal basis (see [17] for further details).

The matrix entries of T’ relative to this basis are usually denoted by
i u), =1 < k,j < I, and are defined by the relation

220+ Z10) V@ o + 2y0)

VU =N+
[—k I1+k
E tk,,(u(z))

(i)
“2

V- k)'(l+ k)

It follows that t,ﬁ, ;(u(z)) = t ;(u(x)) are homogeneous polynomials in x of
degree 2/. Moreover, their restrictions to 25 form an orthogonal basis for the
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space H? of spherical harmonics of degree 2/. The expansion of functions on
2, in terms of spherical harmonics turns out to be equivalent to the Peter-
Weyl expansion of functions on SU(2). The latter can be expressed in the
following way: if f € 12(SU(2)) then

f@ =S @+ 1O
2/=0

where
JO) = [y f @ T

and the convergence of this series to f{u) is valid in the L2-norm. Moreover,

(237) [176Pdu = 3 @1+ IR,
2[=0

where ||| f(7)|l] denotes the Hilbert-Schmidt norm of f(7). It follows from these
considerations and, in particular, (2.37), that the projection, fy;, of f onto H%
satisfies | fyl2 = 2/ + D|IFOI. Thus, Hardy’s inequality (2.36) when n
= 4 is equivalent to

2 _Ifoll

(2.38) 220 (21 + 1)3/2

< cllfllg

whenever f € H'(SU(2)). By using the interpolation Theorem D and the two
inequalities (2.37) and (2.38) we obtain the following generalization of Paley’s
inequality:

2.39) S @+ 0Ol < gl

whenever f € IP(SUQ2)), 1 <p < 2.

As is the case in R” and T, the study of the behavior of multiplier operators
is enhanced by appropriate use of properties of H” spaces. We first remark
that bounded operators M on I[*(SU(2)) that commute with Jeft translations
correspond to matrix multiplier operators; that is, if f € I2(SU(2)) then Mf
has the Peter-Weyl expansion

o0

(Mf)(w) = X @I+ 1) trace M) ()T,
where M(!) is a (2/ + 1) X (2/ + 1) matrix whose operator norm || M(/)|| does
not exceed a constant C independently of / It turns out that the space
H'(Z;) = H'(SU(2)), defined in terms of atoms associated with the usual
Euclidean distance on 23,29 can be characterized by certain “Riesz” trans-
forms that correspond to the following matrix multiplier operators:

29 On SU(2) this distance is more naturally written in terms of the Hilbert-Schmidt norm:
d(u,v) = ||u — vl| when u, v € SU(2).
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1)1 F -
M (D = W 123(4, 11+ 2 Szier  [He(Dlej = 211_+k16k’j,

where §; ; is the Kronecker delta. These operators are related to certain
generalized Cauchy-Riemann equations in R* in a manner similar to the way
the conjugate function operator on the circle T is related to the Cauchy-
Riemann equations in R? (again, see [17] for further details and motivation).

The use of the atomic Hardy spaces in the study of multiplier operators is
somewhat complicated by the fact that the multipliers consist of sequences of
matrices. As in the previous cases, one can characterize the matricial Fourier
transform of a molecule centered at the identity. In order to show that a
multiplier preserves H'! it is enough to show that it maps atoms into molecules
(this follows from Theorem C) Let us discuss this situation in greater detail.
Let us write p(u) = ||lu — 1]|® where 1 is the identity element of SU(2). Then
a molecule centered at 1 is a function a (u) satisfying

(240) [a(@du =0 and ( i 1a(u)|2du) ( i [a(u)[z[p(u)]]ﬂ)l/e <.

If we let e = 1/3 we obtain a weighted Plancherel theorem (see p. 114 of [17])
which, applied to a, takes the form

Jyugey oGl =1t da = @1+ DlIRaOI,
where
8a(t) = [ alw)lllu — 1P L1 du

is a certain second order “difference” operator defined on sequences of
matrices &(/). It can be shown that

[AZ&(I )]k, j 2fa(/ )]k, j o 7651/2 Ai(y,S)A}(y,B)[&(l + 'Y)]k+8, j+8

where

1 + 46k
AL(Y:‘S) = 2 + Y(21+ 1 )

Thus, with ¢ = 1/3 (2.40) can be expressed by
&0) =0 and

(2.41) 0 . 3 0 ). 5 1/3
(220 @1+ D) )(220 @1 + DA ) <l

The direct method for checking whether the matrices &(/) = M(/)d(/) are
the coefficients of a molecule when a is an atom centered at O can be used here.

This %)rocedure, however, is technically complicated since it involves estimates
on A*(M(1)a(/)). Fortunately, it can be shown that, if the inequality



EXTENSIONS OF HARDY SPACES 617

S @+ DIRMOMIE < e S @1+ 1jlaa)|?
2=0 21=0

holds for some special central atoms a, then M maps H' boundedly into itself
(a careful reading of the proof of Theorem (3.1) on p. 81 of [17] shows that M
is a convolution operator with a kernel satisfying condition (2.15)). Conditions
on M(l) that insure the validity of the last inequality can be stated in a
relatively simple manner; we thus obtain the following result:

THEOREM (2.42). Ler {M(1)} be a sequence of (21 + 1) X (21 + 1) matrices
satisfying |A7 M| < el V*Y2,j = 0, 1, 2, where

AM(l) = M(I) and A'M(l) = zﬂmmmawWM+%%m.

then M is a bounded multiplier operator on [F(SU(2)), 1 < p < oo, and on H?
Jfor p sufficiently close to, but not exceeding, 1.

Two remarks are in order: (a) the conditions on A’/ M(/) are quite easy to
check for the Riesz transforms M. and H. (see pp. 134 and 135 of [17]); (b)
If the matrices M(/) are diagonal, Theorem (2.42) assumes a more famillar
form: Let p', —I < m < I, be the entries of the diagonal matrix M(l); if
pl and PQul, — piti? - Ml—_l(/sz) are O(1) for 6 = —1/2, 1/2 then M is bound-
ed on IP(SUQ2)) for 1 < p < oo and on H\.

The analysis of the Fourier transform described here for SU(2) can, in
principle, be extended to other classical compact groups. The main difficulties
involve the choice of a special basis in each representation space and the
calculation of certain Clebsch-Gordan coefficients that lead to formulae for
operators corresponding to A and A2. The spaces H? for compact semisimple
Lie groups were introduced in [16] using generalized Cauchy-Riemann equa-
tions. The basic subharmonicity result obtained there permits one to establish
the duality of H' and BMO by the methods of Fefferman and Stein. This
duality result, in turn, shows that the H' defined in terms of the Cauchy-
Riemann equations is the atomic H' space.

We now discuss example (9) and its connection with the theory of analytic
functions of several complex variables. If

By={z€C: |z =z + |5+ + 7, < 1)

then 0B, = Z,,_;.
A function F(z) holomorphic in B, is said to belong to %?(d B,) if

HFHE}’EP = fg}? f|z,|=1 |F(rz)|Pdz < oo,

where dz’ is normalized Lebesgue measure on Z,, ;. The space %2 is of
particular interest. It can be identified with the closed subspace of L%(d B,)
consisting of boundary functions of holomorphic functions.

The projection operator P from L%(3 B,) onto J(? is given in terms of the
Szegd kernel (1 — z - ©)™". We first define the transformation S:
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NE = [, LD forld < 1.

