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ABSTRACT: Dimensional reduction along time offers a powerful way to study stationary
solutions of 4D symmetric supergravity models via group-theoretical methods. We apply
this approach systematically to extremal, BPS and non-BPS, spherically symmetric black
holes, and obtain their “fake superpotential” W. The latter provides first order equations
for the radial problem, governs the mass and entropy formula and gives the semi-classical
approximation to the radial wave function. To achieve this goal, we note that the Noether
charge for the radial evolution must lie in a certain Lagrangian submanifold of a nilpotent
orbit of the 3D continuous duality group, and construct a suitable parametrization of
this Lagrangian. For general non-BPS extremal black holes in N' = 8 supergravity, W
is obtained by solving a non-standard diagonalization problem, which reduces to a sextic
polynomial in W?2 whose coefficients are SU(8) invariant functions of the central charges.
By consistent truncation we obtain W for other supergravity models with a symmetric
moduli space. In particular, for the one-modulus S3 model, W? is given explicitely as the
root of a cubic polynomial. The STU model is investigated in detail and the nilpotency of
the Noether charge is checked on explicit solutions.
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1 Introduction

In trying to extend our string-theoretic understanding of black holes away from the super-
symmetric regime, extremality is often a key simplifying assumption. Firstly, it eliminates
Hawking radiation and ensures that the solution is semi-classically stable. Secondly, it
implies the existence of an AdS region which may admit a dual conformal field theory
description. Thirdly, it guarantees that the near-horizon solution is entirely determined by
the conserved charges measurable at spatial infinity, and therefore insensitive (away from
lines of marginal stability) to variations to the moduli at infinity. This attractor behavior,
first discovered for supersymmetric (BPS) black holes [1, 2], holds for all extremal solu-
tions [3-5], and is arguably responsible for the validity of certain weakly coupled description
of non-BPS black hole micro-states [6].

However, while the most general BPS solution is known explicitly [7, 8], our ability to
construct non-BPS extremal solutions is quite limited. Early solutions were found in [9, 10]
by an astute embedding of the Reissner-Nordstrom solution in N' = 8 supergravity, while
some solutions were studied numerically in [11]. More recently, it was shown how to deduce
first-order equations for non-BPS extremal solutions from a “fake superpotential” [12-15],
and some solutions were obtained. Unfortunately, this strategy has suffered from the lack
of a general method to construct the fake superpotential. A generic 5-parameter seed
solution was obtained and analyzed in [14, 16-19]. Using dimensional reduction along the
time direction, non-BPS solutions of the one-modulus N/ = 2 supergravity model were
obtained in [20] via the determination of their nilpotent Noether charge. The nilpotent
orbits! associated to extremal black holes have been constructed in [25, 26].

In this paper, we build upon the insights of [12, 20, 25] and give a systematic method
to construct the fake superpotential for non-BPS extremal solutions in supergravity models
with a symmetric moduli space. In particular, we derive the fake superpotential for ex-
tremal non-BPS black holes in N' = 8 supergravity in full generality, and in magic N' = 2
supergravity models by consistent truncation. Before giving the outline of the paper, we
start by briefly reviewing the dimensional reduction, fake superpotential and nilpotent
orbit techniques which underlie our approach.

1.1 Radial evolution and geodesic motion

Stationary solutions in D = 4 supergravity are efficiently studied by reduction along the
time direction [21, 27-29] (see e.g. [30] for a review). After dualizing the one-forms in three

!The relation between extremal black holes and nilpotent orbits was first uncovered in the BPS case
in [21], generalized to 5D black holes in [22], and has been further developed since in [23, 24].



dimensions and restricting to weakly extremal® solutions, one obtains a non-linear sigma
model with pseudo-Riemannian target space

ME~RT x My x T x St (1.1)
where

e RT is parametrized by the scale function U in the metric ansatz

ds?* = —e*V(dt +w)? + e 2V (dr? + r?(df* + sin® 0 d¢?)) (1.2)

e M, is the moduli space of massless scalar fields in 4 dimensions, with coordinates ¢
and metric g;;,

e T is a 2ny— dimensional symplectic torus parametrized by the Wilson lines ¢4, Q:A
of AN and its magnetic dual A, around the time direction, and

e S!is the fibre of a circle bundle over T' parametrized by the NUT potential o dual
to the off-diagonal metric one-form w. Its first Chern class is proportional to the
canonical symplectic form d¢™ A dCy.

We shall denote the coordinates U, ¢*, (8, 5 A, 0 on M3 collectively as ¢, and U, ¢ as ¢
As indicated by the ~ sign, the metric on 7 x S! varies over the base RT x My,? being
positive definite along S' and negative definite along T, while the metric on the base is
%dU 24 gijdgﬁidqu = gupdd®d@’, positive definite. The negative signature along T can be
traced to the negative signature of the time direction along which the dimensional reduction
is carried out. In the context of N' = 2 supergravity, My is special Kéhler, and M3, the
“c*-map” of My, is related to the “c-map” of [31] by analytic continuation ((,5,0’) —
(i¢ .iC, —0). Under this dimensional reduction, stationary solutions of 4D supergravity
become harmonic maps from R3 to M3, with pointwise vanishing Lagrangian density (this
latter condition follows from the restriction to weakly extremal solutions).

Assuming in addition spherical symmetry, the supergravity equations of motion become
equivalent to light-like geodesic motion on M3, with the affine parameter 7 identified as the
inverse radial distance 7 = 1/r. The conserved Noether charges along the twisted torus
T x S! are identified as the electric, magnetic and NUT charges ga,p™, k, respectively.
Static solutions have zero NUT charge £ = 0. In this case the Hamiltonian for light-like
geodesic motion on M3 becomes independent of ¢h, Q:A, and reduces to the Hamiltonian
for the motion of a fiducial particle on R™ x My subject to the potential V,

1 a a
H = pag oy + V(p,q; %) =0 . (1.3)

2We define weak extremality as the condition that the three-dimensional spacial slices be flat. In order
to be extremal, such a solution must also be smooth.

3Whereas this fibration over RT x My is globally defined on the Riemannian target space M3 which
appears in the space-like reduction, it only holds on a dense open set of M3 homeomorphic to M3s. Never-
theless, the complement of this open set has support at U = —oo, and this subtlety appears to be irrelevant
for the purposes of this paper.



Here p, = gabdﬁb is the momentum conjugate to ¢®, the dot denotes the derivative with
respect to 7, and V = —e?YViy encodes the (negative definite) kinetic energy along T.
The latter depends quadratically on the charges p, ¢, and is proportional to Vg, which is
sometimes called the “black hole potential”.

1.2 Extremal solutions and fake superpotential

While the condition that the spatial slices be flat is necessary for extremality, it is by no
means sufficient. In order that the solution be smooth, one must fine-tune the boundary
conditions at spatial infinity so that the particle reaches the top of the potential hill in
infinite proper time and with zero velocity, p,(7 = o0o0) = 0. For fixed electromagnetic
charges, this fine-tuning holds only on a Lagrangian subspace of the phase space (¢%,p,)
of initial conditions at 7 = 0.

There can be different ways of performing this fine-tuning. In supergravity models with
extended supersymmetry, one may impose the existence of Killing spinors to obtain first
order equations which relate the momentum p, to the coordinate ¢%, and guarantee that the
second order equations of motion are obeyed. The resulting solution then preserves some
fraction of supersymmetry and, if smooth, will also be extremal. This is most familiar in
the framework of D = 4, N' = 2 supergravity, where BPS black holes satisfy the“attractor

7

flow” equations

Pa = _8¢GSBP87 (14)

i.e. follow the gradient flow of the potential
Spes(9?) = " Whps , Weps = ‘Zp,q(¢i)’ : (1.5)
The potential Sgpg and “superpotential” Wypg satisfy
V = —g" 0aSnps OpSurs = —€* (Wins + 29" 0;Wars0jWors) (1.6)

such that on solutions of (1.4), the positive kinetic energy compensates the potential term
V(¢a) < 0, ensuring that the spatial slices ds% are flat. Moreover, they guarantee that a
maximum of V' (or minimum of Vy) is reached at zero momentum, provided this extremum
occurs at a regular attractor point |Z.| > 0 [32]. The restriction of (1.4) at 7 = 0 define
the “BPS” component of the Lagrangian subspace of extremal solutions, and corresponds
to BPS black holes with ADM mass and Bekenstein-Hawking entropy given by

2GM == WBPS (7- — 0) 5 SBH — ﬂ-WgPS(T - OO) . (17)

There may however exist other disconnected components of the Lagrangian subspace
of extremal solutions corresponding to non-BPS black holes. As shown in [12, 13], some
non-BPS solutions can be obtained in a similar way as the BPS ones, provided there exists
another function S(¢?) = eVW(¢'), where W(¢') is dubbed the “fake superpotential”,
such that the potential V' can be written as in (1.6),

V=—e (W2 +2¢"0,W,W) = —g™0,S 9,S . (1.8)



The first order equations
Pa = —0pS(9") (1.9)

then imply, just as in the BPS case, that the second order equations of motion are satisfied,
that the kinetic and potential energy compensate each other, and that the solutions reach
a critical point of the potential at zero velocity. The first order equations (1.9) at 7 =0
therefore provide another component of the Lagrangian subspace of extremal solutions, and
correspond to extremal non-BPS black holes with mass and Bekenstein-Hawking entropy
given by (1.7) where Wygpg is replaced by W. In contrast to the BPS case, the critical point
of W is not guaranteed to be an isolated maximum, but could exhibit flat directions or even
saddle behavior; in the presence of flat directions, some of the scalars at the horizon are
determined uniquely by the conserved charges, although the entropy will be independent of
the asymptotic value of the scalars [4]. Using this method, non-BPS extremal black holes
for the STU model were obtained in [12] in the axion-free case.* Unfortunately, there has
been no systematic way of computing W without solving for the full problem (although,
in some cases, one may engineer different fake superpotentials W for the same potential V
using discrete symmetries). The purpose of this paper is to give a method to determine W
a priori for symmetric supergravity models.

1.3 Fake superpotential and radial wave function

As a side remark, we note that the potential S(¢*) may be identified, by virtue of (1.9), as
the generating function of the Lagrangian subspace of the “small phase space” T, (R™ x My)
corresponding to smooth extremal solutions with fixed values of the electromagnetic charges
(see [34] for a related discussion). By construction, S solves the Hamilton-Jacobi equation®
associated to the Hamiltonian (4.13)

H(040S,¢") = 0:S =0 . (1.10)

Equivalently, both the first order equations (1.9) and the relations®

V2 V2 :
ph=— g, —Cpe)s == +Capo), k=20, (1.11)

between the charges g, p™, k and the canonical momenta PcAs PE, Do Can be derived from
the generating function on the “large phase space” T (M3)

S(¢H) = —48(¢") + V2(aa¢* + p*(a) (1.12)

4A fake superpotential for non-zero axion was postulated in [33], but it depends explicitely on the flat
directions and its status is unclear to us.

SHamilton’s principle function is usually a function of the position variables at time ¢, canonical momenta
at initial time 0, and time ¢ itself. The electric and magnetic charges p%, qa in (1.12) can be regarded as the
values of the canonical momenta at ¢ = 0, while the absence of explicit time dependence is a consequence
of weak extremality, H = 0.

5The numerical factors in the forthcoming relations are convention-dependent, and have been chosen
consistently with the coordinates used for the STU model in section 4.



via pgn = awS‘. Upon quantization of the radial evolution of the scalars by replacing
p; = ,%8451' [21, 35], this generating function determines the semi-classical form of the radial
wave function, i.e.

U (p*) ~ exp <;3(¢G)> ~ exp (:_LeUW(qﬁi) + i\@(qACA —i—pAéA)) . (1.13)

For BPS black holes with superpotential (1.5), one recovers the semi-classical BPS wave
function found in [35, 36]. In addition to the usefulness of W for determining the mass,
entropy and fine-tuning at infinity, this relation to the radial wave function provides extra
incentive to study the fake superpotential for non-BPS extremal black holes.

1.4 Extremal black holes and nilpotent orbits

In this note, we focus on the special case of N/ > 2 supergravity theories with a symmetric
moduli space, where group theoretical methods can be used to bear on this problem. In
these cases, both My and M3 are symmetric spaces,

My = K4\Gy, M5 = K3\Gs . (1.14)

Here K4 is the maximal compact subgroup of the continuous 4D duality group G4, while
K3 is a non-compact real form of the maximal compact subgroup of the continuous 3D
duality group G3. The latter acts isometrically on M3 by right-multiplication, and yields
a conserved Noether charge @ valued in the Lie algebra’ gs. Those include not only the
conserved charges for translations along the twisted torus 7' x 57, i.e. the electromagnetic
and NUT charges, but also additional charges corresponding to Ehlers and Harrison trans-
formations, as well as 4D duality rotations. The geodesic motion on M3 is integrable, and
in fact all geodesics on M3 can be obtained by exponentiating a generator —F,7 € g3 © €3,
where P, determines the momentum along the trajectory. P, is conjugate to the Noether
charge @) via the coset representative V in Gj,

= () = VOV (119

Extremal solutions correspond to special geodesics which reach the boundary U = —o0
in infinite proper time [27]. As already mentioned, it is necessary but not sufficient that the
geodesic be light-like. For BPS black holes, it was observed in [21] that the Noether charge
must satisfy [ad(Q)]® = 0, i.e. belong to a nilpotent orbit of degree 5 (See appendix A for
a summary of useful facts about nilpotent orbits). More precisely, it was shown that the
Noether charge defines a 5-grading® of the Lie algebra gz = g« @ g2 @ g© @ g® @ g@
where the top spaces g is one-dimensional. Upon quantization, the BPS phase space
becomes the Hilbert space of the quaternionic discrete series of G [35], closely related to
the quasiconformal realization [37].

"Q is more naturally valued in the dual Lie algebra g3, but we can identify the two using the Killing
form.

8To match standard conventions in the mathematics literature on nilpotent orbits, we rescale the Cartan
generator h by a factor of 2 compared to [21], such that the 5-grading becomes an even 9-grading; the original
5-grading with charges ranging from -2 to 2 corresponds to the minimal orbit.



For what concerns extremal non-BPS black holes, it was later shown in the special
case of the one-modulus S2 model that extremality requires the condition [Q‘7]3 = 0,
where 7 denotes the 7-dimensional representation of the 3D duality group Gy(z) [20]. This
condition is equivalent to [ad(Q)]®> = 0 in this particular case. Gy(2) admits two distinct
nilpotent orbits of degree 5 with the same dimension 10, corresponding to extremal BPS
and non-BPS black holes, respectively.

More recently, the supersymmetry and extremality conditions on the Noether charge
for symmetric supergravity models were re-analyzed in [24]. It was shown in all cases where
('3 is simple that extremality requires” to [Q‘R]g’ = 0, where R denotes the “fundamental
representation” of G3: for example the spinor representation if G5 is an orthogonal group
SO(2+m,2+n) or SO*(2m + 4). The only exception is for G5 = Eg(g) or Eg(_a4), where
the condition becomes [Q‘3875]5 = 0, with 3875 being the 3875-dimensional irreducible
representation appearing in the symmetric tensor product of two adjoints.

More precisely, any generic extremal spherically symmetric black hole (i.e. with a non-
zero horizon area) is characterized by a nilpotent Noether charge @ which lies inside the
grade-two component [f) of g3 with respect to the 5-grading (more appropriately, even
9-grading) which arises in the reduction from 4 to 3 dimensions:

21 P (gheu) ey o19. (1.16)

The nilpotent orbit Og, of ) € g3 under G3 is characterized by the isotropy subgroup
of @ in G4. For extremal black holes, this isotropy subgroup coincides with the isotropy
subgroup of the electromagnetic charges in the four-dimensional duality group G4 computed
in [38, 39]. On the other hand, the momentum P, is valued in the coset g3©¥€3, and therefore
defines a K3j-orbit Ok: inside g3ot3. As explained in [25], Ok:; is a Lagrangian submanifold
of Og, equipped with its canonical Kirillov-Kostant symplectic form. Parametrizing this
Lagrangian will be a key step towards computing the fake superpotential.

1.5 Strategy and main results

Since the coset component of the Maurer-Cartan form is conjugate to the Noether charge
via P = VQV™!, it defines a representative e = P of the corresponding nilpotent orbit
inside the coset component gs & t*, and therefore defines a K*-orbit inside this coset. A
general fact about nilpotent elements is that one can always find another nilpotent element
f and a semi-simple generator h such that the triplet (e, f, h) defines an sly subalgebra of
g3, i.e.

[e,f]=h, [h,e] = 2e, [h, f] = —2f . (1.17)
The eigenspaces of h furnish a graded decomposition of g which uniquely characterizes the
complex nilpotent G¢ orbit [40]. Extremal solutions are such that the K*-orbit of P is
characterized by a graded decomposition of £* of the same form as (1.16) [25],

e pgl ot @t @e® . (1.18)

 An important assumption in [24] is that all extremal solutions can be obtained as limits of non-extremal
black hole solutions. Irrespective of this, the condition [Q|R]3 = 0 must be supplemented by a condition on
P as discussed at the end of section A.1.



As we shall show explicitly in the framework of A/ = 8 supergravity, for static solutions
(i.e. with zero NUT charge) the semi-simple element h associated to the nilpotent element
P can be computed in terms of the central charges Z;; alone, and more generally, in terms
of the central and matter charges which we write collectively Z7.'° Decomposing P € g&€*
with respect to the Ehlers U(1) and the four-dimensional R-symmetry group Ky,

P=-UH+ZIL — ¢/¢9'G; € Cold(puot), (1.19)

where e;7 is a vielbein for the metric gij, one may recast the middle equation in (1.17) into
a system of first order differential equations of the form

U=—-e"W,  g;¢ =—"W, (1.20)

where W and W; depend on the moduli ¢¢ and electromagnetic charges Q; through the
charges Z; only; moreover, we shall prove that

W; = 0, W . (1.21)

Thus, extremal solutions attached to the given nilpotent orbit satisfy a gradient flow under
the fake superpotential W. In particular, it follows from the nilpotency of P that

Tr P2 =0= 62U <W2 — Z[ZI + QQUWZWJ> == 07 (122)

and therefore that (1.8) is obeyed.

