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Abstract
We prove extensions of Menchoff’s inequality and the Menchoff-Rademacher theorem
for sequences {f,} C Ly, based on the size of the norms of sums of sub-blocks of the

first n functions.
apT"g
«
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The results are applied to the study of a.e. convergence of series Z
n
is an Lo-contraction, g € Ls, and {a,} is an appropriate sequence.

Given a sequence {fn} C L,(, 1), 1 < p <2, of independent centered random vari-
ables, we study conditions for the existence of a set of x of u-probability 1, such that for
every contraction T on Ly(Y, ) and g € La(7), the random power series > fn(z)T"g
converges m-a.c. The conditions are used to show that for {f,} centered ii.d. with
f1 € Llog"t L, there exists a set of z of full measure such that for every contraction T
on Ly(Y,n) and g € La(m), the random series ) W converges T-a.e.

1 Introduction

Motivated by the problem of almost everywhere convergence of Fourier series, Plancherel
[37] studied the a.e. convergence of orthogonal series (for earlier work see the introduc-
tion of [38]). Rademacher [38] and Menchoff' [31] proved (independently) the following
improvement of Plancherel’s result (which for Fourier series had been observed by Hobson
[22] to be equivalent to a result of Hardy [54, Theorem III.4.4]).

Theorem 1.1. Let (2, u) be a probability space, and let {f,} C La(p) be an orthogonal
sequence. If Y07 || fn|13(logn)? < oo, then the series Y oo, fn converges a.e.

When (Q, ) is a o-finite measure space, let i be a probability equivalent to .
The order preserving isometry between Ly(u) and L,(i1) (e.g., [27, p. 189]) preserves
pointwise convergence, so all statements concerning one L,, space proved for probability
spaces, like Theorem 1.1, are valid also in o-finite measure spaces. We therefore deal in
this paper only with (€2, 1) a probability space.

Menchoff [31, Part III] extended Theorem 1.1 to the following.

Theorem 1.2. Let {f,} be a sequence in La(u), and let {p,} be positive numbers such
that

l

2 ! )
< ) > 0.
H ka2 < Z P for every 1>35>0 (1)
k=j+1 k=j+1

If 5> p2(logn)? < oo, then the series Y oo, fn converges a.e.

IWe use Menchoff’s own spelling of his name in the papers he wrote in French.



A sequence { f,} C Lo(p) satisfying (1), for {p,} with > 77 | p2 < oo, was called quasi
orthogonal in [31, Part III]; this term is defined differently in [24], where an application
of Theorem 1.2 is given.

An important step in the proof of Theorem 1.1 is the following inequality for n
orthogonal functions (see Salem [41] for a different proof):

1<1<n

l n
| e 157 gl | < 2+ omy m? D2 13 )
k=1 k=1

In the proof of Theorem 1.1 in Zygmund [54, §XIII.10] it is also proved that under the

2
theorem’s assumptions we have H SUpP,>1 | Yop—q Sl H < A (log k)| fxll3 -
= ' 2

Khintchine and Kolmogorov [26] proved that if {f,} C L2 is a sequence of centered
independent random variables, then convergence of > ||f,||3 implies a.e. convergence
of > fn. Marcinkiewicz and Zygmund [30] obtained results for series of centered inde-
pendent random variables in Ly, 1 <p < 2.

Remark. Note that for any sequence {f,} C Ly(n), 1 < p < oo, convergence
of >~ ||fnllp implies a.e. absolute convergence of > f, (we may assume that p is a
probability, and obtain convergence of > |[fn||1)-

Tandori [48] (for a detailed proof see also [49]) proved for {f,} orthogonal that if

PR |1 fnll3 1ogn10g+(m) < oo, then ) f, converges a.e., which strictly improves

Theorem 1.1 (see [34] and [49]). This condition is necessary in the following sense [46]:

If {an} is a sequence such that Zzo:l an®n converges a.e. for every orthonormal se-

quence {¢n}, then > 07 |a,|? 1ognlog+(#) < 0. If {|an|} is non-increasing, then

> lan|*(logn)? < oo [47]. For additional information see [35]. Weber [51] extended

Theorem 1.2 by the method of majorizing measures, replacing > p2(logn)? < co by
1

D pi(logn)lf‘s(lo&(%)) o < oo for some 0 < 6§ < 1.

In [31, Theorem 12] Menchoff proved that for {f,} orthogonal, convergence of the
series Y7 | || fn]|$ for some a < 2 implies a.e convergence of > f,. The inequality
- lles < I+ 1le, for 1 < a < 2 allows to deduce this result from the following Billinglsey-
Stechkin theorem (see [6, p. 102, problem 6]; a proof for p > 2, based upon ideas of
Stechkin, is given in Gaposhkin [15, Theorem 1.3.5]; Weber [53] has recently proved the
theorem by the metric entropy method).

Theorem 1.3. Let {f,}>2, C Ly(p) with 1 < p < co. Let {my}32, be a sequence of
non-negative numbers, such that for some q > 1 we have

l l
p
| S al <X mor for 1>,
k=j+1 7

k=j+1
If Y200 my < oo, then Y. | fn converges a.e.

Remarks. 1. For ¢ = 1 Theorem 1.3 is no longer true (e.g., Menchoft’s example [31,
Theorem 3]).

P
2. From [32, Theorem 1] we obtain H SUP,>1 | D opey fk|H < Cpg(Oo0 my).
= P

2 Extensions of the Menchoff-Rademacher theorem

In this section we use strong maximal inequalities of Méricz [32] to obtain extensions of
of Theorem 1.1 for sequences in L, and discuss their connection with previously known
results.



Definition 2.1. A triangular sequence of real numbers {d(j,1) : 0 < j <1 <n}, is said
to be super additive if

d(j, k) +d(k,1) <d(j,l) forany 0<j<k<i<n. (3)

Remark. If {d(j,1)} is a non-negative super additive sequence and ¢ > 1, then
{(d(4,1))?: 0 < j <1< n}, denoted by d?, is also super additive, since a?+ (7 < (a+3)1?
for every a, 3 > 0 (in fact || - [[e, <[ |]e,)-

Example 2.1. Let {m}72, be a sequence of non-negative numbers, and let ¢ > 1. For
any n and 0 < j <[ < n, define d(j,1) = Zﬁc:j-{—l my,, which is obviously super additive.

By the previous remark, {(Eﬁc: j+1 M)} is a super additive sequence.

Remark. [29] Let d(j,1) be a non-negative super additive sequence defined for every
I > j > 0. Then by (3) d(0,n) is non-decreasing, and the sequence {m,} defined by
my = d(0,1) and my, = d(0,n) — d(0,n — 1) for n > 1 satisfies, by (3),

l
k=j+1

Definition. Let {d(j,1) : 0 < j <l < n} be a non-negative super additive sequence,
and for {fi: 1<k <n} C Ly(n) put

!
AD —infd A H Z kapgA-d(j,l) forevery 0 <j<l<n, . (5)
, p
k=j+1

Clearly Aﬁ{? < Aﬁ{” for n; < n. Note that when Aﬁf’) < 00, we must have Zﬁc:jﬂ fe=0
whenever d(j,1) = 0, so

L p
A%d):max{w: d(4,1) #0, O<j<l<n}.
Js

If d(j,1) > 0 for 0 < j <l <mn, then AW s finite, by the above formula.

The following lemma (and proposition) can be deduced from Theorem 3 of Mdricz
[32], which was proved by the method of [42] (see [33, Theorem 3.1] for a more general
form). For the sake of completeness we include a different proof, based on the proof
of Menchoff’s inequality as given in Doob [12, Ch. IV, Lemma 4.1, p. 156] (see also
Zygmund [54, Ch. XIII, §10]).

Lemma 2.1. Let {fi}7_; C Lp(p), 1 <p < oo. Let {d(j,1): 0 < j <l <n} be a super
additive sequence of non-negative numbers with Ag{l) < 0. Then

I
P
H max |ka|Hp < AD(2 4 log, n)Pd(0,n).
k=1

1<i<n

Proof. Let 0 < r be an integer with 2" < n < 2rtl Put gy = fr if 1 < k < mn; for
n <k <27 put g = 0. Also, put d(j,1) = d(j,1) if 0 < j <1 < n; put d(j,1) =0 if
I >j>mn;for j <n<lputd(jl) =d(n). Clearly {d(j,l):0<j<l<2T}isa
super additive sequence.

By the definitions of {gx} and d, for any 0 < j <1 < 2! we have

l
| > ol < adi.n (+)
k=j+1 7



with the same AS{” as above.

For any 0 < i <7+ 1and 1 < m < 2717 define S,,,; = Z?jém—l)2i+l gk and
S = 1<mH<1§l§+lii|Sm7i|. Clearly, |S¥|P < Zi;:lﬂ |Sim,i|P. Integration, (*), and super
additivity of d yield

grt1—i ort1—i
IS7IE < D 11Smalls < >0 AP d((m — 1)2',m2%) < AWPd(0,27%) = A{Dd(0, n).
m=1 m=1

Using the binary expansion of j, the sum Eizl gr. can be represented as a sum of
disjoint blocks of different sizes S, ; for suitable m’s and i’s. By this we have that

max |ng|§ ST

1< j<or+t
=/= k=1

Hence

7 r41
= || max 1> gl <SSt < ¢+ 2)14Pa0, m)F
k=1 P iso

1<j<ar+!

J
H 1Iélj'a§Xn| Z fk|
k=1

and the result follows. O

p

Remarks. 1. For p = 2 and {fx}}_, orthogonal, Menchoff’s inequality (2) follows

. ; 1
by taking d(j, 1) =35 _; 44 |1 F3113-
2. For p =1 we easily conclude

l n n
| max 1S All], < DMl < D7 Ak = 1.k) < ALd(0,m).
k=1 k=1 k=1

1<i<n

3. Billingsley [6, p. 102, problem 5] outlines a proof of the lemma for the special case
of AS{” =1 for d(j,1) as in Example 2.1. In any case, defining d'(i,j) = Ag{i)d(i,j) we
obtain AS{” =1, so for fized n the assumption AS{” =1 is not a restriction.

4. The use of sequences satisfying (3) in the context of Menchoff’s inequality is
implicit in [42], and explicit in [44]. More general sequences were used in [33].

5. Also other authors, like Hannan [21, Lemmal, Gaposhkin [16],[17, Theorem 3], and
Houdré [23, e.g., Theorem 3.1], considered various extensions of Menchoft’s inequality,
or new applications of it, all beyond the scope of orthogonal functions.

