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1 Introduction

In trying to extend our string-theoretic understanding of black holes away from the super-

symmetric regime, extremality is often a key simplifying assumption. Firstly, it eliminates

Hawking radiation and ensures that the solution is semi-classically stable. Secondly, it

implies the existence of an AdS region which may admit a dual conformal field theory

description. Thirdly, it guarantees that the near-horizon solution is entirely determined by

the conserved charges measurable at spatial infinity, and therefore insensitive (away from

lines of marginal stability) to variations to the moduli at infinity. This attractor behavior,

first discovered for supersymmetric (BPS) black holes [1, 2], holds for all extremal solu-

tions [3–5], and is arguably responsible for the validity of certain weakly coupled description

of non-BPS black hole micro-states [6].

However, while the most general BPS solution is known explicitly [7, 8], our ability to

construct non-BPS extremal solutions is quite limited. Early solutions were found in [9, 10]

by an astute embedding of the Reissner-Nordström solution in N = 8 supergravity, while

some solutions were studied numerically in [11]. More recently, it was shown how to deduce

first-order equations for non-BPS extremal solutions from a “fake superpotential” [12–15],

and some solutions were obtained. Unfortunately, this strategy has suffered from the lack

of a general method to construct the fake superpotential. A generic 5-parameter seed

solution was obtained and analyzed in [14, 16–19]. Using dimensional reduction along the

time direction, non-BPS solutions of the one-modulus N = 2 supergravity model were

obtained in [20] via the determination of their nilpotent Noether charge. The nilpotent

orbits1 associated to extremal black holes have been constructed in [25, 26].

In this paper, we build upon the insights of [12, 20, 25] and give a systematic method

to construct the fake superpotential for non-BPS extremal solutions in supergravity models

with a symmetric moduli space. In particular, we derive the fake superpotential for ex-

tremal non-BPS black holes in N = 8 supergravity in full generality, and in magic N = 2

supergravity models by consistent truncation. Before giving the outline of the paper, we

start by briefly reviewing the dimensional reduction, fake superpotential and nilpotent

orbit techniques which underlie our approach.

1.1 Radial evolution and geodesic motion

Stationary solutions in D = 4 supergravity are efficiently studied by reduction along the

time direction [21, 27–29] (see e.g. [30] for a review). After dualizing the one-forms in three

1The relation between extremal black holes and nilpotent orbits was first uncovered in the BPS case

in [21], generalized to 5D black holes in [22], and has been further developed since in [23, 24].
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dimensions and restricting to weakly extremal2 solutions, one obtains a non-linear sigma

model with pseudo-Riemannian target space

M∗
3 ∼ R

+ ×M4 × T × S1 , (1.1)

where

• R
+ is parametrized by the scale function U in the metric ansatz

ds2 = −e2U (dt + ω)2 + e−2U
(

dr2 + r2(dθ2 + sin2 θ dφ2)
)

, (1.2)

• M4 is the moduli space of massless scalar fields in 4 dimensions, with coordinates φi

and metric gij ,

• T is a 2nV − dimensional symplectic torus parametrized by the Wilson lines ζΛ, ζ̃Λ

of AΛ and its magnetic dual AΛ around the time direction, and

• S1 is the fibre of a circle bundle over T parametrized by the NUT potential σ dual

to the off-diagonal metric one-form ω. Its first Chern class is proportional to the

canonical symplectic form dζΛ ∧ dζ̃Λ.

We shall denote the coordinates U, φi, ζΛ, ζ̃Λ, σ on M∗
3 collectively as φµ, and U, φi as φa.

As indicated by the ∼ sign, the metric on T × S1 varies over the base R
+ ×M4,

3 being

positive definite along S1 and negative definite along T , while the metric on the base is
1
2dU2 + gijdφidφj ≡ gabdφadφb, positive definite. The negative signature along T can be

traced to the negative signature of the time direction along which the dimensional reduction

is carried out. In the context of N = 2 supergravity, M4 is special Kähler, and M∗
3, the

“c∗-map” of M4, is related to the “c-map” of [31] by analytic continuation (ζ, ζ̃, σ) 7→
(iζ, iζ̃,−σ). Under this dimensional reduction, stationary solutions of 4D supergravity

become harmonic maps from R
3 to M∗

3, with pointwise vanishing Lagrangian density (this

latter condition follows from the restriction to weakly extremal solutions).

Assuming in addition spherical symmetry, the supergravity equations of motion become

equivalent to light-like geodesic motion on M∗
3, with the affine parameter τ identified as the

inverse radial distance τ = 1/r. The conserved Noether charges along the twisted torus

T × S1 are identified as the electric, magnetic and NUT charges qΛ, pΛ, k, respectively.

Static solutions have zero NUT charge k = 0. In this case the Hamiltonian for light-like

geodesic motion on M∗
3 becomes independent of ζΛ, ζ̃Λ, and reduces to the Hamiltonian

for the motion of a fiducial particle on R
+ ×M4 subject to the potential V ,

H =
1

2
pag

abpb + V (p, q;φa) ≡ 0 . (1.3)

2We define weak extremality as the condition that the three-dimensional spacial slices be flat. In order

to be extremal, such a solution must also be smooth.
3Whereas this fibration over R

+ × M4 is globally defined on the Riemannian target space M3 which

appears in the space-like reduction, it only holds on a dense open set of M∗
3 homeomorphic to M3. Never-

theless, the complement of this open set has support at U = −∞, and this subtlety appears to be irrelevant

for the purposes of this paper.
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Here pa = gabφ̇
b is the momentum conjugate to φa, the dot denotes the derivative with

respect to τ , and V ≡ −e2UVBH encodes the (negative definite) kinetic energy along T .

The latter depends quadratically on the charges p, q, and is proportional to VBH, which is

sometimes called the “black hole potential”.

1.2 Extremal solutions and fake superpotential

While the condition that the spatial slices be flat is necessary for extremality, it is by no

means sufficient. In order that the solution be smooth, one must fine-tune the boundary

conditions at spatial infinity so that the particle reaches the top of the potential hill in

infinite proper time and with zero velocity, pa(τ = ∞) = 0. For fixed electromagnetic

charges, this fine-tuning holds only on a Lagrangian subspace of the phase space (φa, pa)

of initial conditions at τ = 0.

There can be different ways of performing this fine-tuning. In supergravity models with

extended supersymmetry, one may impose the existence of Killing spinors to obtain first

order equations which relate the momentum pa to the coordinate φa, and guarantee that the

second order equations of motion are obeyed. The resulting solution then preserves some

fraction of supersymmetry and, if smooth, will also be extremal. This is most familiar in

the framework of D = 4,N = 2 supergravity, where BPS black holes satisfy the“attractor

flow” equations

pa = −∂φaSBPS , (1.4)

i.e. follow the gradient flow of the potential

SBPS(φ
a) = eUWBPS , WBPS = |Zp,q(φ

i)| . (1.5)

The potential SBPS and “superpotential” WBPS satisfy

V = −gab ∂aSBPS ∂bSBPS = −e2U
(

W 2
BPS + 2gij∂iWBPS∂jWBPS

)

, (1.6)

such that on solutions of (1.4), the positive kinetic energy compensates the potential term

V (φa) < 0, ensuring that the spatial slices ds2
3 are flat. Moreover, they guarantee that a

maximum of V (or minimum of VBH) is reached at zero momentum, provided this extremum

occurs at a regular attractor point |Z∗| > 0 [32]. The restriction of (1.4) at τ = 0 define

the “BPS” component of the Lagrangian subspace of extremal solutions, and corresponds

to BPS black holes with ADM mass and Bekenstein-Hawking entropy given by

2GM = WBPS(τ = 0) , SBH = πW 2
BPS(τ = ∞) . (1.7)

There may however exist other disconnected components of the Lagrangian subspace

of extremal solutions corresponding to non-BPS black holes. As shown in [12, 13], some

non-BPS solutions can be obtained in a similar way as the BPS ones, provided there exists

another function S(φa) = eUW (φi), where W (φi) is dubbed the “fake superpotential”,

such that the potential V can be written as in (1.6),

V = −e2U
(

W 2 + 2gij∂iW∂jW
)

= −gab∂aS ∂bS . (1.8)
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The first order equations

pa = −∂φaS(φa) , (1.9)

then imply, just as in the BPS case, that the second order equations of motion are satisfied,

that the kinetic and potential energy compensate each other, and that the solutions reach

a critical point of the potential at zero velocity. The first order equations (1.9) at τ = 0

therefore provide another component of the Lagrangian subspace of extremal solutions, and

correspond to extremal non-BPS black holes with mass and Bekenstein-Hawking entropy

given by (1.7) where WBPS is replaced by W . In contrast to the BPS case, the critical point

of W is not guaranteed to be an isolated maximum, but could exhibit flat directions or even

saddle behavior; in the presence of flat directions, some of the scalars at the horizon are

determined uniquely by the conserved charges, although the entropy will be independent of

the asymptotic value of the scalars [4]. Using this method, non-BPS extremal black holes

for the STU model were obtained in [12] in the axion-free case.4 Unfortunately, there has

been no systematic way of computing W without solving for the full problem (although,

in some cases, one may engineer different fake superpotentials W for the same potential V

using discrete symmetries). The purpose of this paper is to give a method to determine W

a priori for symmetric supergravity models.

1.3 Fake superpotential and radial wave function

As a side remark, we note that the potential S(φa) may be identified, by virtue of (1.9), as

the generating function of the Lagrangian subspace of the “small phase space” T∗(R+×M4)

corresponding to smooth extremal solutions with fixed values of the electromagnetic charges

(see [34] for a related discussion). By construction, S solves the Hamilton-Jacobi equation5

associated to the Hamiltonian (4.13)

H(∂φaS, φa) = ∂tS = 0 . (1.10)

Equivalently, both the first order equations (1.9) and the relations6

pΛ = −
√

2

2
(pζ̃Λ

− ζΛ pσ) , qΛ = −
√

2

2
(pζΛ + ζ̃Λ pσ) , k = −2pσ (1.11)

between the charges qΛ, pΛ, k and the canonical momenta pζΛ , pζ̃Λ
, pσ can be derived from

the generating function on the “large phase space” T∗(M∗
3)

S̃(φµ) = −4S(φa) +
√

2(qΛζΛ + pΛζ̃Λ) , (1.12)

4A fake superpotential for non-zero axion was postulated in [33], but it depends explicitely on the flat

directions and its status is unclear to us.
5Hamilton’s principle function is usually a function of the position variables at time t, canonical momenta

at initial time 0, and time t itself. The electric and magnetic charges pΛ, qΛ in (1.12) can be regarded as the

values of the canonical momenta at t = 0, while the absence of explicit time dependence is a consequence

of weak extremality, H = 0.
6The numerical factors in the forthcoming relations are convention-dependent, and have been chosen

consistently with the coordinates used for the STU model in section 4.
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via pφµ = ∂φµ S̃. Upon quantization of the radial evolution of the scalars by replacing

pi = i
~
∂φi [21, 35], this generating function determines the semi-classical form of the radial

wave function, i.e.

Ψ(φa) ∼ exp

(

i

~
S̃(φa)

)

∼ exp

(

i

~
eUW (φi) + i

√
2(qΛζΛ + pΛζ̃Λ)

)

. (1.13)

For BPS black holes with superpotential (1.5), one recovers the semi-classical BPS wave

function found in [35, 36]. In addition to the usefulness of W for determining the mass,

entropy and fine-tuning at infinity, this relation to the radial wave function provides extra

incentive to study the fake superpotential for non-BPS extremal black holes.

1.4 Extremal black holes and nilpotent orbits

In this note, we focus on the special case of N ≥ 2 supergravity theories with a symmetric

moduli space, where group theoretical methods can be used to bear on this problem. In

these cases, both M4 and M∗
3 are symmetric spaces,

M4 = K4\G4 , M∗
3 = K∗

3\G3 . (1.14)

Here K4 is the maximal compact subgroup of the continuous 4D duality group G4, while

K∗
3 is a non-compact real form of the maximal compact subgroup of the continuous 3D

duality group G3. The latter acts isometrically on M∗
3 by right-multiplication, and yields

a conserved Noether charge Q valued in the Lie algebra7 g3. Those include not only the

conserved charges for translations along the twisted torus T × S1, i.e. the electromagnetic

and NUT charges, but also additional charges corresponding to Ehlers and Harrison trans-

formations, as well as 4D duality rotations. The geodesic motion on M∗
3 is integrable, and

in fact all geodesics on M∗
3 can be obtained by exponentiating a generator −P0τ ∈ g3 ⊖ k∗3,

where P0 determines the momentum along the trajectory. P0 is conjugate to the Noether

charge Q via the coset representative V in G3,

P ≡ −
(

V̇ V−1
)

∣

∣

g⊖k∗
= VQV−1 . (1.15)

Extremal solutions correspond to special geodesics which reach the boundary U = −∞
in infinite proper time [27]. As already mentioned, it is necessary but not sufficient that the

geodesic be light-like. For BPS black holes, it was observed in [21] that the Noether charge

must satisfy [ad(Q)]5 = 0, i.e. belong to a nilpotent orbit of degree 5 (See appendix A for

a summary of useful facts about nilpotent orbits). More precisely, it was shown that the

Noether charge defines a 5-grading8 of the Lie algebra g3 = g(−4) ⊕ g(−2) ⊕ g(0) ⊕ g(2) ⊕ g(4)

where the top spaces g(4) is one-dimensional. Upon quantization, the BPS phase space

becomes the Hilbert space of the quaternionic discrete series of G3 [35], closely related to

the quasiconformal realization [37].

7Q is more naturally valued in the dual Lie algebra g∗
3, but we can identify the two using the Killing

form.
8To match standard conventions in the mathematics literature on nilpotent orbits, we rescale the Cartan

generator h by a factor of 2 compared to [21], such that the 5-grading becomes an even 9-grading; the original

5-grading with charges ranging from -2 to 2 corresponds to the minimal orbit.

– 6 –
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For what concerns extremal non-BPS black holes, it was later shown in the special

case of the one-modulus S3 model that extremality requires the condition [Q|7]3 = 0,

where 7 denotes the 7-dimensional representation of the 3D duality group G2(2) [20]. This

condition is equivalent to [ad(Q)]5 = 0 in this particular case. G2(2) admits two distinct

nilpotent orbits of degree 5 with the same dimension 10, corresponding to extremal BPS

and non-BPS black holes, respectively.

More recently, the supersymmetry and extremality conditions on the Noether charge

for symmetric supergravity models were re-analyzed in [24]. It was shown in all cases where

G3 is simple that extremality requires9 to [Q|R]3 = 0, where R denotes the “fundamental

representation” of G3: for example the spinor representation if G3 is an orthogonal group

SO(2 + m, 2 + n) or SO∗(2m + 4). The only exception is for G3 = E8(8) or E8(−24), where

the condition becomes [Q|3875]5 = 0, with 3875 being the 3875-dimensional irreducible

representation appearing in the symmetric tensor product of two adjoints.

More precisely, any generic extremal spherically symmetric black hole (i.e. with a non-

zero horizon area) is characterized by a nilpotent Noether charge Q which lies inside the

grade-two component l
(2)

4 of g3 with respect to the 5-grading (more appropriately, even

9-grading) which arises in the reduction from 4 to 3 dimensions:

g3
∼= 1(−4) ⊕ l

(−2)

4 ⊕
(

gl1 ⊕ g4

)(0) ⊕ l
(2)

4 ⊕ 1(4) . (1.16)

The nilpotent orbit OG3 of Q ∈ g3 under G3 is characterized by the isotropy subgroup

of Q in G4. For extremal black holes, this isotropy subgroup coincides with the isotropy

subgroup of the electromagnetic charges in the four-dimensional duality group G4 computed

in [38, 39]. On the other hand, the momentum P0 is valued in the coset g3⊖k∗3, and therefore

defines a K∗
3 -orbit OK∗

3
inside g3⊖k∗3. As explained in [25], OK∗

3
is a Lagrangian submanifold

of OG3 equipped with its canonical Kirillov-Kostant symplectic form. Parametrizing this

Lagrangian will be a key step towards computing the fake superpotential.

1.5 Strategy and main results

Since the coset component of the Maurer-Cartan form is conjugate to the Noether charge

via P = VQV−1, it defines a representative e ≡ P of the corresponding nilpotent orbit

inside the coset component g3 ⊖ k∗, and therefore defines a K∗-orbit inside this coset. A

general fact about nilpotent elements is that one can always find another nilpotent element

f and a semi-simple generator h such that the triplet (e, f , h) defines an sl2 subalgebra of

g3, i.e.

[e, f ] = h , [h, e] = 2e , [h, f ] = −2f . (1.17)

The eigenspaces of h furnish a graded decomposition of g which uniquely characterizes the

complex nilpotent GC orbit [40]. Extremal solutions are such that the K∗-orbit of P is

characterized by a graded decomposition of k∗ of the same form as (1.16) [25],

k∗ ∼= k(−4) ⊕ k(−2) ⊕ gl1 ⊕ k(0) ⊕ k(2) ⊕ k(4) . (1.18)

9An important assumption in [24] is that all extremal solutions can be obtained as limits of non-extremal

black hole solutions. Irrespective of this, the condition [Q|R]3 = 0 must be supplemented by a condition on

P as discussed at the end of section A.1.
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As we shall show explicitly in the framework of N = 8 supergravity, for static solutions

(i.e. with zero NUT charge) the semi-simple element h associated to the nilpotent element

P can be computed in terms of the central charges Zij alone, and more generally, in terms

of the central and matter charges which we write collectively ZI .
10 Decomposing P ∈ g⊖k∗

with respect to the Ehlers U(1) and the four-dimensional R-symmetry group K4,

P = −U̇ H + eUZI LI − ei
jφ̇i Gj ∈ C⊕ l4 ⊕

(

g4 ⊖ k4
)

, (1.19)

where ei
j is a vielbein for the metric gij , one may recast the middle equation in (1.17) into

a system of first order differential equations of the form

U̇ = −eUW , gij φ̇j = −eUWi , (1.20)

where W and Wi depend on the moduli φi and electromagnetic charges QI through the

charges ZI only; moreover, we shall prove that

Wi = ∂φiW . (1.21)

Thus, extremal solutions attached to the given nilpotent orbit satisfy a gradient flow under

the fake superpotential W . In particular, it follows from the nilpotency of P that

Tr P 2 = 0 = e2U
(

W 2 − ZIZ
I + 2gijWiWj

)

= 0 , (1.22)

and therefore that (1.8) is obeyed.

Applying this strategy to N = 8 supergravity with G3 = E8(8), we are able to determine

the fake superpotentials for both BPS and non-BPS extremal black holes, and express them

in terms of the SU(8) invariant combinations of the central charges:

• In the BPS case, we find that W is the modulus of the largest skew eigenvalue of

the central charge matrix (in particular, W 2 is largest root of a quartic polynomial

whose coefficients are polynomials in Zij). This reproduces the result of [13].

• In the non-BPS case, we find that W = 2̺, where ̺ is obtained from the non-standard

diagonalization problem (2.68). This problem is solved in appendix B, where W 2 is

expressed as a particular root of an irreducible sextic polynomial.11 This polynomial

becomes reducible at particular values of the central charges, at which points W can

be computed in closed form. In particular, on the semi-line Pfaff(Z) ∈ R− we recover

the result of [13].

Our expression for the fake superpotential in fact extends straightforwardly to all

theories with a symmetric scalar manifold whose isometry group acts faithfully on the

electromagnetic charges [27], as discussed in section 3 below. In particular, we obtain the

fake superpotential for all magic N = 2 supergravity models, and in fact for all supergravity

theories with N ≥ 2 with a symmetric moduli space. In the one-modulus case, W takes a

completely explicit form given in (3.33) below.

10Here ZI are the scalar field dependent linear combinations of the electromagnetic charges, transforming

in a complex representation of K4 and such that VBH = ZIZI .
11By irreducible, we mean as a polynomial with coefficients defined as rational functions of the SU(8)

invariant polynomials in Zij , or more formally, within the field extension of Q generated by these invariants.
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1.6 Outline

In section 2, we apply the above strategy and find the complete fake superpotential for

BPS and non-BPS extremal black holes in N = 8 supergravity. In section 3, we extend

these results to N = 4 and symmetric N = 2 supergravity models. In section 4, we analyze

the STU model in more detail, rephrase the BPS and non-BPS, Z∗ = 0 solutions in terms

of the para-quaternionic geometry of M∗
3, and check the nilpotency of the Noether charge

on explicit solutions. Appendix A contains a detailed discussion of the real nilpotent orbits

of E8(8) and SO(4, 4), relevant for maximal supergravity and the STU model. In appendix

B we discuss how to evaluate the fake superpotential for non-BPS, Z 6= 0 black holes

at various loci in the space of central charges corresponding to consistent truncations.

Appendix C records some extremal solutions of the STU model, which provide a useful

testing bench for our analysis.

Note added: the fake superpotential (3.33) for the S3 model was derived independently

in [57], which appeared on arXiv after the present work had been completed.

2 Extremal black holes in N = 8 supergravity

In this section, we parametrize the Spin∗(16) orbits of generic extremal spherically sym-

metric black holes of N = 8 supergravity, as Lagrangian submanifolds of certain nilpotent

orbits of E8(8) in e8(8) ⊖ so∗(16). For static solutions, this parametrization determines P in

terms of the central charges and allows us to identify the fake superpotential. We reproduce

the known result for the fake superpotential for 1/8-BPS black holes (2.42), and obtain a

new expression (2.78) for the fake superpotential for non-BPS extremal black holes, valid

everywhere in moduli space.

2.1 Generalities on N = 8 supergravity

We first set up our notations for N = 8 supergravity in 4 dimensions. The massless scalar

fields take values in the symmetric space [42]

M4
∼= SU\E7(7) , (2.1)

where SU is the quotient of SU(8) by the Z2 centre leaving invariant the representations

of even rank. According to the conventions of [43] (up to normalization factors), we write

the coset representative v as

v =̂

(

uij
IJ vijKL

vklIJ ukl
KL

)

, (2.2)

where little Latin letters are associated to the SU(8) gauge symmetry, whereas capital

Latin letters refer to the global SU ⊂ E7(7). They both run from 1 to 8, and raising or

lowering indices corresponds to complex conjugation (e.g. ΦIJ = (ΦIJ)∗ and Zij = (Zij)
∗).

