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The speed of sound of the matter within neutron stars may contain non-smooth structure related to first- or
higher-order phase transitions. Here we investigate what are the observable consequences of structure in the
speed of sound, such as bumps, spikes, step functions, plateaus, and kinks. One of the main consequences
is the possibility of ultra-heavy neutron stars (with masses larger than 2.5 solar masses) and mass twins in
heavy (with masses larger than 2 solar masses) and ultra-heavy neutron stars. These stars pass all observational
and theoretical constraints, including those imposed by recent LIGO/Virgo gravitational-wave observations and
NICER X-ray observations. We thoroughly investigate other consequences of this structure in the speed of
sound to develop an understanding of how non-smooth features affect astrophysical observables, such as stellar
radii, tidal deformability, moment of inertia, and Love number. Our results have important implications for
future gravitational wave and X-ray observations of neutron stars and their impact in nuclear astrophysics.

I. INTRODUCTION

Exotic degrees of freedom, such as baryons made of strange
quarks (hyperons), have been the topic of intense discussion
since they were first studied in neutron stars in the beginning
of the eighties [1]. The new degrees of freedom, in spite of
being energetically favoured at intermediate densities, create
new channels to redistribute the Fermi energy and, as a con-
sequence, inevitably remove a source of pressure, making the
matter equation of state (EoS) softer. When the EoS model-
builders try to compensate for this by changing some of their
nuclear physics interaction parameters, and, thus, producing
an EoS that is stiffer in the presence of hyperons, they very
often generate stars with larger radii. This apparent conflict,
when comparing predictions with observations, has been re-
ferred to as the “hyperon puzzle” [2–4].

The possibility of hybrid neutron stars, containing an inner
core with deconfined quark matter, an outer core with bulk
hadronic matter, and a crust with nuclei, has drawn a consider-
able amount of attention (see e.g. Ref. [5]). Hybrid stars were
first proposed in 1965 [6] and their stability carefully investi-
gated in the seventies [7] and eighties [8]. These stars have
recently resurfaced in light of new astrophysical data from
gravitational wave observations of possibly the most massive
neutron stars ever detected [9–19]. The GW190814 event [9]
has been interpreted as being produced by the coalescence of
a compact binary, composed of a heavy black hole and a mys-
terious compact object of mass M = 2.5− 2.67 M�, for which
an electromagnetic counterpart was not detected. An argu-
ment has been made that the mysterious compact object was
a very low-mass black hole [20–23]. However, this argument
is not based on a smoking gun observable derived from the
GW190814 data itself, like measuring that the tidal deforma-
bility was zero to sufficient accuracy to exclude neutron stars,
which have non-zero deformabilities. Rather, this black hole
argument is based on other more “indirect” reasons. One such
reason is that the two past LIGO events consistent with neu-
tron stars (GW170814 and GW190425), and the distribution
of pulsars in our galaxy suggest a neutron star mass distri-

bution that disallows ultra-heavy neutron stars (with masses
above 2.5M�). This conclusion, however, hinges on small
number statistics from the two LIGO observations, and the as-
sumption that all neutron stars in the universe look like those
observed through radio observations in our galaxy. Another
reason for the argument presented above is based on the elec-
tromagnetic emission coincident with the GW170817 event,
which suggests a maximum mass of ∼ 2.3M� [12, 24, 25].
This conclusion, however, hinges on details of numerical rel-
ativity simulations that currently do not contain all of the
physics that may be relevant in binary neutron star mergers
(like viscosity, neutrino transport, and precise knowledge of
the EoS) [26–28].

Given these caveats, we are inspired here to investigate
what nuclear physics conclusions we would be led to if we
assumed the light companion of GW190814 was actually a
slowly-rotating neutron star. What EoSs can produce (slowly-
rotating) neutron stars in the mass range of M = 2.5−2.67 M�,
or heavier? Does the GW190814 event exclude the possibil-
ity of a first-order phase transition inside neutron stars, and
thus the existence of mass twins [13], i.e. neutron stars with
very different radii but the same mass ? If one were to re-
quire that EoSs allow for (slowly-rotating) ultra-heavy neu-
tron stars, with masses M > 2.5 M�, what would the implica-
tions be for the stellar radii and tidal deformability? How does
the information we have learned about neutron stars from this
event translate to information about the EoS and the speed of
sound of dense matter? Can we understand in detail what the
generic features of neutron stars that contain first-order phase
transitions in quark cores are?

The above questions are of great interest to the broader
nuclear physics community as they would influence our un-
derstanding of the transition from hadronic (neutrons, pro-
tons, hyperons, etc) to deconfined quark matter. The na-
ture of how heavy hadrons transition into light quarks varies
with temperature and baryon density, as well as with other
properties of the system, such as excess of strangeness and
chemical equilibration (or lack thereof). To start our discus-
sion, we review the main possible types of phase transitions.
These phase transitions are shown in a schematic diagram
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of first-order, second-order, and third-order phase transitions
in Fig. 1 demonstrating their consequences on the pressure,
first-order baryonic susceptibility or baryon density χ1 = nB,
second-order baryonic susceptibility χ2, and speed of sound
(squared) c2

s . An nth-order phase transition is where the nth-
susceptibility (i.e. the nth derivative of the pressure with re-
spect to the baryon chemical potential, χn ≡ ∂nP/∂µn