Applying this strategy to N' = 8 supergravity with G5 = FEgs), we are able to determine
the fake superpotentials for both BPS and non-BPS extremal black holes, and express them
in terms of the SU(8) invariant combinations of the central charges:

e In the BPS case, we find that W is the modulus of the largest skew eigenvalue of
the central charge matrix (in particular, W? is largest root of a quartic polynomial
whose coefficients are polynomials in Z;;). This reproduces the result of [13].

e In the non-BPS case, we find that W = 2p, where g is obtained from the non-standard
diagonalization problem (2.68). This problem is solved in appendix B, where W? is
expressed as a particular root of an irreducible sextic polynomial.'’ This polynomial
becomes reducible at particular values of the central charges, at which points W can
be computed in closed form. In particular, on the semi-line Pfaff(Z) € R_ we recover
the result of [13].

Our expression for the fake superpotential in fact extends straightforwardly to all
theories with a symmetric scalar manifold whose isometry group acts faithfully on the
electromagnetic charges [27], as discussed in section 3 below. In particular, we obtain the
fake superpotential for all magic NV = 2 supergravity models, and in fact for all supergravity
theories with A/ > 2 with a symmetric moduli space. In the one-modulus case, W takes a
completely explicit form given in (3.33) below.

Here Z; are the scalar field dependent linear combinations of the electromagnetic charges, transforming
in a complex representation of K4 and such that Ve = Z1 AR

"By irreducible, we mean as a polynomial with coefficients defined as rational functions of the SU(8)
invariant polynomials in Z;;, or more formally, within the field extension of Q generated by these invariants.



1.6 Outline

In section 2, we apply the above strategy and find the complete fake superpotential for
BPS and non-BPS extremal black holes in N' = 8 supergravity. In section 3, we extend
these results to N/ = 4 and symmetric N' = 2 supergravity models. In section 4, we analyze
the STU model in more detail, rephrase the BPS and non-BPS, Z, = 0 solutions in terms
of the para-quaternionic geometry of M3, and check the nilpotency of the Noether charge
on explicit solutions. Appendix A contains a detailed discussion of the real nilpotent orbits
of Eg(s) and SO(4,4), relevant for maximal supergravity and the STU model. In appendix
B we discuss how to evaluate the fake superpotential for non-BPS, Z # 0 black holes
at various loci in the space of central charges corresponding to consistent truncations.
Appendix C records some extremal solutions of the STU model, which provide a useful
testing bench for our analysis.

Note added: the fake superpotential (3.33) for the S® model was derived independently
in [57], which appeared on arXiv after the present work had been completed.

2 Extremal black holes in N = 8 supergravity

In this section, we parametrize the Spin*(16) orbits of generic extremal spherically sym-
metric black holes of N/ = 8 supergravity, as Lagrangian submanifolds of certain nilpotent
orbits of Egg) in egg) ©$0*(16). For static solutions, this parametrization determines P in
terms of the central charges and allows us to identify the fake superpotential. We reproduce
the known result for the fake superpotential for 1/8-BPS black holes (2.42), and obtain a
new expression (2.78) for the fake superpotential for non-BPS extremal black holes, valid
everywhere in moduli space.

2.1 Generalities on N = 8 supergravity

We first set up our notations for N’ = 8 supergravity in 4 dimensions. The massless scalar
fields take values in the symmetric space [42]

My 2 SU\Eqq (2.1)

where SU is the quotient of SU(8) by the Zsy centre leaving invariant the representations
of even rank. According to the conventions of [43] (up to normalization factors), we write

IJ
A wi vikr
v= ( ZJZIJ Z:jl ) ) (2.2)
v U KI

where little Latin letters are associated to the SU(8) gauge symmetry, whereas capital

the coset representative v as

Latin letters refer to the global SU C E7(7). They both run from 1 to 8, and raising or
lowering indices corresponds to complex conjugation (e.g. ®// = (®;;)* and Z¥ = (Z;;)*).
The invariant metric on My can be written as

1 g
Vi VM (2.3)

ds_%\/u = ﬁ



where
1J 1J
Vijkt = i " dogrg — vijrodug (2.4)

is the SU\E7(7) vielbein, which is automatically a complex self-dual antisymmetric tensor
by property of the e7(7) Lie algebra. In the symmetric gauge, v can be written in terms of
a complex self-dual tensor ¢;;r = iaijklmnpqqﬁm”pq,

Dijkl

. 0
V= exp ¢’L]kl 0

The hyperbolic functions in this expression are Taylor series in ¢;j;,; with SU(8) covariant

> cosh();;*  sinh(¢);jx
_ (2.5)

Slﬁ(ﬁb)”kl ﬁ(ﬁs)wkl

contractions [43],

1
COSh(qb)ijkl = 521 + §¢iqu¢qul + O(¢4) )

’ i (2.6)
sinh(¢)ijm = dijr + 6¢mn[ij¢mnpq¢kl]pq +O(6°) .
The SU\ E;(7) vielbein is then given by
Vijki = Bshg(do)iju , (2.7)

where Eshy, is the linear operator

sinh /A 1 1
Eshg(X)ijm = \/A;(bqb(X)ijkl = Xijr + 6A¢(X)ijkl + 1720A¢>2(X)ijkl + O(¢6> - (2.8)
Here
A(i)(X)ijkl = 2¢mn[z’j¢mnqukl}pq - 2¢mn[ij¢kl]qumnpq . (29)
is defined such that
2
0 Pmnpg 0 Xijm\ 0 As(X)ijul
[ad (¢"‘””q 0 )] (X”“ 0 ) a0 ) @1

The central charge of N' = 8 supergravity is a complex antisymmetric tensor Z;;. It
can always be rotated via a suitable SU(8) transformation into the form

po 0 0 O
1. (01 0 p; 0 O

RF,RY. 7, = =~ 2.11

k= ¢ (—10>® 0 0 ps O (2.11)
0 0 0 p;

such that py > p; > p, > p; are positive real numbers. ¢ is defined (modulo %) as the

SU(8) invariant function

1 N
o= arg [Pfaff(Z)], Pfaff(Z) = g RmIpd 7. 71 Zornin Zpg (2.12)

16 - 4!

~10 -



and the four SU(8) invariant functions p,2, p;2, ps2, ps? are the four roots of the polynomial

N =22, 79N + (22 27)° — 42,27 20 21 ) N (2.13)
4 . . 39 . ,
_ <3 (25279)° = 82427 Zyy 2" Zpy 29 — 3ZijZJ’“Zk,lezpqqu> A+ 16|Pfaff(2)[”

= (A= po") A= p) (A = p2") (A = p5”)

The E7(7) quartic invariant [42]
ik . ij)2 BT
O(Z) =16 <ZijZJ Z 2" — Z(ZZ-jZ N+ 4(Pfaff(Z) + PfafE(Z))) (2.14)

can be expressed in terms of the SU(8) invariants as

3
O(Z) = pu* =2 pu’pa” + 8 pop1p2ps cos(4p) . (2.15)

n=0 m>n

Being FE7(7) invariant, it is a function of the electromagnetic charges alone and independent
of the moduli. In (2.68) below, we shall define a different parametrization of the central
charge Z;;, which plays the same role for non-BPS black holes as (2.11) for BPS ones.

2.2 Spherically symmetric, weakly extremal solutions

As explained in [27], the dimensional reduction of N/ = 8 supergravity along the time
direction leads to a non-linear sigma model on

where Spin’*(16) is the quotient of Spin*(16) by the Zsy subgroup that acts trivially in the
chiral Weyl representation. To parametrize this space in a way suited to the dimensional
reduction, recall that the Lie algebra eg(g) admits the real five-graded decomposition

egs) = 172 @560 @ (gl @ err)” ®560 @13, (2.17)

such that e7(7) is the Lie algebra of the four-dimensional duality group, and sly = 12 @
gl ¥ @ 1@ the Lie algebra of the Ehlers duality group for stationary solutions. We write
the generators of e7(7) = su(8) © 70 as G;’, Gk, and the ones of sly 2 12 @ gl @ ®1®
as F, H, E, respectively. The generators of grade 1 and —1 will be written as E;;, E//
and Fr;, F!/, such that they only appear in eg(g) through the combinations

X EY - XVE;, Y R — YR, (2.18)
The negative weight part of the the five-graded decomposition (2.17)
pP=12 @560 @ (gl @ err))” (2.19)

defines the Lie algebra of a maximal parabolic subgroup P C FEg(), also known as the

~

Heisenberg parabolic. SU\B is isomorphic to the Riemannian symmetric space Mz =
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Spin(16)\Eg) by the Iwasawa decomposition, and to a dense subset of the pseudo-
Riemannian symmetric space Mj. A generic element of SU\'B may be parametrized as

V = Ad(v) exp (U H) exp(UF + D F - <I>”FU) : (2.20)

where U is identified as the scale factor in the metric ansatz (1.2), v is the coset rep-
resentative in (2.1), o the NUT scalar, and ®!/ are linear combinations of the Wilson
lines ¢ ,f transforming as an antisymmetric complex tensor of SU C FEr(7). The associated
Maurer-Cartan form decomposes into its coset and s0*(16) components according to

—~VV!'=B+P , Beso*(16) , P € ey ©s0*(16) (2.21)
A straightforward computation gives

) 1 ; ) )
_P=UH+ §e—2U(¢+ %(@”@U — <I>IJ<I>”))(F+E)

1 : . g g . I
57 (g™ b1y — v ®) (FY = BY) = (u 1,01 =010 1)) (Fy; — Byy) )
1 ] ) -
+o1 (Uz’jIJUklIJ - UijIJUklIJ> Gkl (2.22)
where the egg) generators with lowercase indices i, j, - - - satisfy the same commutations

rules as the ones with capital indices, and are related to the latter via a fixed vielbein v,
chosen to be the vielbein v, at spatial infinity.

The equations of motion for weakly extremal spherically symmetric solutions (including
those with non-zero NUT charge) then take the manifestly Fgg) invariant form

0
2 = —_— 71 =
Tr P* =0, g (V PV) 0 (2.23)

Defining the eg(g)-valued Noether charge as
Q=V'PY, (2.24)

we can characterize spherically symmetric weakly extremal black holes by the constant
value of @, subject to Tr Q? = 0, and the asymptotic value of the scalars fields v, € Ex7)
at spatial infinity (i.e. at 7 = 0). The condition of smoothness of the metric puts additional
restrictions on the Noether charge discussed in the next subsection. For our purposes it
will be more convenient to characterize the solutions instead in terms of the value P, of P
at 7= 0.

P, transforms as a Majorana-Weyl spinor under Spin(16). It can be conveniently
parametrized using a fermionic oscillator basis [24],

o o 1 . 1 o
|P0> = (W—i—Zijalaj —i—Zijklaza]akal—i—aaijklman”q a--- a”—l—geijklmnpqw at--- aq) |0>
1 o
=(1+*) (W—i—Zijala]+§Eijklala]akal> |0) (2.25)

where * is the anti-involution defining the chiral Majorana-Weyl representation of
Spin*(16), w = M + ik where M is the mass and k the NUT charge, Z;; are the su-
persymmetric central charges and X;;; are the “scalar charges”.
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We will focus on the case of static solutions, such that & = 0 and the equations of the
electromagnetic fields reduce to'?

5 02U <<I>1J — 21 (ungLq)KL _ UngchKL)) =0 (2.26)
-

These integrals of motion define the complex electromagnetic charges Q75 € 28¢. This
allows to replace the ‘electromagnetic component’ of P by the central charges Z(v);j,
as follows

— e (w15 — v @) = eV (wi ' Qry + vijra Q") = eV Z(v)y; (2.27)
Within the fermionic oscillator basis, P then reduces to the following Majorana-Weyl spinor

|P) = (1+ %) (—U + eUZ(U)ij a'al — ﬂ(uijuvkl” — vijuuklu)azajakal) |0)  (2.28)
Smoothness of the metric requires @, and therefore P = VQV~!, to be nilpotent of

degree five when evaluated in the 3875 representation of eg(g) [24],
[Plag7s]” =0 . (2.29)

This condition is invariant under the adjoint action P — ¢~ 'Pg where g € Ey(s), and
therefore defines an adjoint orbit of Fg(g). Moreover, the Spin’(16) C Eg) orbit of P
defines a Lagrangian subspace of the adjoint orbit, for the Kirillov-Kostant symplectic
form induced by the Killing norm [24]. The adjoint orbits of elements of eg(s) satisfying the
nilpotency conditions (2.29) are in one-to-one correspondence with the Spin;(16) orbits of
spherically symmetric black holes satisfying v, = 1. Other solutions with general value of
v, can be obtained by acting further with E7(7). The stratification of the moduli space of
extremal black holes solutions with v, = 1 is identical to that of the corresponding Egg)
nilpotent orbits [24, 44], and is displayed in figure 1.

There are two Egg) orbits associated to the nilpotency condition (2.29), whose union
is dense in the space of solutions of this equation. They both lie in a single Eg(C) orbit,

13

labelled by the weighted Dynkin diagram | associated to the same five graded

o
0000002 |?

decomposition as in (2.17), up to a rescaling of the grading generator by two,
egs) = 1Y @562 @ (gl @ eq(r))” B 56 @ 1@ (2.30)

A representative E of the nilpotent orbit [,,5,..,] is a generic element of the grade two
component 56 . There are two classes of such elements which are distinguished by their
isotropy subgroup inside E7(7), respectively Ego) and Egg) [38, 41].'* Each of these two

12Where we used the identities u™ 1 yui; X" — vijrjv 5t = §5F and u¥ rjviixrn = vijrout g [43].

13 In general, a complex nilpotent orbit of G¢ is uniquely labelled by a weighted Dynkin diagram of G,
which records the coordinates of the Cartan generator of the SL(2, C) triplet defining the orbit. Real orbits
are generally uniquely labelled by a pair of weighted Dynkin diagrams for G and its maximal compact
subgroup. See e.g. [40] for a thorough introduction to nilpotent orbits.

Note however that in the case of physical interest, the graded decomposition (2.30) is defined with re-
(0)

7(7)
duality group. Nevertheless, one checks that the isotropy subgroup of the corresponding electromagnetic

spect to a gl; subalgebra of 50*(16) such that the corresponding component ¢ is not the four-dimensional

charges Z;; defining P are also left invariant by the same subgroups of E7(7).
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s~ BPS non-BPS S, > 0

1
g—BPS SBH = O

1 = =

4 BPS M=p =p
1 _

5—BPS M=p , Vn

Figure 1. Stratification of the moduli space of extremal solutions in A/ = 8 supergravity.

FEg(g) orbits does not contain a unique Spin}(16) orbit. Nonetheless, there is one single
Spin?(16) orbit of regular spherically symmetric black holes in each Egg) orbit [24]. As for
the Egg) orbits, we can label them by the associated s0*(16) weighted Dynkin diagrams.
An s0*(16) weighted Dynkin diagram defines the coordinates of a gl; generator h of a
chosen Cartan subalgebra of s0*(16) which defines a corresponding graded decomposition
of 50*(16) and its Majorana-Weyl representation 128, such that a representative of the
orbit lies in the component of grade two of 128, in particular

h|B) =2|P,) . (2.31)

The two orbits of Spin’(16) associated to generic extremal black holes (i.e. black holes
with a non-vanishing horizon area) are labelled by [.,8000.0] and [.,800000 |5 respectively.
The aim of this section is to solve explicitly eq. (2.31) at all values of 7, re-express it as a
system of first order differential equations for U and v, and read off the fake superpotential
for both BPS and non-BPS extremal black holes.

2.3 1/8—BPS black holes
For a generic 1/8—BPS spherically symmetric black hole, P, lies in the Spin*(16) orbit [24]

Spin*(16) c By ()
(SU(2) x SU(6)) x (22 6)® @R®) ~ Ego x (R®27)® & RW)

(2.32)

labelled by the weighted Dynkin diagram [.,3,..., |, associated to the five graded decom-
position of s0*(16)
507(16) 2 179 @ (20 12); @ (gl @ su(2) @50°(12)) " @ (20 12) ) @ 1@ (2.33)

In the symmetric gauge (in which V = exp(—F,7)), P = P,. Since P transforms as
a Majorana-Weyl spinor with respect to Spin*(16), it follows that P lies in the same
Spin*(16) orbit for any value of 7 in the parabolic gauge.
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The generator h 1 defining the grading (2.33) through gl; = Rh 1 associated to 1/8-
BPS solutions can be identified as follows. Let w;; be an antisymmetric tensor of rank two
of SU(8) such that I Z] = w;pw’* is a projector onto the two-dimensional subspace C2 C €8
of the preserved Killing spinors at infinity (i.e. at 7 — 0),

€, + eapw? e]’@ =0 = e = I; e . (2.34)

Here we have written the Killing spinor as a complex SU(2) spinor valued in the funda-
mental of SU(8). It transforms as a real (2,16) under SU(2) x SO*(16), where the real
structure is given by the product of the pseudo-real structures on both factors. It can be
then checked that the generator h 1

h

= wjja'a’ — wa;a; (2.35)

ool

generates the 5-grading (2.33).
Solutions to (2.31) are Spin*(12) Majorana-Weyl spinors of the form

1P = (1+ %) (1 + %wijaiaj) (w n Zgjaiaj) 10) (2.36)

where w = M + ik and Zgj is the component of the central charge Z;; at 7 = 0 orthogonal
to wij (i.e. IFZ, = 0). The data w;; C (SU(2) x SU(6))\SU(8), w € C and Z]; € \*CS
provide a complete parametrization of the Spin*(16) orbit (2.32). To see this, note that
the only generators of s0*(16) that act non-trivially on a representative of the grade two
component 32 associated to a gl; generator (2.35) are in the subalgebra of negative grade

16 (2012), 7 @ (gl ®s07(12))” C s0*(16) . (2.37)

By construction, the component of grade zero leaves invariant hi and acts transitively
on the components w, Z,fj associated to regular black holes. The generators of strictly
negative grade can be redefined through the addition of generators of strictly positive
grade such that they correspond precisely to the generators of su(8) that act non-trivially
on wjj (su(8) =su(2) dsu(6) 21 (2®6)).