The invariant metric on M4 can be written as

ds2
M4

=
1

24
VijklV

ijkl (2.3)
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where

Vijkl = uij
IJdvklIJ − vijIJdukl

IJ (2.4)

is the SU\E7(7) vielbein, which is automatically a complex self-dual antisymmetric tensor

by property of the e7(7) Lie algebra. In the symmetric gauge, v can be written in terms of

a complex self-dual tensor φijkl = 1
24εijklmnpqφ

mnpq,

v =̂ exp

(

0 φijkl

φijkl 0

)

=





cosh(φ)ij
kl sinh(φ)ijkl

sinh(φ)ijkl cosh(φ)ij
kl



 (2.5)

The hyperbolic functions in this expression are Taylor series in φijkl with SU(8) covariant

contractions [43],

cosh(φ)ij
kl = δkl

ij +
1

2
φijpqφ

pqkl + O(φ4) ,

sinh(φ)ijkl = φijkl +
1

6
φmn[ijφ

mnpqφkl]pq + O(φ5) .

(2.6)

The SU\E7(7) vielbein is then given by

Vijkl = Eshφ(dφ)ijkl , (2.7)

where Eshφ is the linear operator

Eshφ(X)ijkl ≡
sinh

√

Aφ
√

Aφ

(X)ijkl = Xijkl +
1

6
Aφ(X)ijkl +

1

120
Aφ

2(X)ijkl + O(φ6) . (2.8)

Here

Aφ(X)ijkl ≡ 2φmn[ijφ
mnpqXkl]pq − 2φmn[ijφkl]pqX

mnpq . (2.9)

is defined such that

[

ad

(

0 φmnpq

φmnpq 0

)]2 (

0 Xijkl

Xijkl 0

)

=

(

0 Aφ(X)ijkl

Aφ(X)ijkl 0

)

, (2.10)

The central charge of N = 8 supergravity is a complex antisymmetric tensor Zij . It

can always be rotated via a suitable SU(8) transformation into the form

Rk
iR

l
jZkl =̂

1

2
eiϕ

(

0 1

−1 0

)

⊗











ρ0 0 0 0

0 ρ1 0 0

0 0 ρ2 0

0 0 0 ρ3











(2.11)

such that ρ0 ≥ ρ1 ≥ ρ2 ≥ ρ3 are positive real numbers. ϕ is defined (modulo π
2 ) as the

SU(8) invariant function

ϕ =
1

4
arg
[

Pfaff(Z)
]

, Pfaff(Z) ≡ 1

16 · 4!
εijklmnpqZijZklZmnZpq , (2.12)
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and the four SU(8) invariant functions ρ0
2, ρ1

2, ρ2
2, ρ3

2 are the four roots of the polynomial

λ4 − 2ZijZ
ijλ3 +

(

2
(

ZijZ
ij
)2 − 4ZijZ

jkZklZ
li
)

λ2 (2.13)

−
(

4

3

(

ZijZ
ij
)3 − 8ZijZ

ij ZklZ
lpZpqZ

qk − 32

3
ZijZ

jkZklZ
lpZpqZ

qi

)

λ + 16
∣

∣Pfaff(Z)
∣

∣

2

=
(

λ − ρ0
2
)(

λ − ρ1
2
)(

λ − ρ2
2
)(

λ − ρ3
2
)

The E7(7) quartic invariant [42]

♦(Z) = 16

(

ZijZ
jkZklZ

li − 1

4

(

ZijZ
ij
)2

+ 4
(

Pfaff(Z) + Pfaff(Z)
)

)

(2.14)

can be expressed in terms of the SU(8) invariants as

♦(Z) =

3
∑

n=0

ρn
4 − 2

∑

m>n

ρm
2ρn

2 + 8 ρ0ρ1ρ2ρ3 cos(4ϕ) . (2.15)

Being E7(7) invariant, it is a function of the electromagnetic charges alone and independent

of the moduli. In (2.68) below, we shall define a different parametrization of the central

charge Zij , which plays the same role for non-BPS black holes as (2.11) for BPS ones.

2.2 Spherically symmetric, weakly extremal solutions

As explained in [27], the dimensional reduction of N = 8 supergravity along the time

direction leads to a non-linear sigma model on

M∗
3
∼= Spin∗

c (16)\E8(8) , (2.16)

where Spin∗
c (16) is the quotient of Spin∗(16) by the Z2 subgroup that acts trivially in the

chiral Weyl representation. To parametrize this space in a way suited to the dimensional

reduction, recall that the Lie algebra e8(8) admits the real five-graded decomposition

e8(8)
∼= 1(−2) ⊕ 56(−1) ⊕

(

gl1 ⊕ e7(7)
)(0) ⊕ 56(1) ⊕ 1(2) , (2.17)

such that e7(7) is the Lie algebra of the four-dimensional duality group, and sl2 ∼= 1(−2) ⊕
gl1

(0) ⊕ 1(2) the Lie algebra of the Ehlers duality group for stationary solutions. We write

the generators of e7(7)
∼= su(8)⊕70 as GI

J , GIJKL and the ones of sl2 ∼= 1(−2)⊕gl1
(0)⊕1(2)

as F, H, E, respectively. The generators of grade 1 and −1 will be written as EIJ , EIJ

and FIJ , FIJ , such that they only appear in e8(8) through the combinations

XIJE
IJ − XIJEIJ , YIJF

IJ − Y IJFIJ (2.18)

The negative weight part of the the five-graded decomposition (2.17)

p ∼= 1(−2) ⊕ 56(−1) ⊕
(

gl1 ⊕ e7(7)
)(0)

(2.19)

defines the Lie algebra of a maximal parabolic subgroup P ⊂ E8(8), also known as the

Heisenberg parabolic. SU\P is isomorphic to the Riemannian symmetric space M3
∼=

– 11 –
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Spinc(16)\E8(8) by the Iwasawa decomposition, and to a dense subset of the pseudo-

Riemannian symmetric space M∗
3. A generic element of SU\P may be parametrized as

V = Ad(v) exp (U H) exp
(

σ F + ΦIJF
IJ − ΦIJFIJ

)

, (2.20)

where U is identified as the scale factor in the metric ansatz (1.2), v is the coset rep-

resentative in (2.1), σ the NUT scalar, and ΦIJ are linear combinations of the Wilson

lines ζ, ζ̃ transforming as an antisymmetric complex tensor of SU ⊂ E7(7). The associated

Maurer-Cartan form decomposes into its coset and so∗(16) components according to

− V̇ V−1 = B + P , B ∈ so∗(16) , P ∈ e8(8) ⊖ so∗(16) (2.21)

A straightforward computation gives

− P = U̇ H +
1

2
e−2U

(

σ̇ +
i

2

(

ΦIJ Φ̇IJ − ΦIJ Φ̇IJ
)

)

(F + E)

+
1

2
e−U

(

(

uij
IJ Φ̇IJ − vijIJ Φ̇IJ

)(

Fij − Eij
)

−
(

uij
IJ Φ̇IJ − vijIJ Φ̇IJ

)(

Fij − Eij

)

)

+
1

24

(

uij
IJ v̇klIJ − vijIJ u̇kl

IJ
)

Gijkl (2.22)

where the e8(8) generators with lowercase indices i, j, · · · satisfy the same commutations

rules as the ones with capital indices, and are related to the latter via a fixed vielbein v,

chosen to be the vielbein v0 at spatial infinity.

The equations of motion for weakly extremal spherically symmetric solutions (including

those with non-zero NUT charge) then take the manifestly E8(8) invariant form

Tr P 2 = 0 ,
∂

∂τ

(

V−1PV
)

= 0 (2.23)

Defining the e8(8)-valued Noether charge as

Q ≡ V−1PV , (2.24)

we can characterize spherically symmetric weakly extremal black holes by the constant

value of Q, subject to Tr Q2 = 0, and the asymptotic value of the scalars fields v0 ∈ E7(7)

at spatial infinity (i.e. at τ = 0). The condition of smoothness of the metric puts additional

restrictions on the Noether charge discussed in the next subsection. For our purposes it

will be more convenient to characterize the solutions instead in terms of the value P0 of P

at τ = 0.

P0 transforms as a Majorana-Weyl spinor under Spin∗
c (16). It can be conveniently

parametrized using a fermionic oscillator basis [24],

|P0〉=
(

W +Zija
iaj+Σijkla

iajakal+
1

6!
εijklmnpqZ

pq ai · · · an+
1

8!
εijklmnpqW̄ ai · · · aq

)

|0〉

= (1+E)
(

W +Zija
iaj+

1

2
Σijkla

iajakal
)

|0〉 (2.25)

where E is the anti-involution defining the chiral Majorana-Weyl representation of

Spin∗(16), W = M + ik where M is the mass and k the NUT charge, Zij are the su-

persymmetric central charges and Σijkl are the “scalar charges”.
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We will focus on the case of static solutions, such that k = 0 and the equations of the

electromagnetic fields reduce to12

∂

∂τ
e−2U

(

Φ̇IJ − 2vijIJ

(

uij
KLΦ̇KL − vijKLΦ̇KL

)

)

= 0 (2.26)

These integrals of motion define the complex electromagnetic charges QIJ ∈ 28C. This

allows to replace the ‘electromagnetic component’ of P by the central charges Z(v)ij ,

as follows

− e−U
(

uij
IJ Φ̇IJ − vijIJ Φ̇IJ

)

= eU
(

uij
IJQIJ + vijIJQIJ

)

= eUZ(v)ij (2.27)

Within the fermionic oscillator basis, P then reduces to the following Majorana-Weyl spinor

|P 〉 = (1 + E)
(

−U̇ + eUZ(v)ij aiaj − 1

24

(

uij
IJ v̇klIJ − vijIJ u̇kl

IJ
)

aiajakal
)

|0〉 (2.28)

Smoothness of the metric requires Q, and therefore P = VQV−1, to be nilpotent of

degree five when evaluated in the 3875 representation of e8(8) [24],

[P |3875] 5 = 0 . (2.29)

This condition is invariant under the adjoint action P → g−1Pg where g ∈ E8(8), and

therefore defines an adjoint orbit of E8(8). Moreover, the Spin∗
c (16) ⊂ E8(8) orbit of P

defines a Lagrangian subspace of the adjoint orbit, for the Kirillov-Kostant symplectic

form induced by the Killing norm [24]. The adjoint orbits of elements of e8(8) satisfying the

nilpotency conditions (2.29) are in one-to-one correspondence with the Spin∗
c (16) orbits of

spherically symmetric black holes satisfying v0 = 1. Other solutions with general value of

v0 can be obtained by acting further with E7(7). The stratification of the moduli space of

extremal black holes solutions with v0 = 1 is identical to that of the corresponding E8(8)

nilpotent orbits [24, 44], and is displayed in figure 1.

There are two E8(8) orbits associated to the nilpotency condition (2.29), whose union

is dense in the space of solutions of this equation. They both lie in a single E8(C) orbit,

labelled by the weighted Dynkin diagram
h

0
0000002

i

,13 associated to the same five graded

decomposition as in (2.17), up to a rescaling of the grading generator by two,

e8(8)
∼= 1(−4) ⊕ 56(−2) ⊕

(

gl1 ⊕ e7(7)
)(0) ⊕ 56(2) ⊕ 1(4) (2.30)

A representative E of the nilpotent orbit
h

0
0000002

i

is a generic element of the grade two

component 56(2). There are two classes of such elements which are distinguished by their

isotropy subgroup inside E7(7), respectively E6(2) and E6(6) [38, 41].14 Each of these two

12Where we used the identities uij
IJuij

KL − vijIJvijKL = δKL
IJ and uij

IJvijKL = vijIJuij
KL [43].

13 In general, a complex nilpotent orbit of GC is uniquely labelled by a weighted Dynkin diagram of G,

which records the coordinates of the Cartan generator of the SL(2, C) triplet defining the orbit. Real orbits

are generally uniquely labelled by a pair of weighted Dynkin diagrams for G and its maximal compact

subgroup. See e.g. [40] for a thorough introduction to nilpotent orbits.
14Note however that in the case of physical interest, the graded decomposition (2.30) is defined with re-

spect to a gl1 subalgebra of so∗(16) such that the corresponding component e
(0)

7(7) is not the four-dimensional

duality group. Nevertheless, one checks that the isotropy subgroup of the corresponding electromagnetic

charges Zij defining P are also left invariant by the same subgroups of E7(7).
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Figure 1. Stratification of the moduli space of extremal solutions in N = 8 supergravity.

E8(8) orbits does not contain a unique Spin∗
c (16) orbit. Nonetheless, there is one single

Spin∗
c (16) orbit of regular spherically symmetric black holes in each E8(8) orbit [24]. As for

the E8(8) orbits, we can label them by the associated so∗(16) weighted Dynkin diagrams.

An so∗(16) weighted Dynkin diagram defines the coordinates of a gl1 generator h of a

chosen Cartan subalgebra of so∗(16) which defines a corresponding graded decomposition

of so∗(16) and its Majorana-Weyl representation 128+ such that a representative of the

orbit lies in the component of grade two of 128+, in particular

h |P0〉 = 2|P0〉 . (2.31)

The two orbits of Spin∗
c (16) associated to generic extremal black holes (i.e. black holes

with a non-vanishing horizon area) are labelled by
h

0
· 0000020

i

and
h

0
· 2000000

i

, respectively.

The aim of this section is to solve explicitly eq. (2.31) at all values of τ , re-express it as a

system of first order differential equations for U and v, and read off the fake superpotential

for both BPS and non-BPS extremal black holes.

2.3 1/8−BPS black holes

For a generic 1/8−BPS spherically symmetric black hole, P0 lies in the Spin∗(16) orbit [24]

Spin∗(16)
(

SU(2) × SU(6)
)

⋉
(

(2 ⊗ 6)(2) ⊕R(4)
) ⊂

E8(8)

E6(2) ⋉
(

(R⊕ 27)(2) ⊕R(4)
) (2.32)

labelled by the weighted Dynkin diagram
h

0
· 0000020

i

, associated to the five graded decom-

position of so∗(16)

so∗(16) ∼= 1(−4) ⊕
(

2 ⊗ 12
)(−2)

R
⊕
(

gl1 ⊕ su(2) ⊕ so∗(12)
)(0) ⊕

(

2 ⊗ 12
)(2)

R
⊕ 1(4) (2.33)

In the symmetric gauge (in which V = exp(−P0τ)), P = P0. Since P transforms as

a Majorana-Weyl spinor with respect to Spin∗(16), it follows that P lies in the same

Spin∗(16) orbit for any value of τ in the parabolic gauge.
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The generator h 1
8

defining the grading (2.33) through gl1 ≡ Rh 1
8

associated to 1/8-

BPS solutions can be identified as follows. Let ωij be an antisymmetric tensor of rank two

of SU(8) such that Ij
i ≡ ωikω

jk is a projector onto the two-dimensional subspace C2 ⊂ C8

of the preserved Killing spinors at infinity (i.e. at τ → 0),

ǫi
α + εαβωij ǫβ

j = 0 ⇒ ǫi
α = Ii

j ǫj
α . (2.34)

Here we have written the Killing spinor as a complex SU(2) spinor valued in the funda-

mental of SU(8). It transforms as a real (2,16) under SU(2) × SO∗(16), where the real

structure is given by the product of the pseudo-real structures on both factors. It can be

then checked that the generator h 1
8
,

h 1
8
≡ ωija

iaj − ωijaiaj (2.35)

generates the 5-grading (2.33).

Solutions to (2.31) are Spin∗(12) Majorana-Weyl spinors of the form

|P0〉 = (1 + E)
(

1 +
1

2
ωija

iaj
)(

W + Z ′
ija

iaj
)

|0〉 (2.36)

where W = M + ik and Z ′
ij is the component of the central charge Zij at τ = 0 orthogonal

to ωij (i.e. Ik
i Z ′

jk = 0). The data ωij ⊂
(

SU(2) × SU(6)
)

\SU(8), W ∈ C and Z ′
ij ∈ ∧2

C6

provide a complete parametrization of the Spin∗(16) orbit (2.32). To see this, note that

the only generators of so∗(16) that act non-trivially on a representative of the grade two

component 32(2) associated to a gl1 generator (2.35) are in the subalgebra of negative grade

1(−4) ⊕
(

2 ⊗ 12
)(−2)

R
⊕
(

gl1 ⊕ so∗(12)
)(0) ⊂ so∗(16) . (2.37)

By construction, the component of grade zero leaves invariant h 1
8

and acts transitively

on the components W , Z ′
ij associated to regular black holes. The generators of strictly

negative grade can be redefined through the addition of generators of strictly positive

grade such that they correspond precisely to the generators of su(8) that act non-trivially

on ωij (su(8) ∼= su(2) ⊕ su(6) ⊕ 1 ⊕ (2 ⊗ 6)).

Comparing the general form of |P 〉 (2.28) to the general representative of the relevant

nilpotent orbit (2.36), we conclude that in the static case (i.e. k = 0), the field dependent

h(φ) generator can be defined at any value of τ uniquely from the the central charge. Using

the decomposition (2.11) of the central charge Zij ,

Zij =
1

2
eiϕ(φ)Ri

k(φ)Rj
l(φ)

(

ρ0 (φ)ω0
ij + ρ1(φ)ω1

ij + ρ2(φ) ω2
ij + ρ3(φ) ω3

ij

)

=
1

2
eiϕ(φ)Ri

k(φ)Rj
l(φ)ρ0 (φ)ω0

ij + Z ′
ij (2.38)

where ρ0 (φ) ≥ ρn(φ), the semi-simple generator h(φ) can be written

h 1
8
(φ) ≡ ωij(φ)aiaj − ωij(φ)aiaj , ωij(φ) ≡ eiϕ(φ)Ri

k(φ)Rj
l(φ)ω0

ij , (2.39)

while

|P 〉 = (1 + E)
(

1 +
1

2
ωij(φ)aiaj

)

eU
(

ρ0 (φ) + Z ′
ij(φ)aiaj

)

|0〉 . (2.40)
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In the remainder, we shall refrain from writing the dependence on φ explicitely.

Comparing (2.40) and (2.28), we see that the scalar fields U and v satisfy the first

order equations

U̇ = −eUρ0 (2.41)

uij
IJ v̇klIJ − vijIJ u̇kl

IJ = −6eU
(

ω[ijZkl] +
1

24
εijklmnpqω

mnZpq
)

The first equation in (2.41) identifies the fake superpotential for BPS black holes as

W = ρ0 . (2.42)

In order to verify that (2.41) is indeed the gradient flow of W , one may use the second

equation in (2.39) to write W = ωijZij . One then computes (in symmetric gauge, but the

proof is easily generalized to any other parametrisation of M4)

dW = ωij
(

duij
IJ QIJ + dvijIJ QIJ

)

+ ω0 kld
(

e−iϕRi
kR

j
l

)

Zij

= ωij
(

uij
IJdvklIJ − vijIJdukl

IJ
)

Zkl + ωij
(

ukl
IJduij

IJ − vklIJdvijIJ

)

Zkl

−i ωijZijdϕ − 2ωik Rj
ldRi

l Zjk

= Eshφ(dφ)ijkl ω
ijZkl − iWdϕ

+ωik

[

2

3

(

ujl
IJduil

IJ − vjlIJdvilIJ

)

− 2Rj
ldRi

l

]

Zjk , (2.43)

where we used the fact that the right-hand-side in the second line is an element of su(8).

ωij is invariant under an su(2) ⊕ su(6) ⊂ su(8). Moreover, the action of any generator

of su(8) on ωij gives an antisymmetric tensor with at least one index in the image of the

projector Ij
i ≡ ωikω

jk. Using the explicit form of Zij (2.38), it then follows that the very

last line of (2.43) can be rewritten as

ωik

[

2

3

(

ujl
IJduil

IJ − vjlIJdvilIJ

)

− 2Rj
ldRi

l

]

Zjk

= Ii
j

[

1

3

(

ujk
IJduik

IJ − vjkIJdvikIJ

)

− Rj
kdRi

k

]

W (2.44)

Besides, using the fact that W is real, we compute in the same way that

dW = ωij

(

duij
IJ QIJ + dvijIJ QIJ

)

+ ωkld
(

eiϕRi
kRj

l
)

Zij

= Eshφ(dφ)ijkl ωijZkl + iWdϕ

+Ij
i

[

1

3

(

ujk
IJduik

IJ − vjkIJdvikIJ
)

− Rj
kdRi

k

]

W (2.45)

Adding the two expressions of dW and canceling terms, we finally obtain

dW =
1

2
Eshφ(dφ)ijkl

(

ωijZkl +
1

24
εijklmnpqωmnZpq

)

. (2.46)
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It follows that the equations (2.41) can be expressed as

U̇ = −eUW , φ̇ijkl = −12eU Eshφ
−2

(

∂W

∂φ

)

ijkl , (2.47)

as expected. Thus, the radial evolution of the radius U and scalars v for 1/8-BPS solutions

follows the gradient flow of W given in (2.42). We have therefore reproduced the result

of [13] using the technology of nilpotent orbits.

Substituting (2.47) back into (2.28), one can rewrite the momentum vector as

|P 〉 = eU (1 + E)

(

W + Zija
iaj +

1

2
Eshφ

−1

(

∂W

∂φ

)

ijkl a
iajakal

)

|0〉 (2.48)

By virtue of the attractor mechanism, the scalar fields at the horizon lie at an extremum

of W . Thus, P reduces to

|P 〉 ∼ eU (1 + E)
(

W∗ + Zij ∗a
iaj
)

|0〉 (2.49)

as τ goes to infinity. From (2.36) we conclude that Z ′
ij ∗ = 0 at the horizon, and therefore

ρ1(Zij ∗) = ρ2(Zij ∗) = ρ3(Zij ∗) = 0 . (2.50)

Since the E7(7) invariant ♦(Z) depends only on the electromagnetic charges, it is constant

along the flow, and equals to ρ0 (Zij ∗)4 at the horizon. Therefore, the value of W at the

horizon can be rewritten as

W∗ = 4
√

♦(QIJ) . (2.51)

Using (1.7), one recovers the famous formula for the entropy of BPS black holes in N = 8

supergravity [45].

