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(, FZkfY\i (00-

8YjkiXZk1 @ ]fidlcXk\ Xe[ \jk`dXk\ X df[\c f] \ok\ieXc`k`\j

n`k_`e Zfleki`\j Xe[ k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ XZifjj

Zfleki`\j% @ ]`e[ k_Xk \ok\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc

n`k_`e Zfleki`\j Xi\ / g\iZ\ek2 k_Xk X (' g\iZ\ek `eZi\Xj\ f]

kfkXc ]XZkfi gif[lZk`m`kp f] X ZflekipËj e\`^_Yfij iX`j\j `kj kfkXc

]XZkfi gif[lZk`m`kp Yp - g\iZ\ek2 Xe[ k_Xk X ) g\iZ\ek XeelXc

^ifnk_ iXk\ f] cXYfi gif[lZk`m`kp ZXe Y\ \ogcX`e\[ Xj Xe

\e[f^\eflj i\jgfej\ kf Xe \of^\eflj '%) g\iZ\ek XeelXc

^ifnk_ iXk\ f] kfkXc ]XZkfi gif[lZk`m`kp `e k_\ jk\X[p$jkXk\%

A<C :cXjj`]`ZXk`fe1 <(*# F(# F*# F+%
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! Le`m\ij`kp f] :Xc`]fie`X Xk 9\ib\c\p Xe[ Le`m\ij`kXk Gfdg\l =XYiX% K_Xebj kf =\i[`eXe[f

I\^Xc`X ]fi flkjkXe[`e^ i\j\XiZ_ Xjj`jkXeZ\ Xe[ kf k_\ JgXe`j_ D`e`jkip f] <[lZXk`fe ]fi

]`eXeZ`Xc jlggfik �k_ifl^_ ;>@:PK ^iXek G;$0+$('0, kf k_\ Le`m\ij`kXk Gfdg\l =XYiX %
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( @ekif[lZk`fe

I\Z\ek k_\fi\k`ZXc nfib fe \Zfefd`Z ^ifnk_ Yp GXlc Ifd\i �(0/-# (00' # IfY\ik

ClZXj �(0// # Xe[ fk_\ij _Xj jlZZ\jj]lccp Xi^l\[ k_Xk X^^i\^Xk\ \ok\ieXc`k`\j kf

g_pj`ZXc Xe[ _ldXe ZXg`kXc n`k_`e Zfleki`\j dXp _\cg \ogcX`e dXep f] k_\

fYj\im\[ gXkk\iej f] ^ifnk_ XZifjj Zfleki`\j% 9lk \dg`i`ZXc nfib fe \Zfefd`Z

^ifnk_ _Xj cXi^\cp `^efi\[ X^^i\^Xk\ \ok\ieXc`k`\j Xe[ i\klie\[ kf IfY\ik JfcfnËj

�(0,- ^ifnk_ df[\c# j\\ k_\ nfib Yp IfY\ik 9Xiif Xe[ OXm`\i JXcX$`$DXik`e

�(00) fi Yp >i\^fip DXeb`n# ;Xm`[ Ifd\i# Xe[ ;Xm`[ N\`c �(00) ]fi \oXdgc\%

K_`j `j gifYXYcp Y\ZXlj\ k_\ k_\fi\k`ZXc nfib fe X^^i\^Xk\ \ok\ieXc`k`\j [f\j efk

\ogcX`e _fn kf k\cc \ok\ieXc ]ifd `ek\ieXc i\kliej kf g_pj`ZXc Xe[ _ldXe ZXg`kXc

n`k_ k_\ XmX`cXYc\ Zifjj$Zflekip [XkX%

@ Xi^l\ k_Xk \ok\ieXc Xe[ `ek\ieXc i\kliej kf g_pj`ZXc Xe[ _ldXe ZXg`kXc

ZXe Y\ \Xj`cp kfc[ XgXik n`k_ k_\ XmX`cXYc\ Zifjj$Zflekip [XkX Y\ZXlj\ k_\ i\Xjfe`e^

Y\_`e[ k_\ k_\fi\k`ZXc nfib fe X^^i\^Xk\ \ok\ieXc`k`\j `dgc`\j k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj e\`^_Yfi`e^ Zfleki`\j% K_`j Xi^ld\ek [\]`e\j dp knf

fYa\Zk`m\j1 =`ijk# kf \ok\e[ k_\ k_\fi\k`ZXc nfib fe ^ifnk_ n`k_ X^^i\^Xk\

\ok\ieXc`k`\j n`k_`e Zfleki`\j Yp Ifd\i Xe[ ClZXj ]fi k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j% J\Zfe[# kf j_fn _fn k_\ [\^i\\ f] k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j# Xe[ `ek\ieXc Xe[ \ok\ieXc i\kliej kf g_pj`ZXc

Xe[ _ldXe ZXg`kXc n`k_`e Zfleki`\j# ZXe Y\ \jk`dXk\[ n`k_ k_\ XmX`cXYc\ Zifjj$

Zflekip [XkX%



)

K_\ i\Xjfe`e^ Y\_`e[ k_\ k_\fi\k`ZXc nfib fe X^^i\^Xk\ \ok\ieXc`k`\j Yp

Ifd\i Xe[ ClZXj `j k_Xk gi`mXk\ ZXg`kXc XZZldlcXk`fe f] _flj\_fc[j Xe[ ]`idj

^\e\iXk\j k\Z_efcf^`ZXc `[\Xj k_Xk ZXeefk Y\ ]lccp Xggifgi`Xk\[ Yp `em\jkfij% K_\j\