6. An inspection of the proof of the lemma shows that the result is true for an
arbitrary Banach lattice of functions.

Proposition 2.2. Let {fx}}_; C Ly(p) with 1 < p < oo. Let {d(j,1) : 0 < j <l <n}
be a super additive sequence of non-negative numbers with Aﬁf) finite. Then for any
0 < ny; <n, we have

!
P
max | Z fk|H < AD(2 4+ log,(n — ny))Pd(ng,n).
P

ni<l<n
PR k=ni+1

Proof. For ny = 0 this is Lemma 2.1, so we assume n; > 0. Put gx = fryn, for any
1<k <mn—n,and put d(j,1) = d(j +ni1,l +nq1) for any 0 < j <1 < n —ny; clearly d
is a super additive sequence on {0 < j <l <n—mn;}.

For 0 < j <l <n—mn; we have

l I+nq
IS alz=1 > fullp < AP +na, L+ n) = AP D),
k=j+1 k=j+1+ny



defined by (5) for d and {gr}, satisfies A(d) Agld) < 0.

n—mi

which yields that An L
Using Lemma 2.1 we obtain

J P J P
SRR [ o7 |2
| S |p 1§j§nfn1|k:1 |p

n1<j<n

A(d (2 +logy(n — nl))poz(O, n—mnyp) < A;d)(2 + logy(n — nq))Pd(n1,n).

n—mi

O

Remark. A tighter inequality than that formulated in the proposition, which de-

pends only on n — ny, is given in the last line of the proof, using Agldznl instead of Aﬁ{”.

Proposition 2.3. Let {fi}7_; C Ly(n), 1 <p < 00, and let {d(j,1) : 0 < j <l<n} be
a super additive sequence of non-negative numbers, such that AS{I” < 0o for some g > 1.
Then for any 0 < ny < n we have

l
p
< (d?) g9
max | Zﬂmepcp,qAn d(n1,n), (6)

where Cpq = (1 —20=0/P)77

Proof. We extend d to all pairs | > j, by putting d(j,l) = d(j,n) for I > n > j and
d(4,1) =0 for j > n. It is easy to check that d(j,1) is super additive for all [ > j > 0.

For k > n define fr = 0, and let di,1) = (A(d ))1/qd(j,l). It is easy to check that

I Zk:j-}-l Tellh < (d 1(,1)) for I > j > 0. We can now apply Theorem 1 of Mdricz
[32]. O

Remark. A different value for C), , was obtained by Longnecker and Serfling [29].

Notation. Unless otherwise specified, all logarithms in the sequel are to the base 2.

Theorem 2.4. Let {fp}22, C L,(u) with 1 < p < oco. Let {d(4,1), Il > j > 0} be a
non-negative super additive sequence. and let 1 < q¢ < oco. Put m1 = d(0,1), m, =

d(0,n)—d(0,n—1) forn > 1, and define A g5 in (5). If > 1( )1/’1(1ogn)p/qmn
converges, then Y -, fn converges a.e. and in Ly,-norm. Furthermore

> a/p
sgp|ka| |, <2[Ally + 122l + 5 “”(Z (b atogny/m, )] (1)
Proof. By the remark following Example 2.1, (4) yields d(j,1) := EZ _jp1 e > d(4,10)

for any [ > j > 0. Hence A(d ) < A(d ) for every n, so it is enough to prove the theorem
for d, i.e., we may assume d(j,1) = Zk i1 Mk

(a) Using the following facts: (i) the definitions of d? and Ag{iq); (ii) A;dq) non
decreasing, so for k > 2V + 1, we have Agf,ﬁl < Agli ), (iii) [| - [le, < |- le,, we obtain

gu+l gutl

S [0 X afwsSral (¥ m) s

k=2v+41 k=2v+41

21;+1 o) 20+1

i ( (A(d ))1/q(1ogk p/qu) (Z Z 1/q (log k)p/qu)q -

v=1 k=2v+1 v=1 k=2v+1



( i(Agqu))l/q(log n)p/qmn)q < 0.
n=1

v41 p
Hence (by Beppo Levi) the integrand Y -, vp‘ Zi 2u 41 fk‘ converges a.e.

(b) For any naturals » and m we obtain, using Holder’s inequality,

gm+r , mtr—1 2vtl mar—1 gut1l
S A Y S Al X al) s
k=2m+41 v=m k=2v+1 v=m k=2v41
vt1 _
m—+r—1 ) 2 m—+r—1 1 p—1 _
272 > )
( } fk’ )( pp/(p—1) =
k=2v+1 v=m
gut1

(5 i) (S0 5 )

v=1  k=2v+1
The first factor in the last line converges to zero (as m — o) as the tail of a convergent

series (since 1 < p < o00), while the last factor converges a.e. by (a), so {Eizl fe}isa
Cauchy sequence a.e., and hence converges a.e. By taking integrals of the above inequal-
ity, and considering the convergence proved in (a), {Zizl fx} is a Cauchy sequence in
Ly-norm, and hence converges in norm.

(c) Using Proposition 2.2, and the inequality || - ||, <[] - [|¢,, we have

o0 277L+1
q

S [ | X afas S m)'<

m=1 = k=2m41 k=2m41
S gm+1 0o omtl

q

Z( Z (Agf))l/q(logk)p/qu) (Z Z (d ))1/(](1ng)p/qu) _
m=1 k=2m+1 m=1k=2m +1

(i A(d ))1/a (logn)P/9m,, ) < 00.

The above inequality clearly yields that =~ max +1| > hom 41 fk| — 0asm — oo, almost
2m <n§27n v

evrywhere and in L,-norm.
Now, (b) and (c) imply that > 7, f, converges a.e. to g := lim Zi:l fn, since for
m—0Q0

2M < < 2™ we have

|ka— |<|ka— s fk|<|ka—g|+2m<r§Ll§>2<m+ll S Al

k=2m41 - k=2m41

By considering the norm convergence proved in (a) and (b), the L,-norm convergence
follows by taking the L,-norm in the above inequality.
Proof that the mazimal function is in L,: The inequality in (b) with m =1 yields

r+1 1)+1

sup’ka’ S(iﬁ) (va Z fk’ )

r>1 =1 =1  k=2v41

Integration of the above inequality and application of (a) yield

r+1

sup’ka‘H < pP~ 1<§: A(d) 1/q logn)p/qm )q (*)
n=1

r>1



The inequality in (c) yields

n P (o) n P
3 < dp <
[s , max |3 < [0, max | > Aflns
2 k=2m 41 m=1 k=2m 41
o q
(DAl a0ogny/mm, )" < 0o ()

n=1

Since

n=

n n
sup [ Y fil < il + 1fol +sup | Y fil |
=1 =y

combining (*) and (**) with

n
[sup 1> All| < Al + 152l + || sup 1 S il + || sup | max
n>3 ] P m>2 5 p m>12"<n<2m

5 sl

|
k=2m+1

we obtain inequality (7) for the maximal function.
o

Remarks. 1. The proof of the a.e. convergence is based on the proof of the
Menchoff-Rademacher theorem as given in Alexits [1, p. 80].

2. Let p = 2 and {f,}°2, orthogonal in Ls. By taking ¢ = 1 and d(j,1) =
Zé@:jJrl | fxl|3 in the above theorem, we simply get the Menchoff-Rademacher theorem.

3. Zygmund’s proof of the Menchoff-Rademacher theorem [54, Theorem XII1.10.21] is
different from Alexits’s, and gives also the square-integrability of the maximal function.
Our proof that the maximal function is in L, is different from Zygmund’s (which uses
the Riesz-Fischer theorem).

4. Clearly [|fn|lp < Agldq)m% for every n. For p = 1 this yields Y ||fnll1 <

>om Agfj)m%. The condition of the theorem for p = 1 implies Zn(Agf))l/qmn < 00,
which yields Agiq)m% < oo. Hence )" ||fnll1 < 00,80 >, |fn] < o0 a.e.

In the Menchoff-Rademacher theorem ¢ = 1, and AE{W) =1 for every n. When ¢ > 1
much more can be said, by using Proposition 2.3.

Theorem 2.5. Let {f,}32; C Lp(p) with 1 < p < oo. Let {d(4,1) : 1 > 35 > 0} be

a non-negative super additive sequence, and assume that {qu,dq)} is bounded for some
1 < g <oo. If {d(0,n)} is bounded (i.e., converges), then Y | fn converges a.e and in
L,-norm. Furthermore,

n— oo

n p
[ sup 137 Al < Cpgsup AL timn d(0.m).
n k‘:l n

Proof. Let A = sup,, A putm, = d(0,n)—d(0,n—1). Since d(n1,n) < Y p_, 4 my
by (4), letting n — oo in (6) yields

l

HSUp| Z f’“'HZSACp,rI( i mg)? — 0.

ni1—oo
I>nq k=ni1+1 k=n1+1 !
This shows all the assertions. O

Remark. Theorem 1.3 is the case where d(j,1) = ZZZJH my, for 1> j > 0.

Notation. For a non-negative function g(u) and « real we denote [g(u)]* by g (u).

We will show that when ¢ > 1 Theorem 2.4 can be improved, even without bound-
q
edness of {Aﬁf’ )}, by assuming convergence of a smaller numerical series.



Theorem 2.6. Let {f,}22, C L,y(u) with 1 < p < oo. Let {d(j,1), | > j > 0} be a non-
negative super additive sequence, and let 1 < g < oco. Put m; =d(0,1), m, =d(0,n) —
d(0,n—1) forn > 1, and define A as in (5). Letp(u) be a positive increasing function

such that 377 W—l)(n)

>y fn converges a.e. and in Ly-norm. Furthermore, sup,>,|>.,_; fr| € Ly, and if
¥(0) > 1 there exist C > 0 such that

converges. If Zzo:l(A;iq))l/qlbp/q(log n)my, converges, then

b“p'sz' |, <2[ills +11felly + 0 “”(Z (AL uwp/qaogn)mn)q/p} (8)

Proof. The proof proceeds along the same lines as that of Theorem 2.4, Here we use
Proposition 2.3 instead of Proposition 2.2. As in Theorem 2.4, it is enough to prove the
theorem when d(j,1) = ZL:jH mg.

(a) Using the monotonicity of ¢, we obtain

21)+1 21)+1

5 forol 3 afueFoonen (5 m
o7 k=20+1
oo gutl o 27
Z( Z Nayp/a(log k)mk> < (Z (AN ayp/a(1og k)mk>q -
o e v=1 k=27

2v 41
(i A(d ) 1/q1/)"/q(logn)mn) < 00.

P
Hence (by Beppo Levi) the integrand > oo, wp(v)’ Zi +21,,+1 fk’ converges a.e.