B, (1 -2 'E')"

We now observe that d(z,w) = |1 — z - ’oS]l/ 2 is a distance on 9 B, which is

particularly well adapted to the study of this kernel. In fact, m(z,w)
= |l — z - @|" is a quasi-distance equivalent to the measure of the smallest d-
sphere containing z and , |z| = |w| = 1, and the basic inequality (2.14) is
verified for the Szegd kernel: for |z| = |w| = |wp| = 1

(2.43)

1 _ 1 m(w,00) 17 G,
-z (Q-2z- w@)"‘ < [m(z,wo)] m(z, wg)

if m(z,wy) > Cy m(w, wy).
It can also be shown (see [42]) that for z € 3B, and f € L2(3B,)

BNE) =l = 1@+l [ T,

It now follows from the general theory developed previously that the
projection operator can be defined as a bounded operator on I7, 1 < p < <o,
and HP, 1 — 7 < p < 1, and it preserves the Lipschitz character of f (with
respect to d). Using the methods of Fefferman and Stein [29] it can be shown
that the dual of %'(3B,) is P(BMO) (see [14]). This result is equivalent to:

THEOREM (2.44). Let F € I (3 B,). Then there exist atoms a; such that
F(z) = Z N(Paj)(2) = 2 N4,(2)
with
S IN < ell Fllgs
thus, P(H") = %,

The functions 4;(z) = (Pa;)(2), called holomorphic atoms, are easily seen to
be molecules. A related fact (see [14]) is that any holomorphic atom 4 can be
written in the form

(2:45) 40) = X BGL)

with B;, C; € %? satisfying SY, | B; llic2 | Cilly2 < ¢, where N and ¢ depend
only on the dimension n. From this follows the factorization result:

THEOREM (2.46). Let F € %'(3B,). Then there are functions G;, H; € 92
such that F = 3; G, H; and

? ”Gjllgcz ”HJ”gcz < C“Fchl-

Let us indicate briefly how (2.45) is proved. We may assume without loss of
generality that an atom a is supported in a sphere S centered at 1
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= (0,0,...,i) (the “North pole”). We let pg = (1/|S|)xs and write
-G z=~5y 2o+ (1 +iz,)(iw,) + (1 - iw,)

forz = (21,29, ..,2,), @ = (W), w3,...,w,) € dB,, where zy = (z;,23,...,
2,.1,0) and wy = (w;,wq,...,w,-1,0). We have

(1 - Z)n = 2 djk[wo',(l - l'(ﬁ,,)kmf,z({(l + iZn)I,
| |+k+l=n =7
where._l = lyeeerdph (| =jy+jp+ o+ +j,yand z{ = z{'z{l ceezhen
We write

1 = ./;B pswdo = 3 20+ iz,,)[DJ'ky,(z),
" |4k +i=n
where
—J o \K ]
- w(l — i) @, p5(w)
Dyyi(z) = djpy fa B, =z o) dw.
Thus,
A@Q) = 3 zJ(1+iz,)' Dy () AQ).
|J|+k+i=n

We now claim that each summand can be split into a product of the form
B(z)C(z) with || Bl || Clly < C. This is achieved by using inequality (2.43) in
order to estimate A(z) and by making rough estimates for Dy, ,(z) when z is
far from S (see [14] for details).

Other spaces J(? of holomorphic functions for which this theory can be used
are the spaces of functions F that are holomorphic in B, and satisfy

Juer @I = 1P < o

where di(z) is the element of Lebesgue measure on C". The case m = 0 is of
particular interest. Here the projection, P, of L2(B,) onto %?(B,) is given in
terms of the Bergman kernel:

ENE =5 L)

B, (1 -z w)n-f'l

Unlike the preceding case, this projection is not a singular integral transform;
however, P is unbounded on L'(B,). If we introduce the quasi-distance d of
example (10), B, becomes a space of homogeneous type and P maps (atomic)
H! into itself. As was the case for dB,, PH' = %'(B,) and factorizations
analogous to the ones in Theorem (2.46) are obtainable.

In this connection we point out that when n = 1 the dual space of ' (By)
can be represented by the class A, of smooth functions of Zygmund (see [14]).
The fact that PH' = %'(B,) allows us also to represent this dual space by
holomorphic BMO functions on the solid disc B;. From this it follows easily
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that smooth functions are characterized by the property that the derivatives of
their analytic extensions to the interior of the disc belongs to the class
BMO(B,). It would be of interest to extend this relation to higher dimensions.

The methods we have just described extend to more general strictly pseudo-
convex domains (see [56]). It would be interesting to obtain similar factoriza-
tion results in this more general setting. Another important related study
involves the polydisc and its distinguished boundary T". In this situation the
possibility of obtaining corresponding results is completely open.

We have considered Z,, ; = 3B, as a point set that furnished us two
different examples of a space of homogeneous type. We did this by first
employing the ordinar 21 Euclidean metric and, then, the nonisotropic distance
diz,w) =1 - z- wl (in both cases Lebesgue measure was used). It is
natural to compare the Hardy spaces that arise in these two situations and one
does find basic differences. At this point, however, we would like to point out
that when dealing with holomorphic functions many results are easily reduced
to the case of the 1-dimensional torus (where n = 1). Let us illustrate this
point by considering a version of Hardy’s inequality associated with %' (3 B,, ).

Let F(z) = 3§° F.(z) be holomorphic in B,,, where F(z) = Xy =k Ca2” is
the projection of F onto the polynomials in z = (z,z2,,.. 3 that are
homogeneous of degree k. Let g,(¢”®) = F(e'?2) = 3¢ E((z)e’ké' By (1.10)
we then have

X IE(z T .
> | o I < I, 2.l ds.

Integrating z € 9B, (we now assume F € (' (3 B,)) we obtain
E,
(2.47) DR s Ml < |l Fl).

Since || |, < k™ D/2||E |, (2.47) implies the following result involving the
Taylor coefficients of F:

Sl 1

;El VK" (n + k = 1)

1/2
(lgkalzazz-wnslcalz) < clFl.
P

Other results on J(”(9B,) that are reducible to the 1-dimensional case by
similar arguments can be found in [51]. ‘
Consider a function B(z) on B, for which b,(e’) = B(e'®z) satisfies
S‘ip”bz(ew)“BMo(aB,) =c¢ < .

From the previous argument we then obtain

FBdo
9B,

= im| [, o2 BGR o] <

cfmu | F|do.

Consequently, B € BMO(3dB,). There are, however, functions B in
BMO(BBZ,") for which sup, |b, (¢! )HBMo(a g,) = - For example, B(z,2,)
= 3¢ 2 furnishes us an example when n = 2. For such a function the last
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inequality cannot be obtained by a reduction to the 1-dimensional case.

In these last few examples the spaces of homogeneous type involved were
compact. There exists a noncompact space that is closely connected to
B, and 9B, Let us give some details about this situation when n = 2. In this
case we shall consider the generalized half-plane

D =D, ={(z,2) € C: Im z; > |5}

which is the image of B, under the Caley transform

_ . l—w] w7
Z—(szz)—'(l +wl’m‘l>-

This mapping of (w;,w,) onto (z;,2,) extends to, the boundary aBz which is
mapped onto 9D = {(z,2,): Im z; = |z,)*} = {(r + ilz?,z):t €R,z
€ C}. There is a group G that acts in a simply transitive fashion on dD. The
elements of G can be identified with the set R X C; the image of (1 + i|z|2,2)
€ 0D under the action on (1,£) € G is

(c+r+2ImzE+ilz+ &2z + &)

If we write (1,§) = (x3,(x; + ix,)/2) and make the correspondence of (r,£)
with the matrix

I x; x5+ (xx/2)
0 1 XZ
0 0 1

(see example (11)) we obtain an isomorphism between the group of transfor-
mations G and the group H of such matrices (under matrix multiplication).
The latter group is an example of a Heisenberg group. This gives us a natural
identification of the spaces 0D, G, and H in each of which we can introduce
ordinary Lebesgue measure; it is easy to check that the latter is a Haar
measure for G and H.

The Cauchy-Szegé kernel associated with D has the form

k(Z, W) = k((z1,23), (w1, @) = cli(@, — 2) = 22,8,) 7

Using this kernel we obtain the projection operator of I2(3D) onto the
subspace consisting of boundary values of holomorphic functions (the method
is the same as that used in the study of B) Observe that if Z = (z;,2,)
= (t + i|z*,z) € 3D then k(Z O) = ¢(|z|*> = i)2. We see, thus, that the
“measure norm” m(Z) = (¢2 + |z|*) is particularly well adapted to the study
of this kernel. Moreover, m(Z) is homogeneous with respect to the dilations
8, A > 0, given by 8,Z = (\W/2r + i|]\/4z]2,\/42). We obtain a space of
homogeneous type whose point set is 0D (or G, or H). The kernel k(Z, W)
satisfies inequality (2.14) and, thus, preserves the associated space H'! (or H?
for p near but less than 1).