`[\Xj [`]]lj\ Xe[ `eZi\Xj\ k_\ gif[lZk`m`kp f] dXep fk_\i _flj\_fc[j Xe[ ]`idj%

Ifd\i Xe[ ClZXj c`eb k_\ [`]]lj`fe f] `[\Xj kf jgXk`Xc gifo`d`kp Ylk Xjjld\ k_Xk

`[\Xj [`]]lj\ n`k_`e Zfleki`\j fecp `e k_\`i k_\fi\k`ZXc nfib% K_`j `j aljk X

j`dgc`]`ZXk`fe f] Zflij\1 E\n D\o`Zf `j Zcfj\i kf D\o`Zf k_Xe kf NXj_`e^kfe JkXk\

Xe[ JldXkiX Zcfj\i kf DXcXpj`X k_Xe kf @i`Xe AXpX2 eXk`feXc Yfi[\ij Xi\ XiY`kiXip#

f]k\e j\gXiXk`e^ i\^`fej n`k_ j`d`cXi ZlckliXc `[\ek`k`\j Xe[ \Zfefd`Z

Z_XiXZk\i`jk`Zj2 Xe[ k_\ _`jkfip f] k\Z_efcf^p `j ]lcc f] `[\Xj k_Xk n\ek Xifle[ k_\

nfic[ kiXm\c`e^ ]ifd fe\ Zflekip kf Xefk_\i# j\\ Af\c Dfbpi �(00' Xe[ 8iefc[

GXZ\p �(00' ]fi \oXdgc\% @ Xi^l\ k_Xk \c`d`eXk`e^ k_`j j`dgc`]`ZXk`fe Xe[ Xccfn`e^

k\Z_efcf^`ZXc `[\Xj kf Zifjj eXk`feXc Yfi[\ij `j j`dgc\ Xe[ gif[lZk`m\2 `k p`\c[j

`ek\i\jk`e^ k_\fi\k`ZXc ZfeZclj`fej XYflk \Zfefd`Z ^ifnk_ `e X nfic[ f]

k\Z_efcf^`ZXccp `ek\i[\g\e[\ek Zfleki`\j Xe[ dXb\j `k \Xjp kf k\cc \ok\ieXc ]ifd

`ek\ieXc i\kliej kf g_pj`ZXc Xe[ _ldXe ZXg`kXc lj`e^ k_\ XmX`cXYc\ Zifjj$Zflekip

[XkX%

K_`j `j n_p @ \ok\e[ k_\ k_\fi\k`ZXc nfib fe X^^i\^Xk\ \ok\ieXc`k`\j n`k_`e

Zfleki`\j Yp Ifd\i Xe[ ClZXj Xe[ Xccfn ]fi k\Z_efcf^`ZXc `[\Xj kf Y\ X[fgk\[ Xe[

X[Xgk\[ Yp _flj\_fc[j Xe[ ]`idj `e e\`^_Yfi`e^ Zfleki`\j% K_\ X^^i\^Xk\ c\m\c f]

k\Z_efcf^p `e Xep Zflekip dXp k_\i\]fi\ efk fecp [\g\e[ fe \ok\ieXc`k`\j

^\e\iXk\[ Yp ZXg`kXc XZZldlcXk`fe n`k_`e k_\ Zflekip Ylk Xcjf fe k_\ X^^i\^Xk\

c\m\c f] k\Z_efcf^p f] `kj e\`^_Yfij2 Xcc Zfleki`\j dXp Y\Zfd\ k\Z_efcf^`ZXccp

`ek\i[\g\e[\ek Xj X i\jlck% 8k k_\ k_\fi\k`ZXc c\m\c# k_`j `dgc`\j Xe `eZi\Xj\ `e k_\

jk\X[p$jkXk\ ^ifnk_ iXk\ f] cXYfi gif[lZk`m`kp ]fi Xep \of^\eflj ^ifnk_ iXk\ f]

kfkXc ]XZkfi gif[lZk`m`kp% @k Xcjf `dgc`\j X cXi^\i \]]\Zk f] `em\jkd\ek fe jk\X[p$jkXk\

cXYfi gif[lZk`m`kp% 8efk_\i k_\fi\k`ZXc `dgc`ZXk`fe f] `ek\ieXk`feXc k\Z_efcf^`ZXc



*

`ek\i[\g\e[\eZ\ `j k_Xk \e[f^\eflj ^ifnk_ `j gfjj`Yc\ [\jg`k\ [\Zi\Xj`e^

X^^i\^Xk\ i\kliej kf jZXc\ kf ZXg`kXc Xk k_\ Zflekip c\m\c%

9lk dp dX`e i\jlckj Xi\ \dg`i`ZXc% Df[\c`e^ k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j Xccfnj d\ kf \jk`dXk\ efk fecp k_\ [\^i\\ f]

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j Ylk Xcjf k_\ jki\e^k_ f] \ok\ieXc i\kliej kf

g_pj`ZXc Xe[ _ldXe ZXg`kXc n`k_`e Zfleki`\j ]ifd k_\ XmX`cXYc\ Zifjj$Zflekip [XkX%