Finally, we note that the two-form ωij associated to the central charge is invariant under

SU(2)×SU(6) ⊂ SU(8) and E6(2) ⊂ E7(7), respectively. Therefore the “fake superpotential”

W admits flat directions homeomorphic to the symmetric space

MBPS
∼=
(

SU(2) × SU(6)
)∖

E6(2) ⊂ M4 , (2.52)

which are not determined by the attractor mechanism, but depend on the asymptotic

value of the scalars [39, 46]. In order to see this in our formalism, note from (2.36) that in

terms of representations of the SU(2)× SU(6) isotropy subgroup of ωij , the components of

uij
IJdvklIJ −vijIJdukl

IJ are only non-zero along the component 15C ⊂ 70, and are always

zero along (2 ⊗ 20)R ⊂ 70. One therefore understands from the decomposition

e7(7)
∼= u(1) ⊕ e6(2) ⊕ 27
∼= u(1) ⊕ su(2) ⊕ su(6) ⊕

(

2 ⊗ 20
)

R
⊕ 2 ⊗ 6 ⊕ 15

(2.53)

that the 40 flat directions generate a MBPS subspace.
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2.4 Non-BPS extremal black holes

Non-supersymmetric extremal spherically symmetric black holes can be treated in much

the same way. In this case, the Noether charge Q (and therefore the momentum P ) lies

in a Spin∗
c (16) orbit

h

0
· 2000000

i

of nilpotent elements of e8(8) ⊖ so∗(16), which is itself a

Lagrangian submanifold of the E8(8) orbit
h

0
0000002

i

[24]

Spin∗(16)

USp(8) ⋉ 27
⊂

E8(8)

E6(6) ⋉
(

(1 ⊕ 27 ⊕ 27)(2) ⊕ 1(4)
) . (2.54)

The associated graded decompositions of e8(8) and so∗(16) can be read off the weighted

Dynkin diagram,

so∗(16) ∼= 28(−2) ⊕
(

gl1 ⊕ su∗(8)
)(0) ⊕ 28

(2)

e8(8) ⊖ so∗(16) ∼= 1(−4) ⊕ 28
(−2) ⊕ 70(0) ⊕ 28(2) ⊕ 1(4) ∼= 128+

(2.55)

This is the same 5-grading as the one relevant for the minimal nilpotent orbit with weighted

Dynkin diagrams (
h

0
· 1000000

i

,
h

0
0000001

i

) associated to 1/2-BPS black holes, after rescaling

the generator h by two (see appendix A). An orbit representative is a generic element

of 28(2), whose stabilizer defines a USp(8) ⊂ SU∗(8)(0) subgroup (equivalently, a generic

element of the 56(2) whose stabilizer defines an E6(6) ⊂ E(0)

7(7) subgroup). Its associated

semi-simple generator takes the form

h0 ≡
1

2

(

eiαΩija
iaj − e−iαΩijaiaj

)

, (2.56)

where the complex two-form Ωij satisfies 15

Ω[ijΩkl] +
1

24
εijklmnpqΩ

mnΩpq = 0 , ΩikΩ
jk = δj

i . (2.57)

Indeed, using the identities

[h0, a
i ± e−iαΩijaj ] = ±

(

ai ± e−iαΩijaj

)

(2.58)

one obtains the generators of degree ±2 of so∗(16) as the ‘squares’ of ai ± e−iαΩijaj ,

respectively, and the su∗(8) generators as their commutators. One can then check that the

elements of 1(4) are of the form

|C (4)
0 〉 = i N e−2iα e

1
2
eiαΩijaiaj |0〉 (2.59)

where N is real. The elements of grade two h0|C (2)〉 = 2|C (2)〉 can be computed to be of

the form [25]

|C (2)
0 〉 = (1 + E)

(

1 +
1

4
eiαΩija

iaj
)

(

e−2iαM + e−iαΞija
iaj
)

|0〉 , (2.60)

where Ξij satisfies

Ξij = ΩikΩjlΞ
kl , ΩijΞij = 0 . (2.61)

15Equivalently, ρ0 (Ωij) = ρ1(Ωij) = ρ2(Ωij) = ρ3(Ωij) = 1 and ϕ(Ωij) = π
4
.
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These conditions state that Ξij is an element of the real 27 representation of the USp(8)

subgroup of SU(8) that leaves invariant Ωij . Such elements |C (2)
0 〉 correspond to special

values of the central charges in the asymptotic region, whose overall phase ϕ(Z) is deter-

mined by the value of the NUT charge. The most general charge with strictly negative

E7(7) invariant ♦(Z) < 0 can be obtained with a linear combination of |C (2)
0 〉 and |C (4)

0 〉,
associated to the gl1 generator

h ≡ 1

2

(

eiα(1 − iλ)Ωija
iaj − e−iα(1 + iλ)Ωijaiaj

)

+ iλ
(

aiai − 4
)

. (2.62)

In this case the general element of grade two |C (2)〉 reads

|C (2)〉 = N (1 + E)

(

e−2iα
(

1 + iλ
)

+ e−iα 1 + 2iλ

4
Ωija

iaj +
iλ

16
ΩijΩkla

iajakal

+N−1
(

1 +
1

4
eiαΩija

iaj
)

e−iαΞija
iaj

)

|0〉 , (2.63)

with NUT charge

k = N
(

λ cos 2α − sin 2α
)

. (2.64)

The parameters Ωij ∈ USp(8)\SU(8), α, λ, N and Ξij ∈ 27 give a complete parametriza-

tion of the Spin∗(16) orbit (2.54). To see this, we note that the elements of so∗(16) that

act non-trivially on a generic element of grade two of (2.55) combine into representations

of its USp(8) ⊂ SU∗(8) isotropy subgroup as

(

1 ⊕ 27
)(−2) ⊕

(

gl1 ⊕ 27
)(0) ⊕ 1(2) ⊂ so∗(16) . (2.65)

The component of grade zero leaves h invariant by definition, and acts transitively on the

set of parameters N, Ξij defining regular black holes. The generators of su(8) that act

non-trivially on Ωij are given by linear combinations in 27(−2) ⊕27(2), while the remaining

nilpotent generators 1(−2) ⊕ 1(2) act by shifting the two parameters α and λ.

Since we are interested in static solutions only, we must cancel the NUT charge (2.64)

by choosing λ = tan(2α) (with −π
2 < α < π

2 ). The asymptotic value of P thus takes

the form

|P0〉 = (1 + E)
(

1 +
1

4
eiαΩija

iaj
)

(

M
(

1 +
i

4
e−iα sin(2α)Ωkla

kal
)

+ e−iαΞija
iaj

)

|0〉
(2.66)

where M = cos−1(2α)N is the physical mass. The asymptotic central charge Zij is readily

obtained from the part of (2.66) bilinear in the oscillators,

Zij =
1

2

(

eiα + ie−iα sin 2α
)

̺ Ωij + e−iαΞij , (2.67)
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where ̺ ≡ M/2. Due to the conditions (2.61), the complex two-form Zij can brought by

an SU(8) rotation into the skew-diagonal form

R̃k
iR̃

l
jZkl =̂

e
iπ
4

2

(

0 1

−1 0

)

⊗











(

eiα + ie−iα sin 2α
)











̺ 0 0 0

0 ̺ 0 0

0 0 ̺ 0

0 0 0 ̺











+e−iα











ξ1+ξ2+ξ3 0 0 0

0 −ξ1 0 0

0 0 −ξ2 0

0 0 0 −ξ3





















, (2.68)

where ̺ > 0 and ξ1, ξ2, ξ3 ∈ R can be chosen such that

ξ1 + ξ2 + ξ3 ≥ −ξ1 ≥ −ξ2 ≥ −ξ3 . (2.69)

The condition of non-saturation of the BPS bound M > ρn further requires that

̺ cos 2α > ξ1 + ξ2 + ξ3 ≥ −ξ1 ≥ −ξ2 ≥ −ξ3 . (2.70)

In the parametrization (2.68), the E7(7) quartic invariant (2.14) factorizes into

♦(Z) = −16 cos2(2α)
(

̺ cos(2α) − ξ1 − ξ2 − ξ3

)

3
∏

n=1

(

̺ cos(2α) + ξn

)

, (2.71)

and is therefore strictly negative inside the tetrahedron (2.70). It vanishes whenever M =

ρm for any m , i.e. when the black hole becomes BPS with vanishing horizon area. The

quantities α, ̺, ξ1, ξ2 and ξ3 define a basis of the SU(8) invariant functions of Zij well

suited for non-BPS solutions, alternative to the basis of functions ρn , ϕ adapted to the

BPS case. The diagonalization problem (2.68) is central to the determination of the fake

superpotential for non-BPS solutions, and is reduced in appendix B to the solution of a

sextic polynomial.

Comparing the general form of |P 〉 (2.28) to the general representative of the relevant

nilpotent orbit (2.66), we conclude that in the static case (i.e. k = 0), the field dependent h

generator is determined in terms of the central charges Zij . Using the decomposition (2.67),

Zij =
1

2
e−iα(φ)R̃i

k(φ)R̃j
l(φ)

(

(

e2iα(φ) + i sin
(

2α(φ)
)

)

̺(φ) Ωkl

)

+ e−iα(φ)Ξij(φ) (2.72)

where

Ξij(φ) =
1

2
R̃i

k(φ)R̃j
l(φ)

(

ξ1(φ)̟1
kl + ξ2(φ)̟2

kl + ξ3(φ)̟3
kl

)

(2.73)

with ξn(φ) taking values in the tetrahedron (2.70), the h generator is defined by

h =
1

2

(

Ω̂ij(φ)aiaj − Ω̂ij(φ)aiaj

)

+ i tan
(

2α(φ)
)(

aiai − 4
)

(2.74)
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with

Ω̂ij(φ) =
e−iα(φ)

cos
(

2α(φ)
)R̃i

k(φ)R̃j
l(φ)Ωkl (2.75)

Indeed, one computes that the general solution to the equation h|P 〉 = 2|P 〉 is

|P 〉=(1+E)
(

1+
1

4
e2iα cos(2α)Ω̂ija

iaj
)

eU

(

2̺

(

1+
i

8
sin(4α)Ω̂kla

kal

)

+e−iαΞija
iaj

)

|0〉

(2.76)

The non-BPS nilpotent orbit therefore determines the scalar fields U and v through

the first order equations

U̇ = −2 eU̺

uij
IJ v̇klIJ − vijIJ u̇kl

IJ = −6eU
(

Ω̂[ijZkl] +
1

24
εijklmnpqΩ̂

mnZpq
) (2.77)

The first equation identifies the fake superpotential for extremal non-BPS black holes as

W = 2̺ , (2.78)

where ̺ is the diagonal component of the central charge Zij in the non-standard diagonal-

ization problem (2.68). In particular, W is larger than the modulus of any of the eigenvalues

ρm of the central charge matrix, as required for a non-BPS solution. Equation (2.78) is one

of the main results in this paper.

In order to check that the second line in (2.77) describes the gradient flow of W , we

rewrite W = 1
2Re

[

Ω̂ijZij

]

, and compute dW following the same steps as in (2.43). In this

way we obtain

dW =
1

4
Eshφ(dφ)ijkl

(

Ω̂ijZkl +
1

24
εijklmnpqΩ̂mnZpq

)

+
1

2
Re

(

R̃i
kR̃

j
lΩ

kl Zij d
eiα

cos 2α

)

+Re

(

Ω̂ik

[

1

3

(

ujl
IJduil

IJ − vjlIJdvilIJ

)

− R̃j
ldR̃i

l

]

Zjk

)

(2.79)

One computes easily that

R̃i
kR̃

j
lΩ

kl d
eiα

cos 2α
= i
(

1 − 2i tan 2α
)

Ω̂ijdα (2.80)

and using the explicit form of the central charge (2.72) one computes that

1

2
Ω̂ijZij = 2

(

1 + 2i tan
(

2α
)

)

̺ (2.81)

such that the second line in (2.43) cancels. The anti-hermiticity of the su(8) generators

implies that

Ω̂i[k

[

1

3

(

uj]l
IJduil

IJ − vj]lIJdvilIJ

)

− R̃j
ldR̃i

l

]

= −Ω̊kpΩ̊jqΩ̂i[p

[

1

3

(

uq]l
IJduil

IJ − vq]lIJdvilIJ
)

− R̃q
ldR̃i

l

]

(2.82)
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where Ω̊ij ≡ cos(2α)Ω̂ij is normalized such that Ω̊ikΩ̊
jk = δj

i . With respect to Ω̂ij , the

generators of su∗(8) decompose into the generators of the usp(8) subalgebra that leave Ω̂ij

invariant, and the remaining 27 generators that transform as a traceless antisymmetric

tensor of rank two with respect to USp(8). It follows that

Ω̂ik

[

1

3

(

ujl
IJduil

IJ − vjlIJdvilIJ

)

− R̃j
ldR̃i

l

]

Zjk

= Ω̂ik

[

1

3

(

ujl
IJduil

IJ − vjlIJdvilIJ

)

− R̃j
ldR̃i

l

]

e−iαΞjk (2.83)

And because

e−iαΞij = Ω̊ikΩ̊jle
iαΞkl (2.84)

by definition (2.61), (2.83) is pure imaginary and does not contribute to (2.43). We finally

obtain that

dW =
1

4
Eshφ(dφ)ijkl

(

Ω̂ijZkl +
1

24
εijklmnpqΩ̂mnZpq

)

(2.85)

such that the first order equations (2.77) can be rewritten as

U̇ = −eUW , φ̇ijkl = −12eU Eshφ
−2

(

∂W

∂φ

)

ijkl (2.86)

This confirms that (2.78) is indeed a fake superpotential for the non-BPS ex-

tremal solutions.

In appendix B we discuss how W (2.78) can be evaluated in practice, and show that

W 2 can be obtained in general as a specific root of a polynomial (B.14) of degree six, whose

coefficients are polynomial in the central charges Zij . At some particular loci in the ρn , ϕ

space however, this polynomial becomes reducible. This happens in particular when ϕ = 0

mod π/4, α = 0, where the sextic polynomial (B.14) becomes fully reducible. For ϕ = π/4

mod π/2, the physical root is W0 in (B.16), i.e.

ϕ = π/4 : W =
1

2

(

ρ0 + ρ1 + ρ2 + ρ3

)

. (2.87)

This result is in agreement with [13]. Our formula (2.78) is however more general, and

does not assume any restriction on the moduli nor on the charges. Similarly, at ϕ = 0

mod π/2, the physical root is the largest of Wn in (B.29), i.e.

ϕ = 0 : W =
1

2

(

ρ0 + ρ1 + ρ2 + ρ3

)

− min(̺m) . (2.88)

Having obtained the fake superpotential for non-BPS black holes, one may substi-

tute (2.86) into (2.76) and rewrite the momentum as

|P 〉 = eU (1 + E)

(

W + Zija
iaj +

1

2
Eshφ

−1

(

∂W

∂φ

)

ijkla
iajakal

)

|0〉 (2.89)

By virtue of the attractor mechanism, the scalar fields at the horizon again lie at an

extremum value of W . It follows that

|P 〉 ∼ eU (1 + E)
(

W∗ + Zij ∗a
iaj
)

|0〉 (2.90)
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as τ goes to infinity. Using (2.76), one concludes that at the horizon, the central

charges satisfy

ξ1(Zij ∗) = ξ2(Zij ∗) = ξ3(Zij ∗) = 0 , α(Zij ∗) = 0 (2.91)

In terms of the SU(8) invariant functions appearing in the standard diagonalization (2.11),

this can be expressed as

ρ0 (Zij ∗) = ρ1(Zij ∗) = ρ2(Zij ∗) = ρ3(Zij ∗) =
1

2
4
√

−♦(Z) , ϕ(Zij ∗) =
π

4
. (2.92)

In particular, at the horizon

W∗ = 4
√

−♦(QIJ) , (2.93)

where we again noted that ♦(Z) depends only on the the conserved charges. Using (1.7)

we recover the known entropy formula for non-BPS extremal black holes in N = 8 super-

gravity [47].

Similarly to the BPS case, the symplectic form Ωij is invariant under USp(8) ⊂ SU(8)

and E6(6) ⊂ E7(7), respectively. This implies that fake superpotential W exhibits flat

directions homeomorphic to the symmetric space

Mnon−BPS
∼= Sp

∖

E6(6) . (2.94)

along which the attractor mechanism is inactive [39, 48, 49] (here Sp is the quotient of

USp(8) by its Z2 centre leaving invariant the representations of even rank). Indeed, the

symplectic form Ω̂ij associated to the central charge is left invariant by a USp(8) ⊂ SU(8)

subgroup, with respect to which the components of uij
IJdvklIJ − vijIJdukl

IJ are only non-

zero along the components R ⊕ 27 ⊂ 70, and are always zero along 42 ⊂ 70 as can be

seen from (2.76). From the graded decomposition

e7(7)
∼= 27

(−2) ⊕
(

gl1 ⊕ e6(6)
)(0) ⊕ 27(2)

∼= 27(−2) ⊕
(

gl1 ⊕ usp(8) ⊕ 42
)(0) ⊕ 27(2)

, (2.95)

it is evident that the 42 flat directions at the horizon parametrize the symmetric

space (2.94). It should be noticed that this moduli space of flat directions is isomor-

phic to the moduli space M5 of the five-dimensional supergravity model obtained after

decompactification [39, 49].

We conclude this section by discussing the relation between the nilpotent orbits of

the moment P under G3, and the orbits of the electromagnetic charges QIJ under G4, as

classified in [38, 39]. To this aim, notice that, as an e8(8) element, P is proportional to

e = H + Ẑ∗ , Ẑ∗ ≡
1

2
W−1

∗
(

Z∗ ij

(

Fij − Eij
)

− Zij
∗
(

Fij − Eij

)

)

, (2.96)

at τ → +∞. One can then use the Cartan involution † defining Spinc(16) ⊂ E8(8) to

complete e into a triplet (e, f , h),

f = e† = H − Ẑ∗ , h = [e, f ] = −2[H, Ẑ∗] . (2.97)
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Indeed, it follows from

[H, [H, Ẑ∗]] = Ẑ∗ , [Ẑ∗, [H, Ẑ∗]] = H (2.98)

that [h, e] = 2e. The maximal reductive subgroup JR
e of the stabilizer of e in E8(8) is

the intersection of the stabilizers of e and h in E8(8). The stabilizer of h in E8(8) is a

GL(1, R) × E7(7) subgroup, such that the E7(7) factor is conjugate but distinct from the

four-dimensional duality group G4 = E7(7). Because any element x of a reductive algebra

je decomposes into two elements x± ∈ je, such that

x = x+ + x− , x
†
± = ±x± , (2.99)

JR
e must stabilize H and Ẑ∗ separately. On the other hand, the stabilizer of H is GL(1,R)×

G4. At the horizon (i.e. at τ → +∞), JR
e therefore coincides with the stabilizer of the central

charge Z∗ ij inside E7(7). JR
e is then the intersection of the two E7(7) subgroups defined by

H and h, respectively. Away from the horizon however (at finite τ), these two subgroups

differ by a similarity transformation.

The above discussion is in fact completely general and applies for any extremal black

hole with non-vanishing horizon area, in any theory admitting a symmetric scalar manifold

whose isometry group acts faithfully on the electromagnetic charges. The stabilizers of the

central charges computed in [38, 39], indeed match perfectly the reductive stabilizers of the

corresponding nilpotent orbits given in [41]. We have already seen in the case of maximal

supergravity that we have the following correspondence

JP
∼= E6(2) ⋉

(

27(2) ⊕ R
(4)
)

× R ⇔ JQ
∼= E6(2) ,

JP
∼= E6(6) ⋉

(

(27 ⊕ 27)(2) ⊕ R
(4)
)

× R ⇔ JQ
∼= E6(6) , (2.100)

between the stabilizer JP of P in E8(8) and the stabilizer JQ of QIJ in E7(7). In the example

of the exceptional N = 2 supergravity, to be discussed in section 3.1 below, G4
∼= E7(−25)

and G3
∼= E8(−24), and there are three nilpotent orbits of E8(−24) associated to extremal

black holes, characterized by the stabilizers

JP
∼= E6(−78) ⋉

(

27(2) ⊕ R
(4)
)

× R ⇔ JQ
∼= E6(−78) ,

JP
∼= E6(−14) ⋉

(

27(2) ⊕ R
(4)
)

× R ⇔ JQ
∼= E6(−14) ,

JP
∼= E6(−26) ⋉

(

(27 ⊕ 27)(2) ⊕ R
(4)
)

× R ⇔ JQ
∼= E6(−26) . (2.101)

3 Truncations of maximal supergravity and their extensions

Our method for deriving the fake superpotential of static extremal black holes applies to

any symmetric model of 4D gravity coupled to abelian vector fields and scalar fields invari-

ant under a continuous duality group G4, provided G4 acts faithfully on electromagnetic

charges. Many such models can be obtained by consistent truncations of N = 8 supergrav-

ity, and all others follow by “covariantisation”. In this section we shall restrict ourselves to

models that can be obtained by reduction on a circle of 5D supergravity theories. Indeed,

these are the only ones which admit non-BPS black holes with no central charge being
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saturated [25], for which our formalism is most fruitful. All other symmetric models have

only two types of generic extremal black holes, and the fake superpotential is always of the

form W = ρn .

3.1 Magic N = 2 supergravity

The maximal N = 2 truncation of N = 8 supergravity is the ‘magic’ supergravity theory

associated to the quaternions [50]. Its bosonic sector is identical to the bosonic sector

of N = 6 supergravity. Within this truncation, the central charges decompose into the

N = 2 central charge Z = 2Z12 and the N = 6 central charges ZAB which define an

antisymmetric tensor of U(6), with S
(

U(2) × U(6)
)

⊂ SU(8) such that U(2) is the N = 2

R-symmetry group and U(6) the N = 6 R-symmetry group. The maximal subgroup of

E7(7) that preserves this decomposition is SU(2) × Spin∗(12)c, and the scalar fields take

values in

q) M4
∼= U(6)\Spin∗(12)c , M∗

3
∼=
(

SL(2) × Spin∗(12)c

)

\E7(−5) . (3.1)

In particular, only the components (and the ones obtained by antisymmetric permutations

of the indices)

φ12AB ≡ φAB , φABCD =
1

2
εABCDEF φEF (3.2)

are non-zero in the symmetric gauge, where φAB is an antisymmetric tensor of U(6).

