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ABSTRACT
The disc multiplier may be seen as a vector valued operator when we consider
its projections in terms of the spherical harmonics. In this form, it represents
a vector valued Hankel transform. We know that, for radial functions, it is

bounded on the spaces L%, (r"~'dr) when 2% < p ¢ < 2%. Here we prove

n+1 n—1"°
that there exist weak-type estimates for this operator for the extremal exponents,
that is, it is bounded from LY (r"~*dr) to L >°(r"~*dr) for i = 0,1 when

Po = %7 p1 = %7 po < q < p1, and we consider radial functions.
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1. Introduction and statement of theorems

Let us call T' the disc multiplier operator, given by

—

(Tf)(f) = XB(O,l)(g)f(§)7

where B(0,1) = {x : |z| < 1} and x, is the characteristic function of the set A.
This operator is related to the Hilbert transform. In particular, in one dimension, the
multiplier operator of the disc of radius R, which we denote by Sg, is given by

Srf(x) = c(e™ H(f()e ) (2) — e FTH(f()e'™)(x)).
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Here H is the Hilbert transform, defined by
1
p.v. — M dy.

TR —Y
With this notation, T" = S;, and the boundedness of 7" may be obtained from
the boundedness of H because the difference is only the conjugation with functions

of norm one. But we know much more about 7', because in 1966 L. Carleson proved
(see [2]):

Hf(x) =

Theorem 1.1 (Carleson). The mazimal operator defined by
iR 1 e'fy
sup|H(f(-)e'™)| = sup‘p-V- */ fwe™ g,
ReR ReR TJr LY

is bounded from the space L*(R) to L*(R).

Later on, in 1968, R. Hunt (see [6]) extended this theorem to the spaces LP(R)
with 1 < p < o0.

When we consider now dimension n, the analogous decomposition of T is obtained
from the expansion in spherical harmonics of a function of L?(R™). The expression
we obtain for T' is very useful because of the good behavior of these polynomials
with respect to the Fourier transform. This decomposition is obtained as follows.

Let {yj(lk)}@o’ 1<j<ay be an orthonormal basis of spherical harmonics in L*(S™~1).

Each one of the functions y§’“> is the restriction to the sphere of a homogeneous
harmonic polynomial of degree k and ay, is the dimension of the space Ay of all the
homogeneous harmonic polynomials of degree k (see the reference [12]).

A function f in L? has the following expansion in terms of that basis:

k €Z
£@) =3 il (157)
E>0 r
1<j<as
where the functions f, ; are the coefficients. The Fourier transform of such a function
is then

c—k o'}
f(¢) = E ! , n k) (€
f(&) = - ﬂngz/o Frg () Juzz  (I€]E) 2 dE Y] (Tﬂ)

=y ;I_TLI;H";M (f’“*j(s)s";z ) (1€ 3" <|§7|)
k.

where J; is the Bessel function of order [ and H; is the Fourier-Hankel transform, also
of order I, which we define for functions g: (0,00) — C by the formula

Hig(r)= /000 g(s)Ji(rs) s ds.
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[The definition of Fourier transform we are using here is

7€) = Gyors [ e @) a,

which makes the notation simpler.]
The corresponding formula for the disc multiplier in terms of the spherical har-
monics is

Tf(x) =" #T”;ﬁk(fk,j(s)sngl)(|‘T|)yﬂ('k) (%)’

k,j |917|TLT_1
J

where T; denotes the operator

0o 1
Tig(r) = / g(s)(rs)/? / Ji(tr)Jy(ts) tdt ds.
0 0

With this formula in mind we can see T as an operator acting on sequences of func-
tions. Those functions are the coefficients of f in terms of the spherical harmonics.

In general, given a sequence of positive numbers, a = {l; }, each [, greater than
a fixed positive constant, we can define the vector valued operator T( = in), acting
on a suitable sequence of functions {fj }, defined in (0, 00), by the formula

— n

U0 = { =T (AT | - o

For this operator we already know that it is bounded when acting on some of the
spaces L7, (r"~! dr) that we define as the spaces of sequences of radial functions { fj }1
in {? such that

1/p
I{fxtelle, (-1 ary = </(Z|fk|q)p/q T"ldr> = |{fk}k|lq||Lp(Tn—1dT) < 0.
k

First of all, we know that 7 is bounded on the spaces Ly, (r"~tdr) for

n o< % This estimate is equivalent to the boundedness of the disc multiplier

n+1
in the mixed norm spaces LfadLan(R”) for the same rank of p, where Lfademg(R”)
is the space of functions defined on R" with radial part in LP and angular part in L?.

