
Rheol. Acta 10, 429-433 (1971) 

From the Department o/Chemical Engineering, University o/Sal]ord, Sal/ord 5, Lancs (England) 

Extrapolation procedures for zero shear viscosity with a falling sphere viscometer 

Notation 

By V. S u b b a r a m a n ,  R. A. Mashel]car, and J. Ulbrecht  

With 3 figures and I table 
(Received March 9, 1971) 

D sphere diameter, cm 
DC container diameter, cm 
F - -  1/6~D a(~s --  P)g = drag force on sphere, dynes 
Fs - 6~]0 R %0 = drag force from Stokes law, dynes 
/W wall correction factor for Newtonian flow past  

a sphere 
[B bot tom correction factor for Newtonian flow past  

a sphere 
/I inertial correction factor for Newtonian flow 

past a sphere 
g gravitat ional  acceleration, era/see 2 
Re -- 2Rvt ~/~]o ~ Reynolds number  
vt measured sphere velocity, era/see 
v~ sphere velocity in an infinite medium, cm/sec 
W correction factor by  Caswell [eq. 4] 

Greek letters 

T~0 
~o (N) 

~s 
Tm(N) 

zero shear viscosity, poise 
corrected viscosity [Eqn. 2], poise 
apparent  Stokes viscosity, poise 
fluid density, gm/cm 3 
sphere density, gm/cm 3 
maximum pseudo-Newtonian shear stress 
[eq. 2], dyne/era 2 
combination of material  parameters  
2, 3) [eq. 4, 5, 6] 

hi 
( i =  1, 

Introduction 

Most non-Newtonian materials approach 
Newtonian behaviour at very low shear rates. 
The limiting value of this Newtonian viscosity 
is termed as the "zero shear viscosity" and 
denoted by 70. The determination of 70 is 
important for many applications, for instance 
70 is an important parameter in the consti- 
tutive equations which model the non- 
Newtonian flow. I t  also gives a test of the 
theoretical interpretation of the polymer melt 
viscosity. From an engineering viewpoint, it 
is important in the case of flow in porous 
media. Unfortunately there are very few 
instruments where shear rates could be ob- 
tained which are low enough to achieve the 
experimentally elusive zero shear limit. Thus, 

most typical rotational viscometers (e.g. 
Couette viscometer) give shear rates in the 
range of l0 to 10,000 sec -1. In some cases 
(e.g. Weissenberg l~heogoniometer) it is 
possible to obtain very small shear rates but 
for liquids with reasonably small consistency, 
the torque readings are rather inaccurate. 
The falling sphere apparatus used in this 
work appears to be an attractive method for 
determining the value of 70. 

Usually it is possible to achieve sufficiently 
small shear rates by reducing the dimension 
of the sphere as well as the density difference 
between the sphere and the liquid to a suf- 
ficiently small value. However, extremely 
small values of terminal settling velocities 
cause large time delays in the determination 
of 70. Hence, it is appropriate to work with 
sufficiently high velocities. This causes dif- 
ficulties because one now enters the non- 
Newtonian regime. I t  is very important to 
ascertain the accurate methods of extrapo- 
lation to the value of 70 by considering the 
values from the proper non-Newtonian reg- 
ime. Several methods have been proposed to 
achieve this object, some of them are pure- 
ly empirical whereas the rest are theoret- 
ical or semitheoretical. There are, however, 
no attempts to analyse these methods crit- 
ically and test them experimentally. The 
present paper is an experimental investi- 
gation into the study of these aspects. 

Theory 

When an unbounded incompressible New- 
tonian fluid of viscosity 70 flows past a sphere 
of radius R with an approach velocity v~, 
it exerts a drag force on the sphere given by 
the well known Stokes law 