With respect to S
(

U(2) × U(6)
)

⊂ SU(8), the representations of the fermions decom-

pose as follows

8 ∼= 2 ⊕ 6 , 56 ∼= 2 ⊗ 15 ⊕ 6̄ ⊕ 20 , (3.3)

such that the fermionic fields of the N = 2 truncation are 2 gravitini and symplectic-

Majorana spinors in the 2 ⊗ 15 representation, and the fermionic fields of the N = 6

truncation are 6 gravitini and symplectic-Majorana spinors in the 6̄ ⊕ 20.

The SU(8) invariant functions of the central charges Zij , ρ0 , ρ1, ρ2, ρ3 and ϕ then

become U(6) invariant functions of Z and ZAB defined by16

λ3−2ZABZABλ2+
(

2
(

ZABZAB
)2−4ZABZBCZCDZDA

)

λ− 1

36

∣

∣εABCDEF ZABZCDZEF
∣

∣

2

=
(

λ−ρ1
2
)(

λ−ρ2
2
)(

λ−ρ3
2
)

(3.4)

and

ρ0 = |Z| , 4ϕ = arg
[

ZεABCDEF ZABZCDZEF

]

. (3.5)

There are three classes of generic extremal static black holes in this model. They all

correspond to the same complex nilpotent orbit of E7(C), with weighted Dynkin diagram
»

0
200000

–

. We shall label them by their Spin∗(12) × SL(2, R) weighted Dynkin diagrams,

which define both the real nilpotent orbit of E7(−5) in which their Noether charge lies,

and the Spin∗(12) × SL(2, R) orbit in which the coset component of their Maurer-Cartan

16Note that after identifying ρ0 = |Z|, as we shall do in all N = 2 models, we can no longer assume that

the canonical N = 8 ordering ρ0 ≥ ρ1 ≥ ρ2 ≥ ρ3 is satisfied, although we can still assume that ρ1 ≥ ρ2 ≥ ρ3.
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form P lies. 1/2-BPS black holes correspond to the weighted Dynkin diagram
h

0
00000 · 4

i

,

and are controlled by the fake superpotential W = |Z|. The non-BPS ones with Z∗ = 0
h

0
02000 · 0

i

(which are 1/6-BPS in the context of N = 6 supergravity) are controlled by the

fake superpotential W = ρ1(ZAB), and the non-BPS black holes with Z∗ 6= 0
h

0
00002 · 2

i

, by

the fake superpotential W = 2̺(Z, ZAB), which is the same function of ρ0 , ρ1, ρ2, ρ3 and

ϕ as for the non-BPS black holes of maximal supergravity.

In addition to (3.1),there are three additional N = 2 ‘magic’ supergravity theories in

D = 4, associated to the octonions, complex and real numbers respectively. Their moduli

spaces are given by [50]

o)M4
∼=
(

U(1) × E6(−78)

)

\E7(−25) , M∗
3
∼=
(

SL(2) × E7(−25)

)

\E8(−24) ,

c)M4
∼= S

(

U(3) × U(3)
)

\SU(3, 3) , M∗
3
∼=
(

SL(2) × SU(3, 3)
)

\E6(2) ,

r)M4
∼= U(3)\Sp(6, R) , M∗

3
∼=
(

SL(2) × Sp(6, R)
)

\F4(4) , (3.6)

respectively. The truncations from q) to c) and r) amount to restricting ZAB to the 3⊗ 3

of S
(

U(3) × U(3)
)

⊂ SU(6) and the symmetric tensor representation 6 of its diagonal

subgroup U(3) ⊂ S
(

U(3) × U(3)
)

, respectively. Case o) cannot be obtained by truncation

from q) , and needs to be discussed separately.

In this case, the electromagnetic charges transform in the 56 of E7(−25), which decom-

poses as C ⊕ 27 with respect to U(1) × E6(−78), with 27 being the complex fundamental

representation of E6(−78). With respect to the SU(2) × SU(6) ⊂ E6(−78) subgroup associ-

ated to the ‘truncation to the quaternions’, the complex 27 representation decomposes as

15 ⊕ 2 ⊗ 6, and the complex charge Za splits this way into ZAB and ZA
α . The action of

the remaining generators of e6(−78) in the (2⊗20)R of SU(2)× SU(6), is defined as follows

δZAB = Λα
ABCZC

α , δZA
α = −ΛABC

α ZBC (3.7)

in term of the complex self-dual parameters Λα
ABC = 1

6εαβεABCDEF ΛDEF
β . Using these

generators, one computes the quadratic and the cubic invariants17 of E6(−78) as

ZaZ
a = ZABZAB + ZA

α Zα
A

tabcZaZbZc = 3 εαβZABZA
α ZB

β +
1

4
εABCDEF ZABZCDZEF (3.8)

A generic element Za can always be rotated to a basis in which its component ZA
α = 0,

and ZAB takes a block diagonal form such that a generic charge Za is parametrized by 50

angles of Spin(8)\E6(−78) and four invariants. The SU(6) invariant functions ρ1, ρ2, ρ3 lift

in a unique way to the roots of the E6(−78) invariant polynomial

λ3 − 2 ZaZ
a λ2 + 2 tabet

cde ZcZdZ
aZb λ − 4

9

∣

∣ tabcZaZbZc

∣

∣

2

=
(

λ − ρ1
2
)(

λ − ρ2
2
)(

λ − ρ3
2
)

, (3.9)

17Do not confuse the E6(−78)-invariant tensor tabc appearing in (3.8) with the E6(−26)-invariant tensor

appearing in the standard cubic prepotential of M4.

– 26 –



J
H
E
P
0
1
(
2
0
1
0
)
0
3
8

while ρ0 and ϕ are the U(1) × E6(−78) invariants

ρ0 = [Z] , 4ϕ = arg
[

Z tabcZaZbZc

]

. (3.10)

In terms of these invariants, the E7(−25) quartic invariant is defined similarly to (2.15),

♦(Z) =
(

|Z|2 − 2ZaZ
a
)2

− 8 tabet
cde ZcZdZ

aZb +
16

3
Re
[

Z tabcZaZbZc

]

(3.11)

As in magic supergravity q) there are three classes of generic extremal black holes

in this model, all of which correspond to the complex nilpotent orbit of weighted Dynkin

diagram
h

0
0000002

i

in e8 C. We shall label them by their E7(−25)×SL(2, R) weighted Dynkin

diagram. 1/2-BPS black holes, with weighted Dynkin diagram
»

0
000000 · 4

–

, are controlled

by the fake superpotential W = |Z|; non-BPS Z∗ = 0 black holes, with weighted Dynkin

diagram
»

0
200000 · 0

–

, by the fake superpotential W = ρ1(Za); and the non-BPS Z∗ 6= 0 black

holes, with weighted Dynkin diagram
»

0
000002 · 2

–

, by the fake superpotential W = 2̺(Z, Za).

The latter is again the same function of ρ0 , ρ1, ρ2, ρ3 and ϕ as in N = 8 supergravity.

We will now explain how the fake superpotential controlling the non-BPS Z∗ 6= 0

black holes can be derived from the parametrization of the nilpotent orbit of weighted

Dynkin diagram
»

0
000002 · 2

–

. The latter tells us that the generator h ∈ sl2 ⊕ e7(−25) of the

triplet associated to the nilpotent orbit defines the following five-graded decomposition of

sl2 ⊕ e7(−25):

sl2 ⊕ e7(−25)
∼=
(

1 ⊕ 27
)(−2) ⊕

(

gl1 ⊕ gl1 ⊕ e6(−26)

)(0) ⊕
(

1 ⊕ 27
)(2)

(3.12)

The corresponding decomposition of the coset component e8(−24) ⊖
(

sl2 ⊕ e7(−25)

)

is

2 ⊗ 56 ∼= 1(−4) ⊕
(

1 ⊕ 27
)(−2) ⊕

(

27 ⊕ 27
)(0) ⊕

(

1 ⊕ 27
)(2) ⊕ 1(4) , (3.13)

while the orbit of a representative e ∈
(

1 ⊕ 27
)(2)

associated to a regular black holes is18

(

F4(−52) ⋉ (1 ⊕ 26)(2)
)∖(

SL(2) × E7(−25)

)

⊂
(

E6(−26) ⋉
(

(1 ⊕ 26 ⊕ 26)(2) ⊕ 1(4)
))∖

E8(−24) . (3.14)

The generator h is parametrized in this case by two phases α and β and an element

Ωa ∈ F4(−52)\E6(−78) satisfying19

Ωa = −1

2
tabc ΩbΩc , ΩaΩ

a = 6 . (3.15)

Let us consider for instance general charges Z and Za, which we parametrize as

Z = e−i(α−3β)
(

(

e2iα + i sin 2α
)

̺ − ΩaΞa

)

, Za = e−i(α+β)

(

1

2

(

e2iα + i sin 2α
)

̺ Ωa + Ξa

)

(3.16)

18The representative of non-compact stabilizer in E6(−26) such as F4(−20) or Spin(9, 1) × SO(1, 1) are

associated to black holes with naked singularities.
19which generalizes the symplectic form ΩAB ∈ USp(6)\SU(6) satisfying ΩACΩBC = δB

A .
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where Ξa lies in the 1 ⊕ 26 of the F4(−52) ⊂ E6(−78) stabilizer of Ωa defined as

Ξa =
(

tabc Ωc +
1

2
ΩaΩb

)

Ξb . (3.17)

As in maximal supergravity, such decomposition is unique as long as the eigenvalues of Ξa

lie in the tetrahedron (2.70). To such electromagnetic charges, one associates a generator

h ∈ sl2 ⊕ e7(−25) that acts on the elements of P0 as follows

h W =
1

cos 2α

(

ei(α−3β)Z + ei(α+β)ΩaZa

)

− 4i tan 2α W

hZ =
1

cos 2α

(

e−i(α−3β)
W + ei(α+β)ΩaΣa

)

− 2i tan 2α Z

hZa =
1

cos 2α

(

ei(α−3β)Σa +
1

2
e−i(α+β)ΩaW + ei(α+β)tabc ΩbΣc

)

− 2i tan 2α Za

hΣa =
1

cos 2α

(

e−i(α−3β)Za +
1

2
e−i(α+β)ΩaZ + ei(α+β)tabc ΩbZc

)

(3.18)

The solution to the equation [h, P0] = 2P0 is then

W = 2̺ , Σa = e2iβ
(

i sin 2α̺Ωa + Ξa −
1

2
ΩaΩ

bΞb

)

(3.19)

As for the maximally supersymmetric case one shows that the equation [h, P ] = 2P is

equivalent to a gradient flow with respect to the fake superpotential W = 2̺(Z, Za). The

only non-trivial step compared to (2.43), (2.79) is to check that the e6(−78) generators acting

on Ωa, give an element satisfying

Λa
bΩb = −

(

tabc Ωc +
1

2
ΩaΩb

)

Λb
dΩ

d , (3.20)

generalizing (2.82), (2.83), (2.84), such that only the coset component of the scalar deriva-

tive contributes.

From (3.19), it is easily seen that the flat directions of the fake superpotential span

the 26 real representation of F4(−52) inside the complex 27 of E6(−78). The maximum of

W correspond to α = Ξa = 0, which gives rise to a manifold of flat directions

Mnon−BPS
∼= F4(−52)\E6(−26) , (3.21)

isomorphic to the moduli space after decompactification to five dimensions. At the attractor

point, ♦(Z∗, Z∗ a) = −W∗4 and one recovers the familiar expression of the entropy for non-

BPS black holes with Z∗ 6= 0,

SBH = π
√

−♦(p, q) . (3.22)

It is rather remarkable that the nilpotent orbits of the Lie algebras f4(4), e6(2), e7(−5)

and e8(−24) associated to the real numbers, complex numbers, quaternions and octonions,

respectively, satisfying the nilpotency conditions

[e|26]3 = 0, [e|27]3 = 0, [e|56]3 = 0, [e|3875]5 = 0, (3.23)
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Figure 2. Stratification of the moduli space of extremal solutions for magic supergravity models.

are in one-to-one correspondence [51–54],

F4(4) \
{

e ∈ f4(4) | [e|26]3 = 0
} ∼= E6(2)\

{

e ∈ e6(2) | [e|27]3 = 0
}

(3.24)

∼= E7(−5)\
{

e ∈ e7(−5) | [e|56]3 = 0
} ∼= E8(−24)\

{

e ∈ e8(−24) | [e|3875]5 = 0
}

,

so that the corresponding moduli space of extremal black holes have the same stratified

structure in term of K∗
3 orbits, which is displayed in figure 2.

3.2 Axion-dilaton N = 2 supergravity

The quaternionic magic supergravity (3.1) can also be further truncated by singling out an

additional complex charge Z1 = 2Z34 from ZAB, such that the internal symmetry group is

restricted to U(2)×U(4) ⊂ U(6). The remaining charges transform as a complex vector of

SO(6) ∼= Z2\SU(4) and the scalar fields parametrize the symmetric spaces

M4
∼= U(1)\SL(2,R) ×

(

SO(2) × SO(6)
)

\SO(2, 6) ,

M∗
3
∼=
(

SO(2, 2) × SO(2, 6)
)

\SO(4, 8) . (3.25)

More generally, one obtains this way all N = 2 supergravity theories with n + 1 vector

multiplets (0 < n ≤ 6) coupled to scalar fields parametrising the symmetric space

M4
∼= U(1)\SL(2,R) ×

(

SO(2) × SO(n)
)

\SO(2, n) ,

M∗
3
∼=
(

SO(2, 2) × SO(2, n)
)

\SO(4, n + 2) . (3.26)

Denoting the n charges transforming in the vector representation of SO(n) as Zi, one

can identify

ρ0 = |Z|, ρ1 = |Z1| , 4ϕ = arg
[

ZZ̄1Z̄
iZ̄i

]

, (3.27)
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while ρ2 and ρ3 follow from the roots of the polynomial20

λ2 − Z iZ̄iλ +
1

4
|Z iZi|2 =

(

λ − ρ2
2
)(

λ − ρ3
2
)

. (3.28)

For n > 2 there are four SL(2, R)×SL(2, R)×SO(2, n) orbits of generic extremal black

holes associated to four distinct nilpotent orbits of so(4, 2+n) of degree three in the spinor

representation (i.e. such that e3 = 0 and ade
4 6= 0). For 1/2-BPS black holes, W = |Z|;

for non-BPS black holes with Z∗ = Z i
∗ = 0, W = |Z1|; for the non-BPS black holes with

Z∗ = Z1 ∗ = 0,

W =

√

1

2
Z iZ̄i +

1

2

√

(

Z iZ̄i

)2 −
∣

∣Z iZi

∣

∣

2
; (3.29)

and finally, for non-BPS black holes with Z∗ 6= 0, W = 2̺ with the same function ̺ as

in N = 8 supergravity. Of course these results extend straightforwardly to any value of n

larger than six.

The STU model, to be expanded upon in section 4, corresponds to n = 2. The STU

truncation of maximal supergravity is defined by a basis such that

Zij =̂
1

2

(

0 1

−1 0

)

⊗











Z 0 0 0

0 Z̄1 0 0

0 0 Z̄2 0

0 0 0 Z̄3











(3.30)

which is preserved by a subgroup S
(

U(2) × U(2) × U(2) × U(2)
)

⊂ SU(8) as well as

[SL(2,R)]3 × [SU(2)]4 ⊂ E7(7) (3.31)

The SU(2) subgroups leave invariant the bosonic fields and will be disregarded. Considering

the whole field content of the STU model, only one SU(2) factor acts non-trivially on the

fermionic fields, and corresponds to the R-symmetry group. There are five different types

of extremal static black holes in this model. Four of them, including the 1/2-BPS ones,

correspond to 1/8-BPS black holes within N = 8 supergravity. Their fake superpotential

is then W = |Z|, |Z1|, |Z2|, |Z3|, respectively. The last type corresponds to the non-BPS

black holes of N = 8 supergravity; its fake superpotential is obtained from W = 2̺ by

substituting |Z|, |Z1|, |Z2|, |Z3| and 1
4 arg

(

ZZ̄1Z̄2Z̄3

)

to ρ0 , ρ1, ρ2, ρ3 and ϕ.

There are two interesting further truncations, which are obtained by restriction to the

diagonal subgroup of either two SL(2,R) factors or the three of them. In the first case one

obtains the S2T model (i.e. (3.26) with n = 1). It admits three types of extremal static

black holes, the 1/2-BPS ones, for which W = |Z|; the non-BPS ones with Z∗ = 0, for which

W = |Z1|; and the non-BPS ones with Z∗ 6= 0, for which W = 2̺(Z, Z1, Z2). As explained

in section B.3, the degree six polynomial (B.14) factorizes and an explicit expression of W

in terms of Z, Z1 and Z2 can be obtained by solving the quartic polynomial (B.20).

The subsequent truncation is the S3 model, which is the circle compactification of the

minimal N = 2 supergravity theory in five dimensions.

M4
∼= U(1)\SL(2,R) , M∗

3
∼= SO(2, 2)\G2(2) (3.32)

20Note that raising the SO(n) index i does not involve complex conjugation.
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Figure 3. Normalized fake superpotential W/|Z| as a function of |Z1/Z| and ϕ/(π/4).

This theory admits two types of extremal black holes, the 1/2-BPS ones for which W = |Z|,
and the non-BPS ones with Z∗ 6= 0, corresponding to the two nilpotent orbits of g2(2) in

which [e|7]3 = 0 [20]. As explained in B.4, the degree six polynomial (B.14) reduces to a

cubic polynomial (B.22). Identifying ρ0 = |Z| and ρ1 = |Z1| where Z1 = −2iS2DZ, one

obtains an algebraic expression for the fake superpotential,

W =
1

2

√

|Z|2 + 3
(

|Z1|2 + L+ + L−
)

, (3.33)

where L± are given by (B.28) below, which we rewrite for convenience,

L3
±= |Z1|4

(

|Z1|2+3|Z|2
)

− 1

2

(

ZZ̄3
1 +Z̄Z1

3
)(

|Z|2+3|Z1|2
)

±
√
−♦

2

∣

∣ZZ̄1
3−Z̄Z1

3
∣

∣ , (3.34)

and ♦ is the moduli-independent quartic SL(2, R) invariant

♦(Z, Z1) =
(

|Z|2 − |Z1|2
)2

− 4
∣

∣ZZ̄1 − Z1
2
∣

∣

2
. (3.35)

The fake superpotential W in (3.33) is plotted as a function of ϕ in figure 3. Contrary

to the superpotential for BPS black holes, which is ϕ independent, W is maximal at

ϕ = π/2(n + 1
2), n ∈ Z. Note that (3.33) is only valid in the region where ♦ < 0, such

that W > |Z|. In the region where ♦ > 0 it must be replaced by the BPS superpotential

W = |Z|.

3.3 N = 4 supergravity

N = 8 supergravity can be truncated to N = 4 supergravity coupled to n = 6 vector

multiplets by restricting the central charges to two antisymmetric tensors of SU(4)×SU(4)
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such that S
(

U(4) × U(4)
)

⊂ SU(8). The central charges ZAB are then defined as an

antisymmetric tensor of the first SU(4) that we shall identify as the R-symmetry group of

the theory. For further generalization, it will be more convenient to represent the other six

complex electromagnetic charges as a complex vector Z i of SO(n) ∼= Z2\SU(4) for n = 6.

Then, the SU(8) invariant functions become S
(

U(4) × U(4)
)

invariant functions defined by

the two polynomials

(

λ − ρ0
2
)(

λ − ρ1
2
)

= λ2 − 2ZABZABλ + 2
(

(

ZABZAB
)2 − 2ZABZBCZCDZDA

)

,

(

λ − ρ2
2
)(

λ − ρ3
2
)

= λ2 − Z iZ̄i λ +
1

4
|Z iZi|2 , (3.36)

and

4ϕ = arg
[

εABCDZABZCDZ̄iZ̄
i
]

. (3.37)

This model admits three types of generic extremal black holes, which are in one-to-one

correspondence with the nilpotent orbits of so(8, 8) of degree three in the spinor repre-

sentation [24] (i.e. such that e3 = 0 and ade
4 6= 0). They are: the 1/4-BPS black holes,

for which

W =

√

ZABZAB +

√

4ZABZBCZCDZDA −
(

ZABZAB
)2

; (3.38)

the non-BPS black holes with Z∗AB = 0, for which

W =

√

1

2
Z iZ̄i +

1

2

√

(

Z iZ̄i

)2 −
∣

∣Z iZi

∣

∣

2
; (3.39)

and the non-BPS ones with Z∗AB 6= 0, for which the fake superpotential is the same

function 2̺(ZAB, Zi) as in N = 8 supergravity. These results extend straightforwardly to

N = 4 supergravity coupled to any number n > 2 of vector multiplets, with moduli space

M4
∼= U(1)\SL(2,R) ×

(

SO(6) × SO(n)
)

\SO(6, n) ,

M∗
3
∼=
(

SO(6, 2) × SO(2, n)
)

\SO(8, n + 2) . (3.40)

Non-BPS multi-black hole solutions with Z∗AB 6= 0 have been discussed in [26].

For n = 2, the scalar moduli space (3.41) of the N = 4 model becomes identical to

that of the N = 2 model (3.26) with n = 6. The nilpotent orbit associated to the non-BPS

black holes with Z∗AB = 0 splits into two inequivalent orbits of the connected component

of SO(8, 4), giving rise to two inequivalent SO(6, 2) × SL(2, R) × SL(2, R) orbits . With

only one vector multiplet, there is no non-BPS black holes with Z∗AB = 0. The degree

six polynomial defining the fake superpotential W = 2̺ associated to non-BPS black holes

with Z∗AB 6= 0 reduces to the degree four polynomial (B.20) in such a way that the explicit

form of W can then be derived straightforwardly.

3.4 Axion-dilaton gravity

The non-standard diagonalization problem defining ̺(Z) can in fact be formulated more

generally for the case of Einstein gravity coupled to m + n abelian vector fields and to
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scalars valued in the symmetric spaces (with m ≥ 1, n ≥ 1)

M4
∼= U(1)\SL(2,R) ×

(

SO(m) × SO(n)
)

\SO(m, n) ,

M∗
3
∼=
(

SO(m, 2) × SO(2, n)
)

\SO(m + 2, n + 2) . (3.41)

For m = 2 and m = 6, respectively one recovers the cases of axion-dilaton N = 2 super-

gravities and N = 4 supergravities discussed previously. Denoting the SO(m) and SO(n)

vectors of charges by Za and Zi, respectively,21 the non-standard diagonalization problem

can be formulated in term of two unit-norm vectors Ωa and Ωi as follows,

Za = e−i(α−β)
(

(

e2iα + i sin 2α
)

̺ Ωa + ξ Ωa + iΞa

)

,

Z̄i = e−i(α+β)
(

−i
(

e2iα + i sin 2α
)

̺ Ωi + iξ Ωi + Ξi

)

, (3.42)

where Ξa and Ξi are real vectors orthogonal to Ωa and Ωi, respectively.