K_`j `j Y\ZXlj\ k\Z_efcf^`ZXc `[\Xj ^\e\iXk\[ Yp \ok\ieXc`k`\j kf g_pj`ZXc Xe[

_ldXe ZXg`kXc XZZldlcXk`fe n`k_`e X Zflekip# Xi\ X[fgk\[ Xe[ X[Xgk\[ Yp

e\`^_Yfi`e^ Zfleki`\j Xe[ `eZi\Xj\ k_\`i X^^i\^Xk\ c\m\c f] k\Z_efcf^p Xe[ cXYfi

gif[lZk`m`kp `e[`i\Zkcp% @ ZXe k_\i\]fi\ lj\ k_\ ^\f^iXg_`Z gXkk\ie f] ^ifnk_ kf k\cc

\ok\ieXc ]ifd `ek\ieXc i\kliej kf g_pj`ZXc Xe[ _ldXe ZXg`kXc%

@ \jk`dXk\ k_\ df[\c lj`e^ [XkX fe 0/ Zfleki`\j% =`m\ `ek\i\jk`e^ \dg`i`ZXc

i\jlckj \d\i^\% =`ijk# k_\i\ `j X _`^_ [\^i\\ f] k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ XZifjj

Zfleki`\j% Dp ]`e[`e^j `e[`ZXk\ k_Xk X (' g\iZ\ek `eZi\Xj\ `e k_\ c\m\c f] kfkXc ]XZkfi

gif[lZk`m`kp f] Xep ZflekipËj e\`^_Yfij iX`j\j `kj c\m\c f] kfkXc ]XZkfi gif[lZk`m`kp

Yp - g\iZ\ek% K_`j \jk`dXk\ jl^^\jkj k_Xk k_\ n\cc$befne jgXk`Xc Zfii\cXk`fe `e

`eZfd\ g\i ZXg`kX \m`[\ek ]ifd k_\ Zfcfi$Zf[\[ `eZfd\ g\i ZXg`kX nfic[ dXgj `e

k_\ ]`ijk gX^\j f] Xcdfjk \m\ip nfic[ XkcXj `j gXik`Xccp [l\ kf X jgXk`Xc Zfii\cXk`fe

f] k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p% J\Zfe[# k_\i\ Xi\ jkife^ Xe[ \dg`i`ZXccp

j`^e`]`ZXek \ok\ieXc i\kliej kf gi`mXk\ ZXg`kXc XZZldlcXk`fe n`k_`e Zfleki`\j%

<ok\ieXc i\kliej kf jZXc\ kf ZXg`kXc n`k_`e Zfleki`\j Xi\ / g\iZ\ek% K_`i[# \ok\ieXc

i\kliej kf ZXg`kXc Xgg\Xi kf Y\ \ek`i\cp [l\ kf g_pj`ZXc ZXg`kXc% Dp \jk`dXk\j

jl^^\jk k_Xk k_\ jfZ`Xc i\klie kf g_pj`ZXc ZXg`kXc XZZldlcXk`fe Xk k_\ Zflekip c\m\c

`j ** g\iZ\ek _`^_\i k_Xe k_\ gi`mXk\ i\klie% =flik_# `ek\ieXc i\kliej kf jZXc\ kf

g_pj`ZXc ZXg`kXc Xi\ )/ g\iZ\ek `e k_\ df[\c n`k_ \ok\ieXc`k`\j n`k_`e Zfleki`\j Xe[

`ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\% K_`j \jk`dXk\ `j Zfej`jk\ek n`k_

\jk`dXk\j f] k_\ g_pj`ZXc ZXg`kXc j_Xi\ `e eXk`feXc `eZfd\ XmX`cXYc\ ]ifd eXk`feXc



+

`eZfd\ [XkX% K_\ Xm\iX^\ g_pj`ZXc ZXg`kXc j_Xi\ `e k_\ LJ fm\i dp jXdgc\ g\i`f[#

]fi \oXdgc\# nXj )/%* g\iZ\ek% =`]k_# dp \jk`dXk\j jl^^\jk k_Xk k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j Xe[ \ok\ieXc`k`\j n`k_`e Zfleki`\j ZXe \ogcX`e X )

g\iZ\ek jk\X[p$jkXk\ XeelXc ^ifnk_ iXk\ f] cXYfi gif[lZk`m`kp Xj Xe \e[f^\eflj

i\jgfej\ kf Xe \of^\eflj '%) g\iZ\ek XeelXc ^ifnk_ iXk\ f] kfkXc ]XZkfi

gif[lZk`m`kp%

) Df[\c

K_\ df[\c [\jZi`Y\j X j`dgc\ k_\fip f] \Zfefd`Z ^ifnk_ `e X nfic[ n`k_ E

k\Z_efcf^`ZXccp `ek\i[\g\e[\ek Zfleki`\j% @kj dX`e fYa\Zk`m\ `j kf j_fn _fn k_\

[\^i\\ f] `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ XZifjj Zfleki`\j Xe[ k_\

jki\e^k_ f] \ok\ieXc i\kliej kf g_pj`ZXc Xe[ _ldXe ZXg`kXc n`k_`e Zfleki`\j ZXe Y\