These H? spaces are also useful for the study of partial differential operators
commuting with the dilations 8, (these generalize homogeneous differential
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operators). An interesting example, studied by Folland and Stein [31], is the
operator

E—_az _I|28_2+'i __a.__—_a_ +'§.
« = Tozaz Pl T e\%ez T far) T ar

when a is not an odd integer. The fundamental solutions for £, turn out to be

c(|z|2+it)°‘/2 1
Nz =it/ (] + )

Folland and Stein were able to use this, together with the theory of singular
integrals, in order to obtain sharp estimates for solutions of the equation
£,f = g. Singular integrals, H? spaces and their maximal characterizations for
the Heisenberg group are also treated by D. Geller in his forthcoming thesis
at Princeton University under the direction of E. M. Stein. The theory of
Hardy spaces developed here, and its uses in the study of singular integrals,
can also be used for this purpose and provides corresponding estimates in H?
and BMO.

The Heisenberg group H we have considered is an example of a class of Lie
groups considered by Rothschild and Stein [50]: the free nilpotent Lie groups of
step r. Briefly, these groups arise in the following important construction. Let
M be a manifold and X, ..., X, vector fields which, together with their
commutators up to order #, span the tangent space at each point of M. Let us
assume that these vector fields are free up to step r; that is, at each point of M
the dimension of the space spanned by {X), ..., X,} and their commutators up
to order r is equal to the dimension of the free nilpotent Lie algebra of step r.
As was shown by Rothschild and Stein, this is not a handicap in the study of
the general situation. Then, there exists, at each point of M, a local coordinate
system with respect to which the X’s are (essentially) the generators of a free
nilpotent Lie algebra. The homogeneous norm function on the Lie algebra can
be used in order to define a quasi-distance on M that is well adapted for the
study of differential operators involving the vector fields X, (In the above
example, M = 9D, the Xj’s can be chosen as a real basis for the holomorphic
vector fields on 9D.) This program is carried out in general in [50] for
generalizations of the operators £,. A priori estimates are then obtained by
studying singular integrals, first on the corresponding group and then on the
space of homogeneous type M. It would be of interest to characterize the
spaces H!(M) in terms of these singular integrals.

Perhaps the simplest example of a noncompact group is the group Z (or Z")
of integers. This group, with the usual distance and counting measure, is a
space of homogeneous type. The spaces H? are easily characterizable in terms
of the discrete Hilbert transform:

{f) € H' ifand only if 3 | f| < 0 and 3 || < o0,

where f = .y fi/ (k = j).
Various characterizations of the Fourier transform
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f0) == f e

can be given as before.

This example shows that the differentiable structure of the group is not
strictly necessary in order to obtain a singular integral characterization of the
space H'. A striking illustration of this fact occurs in the p-adic case (see
example (12)). There, it turns out that there exists a system of singular integral
operators, analogous to the Riesz transforms, which characterize H'. (See [61]
where it is also shown that some of the subharmonicity inequalities of R" have
an appropriate analogue.)

3. Proofs of the principal results. In order to establish Theorem A we shall
need to know some general facts about the geometry and analysis of spaces of
homogeneous type X. Many of these facts are proved in [17]; when such a
result is not contained in this monograph we shall give a proof of it here.
Throughout this section 4 denotes the constant in the inequality (2.1) and K
is the constant occurring in the “triangle inequality” satisfied by the quasi-
distance d.

THEOREM (3.1) (VITALI-WIENER TYPE COVERING LEMMA). Suppose E is a
bounded set (i.e. contained in a sphere) in X such that for each x € E there exists
r(x) > 0 (thus, {S, ) (x)} is a covering of E), then there exists a sequence of points
x; € E such that { ,(xj)(xj)} is a disjoint family of spheres while {S, K,(xj)(xj)} is
a covering of E.

(See Theorem (1.2) on p. 69 of [17].)

THEOREM (3.2) (WHITNEY TYPE COVERING LEMMA). Suppose U G X is an
open bounded set and C > 1. Then there exists a sequence of spheres {Sj}
= {8, (x;)} satisfying

N U= Uij;

(ii) there exists a constant M = M(A, C, K) such that no point of X belongs to
more than M of the spheres S; = SCSj(xj); -

(iii) S; N (X — U) # & for each J, where S; = S3c,,(x;))-

Proor. For each x, r(x) = (1/8CK?)d(x,U’) = (1/8CK?)min{d(x,y): y
& U} > 0 since U is open and X — U = U’ # . By (3.1) we can find a
mutally disjoint sequence of spheres {S,, )(x;)} such that U is covered by the
spheres S, Kr(xj)(xj)' On the other hand, if y & Sy KC,(xj)(xj) then

d(x;,y) < 4KCr(x;) = (1/2K)d(x;, U’) < d(x;, U’).

It follows that if we put s; = 4Kr(x;) we have S, (x;) = S; C SCsj(xj) =5
C U. Thus,

(3.3) U=US;c US,cUl.

In particular, (i) is established. Moreover, since 3KCs; = 12K2 Cr(x;)
= (3/2)o(x;, U’) we must have §; N U’ # < and (iii) is established.

In order to show that (ii) is valid we shall make use of the following
geometric property of spaces of homogeneous type (see Lemma (1.1) on p. 68
of [17]):
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(3.4) There exists a constant N = N(A,K) such that S,(x) cannot contain
more than N" points {x;} satisfying d(x;,x;) > r2™" when i # j(n = 1,2,
3,...)

Now suppose x € §;. We claim that Cs; < d(x, U’) = R since

2CKs; = d(x;, U') < K[d(x;,x) + d(x, U")] < K[Cs; + d(x, U")].

Consequently, if y € S}, d(x,y) < K[d(x,x;) + d(x;,y)] < 2KR and we must
have S; C S, kg (x). Moreover,

R = d(x,U’) < Kld(x,x;) + d(x;, U")] < K[Cs; + 2CKs;]

and it follows that s; > R/(1 + 2K)CK.

If x also belong to S;, i # j, the same argument shows S; C S, gz (x). Thus,
all such points x;, x;, ... belong to Syxg(x). But S,y(x;) N S,5(x;)
= & when i # j and this implies

R

d(x;,5) > min{r(x),r(5)) = 7o minfs, s 92 2ek? 7 2K)"

It now follows from (3.4) that there cannot be more than M
< NNW02ACKX142K) spheres S; containing x and (ii) is established.
Property (ii) will be referred to as the M-disjointness of the collection {5;}.
We shall make repeated use of the following extension to spaces of
homogeneous type of the Hardy-Littlewood maximal function

1 .
(Mf)(x) = sup{;(g,—j]; [fldu: S is a sphere,x € S}.
One can show, by using (3.1), that IS is defined and finite a.e.for f€ L1(X);
moreover, we have the weak-type inequality:
THEOREM (3.5). Iff € L}(X) there exists a constant Cy = Cy(A, K) such that

pfx € X: (Mf)(x) > o}) < (Co/o)lIflh-

(See Theorem (2.1) on p. 71 of [17].)
From this result and the obvious boundedness of this maximal operator on
L* one establishes the existence of a constant 4, such that

(3.6) fll, < Allfl,

when p > 1 (one can prove this directly as is done in the second chapter of
[57] or one can appeal to the Marcinkiewicz interpolation theorem).
A useful varlant of the Hardy-Littlewood maximal operator is I, f
= (M|f]7)"7. From (3.5) and (3.6) we obtain the inequalities

(3.7) plx: (D, 1)) > o) < Co(llflp/e)™

and, for p > py,
(38) I, 1, < A28 111
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It is often useful to use the centered maximal function of f:

The operators It and I, are “equlvalent in the sense that

(3.9) W) (x) < (M) (x) < DB S ) (),

where D = D(4,K). This follows from the simple observation that if x
€ Sr(y) then Sr(y) c S2Kr(x) - SK(]+2K)r(y)~ Thus,

1 WSka+26)r () 1
BN sV "“‘<{ u(S5,(7) }mszx,(x))fsm(x) |f1dp

and we obtain (3.9) by making use of inequality (2.1).
The centered maximal function is useful, for example, in the proof the
following geometric result:

Lemma (3.9). If f € IN(X) has support in Sy = S w(X0) then there exists
C, = Ci(4,K) such that

= {x € X: (Mf)(x) > a} C Sy, (x0)

whenever a > Cymg (1 f]) = G (1/u(So)) S5, 1| dp.