We use similar notations as we did in exceptional N = 2 supergravity, i.e. W = M + ik,

Σ denotes the complex scalar charge associated to sl2, and σa i denote the real scalar

charges associated to so(m, n). The nilpotent orbit is characterized by the generator h of

so(m, 2) ⊕ so(2, n), which acts as follows

h W =
2

cos 2α

(

ei(α−β)ΩaZa + iei(α+β)ΩiZ̄i

)

− 4i tan 2α W

hZa =
1

cos 2α

(

e−i(α−β)ΩaW + ei(α−β)ΩaΣ + 2iei(α+β)Ωiσa i

)

− 2i tan 2α Za

h Z̄i =
1

cos 2α

(

iei(α+β)ΩiΣ̄ − ie−i(α+β)ΩiW + 2ei(α−β)Ωaσa i

)

− 2i tan 2α Z̄i

hΣ =
2

cos 2α

(

e−i(α−β)ΩaZa + iei(α+β)ΩiZi

)

hσa i =
2

cos 2α
Re
(

e−i(α−β)ΩaZ̄i − ie−i(α+β)ΩiZa

)

(3.43)

The solution to the equation hP0 = 2P0 is then

W = 2̺ , Σ = 2e2iβ
(

ξ + i sin(2α)̺
)

, σa i = ΩaΞi + ΩiΞa + 2 sin(2α)̺ ΩaΩi . (3.44)

As before, the linear equation hP = 2P is equivalent to a gradient flow with respect to the

fake superpotential W = 2̺(Za, Zi). For m ≤ 6, n ≤ 6, W is necessarily the same function

of the five SO(2) × SO(m) × SO(n) invariants

(

λ − ρ0
2
)(

λ − ρ1
2
)

= λ2 − ZaZ̄a λ +
1

4
|ZaZa|2 ,

(

λ − ρ2
2
)(

λ − ρ3
2
)

= λ2 − Z iZ̄i λ +
1

4
|Z iZi|2 , (3.45)

and

4ϕ = arg
[

ZaZ
aZ̄iZ̄

i
]

(3.46)

21For N = 2, Za is Z for a = 1 and Z̄1 for a = 2. For N = 4, Za[γ
a]AB = ZAB , where the γa’s are Dirac

matrices of Spin(6).
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as in N = 8 supergravity, as it can be obtained by consistent truncation, and therefore

remains so for any values m and n.

From (3.44) it is apparent that the flat directions of W are the components of σa i

orthogonal to both Ωa and Ωi, as well as the component ΩaΩiσa i − Im(e−2iβΣ), which

altogether generate the expected symmetric space

M5
∼= GL(1, R) ×

(

SO(m − 1) × SO(n − 1)
)

\SO(m − 1, n − 1) . (3.47)

The subgroup GL(1, R) × SO(m − 1, n − 1) ⊂ SL(2, R) × SO(m, n) is also the stabilizer of

the charges at the horizon (at τ → +∞), where they are of the form

Z∗ a =
1

2
eiβ∗W∗ Ω∗ a , Z∗ i =

i

2
eiβ∗W∗ Ω∗ i . (3.48)

4 Extremal black holes in the STU model

In this section, we expand the previous results in the case of the STU model of N = 2

supergravity, which generates all other symmetric models by truncation or covariantiza-

tion. In particular, we interpret the BPS and non-BPS, Z∗ = 0 solutions in terms of the

para-quaternionic structure on M∗
3, and confirm our identification of nilpotent orbits on

explicit solutions.

4.1 Moduli spaces in D = 4 and D = 3

The STU model of N = 2 supergravity is governed by the prepotential

F = −X1X2X3/X0 , S =
X1

X0
, T =

X2

X0
, U =

X3

X0
, (4.1)

The 4D moduli space consists of 3 copies of the Poincaré upper half plane, with metric22

ds2
M4

=
dS2

1 + dS2
2

S2
2

+
dT 2

1 + dT 2
2

T 2
2

+
dU2

1 + dU2
2

U2
2

, (4.2)

and so is the symmetric space M4 = [U(1)\SL(2, R)]3. For conciseness we shall denote

(S, T, U) = (S(1), S(2), S(3)), while S
(i)
1 and S

(i)
2 will denote the real and imaginary part

of S(1).

Upon dimensional reduction along a space-like direction, the resulting moduli space in

3 dimensions is the c-map of M4,

ds2
M3

= dφ2 + ds2
M4

+
1

4
e−2φ(dσ + ζ̃ΛdζΛ − ζΛdζ̃Λ)2 (4.3)

−e−φ
[

(dζ̃Λ + ReNΛΣζΣ)[ImN ]ΛΛ′
(dζ̃Λ′ + ReNΛ′ΣζΣ) + dζΛ[ImN ]ΛΛ′dζΛ′

]

22In this section, to avoid notational conflict, we rename the variable U appearing in the metric

ansatz (1.2) into φ/2.
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(recall that ImN is definite negative, so the metric on M3 is definite positive). Upon di-

mensional reduction along a time-like direction, the resulting moduli space in 3 dimensions

is instead the pseudo-Riemannian space

ds2
M∗

3
= dφ2 + ds2

M4
+

1

4
e−2φ(dσ + ζ̃ΛdζΛ − ζΛdζ̃Λ)2 (4.4)

+
1

2
e−φ

[

(dζ̃Λ + ReNΛΣζΣ)[ImN ]ΛΛ′
(dζ̃Λ′ + ReNΛ′ΣζΣ) + dζΛ[ImN ]ΛΛ′dζΛ′

]

,

obtained from the Riemannian space (4.3) by analytic continuation ζΛ → iζΛ, ζ̃Λ →
iζ̃Λ, σ → −σ.

Both M3 and M∗
3 are symmetric spaces for the group G3 = SO(4, 4),

M3 = [SO(4)]2\SO(4, 4) , M∗
3 = [SO(2, 2)]2\SO(4, 4) . (4.5)

Note that in the second case, the denominator is not a maximal compact subgroup of G3,

which accounts for the signature (8, 8) of the metric on M∗
3. To check that the metrics (4.3)

and (4.4) are the right-invariant metrics on the two symmetric spaces (4.5), it is convenient

to choose an explicit parametrization of the Lie algebra g3 = so(4, 4) ∋ X =
∑

EaEa,

where Ea are the 28 generators and Ea are the 28 dual coordinates,

X =





























H2 + H3 −E3 −F q1
F q0

0 −E2 Ep0 Ep1

−F 3 H2 − H3 −F p2 F q3
E2 0 Ep3 −Eq2

−Eq1
−Ep2 H + H1 −E1 −Ep0 −Ep3 0 −E0

Eq0
Eq3

−F 1 H − H1 −Ep1 Eq2
E0 0

0 F 2 −F p0 −F p1 −H2 − H3 F 3 Eq1
−Eq0

−F 2 0 −F p3 F q2
E3 H3 − H2 Ep2 −Eq3

F p0 F p3 0 F 0 F q1
F p2 −H − H1 F 1

F p1 −F q2
−F 0 0 −F q0

−F q3
E1 H1 − H





























(4.6)

which preserve the SO(4, 4) quadratic form is η =

(

0 14

14 0

)

, Xtη + ηX = 0. This basis is

adapted to the branching

so(4, 4) = [sl(2, R)]4 ⊕ (2, 2, 2, 2) , (4.7)

where the four commuting SL(2, R) subgroups are generated by

[Ei, Fi] = Hi , [Hi, Ei] = 2Ei , [Hi, Fi] = −2Fi i = 0, 1, 2, 3 (4.8)

while the 16 real generators in the coset fit in an hypercube Ea0,a1,a2,a3 with ai = 1, 2 (see

figure 4). Decomposing with respect to the Cartan generator H0 leads to the real 5-grading

F0|−2 ⊕ {FpΛ , FqΛ}|−1 ⊕ (H ⊕ {Ei, Fi, Hi}i=1,2,3) |0 ⊕ {EpΛ , EqΛ}|1 ⊕ E0|2 . (4.9)

A canonical basis of Cartan generators is
(

H1, H2, H3;
1
2(H − H1 − H2 − H3)

)

, where the

last generator is the one attached to the middle node of the Dynkin diagram.
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Figure 4. (2,2,2,2) roots in SO0(4, 4)

The symmetric space M3 can then be parametrized in the Iwasawa gauge by the

coset element

V = e−
1
2
φ H0 ·





∏

i=1,2,3

e−
1
2
(log S

(i)
2 )Hi · e−S

(i)
1 Ei



 · e−ζΛEqΛ
−ζ̃ΛE

pΛ · e− 1
2
σE0 . (4.10)

The metric (4.3) on M3 is then the right-invariant metric obtained from the Maurer-Cartan

one-form θ = dV · V−1,

ds2
M3

= Tr(P 2) , P =
1

2
(θ + θT ) , (4.11)

The Iwasawa parametrization (4.10) can also be used for the pseudo-Riemannian space

M∗
3, although it is suitable only on an open subset of the full M3. The metric (4.4) is

obtained as in (4.11) upon replacing P by

P∗ =
1

2
(θ + η′ θT η′−1

) , η′ = diag(−1,−1, 1, 1,−1,−1, 1, 1) . (4.12)

where η′ is the quadratic form preserved by SL(2, R)4 = SO(2, 2) × SO(2, 2) ⊂ G3.

The Hamiltonian associated to geodesic motion on M∗
3 with Lagrangian L = ds2

M∗
3
/dρ

is given by

H =
1

4



p2
φ +

∑

i=1,2,3

(S
(i)
2 )2

(

p2

S
(i)
1

+ p2

S
(i)
2

)



+ 4e2φp2
σ (4.13)

+eφ
[

(PζΛ − ReNΛΣPζ̃Σ
)[ImN ]ΛΛ′

(PζΛ′ − ReNΛ′Σ′Pζ̃Σ′
) + Pζ̃Λ

[ImN ]ΛΛ′Pζ̃Λ′

]

,
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where

PζΛ = pζΛ − ζ̃Λpσ , Pζ̃Λ
= pζ̃Λ

+ ζΛpσ , (4.14)

and pa = ∂L/∂φ̇a are the momenta conjugate to φa. The conserved Noether charges are

given by

Q = V−1P∗V . (4.15)

The electric and magnetic charges qΛ, pΛ, NUT charge k are proportional to the components

EqΛ , EpΛ , Ek of the Noether charge:

{

pΛ =
√

2EpΛ = −
√

2
2 (pζ̃Λ

− ζΛ pσ)

qΛ =
√

2EqΛ = −
√

2
2 (pζΛ + ζ̃Λ pσ)

, k = 2E0 = −2pσ . (4.16)

Note that the charges (pΛ, qΛ) transform as (2, 2, 2) of G4, so can be fit into a cube

E2,a1,a2,a3 , corresponding to the front face of the hypercube in figure 4. The Cayley hyper-

determinant of this cube,

♦ =
1

8
ǫa1b1ǫa2b2ǫa3d3ǫc1d1ǫc2d2ǫb3c3 E2,a1,a2,a3E2,b1,b2,b3E2,c1,c2,c3E2,d1,d2,d3

= −4q0p
1p2p3 + 4p0q1q2q3 + 4(p1p2q1q2 + p2p3q2q3 + p3p1q3q1)

− (p0q0 + p1q1 + p2q2 + p3q3)
2

(4.17)

provides a quartic polynomial invariant under [SL(2, R)]3. This is in fact the truncation of

the E7(7) quartic invariant (2.14) in N = 8 supergravity.

For static black holes with pσ = 0, the Hamiltonian (4.13) reduces to

H = φ̇2 +
∑

i=1,2,3

(Ṡ
(i)
1 )2 + (Ṡ

(i)
2 )2

(S
(i)
2 )2

− eφVBH , (4.18)

where VBH is the “black hole potential”

VBH = −1

2

[

(qΛ − ReNΛΣpΣ)[ImN ]ΛΛ′
(qΛ′ − ReNΛ′Σ′pΣ′

) + pΛ[ImN ]ΛΛ′pΛ′
]

. (4.19)

Note that VBH > 0, but the actual potential −eφVBH is unbounded from below.

Since M∗
3 has restricted holonomy group SO(2, 2)2, it is possible to construct a vielbein

VAA′A′′A′′′ transforming as (2, 2, 2, 2), covariantly constant under the sl(2, R)4-valued spin

connection. In order to make contact with the standard construction of the quaternionic

vielbein for the c-map geometry (4.3) [31], we adapt the construction of [37] to the pseudo-

Riemannian case.

For this purpose, we perform a Cayley rotation within each SL(2) factor, and define

J+
i =

1

2
(Ei + Fi + iHi) , J3

i = Ei − Fi , J−
i =

1

2
(Ei + Fi − iHi) , (4.20)

for i = 0, 1, 2, 3. This defines a [SL(2, C)]4 subgroup of SO(8, C). Under the branching

so(4, 4) ∼= [su(2, R)]4 ⊕ (2, 2, 2, 2) , (4.21)
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Eq0

L0
−i +i−i/2 +i/2

R0

+3/2i

−3i/2

K++++

K+−−−

K+(+−−)

K+(++−)K−(++−)

K−(+−−)

K−−−−

K−+++

J+
0J0−

J+
i

J−
i

H
−2 +2−1 +1

+3/2

−3/2

Ep0

Eqi

EpiFqi

Fpi

Fp0

E0F0

Ei

Fi

∑

Hi

Fq0

Figure 5. Two-dimensional projection of the root diagram with respect to the split Cartan torus

H0, H1 + H2 + H3 (left) and the compact Cartan torus L0 = J3
0 , R0 = J3

1 + J3
2 + J3

3 (right). The

compact (resp. non-compact) roots are indicated by a white (resp. black) dot. The long roots

generate SL(3, R) (left) and SU(2, 1) (right) subgroups, respectively.

the 16 generators in the pseudo-real coset (2, 2, 2, 2) can now be fit in a complex hypercube

KA0,A1,A2,A3 with Ai = ±1, where iAi is the eigenvalue under J3
i and K satisfies the

reality condition

K−A0,−A1,−A2,−A3 = (KA0,A1,A2,A3)
∗ . (4.22)

The entries in K can be obtained from the real coset Ea0,a1,a2,a3 by means of a Cayley

rotation C = e−
iπ
4

P

i=0...3(Ei+Fi), for example,

K++++ = C · Fp0 · C−1

=
1

4

(

− Ep0 − iEp1 − iEp2 − iEp3 + iEq0 − Eq1 − Eq2 − Eq3

+ Fp0 + iFp1 + iFp2 + iFp3 − iFq0 + Fq1 + Fq2 + Fq3

)

(4.23)

The action of L0 ≡ J3
0 defines a complex 5-grading, and the combined action of L0 and

R0 = J3
1 + J3

2 + J3
3 projects the root system onto the G2 root system, with multiplicity 3

for the short roots. We now perform a Weyl reflection with respect to K+−−−, in such a

way that the four SU(2) subalgebras generated by J±
0 , J±

i are rotated by an angle π/3 into

the four SU(2) subalgebra generated by23 K±±±± and K±(±∓∓), with Cartan generators

J3
0 + J3

1 + J3
2 + J3

3 , J3
0 ± J3

1 ∓ J3
2 ∓ J3

3 , (4.24)

respectively. The algebra so(4, 4) again decomposes as [su(2)]4 ⊕ (2, 2, 2, 2) with respect

to this SU(2)4, and the projection of the Maurer-Cartan one-form on the coset yields the

desired vielbein. This may be represented in the same figure 4, upon replacing

Ep0 7→ −v̄ , Epi 7→ iE(i) , Eqi
7→ e(i) , Eq0 7→ −iu , (4.25)

Fp0 7→ −v̄ , Fpi 7→ −iĒ(i) , Fqi
7→ iē(i) , Fq0 7→ iū , (4.26)

23Here the parenthesis indicates that one should include the three possible permutations.

– 38 –



J
H
E
P
0
1
(
2
0
1
0
)
0
3
8

where u, v, e(i), E(i) denote the right-invariant one-forms

v =−dφ+
i

2
e−φ(dσ+ζ̃ΛdζΛ−ζΛdζ̃Λ), u=

√
2 e(K−φ)/2XΛ(dζ̃Λ+NΛΣdζΣ) (4.27)

e(i) = i(dS
(i)
1 +idS

(i)
2 )/S

(i)
2 , E(i) =2i

√
2S

(i)
2 e−φ/2fΛ

i (dζ̃Λ+N̄ΛΣdζΣ)

where f I
i = eK/2DiX

I = eK/2[∂i + (∂iK)]XI . It is straightforward to check that the

vielbein VAA′A′′A′′′ satisfies the reality condition

VAA′A′′A′′′ = ǫABǫA′B′ǫA′′B′′ǫA′′′B′′′(VBB′B′′B′′′)∗ (4.28)

In term of these one-forms, the metric takes the simple form

ds2
M3

= −1

2
ǫABǫA′B′ǫA′′B′′ǫA′′′B′′′VAA′A′′A′′′VBB′B′′B′′′ = uū+vv̄ +

∑

i=1,2,3

(e(i)ē(i) +E(i)Ē(i))

(4.29)

The spin connection for each of the SU(2) factors is given by






K++++

J3

K−−−−






=







u
1
2 ((v − v̄) + (e1 − ē1) + (e2 − ē2) + (e3 − ē3))

−ū






(4.30)

and






K−(++−)

J i
′

K+(+−−)






=







Ei
1
2 ((v − v̄) + (ei − ēi) − (ej − ēj) − (ek − ēk))

−Ēi






(4.31)

The constant covariance of the vielbein can be checked using the Maurer-Cartan equation

dθ + θ ∧ θ = 0,

du +
1

4
((e1 − ē1) + (e2 − ē2) + (e3 − ē3) − (v + v̄))u =

1

2
ei ∧ Ei ,

dEi +
1

4
((ej − ēj) + (ek − ēk) − (ei − ēi) − (v + v̄))Ei =

1

2

(

|ǫijk|Ēj ∧ ek + u ∧ ēi

)

dv =
1

2
(vv̄ + uū + EiĒi)

dei +
1

2
ēiei = 0 (4.32)

Singling out the first SU(2) as the R-symmetry group, we recover the quaternionic vielbein

for the c-map geometry (4.3) [31],

V αA =











ū v

ēī Ei

−Ēī ei

−v̄ u











= −i











K+−−− J+
0

−J−
i K+(++−)

K−(+−−) J+
i

J−
0 −K−+++











, (4.33)

Finally, in order to describe the pseudo-Riemannian manifold M∗
3 we conjugate the

generators by exp(iπH0/2), whose effect is to Wick rotate

E0 7→ −E0 ,

(

EpΛ

EqΛ

)

7→ i

(

EpΛ

EqΛ

)

,

(

FpΛ

FqΛ

)

7→ −i

(

FpΛ

FqΛ

)

, F0 7→ −F0 . (4.34)
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The (2,2,2,2) coset V ∗
AA′A′′A′′′ is now obtained from figure 4 by replacing

Ep0 7→ −v̄ , Epi 7→ E(i) , Eqi
7→ e(i) , Eq0 7→ −u , (4.35)

Fp0 7→ −v , Fpi 7→ −Ē(i) , Fqi
7→ ē(i) , Fq0 7→ ū , (4.36)

In terms of this new vielbein V ∗
AA′A′′A′′′ , the pseudo-Riemannian metric (4.4) may be writ-

ten as

ds2
M∗

3
= −1

2
ǫABǫA′B′ǫA′′B′′ǫA′′′B′′′V ∗

AA′A′′A′′′V ∗
BB′B′′B′′′

=



vv̄ +
∑

i=1,2,3

e(i)ē(i)



−



uū +
∑

i=1,2,3

E(i)Ē(i)



 .
(4.37)

As will become clear in section 4.3, the two terms in bracket correspond to the kinetic and

potential terms in the Hamiltonian (4.18).

4.2 Near horizon solutions

For simplicity, we focus on solutions with D4 and D0 brane charges only, and denote

P i = pi, P 0 = −p0, Qi = qi, Q0 = −q0 to conform with existing literature. For extremal

solutions, the near horizon geometry is AdS2 × S2 with constant values for the complex

scalars S(i), which have to extremize the “black hole potential” VBH. For D4 − D0, it is

consistent to set the axions S
(i)
1 to zero. In this case, VBH simplifies to

VBH =
Q2

0 + (P 1)2T 2
2 U2

2 + (P 2)2S2
2U2

2 + (P 3)2S2
2T 2

2

2S2T2U2
. (4.38)

Extremization with respect to S2, T2, U2 leads to a unique minimum,

S2,∗ =

√

|Q0P 1|
|P 2P 3| , T2,∗ =

√

|Q0P 2|
|P 1P 3| , U2,∗ =

√

|Q0P 3|
|P 1P 2| , (4.39)

corresponding to an entropy

SBH = πVBH,∗ = 2π
√

|Q0P 1P 2P 3| . (4.40)

The extremum (4.39) exists for charges Q0, P
i of any sign, but the supersymmetry prop-

erties of the solution do depend on the signs of the charges. The values of the central

charges at the horizon are summarized in table 1, where z = sgn(Q0)
√

2|Q0P
1P 2P 3|1/4

(see also [18, 29, 33]): Case (a) corresponds to BPS black holes of the STU model. The

next three cases (bcd) are the so-called non-BPS, Z∗ = 0 extremal solutions. They are

non-BPS in the STU model, but can still be lifted to 1/8-BPS black holes in maximal

supergravity [48]. All these cases have ♦ > 0. In contrast, the remaining four cases (efgh)

have ♦ < 0 and are genuinely non-BPS. They are characterized by the fact that the four

central charges Z, Zi at the horizon are non-vanishing, and in fact equal in modulus. We

shall discuss these solutions in more detail below.
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P 1Q0 P 2Q0 P 3Q0 Z∗ Z1,∗ Z2,∗ Z3,∗
(a) + + + −z 0 0 0

(b) + − − 0 −z 0 0

(c) − + − 0 0 −z 0

(d) − − + 0 0 0 −z

(e) − − − z
2 − z

2 − z
2 − z

2

(f) − + + − z
2

z
2 − z

2 − z
2

(g) + − + − z
2 − z

2
z
2 − z

2

(h) + + − − z
2 − z

2 − z
2

z
2

Table 1. Central charges at the horizon.