\jk`dXk\[ lj`e^ k_\ XmX`cXYc\ Zifjj$Zflekip [XkX% K_\ df[\c Xcjf j_fnj k_Xk

`ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ `eZi\Xj\j k_\ jk\X[p$jkXk\ ^ifnk_ iXk\

f] cXYfi gif[lZk`m`kp ]fi Xep \of^\eflj ^ifnk_ iXk\ f] kfkXc ]XZkfi gif[lZk`m`kp2

k_Xk `k jki\e^k_\ej k_\ \]]\Zk f] g_pj`ZXc Xe[ _ldXe ZXg`kXc `em\jkd\ek fe jk\X[p$

jkXk\ cXYfi gif[lZk`m`kp2 Xe[ k_Xk `k dXb\j \e[f^\eflj ^ifnk_ gfjj`Yc\ [\jg`k\

[\Zi\Xj`e^ i\kliej kf jZXc\ kf ZXg`kXc Xk k_\ Zflekip c\m\c%

K_\ df[\c Zfej`jkj f] dXep [`]]\i\ek ]`idj `e E [`]]\i\ek Zfleki`\j% 8ep

]`id ] `e Xep Zflekip Z gif[lZ\j `kj ^ff[j n`k_ _ldXe ZXg`kXc# g_pj`ZXc ZXg`kXc#

Xe[ cXYfi _`i\[ `e Zfdg\k`k`m\ ]XZkfi dXib\kj% K_\ Xm\iX^\ cXYfi gif[lZk`m`kp f]

]`id ] `e Zflekip Z Xk k`d\ k # P ]Zk # `j i\cXk\[ kf g_pj`ZXc ZXg`kXc g\i nfib\i B ]Zk

Xe[ kf _ldXe ZXg`kXc g\i nfib\i ? ]Zk \dgcfp\[ `e k_\ ]`id Yp k_\ ]fccfn`e^

gif[lZk`fe ]leZk`fe `e `ek\ej`m\ ]fid#
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P 8 B ?]Zk Zk ]Zk ]Zk= −β β α
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n_\i\ 8
Zk
[\jZi`Y\j k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p `e Zflekip Z Xk k`d\ k # Xe[

α [\jZi`Y\j k_\ i\kliej kf jZXc\ kf ZXg`kXc Xk k_\ ]`id c\m\c n`k_ αβ k_\ i\kliej

kf jZXc\ kf g_pj`ZXc ZXg`kXc Xk k_\ ]`id c\m\c Xe[ α β�  (− k_\ i\kliej kf jZXc\ kf

_ldXe ZXg`kXc Xk k_\ ]`id c\m\c% @ Xjjld\ k_Xk Xcc ]`idj j\cc k_\`i ^ff[j `e

Zfdg\k`k`m\ dXib\kj Xe[ k_Xk gif[lZk`fe Xe[ `em\jkd\ek kXb\ gcXZ\ Xk [`jZi\k\

`ek\imXcj k = (# )#¿#+∞ %

8m\iX^\ cXYfi gif[lZk`m`kp Xk k_\ Zflekip c\m\c Xk k`d\ k # P
Zk
# ZXe efn Y\

ZXcZlcXk\[ Xj Xe \dgcfpd\ek$n\`^_k\[ Xm\iX^\ f] Xm\iX^\ cXYfi gif[lZk`m`kp Xk k_\

]`id c\m\c2 �( Xe[ k_\ Xjjldgk`fe f] Zfdg\k`k`m\ eXk`feXc dXib\kj ]fi gif[lZ\[

^ff[j Xe[ \dgcfp\[ `eglkj p`\c[j k_Xk X ZflekipËj Xm\iX^\ cXYfi gif[lZk`m`kp

`eZi\Xj\j n`k_ k_\ X^^i\^Xk\ c\m\c f] g_pj`ZXc ZXg`kXc g\i nfib\i B
Zk

Xe[ k_\

X^^i\^Xk\ c\m\c f] _ldXe ZXg`kXc g\i nfib\i ?
Zk
XmX`cXYc\ Xk k`d\ k XZZfi[`e^ kf

P 8 B ?
Zk Zk Zk Zk

= −β β α
(� � % �) 

K_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p 8
Zk

f] Xep Zflekip Z n`cc Y\ \e[f^\eflj

`e k_\ df[\c% @ X[Xgk k_\ i\Xjfe`e^ f] Ifd\i �(0/-# (00' Xe[ ClZXj �(0// Xe[

Xjjld\ k_Xk \XZ_ ZflekipËj X^^i\^Xk\ c\m\c f] k\Z_efcf^p `eZi\Xj\j n`k_ k_\

X^^i\^Xk\ c\m\c f] g_pj`ZXc ZXg`kXc g\i nfib\i B
Zk
Xe[ k_\ X^^i\^Xk\ c\m\c f] _ldXe

ZXg`kXc g\i nfib\i ?
Zk

XmX`cXYc\ `e k_Xk Zflekip% Ifd\i Xe[ ClZXj Xi^l\ k_Xk

gi`mXk\ ZXg`kXc XZZldlcXk`fe ^\e\iXk\j e\n k\Z_efcf^`ZXc `[\Xj k_Xk ZXeefk Y\ ]lccp

Xggifgi`Xk\[ Yp `em\jkfij Xe[ `eZi\Xj\ k_\ gif[lZk`m`kp f] dXep fk_\i ]`idj Xe[

_flj\_fc[j `e k_\ jXd\ Zflekip% @ kXb\ k_`j Xi^ld\ek X jk\g ]lik_\i Xe[ Xcjf Xccfn

]fi jfd\ f] k_\j\ k\Z_efcf^`ZXc `[\Xj kf jg`cc fm\i kf e\`^_Yfi`e^ Zfleki`\j% K_\