(b) For any naturals » and m we obtain, using Hélder’s inequality,

gmtr » m+r—1 2vt! m+r—1 gvtt
‘k—;Jrlfk‘ :‘ 1)2; k%’:Jrlfk‘ S( vz;n v ‘k%’:+1fk‘¢ ) -
mtr—1 , ovtl ML 1 p—1
(X v (”)‘k_;lfk‘ (X Foe) <
[eS) gutt
(ZW) (Zd’p ’ Z i)
=2v+41

Using (a) and (b) we conclude that {Z w—1 fr} is a Cauchy sequence a.e. and in L,-norm,
hence converges a.e. and in norm.

(¢) Using Proposition 2.3, we have

2m,+1

> q
S [ | 3 afwsc, S AN (Y )<
m=1 k=2m41 k=2m+41
o gmt1 gmt1
q q
S (X ) <03 T ) -
m=1  k=2m41 m=1k=2m41
(Z ALY ap, ) < CW(Z AL 1/qu/q(logn)mn) < o0,
The above inequality yields that max Y7 _om 41 fkl — 0 as m — oo, almost

2m <n§27n+1
everywhere and in Ly,-norm.



Now, (b) and (c) imply that > ° | f,, converges a.e. and in L,-norm.
Proof that the mazimal function is in L,: The inequality in (b) with m = 1 yields

o

2r+1 21;+1

b“p\sz\ S(im) (ZW | X

rz1 k=2v+1

Integration of the above inequality and application of (a) yield

r+1 oo

sup ka] K’”(Z (AL agrlatlognym,)” ()

r>1

By assumption ¥ (n) — oo, so ¢(z) > 1 for £ > N. The inequality in (c) yields

n p
3 <
| sup , max Z Al / Zm > hf <
2 =2m 41 k=2m41
s q e q
Cra Do (AS) 1m0 )" < Cpg (3o (AS )50 2(tog m)mn ) + B < oo, ()
n=1 n=1

Where B is 0 if ¢(0) > 1, and is otherwise a finite sum without ¢ (logn) of the terms
having ¢ (logn) < 1. When ¢(0) > 1 we use (*) and (**), and obtain (8) for the maximal
function with C = K®=Y/9 4 (C, ,)*/9. O

Corollary 2.7. Let {f,}52; C Ly(u) with 1 < p < oo. Let {my}52, be a sequence of
non-negative numbers, and put d(j, ) Zi 1 Mk for0<j<l. Fixl<q<oo, and

define A asin (5). If > 02 2( )1/’1(logn)(p D/4(loglogn)®P=D/ttem,  converges
for some € >0, then > 7| fn converges a.e. and in Ly-norm. Furthermore,

n
[ETIDIFAR =
n>1 h—1 p

> a/p
2[[1A1llp + 1 fallp + € (D (A5 4(10g m) =174 (1og log ) =/, )

n=2

for some C > 0.

When g > p, Theorem 2.4 (and Corollary 2.7) can be improved as follows.

Theorem 2.8. Assume that in Theorem 2.4 ¢ > p > 1. If Y7, (A;dq))l/qmn < 00,
then Y " | fn converges a.e. and in Ly-norm, with sup,>, | > ;_; fx| € Ly.

Proof. As in the proof of Theorem 2.6, we may assume d(j,l) = Zi::j—i—l my. For
brevity denote Al by An. By definition, [|f,|[5 < A,m{. By induction on I we

prove | 35y fill2 < (X4 i A Tmy)? for 0 < j < I, using a9/ + F9/7 < (a+B)V/7,
as follows.

— l /g, 9P 1/q a/p < /g \4/P
H Z ka S ( Z Ak mk) —|— (AlJrlmH_l) S ( Z Ak mk) .
k=j+1 ¥ k=j+1 k=j+1

Hence the assertions of the theorem follow from Theorem 2.5; see also Theorem 1.3. [



Theorem 2.9. Let {f,}>2, C Ly(p) with 1 < p < co. Let {my,}32, be a sequence of
non-negative numbers, and let 1 < q < co. Assume that for anyn > 0 there is a constant
A, < oo such that

| o

k=j+1

1
< Ap( ka)q for 0<j<l<n. 9)
k—j+1
Then Y 0", fn converges a.e. and in Ly-norm, with sup, ;| > ;_y fl € Ly(p), if one
of the following sets of conditions holds:
(i) g=1 and > .7, Asp(logn)Pm,, < co.
(ii) ¢ > 1, {An} is bounded, and > 7, m, < o0o.
(iti) p>q>1and Y ", A 1/q(10gn)(p D/4(loglogn)P=D/item,, < co.
(iv)g>p>1and >~ A A", < 0.

Proof. The previous results apply to d(j,1) = Zi::j-}-l my, since A;dq) < A,. O

Proposition 2.10. Let {a,} be a sequence of complex numbers, and let 1 < p < oo and
1<t<oo. Let {fu} C Ly(u) such that for some constant C > 0 we have

l 1/t
H Z akka < C( |ak|t) for every 1>j5>0 (10)
k=j+1 =j+1
If either
(i) p<tand Y . lan|P(logn)? < oo,
or

(i) p>tand Yoo lan|t < oo,
then Y " anfn converges a.e. Furthermore, sup, s, | Y., _y axfr| is in Ly(p).

Proof. (i) Since t/p > 1, condition (10) and the inequality || - [|¢,,, < || - [le, yield

H > hil, < > )" < cr Sl

k=j+1 k=j+1 k=j+1

so condition (9) is satisfied by the sequence {ay, fi }, with my = |ax|P, ¢ = 1, and A,, = CP.
Now Theorem 2.9(i) applies when > 7, |a, [P (logn)?P < cc.

p p/t
(ii) Condition (10) yields HZZZJH akkap = (Ziﬂzﬂl |Cak|t) for every [ >
j > 0, and since p > ¢ we obtain the a.e. convergence of ), ayfr from Theorem 1.3.
Proposition 2.3 yields

H Jax. |Zakfk|H p/t( |Cak| )

Letting 7 — oo we obtain that sup,,>; [ > p_; arfx| is in Ly(p). O

Remarks. 1. When p < t, convergence of »  |a,|P(logn)? implies convergence of
>, lanlt. When p > ¢, convergence of Y, |a,|" implies that of }°  |an[?.

2. Theorem 1.2 follows by applying Proposition 2.10(i) to {pikfk}, with p =¢ =2
and ar = pi, since (10) follows from (1).

In the sequel we will denote the unit circle by I', and the normalized Haar (Lebesgue)
measure by dA.

10



Proposition 2.11. Let {a,} be a sequence of complex numbers, and let 1 < p < oo and
q > 2 with dual index ¢ = q/(q —1). Let {fn} C Ly(u) such that for some constant
C > 0 we have

l !
| 3w, <cf 32w
k=j+1 r k=j+1

Then: (i) (10) holds with t = ¢'. (ii) when ¢’ < p, for every 1 > j > 0 we have

| zl: akkang( zl: |ak|q/)1/q <c-j) Z |ak|p) CTS
k=j+1 k=j+1

k=j+1

l>7>0. 11
B TR E (1)

Proof. Note that (11) implies || f,||, < C when a,, # 0. For ¢ = co we have ¢’ = 1, and
we combine (11) with

Hk_z;;i_lak)\ H L)) = Z lak| < (1 —j) ( Z |ak|p) 1/p

k_ 41

(i) Assume 2 < g < co. Then 1 < ¢’ < 2, so by the Hausdorff-Young theorem we obtain

(135 ) = (3 )"
=]

k=j+1

(ii) When 1 < ¢’ < p, the inequality || - [|; <] - ||, in probability spaces yields

(i )" = o P (2 oy )" < - P (== Y )"

k=j+1 J 5 J s
Using (11) the result follows. O

Remarks. 1. When sup,, ||fr|lp < oo and all a,, are non-negative, (11) holds with
q = oo.

2. By Proposition 2.11, (11) implies (10) with ¢ = ¢/, so Proposition 2.10 can be
applied.

3. Recall the following definition (see [23] and the references therein): Let 1 <
p, ¢ < 0o. A sequence of random variables {f,} is said to be (p,q)-bounded, if there
is a universal constant C' > 0 such that for any finite sequence of complex numbers
ajt1,-..,a;, 0<j <l (11) holds.

In Proposition 2.11 we assume that we are given only one sequence of complex num-
bers {a,} such that the pair ({ay}, {fn}) satisfies (11) for some ¢ > 2 and obtain (10)
with t = ¢'.

4. Houdré [23, Theorem 3.1] proved that if (11) holds for ¢ > p = 2 and

oo

Y lanl? el (log(1 + |n])* < oo (13)

n=—oo

then > anf, converges a.e. (the proof in [23] does not need for {f,} to be (2,q)-
bounded). When ¢ = 2 this convergence follows from Proposition 2.10(i), and when
q > 2 we can use Proposition 2.10(ii) with ¢ = ¢/, since Holder’s inequality in £/, yields

,na—2)/(2¢-2) q
Z|an|q _Z|an| r (1 (1+n)) 7 <
n(a-2)/(2a-2)(1og(1 + n))4

'/ i (2-4d")/
(Z|a [>nla=2/4(1og(1 + n)) )q Q(Z log1+n R q)) o 2<oo.

n=1

11



Note that convergence of Y > |an|q' does not imply (13). Specifically, for ¢ > 2 define
a, = n=(4=2)/24 for n = 2% and a, = 27" otherwise. We then have

Z|a 1>nla=2/4(1og n)? Z lan)?nt=2)/1(log n)? Zk2—oo

n=1 nE{Q"}

On the other hand, it is easy to check that 3°°°  |a,|? < oc.

5. For a (p,q )bounded sequence {fn}nez with p < 2 < ¢, a.e. convergence of
Z,;“;foo ar fr, is proved in [23] for any {a,} satisfying (13). The (p, ¢)-boundedness is
used there to obtain that {f,} is a projection of a (2, ¢)-bounded sequence.

We deal here only with one pair ({a,}, {fn}) that satisfies (11), rather than (p, q)-
boundedness of { f,}; for ¢" < p, condition (13) implies the a.e. convergence of > a, fn
by Proposition 2.10(ii) (see the previous remark). For p < ¢’ < 2, we obtain the con-
vergence from Y| |a,[P(logn)P < oo, by Proposition 2.10(i). This last condition does
not imply (13); for the sequence defined in remark 5 above,

Z|an|p (logn)? ZW—FZQ P(logn)? < oco.
n=1

k=1

6. Let {fn} C Lp(n), 1 < p < oo, satisfy sup,, ||fnllp < oo, and let {a,} satisfy
>0 lan|PnP~t(logn)P < co. Then ), |a,| < oo, since putting p’ = =I5 and using

Holder’s inequality we have

N N N N

1 p=1 1 7 1
Z'an|zzp;17|an|n v logn < {Zw} [Z|an|pn” (logn)?

n=2 n=27 P 1Ogn n=2 n=2

S

Hence >~ |an fn| converges a.e. For p = 2 this convergence was proved (using deeper
results) by Houdré [23, Remark 3.4(iv)].