4.3 Extremal Z∗ = 0 solutions

In this subsection, we discuss the geodesic flow interpretation of BPS black holes, as well

as so-called non-BPS, Z∗ = 0 black holes, as they all appear on the same footing in the

context of the STU model.

Our starting point is the SL(2, R)4 vielbein V ∗
AA′A′′A′′′ computed at the end of sec-

tion 4.1 in terms of the invariant one-forms (4.27), and the relation (4.16) between the

electromagnetic and NUT charges qΛ, pΛ, k and canonical momenta conjugate to ζΛ, ζ̃Λ, σ.

For a static black hole, k = −2pσ = 0, which allows to express the differentials dζΛ, dζ̃Λ, dσ

in terms of the electromagnetic charges qΛ, pΛ. In this way, we find

v = −dφ, u = −ieφ/2Z

e(i) = i(dS
(i)
1 + idS

(i)
2 )/S

(i)
2 , E(i) = −ieφ/2Zi (4.41)

where Z ≡ Z0 and Zi are the central charge and “scalar charges”, respectively,

Z = eK/2(qΛXΛ − pΛFΛ) , Zi = −2iS
(i)
2

(

∂i +
1

2
∂iK

)

Z . (4.42)

For completeness we list the central charges:

2
√

2S2T2U2Z =
(

q0 + q1S1 + q2T1 + q3U1 + p3S1T1 + p2S1U1 + p1T1U1 − p0S1T1U1

)

+iS2

(

q1 + p3T1 + (p2 − p0T1)U1

)

+ iT2

(

q2 + p3S1 + (p1 − p0S1)U1

)

+iU2

(

q3 + p2S1 + (p1 − p0S1)T1

)

− S2T2(p
3 − p0U1)

−S2U2(p
2 − p0T1) − T2U2(p

1 − p0S1) + ip0S2T2U2 , (4.43)

2
√

2S2T2U2Z1 =
(

q0 + q1S1 + q2T1 + q3U1 + p3S1T1 + p2S1U1 + p1T1U1 − p0S1T1U1

)

−iS2

(

q1 + p3T1 + (p2 − p0T1)U1

)

+ iT2

(

q2 + p3S1 + (p1 − p0S1)U1

)

+iU2

(

q3 + p2S1 + (p1 − p0S1)T1

)

+ S2T2(p
3 − p0U1)

+S2U2(p
2 − p0T1) + T2U2(−p1 + p0S1) − ip0S2T2U2 , (4.44)

2
√

2S2T2U2Z2 =
(

q0 + q1S1 + q2T1 + q3U1 + p3S1T1 + p2S1U1 + p1T1U1 − p0S1T1U1

)

+iS2

(

q1 + p3T1 + (p2 − p0T1)U1

)

− iT2

(

q2 + p3S1 + (p1 − p0S1)U1)
)
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+iU2

(

q3 + p2S1 + (p1 − p0S1)T1

)

+ S2T2(p
3 − p0U1)

+S2U2(−p2 + p0T1) + T2U2(p
1 − p0S1) − ip0S2T2U2 , (4.45)

2
√

2S2T2U2Z3 =
(

q0 + q1S1 + q2T1 + q3U1 + p3S1T1 + p2S1U1 + p1T1U1 − p0S1T1U1

)

+iS2

(

q1 + p3T1 + (p2 − p0T1)U1

)

+ iT2

(

q2 + p3S1 + (p1 − p0S1)U1

)

−iU2

(

q3 + p2S1 + (p1 − p0S1)T1

)

+ S2T2(−p3 + p0U1)

+S2U2(p
2 − p0T1) + T2U2(p

1 − p0S1) − ip0S2T2U2 . (4.46)

It should be noted that Zi is related to Z by reversal of the sign of one of the S
(i)
2 ’s followed

by complex conjugation, e.g.

Z1(S, T, U ; pΛ, qΛ) = Z(S̄, T, U ; pΛ, qΛ) . (4.47)

Using (4.37), we see that the black hole potential (4.19) can be rewritten as

VBH = |Z0|2 + |Z1|2 + |Z2|2 + |Z3|2 . (4.48)

Moreover, from standard formulae in special geometry [55]

DZ =
i

2S
(i)
2

Zi dS(i) , DZi =
i

2S
(k)
2

|ǫijk|Z̄j ∧ dS(k) − i

2S
(i)
2

ZdS̄(i) (4.49)

or from the Maurer-Cartan equations (4.32), one can check that

VBH = W 2 + 4
(

gSS̄ |∂SW |2 + gT T̄ |∂T W |2 + gUŪ |∂UW |2
)

(4.50)

for any choice of W amongst [13]

W = |Z| , W = |Z1| , W = |Z2| , W = |Z3| . (4.51)

Therefore, any W in (4.51) can be used as a fake superpotential to generate first

order equations

φ̇ = −eφ/2W , Ṡ(i) = −eφ/2gS(i)S̄(i)
∂S̄(i)W (4.52)

which imply the second order equations from the Hamiltonian (4.13) at zero energy, and

moreover guarantee that the corresponding solution is extremal [12].

The first choice in (4.51) corresponds to BPS black holes. Its interpretation as a

special kind of geodesic flow on M∗
3 is well known [21, 35]: indeed, the BPS attractor flow

equations (4.52) with W = |Z| can be written in terms of the invariant forms (4.41) as

v = −zu , ē(i) = zE(i) , Ē(i) = ze(i) , ū = −zv̄ , z = −i

√

Z̄

Z
, (4.53)

or equivalently, using the vielbein VAA′A′′A′′′ ,

VAA′A′′A′′′ǫA = 0 , ǫA =

(

1

z

)

. (4.54)

Since the index A transforms as a doublet under the R-symmetry SU(2), this is recognized

as the Killing spinor equation for BPS black holes [21, 35]. Note that the phase of Z varies

according to

d arg(Z) + A = 0 (4.55)
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where A is the Kähler connection,

A =
1

2i

(

∂iKdti − ∂īKdt̄ī
)

=
1

2

(

dS1

S2
+

dT1

T2
+

dU1

U2

)

. (4.56)

Similarly, the first order equations (4.52) with W = |Zi| can be written in terms of the

invariant forms (4.41) as

v = −zĒ(i) , e(i) = zu , e(j) = zE(k) , e(k) = zE(j) , z = −i

√

Zi

Z̄i
, (4.57)

or equivalently, using the vielbein VAA′A′′A′′′ ,

VAA′A′′A′′′ǫA(i)
= 0 , ǫA(i)

=

(

1

z

)

, (4.58)

where we denote A(1) = A′, A(2) = A′′, A(3) = A′′′. Note that the phase of Zi varies in this

class of solutions according to

d arg(Zi) + A(i) = 0 (4.59)

where

A(i) =
1

2

(

dS
(i)
1

S
(i)
2

− dS
(j)
1

S
(j)
2

− dS
(k)
1

S
(k)
2

)

. (4.60)

Thus, the non-BPS, Z∗ = 0 solutions are related to the BPS ones by a permutation of the

four SL(2) factors.24This is in accordance with the fact that these solutions lift to 1/8-BPS

solutions in maximal supergravity [48]. Using the explicit form of the solutions given in

appendix C, one may check that the Noether charge is nilpotent of degree 3 in the vector

representation, and corresponds to the nilpotent orbits [(+−+)2(−)2]II , [(−+−)2(+)2]I,II

in cases (a,b,c,d), respectively.

4.4 Extremal Z∗ 6= 0 solutions

When ♦ < 0, the extremal black hole is genuinely non-BPS. The fake superpotential W is

given by the same formula (2.78) as in N = 8 supergravity, upon substituting

ρ0 = |Z| , ρ1 = |Z1| , ρ2 = |Z2| , ρ3 = |Z3| , 4ϕ = arg(ZZ̄1Z̄2Z̄3) . (4.61)

On the sublocus where ϕ = π/4 or ϕ = 0, the simpler forms (B.17), (2.88) can be used.

In particular, for axion-free solutions with Z∗ < 0 and Zi,∗ > 0, both (B.17) and (2.88)

reduce to the formula proposed in [12, 18]

W =
1

2

(

−Z + Z1 + Z2 + Z3

)

= eK/2

(

−Q0 +
T Ū + UT̄

2
P 1 +

SŪ + US̄

2
P 2 +

ST̄ + T S̄

2
P 3

) (4.62)

on the locus S1 = T1 = U1 = 0.

Evaluating the Noether charge on the explicit solution given in appendix C, it is easy

to confirm that such non-BPS, Z∗ 6= 0 solutions are indeed associated to the nilpotent orbit

[(+ − +), (− + −),+,−] of SO(4, 4).

24This fact has been observed independently in [29].
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A Nilpotent orbits

In this appendix, we review some general facts about nilpotent orbits of real Lie groups,

and discuss in details the nilpotent orbits of E8(8) and SO(4, 4) relevant for extremal black

holes in maximal supergravity and the STU model, respectively. Useful references for the

material of this section are [40] and [41, 44, 56].

A.1 Generalities

Complex nilpotent orbits of GC are classified by conjugacy classes of homomorphisms

sl(2) →֒ gC, i.e. by triplets (e, f , h) of elements in the Lie algebra gC satisfying the sl2

commutation relations [e, f ] = h, [h, e] = 2e, [h, f ] = −2f . Under the adjoint action of h,

gC decomposes as a sum of eigenspaces gC =
⊕

g(i) with eigenvalues i ∈ [−n, n], n ≥ 2,

often referred to as a 2n + 1-grading (this grading is said to be even if g(i) = 0 for i odd;

in this case n is even, and gC =
⊕

g(2i) yields a n + 1-grading). Correspondingly, gC

decomposes into a sum of irreducible representations of SL(2) with spin j ≤ n/2. e is an

element of g(2), and therefore nilpotent of degree 2n+1. Its complex adjoint orbit OC(e) is

PC\GC, where PC is the stabilizer of e, a non-reductive subgroup of the parabolic subgroup
⊕

i≥0 g(i) ⊂ gC which contains in particular g(n−1) ⊕ g(n). The complex dimension of OC(e)

is equal to dim g − dim g(0) − dim g(1). Complex orbits can be labelled by their Dynkin

indices, which are the coefficients of h on the standard generators of the Cartan subalgebra

of g. These can take values amongst 0, 1, 2 only. The subalgebra g(0) ⊂ gR commuting with

h is the direct sum of abelian factors associated to the nodes with a non-zero label, and

of the semi-simple Lie algebra whose Dynkin diagram coincides with the set of zero nodes.

The set of nilpotent orbits admits a partial ordering, with e ≤ e′ whenever e′ lies in the

closure of the orbit through e. It is convenient to display them in a Hasse-type diagram,

with arrows pointing from e to e′ when e ≤ e′.

We are interested in nilpotent orbits of gR, where gR is the Lie algebra of a non-

compact real form GR of GC, with maximal compact subgroup KR. The maximal compact

Lie algebra kR of gR is obtained as the (−1)-eigenspace of the Cartan involution † (not to

be confused with the adjoint), so that elements of kR are of the form e − e† where e ∈ gR.

The Kostant-Sekiguchi correspondence relates GR-orbits in gR to KC-orbits in gC ⊖ kC.

More precisely, the Kostant-Sekiguchi homeomorphism

e 7→ 1

2

(

e + e† + i[e, e†]
)

(A.1)

identifies
N ∩ gR

GR

∼= N ∩ (gC ⊖ kC)

KC

, (A.2)
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where N is the variety of nilpotent elements inside gC. Its inverse can be obtained by use

of the complex conjugation ∗, under the convention that the generators of gR are real,

e 7→ 1

2

(

e + e∗ − i[e, e∗]
)

. (A.3)

The representative of a real orbit OR(e) can be chosen so that its standard triplet (e, f , h)

is a Cayley triplet, i.e. verifies

e − f ∈ kR , h, e + f ∈ gR ⊖ kR . (A.4)

In practice, f = e† is obtained from e via the Cartan involution, after having normalized

e properly. The Kostant-Sekiguchi homeomorphism maps this sl2 subalgebra of gR to the

following sl2 subalgebra of gC,

{

e, f , h
}

7→
{

1
2
(e + f + ih), 1

2
(e + f − ih), i(e − f )

}

. (A.5)

such that the nilpotent element 1
2
(e+ f + ih) lies in gC ⊖ kC, while the semi-simple element

i(e − f) lies in kC.

It turns out that the GR-orbit of e is uniquely characterized by the KC-conjugacy

class of i(e − e†). Moreover, one can always choose a representative ec of the orbit OR(e)

such that i(ec − e
†
c) is in a fixed Cartan subalgebra of kC. The weighed Dynkin diagram

associated to OR(e) is then the Dynkin diagram of K decorated by the eigenvalues of the

simple roots of k with respect to the element i(ec − e
†
c). This diagram labels the real

nilpotent orbit uniquely if k is semi-simple, otherwise it has to be supplemented with extra

labels associated to the Abelian factors. In contrast to G, the labels of the weighed Dynkin

diagram of K are not bounded by 2, although they are still positive.

For applications to black holes, we are however more interested in the orbit of an

element e lying in N ∩ (gR ⊖ k∗R) under K∗
R, where K∗

R is a non-compact real form of KC

defined by the Cartan involution ‡. When the intersection OR(e)∩ (gR ⊖ k∗
R
) is non-empty,

there exists a “starred” Cayley triplet (ec∗ , fc∗ = e
‡
c∗ ,hc∗) such that ec∗ , fc∗ ∈ gR ⊖ k∗R and

hc∗ lies in a fixed Cartan subalgebra of k∗R. The orbit is characterized by the eigenvalues

of the simple roots with respect to hc∗ , which furnish a weighted Dynkin diagram for K∗.
The semi-simple generator hc∗ defines a graded decomposition of the Lie algebra k∗.

A given nilpotent GC-orbit in general corresponds to several GR-orbits labelled by

KC-weighted Dynkin diagrams di. Similarly, the KC-orbit associated to di corresponds to

several K∗
R-orbits, labeled by the same25 KC-weighted Dynkin diagrams dj . Thus, each

K∗
R-orbit is labelled by a pair (di, dj). It turns out, although we do not know a proof of

this fact, that extremal black holes correspond to choosing di = dj . This condition on P

complements the nilpotency condition on Q mentioned in section 1.4.

25more properly, by a subset thereof. Indeed, some GR-orbits do not intersect with the coset component

gR − k∗. This is the case for instance of all the E8(8) nilpotent orbits of dimension strictly greater than 216.
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A.2 Nilpotent orbits of E8(8)

Minimal orbit, dimension 58

We start with the minimal orbit of E8(8), with weighed Dynkin diagram
h

0
0000001

i

. It

corresponds to the graded decomposition

e8(8)
∼= 1(−2) ⊕ 56(−1) ⊕

(

gl1 ⊕ e7(7)
)(0) ⊕ 56(1) ⊕ 1(2) (A.6)

of the adjoint representation, familiar from the dimensional reduction from 4 to 3 dimen-

sions. The 3875 representation is also five-graded with respect to this decomposition,

therefore the elements in the grade 2 component are nilpotent of degree 3 in both the

adjoint representation and the 3875. To see that such elements can be chosen inside

e8(8) ⊖ so∗(16), we decompose (A.6) further into

e8(8)
∼= 1(−2) ⊕

(

28+ ⊕ 28−
)(−1) ⊕

(

gl1 ⊕ su∗(8) ⊕ 70
)(0) ⊕

(

28+ ⊕ 28−
)(1) ⊕ 1(2) . (A.7)

This exhibits the embedding so∗(16) ⊂ e8(8), associated to the weighted Dynkin diagram
h

0
· 1000000

i

of the real E8(8) orbit

so∗(16) ∼= 28
(−1)

+ ⊕
(

gl1 ⊕ su∗(8)
)(0) ⊕ 28

(1)

+ . (A.8)

The weighted Dynkin diagram of the real orbit labels the compact element of the Cartan

subalgebra of so(16) that appears in the Cayley triplet associated to the nilpotent element

e, namely e − e† ∈ 1(2) − 1(−2). As it turns out, it also labels a non-compact element

of the Cartan subalgebra of so∗(16) which is h = [e, e‡] ∈ gl
(0)

1 for a particular choice of

normal triplet.

The isotropy subgroups inside Spin∗(16) and E8(8) follow trivially from the five-

graded decomposition

SU∗(8) ⋉ 28(1) ⊂ E7(7) ⋉
(

56(1) ⊕ 1(2)
)

(A.9)

Nilpotent orbit of dimension 92

The next orbit in the Hasse diagram is associated to the weighted Dynkin diagram
h

0
1000000

i

.

The corresponding graded decomposition is the five-graded decomposition of e8(8) in term

of irreducible representations of Spin(7, 7)

e8(8)
∼= 14(−2) ⊕ 64(−1) ⊕

(

gl1 ⊕ so(7, 7)
)(0) ⊕ 64(1) ⊕ 14(2) . (A.10)

The grade 2 component is no longer a singlet, and one should further decompose Spin(7, 7)

irreducible representations with respect to Spin(6, 7) to obtain a singlet in the 14 ∼= 1 ⊕
13.26 Again it follows from the five-grading that such a nilpotent element satisfy C 3 = 0 in

the adjoint representation. The 3875 is however nine-graded with respect to the Spin(7, 7)

26A time-like vector would lead to a minimal orbit. Note that the choice of an either time-like or space-

like vector is equivalent in this case, whereas it would not be in the case of E8(−24), which has a similar

five-graded decomposition in irreducible representations of Spin(3, 11). Indeed, there are two corresponding

92 dimensional nilpotent orbits of E8(−24).

– 46 –



J
H
E
P
0
1
(
2
0
1
0
)
0
3
8

decomposition, and only the fifth power of C vanishes in this representation. One can easily

identify the relevant embeddings of Spin∗(16)/Z2 ⊂ E8(8) such that 1(2) ⊂ e8(8) ⊖ so∗(16)

from the decomposition associated to the weighted Dynkin diagram
h

0
· 0001000

i

of the orbit,

so∗(16) ∼= 6(−2) ⊕ (4 ⊗ 8)(−1)

R ⊕
(

gl1 ⊕ so(5, 1) ⊕ so(2, 6)
)(0) ⊕ (4 ⊗ 8)(1)

R ⊕ 6(2) . (A.11)

It turns out that one has two corresponding Spin∗(16) orbits, associated to time-like and

space-like vectors e ∈ 8(2), which isotropy subgroup of SO(2, 6) are SO(1, 6) and SO(2, 5),

respectively. The corresponding isotropy subgroups of Spin∗(16) and the one of E8(8) follow

trivially from the five-graded decomposition

(

Spin(5, 1) × Spin(1, 6)
)

⋉
(

(4 ⊗ 8)(1)

R ⊕ 6(2)
)

(

Spin(1, 5) × Spin(5, 2)
)

⋉
(

(4 ⊗ 8)(1)

R ⊕ 6(2)
)







⊂ Spin(6, 7) ⋉
(

64(1) ⊕
(

1 ⊕ 13
)(2))

(A.12)

The first line corresponds to regular 1/4-BPS black holes, while the second corresponds to

solutions with the two non-saturated central charges higher than the mass i.e. |z1| = |z2| =

|W | < |z3| = |z4 |.

Nilpotent orbit of dimension 112

The next nilpotent orbit, with weighted Dynkin diagram
h

0
0000010

i

, is slightly more intricate.

Its graded decomposition is the seven-graded decomposition in SL(2,R)×E6(6) irreducible

representations

e8(8)
∼= 2(−3)⊕27

(−2)⊕(2⊗27)(−1)⊕
(

gl1 ⊕ sl2 ⊕ e6(6)
)(0)⊕(2⊗27)(1)⊕27(2)⊕2(3) . (A.13)

To exhibit a singlet in the grade 2 component, one should decompose further into F4(4)

irreducible representations,

e8(8)
∼= 2(−3) ⊕

(

1 ⊕ 26
)(−2) ⊕

(

2 ⊕ 2 ⊗ 26
)(−1) ⊕

(

gl1 ⊕ sl2 ⊕ f4(4) ⊕ 26
)(0)

⊕
(

2 ⊕ 2 ⊗ 26
)(1) ⊕

(

1 ⊕ 26
)(2) ⊕ 2(3) (A.14)

It follows from the seven-graded decomposition that such a nilpotent element vanishes to

the fourth power in the adjoint representation. In order to identify the existence of a

corresponding Spin∗(16) orbit inside e8(8) ⊖ so∗(16), one should further decompose27

f4(4)
∼= su(2) ⊕ sp(3) ⊕ (2 ⊗ 143)R , 26 ∼= (2 ⊗ 6)R ⊕ 142 . (A.15)

The embedding of so∗(16) corresponds to the decomposition

so∗(16) ∼= 1
(−3)

+ ⊕(2 ⊗ 6)(−2)

R ⊕
(

1 ⊕ (2 ⊗ 6)R ⊕ 142

)(−1)

+

⊕
(

gl1 ⊕ gl1 ⊕ su(2) ⊕ sp(3) ⊕ 142

)(0) ⊕
(

1 ⊕ (2 ⊗ 6)R ⊕ 142

)(1)

−
⊕(2 ⊗ 6)(2)

R ⊕ 1
(3)

− (A.16)

27We added indices to the 142 and the 143 representations of USp(6) to differentiate the real 2-form

representation from the pseudo-real 3-form representation.
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where the indices ± denote the eigenvalue ± under gl1 ⊂ sl2. This decomposition can be

read off from the weighted Dynkin diagram
h

0
· 1000010

i

. These decompositions enable us

to compute the isotropy subgroups of Spin∗(16) and E8(8) as

(

GL+(1,R) × SU(2) × USp(6)
)

⋉

(

(

(2 ⊗ 6)R ⊕ 142

)(1) ⊕ (2 ⊗ 6)(2)

R ⊕ 1(3)

)

⊂
(

SL(2,R) × F4(4)

)

⋉

(

(2 ⊗ 26)(1) ⊕
(

1 ⊕ 26
)(2) ⊕ 2(3)

)

(A.17)

Nevertheless the decomposition (A.16) is not unique, for instance one has a similar decom-

position by decomposing su∗(6) ∼= sp(1, 2) ⊕ 142 rather than su∗(6) ∼= sp(3) ⊕ 142. The

resulting orbit has as isotropy subgroup of Spin∗(16)

(

GL+(1,R) × SU(2) × USp(2, 4)
)

⋉

(

(

(2 ⊗ 6)R ⊕ 142

)(1) ⊕ (2 ⊗ 6)(2)

R ⊕ 1(3)

)

(A.18)

and correspond to black holes for which some of the central charges are larger than the mass.