Fs = 6~ ~]0 R v~ .  [1] 
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This  e q u a t i o n  is v a l i d  o n l y  in  t h e  s o - c a l l e d  
c r e e p i n g  f low r e g i m e  in  w h i c h  t h e  Reynolds 
n u m b e r ,  Re = 2 R v ~ / ~  o is less t h a n  a b o u t  
0.1. E x t e n s i o n  o f  Stokes', s o l u t i o n  to  h i g h e r  
Re h a s  b e e n  p r o p o s e d  b y  Oseen (1), Goldstein 
(2) a n d  b y  Proudman a n d  Pearson (3). 
C o r r e c t i o n s  of  E q .  [1] to  a c c o u n t  for  t h e  
effect  o f  t h e  c y l i n d r i c a l  wa l l  o f  t h e  f i x e d  con-  
t a i n e r  h a v e  b e e n  p r e s e n t e d  b y  Ladenburg (4) 
a n d  b y  Faxen (5). Ladenburg (4) h a s  a lso  
p r e s e n t e d  a c o r r e c t i o n  for  t h e  effect  o f  t h e  
b o t t o m  o f  t h e  c y l i n d e r .  Tanner (6) h a s  ca r -  
r i e d  o u t  a n u m e r i c a l  c a l c u l a t i o n  in  w h i c h  t h e  
effects  o f  b o t h  t h e  c y l i n d r i c a l  wa l l  a n d  t h e  
b o t t o m  o f  t h e  c o n t a i n e r  were  t a k e n  i n t o  
a c c o u n t .  M o s t  o f  t h e s e  c o r r e c t i o n s  h a v e  b e e n  
r e v i e w e d  (7) a n d  wil l  n o t  be  r e p e a t e d  here .  
T h e  v a r i o u s  p r o c e d u r e s  o f  e x t r a p o l a t i o n  to  
zero  s h e a r  v i s c o s i t y  f r o m  t h e  non-Newtonian 
r e g i m e  wi l l  b e  r e v i e w e d  a n d  a n a l y s e d  in  t h e  
s ec t i on  " R e s u l t s  a n d  d i s c u s s i o n " .  

Experimental 

The solutions used were glycerol, aqueous solutions 
of carboxy methyl cellulose (CMC, ICI), aqueous 
solutions of polyacrylamide (PAA, Separan AP30, Dow 
Chemicals). Also used were polydimethylsiloxanes 
(MS 200 silicone fluids, Midland Silicones Ltd.). The con- 
centrations used were from about 0.5~o to 2~o by wt for 
CMC in water and 1~o to 2~o by wt for PAA solutions. 

The range of the solutions so chosen enabled us to 
study fluids with different flow behaviours. Thus 
glycerol solutions were Newtonian. Aqueous CMC so- 
lutions showed negligible elastic effects up to a con- 
centration of approximately 1.1~o and hence could be 
classified as inelastic. They showed, however, pro- 
nounced elastic effects at higher concentrations. These 
were tested qualitatively by a rotating sphere elastico- 
viscometer and quantitatively by a Weissenberg Rheo- 
goniometer. PAA solutions were viscoelastic in charac- 
ter, whereas polydimethyl siloxanes did not show any 
shear thinning viscosity but showed some elastic 
effects. 

The falling sphere apparatus consisted of a glass 
cylinder of 7.5 cm i.d. with an overall length of about 
150 cm. Thus unlike the other apparatus mentioned in 
the literature, the infinite cylinder approximation was 
closely achieved. Precision ball bearings of stainless 
steel (as = 7.8 gm/em 3) and lead (as = 11.8 gm/cm3) 
were used. The diameters of the balls ranged from 
0.15 cm to 0.635 cm and 16 different diameters in this 
range were used. Some acrylic resin spheres 

(~s = 1.17 gm/cm 8) 

with diameters ranging from 0.225 em to 0.25 cm were 
also used. All the spheres were rigorously tested for 
sphericity and uniformity of density. 

The fall experiments were conducted in a constant 
temperature room. Most of the experiments reported 
here have been conducted at a temperature of approxi- 
mately 21 ~ The fall distances were measured with a 
travelling cathetometer and the fall times by an 
electric watch. The fall velocities were measured attwo 
different sections of the cylinder thereby ensuring that 

the spheres fell at their terminal settling velocities. The 
estimated accuracy of the fall velocities was within 2~o 
in most of the cases. 

In many cases, rheograms were obtained at the same 
temperature in a cone and plate or a Couette viscometer. 
This helped us to check the accuracy of the experiments, 
particularly in the case of Newtonian liquids. Pre- 
liminary experiments indicated that the experiments 
on the Newtonian solutions were accurate enough to 
predict the zero shear viscosity within 0.2~o. 

Results and discussion 

S e v e r a l  e m p i r i c a l  a n d  t h e o r e t i c a l  p r o c e -  
d u r e s  for  e x t r a p o l a t i o n  we re  e x p e r i m e n t a l l y  
t e s t e d .  