X^^i\^Xk\ c\m\c f] k\Z_efcf^p `e Zflekip Z # 8
Zk

# dXp k_\i\]fi\ efk fecp [\g\e[ fe



-

\ok\ieXc`k`\j ^\e\iXk\[ Yp g_pj`ZXc Xe[ _ldXe ZXg`kXc XZZldlcXk\[ `e k_Xk Zflekip

`e fi Y\]fi\ g\i`f[ k −( # [\jZi`Y\[ Yp B ?
Zk Zk

λ λ(− n`k_ ' (≤ ≤λ 2 `k dXp Xcjf [\g\e[

fe k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p f] `kj e\`^_Yfij# r s t8 ` D
` Z

∈ n_\i\ D
Z

[\efk\j k_\ j\k f] Zfleki`\j e\`^_Yfi`e^ Zflekip Z % K_\ gXik`ZlcXi ]leZk`feXc

]fid @ Xjjld\ ]fi k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p `e Zflekip Z `j X ^\fd\ki`ZXccp

n\`^_k\[ Xm\iX^\ f] k_\ \ok\ieXc`k`\j Xk k_\ Zflekip c\m\c Xe[ k_\ ^\fd\ki`Z

Xm\iX^\ f] k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p f] e\`^_Yfij2

8 < B ? 8
Zk k Zk Zk `

E

` D

Z

Z

= ∏−

∈
�  �  &λ λ γ σ( ( �* 

]fi Xcc Zfleki`\j Z E=(#%%%# 2 E
Z
[\efk\j k_\ eldY\i f] Zfleki`\j e\`^_Yfi`e^

Zflekip Z 2 Xe[ @ Xjjld\ σ <( % K_\ [\^i\\ f] `ek\ieXk`feXc k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ `j [\jZi`Y\[ Yp σ 2 σ `j k_\ \cXjk`Z`kp f] Zflekip Z Ëj X^^i\^Xk\

c\m\c f] k\Z_efcf^p n`k_ i\jg\Zk kf k_\ Xm\iX^\ c\m\c f] k\Z_efcf^p f] `kj e\`^_Yfij%

K_\ jki\e^k_ f] \ok\ieXc i\kliej kf jZXc\ kf ZXg`kXc Xk k_\ Zflekip c\m\c `j [\jZi`Y\[

Yp γ 2 γλ [\efk\j \ok\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc Xe[ γ λ�  (− \ok\ieXc

i\kliej kf jZXc\ kf _ldXe ZXg`kXc% K_\ `e[\o <
k

ZXgkli\j k\Z_efcf^`ZXc `[\Xj k_Xk
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�, @ek\ieXc i\kliej kf jZXc\ kf _ldXe ZXg`kXc Xi\ )* g\iZ\ek `e Yfk_

i\^i\jj`fej2 ,( g\iZ\ek d`elj )/ g\iZ\ek `e k_\ df[\c n`k_ `ek\ieXk`feXc

k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\% K_\ Zf\]]`Z`\ek fe _ldXe ZXg`kXc `em\jkd\ek

i\dX`ej leZ_Xe^\[ n_\e XZZflek`e^ ]fi \ok\ieXc`k`\j n`k_`e Zfleki`\j Xe[

k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ XZifjj Zfleki`\j%

�- @ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc \jk`dXk\[ Xk X m\ip _`^_ +/

g\iZ\ek `e DXeb`n# Ifd\i# Xe[ N\`c Xi\ )/ g\iZ\ek `e k_\ df[\c n`k_

\ok\ieXc`k`\j Xe[ `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\% K_`j \jk`dXk\ `j

Zfej`jk\ek n`k_ \jk`dXk\j f] `ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc fYkX`e\[

`e[`i\Zkcp k_ifl^_ k_\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e eXk`feXc `eZfd\% Le[\i jfd\

jkXe[Xi[ Zfe[`k`fej n_`Z_ Xi\ Xcc jXk`j]`\[ `e k_\ df[\c `e k_`j gXg\i `ek\ieXc

i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc Xi\ \hlXc kf k_\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e

eXk`feXc `eZfd\% K_\ \jk`dXk\ f] k_\ Xm\iX^\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e eXk`feXc

`eZfd\ `e k_\ LJ Y\kn\\e (0-' Xe[ (0/, `e k_\ EXk`feXc @eZfd\ 8ZZflekj `j



)(

)/%* g\iZ\ek# Xcdfjk \oXZkcp \hlXc kf dp )/ g\iZ\ek \jk`dXk\ f] `ek\ieXc i\kliej kf

jZXc\ kf g_pj`ZXc ZXg`kXc%

K_\i\ Xi\ knf i\Xjfej n_p k_\ \jk`dXk\ ]fi `ek\ieXc i\kliej kf jZXc\ kf

ZXg`kXc [ifgj ]ifd +/ g\iZ\ek `e DXeb`n# Ifd\i# Xe[ N\`c kf )/ g\iZ\ek `e �(. 1

=`ijk# k_\ +/ g\iZ\ek \jk`dXk\ `e DXeb`n# Ifd\i# Xe[ N\`c Zfdgi`j\j Yfk_

`ek\ieXc Xe[ \ok\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc2 k_\p ZXeefk Y\ \jk`dXk\[