Comparing the general form of |P) (2.28) to the general representative of the relevant
nilpotent orbit (2.36), we conclude that in the static case (i.e. kK = 0), the field dependent
h(¢) generator can be defined at any value of 7 uniquely from the the central charge. Using
the decomposition (2.11) of the central charge Z;;,

1 .
Ziy = 57O REG) R, (9) (po(0)wly + pal) )y + pa(9) i + ps(6) )

= SEORMO) R (G)po(6)ty + 7 (2.38)

where po(¢) > pu(¢), the semi-simple generator h(¢) can be written

h% (9) = wij(qﬁ)aiaj - wij(qb)aiaj , wij(¢) = eiW(‘z’)Rik(gﬁ)le(gzﬁ) wfj , (2.39)

while
1P) = (14 ) (14 qei(@)a'ad ) (po(0) + Z(0)a'a? ) 0) (2.40)
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In the remainder, we shall refrain from writing the dependence on ¢ explicitely.
Comparing (2.40) and (2.28), we see that the scalar fields U and v satisfy the first
order equations

U= —eVpy (2.41)

1
I, 1 U
Wi Uiy — Vil = —6e (W[ijZkl] + ﬂgz’jklmnpqwmnzpq)

The first equation in (2.41) identifies the fake superpotential for BPS black holes as

In order to verify that (2.41) is indeed the gradient flow of W, one may use the second
equation in (2.39) to write W = w%Z;;. One then computes (in symmetric gauge, but the
proof is easily generalized to any other parametrisation of My)
AW = W™ (duij” Qry +dvgjrg Q”) + kald<e_i“0Rikle> Zij
= w" (uz‘j”dvklu - Uz’jIJduklIJ> ZF Wi (UklIJdUijIJ - Ukl[JdUz’jIJ) Zy
—iw" Z;dp — 2w™ RI AR Zj),
= BEshy(d¢)iju w ZF — iWdp

. 2 . . .
—i—ka [3 <uﬂ[]duilf‘] — U]H‘Idvi”]) — 2ledRil:| ij N (2.43)

where we used the fact that the right-hand-side in the second line is an element of su(8).
w;j is invariant under an su(2) @ su(6) C su(8). Moreover, the action of any generator
of su(8) on w;; gives an antisymmetric tensor with at least one index in the image of the
projector Iij = w;pw’*. Using the explicit form of Zi; (2.38), it then follows that the very
last line of (2.43) can be rewritten as

T2 . ‘
w™ [3 ( Iy ydug’ — vﬂ”dvizu> - QRJIdRil] Zjp,
Ty | |
=1Ij [3 <UJkIJdUikIJ - Uﬂd]d@ik[]) - Rjdeik:| W (2.44)

Besides, using the fact that W is real, we compute in the same way that

AW = wiy(du'l 1, Q" + dv'" Qry) + wnd (¥R RS ) Zg
= Bshy(de) "% w;; Zyy + iWdyp
1

+1 [3( gk du™y — UjkIJdUiMJ> - Rjdeik] w (2.45)

Adding the two expressions of dW and canceling terms, we finally obtain

1 . 1 .
AW = - Bsh (d6)ij (w”Z’“ + ﬁs”“mnpqwmnzpo : (2.46)
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It follows that the equations (2.41) can be expressed as

. . B oW
U= —€UW, ¢ijkl = —12€U Esh¢ 2 <8¢> ijkl (2.47)

as expected. Thus, the radial evolution of the radius U and scalars v for 1/8-BPS solutions
follows the gradient flow of W given in (2.42). We have therefore reproduced the result
of [13] using the technology of nilpotent orbits.

Substituting (2.47) back into (2.28), one can rewrite the momentum vector as

1 o
|P) =eV(1+ %) (W + Zija'd + iEShdfl (81:[;) ikl aza]akal> |0) (2.48)

By virtue of the attractor mechanism, the scalar fields at the horizon lie at an extremum
of W. Thus, P reduces to

1P) ~ eV (14 ) (W* + Zij*aiaj) 10) (2.49)
as 7 goes to infinity. From (2.36) we conclude that Z{j* = 0 at the horizon, and therefore
pi(Zijs) = p2(Zij+) = ps(Zij+) =0 . (2.50)

Since the E7(7) invariant O(Z) depends only on the electromagnetic charges, it is constant
along the flow, and equals to py(Z;j«)* at the horizon. Therefore, the value of W at the

W. = v/ 0(Q1) - (2.51)

Using (1.7), one recovers the famous formula for the entropy of BPS black holes in N' = 8

horizon can be rewritten as

supergravity [45].

Finally, we note that the two-form w;; associated to the central charge is invariant under
SU(2)xSU(6) C SU(8) and FEg(9) C Ey(7y, respectively. Therefore the “fake superpotential”
W admits flat directions homeomorphic to the symmetric space

Maps = (SU(2) x SU(6))\Eg2) C My, (2.52)

which are not determined by the attractor mechanism, but depend on the asymptotic
value of the scalars [39, 46]. In order to see this in our formalism, note from (2.36) that in
terms of representations of the SU(2) x SU(6) isotropy subgroup of w;;, the components of
uijf T dvgirg — Vi1 sdug™ are only non-zero along the component 15¢ C 70, and are always
zero along (2 ® 20)g C 70. One therefore understands from the decomposition

Ll(l) D 66(2) @ 27
u(l) & su(2) ®su(6) & (2©20), ®206615

e7(7) (2.53)

1R

that the 40 flat directions generate a Mygpg subspace.
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2.4 Non-BPS extremal black holes

Non-supersymmetric extremal spherically symmetric black holes can be treated in much
the same way. In this case, the Noether charge @ (and therefore the momentum P) lies
in a Spin’(16) orbit [.,8,0..0] Of nilpotent elements of eggy © s0*(16), which is itself a
Lagrangian submanifold of the Egg orbit [,.3,00.] [24]

Spin*(16) Egs)

C — . 2.54
USp(8) x 27 — Egg) X (1®27027)® ¢ 1®) (2:54)

The associated graded decompositions of egs) and s0*(16) can be read off the weighted
Dynkin diagram,

50%(16)
eg(g) © 50"(16)

28(-2 @ (g[l 69514*(8))(0) ® 28@
109 ¢ 287 @ 700 G 28 @ 1™ =128,

1111

(2.55)

This is the same 5-grading as the one relevant for the minimal nilpotent orbit with weighted
Dynkin diagrams ([ .,260000 |5 [003000s |) @ssociated to 1/2-BPS black holes, after rescaling
the generator h by two (see appendix A). An orbit representative is a generic element
of 28 whose stabilizer defines a USp(8) C SU*(8)”) subgroup (equivalently, a generic
element of the 56 whose stabilizer defines an Fgg) C EY)

7(7) subgroup). Its associated
semi-simple generator takes the form

h, = %(emﬂijaiaj — efiaQijaiaj) , (2.56)
where the complex two-form €2;; satisfies 1°
Qi + Q—ileijklmnpqgmmm =0, Qu¥F=¢. (2.57)
Indeed, using the identities
(he,a’ £ 70 a;] = £(a’ £ e "0 a;) (2.58)

one obtains the generators of degree £2 of 50*(16) as the ‘squares’ of a' & e **Q%a;,
respectively, and the su*(8) generators as their commutators. One can then check that the
elements of 1 are of the form

6D) = i N =% eaeael | (2.59)

where N is real. The elements of grade two h,|¢®) = 2|¢®) can be computed to be of
the form [25]

|6 = (14 ) (1 + Zew‘QijazaJ) (e ™M + e "™E;;a'a’ ) |0) (2.60)

where Z;; satisfies
_ —kl i —
'—'Hij = Qiijl: y QU:Z']‘ =0. (261)

P Equivalently, po(Qij) = pu(Qi5) = p2(Qij) = ps(Qij) = 1 and p(Qi5) = §.
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These conditions state that Z;; is an element of the real 27 representation of the USp(8)
subgroup of SU(8) that leaves invariant €2;;. Such elements |%,>) correspond to special
values of the central charges in the asymptotic region, whose overall phase ¢(Z) is deter-
mined by the value of the NUT charge. The most general charge with strictly negative
E(7) invariant (Z) < 0 can be obtained with a linear combination of 157) and |€,"),
associated to the gl; generator

h= 5 (ew‘(l —iN)Qa'a? —e (1 + M)Q”aiao + iX(a'a; — 4) . (2.62)

In this case the general element of grade two |€®) reads

, 1492 g o
|€®) = N (1+ %) <e_2m <1 + i)\) +e @ + ZAQijazaj + %Qiijlalajakal
1, N o
+N1 (1 + Zew‘sza’aJ) emEija’aJ> 0), (2.63)
with NUT charge
k::N(AaE2a—sm2a>. (2.64)

The parameters €;; € USp(8)\SU(8), a, A, N and Z;; € 27 give a complete parametriza-
tion of the Spin*(16) orbit (2.54). To see this, we note that the elements of s0*(16) that
act non-trivially on a generic element of grade two of (2.55) combine into representations
of its USp(8) € SU*(8) isotropy subgroup as

(1227) 7o (g ©27)” €1 C s0%(16) . (2.65)

The component of grade zero leaves h invariant by definition, and acts transitively on the
set of parameters N, Z;; defining regular black holes. The generators of su(8) that act
non-trivially on €;; are given by linear combinations in 27-? @ 27® | while the remaining
nilpotent generators 17 @ 1 act by shifting the two parameters a and \.

Since we are interested in static solutions only, we must cancel the NUT charge (2.64)
s

by choosing A = tan(2a) (with —5 < o < 7). The asymptotic value of P thus takes
the form

|Py) = (1+ %) (1 + Zeinjalcﬂ) (M(l + %e_m Sin(QQ)leakal> + e_m‘EijalaJ) |0)
(2.66)

where M = cos™!(2a) N is the physical mass. The asymptotic central charge Z;; is readily
obtained from the part of (2.66) bilinear in the oscillators,

1/ . , .
Zij = 3 (e’o‘ +ie”"“sin 2a> 08 + e B, (2.67)
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where o = M/2. Due to the conditions (2.61), the complex two-form Z;; can brought by
an SU(8) rotation into the skew-diagonal form

| 0 0 00
- et (01 o —iar s 0 00
RkileZkl =5 <_1 0) ® (ew‘—l—ze e sm2a> 0 (Q) 0 0
0 0 o
Eit+E2+E5 0 0 0
_ 0 & 000
e 2.68
+e 0 0 & 0 , (2.68)
0 0 0 =&
where o > 0 and &;,&,, &5 € R can be chosen such that
§i+&+E6G 2 —6 > —& 2> =6 (2.69)
The condition of non-saturation of the BPS bound M > p, further requires that
QCOSQO& > §1+£2+§3 2 —51 2 —52 Z —53 . (270)
In the parametrization (2.68), the Er(7) quartic invariant (2.14) factorizes into
3
O(Z) = —16 cos?(2a) (g cos(2a) — &, — & — §3> H(g cos(2a) + fn> ; (2.71)

n=1

and is therefore strictly negative inside the tetrahedron (2.70). It vanishes whenever M =
pm for any m, i.e. when the black hole becomes BPS with vanishing horizon area. The
quantities a, o, &, &, and & define a basis of the SU(8) invariant functions of Z;; well
suited for non-BPS solutions, alternative to the basis of functions p,, adapted to the
BPS case. The diagonalization problem (2.68) is central to the determination of the fake
superpotential for non-BPS solutions, and is reduced in appendix B to the solution of a
sextic polynomial.

Comparing the general form of |P) (2.28) to the general representative of the relevant
nilpotent orbit (2.66), we conclude that in the static case (i.e. k = 0), the field dependent h
generator is determined in terms of the central charges Z;;. Using the decomposition (2.67),

Zij _ %e—ia(¢)Rik(¢)le(¢) <<62ia(¢) + iSiH(?O&((b))) Q(¢) le) + e_ia(¢)Eij(¢) (2.72)

where

Rzk(Qs)Ryl(@ (fl(@b)wllgl + &)y + 63(¢)W£1> (2.73)

DN | =

Eij(¢) =
with £,(¢) taking values in the tetrahedron (2.70), the h generator is defined by

h= %(Qm‘(qﬁ)aiaj - Q7 (¢)aiaj) +itan(20(0)) (a'a; — 4) (2.74)
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with '
Q(gb) = e ¥ Rk(¢)Rl(¢)Q (2.75)
Y cos(2a(¢)) ! / M ‘

Indeed, one computes that the general solution to the equation h|P) = 2|P) is

1 .. L ; . . o
|P)=(14*) <1+1622a cos(2a)Qijala]>eU (2@ (1—1—; Sin(4a)leakal) —i—ezaEija’a]) |0)
(2.76)

The non-BPS nilpotent orbit therefore determines the scalar fields U and v through
the first order equations
U=-2 Vo
wii gy — vijrri’ = —6eY (Q[ijZkl} + ;Zﬁijkzmnqulmnzpq> (277)
The first equation identifies the fake superpotential for extremal non-BPS black holes as

W =2p, (2.78)

where p is the diagonal component of the central charge Z;; in the non-standard diagonal-
ization problem (2.68). In particular, W is larger than the modulus of any of the eigenvalues
pm of the central charge matrix, as required for a non-BPS solution. Equation (2.78) is one
of the main results in this paper.

In order to check that the second line in (2.77) describes the gradient flow of W, we
rewrite W = %Re [Q” Zij], and compute dW following the same steps as in (2.43). In this
way we obtain

1 . 1 . .
AW = - Eshy(d) (szkl n ﬂe”’“lmwmmnzpq)

e’L

1 N o
z LRI QR 7.
+2RG<R kF Jdcos2oz>

a1/ . . L
+Re <Qk [3( I gdug™ — v dvgy J) - RJ,dRﬂ] ij> (2.79)
One computes easily that
Ry BRI a-S = i(l ~ 2itan 2a) O da (2.80)
cos 2«
and using the explicit form of the central charge (2.72) one computes that
1 A
§Q”Zij = 2(1 +2i tan(2a)>g (2.81)

such that the second line in (2.43) cancels. The anti-hermiticity of the su(8) generators
implies that

a1y ‘ o
Qi {3< My yduy" — Uj]HJdUilIJ) - ledRil]

A 1 . . o
= (MO0, [3 <uq]l”du”1 7 — vgursdv™ J) . qudR’l] (2.82)
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where Q” = cos(2a)f2ij is normalized such that Qlejk = (5{ . With respect to Q,-j, the
generators of su*(8) decompose into the generators of the usp(8) subalgebra that leave Q;;
invariant, and the remaining 27 generators that transform as a traceless antisymmetric
tensor of rank two with respect to USp(8). It follows that

N 1 . . ~.  ~
Qi [3 (Uﬂuduilu — U]”Jdvillj) — R]zdRil} Zjp,
a 1 . . ~. o~ .
= QZk |:3( Jl[]duill‘] - v]”‘]dvil”) - R]ldRil:| 6710[53']4 (283)

And because
—ia—

e "By = Qi =N (2.84)

by definition (2.61), (2.83) is pure imaginary and does not contribute to (2.43). We finally
obtain that

1 Ny 1 . .
AW = 7 Bshy(d6)iju (Q”Z’fl n ﬂw’“mm’mmnzpq) (2.85)
such that the first order equations (2.77) can be rewritten as
. . ow
U= —GUW, ¢ijl = —12€U Esh¢72 <a¢> ijkl (286)

This confirms that (2.78) is indeed a fake superpotential for the non-BPS ex-
tremal solutions.

In appendix B we discuss how W (2.78) can be evaluated in practice, and show that
W?2 can be obtained in general as a specific root of a polynomial (B.14) of degree six, whose
coefficients are polynomial in the central charges Z;;. At some particular loci in the p,, ¢
space however, this polynomial becomes reducible. This happens in particular when ¢ = 0
mod 7/4, a = 0, where the sextic polynomial (B.14) becomes fully reducible. For ¢ = 7/4
mod /2, the physical root is Wy in (B.16), i.e.

1
p=m/4: Wzi(po+p1+p2+p3> . (2.87)

This result is in agreement with [13]. Our formula (2.78) is however more general, and
does not assume any restriction on the moduli nor on the charges. Similarly, at ¢ = 0
mod 7/2, the physical root is the largest of W, in (B.29), i.e.

1 .
p=0: W = 5(p0+p1+p2+p3> —min(gy,) . (2.88)
Having obtained the fake superpotential for non-BPS black holes, one may substi-
tute (2.86) into (2.76) and rewrite the momentum as
1 OW o
|P) = eV (1 + %) (W + Zija'a’ + §Esh¢71 <¢> ijkla’ajakal> |0) (2.89)
By virtue of the attractor mechanism, the scalar fields at the horizon again lie at an
extremum value of W. It follows that

1P) ~ eV (1 + %) (W* + Zij*aiaj) 10) (2.90)
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as 7 goes to infinity. Using (2.76), one concludes that at the horizon, the central
charges satisfy

§i(Zij«) = E2(Zijs) = §5(Zij) =0, a(Ziyx) =0 (2.91)

In terms of the SU(8) invariant functions appearing in the standard diagonalization (2.11),
this can be expressed as

14

Po(Zz'j*) = pl(Zij*) = Pz(Zz‘j *) = P3(Zij *) = 9 _Q(Z), ‘P(Zij*) = % . (2-92)

In particular, at the horizon
W, =/ =0(Q1), (2.93)

where we again noted that ((Z) depends only on the the conserved charges. Using (1.7)
we recover the known entropy formula for non-BPS extremal black holes in A/ = 8 super-
gravity [47].

Similarly to the BPS case, the symplectic form €;; is invariant under USp(8) C SU(8)
and Fge) C FEr(p), respectively. This implies that fake superpotential W exhibits flat
directions homeomorphic to the symmetric space

Muon—Bps = Sp\ Egg) - (2.94)

along which the attractor mechanism is inactive [39, 48, 49] (here Sp is the quotient of
USp(8) by its Zsg centre leaving invariant the representations of even rank). Indeed, the
symplectic form Qij associated to the central charge is left invariant by a USp(8) C SU(8)

subgroup, with respect to which the components of ul'jIJd'Ukl[J — vijudukl”

are only non-
zero along the components R @ 27 C 70, and are always zero along 42 C 70 as can be

seen from (2.76). From the graded decomposition

e7(7) = 2777 @ (g & 66(6))(0) ® 27@

: 2.95
> 2702 @ (gl @ usp(8) 6942)(0> ® 273 (2.95)

it is evident that the 42 flat directions at the horizon parametrize the symmetric
space (2.94). It should be noticed that this moduli space of flat directions is isomor-
phic to the moduli space M3 of the five-dimensional supergravity model obtained after
decompactification [39, 49].