7. Let p > 1, define a,, = oz ) (g log My @077 > and put f, = 1. Clearly, the
series Y7 a,f, everywhere diverges, but since p > 1, for any “rate” 0 < b, <
CnP~1(logn)P~! we have

oo

1 & > 1
~ npbn < np p_l 1 p_l = < .
C;M b, < 2::|a [Pn?~" (log n) ;n(logn)(loglogn)(Wfl)/? 00

Thus the power of n in the condition of the previous remark is optimal, and the logarithm
should be with power greater than p — 1.

Theorem 2.12. Let {f,}72, C L,y(p) with1 <p < oo. Let {d(j,1): 0<j <l < oo} be
a super additive sequence of non-negative numbers, and define Ag{l) as in (5).

(i) If p(n) is a sequence decreasing to zero with 0 < p(n) < Cp(2n), such that

0 4l p p
3 An”¢P(n)(logn)Pd(0,n) < 0o,

n
n=1

then ¢(n ka — 0 a.e. and in Ly-norm. Furthermore, sup lp(n ka| € Ly
k=1

(i) If in addition Y .~ [p(n) — o(n + 1)] (Agf)d((),n)); < o0, then ng(n)f
n=1

converges a.e. and in Ly-norm. Furthermore, sup|Z<p Vil € Lp(p).
n>0
k=1

12



Proof. We may and do assume that p is a probability measure. Denote S, = >"7_, fx.
By the definition of AP we have |[Sam [[B < A;(Qd(O, 2m).
By Proposition 2.2

Since d is a non-negative super additive sequence we have d(2™,2™*1) < d(0,2™*!) and
d(0,2™) < d(0,2™*1). By using this and the monotonicity of Ag{i), we have

Z fk|H <32 A, mrd(2m, 2m ),

2m<n, <2m+1
=2m 41

pol [FESRS [ p ol e
=1 =2m41

2.3°PCP Z AD  mPer (2 d(0, 2 ).
m=1
The convergence of the right hand side above will imply the convergence to zero of
{e(n)>>4_; fe}n, ae. and in Ly-norm. Indeed, by monotonicity of AS{”, »(n), and
d(0,n), term by term estimation and the inequality ¢(n) < Cp(2n) yield

Z AL gr () (log n)Pd(0,m)
n=2m+1 n B
A(d) P 2m+1 1
gm . A @ @I i gmy 5 L 4@ p(amym — 1)pd(0,27)

2m+l1 — 207
By summing on m, and considering the assumption of the theorem, the convergence of
the right hand side of (*) follows, which implies convergence to zero (a.e. and in L,-
norm) of {p(2™) Zi:l Sitm and {p(2™) maxgm <p<om+1 | Y p_gmy fkl}m- The claimed
convergence to zero (a.e. and in norm) of {¢(n) > ;_, fi} is now deduced as in Theo-
rem 2.4.

Because the series in (*) converges, we can integrate the inequalities

sup |p(2") 82" < Z |o(2™)Sam P,

m=1
and
o0
o e <3 e K
rbnu>pl [QD( )2”L<n<27”+1 Z fk - Z <,0( 2m<n<2m+1 Z fk
- k=2m41 m=1 k=2m41

This implies the integrability of the maximal function.
Using Abel’s summation by parts,

n

> (k) fi = @(n)Sn + Z o(k +1)]Sk. (%)

The first term on the right converges to zero, a.e. and in L,-norm, as shown above.
Since p is a probability, the assumption yields

> lelk) = ek + ]ISkl < (x5 %)

k=1

S 1ot s+ DSkl < Dl ol + 1] (a0, 94) < o0

k=1 k=1

13



converges, absolutely a.e. by the convergence of

Hence the series on the right of (
the left term of (***), and in L,-norm by the convergence of the middle term of (
Hence {>";_; ¢(k)fr} converges a.e. and in Ly-norm.

For the maximal function we have

**)

SHP|ZSD )il < suplip(n S|+Z o(k + 1)]|Sk|.

The first term is in L, as shown before. The second term is in L, by (***). O

Remarks. 1. Let j be the first integer with f; # 0, so A;d) > 0. By definition, AlD
and d(0,n) are non-decreasing, so we have

i (n)(log n)PA< d(0, 1) . Z A" (n) (log n)Pd(0,n)

g n
n=j n=j

Hence for the convergence of the majorizing series, {¢(n)} must decrease to zero faster
than {W} On the other hand, the condition 0 < ¢(n) < Cp(2n) does not allow
¢ to decrease to zero too fast: ¢(n) > ¢(1)/n'82C.

2. In contrast with Theorem 2.4, Theorem 2.12 gives conditions for a specific rate
of convergence. It can happen that for given {f,} and d, the series >, f, does not
converge (so the condition of Theorem 2.4 does not hold); in that case Theorem 2.12
allows to evaluate the rate of growth of the partial sums.

3. In order to obtain the a.e. convergence of Y, ¢(n)f, from Theorem 2.4, one
must be able to compute (or estimate) the corresponding AS{”

The proof of the following theorem proceeds along the same lines as that of Theo-
rem 2.12. Here we use Proposition 2.3 instead of Proposition 2.2.

Theorem 2.13. Let {f,}52; C Ly(p) with 1 < p < oco. Let {d(j,1) : 0 < j <l < o0}
be a super additive sequence of non-negative numbers, and let ¢ > 1. Define Agfq) as in

(5).

(i) If p(n) is a sequence decreasing to zero with 0 < p(n) < Cp(2n), such that

20 AL P (n)d4(0,n)
n

< 00,

n=1

then o(n ka — 0 a.e. and in Ly-norm. Furthermore, sup lp(n ka| € Ly(

k=1
1

(ii) If in addition Y .~ [p(n) — p(n + 1)] (A;d”dQ(o,n))B < o0, then ng(n)f
n=1

converges a.e. and in Ly-norm. Furthermore, bup|Z<p ) il € Lp(p).
n>0
k=1

Remarks. 1. The following condition was considered in Gaposhkin [17]:
There exists a positive non-decreasing sequence {¥(n)}, satisfying ¥(2n) < C'¥(n)
for some positive constant C, such that for any nonnegative integers n and m

m+n 2 m+n
| Y ahl<em X b (14)

k=m+1 k=m+1

If the pair ({a,}, {fn}) satisfies (14), then AP < U(n).

14



2. Condition (14) can fail even for orthogonal sequences. Take a, = 1 and {f,}
orthogonal with {||fn|]2} unbounded; (14) does not hold, since ¥(1) < oo implies
sup,, || fnl| < oc.

Let |-] and [-] denote the lower and the upper integral parts. For a given positive
non-decreasing sequence {¥(n)}>° | define A(1) = ¥(1) and A(n) = Z,Eli(g)"J U([551])
The following theorem is simply Theorem 4 of [32]. The above explicit formula for A(n)
is given in [33] with @ =1 there.

Proposition 2.14. Let {f,}3%, C Ly(u), 1 < p < oo, and let {d(j,1)} be a super
additive sequence of non-negative numbers. Assume that there exists a positive non-
decreasing sequence {U(n)}52, such that

Iy Al < wa-piGn o 1520 (15)
k=j+1

Then for any 0 < ny < n, we have

!
P
< AP(n — .
s |37 el < A na)d(nm)
k=ni1+1

Example 2.2. The following can be verified by the above formula for A(n). If U(n) =
(logn)? with 8 > 0, then A(n) < (2 +logn)?*t1. If ¥(n) = n®(logn)? with a > 0 and
B any real, then A(n) < K, gn®(logn)”.

Remarks. 1. Since {¥(n)} is non-decreasing, condition (15) yields AW < pr (n).

2. The above example shows that when ¥(n) = (logn)? with 3 > 0, Proposition 2.14
gives no more than Proposition 2.2, although the assumption in Proposition 2.14 is
stronger.

Theorem 2.15. Let {f,}52; C Ly(p) with 1 < p < co. Let {d(j,1), I > j > 0} be a
non-negative super additive sequence, and put my = d(0,1), m, = d(0,n) — d(0,n — 1)
form > 1. Assume that for some o > 0 and ( real, condition (15) holds with ¥(n) =
n®(logn)?. If 32, n®?(logn)PP*+ =1 (loglogn)P~1**m,, converges for some ¢ > 0,
then >°>° | fn converges a.e. and in Ly-norm, with sup,~ | > p_; x| € Lp(p).

Proof. The proof proceeds along the same lines as that of Theorem 2.6, with ¢ = 1 and
Y(u) = uP=D/P(logu)P~1/Pte We use Proposition 2.14 instead of Proposition 2.3,
where the estimation of A(n) is taken from Example 2.2. O

3 Applications to ergodic theory

In this section we look at the problem of a.e. convergence of series >, n~=“a,T"f, a < 1,
for power-bounded operators on L,. We apply the previous results in order to obtain
conditions on {a,} and on the function f € L,, which ensure the a.e. convergence for an
appropriate . For contractions on Ly we obtain conditions on f in terms of {(T"f, f)}.

Theorem 3.1. Let T be a power bounded operator on Ly(u), 1 <p < oo, and f € Ly(p)
such that for some 0 < 8 <1, we have

1 n
K :i=sup||—=5 > T"fll, < oo . (16)
n>0 TN el

Let {b,} be a sequence of complex numbers such > o~ |by — bpt1] < oc.

15



(oo}

b, T
(i) When 0 < 3 < E=X_ for every e > 0 the series Z /

W CONVETgES a.e.
1

and in Lp—norm; Moreover, (1 1/p+ Z ka 'f — 0 a.e. and in L -norm.
ogn) €

buT" f

P_l
(i) When < B <1, for every € > 0 the series Z i

s n'/7(logn)

CONverges

a.e. and in L,-norm.

In each of the above cases, the corresponding mazimal function is in L,.