j\gXiXk\cp `e k_\`i ]iXd\nfib% J\Zfe[# k_\ \jk`dXk\ `e DXeb`n# Ifd\i# Xe[ N\`c

nXj Y`Xj\[ lgnXi[j Y\ZXlj\ k_\ lefYj\im\[ Xe[ ledf[\c\[ _\k\if^\e\`kp `e k_\

X^^i\^Xk\ c\m\c f] k\Z_efcf^p `j gfj`k`m\cp Zfii\cXk\[ n`k_ k_\ `e`k`Xc c\m\c f] Xm\iX^\

cXYfi gif[lZk`m`kp%

Kf Z_\Zb k_\ ifYljke\jj f] k_\ i\jlckj `e KXYc\ (# @ _Xm\ X[[\[ Zfek`e\ekXc

[ldd`\j kf k_\ i\^i\jj`fe `e �(. % K_\ dfjk `dgfikXek [lddp `j ]fi k_\ 8]i`ZXe

Zfleki`\j% 8]i`ZXe Zfleki`\j Xi\ ^\e\iXccp gffi\i k_Xe jXp <lifg\Xe Zfleki`\j Xe[

k_\ [lddp ]fi 8]i`ZXe Zfleki`\j Xccfnj d\ kf j\\ n_\k_\i k_\ \jk`dXk\[

k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ `e �(. Xi`j\j Y\ZXlj\ f] k_\ fm\iXcc [`jZi\gXeZp

Y\kn\\e 8]i`ZXe Xe[ <lifg\Xe `eZfd\ g\i ZXg`kX% 8[[`e^ k_`j [lddp [`[ efk

j`^e`]`ZXekcp X]]\Zk k_\ \jk`dXk\j% @ek\ieXc gclj \ok\ieXc i\kliej kf ZXg`kXc i\dX`e Xk

,0 g\iZ\ek Xe[ \ok\ieXc i\kliej kf ZXg`kXc Xk / g\iZ\ek% K_\ 8]i`ZX [lddp klie\[

flk kf Y\ e\^Xk`m\ Ylk `ej`^e`]`ZXek Xk k_\ (, g\iZ\ek j`^e`]`ZXeZ\ c\m\c% K_`j

jl^^\jk k_Xk `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ `[\ek`]`\[ `e �(. `j f] k_\

cfZXc eXkli\ ]fidlcXk\[ `e �* # Xe[ efk Y\ZXlj\ f] [`]]\i\eZ\j `e `eZfd\ g\i ZXg`kX

Y\kn\\e YifX[cp [\]`e\[ ^iflgj f] Zfleki`\j%

*%*% K\jk`e^ ]fi <of^\e\`kp

Fe\ gifYc\d n`k_ k_\ i\^i\jj`fe `e �(. Xe[ k_\i\]fi\ k_\ i\jlckj `j k_\

gfk\ek`Xc \e[f^\e\`kp f] k_\ i\^i\jjfij% @k nflc[ Y\ [\j`iXYc\ kf k\jk ]fi \of^\e\`kp%



))

Fe\ j`dgc\ nXp kf [f k_`j `j k_\ ]fccfn`e^% K_\ k_\fip `e k_\ gi\m`flj j\Zk`fej

`dgc`\j k_Xk `ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc# αβ # Xi\ \hlXc kf k_\

g_pj`ZXc ZXg`kXc j_Xi\ `e eXk`feXc `eZfd\% K_`j `j Y\ZXlj\ gif]`k$dXo`d`qXk`fe#

Zfdg\k`k`m\ dXib\kj ]fi gif[lZ\[ ^ff[j Xe[ \dgcfp\[ `eglkj# Xe[ �( `dgcp k_Xk

i [ P BZk ]Zk ]Zk+ =αβ � &  # n_\i\ i
Zk
[\efk\j k_\ i\Xc `ek\i\jk iXk\ `e Zflekip Z Xk k`d\

k Xe[ [ k_\ XeelXc [\gi\Z`Xk`fe iXk\ f] g_pj`ZXc ZXg`kXc2 i\$XiiXe^`e^ Xe[

X^^i\^Xk`e^ fm\i ]`idj k_`j p`\c[j

�  &i [ B P
Zk Zk Zk

+ =αβ .

K_`j `j n_p k_\ c\Xjk$jhlXi\j \jk`dXkfi ]fi `ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc

ZXg`kXc `e �(. n`cc Y\ X Zfej`jk\ek \jk`dXkfi f] k_\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e

eXk`feXc `eZfd\ `] k_\ i\^i\jjfij `e �(. Xi\ \of^\eflj1 8 i\a\Zk`fe f] k_\

_pgfk_\j`j k_Xk k_\ \jk`dXk\ f] `ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc `j \hlXc

kf k_\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e eXk`feXc `eZfd\ n`cc k_\i\]fi\ Xdflek kf X

i\a\Zk`fe f] k_\ _pgfk_\j`j k_Xk k_\ i\^i\jjfij Xi\ \of^\eflj% K_`j `j n_p @ k\jk

?'1 αβ = J_Xi\ f] G_pj`ZXc :Xg`kXc `e EXk`feXc @eZfd\ Fm\i k_\ JXdgc\ G\i`f[%

K_\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e eXk`feXc `eZfd\ `e k_\ LJ Y\kn\\e (0-' Xe[ (0/,

ZXe Y\ ]fle[ `e k_\ EXk`feXc @eZfd\ 8ZZflekj% K_\ Xm\iX^\ j_Xi\ f] g_pj`ZXc

ZXg`kXc `e eXk`feXc `eZfd\ `e k_\ LJ nXj )/%* g\iZ\ek n`k_ X jkXe[Xi[ [\m`Xk`fe f]