We conclude this section by discussing the relation between the nilpotent orbits of
the moment P under GG3, and the orbits of the electromagnetic charges @7y under Gy, as
classified in [38, 39]. To this aim, notice that, as an eg(g) element, P is proportional to

~ ~

e=H+Z,, Z.=-w! (Z*ij (F —EY) — 219 (Fy; — Ez’j)) ; (2.96)

N

at 7 — +00. One can then use the Cartan involution { defining Spin.(16) C Egs) to
complete e into a triplet (e, f, h),

f=el=H-Z, , h=lef]=-2H2Z,]. (2.97)
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Indeed, it follows from
H,[H,Z,)=2%2. ., [Z.[H Z] =H (2.98)

that [h,e] = 2e. The maximal reductive subgroup Jg of the stabilizer of e in Egg) is
the intersection of the stabilizers of e and h in Egg). The stabilizer of h in Fy) is a
GL(1,R) x Ey7) subgroup, such that the E;(;) factor is conjugate but distinct from the
four-dimensional duality group G4 = E7(7). Because any element x of a reductive algebra
je decomposes into two elements x4 € je, such that

X=X, +X_, XL =+x4, (2.99)

JE must stabilize H and Z, separately. On the other hand, the stabilizer of H is GL(1, R) x
G4. At the horizon (i.e. at 7 — +00), J& therefore coincides with the stabilizer of the central
charge Z.;;j inside Ey(7). Jg' is then the intersection of the two E;(7y subgroups defined by
H and h, respectively. Away from the horizon however (at finite 7), these two subgroups
differ by a similarity transformation.

The above discussion is in fact completely general and applies for any extremal black
hole with non-vanishing horizon area, in any theory admitting a symmetric scalar manifold
whose isometry group acts faithfully on the electromagnetic charges. The stabilizers of the
central charges computed in [38, 39], indeed match perfectly the reductive stabilizers of the
corresponding nilpotent orbits given in [41]. We have already seen in the case of maximal
supergravity that we have the following correspondence

Jp =2 Ego) x (27T® @ RW) xR & Jg = Eg),
Jp = Ege) X (27T027) P 0 RY) xR & Jo = Ey (2.100)

between the stabilizer Jp of P in Egg) and the stabilizer Jg of Q1 in E7(7). In the example
of the exceptional N/ = 2 supergravity, to be discussed in section 3.1 below, Gy = Er7(_o5)
and G3 = FEg(_yy), and there are three nilpotent orbits of Eg(_y4) associated to extremal
black holes, characterized by the stabilizers

JP = E6(*78) X (27(2) D R(4>) x R <~ JQ = E6(778) s
JP = EG(—14) X (27(2) D R(4)) x R = JQ = EG(—14) s
Jp = Eg_og) X (2T@2T)P @RW) xR & Jo = Eg_og) - (2.101)

3 Truncations of maximal supergravity and their extensions

Our method for deriving the fake superpotential of static extremal black holes applies to
any symmetric model of 4D gravity coupled to abelian vector fields and scalar fields invari-
ant under a continuous duality group G4, provided G, acts faithfully on electromagnetic
charges. Many such models can be obtained by consistent truncations of ' = 8 supergrav-
ity, and all others follow by “covariantisation”. In this section we shall restrict ourselves to
models that can be obtained by reduction on a circle of 5D supergravity theories. Indeed,
these are the only ones which admit non-BPS black holes with no central charge being
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saturated [25], for which our formalism is most fruitful. All other symmetric models have
only two types of generic extremal black holes, and the fake superpotential is always of the
form W = p,.

3.1 Magic N = 2 supergravity

The maximal N’ = 2 truncation of A" = 8 supergravity is the ‘magic’ supergravity theory
associated to the quaternions [50]. Its bosonic sector is identical to the bosonic sector
of N' = 6 supergravity. Within this truncation, the central charges decompose into the
N = 2 central charge Z = 2715 and the N' = 6 central charges Zsp which define an
antisymmetric tensor of U(6), with S(U(2) x U(6)) C SU(8) such that U(2) is the N = 2
R-symmetry group and U(6) the N' = 6 R-symmetry group. The maximal subgroup of
E7(7) that preserves this decomposition is SU(2) x Spin*(12)., and the scalar fields take
values in

q) Mg =U(6)\Spin*(12)., M = (SL(2) x Spin*(12).)\E7(_s) - (3.1)

In particular, only the components (and the ones obtained by antisymmetric permutations
of the indices)

1
$12AB = PAB $ABCD = §5ABCDEF¢EF (3.2)

are non-zero in the symmetric gauge, where ¢4p is an antisymmetric tensor of U(6).
With respect to S(U(2) x U(6)) C SU(8), the representations of the fermions decom-

pose as follows
82216, 56221566 20, (3.3)

such that the fermionic fields of the A/ = 2 truncation are 2 gravitini and symplectic-
Majorana spinors in the 2 ® 15 representation, and the fermionic fields of the NV = 6
truncation are 6 gravitini and symplectic-Majorana spinors in the 6 & 20.

The SU(8) invariant functions of the central charges Z;;, po, p1, p2, p3 and ¢ then
become U(6) invariant functions of Z and Zap defined by!'6

2 1 2
XN =2ZapZ* PN+ (2(Zap2*P) ~4Zap 27 Zop 2P )\ = o |eancopr 2P 2P 2P|
= (A=p®) (A=p2") (A= p5%) (3:4)
and
po = 7|, dp = arg [ZsABCDEF ZABZCDZEF} . (3.5)

There are three classes of generic extremal static black holes in this model. They all
correspond to the same complex nilpotent orbit of E;(C), with weighted Dynkin diagram
[Zogooo]. We shall label them by their Spin*(12) x SL(2,R) weighted Dynkin diagrams,
which define both the real nilpotent orbit of E7_s) in which their Noether charge lies,
and the Spin*(12) x SL(2,R) orbit in which the coset component of their Maurer-Cartan

16Note that after identifying po = |Z|, as we shall do in all N' = 2 models, we can no longer assume that
the canonical N' = 8 ordering py > p; > p: > p; is satisfied, although we can still assume that p; > p; > ps.
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form P lies. 1/2-BPS black holes correspond to the weighted Dynkin diagram [60080-4]5
and are controlled by the fake superpotential W = |Z|. The non-BPS ones with Z, = 0
[02080.0] (Which are 1/6-BPS in the context of N' = 6 supergravity) are controlled by the
fake superpotential W' = p;(Zap), and the non-BPS black holes with Z, # 0 [,..8,..], by
the fake superpotential W = 29(Z, Z4p), which is the same function of py, p;, ps, p; and
o as for the non-BPS black holes of maximal supergravity.

In addition to (3.1),there are three additional ' = 2 ‘magic’ supergravity theories in
D = 4, associated to the octonions, complex and real numbers respectively. Their moduli
spaces are given by [50]

0)My = (U(1) x EG( 78)) \Er(—25) » M3 = (SL(2) X BEr(_95))\Es(—24) »
4 = S(U )\SU(3 3), M3 = (SL(Q) X SU(3,3))\E6(2)
) 4 = U(3)\SP( R), M; = (SL(2) x Sp(6,R))\Fyy,  (3.6)

respectively. The truncations from q) to ¢) and r) amount to restricting Z4p to the 3 ® 3
of S(U(3) x U(3)) C SU(6) and the symmetric tensor representation 6 of its diagonal
subgroup U(3) € S(U(3) x U(3)), respectively. Case o) cannot be obtained by truncation
from q) , and needs to be discussed separately.

In this case, the electromagnetic charges transform in the 56 of E7(_5), which decom-
poses as C @ 27 with respect to U(1) x Eg(—78), with 27 being the complex fundamental
representation of Eg_zg). With respect to the SU(2) x SU(6) C Eg(_7g) subgroup associ-
ated to the ‘truncation to the quaternions’, the complex 27 representation decomposes as
15 ¢ 2 ® 6, and the complex charge Z, splits this way into Z4p and Z(f. The action of
the remaining generators of eg(_7g) in the (2® 20)g of SU(2) x SU(6), is defined as follows

6Zap = NipcZS 674 = —A3PC Zpce (3.7)

in term of the complex self-dual parameters A% g~ = %50‘55 ABCDEFAgD EF_ Using these
generators, one computes the quadratic and the cubic invariants'” of Eg(_7s) as

Z,2% = ZapZ*P + 7275
1
2y 2y 2. = 3P ZapZi ZE + Zgf“BCD’fFZABZCDZEF (3.8)
A generic element Z, can always be rotated to a basis in which its component Zj;‘ =0,
and Z,p takes a block diagonal form such that a generic charge Z, is parametrized by 50

angles of Spin(8)\ Eg_7g) and four invariants. The SU(6) invariant functions p;, ps, ps lift
in a unique way to the roots of the Fg_rg) invariant polynomial

N =272, Z%N2 4 2t et 2,2,2°2° \ — g\ t%e Z. 2y Z, |2
=(A=p)(A=p) (A= p5), (39)

Do not confuse the Eg(_7g)-invariant tensor abe appearing in (3.8) with the Eg(_og)-invariant tensor

appearing in the standard cubic prepotential of My.

— 96 —



while py and ¢ are the U(1) x Eg(_7g) invariants
po = 17], 4 = arg ZtachaZch} . (3.10)

In terms of these invariants, the E7(_s5) quartic invariant is defined similarly to (2.15),
2 a 2 cde a r7b 16 abc
0(Z) = <|Z| 27,7 ) — Stant™ 2.242°2" + 3 Re[ 2™ 2,2, 2.] (3.11)

As in magic supergravity q) there are three classes of generic extremal black holes
in this model, all of which correspond to the complex nilpotent orbit of weighted Dynkin
diagram [ ,,3,0,, ] in egc. We shall label them by their E7(_o5) x SL(2, R) weighted Dynkin
diagram. 1/2-BPS black holes, with weighted Dynkin diagram |, 2..,. 4], are controlled
by the fake superpotential W = |Z|; non-BPS Z, = 0 black holes, with weighted Dynkin
diagram [ by the fake superpotential W = p;(Z,); and the non-BPS Z, # 0 black
holes, with weighted Dynkin diagram [ , by the fake superpotential W = 2o(Z, Z,).
The latter is again the same function of py, p;, ps, ps and ¢ as in N = 8 supergravity.

o
200000:-0 |?

o
000002:-2

We will now explain how the fake superpotential controlling the non-BPS Z, # 0
black holes can be derived from the parametrization of the nilpotent orbit of weighted
oogooz,z]. The latter tells us that the generator h € sly @ e7(_a5) of the
triplet associated to the nilpotent orbit defines the following five-graded decomposition of
slo @ e7(—25)"

Dynkin diagram

sl @ er05) = (1027) 7 @ (g, @ gl Begos)” @ (10 27)7 (3.12)
The corresponding decomposition of the coset component eg_g4) © (5 [ ® 67(_25)) is
2056219 (1027) e (270270 (1027)” 19, (3.13)
while the orbit of a representative e € (1 @ 27 ) @ associated to a regular black holes is'®
(Fia(-s52) * (1 ©26)@)\ (SL(2) x BEr(_s5))
C (Eg(—26) X (19265 26)® &1W))\Eg_os) . (3.14)

The generator h is parametrized in this case by two phases a and ( and an element
Qa S F4(—52)\E6(—78) Satisfying19

1
Q, = — 5 tabe abae, Q.0 =6 . (3.15)

Let us consider for instance general charges Z and Z,, which we parametrize as

A ) ) 1 ..
7 = ¢~ (a=368) ((62“)‘ + i sin 2a) 0— QaEa> , Zg= ei(a+h) < (€2m + 7 sin 2a)QQa + =,

2
(3.16)

18The representative of non-compact stabilizer in Es(_26) such as Fy_o0) or Spin(9,1) x SO(1,1) are
associated to black holes with naked singularities.
Ywhich generalizes the symplectic form Qap € USp(6)\SU(6) satisfying QacQPC = 6%.

_97 —



where =, lies in the 1 & 26 of the Fy_5y) C Eg(_7g) stabilizer of (), defined as

=, = (tabc O° + %Qab) =b (3.17)

As in maximal supergravity, such decomposition is unique as long as the eigenvalues of =,
lie in the tetrahedron (2.70). To such electromagnetic charges, one associates a generator
h € sly & e7(_g5) that acts on the elements of P, as follows

hw = (eza 9 7 4 eilethay ) —4ditan2aw
cos 2a
hz = ( THemI )y 4 elletgey ) — 2itan2a Z
cos 2a
hZ, = COS o (ez a=38)w, + 26 —iletB) Q) w + et etPt . szc) — %itan2a Z,
; 1 .
h2e = Ccos 2a (eiZ(aigﬁ)Za + 267“0&5)9“2 + e Dty QbZC) (3.18)

The solution to the equation [h, P)] = 2F, is then
; 1
W =20, 5, = 28 <z sin 20,0 Qg + g — 5QaQbEb) (3.19)

As for the maximally supersymmetric case one shows that the equation [h, P] = 2P is
equivalent to a gradient flow with respect to the fake superpotential W = 20(Z, Z,). The
only non-trivial step compared to (2.43), (2.79) is to check that the eg(_7g) generators acting
on €),, give an element satisfying

1
Aoty = — <tabc Qe+ igagb) ALy (3.20)

generalizing (2.82), (2.83), (2.84), such that only the coset component of the scalar deriva-
tive contributes.

From (3.19), it is easily seen that the flat directions of the fake superpotential span
the 26 real representation of Fy_sg) inside the complex 27 of Eg(_7g). The maximum of
W correspond to o = E, = 0, which gives rise to a manifold of flat directions

Muon-BPs = Fy(_52)\Eg(—26) » (3.21)

isomorphic to the moduli space after decompactification to five dimensions. At the attractor

point, O(Zs, Zxs) = —W,* and one recovers the familiar expression of the entropy for non-
BPS black holes with Z, # 0,

Sgu = 1/ —0(p,q) - (3.22)

It is rather remarkable that the nilpotent orbits of the Lie algebras fy4), ¢6(2), ¢7(—5)
and eg(_g4) associated to the real numbers, complex numbers, quaternions and octonions,
respectively, satisfying the nilpotency conditions

26> =0, lej27]> =0, [e;s6]’ =0, [ej3s75]° =0, (3.23)
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5-BPS Z,#0 Z,=0  S,>0
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3-BPS non-BPS S..= 0
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1 _
5—-BPS M=p , Vn

Figure 2. Stratification of the moduli space of extremal solutions for magic supergravity models.

are in one-to-one correspondence [51-54],

Fyay \ {e €faw | [e26]* =0} = Eg)\{ e €ego) | [e27]’ =0} (3.24)
=~ Er_s\{e€er s | lee]’ =0} = Eg_an\{e€esa | [e3a75]° =0},

so that the corresponding moduli space of extremal black holes have the same stratified
structure in term of K3 orbits, which is displayed in figure 2.

3.2 Axion-dilaton N = 2 supergravity

The quaternionic magic supergravity (3.1) can also be further truncated by singling out an
additional complex charge Z; = 2734 from Z 4p, such that the internal symmetry group is
restricted to U(2) x U(4) C U(6). The remaining charges transform as a complex vector of
SO(6) = Z>\SU(4) and the scalar fields parametrize the symmetric spaces

My = U(1)\SL(2,R) x (SO(2) x SO(6))\SO(2,6),
M3 = (SO(2,2) x SO(2,6))\SO(4,8) . (3.25)

More generally, one obtains this way all NV = 2 supergravity theories with n + 1 vector
multiplets (0 < n < 6) coupled to scalar fields parametrising the symmetric space

My = U(1)\SL(2,R) x (SO(2) x SO(n))\SO(2,n),
M3 =2 (SO(2,2) x SO(2,n))\SO(4,n + 2) . (3.26)

Denoting the n charges transforming in the vector representation of SO(n) as Zj, one
can identify

po=\Z|, pi=12Zi|, dp=arg|Z22,2'Z], (3.27)
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while p, and p; follow from the roots of the polynomial®”

N~ 22N+ A AR = (A= p?) (M- p?) (3.28)

For n > 2 there are four SL(2,R) x SL(2,R) x SO(2,n) orbits of generic extremal black
holes associated to four distinct nilpotent orbits of s0(4,2+n) of degree three in the spinor
representation (i.e. such that e* = 0 and ade® # 0). For 1/2-BPS black holes, W = |Z|;
for non-BPS black holes with Z, = Z! = 0, W = |Z,|; for the non-BPS black holes with
Ly =Zix = 0,

1, .- 1 . .

W= \/2212i + 5\/(lei)Q —|ziz|*; (3.29)
and finally, for non-BPS black holes with Z, # 0, W = 2p with the same function ¢ as
in V' = 8 supergravity. Of course these results extend straightforwardly to any value of n
larger than six.

The STU model, to be expanded upon in section 4, corresponds to n = 2. The STU
truncation of maximal supergravity is defined by a basis such that

Z 0 0 0

1(0 1 0 Z, 0 0
Zii = = _ 3.30
J 2(—1 0>® 0 0 Z, 0 (3.30)

0 0 0 Z

which is preserved by a subgroup S(U(2) x U(2) x U(2) x U(2)) C SU(8) as well as
[SL(2,R)]* x [SU(2)]* C Er(r (3.31)

The SU(2) subgroups leave invariant the bosonic fields and will be disregarded. Considering
the whole field content of the STU model, only one SU(2) factor acts non-trivially on the
fermionic fields, and corresponds to the R-symmetry group. There are five different types
of extremal static black holes in this model. Four of them, including the 1/2-BPS ones,
correspond to 1/8-BPS black holes within N' = 8 supergravity. Their fake superpotential
is then W = |Z|, |Z,|, |Z,|, | Z;|, respectively. The last type corresponds to the non-BPS
black holes of NV = 8 supergravity; its fake superpotential is obtained from W = 2p by
substituting |Z|, |Z4|, |Z,|, |Z;| and * arg(Z2Z,Z,Z5) to po, p1, p2. ps and .

There are two interesting further truncations, which are obtained by restriction to the
diagonal subgroup of either two SL(2,R) factors or the three of them. In the first case one
obtains the S?T model (i.e. (3.26) with n = 1). It admits three types of extremal static
black holes, the 1/2-BPS ones, for which W = | Z|; the non-BPS ones with Z, = 0, for which
W =|Z,|; and the non-BPS ones with Z, # 0, for which W = 20(Z, Z;, Z,). As explained
in section B.3, the degree six polynomial (B.14) factorizes and an explicit expression of W
in terms of Z, Z; and Z, can be obtained by solving the quartic polynomial (B.20).

The subsequent truncation is the S2 model, which is the circle compactification of the
minimal N = 2 supergravity theory in five dimensions.

M, = U(1\SL(2,R), M 22 50(2,2)\Ga (3.32)

20Note that raising the SO(n) index i does not involve complex conjugation.
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Figure 3. Normalized fake superpotential W/|Z| as a function of |Z;/Z]| and ¢/(7w/4).