Williams (8) p r o p o s e d  a n  e m p i r i c a l  e x t r a -  
p o l a t i o n  p r o c e d u r e  w h e r e  a c o r r e c t e d  v i scos -  
i t y  t e r m  was  p l o t t e d  a g a i n s t  a pseudo-New- 
tonian s h e a r  s t ress .  H e  a s s u m e d  t h a t  t h e  
Newtonian c o r r e c t i o n  f a c t o r s  c o u l d  be  as-  
s u m e d  v a l i d  e v e n  in  t h e  case  o f  non-New- 
tonian l iqu ids .  T h u s  he  de f ined  

( 2 R2(as - a)g) 
v0 (z~) = w lw IB It = ( 9~t lw IB 11 [2 ]  

Tm(2r _ D(as -- 9)g 
6 [3] 

Tin(N) is t h e  v a l u e  o f  t h e  m a x i m u m  s h e a r  
s t r e s s  w h i c h  cou ld  e x i s t  a t  t h e  s p h e r e  sur face ,  
i f  t h e  f lu id  we re  Newtonian a n d  /w, ]B, /I 
a r e  t h e  c o r r e c t i o n  f a c t o r s  for  wal l ,  b o t t o m  a n d  
i n e r t i a l  effects .  T h e  r e l e v a n t  Reynolds n u m -  

b e r  was  o b t a i n e d  as  R e -  Dvta a n d  a n  
~s 

e x t r a p o l a t i o n  to  Tm (N) e q u a l  to  ze ro  g a v e  t h e  
v a l u e  o f  ~0. S o m e t i m e s  i t  was  n e c e s s a r y  to  
p l o t  t h e  v a l u e s  o f  V0 (N) vs.  (Tm(~)) x w h e r e  t h e  
e x p o n e n t  x was  so a d j u s t e d  t h a t  t h e  d a t a  fa l l  
on  a s t r a i g h t  l ine.  

Th i s  p r o c e d u r e  c o u l d  be  c r i t i c i z e d  on  sev-  
e r a l  g r o u n d s .  Tanner (9) has  s h o w n  t h a t  t h e  
ef fec ts  o f  t o p  a n d  b o t t o m  c o r r e c t i o n s  a r e  
ne g l i g ib l e  for  non-Newtonian so lu t ions .  T h u s  
t h e  b o t t o m  c o r r e c t i o n  u s e d  he re  is u n n e c e s -  
s a ry .  T h e  c o r r e c t i o n  fo r  t h e  w a l l  effects  u s e d  
he re  is t h e  one  w h i c h  is p r o p o s e d  b y  Faxen 
fo r  Newtonian so lu t ions .  Sato e t  al.  ( 1 0 ) h a v e  
d e t e r m i n e d  t h e  wa l l  c o r r e c t i o n s  for  Newtonian 
s o l u t i o n s  a n d  s h o w n  t h a t  t h e  wa l l  c o r r e c t i o n  
f a c t o r  for  non-Newtonian s o l u t i o n s  is l o w e r  
t h a n  t h a t  g i v e n  b y  t h e  Faxen e q u a t i o n .  
Caswell (11) d e r i v e d  t h e  non-Newtonian 
e q u i v a l e n t  o f  t h e  Faxen wal l  c o r r e c t i o n  for -  
m u l a  f r o m  t h e o r e t i c a l  c o n s i d e r a t i o n s  a n d  he  
h a s  s h o w n  t h a t  for  s h e a r  t h i n n i n g  l iqu ids ,  
Faxen f o r m u l a  o v e r c o r r e c t s  for  t h e  ef fec t  
o f  wal ls .  T h e  d a t a  o b t a i n e d  b y  Turian (12) 
in  v a r i o u s  sizes o f  c o n t a i n e r s  is  also i n d i c a -  
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rive of the  same effect. Thus the  wall cor- 
rect ion used in this procedure  m a y  be t aken  
to overeorrec t  the data.  In  any  case, the  cor- 
rect ion used by  Williams was unjust if ied be- 
cause the  da ta  obta ined  from only one single 
d iameter  container  were available to him. 
Fur the r ,  for some of the solutions which were 
used by  Williams, he found it  necessary to 
plot  %(~v) vs. (~ (~r where the  exponent  x 
was so adjus ted  t ha t  the plots fel ! on s t ra ight  
lines on a semi-log scale. Obviously such a 
procedure  is highly arbi t rary .  

Turian(12) proposed an ex t rapola t ion  
procedure,  where he p lo t ted  the value of ~s 

vs -~ - ~ -  on a semi-log plot.  In  fact  the value 

of  the abcissa used by  Turian is one th i rd  of 
the value used by  Williams. This procedure  
a l though ent i re ly  empirical  at  least avoids 
the  uncer ta in  corrections used by  Williams 
and was consequent ly  tes ted  in this work. 
Fig. 1 shows a typical  plot  obta ined  by  using 
this approach.  
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Fig. 1. Determination of zero shear viscosity for 
2~o PAA by Turians extrapolation procedure 

Turian also proposed a fu r ther  ext rapo-  
lat ion procedure  based on the plot of ~s 
vs D/D c (the rat io of sphere to container  
diameter)  and an ex t rapola t ion  to D/D c 
- - 0 .  Al though these plots are useful for 
ascertaining the wall effects, da ta  will have  
to  be obta ined  in several containers.  Usual ly  
this will be impract icable  under  most  con- 
ditions because da ta  on only one container  
are normal ly  available. Turian has also sug- 
gested ex t rapola t ion  procedures based on the 
Faxen wall correction bu t  as has been point-  
ed out  earlier the unres t r ic ted  use of this 
correct ion with non-Newtonian liquids is 
inappropr ia te  and it  could work only in the 
cases where the correction itself is ve ry  small 
or when the non-Newtonian effects are small. 