This estimate for the disc multiplier was proved independently by A. Cérdoba [3]
(in a paper of the year 1989) and G. Mockenhaupt [7] (in a paper of the year 1990).
A little bit later (in a paper of the year 1992) this result was also obtained as a corol-
lary of the main theorem on weighted inequalities in L? for the disc multiplier by
A. Carbery, F. Soria, and the author [1], a problem suggested by E. Stein [11] and
solved there for the case of radial weights. Moreover, in [1] we also obtain extremal
bounds for the operator T' between the spaces

T: Lf;’l(rnfl dr) — Lfr}’oo(rnfl dr), 1=0,1,
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where py = %fl, p1 = %, and n > 2. These estimates also have an interpretation as
mixed norm estimates for the disc multiplier T', in particular, it is bounded between
the spaces

T: LR L2, (R") — LP°L2 (R"),  i=0,1.

rad ang

These are weak type estimates but, nevertheless, they imply the previous bounds
using interpolation and so, they extend the previous result.

With different techniques from those used in the case of Llp2 , which involve weighted
estimates and interpolation, it is proved in [9] that the operator T is bounded
on the spaces Lf’q with py < p,q < p1 when acting on radial functions.

Let us consider also the operator ) obtained by eliminating in the expression of T
the conjugation with s"T

QU frtr)(r) = {1y, fu(r) }x, r> 0.

For this new operator we know that it is bounded in the space L, (dr) for 3 < p < 4.
This fact is the basic step of A. Cordoba in the proof of the mixed norm estimate
for the operator T (see [3]). This estimate was also obtained in [1] by different methods
which allowed the authors to obtain the following extremal estimate for Q:

Q: LY* (dr) — Ly{*>(dr).

In the reference [9] the author proves also that the operator @ is bounded from
LY, (dr) to LY, (dr) for every 5 < p,q < 4.

The estimates in the spaces L}, with ¢ # 2 are related to some extent with the
vector valued inequalities for the Hardy-Littlewood maximal operator of C. Fefferman
and E. Stein (see [4]).

In this paper we extend the estimates for 7' in L}, to the extremal exponents
obtaining weak type bounds. Our theorem is the following:

Theorem 1.2. For n > 2, the operator T is bounded between the spaces
T: Lf{j’l(rnfl dr) — qu""’m(rnfl dr), 1=0,1,

for radial functions, where pg = n%bl, p1= %, and pg < q < py.
This result extends the main theorem proved in [9], that now can be obtained

using interpolation.

Hint on notation: along the paper, the letter ¢ denotes a constant, which may be
different from line to line.
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2. Proof of the main theorem

First of all, let us recall a few facts about Bessel functions. An estimate of von
Lommel (see [13, p. 134]) allows us to write the following expression for the kernel of
the operator T}:

2(rs)? /O ) (s et — — PRI (1))

r—=s r—Ss

_ pe(s)or(r)  pr(r)ow(s)
r+s r+s

4
=) Ki'(rs),
m=1

in terms of the functions
pe(t) = 20 (8), >0,
or(t) =tY2J.(t), t>0.

These functions uy and o are bounded but not independently of k. Let’s define also

1/4>

for t > 0. Then, following G. Mockenhaupt [7] (see also [8]), we know there is a
constant ¢ independent of k such that

t+k

_ . k1/6
T (t) mln( o

()] < emie(t), ¢>0, (1)
PEALYE
low(t)] < ery M (t) = emax( E~Y6 | — , t>0,
k t+k
and, moreover, we have the estimate
PEEALVENES
|Tk(t)| S C<k1/6 =+ m > 5 t> O (2)

Let us define for m =1, 2, 3, 4, the operators

1 R ,
Ptg(r) = W/o K/Q”(’ES)Q(S)S(”_U/Q ds, r>0.

The inequalities we want to prove are the following:

IS0 8 ey <A () o

Lp.1(pn—1 dr)’

Revista Matemdtica Complutense
157 2009: vol. 22, num. 1, pags. 153-163



Elena Romera Extremal vector valued inequalities for Hankel transforms

for p = po, p1, and m € {1,2,3,4}.

Let us observe that if we define the operator P™ by P™({gx}tr) = {PV" gk }k,
m € {1,2,3,4}, then, for m = 1,3, P™ is the adjoint of P™! with respect to the
pairing

({grtes {fxte) z;/o gk (r) fu(r)r™ =t dr.

Therefore, the inequalities corresponding to m = 1,3 in the equation (3) for p = po
(and respectively for p = p;) are formally equivalent to the corresponding inequalities
for m = 2,4 for p = p; (respectively, for p = py). We will only study the proof
corresponding to m = 1 for p = pg, p1 and will indicate what to do for the case m = 3.