This theory admits two types of extremal black holes, the 1/2-BPS ones for which W = |Z|,
and the non-BPS ones with Z, # 0, corresponding to the two nilpotent orbits of gy(y) in
which [e7]> = 0 [20]. As explained in B.4, the degree six polynomial (B.14) reduces to a
cubic polynomial (B.22). Identifying p, = |Z] and p; = |Z1| where Z; = —2iS2DZ, one
obtains an algebraic expression for the fake superpotential,

W= %\/\Z\2+3(yzl\2+L++L_), (3.33)
where L are given by (B.28) below, which we rewrite for convenience,
13 =|Z,[* (|Zl\2+3]Z]2) —%(ZZ?HLZZZ?’) (|Z|2+3\Z1]2) + \/?|ZZI3—ZZI3| . (3.34)
and ¢ is the moduli-independent quartic SL(2,R) invariant
0(Z,2,) = (\Z|2 - |Zl\2)2 — 422, 2.2 . (3.35)

The fake superpotential W in (3.33) is plotted as a function of ¢ in figure 3. Contrary
to the superpotential for BPS black holes, which is ¢ independent, W is maximal at
¢ = m/2(n+ %), n € Z. Note that (3.33) is only valid in the region where ¢ < 0, such
that W > |Z|. In the region where ¢ > 0 it must be replaced by the BPS superpotential
W =|Z|.

3.3 N =4 supergravity

N = 8 supergravity can be truncated to N' = 4 supergravity coupled to n = 6 vector
multiplets by restricting the central charges to two antisymmetric tensors of SU(4) x SU(4)
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such that S(U(4) x U(4)) C SU(8). The central charges Zsp are then defined as an
antisymmetric tensor of the first SU(4) that we shall identify as the R-symmetry group of
the theory. For further generalization, it will be more convenient to represent the other six
complex electromagnetic charges as a complex vector Z' of SO(n) = Z,\SU(4) for n = 6.
Then, the SU(8) invariant functions become S(U(4) x U(4)) invariant functions defined by
the two polynomials

(A= po2) (A= pi?) = N2 = 224p 2480+ 2((Z4p2"F)* = 224p2"C ZopZP4) |
A=p2YAN=ps2) = N2 —ZZ N+ 1|Zizi|2, (3.36)
4
and
Ao = arg[ePOP ZupZcp 22 . (3.37)

This model admits three types of generic extremal black holes, which are in one-to-one
correspondence with the nilpotent orbits of s0(8,8) of degree three in the spinor repre-
sentation [24] (i.e. such that € = 0 and ade® # 0). They are: the 1/4-BPS black holes,
for which

W = \/ZABZAB + \/4ZABZBCZCDZDA — (ZABZAB)Q; (3.38)
the non-BPS black holes with Z, 4 = 0, for which

W= \/;ziz 4 %\/(ZiZi)Z PYAR

and the non-BPS ones with Z, ap # 0, for which the fake superpotential is the same

(3.39)

function 20(Zap, Z;) as in N = 8 supergravity. These results extend straightforwardly to
N = 4 supergravity coupled to any number n > 2 of vector multiplets, with moduli space

My = U)\SL(2,R) x (SO(6) x SO(n))\SO(6,n),
M5 = (SO(6,2) x SO(2,1))\SO(8,n+2) . (3.40)

Non-BPS multi-black hole solutions with Z, 4 # 0 have been discussed in [26].

For n = 2, the scalar moduli space (3.41) of the N' = 4 model becomes identical to
that of the N' = 2 model (3.26) with n = 6. The nilpotent orbit associated to the non-BPS
black holes with Z, 4p = 0 splits into two inequivalent orbits of the connected component
of SO(8,4), giving rise to two inequivalent SO(6,2) x SL(2,R) x SL(2,R) orbits . With
only one vector multiplet, there is no non-BPS black holes with Z, 4 = 0. The degree
six polynomial defining the fake superpotential W = 2p associated to non-BPS black holes
with Z, ap # 0 reduces to the degree four polynomial (B.20) in such a way that the explicit
form of W can then be derived straightforwardly.

3.4 Axion-dilaton gravity

The non-standard diagonalization problem defining ¢(Z) can in fact be formulated more
generally for the case of Einstein gravity coupled to m + n abelian vector fields and to
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scalars valued in the symmetric spaces (with m > 1, n > 1)

My =2 U(1)\SL(2,R) x (SO(m) x SO(n))\SO(m,n),
M3 = (SO(m,2) x SO(2,n))\SO(m +2,n+2) . (3.41)

For m = 2 and m = 6, respectively one recovers the cases of axion-dilaton N' = 2 super-
gravities and N = 4 supergravities discussed previously. Denoting the SO(m) and SO(n)
vectors of charges by Z, and Zj, respectively,?! the non-standard diagonalization problem
can be formulated in term of two unit-norm vectors 2, and £; as follows,

7, = e~i@=h) ((e2m +isin2a) 0 +EQ + iEa> :

Z, = ot (_Z.(em + isin2a) 0O + i€ O + Ei) , (3.42)

where =, and Z; are real vectors orthogonal to 2, and €);, respectively.

We use similar notations as we did in exceptional N' = 2 supergravity, i.e. w = M +k,
> denotes the complex scalar charge associated to sls, and o0,; denote the real scalar
charges associated to so(m,n). The nilpotent orbit is characterized by the generator h of
so(m,2) @ so(2,n), which acts as follows

hw = c0322a <ei(a*ﬁ)QaZa + iei(aJrﬁ)QiZi) — 4itan2aw
hZ, = C0812a (e—““—ﬁmaw + =P, > + Qiei(aJrﬁ)Qiaai) — 2itan2a Z,
hZ = 60812& (z’e““*ﬁ)Qii —ie ot w + 2ei<a—ﬁ)maai) — 2itan 2a Z;
hy — COSM <e—i<a—ﬂ>QaZa + z’e“a%mizi)
hou; = CO:2aRe (e*“a*ﬂmaz - z’e*“‘”ﬁ)ﬂiza) (3.43)

The solution to the equation hP, = 2P, is then
w=20, Y=22(E+isin(20)0),  0ai = QZi+ UEa+25in(20)0 Q% . (3.44)

As before, the linear equation hP = 2P is equivalent to a gradient flow with respect to the
fake superpotential W = 29(Z,, Z;). For m < 6, n < 6, W is necessarily the same function
of the five SO(2) x SO(m) x SO(n) invariants

(A=po®) (A= pi%) = N> = Z°Z, A + %|Z'°‘Za|2 :
A=p2)(A=ps%) = N = Z'Z A + %|ZiZi|2 : (3.45)

and
do = arg[Z, Z*Z, 2" (3.46)

2l¥or N = 2, Zyis Z for a =1 and Z,for a =2. For N = 4, Za[fya]AB = Zap, where the v*’s are Dirac
matrices of Spin(6).
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as in N' = 8 supergravity, as it can be obtained by consistent truncation, and therefore
remains so for any values m and n.

From (3.44) it is apparent that the flat directions of W are the components of o,;
orthogonal to both Q, and €, as well as the component Q*Qig,; — Im(e~2¥%), which
altogether generate the expected symmetric space

M5 = GL(1,R) x (SO(m — 1) x SO(n — 1))\SO(m — 1,n — 1) . (3.47)

The subgroup GL(1,R) x SO(m — 1,n — 1) C SL(2,R) x SO(m, n) is also the stabilizer of
the charges at the horizon (at 7 — +00), where they are of the form

1, »
Lya = §€ZB*W* Q*a» Zyi = %616* W, Q*i . (3'48)

4 Extremal black holes in the STU model

In this section, we expand the previous results in the case of the STU model of N' = 2
supergravity, which generates all other symmetric models by truncation or covariantiza-
tion. In particular, we interpret the BPS and non-BPS, Z, = 0 solutions in terms of the
para-quaternionic structure on M3, and confirm our identification of nilpotent orbits on
explicit solutions.

4.1 Moduli spacesin D=4 and D=3

The STU model of N' = 2 supergravity is governed by the prepotential

X! X2 X3

_ 1v2+vy3 0 _ _ _
F=-X'X*X*/X0, S=%5. T=%5. U=%q. (4.1)

The 4D moduli space consists of 3 copies of the Poincaré upper half plane, with metric??

g2 dS?+dS3 dT?+dTi dU? +dU3
R 73 i

(4.2)

and so is the symmetric space My = [U(1)\SL(2,R)]?. For conciseness we shall denote
(S, T,U) = (SM, 52 §B)) while Sgi) and Séi) will denote the real and imaginary part
of SO,

Upon dimensional reduction along a space-like direction, the resulting moduli space in
3 dimensions is the c-map of My,

1 ~ ~
dsivg, = 67 + dshy, + ¢ (do + CNdCy — ¢Pdda)? (4.3)

e [(déA + RNy () [ImA M (dey + ReNarssCE) + d¢A ImA] AA,dCA’]

22In this section, to avoid notational conflict, we rename the variable U appearing in the metric
ansatz (1.2) into ¢/2.
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(recall that ImA is definite negative, so the metric on Mg is definite positive). Upon di-
mensional reduction along a time-like direction, the resulting moduli space in 3 dimensions
is instead the pseudo-Riemannian space

1 - -
dsiys = do” + dsiy, + & 2 (do + My — ¢MdCy)? (4.4)
1 _ ~ ;- )
+5¢7 | (dlx + ReNas ™) [N (dy + ReNys®) + dC [ImA | anrdC?™ |
obtained from the Riemannian space (4.3) by analytic continuation ¢ — WA Cy —

i(p, 0 — —0.
Both M3 and Mj are symmetric spaces for the group Gz = SO(4,4),

Ms = [SO(4)]2\SO(4,4),  M; =1[S0(2,2)]*\SO(4,4) . (4.5)

Note that in the second case, the denominator is not a maximal compact subgroup of Gs,
which accounts for the signature (8, 8) of the metric on M. To check that the metrics (4.3)
and (4.4) are the right-invariant metrics on the two symmetric spaces (4.5), it is convenient
to choose an explicit parametrization of the Lie algebra g3 = s0(4,4) > X = Y E_E,,
where F, are the 28 generators and E, are the 28 dual coordinates,

ﬂg + ﬂg —Eg _E F 0 _EQ E 0 E 1

@ g0 p p
-F; Hy—Hs —-F,p, I, E, 0 Es -E,
-E, -E, H+H, —-E —Eno —E, 0 LKy
X — E, £, -F, H-H, -E;, £, E, 0
0 F, -Fo —F, —-Hy—H; F;4 L, -E,
) 0 -Fs F, Ey Hy—Hy, Ep -E,
Fo Es 0 F, £, r. -H-H, F,
o -F,, ) 0 -F, -F, kB, H, -H

1
which preserve the SO(4,4) quadratic form is n = (10 04>, X'y +nX = 0. This basis is
4

adapted to the branching
s0(4,4) = [sl(2,R)]* @ (2,2,2,2), (4.7)
where the four commuting SL(2, R) subgroups are generated by
[E;, F;] = H; [H;, E;] = 2E;, [H;, F;] = —2F; 1=0,1,2,3 (4.8)

while the 16 real generators in the coset fit in an hypercube Eq( 4, 40,05 With a; = 1,2 (see
figure 4). Decomposing with respect to the Cartan generator Hy leads to the real 5-grading

Fol 2 © {Fpa, Fyp 1@ (H @ {E;, F;, Hi}iz123) lo © {Epa, Egy }1 © Eola - (4.9)

A canonical basis of Cartan generators is (Hl, Hy, Hy; %(H — Hy — Hy — Hg)), where the
last generator is the one attached to the middle node of the Dynkin diagram.
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Figure 4. (2,2,2,2) roots in SO,(4,4)

The symmetric space M3 can then be parametrized in the Iwasawa gauge by the

coset element
L I [ I L e IR e T L I PR T))
i=1,2,3
The metric (4.3) on M3 is then the right-invariant metric obtained from the Maurer-Cartan
one-form 6 = dy - V1,
1
dsiq, = Tr(P?), P= S0+ 67y, (4.11)

The Iwasawa parametrization (4.10) can also be used for the pseudo-Riemannian space
My, although it is suitable only on an open subset of the full M3. The metric (4.4) is
obtained as in (4.11) upon replacing P by

1 _
Po=(@+0/ 0", o =diag(~1,-1,1,1,-1,-1,1,1) . (4.12)

where 7 is the quadratic form preserved by SL(2,R)* = SO(2,2) x SO(2,2) C Gs.
The Hamiltonian associated to geodesic motion on M3 with Lagrangian £ = dsg\/lg /dp
is given by

H=1 |+ 5 602 (s +at ) | 442 (113
i=1,2,3 !

tet [(PCA ~ ReNas Pz )N (P — ReNys P, ) + P, [ImNan P |
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where
Pex =pes —Capos Fp =g, + ¢ (4.14)

and p, = 0L/ 8(;5“ are the momenta conjugate to ¢,. The conserved Noether charges are
given by
Q=V'PYV. (4.15)

The electric and magnetic charges ga, p®, NUT charge k are proportional to the components
Eq, Eps, Ey of the Noether charge:

qa»

[

A 2F A — — _ A\ ”
{p V2B = =5 (pg, = o) k=2Ey = —2p, . (4.16)

gn = ﬂEqA = "5 (PQA +<Apa) 7

[

Note that the charges (p",qp) transform as (2,2,2) of Gy, so can be fit into a cube
E3. 4, a3,a3, corresponding to the front face of the hypercube in figure 4. The Cayley hyper-
determinant of this cube,

O = %em b1 cazbz azds c1di c2da bscs B30, a5,
= —4qop'p?*p® + 4p°q1g2q3 + A(P' V2102 + PP PP a3 + PP 3 n)

— (%0 +p'q1 + PPq2 + PPa3)?

as E2,b1 ,b2,b3 E2,01 ,C2,C3 E2,d1 ,d2,d3
(4.17)

provides a quartic polynomial invariant under [SL(2,R)]3. This is in fact the truncation of
the E7(7) quartic invariant (2.14) in N = 8 supergravity.
For static black holes with p, = 0, the Hamiltonian (4.13) reduces to

] 5(1)y2 5(4)\2
H:¢2—|— Z (Sl ) +(S2 ) _e(j)VBH’ (418)
(12
i=1,2,3 (S57)

where Vgy is the “black hole potential”

1 ! ! I
Ven = D) [(QA - RGNAZPE)[IHLN]AA (qar — ReNysp™) +PA[ImMAA'pA} . (419
Note that Vzy > 0, but the actual potential —e®Vyy is unbounded from below.

Since M3 has restricted holonomy group SO(2, 2)2, it is possible to construct a vielbein
Vaaran g transforming as (2,2,2,2), covariantly constant under the s[(2,R)*-valued spin
connection. In order to make contact with the standard construction of the quaternionic
vielbein for the c-map geometry (4.3) [31], we adapt the construction of [37] to the pseudo-
Riemannian case.

For this purpose, we perform a Cayley rotation within each SL(2) factor, and define

1 . _ 1 )
Jr = 5 (Bi+ F+iH), JP=E~-F, J = 5 (Bi+ F, —iH;), (4.20)
for i = 0,1,2,3. This defines a [SL(2, C)]* subgroup of SO(8,C). Under the branching

s0(4,4) = [su(2,R)]* @ (2,2,2,2), (4.21)
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Kyt

Koy (44

_ Lo
+i/2 +1
f @

Ki(+—-)

K __

Figure 5. Two-dimensional projection of the root diagram with respect to the split Cartan torus
Hy, Hy + Hy + Hy (left) and the compact Cartan torus Lo = J§, Ry = J} + J3 + J3 (right). The
compact (resp. non-compact) roots are indicated by a white (resp. black) dot. The long roots
generate SL(3,R) (left) and SU(2,1) (right) subgroups, respectively.

the 16 generators in the pseudo-real coset (2,2,2,2) can now be fit in a complex hypercube
Kaq,A,,4,,45 With A; = £1, where ¢A; is the eigenvalue under Jf’ and K satisfies the
reality condition

K g —ay,—Ay—Ag = (Kag,41,45,45)" - (4.22)
The entries in K can be obtained from the real coset Fgy a1,a0,0; Dy means of a Cayley
rotation C' = e~ T 2izo.3(Ei+F)  for example,

Kiyyy =C-Fp-C!
1

= i ( — Epo — iEpl — ’iEPQ — iEps + iEqO — qu — Eq2 — Eq3 (4.23)

+ Fpo + inl + in2 + ins — inO + FQ1 + Fq2 + Fq3>

The action of Ly = JS’ defines a complex 5-grading, and the combined action of Ly and
Ry = Jf’ + Jg’ + J§) projects the root system onto the Gy root system, with multiplicity 3
for the short roots. We now perform a Weyl reflection with respect to Ky___, in such a
way that the four SU(2) subalgebras generated by JSE, JijE are rotated by an angle 7/3 into
the four SU(2) subalgebra generated by*® K1yi1 and K4 (4++), with Cartan generators

BB+ T+J, BB FIF I, (4.24)

respectively. The algebra so0(4,4) again decomposes as [5u(2)]* @ (2,2,2,2) with respect
to this SU(2)%, and the projection of the Maurer-Cartan one-form on the coset yields the
desired vielbein. This may be represented in the same figure 4, upon replacing

Epo — —v, E,—iky)), Ey = eqy, By — —iu, (4.25)
Fpo — —U, Fpi — —ZE(Z) N Zé(z) . Py —iu, (4.26)

Z3Here the parenthesis indicates that one should include the three possible permutations.
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where u, v, e(d, E® denote the right-invariant one-forms
v = —d¢+%e*¢(da+§AdgA—gAde), u=v2eE=O2XN(dlA+ NasdCT) (4.27)
e =i(ds\ +ids) /sy, E® =2iv/25 e/ M Ay + NandC™)

where fI = &2D;XT = eK/2[9; + (0;K)]X!. Tt is straightforward to check that the
vielbein V4 ur 4 om satisfies the reality condition

VAA’A”A/” = EABEA/BIGA//B//EA///B/// (VBB/B//B///)* (428)

In term of these one-forms, the metric takes the simple form
1 _ .

dsg\/(:’) = _§€AB6A’B’GA”B”EA’”B”’VAA’A”A”’ VBB’B”B’” =uu-+vo+ Z (6(2) é(z) + E(l)E(Z))
i=1,2,3
(4.29)
The spin connection for each of the SU(2) factors is given by
Y. U
J3 = | 3((v—0)+ (e1 —&1) + (e2 — &) + (e3 — &3)) (4.30)
K ___ —Uu
and
K_(_H__) Ei
L =[50+ (i) — (e — &) — (ex — &) (431)
Kooy —E

The constant covariance of the vielbein can be checked using the Maurer-Cartan equation
dd+0n0=0,

1 1
du+1((61—él)+(€2—é2)+(€3—é3)—(v+77))u: §€iAEi’

1 1 _
dEi + Z ((ej — éj) + (6k - ék) — (62' — éi) - (U + 77)) E;, = 5 (|€ijk|Ej Nep+u N éi)

1 _
dv = 5(1)17 + uu + EzEz)

@)

1
de; + Eéiei = (4.32)

Singling out the first SU(2) as the R-symmetry group, we recover the quaternionic vielbein
for the c-map geometry (4.3) [31],

i K. g
e E; -J; K

oA — e LBl _ < Bt (+4-) 4.33
_ E e’L ? K_(_;’___) lj_ 9 ( )
—U u Jo K iy

Finally, in order to describe the pseudo-Riemannian manifold M3 we conjugate the
generators by exp(imHp/2), whose effect is to Wick rotate

E E F F
Ey— —Ey, Ll O e , P TP , Fo— —Fy. (4.34)
Eqy Eqy Fyy Fq,
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The (2,2,2,2) coset V} 4 g g is now obtained from figure 4 by replacing

Epo — =0, E,w— Eqg, Eg—eq, Egy——u, (4.35)
Fo— —v, Fy——Ey, Fy—eéq, Fy—u, (4.36)
In terms of this new vielbein V} 4, 4» 4, the pseudo-Riemannian metric (4.4) may be writ-
ten as
2 1 * *
dSMg = — §6AB€A/B/EA//BNEA///BW VAA’A”A”’ VBB’B”B’”
(4.37)
=(vi+ Y W) — luat+ Y EOEOD
i=1,2,3 i=1,2,3

As will become clear in section 4.3, the two terms in bracket correspond to the kinetic and
potential terms in the Hamiltonian (4.18).