)%. g\iZ\ek% K_`j `dgc`\j k_Xk k_\ \of^\e\`kp f] k_\ i\^i\jjfij ZXeefk Y\ i\a\Zk\[ Xk

k_\ 0' g\iZ\ek j`^e`]`ZXeZ\ c\m\c%

*%+ <jk`dXk`e^ k_\ >ifnk_ Dlck`gc`\i



)*

K_\ \jk`dXk\ f] X^^i\^Xk\ i\kliej kf jZXc\ kf ZXg`kXc `e KXYc\ ( _Xj ]Xcc\e

]ifd .( g\iZ\ek `e DXeb`n# Ifd\i# Xe[ N\`c �(00) kf ,0 g\iZ\ek% <hlXk`fe �(' 

j_fnj k_Xk fk_\i k_`e^j \hlXc k_`j [\Zi\Xj\j k_\ \e[f^\eflj gifgX^Xk`fe

d\Z_Xe`jd f] k_\ ^ifnk_ df[\c `e k_\ gXg\i i\cXk`m\ kf k_\ ^ifnk_ df[\c `e

DXeb`n# Ifd\i# Xe[ N\`c% KXb`e^ `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\

`ekf XZZflek# _fn\m\i# iX`j\j k_\ ^ifnk_ dlck`gc`\i#

d = − − − − ′
− − − ′

≅ − =( ( (

( (

( ) , ( +

) , ( +
0

�  �  

�  �  

� &  � &  

� &  � &  

α γ σ
α γ σ

%

K_`j Zfejk`klk\j X dfi\ k_Xe ]fli]fc[ `eZi\Xj\ i\cXk`m\ kf k_\ ^ifnk_ dlck`gc`\i `e

DXeb`n# Ifd\i# N\`c% K_`j _`^_ dlck`gc`\i `dgc`\j k_Xk X ) g\iZ\ek XeelXc

^ifnk_ iXk\ f] cXYfi gif[lZk`m`kp ZXe Y\ \ogcX`e\[ Xj Xe \e[f^\eflj i\jgfej\ kf

Xe \of^\eflj '%) g\iZ\ek XeelXc ^ifnk_ iXk\ f] kfkXc ]XZkfi gif[lZk`m`kp `e k_\

jk\X[p$jkXk\%

Fe\ nXp kf glk k_\ ^ifnk_ dlck`gc`\i f] k_\ df[\c n`k_ k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j Xe[ \ok\ieXc`k`\j n`k_`e Zfleki`\j `ekf

g\ijg\Zk`m\ `j Yp Xjb`e^ n_Xk mXcl\ ]fi X^^i\^Xk\ i\kliej kf jZXc\ kf ZXg`kXc nflc[

i\jlck `e jlZ_ X jkife^ \e[f^\eflj i\jgfej\ kf \of^\eflj kfkXc ]XZkfi gif[lZk`m`kp

^ifnk_ `e X df[\c n`k_flk `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\% J\kk`e^

σ = ' `e �(' Xe[ jfcm`e^ k_\ \hlXk`fe

α γ
α γ
+

− +
=

(
0

�  

]fi α γ+ p`\c[j α γ+ = ' 0% 1 K_\ \jk`dXk\[ df[\c n`k_ k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ XZifjj Zfleki`\j _Xj k_\ jXd\ ^ifnk_ dlck`gc`\i k_Xe X ^ifnk_



)+

df[\c n`k_ X^^i\^Xk\ i\kliej kf jZXc\ kf ZXg`kXc \hlXc kf 0' g\iZ\ek Xe[ ef

k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ XZifjj Zfleki`\j%

+ :feZclj`fe

K_`j gXg\i _Xj \ok\e[\[ k_\ k_\fi\k`ZXc nfib fe \ok\ieXc`k`\j Xk k_\ Zflekip c\m\c

Yp Ifd\i �(0/-# (00' # ClZXj �(0// # Xe[ fk_\ij Xe[ k_\ \dg`i`ZXc nfib Yp

DXeb`n# Ifd\i# Xe[ N\`c �(00) kf XZZflek ]fi k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\

XZifjj Zfleki`\j% K_`j j`dgc\ \ok\ej`fe _Xj gifm\e kf Y\ gif[lZk`m\ Yfk_ Xk k_\

k_\fi\k`ZXc Xe[ k_\ \dg`i`ZXc c\m\c%

8k k_\ k_\fi\k`ZXc c\m\c# k_\ gXg\i _Xj p`\c[\[ jfd\ `ek\i\jk`e^ ZfeZclj`fej

XYflk \Zfefd`Z ^ifnk_ `e X nfic[ f] k\Z_efcf^`ZXccp `ek\i[\g\e[\ek Zfleki`\j% @

_Xm\ j_fne k_Xk `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ `eZi\Xj\j k_\ jk\X[p$

jkXk\ Xm\iX^\ cXYfi gif[lZk`m`kp ^ifnk_ iXk\ ]fi Xep \of^\eflj ^ifnk_ iXk\ f] kfkXc