Proof. Since {b,} is of bounded variation, it converges. Put V = Y 7" |b, — by11].
Inspection of the proof of Lemma 1 in [10] shows that if (16) holds, then also

1
bup|| ~ BZkakf||p<K' KV + Ksup|b,| <oco. (%)
k=1 n

For any j > 0 the sequence {b;4,}52; is also of bounded variation, and clearly
>0 1bjtn — bjtnt1| < V. Applying (*) to the sequence {b;1,}22, and noting that K
and V, hence K’, are independent of j, we obtain

I Z kakap_HTijj-I—kafH (sgISIIT’“II”)(K’)”(l—j)p(“ﬁ)- ()

k=j7+1

For positive a and v let p(u) = Using the derivative we obtain that

1
u*(logu)v*
o(n) —pn+1) < Mi‘lfgg:m for n > 2. Put f,, = b,T™f, and for | > j > 0 define
d(Ja l) =1l- ] .
(i) Put ¢ = p(1 — B) > 1. From (**) we obtain that A% < (K')P supys, ||TF][P.
Theorem 2.13 applies, with the appropriate a and 7.
pplies, pprop v
(ii) Since p(1 — B) < 1, using (**) we have that AW < (K')P supgso ||T*|[P. So,
Theorem 2.12 applies. O

Remarks. 1. The estimate (**) in the proof allows us to use the results of G4l and
Koksma [14], which yield the same “strong laws of large numbers with rates” as in the
above theorem; in case (i) we use [14, Theorem 5|, and in case (ii) we use [14, Theorem
3.

2. The case b, = 1 was treated in Gaposhkin [18, Theorem 3] when p = 2 and T is
unitary on Le, in Derriennic and Lin [11, Corollary 3.7] when T is a Dunford-Schwartz
operator, and in Weber [52, Proposition 1.6] in the general case treated here. Applying
Kronecker’s lemma to the series in (i) (with b, = 1) yields the same "strong law with
rate” as Weber for § > (p — 1)/p, but our rate obtained directly in (i) is better; the
rate in the ”strong law of large numbers” obtained from (ii) by Kronecker’s lemma is
the same as Weber’s when 8 = (p — 1)/p, but worse than Weber’s (in the power of the
logarithm) when 8 < (p — 1)/p. For T Dunford-Schwartz, our result is better than [11]
when 8 < (p — 1)/p. For T unitary, Gaposhkin’s results are better than ours.

3. Sublinear growth conditions on the norms {||>";_, 7% f||} were used also in [10]
and [9] to obtain for f the pointwise ergodic theorem with rate, as well as a.e. convergence
of the one-sided ergodic Hilbert transform. Our present results are more precise.

For an L (pt)-bounded sequence {f;}32, and any integer n > 0 we define
&(n) = sup| [ fTrmdul < oo.
j=>1

Clearly, ®(n) < sup||f;||3.
j>1
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Remarks. 1. Ly(p)-bounded sequences {f;}, with [ fidp=0and > 7 ®(n) < oo,
were considered in Gaposhkin [19], and were called weakly correlated sequences.

3. For an isometry operator V, f € La(u), and f,, := V" f (i.e., {fn} is wide sense
stationary) we have ®(n) = | [ f,, fodu|.

The following lemma appears in Gaposhkin [16, Lemma 1] (see also Serfling [43,
Lemma 2.1], Weber [51, Lemma 14]).

Lemma 3.2. Let {a,} be a sequence of complex numbers, and let {f,} be an La(u)-
bounded sequence. Then for any n,m > 1

m—+n n—1 m+n
| Y ahl,<@@+23 000 3 lal (a7)
k=m+1 k=1 k=m+1

Corollary 3.3. Let {f,} be an La(u)-bounded sequence, and put o, = ®(0)+2 Y 7_, ®(k).
Let {an} be a sequence of complex numbers. The series ij’:l an fn converges a.e. and
in La-norm, with sup,,~q | > pr—; axfx| in La(p), in either of the following cases:

(i) on = O0(n*(logn)?) for some a > 0 and B real, and the series

320 5 lan*n®(logn)?*(loglogn)*< converges for some € > 0.
(ii) o =O((logn)?) with B >0, and > o, |as|? (logn)?*2 converges,

Proof. Put d(j,1) = ZL:jH lax|? and p = 2.

(i) By Lemma 3.2 we obtain (15) for {a, f»}, with ¥2(n) = o,, = O(n®(logn)”). The
result follows by applying Theorem 2.15.

(ii) By Lemma 3.2 we obtain (9) for {a,f.}, with ¢ = 1, m,, = |a,|?, and A4,, = o,.
Theorem 2.9(i) yields the result. O

Remarks. 1. Obviously o, = O(n), but convergence of >_|a,|*nlogn(loglogn)'*
implies ) |an| < 0o by Cauchy’s inequality, so the interest in (i) is when o < 1.

2. Without refering to the order of o, Theorem 2.9(i) yields the desired conver-
gence when |an|?02n (logn)? < co. This, with o9, replaced by o, was obtained by
Gaposhkin [16, Theorem 1]. Note that this is not important for the classes of {®(n)}
considered there.

3. Part (ii) was proved in [16, Corollaries 1 and 2]. A better result (smaller power of
logn) for part (i) was obtained in [16, Corollary 3], under a mild additional additional
condition on ®(n).

4. In the stationary case, Gaposhkin [16] proved that under a given rate of decay
to zero of {®(n)}, the convergence of Y - | |an|?02(logn)? is an optimal condition for
the a.e. convergence of Y > | a, f,. Note that for {f,} orthonormal, Corollary 3.3(ii)
becomes the Menchoff-Rademacher theorem.

Let T be a contraction of a Hilbert space H. Define T}, := T™ for n > 0 and
T, = (T*)" for n < 0. Then {(T,.f, f)} is a positive semi-definite sequence [39,
Appendix, §9] (see also [27, Proposition 3.1, p. 94]), so by Herglotz’s theorem it is the
Fourier coefficients of a positive measure vy on the unit circle I'. By the unitary dilation
theorem of B. Sz. Nagy [39, Theorem III, p.469] (the proof of which uses the positive
semi-definiteness of {(T,,f, f)}), there exist a larger Hilbert space H’, an orthogonal
projection Py on H, and unitary operator U on H’ such that for every g € H’ and every
integer n we have T, Pyg = PyU"g. For f € 'H, the above identity yields

(T, f) = (PrU™f, ) = (U™ f, Py f) = (U™ f, Prf) = (U™ f, f)-

By the spectral representation theorem for unitary operators, vy is the spectral measure
of f with respect to U, with Fourier coefficients {(T,f, f)}.
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Definition 3.1. For a contraction 7" on H and f € H, we call vy the unitary spectral
measure of f (with respect to T). When vy is absolutely continuous, we say that f has
spectral density, which is C%f.

Remark. There are cases where all that is needed is to extend T to an isometry,
i.e., we need an isometry dilation. If V' is an isometry dilation of T, then we still have
(T f, f) = (V" f, f) for all nonnegative n and f € H.

Proposition 3.4. Let {a,} be a sequence of complex numbers. Let T be a contraction
of La(p) and f € Lo(u). For any integers m,n > 1 we have the following:

m-+n m—+n
W Y art|| < ||f||2+22| TNl
k=m+1 k=m+1
(ii) For 1 <u < oo and v := 5,
m+n 2 L n—1 L m—+n
| > ary] < [an% 2% (3 KT I >v] > il
k=m-+1 k=1 k=m+1
(i) If f has spectral density in L,(d)\), 1 < u < oo, then
% m—4+n

u+1
112-:—L1) " <n1/“

dX

| 5w <
k=m+1

m—+n
(Xl > el
Lu(dX) k=m+1 Lu(dX) k=m+1

() If f has bounded spectral density, then

m4+n m—+n

du
H > @ f = Lo | 2 o
1 =m+1

Proof. (1) We first prove it when T' = V is isometry. We take ®(n) = [(V™f, f)| and
fn=V"f, hence (i) follows (for V') by Lemma 3.2.

Now for T a contraction, let V' be the isometry dilation of T', and let Py be the
corresponding projection. By the discussion preceeding the proposition, (T"f, f) =
(V™ f, f), so we have

m+n 2 m+n n 2
| 3wt =l X wrll=]| 3wl
=m+1 k=m+1 =m+1
[||f||§+27§|<V’“f7f>l] mi:n Jar]* = ||f||2+22| T f) mi:n Jar]?.
k=1 k=m+1 k=m+1

(ii) Using Holder’s inequalty

n—1 n—1
Y ORTEE A <0 (O HTHE A,
k=1 k=1

hence (ii) follows from (i).

(iii) In the proof of (i) we could use the unitary dilation U of T instead of using the
isometry dilation, so it suffices to prove for U. Denote the spectral density h = C%f €
L, (d)\). When u < oo, the spectral theorem and Hélder’s inequality yield

men : men oy v
| > aut| :/’ 3 am’ BOVAN < (17l o /] 3w ) " ax
k=m+1 2 D' k=m+ m+1
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m+n

m—+n
Hence H 3 akkaH < 1Al H 2 a’“Ak‘L(dM

k=m+1 k=m+1 4
apply Proposition 2.11(i-ii) with p = 2.

with ¢ = 2u/(u — 1). We now

(iv) Again we prove only for U unitary. Put h(\) = %. The spectral theorem now
yields

m+n 9 m+n ) .
H 2 akU’“fo/’ > akA’“’ RO < bl Y Jaxf.
Fm k=m+1 k=m+1

Remark. For T unitary, (i) and (iv) appear (without proof) in Gaposkin [17].

Proposition 3.5. Let {a,} be a sequence of complex numbers, and let 1 < u < oo with
dual index v := u/(u —1). Let T be a contraction of La(p) and f € La(p). For any
integers m,n > 1 we have the following:
m—4+n 2 m—4+n
@ | S @t e O Tl (1 + 2Z| (T*f )0
k=m+1 k=m+1
(1) If1 <wu <2, and [ has spectral density in L,(d\), then

= k|2 1/ dvy 1/ = 2/

T, H <2 v _J v u 11.. 18
| 55wl o ], o 55 e
k=m+1 k=m+1

Proof. (i) We first prove the proposition when T' = U is a unitary operator. Using
Holder’s inequality

m-+n m—+n m-+n m-+n

1Y aUFflIE= Y aa(UF LU )< (D Ja)*™( Y O 10 =
k=m-+1 kyi=m+1 k=m+1 k,i=m+1
m+n n ) m+n n—1
(D7 Larl2 O KUEF AV <n ST a0 >0 (UM IV =
k=m+1 k,i=1 k=m+1 k=—(n—-1)

m-+n

n N a1 £ +2Z|U’“ff DR
k=m+1 k=1

Now for T a contraction, let U be the unitary dilation of T, and let Py be the corre-
sponding projection. By the discussion preceeding Proposition 3.4 (T™f, f) = ({U"f, f)
for n > 0, so using the previous calculation we have

m—+n 2 m—+n 9 m-+n 2
| 3w, = [P 30 ars)], <] 3 avts],<
1 k=m+1

m+n n—1
a0y k]I 2 ) (TR Y.
k=m+1 k=1
(ii) Follows from (i) by the Hausdorff-Young theorem. O

Example 3.1. For f in Lo(T,d)\), where d\ is the Lebesgue measure on the unit circle
T, define Uf(A\) := Af(A\). Then U is unitary on Lo(T',dA). Fix 1 < p < oo and
0 < g€ Ly(d\), and let f = /g € Ly; clearly ( (URF, ) f)\k A)dA, so the unitary
spectral measure of f with respect to U is absolutely contmuous Wlth density g.
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Example 3.2. Let {gr : —00 < k < oo} C H be an orthonormal sequence; then
gn = U™go, where U is the bilateral shift on the closed subspace generated by {gs}.
For any {c} € l3(Z) define the moving average sequence f, := > 7" Ckgn+k, Where
the series is convergent by the Riesz-Fischer theorem. Clearly f, = U™ fy (so {fn} is
a well defined wide sense stationary process). Denote by v the spectral measure of fj
with respect to U; then —” = |a(N)|?, where a(\) := Y70 cxA¥ is defined in Lo(dA)-
norm by Riesz-Fischer, and hence % € Ly(d\). If we impose {c;} € (1, then a())
is a continuous function on F SO % € Ly(d)). When {c;} € £, 1 < p < 2, then
a(A) € Ly(dA) (where ¢ = 2= > 2), by the Hausdorfl-Young theorem, so % € L, 5(d),

and with « = min{, 2}, Pr0p051t10n 3.5(ii) applies to U and f = fo.