4.2 Near horizon solutions

For simplicity, we focus on solutions with D4 and DO brane charges only, and denote
Pt =p' P = % Qi = ¢;,Qo = —qo to conform with existing literature. For extremal
solutions, the near horizon geometry is AdSs x So with constant values for the complex
scalars S, which have to extremize the “black hole potential” Viy. For D4 — DO, it is
consistent to set the axions Sfi) to zero. In this case, Vg simplifies to
Qf + (PY)*T3US + (P?)*S3U3 + (P°)*S3T3

V p—
B 2855T5Us

(4.38)

Extremization with respect to Sy, 15, Us leads to a unique minimum,

[1QoP!| |Qo P?| |Qo P3|
So . = , Th, = , U = | o, 4.39
2, | P2 P3| 2, | P1P3| 2, |P1p2| ( )

corresponding to an entropy

The extremum (4.39) exists for charges Qo, P* of any sign, but the supersymmetry prop-

erties of the solution do depend on the signs of the charges. The values of the central
charges at the horizon are summarized in table 1, where z = sgn(Qo)v/2|QoP' P> P3|'/4
(see also [18, 29, 33]): Case (a) corresponds to BPS black holes of the STU model. The
next three cases (bed) are the so-called non-BPS, Z, = 0 extremal solutions. They are
non-BPS in the STU model, but can still be lifted to 1/8-BPS black holes in maximal
supergravity [48]. All these cases have { > 0. In contrast, the remaining four cases (efgh)
have ¢ < 0 and are genuinely non-BPS. They are characterized by the fact that the four
central charges Z, Z; at the horizon are non-vanishing, and in fact equal in modulus. We
shall discuss these solutions in more detail below.
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P'Qo P?Qo P3Qo| Zy Z1s Zow Z3s
@ + + + |-z 0 0 o0
b)| + - - 10 —2 0 0
()] — + - 10 0 -2 0
(d)| — - + |0 0 0 -z
© - - - |35
N - + +|-5 35 -5 3
@ + - +|5-3 % -
o + - |-5-% -5 3

Table 1. Central charges at the horizon.

4.3 Extremal Z, = 0 solutions

In this subsection, we discuss the geodesic flow interpretation of BPS black holes, as well
as so-called non-BPS, Z, = 0 black holes, as they all appear on the same footing in the
context of the STU model.

Our starting point is the SL(Q,R)4 vielbein V} 4/ 4» 4 computed at the end of sec-
tion 4.1 in terms of the invariant one-forms (4.27), and the relation (4.16) between the
electromagnetic and NUT charges g, p™, k and canonical momenta conjugate to ¢2, f A, 0.
For a static black hole, k = —2p, = 0, which allows to express the differentials d¢?, dgt A, do
in terms of the electromagnetic charges ga, p™. In this way, we find

v = —do, u=—ie?’?7
e® = i(as'” +ids{"y s\, EW = —ie?/?7, (4.41)

where Z = Zy and Z; are the central charge and “scalar charges”, respectively,
; 1
Z =P XN —pr Ry, 2= —2iSE) (0, + SOK)Z . (4.42)
For completeness we list the central charges:

2v/285ToUsZ = (qo + 151 + @211 + q3Ur + p*SiTy + p*S1Us + p' ThUy — p°S1T1UY)
+iS2 (g1 + p*T1 + (* — p°T1)U1) +iTo(qo + p*S1 + (p' — p°S1)Un)
+iUs (g3 + p*S1 + (p' — p°S1)T1) — SoTo(p® — p°Un)
—SyUs(p? — p°T) — ToUs(p' — p°S1) + ip°SoToUs (4.43)
2v/2955ThUsZy = (qo + @151 + ¢2Th + q3Ur + p*SiTh + p>S1Us + p' ThUy — p°S1T0 Uy )
—iSo(q1 + p*T1 + (p* — P°T1)UL) +iTo (g2 + p*S1 + (' — p°S1)Uh)
+iUs (g3 + p*S1 + (0" — p°S1)T1) + SoTo(p® — p°Un)
+85Us (p? — pPT) + ToUs(—p' + p¥Sy) — ip°SoToUs (4.44)
2V/28,ToUsZs = (qo + 151 + ¢2T1 + qsUs + p*S$1Th + p*S1Ur + p' ThUy — pPS1ThUy)
+iS2 (g1 + p°T1 + (p* — p°T1)UL) — iTo (g2 + p*S1 + (p' — p°S1)Uh))
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+iUs (g3 + p*S1 + (' — p°S1)Th) + SoTo(p® — p°Un)

+SoUs(—p* + p°Th) + ToUs(p* — p°S1) — ip" SoToUs (4.45)
2v/295:T0UsZs = (qo + q1.51 + @21 + q3Ur + p* STy + p>S1Uy + p' ThUy — p°S1T0 Uy )

+iS2 (g1 + p*T1 + (* — p°T1)U1) +iTo (g2 + p*S1 + (p' — p°S1)Un)

—iUs(gs + p*S1 + (p' — p"S1)Th) + SoTo(—p® + p°Un)

+85Us (p* — p°T1) 4+ ToUs(p' — p°S1) — ip° SoToUs . (4.46)

It should be noted that Z; is related to Z by reversal of the sign of one of the Sg) ’s followed
by complex conjugation, e.g.

Z1(S, T, U;p", an) = Z(S,T,U; p™, qn) - (4.47)
Using (4.37), we see that the black hole potential (4.19) can be rewritten as
Vou = |Zo* + | 2117 + | Zo? + | Z3|* . (4.48)

Moreover, from standard formulae in special geometry [55]

i

DZ=——27;d5%", Dz = L|ei % Z; A dS®) — 745t (4.49)
25" 25 25"
or from the Maurer-Cartan equations (4.32), one can check that
Vi = W2+ 4 (955 0sW % + gTT |8 W |2 + gVU |8UW\2) (4.50)
for any choice of W amongst [13]
W=lzl, W=|al, W=|Zl, W=|Z. (4.51)

Therefore, any W in (4.51) can be used as a fake superpotential to generate first
order equations -
¢ =—e®?W S0 = —e¢/2g5“>5(”85(,->w (4.52)

which imply the second order equations from the Hamiltonian (4.13) at zero energy, and
moreover guarantee that the corresponding solution is extremal [12].

The first choice in (4.51) corresponds to BPS black holes. Its interpretation as a
special kind of geodesic flow on M3 is well known [21, 35]: indeed, the BPS attractor flow
equations (4.52) with W = |Z| can be written in terms of the invariant forms (4.41) as

_ | Z
v=—zu, €4 =zEy, Eg=zep, u=-—20, z2=—i A (4.53)
or equivalently, using the vielbein V4 4/ 47 g,
A A 1
VAA/A//A///E = 0, € = ( > . (454)
z

Since the index A transforms as a doublet under the R-symmetry SU(2), this is recognized
as the Killing spinor equation for BPS black holes [21, 35]. Note that the phase of Z varies
according to

darg(Z)+ A=0 (4.55)
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where A is the Kéahler connection,

el N 4,
So T Us (4:56)

Similarly, the first order equations (4.52) with W = |Z;| can be written in terms of the

ol N1 (dS, dTy | dUy
A—Q—i(&Kdt —8;Kdt)—2( ) .

invariant forms (4.41) as

v = —ZE(i) s e(i) =2Uu, €y = ZE(k) s e(k) = ZE(j) , R = —’L'1 / ?z y (4.57)
7
or equivalently, using the vielbein Vs g» am,
i i 1
Vawarame™™ =0, A7 = ( > ’ 4
z

where we denote A1) = A, A®) = A7 AB) = A" Note that the phase of Z; varies in this
class of solutions according to
darg(Z;) + .A(i) =0 (4.59)

(i) () (k)
Ao = % (d;é) - d;id N Cfé) )
2 2 2
Thus, the non-BPS, Z, = 0 solutions are related to the BPS ones by a permutation of the
four SL(2) factors.?*This is in accordance with the fact that these solutions lift to 1/8-BPS
solutions in maximal supergravity [48]. Using the explicit form of the solutions given in

where

(4.60)

appendix C, one may check that the Noether charge is nilpotent of degree 3 in the vector
representation, and corresponds to the nilpotent orbits [(+—+)%(—)%]1r, [(—+—)*(+)?]1.11
in cases (a,b,c,d), respectively.

4.4 Extremal Z, # 0 solutions
When ¢ < 0, the extremal black hole is genuinely non-BPS. The fake superpotential W is
given by the same formula (2.78) as in A/ = 8 supergravity, upon substituting

po=121, pi=121|, p:=122|, ps=123], 4p=arg(2212:2;). (4.61)

On the sublocus where ¢ = 7/4 or ¢ = 0, the simpler forms (B.17), (2.88) can be used.
In particular, for axion-free solutions with Z, < 0 and Z;, > 0, both (B.17) and (2.88)
reduce to the formula proposed in [12, 18]

1
W= (-2+2+2:+7;)
2 o - e LG (4.62)
T T T+T ‘
_ ok (g LUAUT py SULUS by STHTS
2 2 2
on the locus S; =T, =U; = 0.
Evaluating the Noether charge on the explicit solution given in appendix C, it is easy
to confirm that such non-BPS, Z, # 0 solutions are indeed associated to the nilpotent orbit

[(+—+),(—+—),+,—] of SO(4,4).

24This fact has been observed independently in [29].
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A Nilpotent orbits

In this appendix, we review some general facts about nilpotent orbits of real Lie groups,
and discuss in details the nilpotent orbits of Eg(s) and SO(4, 4) relevant for extremal black
holes in maximal supergravity and the STU model, respectively. Useful references for the
material of this section are [40] and [41, 44, 56].

A.1 Generalities

Complex nilpotent orbits of G¢ are classified by conjugacy classes of homomorphisms
sl(2) < gc, i.e. by triplets (e, f, h) of elements in the Lie algebra gc satisfying the sly
commutation relations [e,f] = h, [h,e| = 2e, [h,f] = —2f. Under the adjoint action of h,
gc decomposes as a sum of eigenspaces gc = @ g with eigenvalues i € [-n,n], n > 2,
often referred to as a 2n + 1-grading (this grading is said to be even if g = 0 for ¢ odd;
in this case n is even, and gc = @ g*’ yields a n + l-grading). Correspondingly, gc
decomposes into a sum of irreducible representations of SL(2) with spin j < n/2. e is an
element of g, and therefore nilpotent of degree 2n + 1. Its complex adjoint orbit O¢(e) is
Pc\Gc, where Pr is the stabilizer of e, a non-reductive subgroup of the parabolic subgroup
D, 98" C gc which contains in particular g~ & g™. The complex dimension of O¢(e)
is equal to dimg — dimg©® — dim g®. Complex orbits can be labelled by their Dynkin
indices, which are the coefficients of h on the standard generators of the Cartan subalgebra
of g. These can take values amongst 0, 1,2 only. The subalgebra g'® C gg commuting with
h is the direct sum of abelian factors associated to the nodes with a non-zero label, and
of the semi-simple Lie algebra whose Dynkin diagram coincides with the set of zero nodes.
The set of nilpotent orbits admits a partial ordering, with e < € whenever €’ lies in the
closure of the orbit through e. It is convenient to display them in a Hasse-type diagram,
with arrows pointing from e to € when e < €’.

We are interested in nilpotent orbits of gr, where ggr is the Lie algebra of a non-
compact real form Gr of G¢, with maximal compact subgroup Ki. The maximal compact
Lie algebra £R of gR is obtained as the (—1)-eigenspace of the Cartan involution T (not to
be confused with the adjoint), so that elements of g are of the form e — e where e € gg.
The Kostant-Sekiguchi correspondence relates Gr-orbits in gr to Kc-orbits in gc © fc.
More precisely, the Kostant-Sekiguchi homeomorphism

e %(e+eT+i[e,eT]) (A.1)

identifies
G]R - K¢ ’ ’
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where 91 is the variety of nilpotent elements inside g¢. Its inverse can be obtained by use
of the complex conjugation *, under the convention that the generators of gr are real,

e %(e +e* —ife,e]) . (A.3)

The representative of a real orbit O (e) can be chosen so that its standard triplet (e, f, h)
is a Cayley triplet, i.e. verifies

e—f ey, h,e+fegrotr. (A.4)

In practice, f = el is obtained from e via the Cartan involution, after having normalized
e properly. The Kostant-Sekiguchi homeomorphism maps this sl subalgebra of gr to the
following sly subalgebra of gc,

{e,f,h} — {i{(e+f+ih), {(e+f—ih),i(e—f)}. (A.5)

such that the nilpotent element 1(e+f +¢h) lies in g¢ © ¢, while the semi-simple element
i(e — f) lies in £c.

It turns out that the Ggr-orbit of e is uniquely characterized by the Kc-conjugacy
class of i(e — e!). Moreover, one can always choose a representative e, of the orbit Op(e)
such that i(e. — el) is in a fixed Cartan subalgebra of £c. The weighed Dynkin diagram
associated to Og(e) is then the Dynkin diagram of K decorated by the eigenvalues of the
simple roots of ¢ with respect to the element i(e. — el). This diagram labels the real
nilpotent orbit uniquely if £ is semi-simple, otherwise it has to be supplemented with extra
labels associated to the Abelian factors. In contrast to G, the labels of the weighed Dynkin

diagram of K are not bounded by 2, although they are still positive.

For applications to black holes, we are however more interested in the orbit of an
element e lying in 9N (gr © €) under Kj, where K is a non-compact real form of K¢
defined by the Cartan involution ¥. When the intersection Og(e) N (gr © tR) is non-empty,
there exists a “starred” Cayley triplet (eqx,f = ei*,hc*) such that e, f~ € gr © £ and
h.+ lies in a fixed Cartan subalgebra of £;. The orbit is characterized by the eigenvalues
of the simple roots with respect to h.«, which furnish a weighted Dynkin diagram for K*.
The semi-simple generator h.~ defines a graded decomposition of the Lie algebra £*.

A given nilpotent Gc-orbit in general corresponds to several Gr-orbits labelled by
K-weighted Dynkin diagrams d;. Similarly, the K¢-orbit associated to d; corresponds to
several Kp-orbits, labeled by the same?® Kc-weighted Dynkin diagrams dj. Thus, each
K-orbit is labelled by a pair (d;,d;). It turns out, although we do not know a proof of
this fact, that extremal black holes correspond to choosing d; = d;. This condition on P
complements the nilpotency condition on ) mentioned in section 1.4.

Zmore properly, by a subset thereof. Indeed, some Gg-orbits do not intersect with the coset component

gr — £*. This is the case for instance of all the Eg(s) nilpotent orbits of dimension strictly greater than 216.
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A.2 Nilpotent orbits of Egy)

Minimal orbit, dimension 58

We start with the minimal orbit of Eg(g), with weighed Dynkin diagram |[,,8,00,]- It
corresponds to the graded decomposition
eg) =172 ®560) @ (gl ® er(r))” B 56 @ 1P (A.6)

of the adjoint representation, familiar from the dimensional reduction from 4 to 3 dimen-
sions. The 3875 representation is also five-graded with respect to this decomposition,
therefore the elements in the grade 2 component are nilpotent of degree 3 in both the
adjoint representation and the 3875. To see that such elements can be chosen inside
eg(g) © 50(16), we decompose (A.6) further into

ese) =12 @ (28, @28.) Vo (g @sut(8) ©70)” @ (28, ®28-)" ©1® . (A7)

This exhibits the embedding s0"(16) C eg(g), associated to the weighted Dynkin diagram
[1300000 | Of the real Egg) orbit

50%(16) = 28" @ (gl @ su*(8))” @ 28 . (A.8)

The weighted Dynkin diagram of the real orbit labels the compact element of the Cartan
subalgebra of s0(16) that appears in the Cayley triplet associated to the nilpotent element
e, namely e — el € 1® — 12 Ag it turns out, it also labels a non-compact element
of the Cartan subalgebra of s0*(16) which is h = [e,ef] € gl{”’ for a particular choice of
normal triplet.