ProOF. We first observe that if d(x, xy) > 2Knand r < rythen S,(x) N S,
= . To see this, suppose y € S,(x) N Sy. Then

2Kry < d(x,xp) < K[d(x,y) + d(y,x0)] < K[r + ny] < 2K,

which shows that such a y cannot exist. On the other hand, if r = d(x, xy)
> rythen Sy C Sy, (x). This is also immediate: if y € S,

d(x,y) < Kld(x,xq) + d(xg,»)] < K[r + ry] < 2Kr.

From the first observation we see that if d(x,xg) > 2Kry then fg ) | fldn
= 0 if r < ry. Thus,_the centered maximal function of f satisfies

1
(M) x) = rS;lr?) mfr(x) | f] du

Since f has support in Sy we have

_L_ MSo) Y\ _1
M(S,(x))f,(x) ifldpl < {M(Sr(x)) .“'(SO)LO |f1dp.

If r > ry, the second observation implies (we also use (2.1))

MSo) . MS2k (X)) _ atiogk _
WS S WSy SATEE=C

Thus, if r 3 1y, (/1) < Cmg,(1f1) and we see that if 8> Cm,(1f])
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then {x: (M f)(x) > B} C S, (x). By (3.9) it now follows that if a
> DCmg, (| f1) = Cymg, (| f]) then U® C S kr,(x) and the lemma is proved.

We are now ready to prove Theorem A. We have already observed that
HP D HP® for 0 < p < 1<gq,p<gq; thus, we need to establish the
opposite inclusion relation. We shall do so by showing that a (p, g)-atom a(x)
has the representation

(3'10) a = ' ajaj

where each g; is a (p, o0)-atom and 3 |o;|” < B, B independent of a. More
explicitly, we shall show that the linear functlonals aand 3« @;dj, acting on
Ly |» are equal when p < 1; whenp = 1(3.10) is an equahty in L'(X). We
shalf give an inductive proof. In order to state the induction hypothesis we
need to introduce some notation:

For each positive integer n let N” denote the n-fold cartesian product of the
natural numbers N, N0 = {0}. We write j, to represent the general element of
N", the support of a is contained in the sphere S (the three defining propertles
of a (p, g)-atom are satisfied with respect to Sy), and we set b = [u(Sp)]" Ieg.
We shall apply Theorem (3.2) with the constant C = 2K; thus, the M
occurring in part (ii) of (3.2) depends only on 4 and K. From (2.1) we can,
therefore, deduce that the ratio u(S;)/u(S;) does not exceed some fixed
constant ky = ky(4,K). Given a sphere S of radius s, $ and S will denote
spheres with the same center as S having radii 2Ks and 6 K2s respectively.

The induction hypothesis we shall establish is the following one:

There exists a collection of spheres {S hji € Nl for 1 =0, 1,..., such that
for each natural number n

n-1
(3.11) b=Mka 3 o 3 WSNPa+ 3 b,
=0 jen JnEN"

where o = o p,q,A, K) is sufficiently large (we shall be explicit later) and
() a; is a (p, oo)-atom supported in S [=0,1,...,n-1;
(II) U EN"S C {x (EIR b)(x) > a /2}
(1) {S Yisan M -dzs10mt collection;
av) the functions h; are supported in S; ;
(V) S by, dp = 0;
(VI |, " < [bOI + 2% /"a "X5, (93
(VII) [ms (1B 1D < 2

Let us first show that if these properties are valid for each n € N then (3.10)
holds. We begin by proving

(Mkoa) o «” 3 uS,)< B

3.12
( ) M(So) n=0 JnEN"

where B is independent of a. From (II) and (I1II) we have
S.) < ) < n { ;
j,.EEN" MS;) < koj,.ezlv" M) < koM “(IELIJVS)
< ko M"p({x: (M, b)(x) > a"/2}).
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From (3.7) we thus deduce that
= 2
3,15, < Cokot"( ) bl
Consequently,
o0 _ o
37 ) < Coke2! 3 (Mar) ol

Since [[6]l7 < u(Sp) we obtain (3.12) with B depending on p, g, 4, K and « (as
long as a?~9M < 1) but not on a.
From (VII) we have

J Il lde < p(s; )2k a" = Cauls;,);

thus, if we let H, enn hy,, using the M"-disjointness of {S;} and the
above estimate for 5_‘, M(S ) we see that

[18lde< 3 [Iklde < Ca S u(S,) < CMat=2)"Jb].
JnEN" JnENT

This shows that if p = 1 (and, thus, g > 1) the first series on the right-hand
side of (3.11) converges to b in L' (X ). Equality (3.11) is to be interpreted in
the following way when p < 1: If / € €5, 8 = 1/p — 1, then

n—1
T\l
[oid = Mkoa 3 o B WS [a1dt 3 hld

Inequality (3.12) assures us that the double sum on the right is well defined.

The fact that ||H,l} < X |4, [ < o and H, has bounded support (this

follows from (II), (IV) and (3 9) if a? > Cl) 1mp1y that the last sum equals

S H,lduy and is well defined. Theorem A is then proved if we show that

11m,,__,oo S H,Idp = 0. To see that this is true let x; be the center of S; and

suppose ]|ll|t1/g = 1. Then, using (V) and (VII) and the above estxmate for
u(s;,)

] - 3,
< SIS [ 1 lde < Ca S (s, )1

< Ca[(Ma™0)"|[]2]7 = Clibllg? (Mar=9)">.

fs,., hjnzdui ‘ 5 il = 105,))

Since p < g the last term tends to 0 and the theorem is proved if the induction
hypothesis is established.

Let us show that the hypothesis is valid for n= 1. Let U%=
{x € X: (M, b)(x) > a}. By (3.9) U* C §, provided a? > C,. Assuming this
condition on «, we see that U® is a bounded open set. By (3.7) we have

wU*) < Co(lIblly/e)? < Coa™w(Sp)-
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Hence, if a7 > C; (which we assume to be the case) W(U*) < u(S;) < w(X)
and X — U® cannot be empty. We can, therefore, apply Theorem (3.2) and
obtain a Whitney-type covering of U* by spheres {S } satisfying conditions (i),
(i) and (iii) with C = 2K. Letting x; be the characterlstlc function of S; we
define

Xj(x) .

L= ifx € Uy,
7;(x) = | Zx;(x) ¥

0 if x & U®

(observe that the M-disjointness of {S;} implies that Zx,(x) is a finite sum for
each x € U%). We then put

b(x) if x & U%,
go(x) = {2 mg,(n;bx;(x)  if x € U

and h;(x) = b(x)n;(x) — msj(njb)xj(x) for all x € X. It follows that

(3.13) b(x) = go(x) +jEEN h;(x)

and we shall show that, by an appropriate normalization, this is the represen-
tation (3.11) of » when n = 1. This equality is a version of the Calderon-
Zygmund decomposition of the function b into the “good” function gy and
“bad” function H = 2h;. The induction proof we are presenting will show
how we can keep reﬁnlng this decomposition by applying it repeatedly to the
bad function.

If x @ U*then |go(x)| = [b(x)] < (M, 5)(x) < & while if x € U

wS))
ol < 2 gy i< 25 ] < 3 ko

Mterms

< (Mkg)a.

This shows that

(1) 12000 < (Moo .

We have already observed that U* C Sp; for x & U“, go(x) = b(x). These
facts, together with the inclusions Supp b C Sy C S, imply

(2) the support of g, is within Sy .
We also clearly have:

(3) the support of h; is within S;;

@) f hdy = 0.
Since ||h Ih < 2llbx;lh = 2 S, |b| dy and the spheres S; are M-disjoint we must
have

Sl < 23 [ bl < 2M [, bldn < 201l

< 2M‘|‘|b||q[u(so>11/q < 2Mp(Sy).