All the ex t rapola t ion  procedures  ment ioned  
above are empirical  bu t  there  have  been some 
procedures  having some theoret ical  grounds.  
Caswell (13) obta ined  an expression for the 
drag force for the creeping flow past  a sphere 
of a Rivlin-Ericksen fluid of th i rd  order. This 
expression was wri t ten  in the form 

W r]~ + W - -  [4] 

where ~1 was a combinat ion of mater ia l  para-  
meters  of the  th i rd  order  Rivlin-Ericksen 
fluid and W was a correction factor  incorpo- 
ra t ing bo th  end and wall effects. The fac tor  
W was obta ined  on the basis of the Newtonian 
corrections and  is cer ta inly  inappropr ia te .  
Fur the r ,  the  expression obta ined  for the  drag 
force is in error  and this has been po in ted  out  
by  Caswell (11) in a later  publicat ion.  
A t t empt s  to  plot  this equat ion  on a s t ra ight  
line on the basis of the da ta  obta ined  in this 
work failed and there  was a t endency  for 
curvature .  Al though Caswell (13) has p lo t t ed  
his da ta  on a s traight  line, a close examina-  
t ion of his da t a  also indicated a considerable 
scat ter  and a t endency  towards  curva tu re  at  
bo th  v e ry  low and ve ry  high values of 
(v~/R) 2. I t  is impor t an t  to note  t h a t  eq. [4] 
is val id only for a th i rd  order  Rivlin-Ericlcsen 
fluid and at  higher magni tudes  of (v~/R) 2 
(which also correspond to higher values of 
ra te  of deformat ion  tensor) this assumption 
m a y  be no more valid. Thus  the combinat ion  
of mater ia l  parameters  21 which is assumed 
cons tant  for a given fluid m ay  be also a 
funct ion of the flow conditions or, in o ther  
words, the ra te  of deformat ion  tensor.  

I t  is interest ing to observe t h a t  the da ta  
obta ined  by  polye thylene  spheres (~s----1.16) 
used by  Caswell (13) dev ia ted  considerably 
from the da ta  obta ined  b y  s.s. spheres for 
solutions of polyisobutylene in decMin. A 
similar t endency  was observed for the  poly- 
acrylic resin spheres used in this work. This 
effect was negligible in the  case of pure  gly- 
cerol or glycerol solutions bu t  was consid- 
erable in the case of polymeric  solutions. I t  is 
ve ry  difficult to  explain these phenomena.  
Caswell (13) has a t t r i bu t ed  this effect to a 
combinat ion  of end effects and stress relax- 
ation. In  view of the fact  t h a t  the rat io  of 
cylinder length to d iameter  was approximate-  
ly 20 and t h a t  the fall velocities were meas- 
ured over  the middle por t ion of the cylinder,  
the end effects are unl ikely to be impor tan t .  
F u r th e r  due to the  reduced densi ty  difference 
between the sphere and the  liquid the  fall 
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velocities and consequently the rates of de- 
formation were very small. This implies that  
the assumption of slow relaxation mecha- 
nism was even more closely achieved in this 
case. I t  is very difficult to guess the proper 
reasons for this effect, but  it is not unlikely 
that  some surface effects are responsible for 
such phenomena. Fig. 2 shows a typical 
plot based on Caswells extrapolation proce- 
dure and the tendency for curvature could be 
clearly observed. 

,~176 I 

t zoo  I.'z5 

Fig. 2. Determination of zero shear viscosity for 
2% PAA by Caswells extrapolation procedure [eq. 4] 

Turian (12) simply rearranged Caswells 
analytical solution for the drag force as 
follows, 

(~8- 3T6-~D v~ )=  ~0 + ~2(-~) 2. [5] 

A linear plot of @8-- ~g-3 eDv~)vs .  (v~/D) 2 

will give the value of ~0 as intercept. Since 
this approach is essentially the same as used 
by Caswell, it suffers from the same draw- 
backs. Basically, in view of the doubts about  
the validity of the analytical expression for 
the drag on the sphere obtained by Caswell, 
it is incorrect to use plots based on this ex- 
pression. 