Nilpotent orbits of dimension 114

There are two 114-dimensional orbits which lie in the same complex orbit of E8 associated

to the weighted Dynkin diagram
h

0
0000002

i

. They are associated to the five-graded decom-

position (A.6), however the weight 2 indicates that the five grading must be considered as

an even nine grading, or equivalently that the corresponding nilpotent elements lie inside

the grade 1 component with respect to the five-grading. Because the 3875 representation

decomposes as well into a five-graded decomposition, the representative of these orbit is

nilpotent of degree five in both the adjoint and the 3875 representation. It turns out that

the two real orbits are associated to the decomposition of E7(7) under the two real forms

E6(2) and E6(6) of E6, respectively. In the first case,28

e8(8)
∼= iR(−2) ⊕

(

C⊕ 27
)(−1) ⊕

(

C⊕ e6(2) ⊕ 27
)(0) ⊕

(

C⊕ 27
)(1) ⊕ iR(2) . (A.19)

The nilpotent element can be chosen in the real component of C(1), therefore its nilpotency

degree in the adjoint representation is 5. In order to understand the relevant embedding

of Spin∗(16) one should further decompose

e6(2)
∼= su(2) ⊕ su(6) ⊕ (2 ⊗ 20)R , 27 ∼= (2 ⊗ 6) ⊕ 15 (A.20)

and so∗(16) into

so∗(16) ∼= iR(−2) ⊕ (2 ⊗ 6)(−1) ⊕
(

C⊕ su(2) ⊕ su(6) ⊕ 15
)(0) ⊕ (2 ⊗ 6)(1) ⊕ iR(2) , (A.21)

as suggested by the weighted Dynkin diagram
h

0
· 0000020

i

. This way one determines the

isotropy subgroups inside Spin∗(16) and E8(8) respectively

(

SU(2) × SU(6)
)

⋉
(

(2 ⊗ 6)(1) ⊕ iR(2)
)

⊂ E6(2) ⋉
(

(R⊕ 27)(1) ⊕ iR(2)
)

. (A.22)

28Note that the complex representation 27 is sometimes written as 27 ⊕ 27 in the literature.
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It is also interesting to consider the isotropy subgroup inside the E7(7) subgroup of E8(8)

which intersects with Spin∗(16) on an SU(8) subgroup. From the embedding

e7(7)
∼= iR(2) − iR(−2) ⊕ e6(2) ⊕ 27(1) − 27(−1) (A.23)

one finds that this isotropy subgroup is E6(2). This implies that ♦(W
− 1

2 Z) > 0 on the

corresponding Spin∗(16) orbit.

The other nilpotent orbit of dimension 114 is associated to the decomposition

e8(8)
∼= 1(−2)⊕

(

1(−3) ⊕ 27(−1) ⊕ 27
(1) ⊕ 1(3)

)(−1)⊕
(

gl1 ⊕ 27
(−2) ⊕ (gl1 ⊕ e6(6))

(0) ⊕ 27(2)
)(0)

⊕
(

1(−3) ⊕ 27(−1) ⊕ 27
(1) ⊕ 1(3)

)(1) ⊕ 1(2) (A.24)

where the internal grading is associated to the three-graded decomposition of e7(7) into

irreducible representations of e6(6). It follows that the nilpotency degree of an element of

1(1,3) in the adjoint representation is 3. In order to get a nilpotent element of degree 5 in the

adjoint representation, one could consider an element in 1(1,−3) + 1(1,3). In order to ensure

that this element lies in e8(8) ⊖ so∗(16), we have to further decompose e6(6)
∼= sp(4) ⊕ 42

and consider the embedding of so∗(16) associated to its decomposition
h

0
· 2000000

i

so∗(16) ∼=
(

1(−3) − 1(3) ⊕ 27(−1) − 27(1)
)(−1) ⊕

(

gl1 ⊕ sp(4)(0) ⊕ 27(−2) + 27(2)
)(0)

⊕
(

1(−3) − 1(3) ⊕ 27(−1) − 27(1)
)(1)

. (A.25)

These decompositions enable us to compute the corresponding isotropy subgroups inside

Spin∗(16) and E8(8),

USp(8) ⋉ 27(1) ⊂ E6(6) ⋉
(

(1 ⊕ 27 ⊕ 27)(1) ⊕ 1(2)
)

(A.26)

The isotropy subgroup inside the E7(7) subgroup of E8(8) which intersects with Spin∗(16)

on an SU(8) subgroup is E6(6), as follows from the decomposition

e7(7)
∼= 27

(−1,1) − 27
(1,1) ⊕ 1(−2,0) − 21(0,0) + 1(2,0) ⊕ e6(6) ⊕ 27(−1,−1) − 27(1,−1) . (A.27)

This implies that ♦(W
− 1

2 Z) < 0 on the corresponding Spin∗(16) orbit.

Using similar techniques for different decompositions of so∗(16), one gets additional

Spin∗(16) orbits with the following isotropy subgroups

USp(2, 6) ⋉ 27(1)

(

SU(2) × SU(2, 4)
)

⋉
(

(2 ⊗ 6)(1) ⊕ iR(2)
)

}

⊂ E6(2) ⋉
(

(R⊕ 27)(1) ⊕ iR(2)
)

USp(4, 4) ⋉ 27(1)

(

SU(2) × SU∗(6)
)

⋉
(

(2 ⊗ 6)(1) ⊕ iR(2)
)

}

⊂ E6(6) ⋉
(

(1 ⊕ 27 ⊕ 27)(1) ⊕ 1(2)
)

(A.28)

all of them corresponding to black holes with naked singularities.
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A.3 Nilpotent orbits of SO(4, 4)

For GC = SO(N, C), complex orbits can be conveniently labeled by Young tableaux, or

partitions of N , which summarize the decomposition of the N -dimensional vector represen-

tation of GC into finite dimensional representations of SL(2, C), or equivalently the Jordan

normal form of the nilpotent element e in the vector representation. These Young tableaux

must be such that lines with even length (equivalently, representations with half integer

spin) occur always in pair. Young tableaux with only rows of even length correspond to

two different orbits. The closure ordering e ≤ e′ holds whenever, for all p = 1 . . . N , the

number of boxes in the first p columns of the Young tableau of e is less than the number

of boxes in the first p columns of the Young tableau of e′. The nilpotent orbits of SO(8, C)

are summarized in the following Hasse diagram,

(A.29)

where the integers inside the bracket indicate the size of the Jordan blocks in the 8-

dimensional vector representation, with multiplicity given in superscript. The subscript

indicates the complex dimension of the orbit. The triplets of degenerate orbits [3, 15], [24]I,II

are permuted by triality, as can be easily seen from their Dynkin labels,
»

0
20

0

–

,
»

2
00

0

–

,
»

0
00

2

–

.

Similarly, [5, 13], [42]I,II , with Dynkin labels
»

0
22

0

–

,
»

2
02

0

–

,
»

0
02

2

–

, are permuted by triality.

The remaining orbits, with Dynkin labels
»

0
01

0

–

,
»

1
10

1

–

,
»

0
02

0

–

,
»

2
20

2

–

,
»

2
22

2

–

are manifestly

triality invariant.

The nilpotent orbits OR(e) under the real group29 G = SO0(p, q, R) can be obtained

by attaching ± signs to each of the box of the Young tableau, alternating along each row,

such that the total number of (+,−) signs is (p, q) and moreover, such that every row of

even length starts with +. A given signed Young tableau corresponds to 4 different orbits

labelled (I, I), (I, II), (II, I), (II, II) when all rows have even length, 2 different orbits

labelled I, II when all rows with odd length have an even number of + signs, 2 different

orbits labelled I, II when all rows with odd length have an even number of − signs, or else

a single orbit. All orbits with the same signed Young tableau are related by O(p, q, R). The

closure ordering involves not only the shape of the Young tableaux but also the sign and

latin letter assignments, and is discussed in detail in [56]. For G = SO0(4, 4), the nilpotent

orbits of real dimension 18 and lower are summarized in figure 6.

Starting from the bottom, the smallest (non-zero) orbit is the minimal orbit, or real

dimension 10, attached to the Young tableau [(+−)2] (we omit the rows of length one, for

brevity). It is associated to the 5-grading

so(4, 4) ∼= 1(−2) ⊕
(

2 ⊗ 4
)(−1) ⊕

(

gl1 ⊕ sl2 ⊕ so(2, 2)
)(0) ⊕

(

2 ⊗ 4
)(1) ⊕ 1(2) , (A.30)

29The subscript 0 denotes the component connected to the identity. Recall that O(p, q, R) has four

connected components when pq > 0. The connected component of the identity SO0(p, q, R) is homotopy

equivalent to SO(p, R) × SO(q, R).
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Figure 6. Hasse diagram of nilpotent orbits of SO0(4, 4)

where g(2) = Re, g(−2) = Rf and h is the singlet in g(0). This 5-grading originates from the

branching SO(4, 4) ⊃ SO(2, 2) × SO(2, 2) ∼ SL(2) × SL(2) × SO(2, 2), where h is the non-

compact Cartan generator of the first factor. The stabilizer of e is so(2, 2, R)(0)⊕g(1)⊕g(2),
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therefore the real minimal orbit is isomorphic to

Omin =
SO0(4, 4)

(SL(2, R) × SO(2, 2, R)) ⋉
[

(2 ⊗ 4)(1) ⊕ 1(2)
] (A.31)

Since the Young tableau [(+−)2(+)2(−)2] corresponds to a nilpotent element of order 2 in

the vector representation, and is invariant under triality, the minimal orbit is characterized

by the nilpotency conditions V 2 = S2 = C2 = A3 = 0, where V, S, C, A are a short-

hand notation for the representations of e in the vector, spinor, conjugate spinor and

adjoint representations.

The next set of nilpotent orbits, of real dimension 12, corresponds to three distinct

unsigned Young tableaux, [3, 15] and [34]. These are usually of distinct dimension 2N − 4

and 4N − 20, but the dimensions and stabilizers happen to coincide when N = 8. The

tableaux [(±∓±)] correspond to the 3-grading (or more accurately, “even” 5-grading)

so(4, 4) ∼= 6(−2) ⊕
(

gl1 ⊕ so(3, 3)
)(0) ⊕ 6(2) (A.32)

which arises from the branching SO(4, 4) ⊃ SO(1, 1) × SO(3, 3). The stabilizer in SO(3, 3)

of a non-zero vector e ∈ 6(2) is SO(3, 2) if ||e||2 > 0 for the signature (3, 3) quadratic

norm, SO(2, 3) if ||e||2 < 0, or SO(2, 2) ⋉ R
4 if ||e||2 = 0. The last case returns to the

minimal orbit discussed above, while the first two cases are related by parity. Thus, the

12-dimensional nilpotent orbits [(+ − +)] and [(− + −)] are isomorphic to

O12 =
SO0(4, 4)

SO(2, 3, R) ⋉ [(5 ⊕ 1)(2)]
. (A.33)

On the other hand, the Young tableau [(+−)4] corresponds to the isomorphic 3-grading

so(4, 4) ∼= 6(−2) ⊕
(

gl1 ⊕ sl4
)(0) ⊕ 6(2) (A.34)

associated to the branching SO(4, 4) ⊃ SO(1, 1) × SL(4, R). The tableau [(+−)4] is “very

even”, therefore corresponds to 4 different orbits of SO0(4, 4) (but a single orbit of O(4, 4)).

The stabilizer in SL(4, R) of a generic element e ∈ 6(2) is Sp(4, R), therefore the 12-

dimensional nilpotent orbits [(+−)4] are isomorphic to

O12′ =
SO0(4, 4)

Sp(4, R) ⋉ [(5 ⊕ 1)(2)]
. (A.35)

Like the minimal orbit, the dimension 12 nilpotent orbits satisfy A3 = 0, but have a higher

degree of nilpotency in the 8-dimensional representations. For this purpose, it is useful to

note that the unsigned Young tableaux [(3)], [(2)4], [(2)4] are exchanged by triality. Thus,

we conclude that V 2 = S3 = C2 = 0 for [(+−)4]I,I and [(+−)4]I,II , V 2 = S2 = C3 = 0

for [(+−)4]II,I and [(+−)4]II,II , and S2 = V 3 = C2 = 0 for both [(+ − +)] and [(− + −)].

Moreover, [(+−)4]I,I , [(+−)4]II,I and [(+ − +)] are permuted amongst each other under

triality, while [(+−)4]I,II , [(+−)4]II,II and [(− + −)] form a second triality orbit. The

distinction between the two triplets of orbits corresponds to choosing the representative in

the vector representation of SO(3, 3) to satisfy either ||e||2 > 0 or ||e||2 < 0.
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The next level of nilpotent orbits, of real dimension 16, corresponds to two signed

Young tableaux [(+ − +)(+−)2] and [(− + −)(+−)2]. They correspond to the 7-grading

so(4, 4) ∼= 2(−3) ⊕
(

1(−2,0) ⊕ 1(1,−1) ⊕ 1(1,1)

)(−2) ⊕
(

2(2,0) ⊕ 2(−1,1) ⊕ 2(−1,−1)

)(−1)

⊕
(

gl1 ⊕ gl1 ⊕ gl1 ⊕ sl2
)(0) ⊕

(

2(−2,0) ⊕ 2(1,−1) ⊕ 2(1,1)

)(1)

⊕
(

1(2,0) ⊕ 1(−1,1) ⊕ 1(−1,−1)

)(2) ⊕ 2(3) (A.36)

where 2 denotes the two-dimensional representation of sl2, and the subscripts the weights

with respect to the two extra gl1 subalgebras. This originates again from the branching

SO(4, 4) ⊃ [SL(2)]4, with a suitable choice of the non-compact Cartan generator h inside

[SL(2)]3. The stabilizer of a generic element e in the grade 2 component (i.e. which carries

a non-zero element in the three components 1(2,0), 1(−1,1) and 1(−1,−1)) is sl2
(0) ⊕ (2×2)(1) ⊕

(3 × 1)(2) ⊕ 2(3) therefore

O16 =
SO0(4, 4)

SL(2, R) ⋉
[

(2 × 2)(1) ⊕ (3 × 1)(2) ⊕ 2(3)
] . (A.37)

Due to the 7-grading, elements in this orbit satisfy A4 = 0; moreover, since the Young

tableau [(+ − +)(+−)2] is invariant under triality, they also satisfy V 3 = S3 = C3 = 0.

Finally, the nilpotent orbits of real dimension 18 correspond three signed Young

tableaux, all associated to the same 5-grading (rather, even 9-grading)

so(4, 4) ∼= 1(−4) ⊕
(

2 ⊗ 4
)(−2) ⊕

(

gl1 ⊕ sl2 ⊕ so(2, 2)
)(0) ⊕

(

2 ⊗ 4
)(2) ⊕ 1(4) , (A.38)

identical to (A.30) save for the normalization of the non-compact Cartan generator h. In

particular, e ∈ g(2) now transforms as a doublet of vectors of SO(2, 2, R). If the norm of the

two vectors is of the same sign, the stabilizer in SO(2, 2, R) is SO(2). The broken SO(2)

can be combined with SO(2) ⊂ SL(2), leading to

O18,+ =
SO0(4, 4)

SO(2, R) × SO(2, R) ⋉ [(2 ⊕ 2 ⊗ 2)(2) ⊕ 1(4)]
(A.39)

If instead the two vectors have norms of opposite sign, the stabilizer in SO(2, 2, R) is

SO(1, 1), leading instead to

O18,− =
SO0(4, 4)

SO(1, 1, R) × SO(1, 1, R) ⋉ [(2 ⊕ 2 ⊗ 2)(2) ⊕ 1(4)]
(A.40)

The second one is invariant under parity, and so should correspond to the Young tableau

associated to [(+ − +)(− + −)]. The two other signed Young tableaux label two different

orbits of SO0(4, 4) each, labelled I,II, which are identified under O(4, 4). All 5 nilpotent

orbits of dimension 18 satisfy A5 = 0 (due to the even 9-grading) and V 3 = S3 = C3 = 0

(since V 3 = 0, obviously, and the Young tableau is invariant under triality). The condition

S3 = 0 (or equivalently C3 = 0) is the condition of interest for extremal black holes.

In fact, from the Hasse diagram of the complex nilpotent orbits (A.29), it follows

that the 18 dimensional orbits covers all nilpotent elements such that A5 = 0. Higher

dimensional orbits correspond to elements with a higher order of nilpotency in the adjoint
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representation: from the Young tableaux in (A.29), it is easy to see that the three 20-

dimensional complex orbits satisfy A7 = V 5 = S4 = C4 = 0 and triality images thereof,

that the 22-dimensional orbits satisfies A7 = V 5 = S5 = C5 = 0, and that the 24-

dimensional orbit satisfies A11 = V 7 = S7 = C7 = 0.

Let us briefly discuss the fate of these orbits under the two-step restriction

SO0(4, 4) ⊃ SO0(4, 3) ⊃ G2(2) , (A.41)

which corresponds to the truncation of the STU model to the ST 2 and S3 models. In

the first step SO0(4, 4) ⊃ SO0(4, 3), the orbits associated to [(− + −)2], [(− + −)(+−)2],

[(+−)4] are lost, leaving 3 orbits [(+−+)2]I,II , [(+−+)(−+−)] of dimension 14 and degree

5, 2 orbits [(+−+)(+−)2]I,II of dimension 12 and degree 4, 2 orbits [(+−+)], [(−+−)] of

dimension 10 and degree 3, and the minimal orbit [(+−)2] of dimension 8. In the second

step SO0(4, 3) ⊃ G2(2), the degree 5 orbits reduce to two inequivalent orbits of dimension

10 (coming from [(+−+)2]I,II and [(−+−)(+−+)], respectively), the degree 4 orbits to

a single orbit of dimension 8, and the only remaining orbit of degree 3 is the minimal orbit

of dimension 6.

B Solving the non-BPS diagonalization problem

The fake superpotential for extremal non-BPS black holes is given by (2.78), where ̺ is

proportional to the component of the central charge in the parametrization (2.68). In this

section, we explain how to compute W from the SU(8) invariants ρ0 , ρ1, ρ2, ρ3 and ϕ. The

latter can be computed from the central charge Zij as explained below (2.11).

B.1 General case

To compute ̺, let us define four real positive variables xn as

xn =
1

2







cos 2α + ξn

̺ for n = 1, 2, 3

cos 2α − ξ1+ξ2+ξ3

̺ for n = 0
, (B.1)

such that
∑

xm = 2 cos 2α. Here and below, summations or products over m will always

range over 0 , 1, 2, 3. Using (2.71), one may rewrite (2.78) as

W =
1

2

(

−♦(Z)

cos2(2α) ·∏ xm

)1/4

. (B.2)

In order to determine the variables xn , we equate (2.11) and (2.68) (keeping in mind that

the rotations Ri
j and R̃i

j are distinct for the two decompositions), obtaining

ρn
2 = W 2

∣

∣xn − e2iα
∣

∣

2
= W 2

(

(

xn − cos(2α)
)2

+ sin2(2α)
)

.

which gives the algebraic equation

x2
n − 2 xn cos(2α) +

(

1 − ρn
2

W 2

)

= 0. (B.3)
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The positive solution of this quadratic equation is

xn = cos(2α) −
√

(

ρn/W
)2 − sin2(2α) . (B.4)

Using moreover (B.2), we obtain that W and cos(2α) are determined by the two equations

∑

n

√

(

ρn/W
)2 − sin2(2α) = cos2(2α) ,

∏

n

(

cos(2α) −
√

(

ρn/W
)2 − sin2(2α)

)

= − ♦(Z)

16 cos2(2α)W 4
. (B.5)

In order to reduce these equations, we denote by σn(r) the elementary symmetric

functions of rn ≡
√

(

ρn/W
)2 − sin2(2α),

σ1(r) =
∑

rm , σ2(r) =
∑

m<n

rmrn , σ3(r) =
∑

m<n<p

rmrnrp , σ4(r) =
∏

rm ,

(B.6)

and by Σ(r) the elementary symmetric functions of r2
n , i.e. Σi(rn) = σi(r

2
n ). The two sets

of symmetric functions are related by

Σ1 = σ2
1 − 2σ2 , Σ2 = σ2

2 + 2σ4 − 2σ1σ3 , Σ3 = σ2
3 − 2σ2σ4 , Σ4 = σ2

4. (B.7)

This can be inverted by eliminating σ1 and σ3 between these equations, leading to a quartic

equation in σ2,
(

σ2
2 + 2

√

Σ4 − Σ2

)2
− 4
(

Σ3 + 2σ2

√

Σ4

)(

Σ1 + 2σ2

)

= 0. (B.8)

Now, since σ1(r) = 2 cos 2α, the first equation in (B.5) implies that

σ2(r) = 2 − 1

2

∑ ρ2
m

W 2
. (B.9)

The second equation in (B.7) then leads to

2σ3(r) cos 2α−σ4(r) = 2−3 sin4 2α−
(

1 − 3

2
sin2 2α

)

∑ ρ2
m

W 2
+

1

8W 4

(

∑

ρ4
m −2

∑

n>m

ρn
2ρ2

m

)

(B.10)

Substituting back into (B.5), we obtain

σ4(r) = − sin4 2α +
1

2
sin2 2α

∑

n

ρn
2

W 2
+

1

8W 4

(

∑

ρm
4 − 2

∑

n>m

ρn
2ρm

2 − ♦

cos2 2α

)

. (B.11)

Squaring both sides, we obtain a polynomial of degree two in W 2

[

♦ −
(

∑

ρm
4 − 2

∑

n>m

ρn
2ρm

2

)

cos2 2α

]2

− 82 cos4 2α
∏

ρm
2

− 2W 2 sin2 4α





(

∑

ρm
2

)

♦ −
(

∑

ρm
6 −

∑

n 6=m

ρn
4ρm

2 + 2
∑

m>n>p

ρm
2ρn

2ρp
2

)

cos2 2α





+ 4W 4♦ sin2 2α sin2 4α = 0 (B.12)
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Substituting (B.11) inside the third equation in (B.7), we obtain a second polynomial,

whose difference with the former gives a polynomial of degree two in cos2 2α,

[

∏

(

1 − ρm
2

W 2

)

+
♦

2W 4

(

1 − 1

4

∑

m

ρm
2

W 2

)]

cos4 2α

− ♦

8W 4

(

1 − 1

2

∑

m

ρm
2

W 2
− 1

8
W 4

(

∑

m

ρn
4 − 2

∑

n>m

ρn
2ρm

2

)

)

cos2 2α − 3♦2

162W 8
= 0 (B.13)

By eliminating cos 2α between the two equations, we obtain a polynomial equation of

degree 6 in W 2, whose coefficients are symmetric polynomials in ρm
2 and polynomial in ♦.