% That {b(x)| < (M,5)(x) holds for almost every x is true if we assume that p is a regular
measure. This assumption is tacitly made throughout this paper.
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In particular, this shows that the sum in (3.13) is convergent in the L'-norm;
from (4) and f bdy = 0 we thus can conclude that

(5) S godp = 0.
It follows that ay = go/Mkoa[u(SO)]l/p is a (p, o0)-atom. Thus, we can write
(3.13) in the form

b = Mkya[(Sp))ag + 3 hy
JEN

which is the special case n = 1 of (3.11). Moreover, property (I) has just been
established. (3) and (4) are parts (IV) and (V) of the induction hypothesis when
n = 1, Since

kJ,JSj = U* = {x: (M, b)(x) > o} C {x: (M, 5)(x) > a/2}

property (II) is also satisfied. Property (III) is a consequence of the Whitney-
type covering we are using (property (ii) of (3.2)). Since 7,(x) < 1 we have

B ()] < 1BG)] + Img (; B)lx,(x) < 1G] + k¥ ax;(x)
and, thus, property (VI) holds. Similarly, we obtain (VII):

/
(’T(LSI)_I;} !hj]qdu)l ‘ < (;(‘1-‘5,])]:% ]b‘qdu)l/q + otk(])/q

ME) 1 ol < 2ail
< (u(sj) u@)f?, ‘bl”du) 7 < 2aky.

This shows that the induction hypothesis holds for n = 1, We now assume it
true for n and will show that this implies its validity for n + 1.

Let U, = {x € X: (M h;)(x) > a"t1}. Hypothesis (IV) tells us that the
support of h;, is within §; . It follows from (VII), provided a? > 29k, C), that

Cimg, (I1,1) < Ciko(2a™)? < et
From Lemma (3.9), therefore, we obtain
= {x € X: (M|, |)(x) > o™V} C 5,

Let{S; ;} be a Whltney covering for U; with constant C = 2K (see Theorem
(3.2)). From (3.3) and (3.2)(ii) we have U;S,;=U, CS and T ;} is M-
disjoint. Since, from (III) we know that {S } are M " d1s301nt it follows that
the totality of spheres in the family {S; ;} are M #+1 disjoint. This establishes
hypothesis (IIT) for n + 1.

We now put

L]

h;, (x) ifx &y,
8j,(x) = 3 ms, (nj)xs, () ifx €y

n

and



630 R. R. COIFMAN AND GUIDO WEISS
—_ i i
hjmi - h]nnjn mSj.,i(h.nnjn)ij,.i(x)’

where n! (x) = Xs,,(x)/ 2 xs, (x) for x € U, and is 0 if x & U
x € U therefore,

lgln(x)’ < 2 I S ( n njn)xln(x)l kO Man+]
at most
Mterms

while, if x € U, then |g; (x)] = |A; (x)] < (M, h;)(x) < . In any case

||gj"||°° < koMa"“ Since the support of h; is wrthm S;, C S, and U, cs,

it follows that the support of g; is within S Moreover Jh d,u. = 0 (whrch

shows that property (V) is valrd for n + 1) Tn the same way ‘we showed that

E Al < 2M||bll; when the case n =1 was considered, we can show
llh",H, < 2M||h; ||y It follows, therefore, that

by, = 8+ 2 by

is valid in L' (X) (it is also true a.e. since, for each x, the sum on the right has
at most M terms) and g, dp. = 0. Hence

@), = 8;,/lko Ma™! (u(S;,)"7]
is a (p, c0)-atom supported in the sphere S From this it follows that the

representation (3.11) is true for n + 1 and so is (I). Property (IV) is trivially
true. We have, from the definition of #; ; and (VI),

i < {1100+ [tazeg— . Imloa] Yo

< (b)) + 270 + ké/qa”“}x}n(X)
< {0 + 2kg/7 o™ Yy (x)

as long as a > 2. This establishes (VI) for n + 1. Property (VII) has a similar
proof: from the definition of 4; ;

[ms, (1B, 17 < 2mg, (11, 19170

ok

< 2[k0m§,,,~(lhjn|q)]l/q < 2k(§/qa”+l,

Finally, we establish (II): From (VI) we have (M, 4;)(x) < (M, b)(x)
+ 2k{/%a". Thus, if x € U,

o™ (M) (x) < (M) (x) + 2k 7o,
It follows that a™/2 < (M, b)(x) if a > 4k{/7 and, thus,
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an+l
JH,-SJ}.J = E(H.JS/,,J) o EUJ,, - {x e X: (imqb)(x) > _2_}

and (II) is valid for n + 1.

Observe that we used the fact that a exceeds each of the following numbers:
4k, 2, 2k, C,)V 1, cy4, MV@ P MV Each of these numbers depends
on p, q, A and K and are independent of n. Theorem A is, therefore, proved.

Let us now pass to the study of the dual space of H?(X ). We begin with the
case p = 1 and, toward this end, we first make the following observation:

LemMma (3.14). If b € BMO,, 1 < q < o, then |b| € BMO,.

In order to see this we note that if a function b satisfies: for each sphere S
there is a constant bg such that

{ﬁ‘(lﬂk Ib(x) — bslqd,u.}l/q < C,

where C is independent of S then b € BMO, and Hbl[g’,am does not exceed 2C,
if W(X) = o0, or 2C + |fy bdp| if (X ) = 1. This follows from

(sl =msora)” < {2 o - bt}

{55 o les - Ms(b)l"du}vq

)
us)

I
< C+ {fs lbg — b(x)l"%%2 e

<c+ ‘fs(bs“b(x))

Lemma (3.14) now follows from this and the inequality
[6() |=Img (B) | < 1b(x) — mg(®)].
Since the infimum (supremum) of two numbers x and y is
(+y—Ix=yD/2(x +y + [x = ¥))/2)

it follows immediately from (3.14) that BMQ, is a lattice. In particular, the
function

N if b(x) > N,
by(x) = b(x) if =N < b(x) <N,
—~N  ifb(x) < —N,

belongs to BMO, if b does. Recall that IIbllg}m equals ,(b), if w(X) = oo,
or N, (b) + |f bdyl, if w(X) = 1.1t follows from the above considerations that


file:////bfS/fo

632 R. R. COIFMAN AND GUIDO WEISS
3R, (b) if §(X) = o,
lewlfio < I, () + UbNdp if p(X) =

Thus, in either case, we have (from the dominated convergence theorem)

(3.15) b 190 < 4161500

provxded N is large enough.
Let ¢’ be the conjugate index to ¢: (1/¢9°) + (1/g) = 1. We assume 1 <
< o0 and, thus, 1 < ¢’ < . Suppose f = 3 a;a; belongs to H La' where a]
is a (1,¢’)-atom supported in the sphere S; o> la f < wandbisa bounded
function on X. Then, assuming § a;dp. = 0 for all j (which is always true if
wX) = o0).

Ifﬂ)d‘u' <3 oyl fajbdu‘ =3 |ay]

[ a6 = ms@)a
<l flg7an) " (f, 109 - my@rano)

< 2o 4, 100 = myo17ase) < (2 by, 0.

From this we can easily deduce |ffbdy| < || j’||(l )HbllgMO whenever f
€ H'Y and b € . From this last inequality ang (3.15), therefore, we
obtain

(3.16) | owt] < 41510015180

whenever f € HY b € BMO, and N is sufficiently large.