]XZkfi gif[lZk`m`kp2 k_Xk `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\ jki\e^k_\ej

k_\ \]]\Zk f] `em\jkd\ek fe jk\X[p$jkXk\ cXYfi gif[lZk`m`kp2 Xe[ k_Xk \e[f^\eflj

^ifnk_ Y\Zfd\j gfjj`Yc\ [\jg`k\ [\Zi\Xj`e^ X^^i\^Xk\ i\kliej kf jZXc\ kf ZXg`kXc Xk

k_\ Zflekip c\m\c%

9lk k_\ dfi\ `dgfikXek ZfeZclj`fej f] k_\ gXg\i Xi\ \dg`i`ZXc% K_\ gXg\i

_Xj gi\j\ek\[ \m`[\eZ\ fe dXep f] k_\ `dgfikXek `jjl\j `e df[\ie ^ifnk_ k_\fip1

<of^\eflj m\ijlj \e[f^\eflj ^ifnk_# k_\ jki\e^k_ f] \ok\ieXc i\kliej kf ZXg`kXc

XZZldlcXk`fe# _ldXe m\ijlj g_pj`ZXc ZXg`kXc \ok\ieXc`k`\j# Xe[ k_\ `ek\ieXk`feXc

[`]]lj`fe f] k\Z_efcf^p% @ _Xm\ ]fle[ k_Xk `ek\ieXk`feXc k\Z_efcf^`ZXc

`ek\i[\g\e[\eZ\ iX`j\j k_\ \e[f^\eflj gifgX^Xk`fe d\Z_Xe`jd f] k_\ df[\c

Zfej`[\iXYcp2 X ) g\iZ\ek jk\X[p$jkXk\ XeelXc ^ifnk_ iXk\ f] cXYfi gif[lZk`m`kp ZXe



),

Y\ \ogcX`e\[ Xj Xe \e[f^\eflj i\jgfej\ kf Xe \of^\eflj '%) g\iZ\ek XeelXc

^ifnk_ iXk\ f] kfkXc ]XZkfi gif[lZk`m`kp% @ _Xm\ Xcjf ]fle[ jkife^ \ok\ieXc i\kliej kf

g_pj`ZXc ZXg`kXc Xe[ X _`^_ [\^i\\ f] `ek\ieXk`feXc k\Z_efcf^`ZXc `ek\i[\g\e[\eZ\2

k_\ jfZ`Xc i\klie kf g_pj`ZXc ZXg`kXc `j ** g\iZ\ek _`^_\i k_Xe k_\ gi`mXk\ i\klie

Xe[ X (' g\iZ\ek `eZi\Xj\ `e k_\ X^^i\^Xk\ c\m\c f] k\Z_efcf^p f] X ZflekipËj

e\`^_Yfij iX`j\j `kj c\m\c f] k\Z_efcf^p Yp - g\iZ\ek% K_\ \dg`i`ZXc i\jlckj j\\d

i\XjfeXYc\ Xe[ ifYljk2 \e[f^\e\`kp [f\j efk Xgg\Xi kf Y\ X j\i`flj gifYc\d% K_\

dfjk `dgfikXek `e[`ZXkfi ]fi k_`j `j k_\ \jk`dXk\ f] `ek\ieXc i\kliej kf jZXc\ kf

g_pj`ZXc ZXg`kXc1 @ \jk`dXk\ `ek\ieXc i\kliej kf jZXc\ kf g_pj`ZXc ZXg`kXc Xk )/ g\iZ\ek

n_`Z_ `j Xcdfjk \oXZkcp k_\ Xm\iX^\ j_Xi\ f] g_pj`ZXc ZXg`kXc `e eXk`feXc `eZfd\ `e

k_\ LJ fm\i dp jXdgc\ g\i`f[%



)-

I\]\i\eZ\j

9Xiif# IfY\ik Xe[ OXm`\i JXcX$`$DXik`e �(00) È:fem\i^\eZ\#É AflieXc f] Gfc`k`ZXc

<Zfefdp (''# gg% ))*$),(%

ClZXj# IfY\ik <% �(0// ÈFe k_\ D\Z_Xe`Zj f] <Zfefd`Z ;\m\cfgd\ek#É AflieXc f]

Dfe\kXip <Zfefd`Zj ))# gg% *$+(%

DXeb`n E% >i\^fip# ;Xm`[ Ifd\i# Xe[ ;Xm`[ E% N\`c �(00) È8 :feki`Ylk`fe kf

k_\ <dg`i`Zj f] <Zfefd`Z >ifnk_#É HlXik\icp AflieXc f] <Zfefd`Zj ('.# gg%

+'.$+*.%

Dfbpi# Af\c �(00' K_\ C\m\i f] I`Z_\j# Fo]fi[ Le`m\ij`kp Gi\jj%

GXZ\p# 8iefc[ �(00' K\Z_efcf^p `e Nfic[ :`m`c`qXk`fe# D@K Gi\jj# :XdYi`[^\#

DXjjXZ_lj\kkj%

Ifd\i# GXlc �(0/- È@eZi\Xj`e^ I\kliej Xe[ Cfe^ Ile >ifnk_#É AflieXc f] Gfc`k`ZXc

<Zfefdp 0/# gg% J.($J(')%

Ifd\i# GXlc �(00' È<e[f^\eflj K\Z_efcf^`ZXc :_Xe^\#É AflieXc f] Gfc`k`ZXc

<Zfefdp 0+# gg% ('')$('*.%

Jfcfn# IfY\ik �(0,- È8 :feki`Ylk`fe kf k_\ K_\fip f] <Zfefd`Z >ifnk_#É

HlXik\icp AflieXc f] <Zfefd`Zj .'# gg% -,$0+%