The isotropy subgroups inside Spin*(16) and FEgg) follow trivially from the five-
graded decomposition

SU*(8) x 28" C By x (56" & 1?) (A.9)

Nilpotent orbit of dimension 92

The next orbit in the Hasse diagram is associated to the weighted Dynkin diagram [, ;8,000 -

The corresponding graded decomposition is the five-graded decomposition of eg(g) in term
of irreducible representations of Spin(7,7)

egs) = 1472 @647V @ (gl @ 50(7,7))"” B 64 ©14® (A.10)

The grade 2 component is no longer a singlet, and one should further decompose Spin(7,7)
irreducible representations with respect to Spin(6,7) to obtain a singlet in the 14 = 1 &
13.26 Again it follows from the five-grading that such a nilpotent element satisfy €3 = 0 in
the adjoint representation. The 3875 is however nine-graded with respect to the Spin(7,7)

26 A time-like vector would lead to a minimal orbit. Note that the choice of an either time-like or space-
like vector is equivalent in this case, whereas it would not be in the case of Eg(_24), which has a similar
five-graded decomposition in irreducible representations of Spin(3,11). Indeed, there are two corresponding
92 dimensional nilpotent orbits of Eg_24).
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decomposition, and only the fifth power of % vanishes in this representation. One can easily
identify the relevant embeddings of Spin*(16)/Zy C Eg(s) such that 1% C egs) © 50*(16)
from the decomposition associated to the weighted Dynkin diagram [ .,3,,.., | Of the orbit,

50"(16) 2 62 @ (4@ 8) " @ (g, @ s0(5,1) ©50(2,6))” © (42 8)Y © 6> . (A.11)

It turns out that one has two corresponding Spin*(16) orbits, associated to time-like and
space-like vectors e € 8 which isotropy subgroup of SO(2,6) are SO(1,6) and SO(2,5),
respectively. The corresponding isotropy subgroups of Spin*(16) and the one of Fgg) follow
trivially from the five-graded decomposition

Spin(5,1) x Spin(1,6)) x ((4® 8)%) @ 6@
>0 ( 2) (46 8)x ) C Spin(6,7) x (647 @ (1®13)?)

Spin(1,5) x Spin(5,2)) x ((4® 8)y’ & 6?)

(A.12)

The first line corresponds to regular 1/4-BPS black holes, while the second corresponds to

solutions with the two non-saturated central charges higher than the mass i.e. |z;| = |z, =
W < zs] = |z4].

Nilpotent orbit of dimension 112

The next nilpotent orbit, with weighted Dynkin diagram | , is slightly more intricate.

]
0000010

Its graded decomposition is the seven-graded decomposition in SL(2, R) x Eg(g) irreducible

representations
ess) = 207 @027 7 @ (2027) Ve (gl @ sk @ eg) @ (2027) V027002 . (A.13)

To exhibit a singlet in the grade 2 component, one should decompose further into Fj4)
irreducible representations,

es) 2207 @ (1926) V@ (202226) 7 @ (gl @ sl @ fuu ©26)
o (2020226)" @ (1926)” @20 (A.14)

It follows from the seven-graded decomposition that such a nilpotent element vanishes to

the fourth power in the adjoint representation. In order to identify the existence of a

corresponding Spin*(16) orbit inside eggy © s0*(16), one should further decompose®”

f4(4) = 5u(2) D 5]3(3) S% (2 & 143)]3, 26 = (2 & G)R é 14, . (A15)
The embedding of s0*(16) corresponds to the decomposition

50°(16) 2177 3226)5? @ (16 (20 6)g ® 14;)" "

_l’_
(gl ® gl @ su(2) @sp(3) ©142)" @ (1@ (22 6)r © 142)"
o226)y o1 (A.16)

2"We added indices to the 145 and the 143 representations of USp(6) to differentiate the real 2-form
representation from the pseudo-real 3-form representation.

47 —



where the indices + denote the eigenvalue £ under gl; C slo. This decomposition can be
read off from the weighted Dynkin diagram [.,8,.0,,] - These decompositions enable us
to compute the isotropy subgroups of Spin*(16) and Egg) as

(GLL(1,R) x SU(2) x USp(6)) x (((z R6)R DO 14:)" @ (20 6)F @ 1<3>)

C (SL(2,R) X Fyyg)) ® ((2 ©26)" ® (1926)” @ 2<3>) (A.17)

Nevertheless the decomposition (A.16) is not unique, for instance one has a similar decom-
position by decomposing su*(6) = sp(1,2) & 145 rather than su*(6) = sp(3) @& 142. The
resulting orbit has as isotropy subgroup of Spin*(16)

(GLy(1,R) x SU(2) x USp(2,4)) x (((2 ©6)r ®14,) " @ (22 6)2 @ 1<3>> (A.18)
and correspond to black holes for which some of the central charges are larger than the mass.

Nilpotent orbits of dimension 114

There are two 114-dimensional orbits which lie in the same complex orbit of Eg associated

to the weighted Dynkin diagram | . They are associated to the five-graded decom-

position (A.6), however the weight 2 indiiates that the five grading must be considered as
an even nine grading, or equivalently that the corresponding nilpotent elements lie inside
the grade 1 component with respect to the five-grading. Because the 3875 representation
decomposes as well into a five-graded decomposition, the representative of these orbit is
nilpotent of degree five in both the adjoint and the 3875 representation. It turns out that
the two real orbits are associated to the decomposition of E7(7) under the two real forms

Eg(2) and Eg(g) of Eg, respectively. In the first case,”8

ese) iR @ (Ca27) ™ @ (CO e @27) @ (Co27)" @iR . (A.19)

The nilpotent element can be chosen in the real component of C™), therefore its nilpotency
degree in the adjoint representation is 5. In order to understand the relevant embedding
of Spin*(16) one should further decompose

eo2) = su(2) Dsu(6) d (2®20)g, 27=(206)D®15 (A.20)
and s0*(16) into
50"(16) 2 iRC? @ (22 6) Y @ (Cosu(2) ®su6) ©15)” @ (22 6)) ©iR®, (A.21)

as suggested by the weighted Dynkin diagram |.,8,.,.,]- This way one determines the
isotropy subgroups inside Spin*(16) and Ey(s) respectively

(SU(2) x SU(6)) x ((2® 6)™ @ iR®) C Byq) x (R ®27)" @ iR®) . (A.22)

Z8Note that the complex representation 27 is sometimes written as 27 @ 27 in the literature.
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It is also interesting to consider the isotropy subgroup inside the Ey ) subgroup of Egg
which intersects with Spin*(16) on an SU(8) subgroup. From the embedding

erery 2R — iR @ () @ 270 — 270 (A.23)

one finds that this isotropy subgroup is Eg(). This implies that O(W_%Z) > 0 on the
corresponding Spin*(16) orbit.
The other nilpotent orbit of dimension 114 is associated to the decomposition

s 2 170 (109 270 0 277 ©19) Vo (gh 0 7 @ (g1 © sae)” ©27)"
(10271027 919)Y ©1® (A.24)

where the internal grading is associated to the three-graded decomposition of e7(7) into
irreducible representations of ¢g). It follows that the nilpotency degree of an element of
1% in the adjoint representation is 3. In order to get a nilpotent element of degree 5 in the
adjoint representation, one could consider an element in 12 + 1®%_ In order to ensure
that this element lies in eg(g) © 50%(16), we have to further decompose eg) = sp(4) © 42
and consider the embedding of s0*(16) associated to its decomposition [.,5,000 ]

50*(16) o~ (1(—3) —1® @ 27-b _ 27(1))“1) P (g[l fast 5p(4)(0) @277 + 27(2))<0)

® (1(73> —1® po7t-b — 27(1))(1) . (A.25)

These decompositions enable us to compute the corresponding isotropy subgroups inside
Spin*(16) and Egg),

USp(8) x 27" C Eg) x (18270 27)0 ¢ 1) (A.26)

The isotropy subgroup inside the E7(7) subgroup of Eggy which intersects with Spin*(16)
on an SU(8) subgroup is Egg), as follows from the decomposition

97(7) o~ 277(*1,1) _ 277(111) D 1(—2,0) _ 21(0,0) 4 1(2,0) e 86(6) o) 27(—1,—1) _ 27(1,—1) . (A27)

This implies that <>(W7%Z ) < 0 on the corresponding Spin*(16) orbit.
Using similar techniques for different decompositions of s0*(16), one gets additional
Spin*(16) orbits with the following isotropy subgroups

USp(2,6) x 270

(SU(2) x SU(2,4)) x ((2®6) @iR<2>)} C Eg2) % (R@®27)Y @ iR®)

USp(4,4) x 270

(SU@) x sU*(6)) x (226)" & iR<2))} C By x (1927027)" ©17)

(A.28)

all of them corresponding to black holes with naked singularities.
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A.3 Nilpotent orbits of SO(4,4)

For Gc = SO(N,C), complex orbits can be conveniently labeled by Young tableaux, or
partitions of IV, which summarize the decomposition of the N-dimensional vector represen-
tation of G¢ into finite dimensional representations of SL(2, C), or equivalently the Jordan
normal form of the nilpotent element e in the vector representation. These Young tableaux
must be such that lines with even length (equivalently, representations with half integer
spin) occur always in pair. Young tableaux with only rows of even length correspond to
two different orbits. The closure ordering e < €’ holds whenever, for all p = 1... N, the
number of boxes in the first p columns of the Young tableau of e is less than the number
of boxes in the first p columns of the Young tableau of €. The nilpotent orbits of SO(8, C)
are summarized in the following Hasse diagram,

[3.1°], [5: ]~
[18]0_) [22’ 14]10< [24]1,11 > [3’22’ 1]16_)[32’12]18< [42]1,;0/ [533]22_’[ >1]24
. * (A.29)

where the integers inside the bracket indicate the size of the Jordan blocks in the 8-
dimensional vector representation, with multiplicity given in superscript. The subscript
indicates the complex dimension of the orbit. The triplets of degenerate orbits [3, 1°], [24]/://
are permuted by triality, as can be easily seen from their Dynkin labels, [zog ], [ooi ], [ooz ]
Similarly, [5,13],[4%]"/!, with Dynkin labels [ug}, [oZﬂ, [OZZ}, are permuted by triality.
The remaining orbits, with Dynkin labels [012}, [loi], [ozz], {zoi], [zzi] are manifestly
triality invariant.

The nilpotent orbits Og(e) under the real group?® G = SO,(p, ¢, R) can be obtained
by attaching + signs to each of the box of the Young tableau, alternating along each row,
such that the total number of (4, —) signs is (p,q) and moreover, such that every row of
even length starts with +. A given signed Young tableau corresponds to 4 different orbits
labelled (I,1),(I,II),(II,I),(I1,II) when all rows have even length, 2 different orbits
labelled I, I1 when all rows with odd length have an even number of 4 signs, 2 different
orbits labelled I, I1 when all rows with odd length have an even number of — signs, or else
a single orbit. All orbits with the same signed Young tableau are related by O(p, ¢, R). The
closure ordering involves not only the shape of the Young tableaux but also the sign and
latin letter assignments, and is discussed in detail in [56]. For G = SO,(4,4), the nilpotent
orbits of real dimension 18 and lower are summarized in figure 6.

Starting from the bottom, the smallest (non-zero) orbit is the minimal orbit, or real
dimension 10, attached to the Young tableau [(+—)?] (we omit the rows of length one, for
brevity). It is associated to the 5-grading

50(4,4) 2123 (204) 7V @ (gl @sh @50(2,2)" @ (204)Y @1®,  (A.30)

29The subscript 0 denotes the component connected to the identity. Recall that O(p,q,R) has four
connected components when pg > 0. The connected component of the identity SO, (p, ¢, R) is homotopy
equivalent to SO(p,R) x SO(q, R).
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Figure 6. Hasse diagram of nilpotent orbits of SO, (4,4)

where g = Re, g-? = Rf and h is the singlet in g®. This 5-grading originates from the
branching SO(4,4) D SO(2,2) x SO(2,2) ~ SL(2) x SL(2) x SO(2,2), where h is the non-
compact Cartan generator of the first factor. The stabilizer of e is 50(2,2,R) @ & g & g®,
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therefore the real minimal orbit is isomorphic to

SO, (4, 4)

Oritn = (SL(2,R) x SO(2,2,R)) x [(2® 4)® & 1]

(A.31)

Since the Young tableau [(4+—)2(4)2(—)?] corresponds to a nilpotent element of order 2 in
the vector representation, and is invariant under triality, the minimal orbit is characterized
by the nilpotency conditions V? = §? = C? = A3 = 0, where V,S,C, A are a short-
hand notation for the representations of e in the vector, spinor, conjugate spinor and
adjoint representations.

The next set of nilpotent orbits, of real dimension 12, corresponds to three distinct
unsigned Young tableaux, [3,1°] and [3%]. These are usually of distinct dimension 2N — 4
and 4N — 20, but the dimensions and stabilizers happen to coincide when N = 8. The
tableaux [(£+ F £)] correspond to the 3-grading (or more accurately, “even” 5-grading)

50(4,4) 2 62 @ (gl ©50(3,3))"” @ 62 (A.32)

which arises from the branching SO(4,4) D SO(1,1) x SO(3,3). The stabilizer in SO(3, 3)
of a non-zero vector e € 6® is SO(3,2) if ||e||?> > 0 for the signature (3,3) quadratic
norm, SO(2,3) if ||e]|> < 0, or SO(2,2) x R* if ||e||?> = 0. The last case returns to the
minimal orbit discussed above, while the first two cases are related by parity. Thus, the
12-dimensional nilpotent orbits [(+ — +)] and [(— + —)] are isomorphic to

SO, (4,4)

Oz = SO(2,3,R) x [(5®1)@]

(A.33)

On the other hand, the Young tableau [(4+—)%] corresponds to the isomorphic 3-grading
50(4,4) 2 672 @ (gl @sl)"” @62 (A.34)

associated to the branching SO(4,4) D SO(1,1) x SL(4,R). The tableau [(+—)*] is “very
even”, therefore corresponds to 4 different orbits of SO,(4,4) (but a single orbit of O(4,4)).
The stabilizer in SL(4,R) of a generic element e € 6® is Sp(4,R), therefore the 12-
dimensional nilpotent orbits [(+—)%] are isomorphic to

_ SO,(4,4)
- Sp(4,R)x [(521)@]

O (A.35)
Like the minimal orbit, the dimension 12 nilpotent orbits satisfy A3 = 0, but have a higher
degree of nilpotency in the 8-dimensional representations. For this purpose, it is useful to
note that the unsigned Young tableaux [(3)],[(2)*],[(2)*] are exchanged by triality. Thus,
we conclude that V2 = §3 = €2 = 0 for [(+—)4]171 and [(-1-—)4]1,11, V2=82=0C3=0
for [(+=)4sr.r and [(+=)* 11,11, and S? = V3 = C? = 0 for both [(+ — +)] and [(— + —)].
Moreover, [(+—)*r.1, [(+—)%r7.r and [(+ — +)] are permuted amongst each other under
triality, while [(+—)47r7, [(+—)7r.1r and [(— + —)] form a second triality orbit. The
distinction between the two triplets of orbits corresponds to choosing the representative in
the vector representation of SO(3,3) to satisfy either ||e||?> > 0 or ||e||> < 0.
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The next level of nilpotent orbits, of real dimension 16, corresponds to two signed
Young tableaux [(+ — +)(+—)?] and [(— + —)(+—)?]. They correspond to the 7-grading

50(4,4) 2 29 ® (L) ® Loy ® L) 7 @ (22000 ® 21y ® 2c1n)

@(9[1 @ gl ©gly @5[2>(0) D (2(—2,0) ®24-1H® 2(1,1>)(1)
(Lo © Lry ®1ay)” @20 (A.36)

where 2 denotes the two-dimensional representation of sly, and the subscripts the weights
with respect to the two extra gl; subalgebras. This originates again from the branching
SO(4,4) D [SL(2)]*, with a suitable choice of the non-compact Cartan generator h inside
[SL(2)]3. The stabilizer of a generic element e in the grade 2 component (i.e. which carries
a non-zero element in the three components 150y, 114 and 1, 1)) is sl @ (2x 2)M @
(3 x 1)@ @ 2® therefore

SO(4, 4)

O = .
PTSLER) X [2x2)0 8 (3 x 1) & 20)]

(A.37)

Due to the 7-grading, elements in this orbit satisfy A* = 0; moreover, since the Young
tableau [(+ — +)(+—)?] is invariant under triality, they also satisfy V3 = §3 = C3 = 0.

Finally, the nilpotent orbits of real dimension 18 correspond three signed Young
tableaux, all associated to the same 5-grading (rather, even 9-grading)

50(4,4) 219 ¢ (204) 7 @ (g, @ sl ®50(2,2)" @ (204)? @19, (A.38)

identical to (A.30) save for the normalization of the non-compact Cartan generator h. In
particular, e € g® now transforms as a doublet of vectors of SO(2,2,R). If the norm of the
two vectors is of the same sign, the stabilizer in SO(2,2,R) is SO(2). The broken SO(2)
can be combined with SO(2) C SL(2), leading to

o SO(4,4)
BT T SO(2,R) x SO(2,R) x [(22®2)® @ 1]

(A.39)

If instead the two vectors have norms of opposite sign, the stabilizer in SO(2,2,R) is
SO(1,1), leading instead to
SO, (4,4)

O1s.- = SO(L,1,R) x SO(I, LR) x [(282® 2)® & 17] (A.40)

The second one is invariant under parity, and so should correspond to the Young tableau
associated to [(+ — +)(— + —)]. The two other signed Young tableaux label two different
orbits of SO,(4,4) each, labelled I,II, which are identified under O(4,4). All 5 nilpotent
orbits of dimension 18 satisfy A° = 0 (due to the even 9-grading) and V3 = 3 = 03 =0
(since V3 = 0, obviously, and the Young tableau is invariant under triality). The condition
S3 =0 (or equivalently C3 = 0) is the condition of interest for extremal black holes.

In fact, from the Hasse diagram of the complex nilpotent orbits (A.29), it follows
that the 18 dimensional orbits covers all nilpotent elements such that A% = 0. Higher
dimensional orbits correspond to elements with a higher order of nilpotency in the adjoint
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representation: from the Young tableaux in (A.29), it is easy to see that the three 20-
dimensional complex orbits satisfy A" = V° = §* = 0% = 0 and triality images thereof,
that the 22-dimensional orbits satisfies A7 = V® = §° = C® = 0, and that the 24-
dimensional orbit satisfies A = V7 = 87 = 07 = 0.