Let L§ ={f€ L" (X): Supporm of f is bounded} and put ® = HY
0 L§ . Then, the linear functional L, mapping f into f fbdp is well defined on
% whenever b € BMO, (since b is locally in LY). By the dominated conver-
gence theorem,

Jim [ fods = [ fodu

for f € . This equality and (3.16) give us ILES 4||f|l1q )”b”BMO for all
f € Dand b € BMO,. But 9D is dense in H14) (a partial sum ¥} a; a; of an
atomic representation f 2 a;a; with 3 || < (1 + &) flh, ¢ can be used to
approximate an f € H' by elements of 6D) Thus, L, has a unique bounded
extension on H which we also denote by L,. In this sense we have

BMO, C (H")*
and the linear functional norm [|L, ||, b € BMO,, satisfies

(3.17) 1Lyl < 41610
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Now suppose L is a bounded linear functional on H L& Let ||IL|| be the
norm of L. If S is a sphere in X let LES)={fe L’ (S) Ssfdu =0} 1t
follows that, if f € L§(S), then

a(x) = FE) ST NS s)

is a (1,4")-atom supported in S. From this we also have [|fl} , < [u(S )Ye
IIflle(s)- Hence, Lfis defined and

|Lf] < LISV 1 s

that is, L is a bounded linear functional on L§ (S). Consequently, using the
Hahn-Banach theorem and the Riesz representation theorem we conclude that
there exists / € L9(S) such that

(3.18) Lf—‘*fﬂdu

for all f € L§'(S).%' The function / is uniquely determined up to a constant;
or, equivalently, if fg fl dp=0forallfeE L§(S) it follows that / is constant.
To see this choose 4 in L7'(S); since h ~ mg(h) € L§ (S) we have

= [g I(h = mg(h))dy = fs h(l = mg(1)) dp.

Since this equality holds for all k € L7'(S) it follows that /(x) = mg(/) for
ae.x € S.

Let {S 12 ;}j=1 be an increasing sequence of spheres converging to X. We obtain
a function /; = / satisfying (3.18) for each S; and, from the above argument,
we see that the condition fs Lidy =0 glves us a function / for which (3.18)
holds for any sphere S. In partlcular, if a is a (1,q’)-atom supported in S we
have

120 > 11a] = | [, tad| = | 1= ms@laci

If fis supported in S and has L7 norm 1 thena = 2“1[M(S)]_]/"(f— mg(f))
is a (1,4’ )-atom. Using this atom in the last expression and using the fact that
[ — mg(/) has mean 0 on S we obtain

| = msOI=2 < 2.

(s )1‘/4

Taking the supremum of the left side over all f supported in S such that
lIfll; = 1 we obtain

G- m(1)1 2L " < 2[|L]l.
(S )

31 In order to apply the Riesz representation theorem we must assume ¢’ < co. This is not a
restriction, however, since, by Theorem A, H'® = HY for 1 < r < 0.
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This shows that / € BMO, with R,(/) < 2||L||. In case w(X) = 1 we also
must have |fy /du| = |Lxy!| < 1. Thus, in general

(3.18) %0 < 3ILI-

The characterization of the dual of H? for p < 1 is simpler to obtain. Using
Theorem A we see that we can restrict our attention to H”!. Leta = 1/p — |
and suppose / € £,. Recall that the elements, A, of H P! are, by definition,
continuous linear functionals in £F . Let us write {4, /) to denote the value of
the linear functional 4 at / € £,. Then the mapping L;: h — <{h,[) is a well-
defined linear functional on HP!. If h = 3 a;a; is an atomic representation
of h in terms of (p, 1)-atoms we then have (see the estimates preceding (2.3))

(@ @ S\
D] = |S o [lad] < 1 S ley) < (S 1ol?) "
We see, therefore, that

(3.19) Lk} < (1) |ae.

Now suppose L is a bounded3? linear functional on H?!. As was the case
when p = 1 we can show the existence of a function /, bounded on each
sphere, such that La = fladu for each (p, 1)-atom a (we use the same
argument as before except that now ¢’ = 1 and ¢ = o). In particular, if fis
supported in a sphere S and ||f||, = 1 then (1/2)[M(S)]l‘l/p(f— mg(f)) = a
is a (p, 1)-atom and, thus,

L > |Lal = | [, 1= ms(@lads| = 27 (WP~ [, 1 = mo(OLia|

Taking the supremum over all such f we obtain

Ixs (! = ms(Nlko < 2/LIu(SH*

It now follows from a straightforward argument that there exists /[, = / a.e.
for which

lo(x) = (V| < 4|ILI (S,

where § is any sphere containing x and y. We then have

(3.20) liplI* < SILI

whether the measure of X is finite or infinite.

This establishes Theorem B. Inequalities (3.17), (3.18), (3.19) and (3.20)
show that the norms of the functions representing the linear functionals are
equivalent to the norms of the linear functionals.

In the argument preceding (3.19) we showed that |[<h, )| < ||lll(°‘) 2 la;l, for

32 That is, there exists ||L]] < oo such that |Lh| < ||L]| |[h|],l,{f . The space H?! is not a normed

linear space, but it is obvious (by the usual arguments) that this notion of boundedness is
equivalent to the continuity of L.
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h € HP!, Inview of this inequality it is not surprising that the space B, C gx
consisting of linear functionals of the form & = ¥ a;a;, where X |o; ! < 0
and a; are (p, 1)- (or (p, c0)-) atoms, has a dual that is also characterlzed by
R, (with the norm |[4|['"”’ taken as the infimum over all sums 3 |a;}, where
h = 3 a;a;, B, is a Banach space). In the classical case X = T, B, can easily
be 1dent1ﬁed with the space of distributions 4 whose Poisson integral u;(z)
= u,(x + iy) satisfies

lall, = [ lu@I (1 = 1) 2 axdy < oo;
jzl<t

moreover, the norm ||Al], is equivalent to the infimum of all sums 3 |a;| arising
from all the representatlons h=3a ;a;. From our point of view these spaces
are not useful since the 1ntermed1ate mterpolatmn spaces between L2 and B,
are not L/’O(T) spaces when ,P0 < 1 (in fact, they are spaces of harmonic
functions in Z2[(1 — |z|)"” 2 dx dy].

Let us now pass to the proof of Theorem D. We use the notation introduced
in §2: in particular, B is a sublinear operator of weak-types (H”,p,) and
(py,p;) where 0 < py < 1 < py < o0, py < py. Let us first suppose 1 < p,
where 1/p = t/p; + (1 - 1)/p, (0 < ¢ < 1). Choose g so that 1 < g < p and
let M, be the maximal function operator introduced just before inequality
(3.7). Let f € (X ) and, for a > 0, \

= {x € X: (M,f)(x) > a}.

As was the case in the proof of Theorem A we obtain a Calderdn-Zygmund
decomposition of f from a Whitney covering of 0* by balls S; satisfying (i), (ii)
and (iii) in (3.2) with C = 2K:

(3.21) f=8+h
where g,(x) = g(x) = f(x) if x & 0%, ga(x) g(x) = 3; mg (n;f)x;(x) when
x € 0% hy = fn; — msj(njf)xj and A, = 2 . We then have

1 Vg
(II(?S'/:S‘ |hj|qd,u) < ca
J £

(see the proof of induction hypothesis (VII) when n = 1; the constant
c= 2k6/ 7 depends only on X). It follows, therefore, that

a; = healu(S)?

is a (p,q)-atom. Thus, 2 = ca Z; [u(S; )]‘/”’a € H” (= H”?) with norm
ll,, ~ llAll,, 4 not exceeding

(3.22) (ca)? ;‘. 1(S;) < M(ca)? u(0%).

Let us first suppose p, < oo. Then, the weak-type hypotheses imply
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P IBfIE = [T ey € Y: BN > o)) da

< [ il y € Y (Be) ()] > o/2))
+ oy € 1 (BRG] > o/2))]da

< fow aP‘l(g-M—zg&—“ﬁyzda +wa aphl(agﬁyl Hrg Iy 4 ot

In order to estimate the second integral we make use of (3.22) and (3.8) in
order to dominate it by

MQeM)? [ aP~' u(0%) da = p~ MQeM)P TSI} < (const)IfIF.

In order to estimate the first integral we write

](‘)oo al’—Pz—2{fX [ga(x)ll’z du(x)} da
= f0°° aP-pz—2{f0ﬂ + e 1g(x)| 72 dp(x)} do.