Caswell (11) considered the effect of finite 
boundaries on the motion of particles in non- 
Newtonian fluids and making use of the re- 
sults of Giesekus (14) for the drag force on a 
sphere moving through a third order Rivlin- 
Ericlcsen fluid, derived the following expres- 
sion 

F 70 ~0~ ~ + 0 ~-~RT �9 [6] 

Here again, 2a is a combination of the material 
parameters in the Rivlin-Ericksen equation. 

,. 67~ R v~  F A plot o i ~  vs. ~ could be made on 

the basis of this equation. Fig. 3 shows a 
typical plot. I t  is observed that  the plot is 

• 
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Fig. 3. Determination of zero shear viscosity for 
2% PAA by Caswells extrapolation procedure [eq. 6] 

linear and this indicates that  the terms of the 
F 4 

order of ( ~ )  are negligible. Further 2 3 

appears to be constant and this indicates 
that  the third order approximation was really 
valid under the experimental conditions. 
Table 1 presents a comparison of the extra- 

Table 1. Zero-shear viscosities obtained by extra* 
polation 

zero shear viscosity, ~0, poise 
Solution Turians Caswells 

procedure procedure 

2 % PAA 1040 1000 
1 %  PAA 130 125 
0.5% PAA 39 37 
2 % CMC l l00  1080 
1.4% CMC 182 180 
Polydimethyl siloxane 122 122 

polated values of Vo obtained by the proce- 

proposed by  rur ian  ( 1 2 ) ( ~ s v s . ~ - )  dures 

and Caswell [eq. 6]. In view of the fact that  
Turians approach is entirely empirical, the 
agreement between the two values could be 
considered very sound. However, in view of 
the fact that  Caswells extrapolation proce- 
dure is based on a sound theoretical reasoning. 
it is recommended for use. An analysis of 
some of the data given by  Williams (15) and 
Turian (16) was made on the basis of the 
above two procedures and this also sub- 
stantiated t he  conclusion of this work. 

I t  was thought that  it would be desirable 
to test the validity of the conclusions drawn 
in this work by  doing some additional sets 
of experiments in some other non-visco- 
metric and viscometric arrangements. 

We have examined the possibility of using 
a rotating sphere apparatus for the purpose 
of determination of ~o elsewhere (17, 18) and 
shown that  this apparatus could be satis- 
factorily used for this purpose. The extra- 
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polat ion procedures  proposed for this non- 
viscometric a r rangement  are ve ry  similar to 
those used in this work. The value of V0 ob- 
ta ined by  this me thod  for some of the PAA 
solutions was found to agree ve ry  well with 
t ha t  obta ined in this work. 

For  some of the  CMC solutions used in this 
work rheograms were de termined  on a 
Weissenberg gheogoniomete r .  The da ta  were 
obta ined  in the range of shear rates  between 
0.1 to l0  sec -~. These viscometric da ta  were 
f i t ted by  an Ellis model and the value of ~]0 
was de termined  by  a least square plot. The 
value of ~]0 obta ined  in this work was found 
to differ by  only 2.5% from this value. 

An interest ing result  evident  f rom the 
plot  based on eq. [6] is the possibility of 
obtaining the  combinat ion of mater ia l  para- 
meters  )~3 from the slope of the curve. Another  
combinat ion of mater ia l  parameters  could be 
obta ined  by  doing exper iments  in ano ther  
non-viscometr ic  a r rangement  (e.g. a ro ta t ing  
sphere) or a viscometr ie  a r rangement  (e.g. a 
Couette flow). I t  is thus  possible to evaluate  
the  individual  mater ia l  parameters  for a 
Rivlin-Ericlcsen fluid of th i rd  order by  the 
combinat ion of these exper iments  (17, ]8). 

Summary 

Several theoretical and empirical extrapolation pro- 
cedures for the determination of zero shear viscosity 
in a falling sphere viscometer are critically analysed. 
They are experimentally tested and it is concluded that 
the extrapolation procedure based on Caswells work 
appears to be the most appropriate. 

Zusammen]assung 

Es werden einige theoretische und empirische 
Extrapolationsmethoden zur Bestimmung der Anfangs- 

Scherviskositiit in einem Kugelfallviskosimeter kritisch 
analysiert. Diese werden experimentell iiberprfift, und 
es wird hieraus geschlossen, dag die Extrapolations- 
methode, die auf der Arbeit yon Caswell beruht, die 
geeignetste zu sein scheint. 
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