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EXTENSIONS OF MONOTONE OPERATOR
FUNCTIONS

J. D. CHANDLER, JR.!

ABSTRACT. It is shown that a monotone operator function f defined on an
open subset A of the real numbers may be extended to a monotone operator
function on the convex hull of A.

Let f be a bounded real-valued Borel-measurable function defined on a
Borel subset A of the real numbers. Let 4 be a bounded selfadjoint operator

on a separable complex Hilbert space H such that the spectrum o(4) of A4 is
contained in A. Then f(4) is the selfadjoint operator on H defined by

S@owy = [ JOCE@NY),  o.¥ € H,

where E is the resolution of the identity corresponding to 4.

The function fis said to be a monotone operator function on A if f(4) < f(B)
whenever 4 and B are bounded selfadjoint operators on a Hilbert space H
such that o(4) C A, o(B) C A, and 4 < B. If f satisfies this monotonicity
condition for the totality of finite-dimensional complex Hiltert spaces, then f
1s said to be a monotone matrix function on A.

The following characterization of monotone operator functions is essentially
due to Loewner [5]. Loewner proved the theorem for monotone matrix
functions; Bendat and Sherman [1] proved that a function f is monotone
matrix on an open interval (a,b) if and only if f is monotone operator on (a,b).

THEOREM 1. A real-valued function f defined on an open interval (a,b) is a
monotone operator function on (a,b) if and only if f is analytic on (a,b), can be
analytically continued onto the upper half-plane, and represents there a holomor-
phic function with nonnegative imaginary | 1ri.

It will be shown that there is a similar characterization of monotone
operator functions defined on an arbitrary open subset A of the real numbers.

Let f be a monotone operator function on an open subset A of the real
numbers. By Theorem 1, f is continuously differentiable on A; see also [4, p.
73). Associated with f is the kernel K, defined on A X A by

ke =T ek = o

Loewner made extensive use of this kernel in his study of monotone matrix
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functions. The following theorem is essentially due to Loewner [5]; see also [1]
and [4].

THEOREM 2. Let f be a monotone operator function on an open subset A of the
real numbers. Then K is a positive matrix; that is,

n n
jgl k§] K(}\j’Ak)CjEk Z 0

whenever A, ..., A, belong to A and c, ..., c, are complex numbers, for
n=1273....

PrOOF. Let 4 and B be self adjoint operators on an n-dimensional Hilbert
space H, and let A and B have spectral representations

n

n
A4=3 )\jEj B= 3 k.,
j=1 K=1

where A, ..., A, and y, ..., p, belong to A. An easy computation shows that

n n
() f(B) — f(4) = »2. kzl KO\, 1) E;(B — A)F,.
j= =
Let B = A + €P be a one-dimensional perturbation of A4, say P = {:, ¢ ¢ for

some ¢ in H, such that € > 0 and o(4 + €P) C A. Then B has a spectral
representation

B= 3 MOE
k=1

where A\ (€) > A\, as el 0 (k = 1,...,n). Equation (2) shows that, for any ¢
in H,

0 < (YIL/(B) - F(ANN: )
= 3 3, KO0\ PEO%:

take € | 0 to show that

jgl kél K()\I’Ak)<Ek¢’ ¢><¢’ EJ\P> 2 0.

Now choose ¢ = 37| cje; and ¢ = Xj_| ¢, where Eje; = ¢; and |le]|
=1(j =1,...,n), to show that

n n
2 2 K0AG5 2 0

Loewner [5] proved that the converse of Theorem 2 is true if A is an open
interval (a,b). This result, together with Theorem 1, shows that a real-valued

Licensggm%ngﬂﬁtl(xs nd;g&r@m;ahlﬁ sé“ﬁggggmsﬂrgljgﬁﬁgﬁgofm an Open interval (a,b)7

admits an analytic continuation F onto the upper half-plane I1" with
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Im(F) > 0 on IT*, if and only if the kernel K associated with f is a positive
matrix.

This aspect of Loewner’s work was generalized by Rosenblum and Rovnyak
[6, Theorem 8]; the following theorem is an immediate consequence of their
generalization.

THEOREM 3. Let f be a real-valued continuously differentiable function on an
open subset A of the real numbers, and let K be the kernel associated with f, as in
(1). If K is a positive matrix, then there exists a function F such that

(1) F is separately holomorphic on the upper and lower half-planes,

(ii) F has nonnegative imaginary part on the upper half-plane, and

(iti) F may be analytically continued by reflection across A so that

f(x) = F(x +i0) = F(x — i0), x € A

The next theorem is due to Smul’jan [7]; it depends heavily on the work of
Davis [2], [3] on convex operator functions.

THEOREM 4. Let f be a monotone operator function on {a} U (b,c), where

—00 < a < b < ¢ < 0. Then there exists a unique monotone operator function
g defined on (a,c) such that g = f on (b,c) and g(a + 0) > f(a).

Smul’jan proved this theorem for the special case a = 0,5 = 1, and ¢ = 2.
As noted in [7], the general case follows by considering f o h, where 4 is the
unique linear fractional transformation such that A(0) = a, A(1) = b, and
h(2) = c.

Theorems 3 and 4 are now combined to yield a characterization of
monotone operator functions defined on arbitrary open subsets of the real
numbers.

THEOREM 5. Let f be a monotone operator function defined on an open subset
A of the real numbers. Then there exists a monotone operator function h defined
on the convex hull D of A such that f = h on A.

PrOOF. If fis a monotone operator function on A, then f is continuously
differentiable on A. By Theorem 2, the kernel K associated with fis a positive
matrix. By Theorem 3, f admits an analytic continuation F onto the upper
half-plane that satisfies (i)—(iii) of that theorem.

Let a and ¢ be arbitrary points in A with a < ¢. Since A is open, there is a
point b in A such that a << b < ¢ and (b,c) € A. By Theorem 4, there exists
a monotone operator function g on (a,c) such that f = g on (b,c). By Theorem
3, g admits an analytic continuation G onto the upper half-plane that satisfies
(i)—(iii) of that theorem, with A replaced by (a,c).

Let F and G be analytically continued by reflection across A and (a,c),
respectively, as in Theorem 3(iii). But F = fon A, G = gon (a,c),and f = g
on (b,c); since the holomorphic functions F and G coincide on (b,c), they
coincide on the intersection of their domains. Thus F = G on II*, and so F
may be analytically continued across A U (a,c) by reflection. Since a and ¢

Licedd'§ BRIt EATYPRINLS, inAiitifolonwsithatFamay.be analytically continued across
the convex hull D of A by reflection.
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Let H be this extension of F to the complex plane slit along (-0, o0) — D,
and let A be the restriction of H to D. Since H has nonnegative imaginary part
in the upper half-plane and since 4 is real-valued and analytic on D, A is a
monotone operator function on D, by Theorem 1. Since # = fon A, h is the
desired extension of fto D.

The converse of Theorem 5 follows directly from the definition of “mono-
tone operator function”: if g is a monotone operator function on an interval
D and if A is an open subset of D, then g|A is a monotone operator function
on A.

Note that Theorem 3 was essential to the proof of Theorem 5; Loewner’s
original theorem (Theorem 1 above) does not provide the necessary single
analytic continuation of f onto the upper half-plane.

The author is grateful to Professors Marvin Rosenblum and James Rovnyak
for suggesting this problem.
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