But, as in the proof of Theorem A, we can show that |g(x)| < ca for all
Xx € X; thus,

J77 a2 [, 1001 ) e < comst) f7 o u(0") e
= (const) 2,717 < (cons) 1}

Moreover,

J7 a2 g 16017 o) e

0
= J," a7 da f(mqf)(x)@ | £ ()| P dux)

= [0 fon o7 dap o)
< S f a7 do ) = o [ 1GNP )

Collecting all these estimates we obtain the desired inequality || Bff|, < (const)
» |Ifll, and it is clear that the constant in this inequality depends on M;, M,
pys Py and ¢, but not on f € IP(X). If p, = oo the situation is simpler since
IBgalle < Myllgslle < cMya  and, consequently, {y € Y: |(Bg,)(y)l

> cM,a} is empty. Thus,
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Jy BTy & Y: (B > BY)dB
< QeMy)? [ a? ' A(: [(Bg) ()] > eMya))
+ vy [(Bh) (V)| > cMya})] dax
= @cMy)” [ 0P (y: (Bhy) ()] > eMyo)de

Now we can use the assumed weak-type (H?,p,) assumption and proceed
with an argument similar to that used above to obtain the I”-boundedness of
B.

The proof of the theorem for the case p < 1 is simpler. It suffices to estimate
|Ball, when a is a (p, co)-atom. When this is the case it is clear that
a=[uS )]1/" 1=VPp (S is a supporting sphere for ), where b is a ( DD )-atom.
Thus |lallga < [W(S )]l'l/”'. Using this estimate and the weak-type hypotheses
we then have, putting 6 = [u(S )NV,

P 1Balf = [ aru((y: (Ba)() > o)) da

4 MA\? 0 M,\ 72
p~1 1 PP -1 222 n-p
<‘f(‘)a (a)o‘ da+j;a (a)o do

= M/(p— p) + M{/(p, — D).

The conclusion of Theorem D now follows easily from this.

The proof of Theorem E, when py < p < 1, is an adaptation to spaces of
homogeneous type of the argument given in [58] which dealt with the classical
H? spaces. When 1 < p < p; one can use an extension of the proof given by
Fefferman and Stein in [29]. We shall not give a detailed proof of Theorem E
(it is written up in [45]); rather, we shall indicate what is needed in order to
extend these arguments to our situation.

Let us first consider the case 1 < p < p;. Here, as in [29], the theorem is
obtained by showing that the adjoint operator B¥ maps I¥ boundedly into L7
In order to achieve this one makes use of the just established duality result for
H' in order to convert boundedness from H' to L into boundedness from 1*
to BMO. By employing a maximal operator that is particularly well adapted
to BMO functions one can then reduce the problem to a classical interpolation
theorem involving only If-spaces. This maximal operator was introduced for
this purpose by Fefferman and Stein [29] when X = R”". Its definition and
basic properties extend naturally to spaces of homogeneous type: Given a
locally integrable function f we let

750 = sup{ =75 [ 1100 = ms(Dlau(r): x € 5}

(as usual, S denotes a ball in X). Clearly f* < 20fand ||f*|l, < Iflzmo- A
basic property of this maximal operator is that, for 1 € p < o0, it dominates
the Hardy-Littlewood maximal operator. When u(X ) = oo, in fact, we have
Lf*l, < 4,llf # |l The precise general statement of this result and its use for
the interpolation result are found in [45].
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When py < p < 1 this interpolation result was obtained independently by
Calderén and Torchinski in the case dealing with R” endowed with the
distance of example (2) of [3].

4. Further observations. We have seen how H! can be used effectively as a
substitute for L. It is natural to suppose that the space BMO plays the same
role vis-a-vis L*. The proof of Theorem E which we have just described
furnishes us an example of this situation. In fact, many results can be obtained
efficiently by making use of BMO. This point is fully exploited in the work of
Fefferman and Stein [29]. We shall see further evidence of this situation after
having made some comments concerning the functional analysis properties of
H'(X) and BMO(X). Before doing this, however, we would like to express,
again, our gratitude to Y. Meyer since many of the observations we shall make
are either due to him or took place when discussing this work with him.

It follows easily from property (3.4) that if X is complete with respect to the
quasi-distance then it is locally compact (this was pointed out to us by R.
Levy). Since this is the situation in all the examples we have given of spaces
of homogeneous type, we shall assume henceforth that X is locally compact
(or complete). It turns out that H'! is one of the few examples of a separable,
nonreflexive Banach space which is a dual space. In fact, let ¥MO33 denote
the closure in the BMO norm of the space Cy(X ) of continuous functions with
compact support. One can then prove the following result:

THEOREM (4.1). H! is the dual of VMO. More precisely, each continuous linear
functional on VMO has the form {f,v) = fy fvdu for all v € Cy, where f
€ H', and | flly is equivalent to the linear functional norm.

This result is a generalization of the theorem of F. and M. Riesz (see
Sarason [52] in this connection). It shows that any Borel measure » satisfying,

forv € Cy(X),
fvdv

must be absolutely continuous with Radon-Nikodym derivative in H'

Theorem (4.1) is a consequence of a general result in functional analysis ana
a lemma that will be proved below. The functional analysis result (see Exercise
41 on p. 439 of [22]) is the following: Let X be a locally convex linear topological
space and T a linear subspace of X* . Then T is X-dense in X* if and only if T is
a total set of functionals on X. The lemma we need is:

< cllvllaro

LemMA (4.2). Suppose |lflln < L, k = 1,2, ..., then there exists f € H'
and a subsequence ( ﬁ(j) such that

s [ = [

forallv € C,.

33 These initials stand for “vanishing mean oscillation”. A space VMO was introduced in the
classical setting by Sarason [52]. It is somewhat different from ours; we adopted a modified
version for which (4.1) holds.
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In our case X = VMO and T = H!. The fact that T is a subspace of X*
follows from the case p = 1 of Theorem B (since X is a subspace of BMO).
In particular, if {f,v) = Oforallf € H' = T then v must be the zero element
of VMO (C BMO). Thus, T is total. By the above stated functional analysis
result, it follows that T'is (weak*) dense in X *. Since the spaces we are dealing
with are separable this is equivalent to the statement: if x* € X™* then we can
find a sequence {f}in T(= H') such that {(f,,v) = {x*,v) for all v
€ X (= VMO). By the Banach-Steinhaus theorem we can conclude that the
sequence of norms ||f ||y is bounded (this requires an elementary, but
somewhat technical, argument showing that the supremum of |f vdu| over all
v E CO with ||vllgs0 < 1 defines a norm that is equivalent to || f|l;; whenever
f € H'. The principal step in this argument involves showing that 61l amo
< c|lbllgpro where b,(x) = [1/(S,(x))] S5, () () du(y)). We can now invoke
Lemma (4.2) to obtam a subsequence { fk} and an f € H' such that

.y g . _
Gy = Jim (g0 = lim [ fvdp = [fodp

forally € C,. From this it follows that the linear functional x* is represented
by f and we obtain Theorem (4.1).

In order to establish (4.2) we will need two lemmas. The first follows from
a simple diagonalization argument:

LemMma (4.3). Suppose }\;‘ >0,j,k=1,2,..., satisfies 2;11 ?\Jk <1 for
eachk = 1,2, ..., then there exists an increasmg sequence of natural numbers,
ky <ky< - oo < k< -ov such thathm,,__,oo}\ = \; for each j and 372, A,
< L

The second lemma is of a geometric nature. For simplicity we consider the
case where the spheres of radius r have measure r (and uw(X) = ). By an
“atom” we shall mean a (1, co)-atom.

LEMMA (4.4). Suppose n is an integer. Then X is the union of balls ST, i = 1,
2, ..., of measure B", where B = B(X) > 1, such that no point belongs to more
than N of these balls (N is independent of n) and each f € H' has the
representation

f=3 3 N,

i=] n=~c0
where a is an atom supported in S and 3, , |N}| < cllfllg.