It is convenient to write it in terms of ♦ and the elementary symmetric functions Σi(ρm),

since they can all be expressed in terms of the SU(8) invariant functions of the central

charges Zij using (2.14). Writing Σi ≡ Σi(ρm) for brevity, we obtain

64W 12
[

−♦3 +
(

3Σ2
1 − 8Σ2

)

♦2 +
(

−3Σ4
1 + 16Σ2Σ

2
1 − 16Σ3Σ1 − 16Σ2

2 + 64Σ4

)

♦

+
(

Σ3
1 − 4Σ2Σ1 + 8Σ3

)2
]

+ 16W 10
[

3Σ1♦
3 +

(

−9Σ3
1 + 20Σ2Σ1 + 24Σ3

)

♦2

+
(

9Σ5
1 − 40Σ2Σ

3
1 + 32Σ3Σ

2
1 + 16

(

Σ2
2 − 20Σ4

)

Σ1 + 128Σ2Σ3

)

♦

−
(

Σ3
1 − 4Σ2Σ1 + 8Σ3

)

(

3Σ4
1 − 8Σ2Σ

2
1 + 32Σ3Σ1 − 16Σ2

2 + 64Σ4

)]

+ W 8
[

−15Σ8
1 + 240Σ2Σ

6
1 − 128Σ3Σ

5
1 + 32

(

28Σ4 − 37Σ2
2

)

Σ4
1 + 2048Σ2Σ3Σ

3
1

+256
(

7Σ3
2 − 12Σ2Σ4

)

Σ2
1 + 2048Σ3

(

4Σ4 − 3Σ2
2

)

Σ1 − 27♦4 + 96♦3
(

Σ2
1 − 3Σ2

)

−2♦2
(

63Σ4
1 − 408Σ2Σ

2
1 + 384Σ3Σ1 + 496Σ2

2 − 960Σ4

)

+256
(

Σ4
2 − 8Σ4Σ

2
2 + 16Σ2

3Σ2 + 16Σ2
4

)

+ 8♦

(

9Σ6
1 − 96Σ2Σ

4
1 + 112Σ3Σ

3
1

+16
(

17Σ2
2 + 8Σ4

)

Σ2
1 − 576Σ2Σ3Σ1 − 64

(

2Σ3
2 − 8Σ4Σ2 − 3Σ2

3

)

)]

+ W 6
[

−Σ9
1 + 32Σ2Σ

7
1 − 64Σ3Σ

6
1 + 32

(

4Σ4 − 9Σ2
2

)

Σ5
1 + 640Σ2Σ3Σ

4
1

+ 1024
(

Σ3
2 − 2Σ4Σ2 − Σ2

3

)

Σ3
1 + 2048Σ3

(

Σ3
2 − Σ2

2Σ
2
1 − 4Σ4Σ2 − 2Σ2

3

)

− 256
(

5Σ4
2 − 24Σ4Σ

2
2 − 16Σ2

3Σ2 + 16Σ2
4

)

Σ1 + ♦3
(

Σ3
1 − 36Σ2Σ1 + 216Σ3

)

−♦2
(

3Σ5
1 − 104Σ2Σ

3
1 + 336Σ3Σ

2
1 + 368Σ2

2Σ1 + 960Σ4Σ1 − 1728Σ2Σ3

)

+♦

(

3Σ7
1 − 100Σ2Σ

5
1 + 184Σ3Σ

4
1 + 16

(

41Σ2
2 − 28Σ4

)

Σ3
1 − 1728Σ2Σ3Σ

2
1

+64
(

−19Σ3
2 + 12Σ4Σ2 + 12Σ2

3

)

Σ1 + 128Σ3

(

31Σ2
2 − 60Σ4

)

)]
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+ W 4
[(

Σ2Σ
4
1 − 36Σ3Σ

3
1 − 8

(

Σ2
2 − 42Σ4

)

Σ2
1 + 144Σ2Σ3Σ1 + 16

(

Σ3
2 − 36Σ4Σ2 − 27Σ2

3

)

)

♦2

+2
(

3072Σ2
4 − 16

(

5Σ4
1 − 36Σ2Σ

2
1 − 24Σ3Σ1 + 64Σ2

2

)

Σ4

+
(

Σ2
1 − 4Σ2

)(

−Σ2(Σ
2
1 − 4Σ2)

2 + 26Σ1Σ3(Σ
2
1 − 4Σ2) + 288Σ2

3

)

)

♦

+4096Σ2Σ
2
4 +

(

Σ2
1 − 4Σ2

)2
(

Σ2

(

Σ2
1 − 4Σ2

)2 − 16Σ1Σ3

(

Σ2
1 − 4Σ2

)

− 128Σ2
3

)

+64
(

(

Σ2
1 − 2Σ2

)(

Σ2
1 − 4Σ2

)2
+ 32Σ1Σ3

(

Σ2
1 − 4Σ2

)

+ 192Σ2
3

)

Σ4

]

+ W 2
[

(

−Σ2
1 + ♦ + 4Σ2

)

Σ3

(

Σ2
1 − 4Σ2

)3
+ 8
(

♦
(

−5Σ3
1 + 20Σ2Σ1 − 72Σ3

)

+2
(

Σ2
1 − 4Σ2

)(

Σ3
1 − 4Σ2Σ1 + 16Σ3

)

)

Σ4

(

Σ2
1 − 4Σ2

)

−512
(

2Σ3
1 + 3♦Σ1 − 8Σ2Σ1 + 24Σ3

)

Σ2
4

]

+
[

(

Σ2
1 − 4Σ2

)2 − 64Σ4

]2
Σ4 = 0

(B.14)

Although still complicated, this polynomial is much simpler than what could be ex-

pected on the basis of the resultant of two generic polynomial equations of the form (B.13)

and (B.12) above, which would generically lead to a polynomial of degree 12 in W 2. In

the next subsections, we shall see that the degree is further reduced at special loci in the

parameter space of (ϕ, ρm).

B.2 Near ϕ = π/4

At the point ϕ = π/4, it is straightforward if tedious to check that the polynomial (B.14)

at ε = 0 admits the six roots

W 2
0 =

1

4

(

ρ0 + ρ1 + ρ2 + ρ3

)2
, W 2

1 =
1

4

(

ρ0 + ρ1 − ρ2 − ρ3

)2
,

W 2
2 =

1

4

(

ρ0 − ρ1 + ρ2 − ρ3

)2
, W 2

3 =
1

4

(

ρ0 − ρ1 − ρ2 + ρ3

)2
, (B.15)

W 2
± = − ρ0ρ1ρ2ρ3♦

4(ρ0ρ1 + ρ2ρ3)(ρ0ρ2 + ρ1ρ3)(ρ0ρ3 + ρ1ρ2)
.

The physical root corresponds to W0. Indeed, using (2.15), one easily checks that the

polynomial (B.12) vanishes at α = 0 when ϕ = π/4. Moreover, the quadratic equation (B.3)

is solved by

xn = 1 − ρn

W
= 1 − 2ρn

ρ0 + ρ1 + ρ2 + ρ3

, (B.16)

which satisfies xm > 0,
∑

xm = 2 as it should. We conclude that at ϕ = π/4, the fake

superpotential reduces to

W0 =
1

2

(

ρ0 + ρ1 + ρ2 + ρ3

)

, (B.17)

in agreement with [13]. It is straightforward to compute deviations to (B.17) away from

the locus ϕ = π
4 , in Taylor series of ε ≡ cos2 2ϕ.
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For the physical solution W0, we find

W0 =
1

2
σ1

[

1− 2σ4

σ1σ3−4σ4
ε+

2σ2
4

(

σ4
1σ4 − σ3

1σ2σ3+4σ2
1σ

2
3−24σ1σ3σ4+48σ2

4

)

(σ1σ3 − 4σ4)4
ε2+. . .

]

,

(B.18)

where σi ≡ σi(ρm) are the elementary symmetric functions of ρn . More generally, the

expansion of Wn to any order involves polynomials in σi multiplying increasing powers of

of εσ4/(σ1σ3 − 4σ4)
3. In contrast, the perturbation of the degenerate branch W± involves

a power series in
√

ε.

B.3 At ρ2 = ρ3 - S2T model

At the point ρ2 = ρ3, irrespective of the value of ε, the discriminant factorizes into the

square of a linear factor in W 2, with double root at

W 2
2,3 =

(

ρ2
0 − ρ2

1

)2

4
(

ρ2
0 + ρ2

1 + (2 − 4ε)ρ0ρ1

) , (B.19)

and a quartic polynomial in W 2,

Σ′
2

(

(

Σ′
1 − 4ρ2

2

)2 − 4Σ′
2

)2
+ W 2

[

36♦Σ′
2

(

4ρ2
2 − Σ′

1

)

− ♦
(

4ρ2
2 − Σ′

1

)3

−
(

(

Σ′
1 − 4ρ2

2

)2 − 4Σ′
2

)(

4Σ′
2

(

8ρ2
2 − 5Σ′

1

)

+ Σ′
1

(

Σ′
1 − 4ρ2

2

)2
)]

+W 4
[

−27♦2 + 6♦

(

16ρ4
2 − 32ρ2

2Σ
′
1 + 7Σ′

1
2 − 12Σ′

2

)

+ 8Σ′
2

(

16ρ4
2 − 40ρ2

2Σ
′
1 + 15Σ′

1
2
)

+
(

Σ′
1 − 4ρ2

2

)2
(

16ρ4
2 + 24ρ2

2Σ
′
1 − 15Σ′

1
2
)

+ 16Σ′
2
2
]

+16W 6
[

3♦
(

2ρ2
2 + Σ′

1

)

−
(

2ρ2
2 − Σ′

1

)

(

16ρ4
2 − 3Σ′

1
2 − 4Σ′

2

)]

− 64W 8
[

♦ −
(

Σ′
1 − 2ρ2

2

)2
]

(B.20)

where we have denoted Σ′
1 = ρ2

0 + ρ2
1 , Σ

′
2 = ρ2

0ρ
2
1 .

At ε = 0, all roots become elementary and match on the roots in (B.16).

It should be noted that the degeneracy between W2,3 is not lifted on the ρ2 = ρ3 locus,

where W2,3 is given exactly by (B.19), and happens to be independent of ρ2. As discussed in

section 3, the locus ρ2 = ρ3 corresponds to the two-modulus model of N = 2 supergravity,

with prepotential F = −ST 2. While the roots of the quartic polynomial (B.20) can be

computed explicitely, their expression is unilluminating.

B.4 At ρ1 = ρ2 = ρ3 - S3 model

At the point ρ1 = ρ2 = ρ3, the quartic polynomial (B.20) further factorizes into a linear

factor in W 2 vanishing at the same point (B.19), which now occurs with multiplicity 3,

W 2
1,2,3 =

(

ρ2
0 − ρ2

1

)2

4
(

ρ2
0 + ρ2

1 + (2 − 4ε)ρ0ρ1

) , (B.21)
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times an irreducible cubic polynomial in W 2,

(

ρ3
0 − 9ρ0ρ

2
1

)2 − 12
(

ρ4
0 + 18(2ε − 1)ρ0ρ

3
1 − 3ρ2

0ρ
2
1

)

W 2 + 48
(

ρ2
0 + 3ρ2

1

)

W 4 − 64W 6 = 0 .

(B.22)

The roots of the cubic polynomial are given by

W 2
0 =

ρ2
0

4

(

3x2 + 1 + 3Dx + 3D−1
(

x(x + 1)2 − 4εx2
)

)

, (B.23)

W 2
+ =

ρ2
0

4

(

3x2 + 1 − 3(−1)1/3Dx + 3(−1)2/3D−1
(

x(x + 1)2 − 4εx2
)

)

,

W 2
− =

ρ2
0

4

(

3x2 + 1 + 3(−1)2/3Dx − 3(−1)1/3D−1
(

x(x + 1)2 − 4εx2
)

)

,

where x ≡ ρ1/ρ0 and D is the real quantity

D ≡
(

(x + 1)3 − 2ε(3x2 + 1) − 2
√

ε(1 − ε) (3x4 + 8x3(1 − 2ε) + 6x2 − 1)
)1/3

. (B.24)

At ε = 0, D = x + 1 so that the three roots become elementary,

W 2
0 =

1

4
(ρ0 + 3ρ1)

2 − ερ0ρ1(ρ0 + 3ρ1)
2

3(ρ0 + ρ1)2
+ O(ε2) ,

W 2
1,2,3 =

1

4
(ρ0 − ρ1)

2 +
ερ0ρ1(ρ0 − ρ1)

2

(ρ0 + ρ1)2
+ O(ε) ,

W 2
± =

1

4
ρ0 (ρ0 − 3ρ1) ±

iρ0ρ1

√
ε

2

√

9 − 12ρ0

ρ0 + ρ1

+ O(ε) . (B.25)

As the notation suggests, the roots W1,2,3 match on to (B.16) as ε = 0, while the roots

W0,1,2,3 match onto the roots of the quartic polynomial (B.20) at ρ1 = ρ2 = ρ3. Using

ε =
1

2
+

Pfaff(Z) + Pfaff(Z̄)

4ρ0ρ1ρ2ρ3

=
1

2
+

Z0 Z̄
3
1 + Z̄0Z

3
1

4|Z0Z3
1 |

, (B.26)

one may rewrite the physical root as

W0 =
1

2

√

|Z0 |2 + 3
(

|Z1|2 + L+ + L−
)

, (B.27)

where L+ and L− ≡ |Z0Z1|D are given by

L3
± = |Z1|4

(

|Z1|2 + 3|Z|2
)

− 1

2

(

ZZ̄3
1 + Z̄Z1

3
)(

|Z|2 + 3|Z1|2
)

±
√
−♦

2

∣

∣ZZ̄1
3 − Z̄Z1

3
∣

∣ .

(B.28)

As discussed in section 3, this expression provides the fake superpotential for non-BPS

extremal black holes in the one-modulus model of N = 2 supergravity, with prepotential

F = −S3.
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B.5 Near ϕ = 0

At ϕ = 0, i.e. ε = 1, the degree 6 polynomial (B.14) again becomes solvable, with roots at

W 2
± =

ρ0ρ1ρ2ρ3♦

4(ρ1ρ2 − ρ0ρ3)(ρ1ρ3 − ρ0ρ2)(ρ0ρ1 − ρ2ρ3)

W 2
0 =

1

4

(

ρ0 − ρ1 − ρ2 − ρ3

)2
, W 2

1 =
1

4

(

ρ0 − ρ1 + ρ2 + ρ3

)2
, (B.29)

W 2
2 =

1

4

(

ρ0 + ρ1 − ρ2 + ρ3

)2
, W 2

3 =
1

4

(

ρ0 + ρ1 + ρ2 − ρ3

)2
.

Using again (2.15) and (B.12), one checks that the corresponding value of α is α = 0,

the same value encountered at ϕ = π/4. The quadratic equation (B.3) gives again xn =

1 − (ρn/W ) so that the physical condition xn now selects amongst W0,1,2,3 the root

ϕ = 0 : W =
1

2

(

ρ0 + ρ1 + ρ2 + ρ3

)

− min(̺m) . (B.30)

For example, in the case of the canonical N = 8 ordering ρ0 ≥ ρ1 ≥ ρ2 ≥ ρ3, the physical

root at ϕ = 0 is W3, while in the case of the S3 model the physical root at ϕ = 0 is still W0.

Restricting to the locus ρ2 = ρ3, the expansion near ε = 1 is given by

W 2
0 =

1

4
(ρ0 − ρ1 − 2ρ2)

2 − ρ0ρ1ρ2(−ρ0 + ρ1 + 2ρ2)
2

(ρ0 − ρ1)(ρ0 (2ρ1 + ρ2) − ρ2(ρ1 + 2ρ2))
(ε − 1) + . . . ,

W 2
1 =

1

4
(ρ0 − ρ1 + 2ρ2)

2 +
ρ0ρ1ρ2(ρ0 − ρ1 + 2ρ2)

2

(ρ0 − ρ1)(ρ0 (2ρ1 − ρ2) + ρ2(ρ1 − 2ρ2))
(ε − 1) + . . . ,

W 2
2,3 =

1

4
(ρ0 + ρ1)

2 +
ρ0ρ1(ρ0 + ρ1)

2

(ρ0 − ρ1)2
(ε − 1) + . . . ,

W 2
± =

ρ0ρ1

(

(ρ0 + ρ1)
2 − 4ρ2

2

)

4ρ0ρ1 − 4ρ2
2

(B.31)

∓ ρ0ρ1ρ2

2
(

ρ2
2 − ρ0ρ1

)2

√

(1 − ε)
(

(ρ0 + ρ1)2 − 4ρ2
2

)(

4
(

ρ2
2 − ρ0ρ1

)2 − ρ2
2(ρ0 − ρ1)2

)

+ . . .

In order to identify the branches consistently with the previous labeling, we have taken

advantage of the solutions (B.19), (B.23), which are valid at any ε.

C Explicit solutions

C.1 D0-D4, BPS

A prototype of a BPS solution is given by the D0-D4 black hole

φ = −1

2
log(H0H

1H2H3/4) , (C.1)

S = i

√

H0H1

H2H3
, T = i

√

H0H2

H3H1
, U = i

√

H0H3

H1H2
, (C.2)

ζ0 =

√
2

H0
, ζ̃i = −

√
2

H i
, H0 =

√
2 + Q0ρ , H i =

√
2 + P Iρ (C.3)
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with ζ̃0 = ζi = σ = 0.

The mass and BH entropy are given by

2GM =
1

2
√

2
|Q0 + P 1 + P 2 + P 3| , SBH =

√

Q0P 1P 2P 3 (C.4)

consistent with the BPS mass formula at S = T = U = i.

One can check that the Noether matrix is nilpotent of degree 3, with Jordan form

[32, 12]. The SO(4, 4) metric in the Jordan basis takes the form































− Q0

2P 1 0 0 0 0 0 0 0

0 − P 2

2P 3 0 0 0 0 0 0

0 0 0 0 −P 2P 3

2 0 0 0

0 0 0 P 2P 3

2 0 0 0 0

0 0 −P 2P 3

2 0 0 0 0 0

0 0 0 0 0 0 0 −P 1Q0

2

0 0 0 0 0 0 P 1Q0

2 0

0 0 0 0 0 −P 1Q0

2 0 0































(C.5)

Since P iQ0 > 0 for all i, the signature is [(+−+)2(−)2], and so BPS black holes correspond

to the nilpotent orbit [(+ − +)2(−)2]I .

C.2 D0-D4, non-BPS Z∗ = 0

A prototype of the non-BPS, Z∗ = 0 solution of type (b) is the D0 − D4 solution

The simplest solution with these properties is

φ = −1

2
log(H0H

1H2H3/4) ,

S = i

√

H0H1

H2H3
, T = i

√

H0H2

H3H1
, U = i

√

H0H3

H1H2
,

ζ0 =

√
2

H0
, ζ̃1 = −

√
2

H1
, ζ̃2 =

√
2

H2
, ζ̃3 =

√
2

H3
,

H0 =
√

2 + Q0ρ , H1 =
√

2 + P 1ρ , H2 =
√

2 − P 2ρ , H3 =
√

2 − P 3ρ

(C.6)

with ζ̃0 = ζi = σ = 0, and charges such that

Q0 > 0 , P 1 > 0 , P 2 < 0 , P3 < 0 . (C.7)

The mass and entropy are given by

2GM =
1√
2
(P 1 − P 2 − P 3 + Q0) , SBH = 2π

√

Q0P 1P 2P 3 (C.8)

The Noether charge is still nilpotent of order 3 and with Jordan form [32, 12]. Moreover,

in the Jordan basis the metric once again takes the form (C.5). Thus, it corresponds to

the nilpotent orbit [(+−+)2(−)2]II . The other cases (c, d) are obtained by permutations,

and correspond to the nilpotent orbits [(− + −)2(+)2]I,II .
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C.3 D0-D4, non-BPS Z 6= 0

The simplest non-BPS, Z 6= 0 solution with these properties is [12, 16, 17]

φ = −1

2
log(−H0H

1H2H3/4) ,

S = i

√

−H0H1

H2H3
, T = i

√

−H0H2

H3H1
, U = i

√

−H0H3

H1H2
,

ζ0 =

√
2

H0
, ζ̃1 = −

√
2

H1
, ζ̃2 = −

√
2

H2
, ζ̃3 = −

√
2

H3
,

H0 = −
√

2 + Q0ρ , H1 =
√

2 + P 1ρ , H2 =
√

2 + P 2ρ , H3 =
√

2 + P 3ρ

(C.9)

with ζ̃0 = ζi = σ = 0, and for definiteness, we focus on case (e) above,

Q0 < 0 , P 1 > 0 , P 2 > 0 , P 3 > 0 . (C.10)

The mass and entropy are given by

2GM =
1√
2
(P 1 + P 2 + P 3 − Q0) , SBH = 2π

√

−Q0P 1P 2P 3 (C.11)

The scalar potential has two flat directions at the horizon, generated by the vectors Pi∂Bi−
Pj∂Bj , i, j = 1 . . . 3.

The Noether charge is still nilpotent of order 3 and with Jordan form [32, 12]. The

SO(4, 4) metric in the Jordan basis is still given by (C.5), but now has signature [(+ −
+), (− + −),+,−]
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