Corollary 3.6. Let {a,} be a sequence of complex numbers, and let 1 < u < oo with
dual index v. Let T be a contraction of Lao(n) and f € La(w). The series Y - a,T"f
converges a.e. and in La-norm, and sup,~, | > p_, axT* f| is in La(u), if for some € > 0
any of the following sets of conditions is satisfied:

(i) 30 an |2t @=Dl/ulog n(loglogn)ite < oo and Yo, (T*f, )Y < Cn?,
for some 0 <y < 1.

(i) 3°°° | |an|*n( T @=D/2(log n)*/2(loglogn)*/**¢ < oo and S_p_, (T*f, )" <
Cn7, for some 0 <y <1land1l<u<?2.

(iii) 300 an >/ Y < 00 and f has spectral density in Ly (d)).

Proof. (i) Put d(j,1) = Z;_J_H lak|* and p = 2. By Proposition 3.4(ii), (15) holds for
{an,T"f} with ¥2(n) < C'nut%. Theorem 2.15 yields the result.
(ii) By Proposition 3.5(i), (9) holds with A, = C'nO*TY/v =2 m, = |a,|*, and
g = 2/u. Since 1 < u < 2, we have ¢ > 1 and Theorem 2.9(iii) applies.
(iii) By the first inequality in Proposition 3.4(iii) we obtain (10) with p = 2 and
t =2u/(u+ 1) < 2. Hence Proposition 2.10(ii) applies.
(]

Remarks. 1. For any v > 1 and v = 0, the condition on {a,} given in (i) or in (ii)
implies the condition in (iii). Indeed, by Holder’s inequality

>

n=1

uu = 1 %ﬂ
ey < n u 1 1 1 1+€) ( ) ’
2 (Z |a | nuw log n( 0g log n) nz::l n(log n)u(log log n)u(1+e)

Similarly, the condition in (ii) with v = 0 implies (iii).

2. If 1 < uw <2 and f has spectral density in L,(d)\), then, as mentioned before,
Sre T f, f)|" converges. The previous remark shows that in this case (iii) yields a
better result (weaker assumptions on {a,}) than (i) or (ii).

3. If 2 < u < oo and S50, (T*f, f)|” converges, then by the Hausdorff-Young
theorem f has spectral density in L, (d)). By Remark 1 above (iii) yields a better result
than (i). Thus, for v > 2 (i) is relevant only for v > 0.

4. By the computation in Remark 1 above, the condition on {a,} given in [23,
Corollary 3.3(i)] (for unitary operators) when f has spectral density in L, implies the
condition in (iii).

5. (i) and (ii) are equivalent for v = 2, but for 1 < w < 2 and v = 0, (ii)
does not imply (i). Specifically, for any 1 < u < 2 there exists a positive sequence
{an} such that the series >.°° | |a,[*n(*~Y/2(logn)"/2(loglogn)*/2+¢ converges, but
> lan|?nt/* log n(log nlogn)'*¢ diverges.

Define a,, = (2¥)~1/2* for n = 2%, and a,, = 2~ otherwise. We have

Z |a,|>nt/ " log n(loglogn)*e = Zk (log k)1 = o0,
ne{2t) k=1
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so (i) does not hold. On the other hand,

3 Jan[*n® D72 (log )/ (loglog n)*/ >+ =
ne{2k}

e e ku/Q(logk)u/Q-i—e
k\—1/2/9k\(u—1)/27u/2 w/2+e __
2(2 )2 k"= (log k) = Z (2C—w/2)k
k=1 k=1
The last sum converges since for u < 2 the denominator has exponential growth. The

convergence of the series is not affected by adding the convergent series >~ -, so (ii)
ng{2k}
holds.
6. Recall that for any T power-bounded on Lo, convergence of Y o, |an|*n(logn)?
implies a.e. convergence of > a,T" f, by Remark 6 to Proposition 2.11. In each case of
Corollary 3.6 the power of n in the series is less than 1.

We next show that when u = oo, Corollary 3.6(i) remains true (only) when v > 0.

Corollary 3.7. Let {a,} be a sequence of complex numbers. Let T be a contraction of
Lao(p) and f € Lo(p). The series > - a,T™f converges a.e. and in La-norm, and
SUp,,>1 | Sor_arTFf| is in La(u), if any of the following sets of conditions is satisfied:

(i) S°°7 lan|?nY logn(loglogn)'te < oo and Y_p_,[(T*f, f)| < Cn?, for some
e>0and0<y<l.
(i) >02 |lan|*(logn)? < oo and f has bounded spectral density.

Proof. (i) Put d(3,1) = ZL:jH lak|> and p = 2. By Proposition 3.4(i), (15) holds for
{a, T"f} with ¥2(n) < C'n?Y. Theorem 2.15 yields the result.

(ii) By Proposition 3.4(iv), (9) holds with A,, = C’, p =2, ¢ = 1, and m,, = |a,|?, so
Theorem 2.9(i) applies. O

Remarks. 1. If > >°  [(T"f, f)| < oo, then the unitary spectral measure of f is
absolutely continuous with continuous Radon-Nikodym derivative. Hence the spectral
density of f is in L,(d)) for any 1 < u < oo, and we can use either Corollary 3.7(ii),
or Corollary 3.6(iii) with some u < oo large. These two results are not comparable.
When a,, = 1/(y/nlog®n), only Corollary 3.7(ii) applies; if we define asx = 1/k and
a, = 0 for n not a power of 2, then Corollary 3.6(iii) applies with any u > 1, while
S, lan]?log? n = co.

2. Let {fn} C La(p) be orthonormal, and let T be induced on L by the shift, i.e.,
Tg=0for g € {fn}* and Tf,, = fny1 for n > 1. Applying part (i) to T with f = f;
yields the Menchoff-Rademacher theorem. Menchoff’s example in this context shows
that when v = 0 (i) is no longer sufficient for a.e. convergence of > a,f,. Applying
Corollary 3.6(iii) yields Menchoft’s [31, Theorem 12].

Example 3.3. On Ly(T',v) define Uf(A) = Af(A). Then [|Uf[*dv = [|f|*dv, and
hence U is a unitary operator (with U* f(A) = Af())). The sequence X,,(\) := U"1 = \"
is wide sense stationary with (X,,, Xo) = f A"dv, so its spectral measure is v.

This example exhibits a wide sense stationary process with any pre-assigned spectral
measure. It is a concretization of (the general) Example 4 in Doob [12, p. 479].

Definition 3.2. Let {a,} be a sequence of (complex) numbers, and let 1 < t < oo;
we say that {a,} € W if sup,~o+ >p_; |ax|" < co. If {a,} is bounded we say that
{an} € Wu. For t > s > 1 we have W, C W, C W;.

Corollary 3.8. Let {an} € Wi, 1 <t < 2 be a sequence of complex numbers, and let
1 < u < oo with dual index v. Let T be a contraction of La(u) and f € Lo(p). The
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1" ‘ ‘
series E a / converges a.e. and in Lo-norm, with
n” (log n)8(loglogmn)d

Tk
Zlig ’ Z e :k 10J; ok in La(u), for a, B, and § determined according to the

followmg conditions:

() If Sp_ TR £, £)|° < CnY for some 0 <~ < 1, then a = [1+y(u—1)]/2u+1/t,
B=1,andd > 1.

(i) If Sop_  (TRf, )] < CnY for some 0 <y <1, then « =~/2+1/t, 3 =1, and
0>1.

(iii) If Sop_i {T*f, f)] < C(logn)" for some n > 0, then o = 1/t, B = (3+1n)/2,
and § > 1/2.

(iv) If f has bounded spectral density, then « =1/t, f =3/2, and § > 1/2.

Proof. The method of proof of [10, Lemma 2], can be used to show that if {a,, } € W} then

[ee] \(Ln\z — (€273 1
Do "2 TTogn(oglogn)iFe < for every € > 0. Put b, = oz )P (log Tog )% and obtain

the values of o, 8, and ¢ by applying to {b,} Corollary 3.6(i) for (i), Corollary 3.7(i) for
(ii), Corollary 3.3(ii) for (iii), and Corollary 3.7(ii) for (iv). O

Remarks. 1. Under the assumption ) [(T"f, f)|/(logn)" < oo, Gaposhkin [16,
Theorem 5] showed, for a, = 1, that ) W converges a.e. The assumption

is stronger than our assumption in (iii), and the convergence statement is better.

2. In Example 3.1 take 0 < g € Ly(d)\) unbounded. Then f := /g satisfies
S WTRE 12 < 9117, (an)» but since g is unbounded, 377, HTEf, )| = oo

3. Let T be a symmetric (i.e., T* = T) contraction on Lo. If f € Lo satisfies
S0 LT, f) < oo, then > [T f||? < 00,50 Y, |T"f(z)|* < oo a.e. For {a,} € Wi,
1 <t <2, and any § > 1/2 Cauchy’s inequality yields

S |anT" f ()| S |an|? A 2\ %
E < E E ™ < 00
“— nl/t(logn)/?(loglogn)® ~ <n_2 n2/tlogn(loglog n)”f) (n_2| /(@) ) '

which gives a better rate than the general result in (iv).