Given j € Z, we consider the intervals I; = [27,27%") and I} = [2/71,27%2). Then,
for a fixed k > 1 we can write

Plgn(r)= > Pilo Xoe (1) X, (1) + > Plg Xernye ) (1) X, (1)
j=—00 Jj=—o00
= Ay + By,

and so P({fx}r) = {Ax}r + {Bi}x-

2.1. Estimate of {Ay}y for n > 2

For the weight w = "1 and the indices p; = pg, p1 we can write (from now on,
we omit the symbols { }; when calculating the norm of a sequence to simplify our
expressions)

Pi .n—1
19T dr

C oo
wlr: | Agle(r) > A} < —/ 14
A

o0
Pi

= /OOOH X Pllao)0)x, 0,

"L,

Since the intervals I; are mutually disjoint, this is equal to

C

o 2 [ IR0, Ol ar

j:—o() J

c o0
v
J=—o00" I
c o0
\Pi Z /Ij

j=—00

Pi
r"tdr
la

1 o0 .
T [ KRS () R s, ()

Ppi
F=1(1=p:/2) 4.
la

/ KX (r, 8)g6(5)x,. (5)s™ D/ ds x, (r)
0 I ’
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Observe now that the weights R(r) = r(®=D0=Pi/2) for 4 = 0 and i = 1, are
respectively r("=1/("+1) and 7. So, they are essentially constant on every I;, let us

call that constant R(27), and our estimate is bounded by
Pi

¢ — 4 o e
Y Z R(2J)/I. /0 K,i(r,s)gk(s)xl; (s)s 1)/2dsxlj(r) , dr
J=—00 J
¢ 5 pon [T (n—1)/2 "
<— Y R() |, KR ses(s)x; ()s ds x, (r)|| dr.
J la

AP
j=—00
We know by Theorem 1 in [9] that the operators defined by the kernels K}”,
m = 1,2,3,4, are bounded on L7, (dr) for 4/3 < p,q < 4. Since p; > 2 for n > 2 and
also pg > 4/3 for n > 2, then, for n > 2, this is less than or equal to

APi
j=—00
c o0
> [ lowtomn,; s 2R ar
J

—\Pi
Jj=—00

3c [~ R
| ooz,
0

=3

0 oo
c ) (e
> RE) [ o ()l 0 2ar

where we are using that the intervals I7 may overlap at most three of them.

2.2. Estimate of {By}y for n > 2
Let us observe that if r € [; and s ¢ I, then [r — s[ ~ 7 +s. Then

i ok (r)xy, (r) g (8)pk(8) (n—1)/2
M7 PRV s ds
7‘("71)/2 (I;)C r—s

| Bi| =
Jj=—00
0] [ 9] oz,
rn=1/2 [ r+s
c /Oo |gk(3)ﬂk(5)|s(n—1)/2 ds
= p=D/2 [ r+s
c FAQITIO] (n—1)/2 / |gr:(8) e (3)] (n—1)/2
< — LA AT d e A d
_r("_l)/2{/(1)c rts L §

B} + B}.

Revista Matemdtica Complutense
2009: vol. 22, num. 1, pags. 153-163

159



Elena Romera Extremal vector valued inequalities for Hankel transforms

2.2.1. ESTIMATE OF {B}}

First, we observe that |uy(s)| is bounded outside Ij,. Then, by the Minkowski integral
inequality we obtain

(oo}
1 ¢ llg5:(5)llua (n—1)/2
| Billie < D)2 /0 s s ds.

The estimate in LPo>°(r"~1 dr) is obtained using that r—("*t1)/2 ¢ [po:oe(pn=1 dp) =
(LPrY(r=1 dr))*. We only need to prove that

o0
/ G(s)s™ 3/ ds < ¢ |Gl por.s v ary.
0

But this is easy, since we can estimate the left hand side as

o0 o0 1
(n—3)/2 _+ -1
/0 G(s)s ds < /0 G(s) TSV ds

< NGl et iy
Also, we observe that r—("=1)/2 ¢ [p1:o0(pn=1qp) = (LPo-X (r"=1 dr))*, so

71 DOG (n—3)/2d < 1 OOG 1 n—=1g4
ro-D/Z | (5)s S= ez (5) S ds

C
< 73 Gl o on s any.