We shall sketch the proof of this lemma. If B is any sphere and B is the
smallest sphere containing all those balls intersecting B and having the same
radius as B then the ratio u(B)/uw(B) is bounded independently of B. Let 8 be
such a bound. An argument similar to the one used to establish (3.2) shows
that X can be covered with balls B}, Bj, .. B" .. of measure 8" that are
almost disjoint. Moreover, this can be done m such a way that {b”} is a
sequence of mutually disjoint balls and, for each j, b} has the same center as
B! and a radius a fixed multiple (depending only on A and K) of the radius of
B" Let f = X A a;. Without loss of generality we can assume each qy is an
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atom supported by a sphere of measure 8" for some #n (the infimum of 3 ]7\ |
over all such decompositions differs from ||fl|;: by a constant multiple that
depends on B but not on f). We make our choice of the representation of f so
that 3 |A;| < ellflly (¢ independent of f). Let n = 0 and cons1der all atoms

a; whose supportmg spheres have measure 1 and 1ntersect BY. The sum of
terms A, a; involving these atoms is supported in a sphere Sl of measure B and
can be written in the form Al !, where a;; is an atom supported in S}. Now
consider the remammg atoms whose supportmg sphere has measure 1. Collect
those intersecting BY and, similarly, obtain A a} . Continue inductively until all
atoms supported by spheres of measure 1 are exhausted. Now let n = -l and
do the same for atoms whose supportmg spheres have measure 87! and
intersect B;'!. We obtain Aa?, AJad, .. .. Next, consider n = 1, etc. Observe
that, by definition, A7 a] is a sum X A, ak = af over only indrces k such that
a, has a supportmg sphere of measure 8" - meeting B"' Thus, Ha" o
< 3 IAB7" (the sum is over this set of indices). Hence, we let N

= lo}'llo(S") < B X [A¢l. By our construction, these indices occur only
once. Thus, we obtain the last inequality in (4.4). The almost disjointness of
the sequence S, 85, ... follows from the disjointness of the sequence
bf~1, b371, ... and the fact that the balls in each of the two sequences have
the same radius.

We are now ready to prove Lemma (4.2). We write f, = 3, Al (k)a]' (k) as
in Lemma (4.4). We can suppose that the coefficients A} (k) are nonnegative
and, applying Lemma (4.3) we can assume lim;_, o A7 (k) = AJ exists for each
(4, n) and 3X;, N} < 2. For each fixed (i, n) the atoms a}' (k) are supported by
the sphere S for all £ and are uniformly bounded. Thus, there exists a
subsequence of a(1), al'(2), ..., a(k), ... converging weakly to a function
a? (that is

j:g‘,. af (k;)pdp — f . al pdp.

for all ¢ € I! (S")) Applying, again, a diagonalization argument we can
assume al(k) — al as k = oo for all (i, n). We let f = X Alal'. It is clear that
fe H. Itremams to be shown that limy _,, f fivdp = ffvdu forallv € Cj.
We write

fiwan=(_ S_+ T + 3 )ENE® [a@vdn
—-N<ngN n<—N >N/ i

The last sum is dominated by a constant multiple of g~V sy 2 A (k) vl

which is small provided N is large. Also if N is large we have |v(x) — v(x?)|

< efor x € S if x} is the center of S/ and n < ~N. Thus, the second sum

is dominated by

S SN | [ @ k) () — v} dux)| < e

n<~N i

The first sum involves only a finite number of terms, independently of k (here
we use the almost disjointness, for each n, of the spheres S} and the fact that
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the compact support of v can only meet a finite number of these spheres since
their radii range only from 8~V to B"). Thus, the first sum tends to
J B_nenen Zi A al')vdy which, for the above reasons, is close to  fudp if N
is large. This establishes (4.2) and, consequently, Theorem (4.1) is proved.
This theorem shows, in particular, that whenever L (X ) is not a dual space34
H'(X) is a basically different space. Another way to see that H'(X) differs
from L' (X ) is to exhibit an unbounded function in BMO(X ). For a wide class
of spaces of homogeneous type we obtain a collection of such functions by
letting g = log »*, where » is a nonnegative locally finite measure such that

* nS)
r(x) = sup u(S) < oo
for almost every x (with respect to p). In particular, if » is a point mass at x;
then log m(x,xq) € BMO (here m denotes the “measure distance” mentioned
in footnote 20). These functions cannot be bounded unless x has a finite
number of points.

Let us recall, once again, that a most basic result in the theory of H? spaces
is their characterization in terms of maximal averages (in the classical case we
are referring to [2]; for the n-dimensional case see [29]). During the course of
a conversation with Y. Meyer, the three of us observed that a recent proof of
the duality result between H' and BMO, due to L. Carleson [8] can be
extended to the general setting of spaces of homogeneous type provided a
certain geometric assumption is added. From this one can then obtain a
“maximal function” characterization of H!., The result of Carleson, in the
general setting, can be formulated in the following way:

Let {k,(x,»)}, r > 0, be a family of nonnegative valued functions on X X X
satisfying

(1) k,(x,y) = 0if d(x,p) > r

(2) there exists constants ¢ and C such that for all x,y € X

k(x,x) > and k. (x,y) <

¢ c .
w(B,(x)) u(B,(x))’

(3) fy k,(x,»)dp(y) = 1 for all x € X;
(4) there exists an a > 0 such that for all x;, x5,y € X

- C dx, %) 7"
i) = kel < s | T

When X = R such a family is obtained by choosing a nonnegative “bell-
shaped” Lipschitz function ¢ supported by the interval (=1/2,1/2), having
integral 1 and putting k,(x,») = (1/r)¢((x — y)/r). The more general geomet-
ric assumptions needed for constructing such a family can be stated in terms
of the measure distance m as follows: there exists ¢ > 0 such that

34 This is, in fact, the usual situation. The space It of absolutely summable sequences is
exceptional: it is the dual of ¢, the space of sequences convergmg to 0. The proof we have just
given, among other things, shows that H'(X), in general, is similar to /!,
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mx,y) \°
wB, N By) < m }L(Bx U By)

whenever B,(B,) is a ball containing x(y). If this condition is satisfied
Carleson’s duallty proof is based on a characterization of BMO functions:

THEOREM (4.5). Suppose ¢ € BMO has support within a ball B C X then
there exists a constant C = C(X) > 0, a measurable function r(y) > 0 and two
bounded functions b, \ such that

(a) @(x) = J k,(,,(x,)b(») d( y) + ¥(x);

(0) l16lly < Clgpr0 and 91, < Clol puo

(c) the supports of b and y are within B,

The maximal function of f, with respect to the family {k,} is defined by
letting its value at x € X be

I*@) = sup [ k(6 3)f () d )

Making use of (4.5) one can show that an integrable f belongs to H' if and
only 1ff* € L'(Xx).

It is not clear to us to what extent the above geometric condition is
necessary for the validity of this characterization of H'!. Moreover, the original
one-dimensional methods in [10] and their extension to n dimensions by Latter
are applicable in several of the examples of spaces of homogeneous type we
have presented here; they yield a direct atomic decomposition of these
“maximal function” H? spaces, even for some p < 1. It would be of interest
to clarify this situation further.

Before ending this presentation we would like to say a few words about an
important class of Hardy spaces for which an “atomic” theory has not been
developed. These are the H? spaces on the polydiscs, orginally introduced by
Zygmund [64], and their extensions to Reinhardt regions and tubes (see [57]
and [51]). It is reasonable to suppose that, in R”, these spaces are related to an
atomic H'! space generated by atoms whose support lies within rectangles with
sides parallel to the axes and the cancellation properties occur along each axis.
For example, a rectangular (1, oo)-atom on R? is a function supported in the
rectangle R, satisfying |a(x,y)| < 1/]R|, for all (x,y) € R? and

o [>2]
f_w a(x,y)dy = 0 = f_w a(x,y)dx.

These atoms generate a subspace §' of our “cubic” H'(R?). The latter is
characterized by the Riesz transforms. It is easy to see that §! is invariant
under the iterated Hilbert transforms. Carleson and Fefferman showed,
however, that this property does not characterize §'. Nevertheless, it may turn
out to be another useful substitute for L'. A natural question is to see if the
interpolation theorems we have considered in this exposition are valid here. A
positive result along these lines would certainly imply some interesting
multiplier theorems. Another question is to see if there are “natural operators”
characterizing §'.
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