Let us briefly discuss the fate of these orbits under the two-step restriction
S0,(4,4) D 504(4,3) D Gy, (A.41)

which corresponds to the truncation of the STU model to the ST? and S® models. In
the first step SO,(4,4) D SO,(4,3), the orbits associated to [(— + —)?], [(— + —)(+—)?],
[(+—)"] are lost, leaving 3 orbits [(+—+)%]7,11, [(+—+)(—+—)] of dimension 14 and degree
5, 2 orbits [(+— +)(+—)?]7.11 of dimension 12 and degree 4, 2 orbits [(+—+)], [(—+ —)] of
dimension 10 and degree 3, and the minimal orbit [(+—)?] of dimension 8. In the second
step SO,(4,3) D Gyz), the degree 5 orbits reduce to two inequivalent orbits of dimension
10 (coming from [(+ — +)?]; 17 and [(— + —)(+ — +)], respectively), the degree 4 orbits to
a single orbit of dimension 8, and the only remaining orbit of degree 3 is the minimal orbit
of dimension 6.

B Solving the non-BPS diagonalization problem

The fake superpotential for extremal non-BPS black holes is given by (2.78), where o is
proportional to the component of the central charge in the parametrization (2.68). In this
section, we explain how to compute W from the SU(8) invariants py, p1, p2, p5 and ¢. The
latter can be computed from the central charge Z;; as explained below (2.11).

B.1 General case

To compute g, let us define four real positive variables x, as

1 COSZOH—%’ for n=1,2 3
X, = —

, (B.1)
2 cos2a—¢;+& for n=0

such that ) x, = 2cos2«a. Here and below, summations or products over m will always
range over 0, 1, 2, 3. Using (2.71), one may rewrite (2.78) as

) _o(2) 1/4
W= 2 (cos2(2a) : me> ' (B-2)

In order to determine the variables x,, we equate (2.11) and (2.68) (keeping in mind that

the rotations R/ and R are distinct for the two decompositions), obtaining
P’ =W? |x, — 62“”‘2 =W? ((xn — cos(2a))2 + sin2(2a)) )

which gives the algebraic equation

2
2 — 2x, cos(2a) + (1 - 5&2> = 0. (B.3)
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The positive solution of this quadratic equation is

X, = cos(2a) — \/(pn/W)2 — sin?(2a) . (B.4)

Using moreover (B.2), we obtain that W and cos(2a) are determined by the two equations

Z \/(p,l/W)2 —sin?(2a) = cos?(20),

I1 (cos(2a) - \/ (o W)? = sin2(2a)> = _m&%. (B.5)

n

In order to reduce these equations, we denote by o,(r) the elementary symmetric

functions of r, = \/(p,L/I/V)2 —sin?(2a),

o1(r) = Zrm, o9(r) = Z TwTn s o3(r) = Z TmTulp o4(r) = Hrm,

m<n m<n<p
(B.6)

i.e. ¥(r,) = 0i(r?). The two sets

and by X(r) the elementary symmetric functions of 2,

of symmetric functions are related by
21 :U%—20'2, 222034-20'4—20'10'3, 23:U§—20204, 2420'2. (B7)

This can be inverted by eliminating o7 and o3 between these equations, leading to a quartic

equation in oo,

(ag 2/ — 22) - 4(23 + 202\ﬁ) (21 + 202) = 0. (B.8)

Now, since o1(r) = 2 cos 2a, the first equation in (B.5) implies that

I o2

The second equation in (B.7) then leads to

3 1
205(r) cos 20— 0a(r) = 2-3sin' 20— (1 — T sin20) o+ ooy (Z P2 pfp?n)

n>m

(B.10)
Substituting back into (B.5), we obtain

O
SI/V4 (me Qan pu’ cos? 2a> - (B.11)

n>m

1
o4(r) = —sin? 2a + 3 sin? 2a

Squaring both sides, we obtain a polynomial of degree two in WW?2

2
[(} — <Z Pt — 2 Z ,on2pm2> cos? 2a] — 8% cos* 20 H P>

n>m

— 27 sin® 4oy <Z pm2> O — <Z pu® =D piton’+2 ) pm2pn2pp2> cos” 20

n#m m>n>p

+ 4W*Osin? 2asin®4a =0 (B.12)

— 55 —



Substituting (B.11) inside the third equation in (B.7), we obtain a second polynomial,
whose difference with the former gives a polynomial of degree two in cos? 2a,

2 2
Pm O 1 Pm 4
[H<1‘w2>+2w4 (1‘4 m)] 20

—L 1—1 P’ —EWA‘ an4—22pn2pm2 0082204—3702 =0 (B.13)
W4 2~ w2 8 — 162W8

n>m

By eliminating cos 2« between the two equations, we obtain a polynomial equation of
degree 6 in W?2, whose coefficients are symmetric polynomials in p,,> and polynomial in .
It is convenient to write it in terms of ¢ and the elementary symmetric functions ¥;(p,),
since they can all be expressed in terms of the SU(8) invariant functions of the central
charges Z;; using (2.14). Writing ¥; = 3;(p.) for brevity, we obtain

G412 [—<>3 + (352 — 8%9) 0 + (—32‘11 165,52 — 16555 — 1652 + 6424)0
+(2F - 4%% + 8%)°)
+16W1° {32103 + (—953 4 20555, + 245,)0°
+ (92? — 405,57 + 328357 + 16(X5 — 2054) 1 + 1282223) O
— (23 — 4555, + 85) (32‘1l _ 85,32 4+ 3255, — 1652 + 64Z4>]
+ W [—152? + 240,58 — 1285357 + 32(2854 — 3753) 51 + 20485, %555
+256(7X5 — 125,54) 53 4 204853 (4%, — 353) %, — 270 + 960° (£] — 3%,)
_90? (632‘11 408,32 4 384553, + 49652 — 96024)
+256(X3 — 8%4%3 + 16235, + 16%7) + 80 (92? — 96%9%] + 1125353
+16(1755 + 8%4) X} - 576,551 — 64(255 - 8343, - 3%5) )|
+ W [—2? + 32555 — 645550 + 32(454 — 9X3) 57 + 640%,555]
+1024(X3 — 2545, — 33) 3 + 204853 (25 — D35T — 4545, — 253)
— 256(5%5 — 245,53 — 16555 + 1657) 51 + 0% (27 — 36X2% + 216%;)
—0? (32? — 104X 4 336%3%7 + 368835 + 9605,%; — 17282223>
+0 (32{ — 1005255 + 1845351 4 16(41%3 — 2854) X7 — 17285, 5357

+64(— 1955 + 1254 %3 + 125) 31 + 128%5(3155 — 6054) )|
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e [(222;1 — 365508 — 8(13 — 425,) 52 + 1445, 555 + 16(53 — 363,35 — 2725))02
+2 (307223l —16(55 — 365,52 — 24555, + 6453) 5,
+(2T — 45 (—52(5] — 452)% + 265, 83(57 — 4%) + 28825)) O
4096553 + (5F - 4%)* (2(32 - 4%5)" — 165 55(%F - 4%,) — 12853
+64( (33 - 25,) (53 - 4%5)" + 32505 (53 — 4%) + 19253 )5
+ W2 (=3 + 0+ 4%) %5 (5] - 4%)" + 8(0(~5%F + 20557 — 72%)
+2(5 — 4%) (B} — 45,3 + 16%3) ) 24 (5F — 4%)
~512(251 + 30T — 85,51 + 24%3) %3
+[(52 - am0)” - 6424]224 =0

(B.14)

Although still complicated, this polynomial is much simpler than what could be ex-
pected on the basis of the resultant of two generic polynomial equations of the form (B.13)
and (B.12) above, which would generically lead to a polynomial of degree 12 in W?2. In
the next subsections, we shall see that the degree is further reduced at special loci in the
parameter space of (¢, p,).

B.2 Near ¢ =7/4

At the point ¢ = /4, it is straightforward if tedious to check that the polynomial (B.14)
at € = 0 admits the six roots

o _ 1 2 21 ?
W021<P0+P1+P2+P3) ) W1:1<Po+01—P2_P3> )
2 1 2 o1 ?
Wy = Z(Po-ﬂri-/)z—/?a) ) W3 :Z<P0—P1—PE+P3) ; (B.15)
2 Pop1P2P5Q

Wi:_

A(pop1+ p2p3)(popz + p1ps3)(pops + pipz)

The physical root corresponds to Wy. Indeed, using (2.15), one easily checks that the
polynomial (B.12) vanishes at & = 0 when ¢ = m/4. Moreover, the quadratic equation (B.3)
is solved by

n 2 n
xy=1-Pr—1 P , (B.16)
w Po+ p1+ p2+ps
which satisfies x,, > 0,> x, = 2 as it should. We conclude that at ¢ = 7/4, the fake

superpotential reduces to

1

Wy = §<pg+p1+p2+p3>, (B17)

in agreement with [13]. It is straightforward to compute deviations to (B.17) away from
the locus ¢ = 7, in Taylor series of € = cos? 2¢p.
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For the physical solution Wy, we find

1 204 207 (0'%0'4 — 0‘%0‘203+4U%O’§—240‘10‘30‘44—480‘2) 9
€

o103—404 (o103 — 4og)*

(B.18)

where 0; = o;(pn) are the elementary symmetric functions of p,. More generally, the

expansion of W, to any order involves polynomials in ¢; multiplying increasing powers of

of e04/(0103 — 404)3. In contrast, the perturbation of the degenerate branch W involves
a power series in /e

B.3 At p, = p; - S?T model

At the point p, = p;, irrespective of the value of €, the discriminant factorizes into the
square of a linear factor in W2, with double root at

(02— p3)’
4(pg + T+ (2 —4e)pops)

W3y = (B.19)

and a quartic polynomial in W2,
2
) ((z/1 —4p?)’ - 42’2) + W2 [3602’2 (4p2 = 3)) = O (4p2 — 3)°

— (=1 - 493)" - azp) (43% (803 - 530) + %4 (1 - 403)”)]

T [—27<>2 +60 (16p;1 — 32025 + 7542 — 122’2) + 8% (16;;3 — 40025 + 152’12)
+ () — 4p2)? (16p§ 42425 — 152’12) + 162’22]

+16W0 [3<> (202 +3)) — (202 — %)) (Msp;1 S . 42’2)} AW [<> — (2 - 2p3)2]

(B.20)

where we have denoted %) = p2 + p2, 3, = p2p2.

At € =0, all roots become elementary and match on the roots in (B.16).

It should be noted that the degeneracy between W 3 is not lifted on the p, = p; locus,
where W3 3 is given exactly by (B.19), and happens to be independent of p,. As discussed in
section 3, the locus p, = p; corresponds to the two-modulus model of NV = 2 supergravity,
with prepotential F' = —ST?. While the roots of the quartic polynomial (B.20) can be
computed explicitely, their expression is unilluminating.

B.4 At p,=p,=p; - S® model

At the point p; = p, = p;, the quartic polynomial (B.20) further factorizes into a linear
factor in W2 vanishing at the same point (B.19), which now occurs with multiplicity 3,

(02— p?)°
4 (pg+p7+(2—4e)pops)

Wigs = (B.21)
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times an irreducible cubic polynomial in W2,

2
(o = 9p0p?)” =12 (py +18(28 — 1)pop; — 3ppp) W + 48 (pj + 3p7) W — 64W° =0 .

(B.22)
The roots of the cubic polynomial are given by
2
Wﬁ:rf(m9+l+3Dx+3D4(ﬂx+lf—4&%), (B.23)
2
mﬁ::%(m?+1-3@4ﬂ“px+m—nﬂﬁrl@@+&F—4m%>,
2
w@::%(w?+1+3@4fﬁpx—a—nﬂﬁrl@@+&P—4m%),
where x = p;/po and D is the real quantity
5 ) 1/3
_DE<@+1)—2d&:+U—Qv%ﬂ—sﬂmﬂ+&ﬁﬂ—2d+6ﬁ—iv . (B.24)
At e =0, D = 2 + 1 so that the three roots become elementary,
W2 — 1(,00 +3p,) — epopi(po +3p1)° +0(2)
"o 3(po + p1)? ’
W2, . — 1(,0 — )%+ epopi(po — p1)° +0(e)
baa = 00 TP )2 |
1 ipop1vVE 12p,
Wi =- —3p;) £ 9— O(e) . B.25
e 4P0(Po P1) 5 0 + ) +O(e) (B.25)

As the notation suggests, the roots Wj 23 match on to (B.16) as ¢ = 0, while the roots
Wo.1.2.3 match onto the roots of the quartic polynomial (B.20) at p; = p, = p3. Using

y L4y

1 Pfaff(Z) + Pfaff(Z 1 Z,Z3+ ZyZ3
el PRMZ) + PRMZ) 1, ZoZ; + 20Z; (B.26)
2 4popip2ps 2 AVAVA]

one may rewrite the physical root as

1
W@:§¢ww+3QaP+L++LJ, (B.27)

where Ly and L_ = |Z,Z,|D are given by

1, _ _ e _ _
ﬁ:AZMOLF+3MF)—§Qm§+zzﬂ<wﬁ+mzf)i—gngﬁ—zzﬂ.

(B.28)

As discussed in section 3, this expression provides the fake superpotential for non-BPS
extremal black holes in the one-modulus model of N' = 2 supergravity, with prepotential
F=-5
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B.5 Near ¢ =0

At ¢ =0, i.e. ¢ = 1, the degree 6 polynomial (B.14) again becomes solvable, with roots at

w2 — Pop1p2P5<
2 =
4(p1p2 — pops)(p1ps — pop2)(pop: — p2ps)
1 2 1 2
WO2 =1 (Po —pP1— P2~ 03) ) VV12 =1 (,00 —p1+ P2+ ,05) ) (B.29)
2 1 2 9 1 2
W2:Z<P0+P1—02+P3> ) W321<Po+Pz+P2—P3> .

Using again (2.15) and (B.12), one checks that the corresponding value of a is a = 0,
the same value encountered at ¢ = m/4. The quadratic equation (B.3) gives again x, =
1 — (ps/W) so that the physical condition x, now selects amongst W 1 23 the root

1 .
p=0: W = 5(p0+p1+p2+p3) —min(gy,) . (B.30)

For example, in the case of the canonical N = 8 ordering py > p; > ps2 > ps, the physical
root at ¢ = 0 is W3, while in the case of the S3 model the physical root at ¢ = 0 is still W.
Restricting to the locus p, = pj;, the expansion near € = 1 is given by
1 popip2(—po + p1+ 2p2)*
W = =(po = p1—2p2)° - (e=1+...,
° 4 (Po = P1)(Po(2p1 + p2) — p2(p1 + 2p2))
pop1p2(po — p1+ 2/72)2

1
szfp_p +2p 2+ e—1 +7
L e o= p) + pelpi =2

1 popi(po + p1)?
W2, = ~(po+p)? + 22 20 1)+ ...,
2,3 4(P0 p1) (o — p1)? ( )
w2 = P ((po + p1) : P3) (B.31)
dpop; — 4p3
PoP1p 2
ﬂFz“ZQ\/(l =) (0 + p2)2 = 493) (4 (03 = pops)” = p3lp0 = p1)?) + ..
2 (p3 — pop1)

In order to identify the branches consistently with the previous labeling, we have taken
advantage of the solutions (B.19), (B.23), which are valid at any e.

C Explicit solutions

C.1 Do0-D4, BPS
A prototype of a BPS solution is given by the D0-D4 black hole

¢ = —% log(HyH'H?H?3/4), (C.1)

. }IO}I1 . ITIOFI2 B H0H3
S=iNmm TN g VS g (©2)
V2 x 2

H
H, i
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WithCN():Ci:a:().
The mass and BH entropy are given by

2GM = Q0+P1+P2+P3‘, Sen = VQoPLP2P3 (C.4)

1
2v2
consistent with the BPS mass formula at S =T =U = 1.

One can check that the Noether matrix is nilpotent of degree 3, with Jordan form
[32,12]. The SO(4,4) metric in the Jordan basis takes the form

O
=)

~% 0 0o 0 0 0O 0 0
0 —&&% 0o 0 0 0O 0 0
o o o o -Z2 o 0o o0
o o o &2 o 0O 0 0
P2P3 (05)
o o £ o o 0O 0 0
0 0 0 0 0 0 0 —E
0 0 0 0 0 % g
o 0o 0 o0 o0 -Z% o g

[\

Since P'Qq > 0 for all i, the signature is [(+—+)%(—)?], and so BPS black holes correspond
to the nilpotent orbit [(+ — +)%(—)?];.
C.2 DO0-D4, non-BPS Z, =0

A prototype of the non-BPS, Z, = 0 solution of type (b) is the D0 — D4 solution
The simplest solution with these properties is

1
¢ = -5 log(HyH'H?H?3/4) ,

iy HoH! . HoH? . HoH3
S=i\ =, T=i\-—"%, U=i\|——,
HZH? H3H! HIH? (C.6)
o V2 > W2 V2 V2
C_H()’ Cl__Hl’ CQ—H27 CS_H37

Ho=V2+Qop, H' =V2+ Pp, H* =2 - P%p, H®=V2-P%
with EO:Ci:J:O, and charges such that
Qo>0, P'>0, P’<0, P3<0. (C.7)

The mass and entropy are given by

1
2GM = E(Pl —~P*— P34+ Qo),  Spu=2m\/QoPlP2P3 (C.8)
The Noether charge is still nilpotent of order 3 and with Jordan form [3%, 12]. Moreover,
in the Jordan basis the metric once again takes the form (C.5). Thus, it corresponds to
the nilpotent orbit [(+ — +)%(—)?];7. The other cases (c,d) are obtained by permutations,
and correspond to the nilpotent orbits [(— + —)2(+)?]1.11.
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C.3 DO0-D4, non-BPS Z #0
The simplest non-BPS, Z # 0 solution with these properties is [12, 16, 17]

1
6=—3 log(—HoH'H?*H?3/4),

.| HoH! | HyH? .| HoH?
S:Z - 3 T:Z — T a1 U:Z —_——,
H2H3 H3H1 HLlH? (C.9)
o V2 > V2 V2 V2
C_H—Oa Cl__Hl’ CZ__H27 43__H37

Hy=-V2+Qop, H'=V2+Plp, H*=V2+P°p, H’=V2+P%
with {y = ¢* = ¢ = 0, and for definiteness, we focus on case (e) above,
Q<0, P'>0, P:>0, P>0. (C.10)

The mass and entropy are given by
1
V2
The scalar potential has two flat directions at the horizon, generated by the vectors P;0p: —

Pidg;,i,j=1...3.

The Noether charge is still nilpotent of order 3 and with Jordan form [32,12]. The
SO(4,4) metric in the Jordan basis is still given by (C.5), but now has signature [(+ —
+)7 (_ + _)7 =+, _]

2GM = —(P'+ P*+ P*—Qq),  Spu=2m\/—QoP'P?P? (C.11)
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