Thus, we have proved that

C
HBiqu < Fn—1)/2 HHgk(s)”lqHLPl,l(,,‘n—l ar)’

1B s

A

c

= Lnr1)/2 H||9k(5)\|lq||Lp0,1(Tn_1dT)-

Since 7~ ("=1/2 ¢ Lproo(pn=1 dr) and r—("+1)/2 ¢ LPo:oo(rn=1 dr), we obtain
||B£:||qul’oo(rn*1 dr) <c Hgk’(s)”qul'l(r"*1 dr)’

1Bl 2o (-1 ary < €llgr(8)ll oot gy
19 0 ( )

2.2.2. ESTIMATE OF {B?},

By the Holder inequality we obtain, for some a > 1,

,_ 196()* ainonyz ;) A
< a(n— «
Bk = r(n—l)/? (/Ik |7,_ + S|a8 dS) ( Ik|Mk(8)| dS) 5
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where o/ = -2
a—1

and (2), for s > 0

is the conjugate exponent of a. Now, following the estimates (1)

1/4\ —1
) -

and notice that the weight w® is in the Muckenhoupt class A; for o < 4, which

means a > 3 (see [5]). So, M(w®) < cw®, where M is the Hardy-Littlewood

maximal operator. Then, for o > % we have

1/a’
( ()] ds) <c (/ (k1/6 +
Iy Iy,

Let us observe now that we can introduce in the integral the constant k as the
variable s because we are integrating in the interval I, obtaining

o 1/«
52 c (/ |9k (s)] s(x(n—l)/QSa/O‘/ds)
I

reo072 \ f, et sl

a 1/a
__ ¢ / |gx(s)| galnt1)/2 48 /
r(n—=1)/2 I, |’I" + S‘O‘ s .

The [9-norm is then

s—k

<clk0

s—k

1/4\ —a’ 1/a’ ,
— ) ds) < ckYe,
s+ k

IN

1/«

2 C
”Bk”lq < r(n—1)/2

/ |gk(8)|asa(n+1)/2 ds
. |+ sl s

la/

This expression only makes sense for ¢/a > 1, that is, for a < ¢. If now we use the
Minkowski inequality we obtain

o d 1/«
|1 BR|lie < ¢ (/ gk (s)]l] ga(n+1)/2 5) .
I

=02\, Tt sle 3

Let us call now G = ||gi(s)]|;« and define the operators D, by

_ 1 IG™ ams1y2 ds e
Da(G) T op(n—1)/2 </1k |7“ + S|O‘S ? .

We want to prove that D, is bounded when acting between the spaces

Dy : LPP (et dr) — LPo° (Pt dr),

for i = 0,1 and some exponent o € (4/3, q].
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For the estimate corresponding to pg we choose av = pg and extract the |r+ s| out
of the integral as a constant times 7:

1/p
D, (G) = —— G po(nrny2 48\
o ro=072 \ [, Jr 4 sfpo 3

c 1 1/po
Po n—
< ERSYYE </Ik |G|P0s ds)

C
> W ||GHLP0,1(T71—1 dr)-

N

Since r~("t1)/2 ¢ [Po:2°(pn=1dr) we have proved that D, is bounded when acting
between the spaces

Dy, o LM (r™ =t dr) — LPo®(r 1 dr).

We consider now the exponent p;. First of all, we change in the integral |r+s| by s,

SO 1
e aga(n—1)/2 95
Du(G) < 557 (/Ik|G s o)

Then recall that »~(=1/2 ¢ [P1:°°(r"=1 dr) 5o we only have to prove that

([ reresem 2 ) < G s
k

We can’t choose @ = p1, because for n = 2 it is outside the interval (4/3, ¢]. But for
2 < g < p; we can consider o = 2, and to prove the corresponding inequality we only
observe that 7= € L™ (r"~'dr) and that (L™/ (=D (=1 dr))* = L™ (r"1dr)
because n and "5 are conjugate exponents, so

G 2. n—1 ds 1z < G2 1/2 _ G
opst 2) T <ol T
k

Ln/(n=1),1 (Tnfl d’l“)

For the case py < ¢ < 2 we choose a = ¢ and, since [}, = [2% 281 with k > 1, we

can estimate
1/q 1/q
< |G|q3q(n71)/2 ds) < ( |G|asn ! ds) )
I S I 5

Now, observe that 71 € (LP1/41 (771 dr))* = LP1/9%(;n=1 dp) and obtain

_, ds 1/a _ 1/q
< I ‘G|q5n ! S) < (HGq”Lm/q,l(rn—l dr) ||T 1|‘L(p1/<1)'w00(rn*1 dr))
k

1
S c ||Gq||L/pz/q,l(rn—1 dr) =cC ||G||L7’1’1(r”_1 dr)-

This ends our proof. O
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Tt is remarkable that the case n = 2 in this proof is the hardest, as happens in [1].
This seems to be in the philosophy of the article [10].
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