Lemma 3.9. Let 0 be one-sided shift of an ergodic Markov chain {&,} with invariant
initial distribution p and Markov operator T. For f € Lo define X,, = f(&,). Then
{X,} is strictly stationary and E(X,Xo) = {T"f, f).

Proof. Since X, = f(&,) = Xo o 0™, the sequence {X,} is strictly stationary. Since
f € La(p), we have {X,,} C Lo(P,). We have

BX0) = [ f(e)f(e)ae, = [ [ / f(fn)f(fo)de] =

[ 5@ @ntdn) = 175, 5)
and the result follows. O

Remarks. 1. With the help of the lemma, we can make assumptions on {(T"f, f)}
and apply the previous results to the operator induced by the shift.
2. The Lemma applies also to the 2-sided shift.

Example 3.4. On (—m, 7] there exists a finite measure v, singular with respect to the
Lebesgue measure , such that its Fourier coefficients {#(k)} tend to zero Zygmund [54,
Theorem 10.12, vol. II, p. 146]. It is not hard to modify v to be defined on the unit
circle I', and concentrated on % <argA <.
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On Lo(T',v) we define U f(A\) = Af(\). For v-almost every A we have [1 —\| > /2, so
clearly I — U is invertible on Ly(v), and g(\) := =5 € La(v). As in Example 3.3,
we take the stationary sequence U™1 = A", which has spectral measure v. Since
(U"1,1) = o(n) — 0, we have U"1 — 0 weakly by Foguel [13]. Since (I — U)g = 1,
and g is in the closed subspace generated by {U™1} (see Lin-Sine [28]), also U"g — 0
weakly. Hence Y ;_, Uk1 — ¢ weakly, so Z?:O<Uk1, 1) converges, but since v is sin-
gular, Y727 [(UF1,1)|? = co. The example shows that the following conditions can live
together:

() £ € (I - U)La(w).
(ii) The spectral measure of f is singular, so > oo [({U* f, f)|* = oco.
(iii) 220:0<ka’ f) converges, but only conditionally, and in particular (U* f, f) — 0.

4 Random power series of Ly-contractions

In this section we treat a.e. convergence of random power series of contractions in Lo
spaces. Norm convergence of such series was considered in [36]. Let { f,} be independent
random variables on the probability space (€2, ). For a contraction T on Lo(Y,7) of
some measure space, we define the (formal) random power series of T by > 7= | fi(2)T*g,
g € Lo(m). We are interested in having for a.e. x the a.e. convergence of all random
power series of Lo-contractions. To be more precise, we want a universal null set in
Q, such that when z € Q is outside this null set, for every contraction T on La(m)
and g € Lo(m) the series Y oo | fi(2)T*g converges m-a.e. and, in particular, for every
orthonormal sequence {gy} C Lo(m) the series > =, fi(z)gr converges m-a.e. By [46]
we must have S°°0 | | f,,(2)|?lognlog™ (1/|f.(x)]) < oo a.e., and if |f,(x)| is a.e. non-
increasing (e.g., fn(z) = cpen(x) with |e,(z)] = 1 a.e. and |c¢,| decreasing) then [47]
necessarily > oo |fn(z)*(logn)? < oo a.e.

Given complex numbers ag, aq, ..., a, and a unitary operator U on a Hilbert space,
the spectral theorem yields that || > arU*|| < max|y— ‘ Yoro ak)\k‘. The unitary
dialtion theorem yields that for every contraction T' on a complex Hilbert space we have

|22t = e | 2 o 09)
k=0 k=0

As (19) suggests, application of the previous methods requires good estimates on
C(I')-norms of blocks of the generating random Fourier series >_  f,,(z)AF. Throughout
this section our (complex valued) random coefficients { f,,} will be independent.

Proposition 4.1. Let {f,} be symmetric independent complex valued random variables
on (Q, p). Then (with 0/0 interpreted as 1)

{maXAl—l | Sy X }
log (1 + 1) (X1 [ £x[?)

< 0.
Li(p)

sup sup ex
J20 1>j

Hence for a.e. x € Q we have

sup max|y— | Zi@:jJrl fr(@)N¥]
15520 \/Tog (T + 1) (X1 /(@) [?)V/?

The proposition was proved by Weber [50] (using the metric entropy method).

(20)

Theorem 4.2. Let 1 < p < 2, and let {fn} C L,(Q, u) be a sequence of independent
centered random variables. If

Y lIfall3logn)® <o (p=2), (21)
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or
Z | fn I (log n)? (log log n)P/**¢ < 0o for some € >0 (1<p<2), (22)
n=2

then there exists a subset Q* C Q with pu(2*) = 1, such that when x € QF, for every
contraction T on a space Lo(m) and any g € Lo(7), the series

Z fn(@)T"g  converges T a.e. (23)

When {fn} are symmetric, for x € Q* there is a constant K, < oo, determined only by

{fu(x)} (and p), such that

| sup 3 fi@*al]|, < Kellgls (24)
n=t k=1

In the general case, if T is a probability, then for x € Q* we have supy,>1| > r_y fr(@)Tkg]|
in Ly(m).

Proof. We first prove the case that each f, is symmetric. By Beppo Levi’s theorem,
conditions (21) or (22) imply, respectively, that for p a.e. x € Q we have

Z | fn(z)*(logn)?® < oo (%)

or

Z | fn(@)[P (logn)? (loglogn)P/?T¢ < 00 (%)

By symmetry of {f,}, Proposition 4.1 applies. We define 2* as the set of = for which
either (*) or (**) (according to p = 2 or 1 < p < 2), together with (20), hold. Fix
x € Q. Given a contraction T' on La(m) and g € La(m), (19), (20), and || - [, <[ - [[e,,
yield

IS hda Tkg||2<|\g||2max\ Z Fil@)A] < llgll2Car/log(T+ 1)( Y )

k=j+1 k=j+1

Hence for x € Q*, (9) is satisfied by { fn(z)T"g} C La(m), with m,, = | fn(z)?, ¢ =
and A,, = ||g]|3C? log(n + 1). When p = 2, using (*) we have

2>1,

ZAQW,(logn)an < C|\g|3C? Z logn)?| fu()|* < .

n=1

Hence Theorem 2.9(i), applied to {f,(z)T™g} C La(w), yields the m-a.e. convergence of
the series >~ | fn(z)T"g and the estimate (24) for the maximal function of the partial
sums.

When 1 < p < 2, using (**) and ¢ = 2/p we obtain

3" A3 (logn) /4 (log log n) Y/ 4+ m,, < C|g|5C? Z log n)? (log log n)?/>*<| f,,(z) [P < oo,

n=1
and now Theorem 2.9(iii) applies. This concludes the proof when {f,} are symmetric.

We now prove the general case of {f,} centered. Let {f}} defined on (€', ') be an
independent copy of {f.}, and put hy(z,2") = fn(z) — fl (') on (@ x @', x p'). Then

24



hy, is symmetric with ||y, ||, < 2 fnllp, so applying to {h,} the result for the symmetric
case proved above, we obtain a set E C Q x ' with u x ¢/(E) = 1, such that for fixed
(z,2") € E and any contraction T of Lo(7) and g € La(n), the series Y 2 | hy(x,2')T"g
converges m a.e. Define E, = {2’ € Q' : (z,2') € E} and put Q* = {z € Q: p/(E;) = 1}.
By Fubini’s theorem, for p a.e. x we have p/'(E,) = 1, so u(2*) = 1.

Now fix x € Q*. Let T be a contraction on Ly(Y,7) and g € La(w). In order to show
that >°°° | fn(z)T™g converges m-a.e., take any =’ € E, and consider the identity

N N
an(x) Z (x,2") T"g—i—Zf (% * %)

n=1

As N — oo, the first sum on the right hand side converges m-a.e., since (z,z’) € E. We

show that 2’ € E, can be chosen such that the second sum is also 7-a.e. convergent.
As mentioned in the introduction, we may assume that 7 is a probability, so for p < 2

we have [|[T"gl|L,x) < IT"9llLo(x) < |9llLo(r)- The appropriate condition (21) or (22)

yields
o0 o0
[ S Ulpingrdr < ol Y- 1715 < oo,
n=1

n=1

so by Beppo Levi’s theorem we have that the series Y~ | f}[[B|T"g(y)|P converges m-a.e.
Hence for m almost every fixed y € Y, the Marcinkiewicz-Zygmund theorem [30, Theorem
5] (see [8, p. 114]), applied to the independent centered sequence {f1"g(y)} C L,(1'),
yields that the series Y >~ | f/T™g(y) converges u'-a.e. By Fubini’s theorem, we have
that for p'-a.e. 2’ the series Y~ | fr(2')T"g converges m a.e. Since p/(E,) = 1, this
shows that we can find ' € E, for which also the second term on the right hand side
of (***) converges m-a.e., and the m-a.e. convergence of >~ | f,,(z)T"g when z € Q* is
proved.

Fix x € Q*. Let (), 7) be a probability space, T' a contraction on Lo(7), g € La(7),
and y € Y. Since {T"g(y)f,} are centered independent in L,(u'), the inequality of [5]
yields

Z Trg(y) fillh < 2 Z T*g() Pl Al for 1> j > 0.

k=j+1 k=j+1

Hence for d(j,1) = Ziﬂ:jﬂ |Tkg(y)|p||f,’€||g we have A < 2 for every n. By Theo-
rem 2.4, with ¢ = 1, we have

/sup\sz T ()| dit () < O3 (log kI T g (w)1"
k=1

Integrating the above with respect to m and using Fubini’s theroem we obtain

I/ suplsz 1) ar)]an () < 3 IIRIT slplos K

n>1 —1

Since || T%g|l, < |lgll2 (for p < 2 because 7 is a probability), the approprlate condition
(21) or (22) now implies convergence of the last series. Hence for a.e. z’ we have
Jsup,sq | Yo, f.(2)T*g(y)|P dr(y) < oo, and 2’ can be chosen in FE, since pi/(E,) = 1.
With this 2’ the suprema of the sums on the right hand side of (***) are both in Ly (),

which proves the assertion. O

Remarks. 1. When p = 2, we have in the general case sup,, | > ,_; fe(z)T*g| in
La(7) even if 7 is not finite.

2. By considering for each A € T" the “rotation” it induces and applying the theorem
to g(z) = z, we obtain that (21) or (22) implies that for a.e. z € Q the random Fourier
series >, fn(z)\" converges for every A. When {f,} are symmetric, Billard’s theorem
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[25, Theorem 3, p. 58] yields a.e. uniform convergence of the series. In this case,
(19) yields that for a.e. x the series Y - | fn(x)T™ converges in operator norm for any
contraction T on Lo (uniformly in all contractions).

3. For p = 2 and f, = cpe, (throughout the paper {e,} is a Rademacher sequence
defined on the unit interval), (21) becomes >~ |¢,|?(logn)® < co. Rosenblatt [40,
Theorem 11] used a stronger assumption, namely > > |c,|2\/n(logn)?* < oo for some
0 > 0, in order to prove the assertion of the theorem.

4. For 1 < p <2 and f, = cuen, (22) becomes > o0 | |c,|P(log n)P(loglog n)P/2+e <
oo. This condition and Y 7, |cn|*(logn)® < oo are not comparable. The sequence
cn = 1/(y/nlog® n) satisfies only the second condition, while ¢, = 1/(k2) for n = 2% and
¢n, = 0 otherwise satisfies only the first one.

Corollary 4.3. Let 1 < p < 2, and let {fn} C Lp(Q, 1) be a sequence of independent
centered random variables with sup,, ||fn|lp < co. Then there exists a subset Q* C €,
with p(¥*) = 1, such that when x € Q*, for every contraction T on a space Lo(m) and
any g € Lo(7), the series

oo

Z nl/P(log n)8 (log log )" converges T a.e., (25)

with 8 =2 and v > 1/2 when p = 2, and with 8 =1+ 1/p and v > 1/2+ 1/p when
l<p<2.

O

Proof. Apply the previous theorem to {— 7 ion n)f;(log g }.

Remarks. 1. The convergence (25) implies (e.g., [11, Lemma 2.19]) that for any
a>1/p

[e%S) ; "
Z % converges T a.e. (26)
n=2

2. For p = 2 and under the additional assumption that { f,,} are symmetric identically
distributed, Boukhari and Weber [7, Corollary 3.3] proved (26), and also (25) with 5 > 2
and v = 0. M. Weber has informed us that when p = 2 the general symmetric case can
be deduced also from the main result of [7].

Theorem 4.4. Let {f,} be a sequence of i.i.d. centered random variables on (Q, u). If
[ 1fillog™ | fildp < oo, then there exists a subset Q* C Q with u(Q*) = 1, such that when
x € QF, for every contraction T on a space La(m) and any g € Lo(7), the series

[e%S) ; i
Z Lig converges T a.e.. (27)
n=1

. Tk
with sup,,> | Sy L}iﬂ € Lo(m).

When {fn} are symmetric, then the above assertions are true if we assume only
J1f111og* log™ | fi|dp < oo.

Proof. We start with the general centered case. Since {f,} are assumed identically
distributed with fi € Lq1(u), we have Y 2 u{|fa] > n} < 0o, so for a.e. x €  we have
|fn(z)| > n only for finitely many n. Hence it is sufficient to prove the assertions for

{fulqs,1<n} } instead of {f,}.
Put hy := fll{\fl\gl} and h,, == fnl{\fn|§n/ log? n} for n > 2. Throughout this proof,

the logarithm is the natural one, and log®t denotes (logt)®. By definition, {h,} is a
sequence of independent bounded random variables. Put Eh,, = [ hy,du.
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For a contraction T' on Lo(Y,m) and g € Lo(m) we have the identity

g: )1y, \<n}( )T

N

3 Unle) - i 3 2o etz 0T

n

n=1 n=1

We have to find a universal set of x (independent of T' and g) for which the assertion of
the theorem holds. Note that the second sum does not depend on x.

For the first sum on the right hand side of (*), we want to apply Theorem 4.2 to
{2n=Bhn} with p = 2, so we show that {£2=Eln} gatisfies (21). Denoting f := fi and
using ||hn — Ehyll2 < 2||hn]|2, we obtain, via Fubini’s theorem on (2 x N),

= (1
= Z/ﬁ'fn|21{\fn\swlog3n} log® ndp =
n=2

= 1 4 log®n
Z/ﬁ|f|21{\f|§n/log3n} 1Og3 nd,u :/|f($) 2 Z n2 d/.L <
n=2

{n22: 5 21 f (@)}

log

1 3
[1s@r 3 LI

{n=max{2,|f(x)|log® | f ()|} }

since 0 < a < n/ log®n = alog®a < n. We now estimate the tail of the conver-
gent series Z o n=2 1og n, which has eventually decreasing terms, by the integral test.
Computing [t~ log®t] we see that there is a constant C' such that for ¢ large (i.e.,

t > K) we have t~2log®t < C t[ t~'log*t]. Since for large values of |f| we have also
log(|f|log® |f|) < 2log|f|, the last integral is bounded by

1og3n
Cl+/1{|f\2K}|f|2 Z 2 dp <
{n:n>[|f|log® | £I]}

(log(|f|log® |£)® .
Fllog|f)2 =

C1+ 802/1{|f\2K}|f|d,U < Cy +8C, / | fldp < oco.

Cl+02/1{|f‘2K}|f|2

Thus > 7, Hh“%Eh" zloggn < oo. Let Q** be the set given by Theorem 4.2, so for
fixed z € Q**, for any contraction T on La(7) and g € Lo(m) we have 7 a.e. convergence
of the first sum of (*). Note that only integrability of f was needed.

For the second sum in (*), we show that » -, ‘EZ”l < oo. Since f, is centered,
Ehn = _E(f”1{|fn|>n/ log3 n}) for n 2 2.

Claim. There exists N such that if n > N and a > n/ log® n, then n < 2alog®a.

Proof. Fix N with ]Ogl(‘fo%n) > 10 for n > N. For n > N and a > /5 we have
alog®a > r [log n — log(log® n))? (0.9logn)® > =n
5n gn '

We return to the second sum in (*). For N given by the claim large enough we have

= |Eh

n n

< i E(|fn|1{\fn\2n/log3n}) _ i/ |f|1{\f|>n/log3n} d/'ll <
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S [y 1068 m) 1
> " i+ [ 1g72e3|f] > s
n=2

{N<n<2|f|log® | fI}
C+ [ 1171201\ 1ow2 + log |1 + 3loglog | )dy < o

since the last integral is finite by assumption. Hence > 7 ‘Eh”l converges; thus,
as remarked in the introduction, for any contraction T and g 6 Lo(m), the series
520 Eh T converges m-a.e.

For the third sum in (*) we use the previous computation to obtain

> nl n og ' n n = 1 n O, n
/Z|f| {n/log? n<|fn|< }dﬂ</z|f| {n/log? <‘f|}d;¢<oo.
n=2 n n=2 n

n 1 F .
Hence by Beppo Levi Y 7, (@) tog® ne s @) converges on a set ) with

n
\fn(ﬂﬂ)l (n/10g3 n<|fnl<n} (@) T"gl
w(Y) = 1. Now it is clear that for z € Q' the series > - Llog n<| ful S0}

converges 7 a.e. We define Q* = Q' N Q**, so for z € O* we have 7 a.e. convergence in
().

By Theorem 4.2 the maximal function of the first term in (*) is square integrable. For
x € Q* the suprema of the last two terms in (*) are bounded by the corresponding 7-a.e.
absolutely convergent series; each series is square integrable by the triangle inequality
and the absolute convergence of the series of coefficients. This yields the desired square
integrability of the maximal function.

When {f,} are symmetric, so are {h,}, and Eh,, = 0. Hence the second term in (*)

vanishes identically. To treat the third sum in this case, we give a direct proof of the
fn(I)|1 n/log 3 n<|fnl<n} (@)

a.e. convergence of > 7 < 00, which uses only the condition

J1f] logT log™ | fldu < oo. Indeed umng the claim as before we obtain

= n 1 n (0] n n St 1 n O, n n
/Z'f L0/ 10g® n<iful< }dM:/ZIfI In/log* n<lfI<n) g
n n
n=2 n=2
1
C+ [ Lyfzelf] > —dp <

n
{If1<n<2[f|log® | £1}

C+ [ 1171201181 (102 + log | ] + loglog” 17| ~ og(|f] ~ 1) <

C+/1{‘f|26}|f|(10g2—|—310g(1og|f|) |f|)d,u<oo
Since the application of Theorem 4.2 required only integrability of f, we finish the proof
of the assertions as above. O

Remarks. 1. When {f,} are centered i.i.d. and we take T the identity, we obtain p
almost sure convergence of Y > | f”T(I) By the discussion following Theorem 6 of [30],
in general there is no weaker integrability condition on f; that ensures this convergence.

2. When {f,} are symmetric i.i.d. which satisfy the assertion of the theorem, taking
all multiplications by A (with |A\| = 1) we obtain pointwise convergence of the random
Fourier series Y 7 | £ ”(I))‘ (which is in fact uniform in A [25, p. 58]). By [45] we must
have f; € Llog™ log+ L.

An inspection of the proof of Theorem 4.2 shows that in fact we prove the following.
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Theorem 4.5. Let {a,} be a sequence which satisfies

(1) iIanl2(logn)3<oo for p=2,

n=1
or
Z lan|? (logn)? (log log n)P/?+¢ < oo for 1<p<2ande>D0.
n=2
! !
(i) lfilffﬂ Z arX¥| < Cy/log(l +1)( Z |ak|p)1/p for every l > 4> 0.

k=j+1 k=j+1
Then for every contraction T on Lo(w) and g € La(r), the series .~ a,T"g converges
a.e. and in Ly-norm. In particular, the Fourier series > - | a,\" converges for every
Al =1.
Remark. By Proposition 4.1, for a.e. x € [0,1] the sequence a,, = #ﬁm
satisfies both conditions of the theorem with p = 2. However, we have no specific
example of the appropriate “choice of signs”.

Recall that a Dunford-Schwartz operator on Li(),7) is a contraction T which is
also a contraction of Lo, (),7), and therefore is also a contraction of each Lg(), ),
1 < s < 00, by the Riesz-Thorin theorem (for a simple proof for Markov operators, see
[27, p. 65]). The Dunford-Schwartz theorem gives a.e. convergence of =37 | T*g for
every g € Lyi(m).

Our results obviously apply to T' Dunford-Schwartz and g € La(7), and this raises
the question about what happens for g € Ly, 1 < s < 2.

Recently, Assani [4] proved the m-a.e. convergence of > ;- %)Tkg for g € Lg(m),
s > 1, when {f,} C L,, p > 1, are centered i.i.d. This extends previous results of
Rosenblatt [40, Theorem 18] (for {f,,} a Rademacher sequence), Boukhari and Weber [7]
(p =2 and {f,} symmetric), and Assani [2],[3] (convergence of £ 3")' | fi.(z)T"g). Note
that for g € Lo(7) Theorem 4.4 yields Assani’s result under the weaker requirement that
the i.i.d. variables {f,} are in Llog™ L.
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