B) be-
comes non-differentiable. For a first-order phase transition,
χ1 has a jump at a given chemical potential, while for a phase
transition of order n > 1, then χn>1 has a divergence at some
chemical potential. This behavior has important implications
for the speed of sound, which through thermodynamic iden-
tities can be written as c2

s ≡ dP/dε = χ1/(χ2µB) at zero tem-
perature, where ε is the energy density. In particular, during a
first-order phase transition, the speed of sound drops to zero in
some finite range of baryon densities, while during a second-
order phase transition, the speed of sound spikes to zero at
a single value of the baryon density (e.g. see [29–31]). In
contrast, a crossover transition is one in which all susceptibil-
ities remain differentiable, and the speed of sound therefore
does not go to zero at all. Because phase transitions of order
three or higher are very hard to measure, the nuclear commu-
nity has sometimes referred to higher-order phase transitions
as crossovers. First-order phase transitions that present mix-
tures of phases (including pasta phases [32]) do not present
c2

s = 0.
A related concept that is important for our analysis is that

of a critical point. This quantity is defined as the boundary
between a first-order and a higher-order phase transition, and
therefore a critical point occurs at a second-order phase transi-
tion. A crossover phase transition is well-established to exist
at finite temperatures (above 1012 K) and in a finite range of
baryon chemical potentials that includes zero [33] but does
not include the chemical potentials relevant to neutron stars
[34]. Therefore, if a first-order phase transition exists at low
temperatures (specifically, inside neutron stars and/or in neu-
tron star mergers), then a critical point must also exist at finite
temperatures and somewhat lower baryon chemical potential
to separate the higher-order from the first-order phase transi-
tion [35–37]. Such a critical point has been dubbed the QCD
critical point, and current efforts are underway using heavy-
ion collisions to search for it, where the STAR experiment
has measured the most promising signals so far (kurtosis of
net-proton fluctuations) at 3.1σ significance [38]. For further
discussions see recent reviews [39–42].

An important consequence of a first-order phase transition
is the possibility of mass twin stars. Twin stars were first pro-
posed in [43] for the general case of first-order phase transi-
tions, and in [44] for the specific case of deconfinement to
quark matter. Recently, twins have been thoroughly stud-
ied in the case of a constant speed of sound for quark mat-
ter [13, 14, 45], polytropes [46] or using two different EoSs,
one of which is easily adjustable [47]. The second stable-
branch family can potentially appear when (i) the central stel-
lar density reaches the threshold for a strong first-order phase
transition, creating an unstable region in the mass-radius dia-
gram, and when (ii) there is a large enough portion of the star
made up of matter that reaches densities beyond the transi-

tion threshold and described by a stiff enough EoS. Such first-
order phase transitions, in fact, are motivated from the studies
of deconfinement of quark matter. Reference [7] argued that a
phase transition to non-interacting 4-flavor quark matter was
unlikely inside stable stellar systems. Reference [8] showed
that a phase transition to a 3-flavor interacting quark phase
could generate stable stars. Finally, Ref. [48] showed in detail
how to achieve stability for the case of two conserved charges,
baryon number and electric charge. In this paper, although
we do not focus on the nature of first-order phase transitions
themselves, we do investigate density regimes of several times
nuclear density, in which deconfined quark matter is expected
to appear [49].

Given this, in this paper we attempt to address the ques-
tions listed above by building a large number of EoSs based
on the functional form of the speed of sound, following the
prescription of [10]. These configurations allow for one or
more “bumps” in the speed of sound, with different low den-
sity (below nuclear saturation) crusts, shapes, widths, heights,
wells, and intervals in which the speed of sound falls to zero
(associated with the strength of a first-order phase transi-
tion), which are consistent with features found in realistic nu-
clear physics EoSs [19, 47, 50–75]. We investigate in detail
which conditions generate ultra-heavy stars (hereon defined as
M ' 2.5 M�) and which conditions lead to a second family of
stable stars with or without twin configurations.

Executive summary

The purpose of this paper is to test the possible functional
forms of the neutron star EoS using known gravitational wave
and X-ray constraints in order to understand qualitative fea-
tures of the speed of sound. There is a specific focus on bumps
in the speed of sound that can arise due to new hadronic de-
grees of freedom [73], deconfinement crossover phase transi-
tions [76, 77], quarkyonic matter [52, 63, 66, 72, 78], breaking
of chiral symmetry into a gapped Fermi surface [70], certain
vector interactions [71], and first-order phase transitions that
produce either a continuous mass-radius sequence or mass
twins. These features are of interest because they can signal
deconfined quark degrees of freedom within the core of neu-
tron stars, which are of broad interest to a number of fields,
including high-energy physics. Below, we provide an execu-
tive summary of our main conclusions:

Result 1: The maximum mass of neutron stars and
observational constraints from LIGO/Virgo and NICER
observations. When considering the maximum possible
mass of a neutron star, the radius measurement from the
GW170817 event [79] (deduced from its tidal deformabil-
ity) place the tightest constraints. The radius measurement
of PSR J0740+6620 from NICER observations [80, 81] cur-
rently does not have sufficiently small enough uncertainties to
add further constraints. This is because, in general, EoS mod-
els that lead to large maximum masses possess very stiff EoSs,
resulting in larger stellar radii. The impact of LIGO/Virgo
mass-radius constraints on the maximum mass, however, de-
pend on the analysis method employed (spectral EoS versus
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FIG. 1. Schematic diagram of the relationship between the order of the phase transition and effect on various thermodynamic quantities:
pressure, baryonic first-order susceptibility (or baryon density), baryonic second-order susceptibility, and speed of sound.

universal relations). The two methods lead to different radius
posteriors (differing by about 0.5 km) because they employ
different priors. Even such a small discrepancy in radius pos-
teriors can affect the limits by about 10% on the maximum
possible mass of causal neutron stars. Combining these dis-
crepancies with uncertainties in the crust of neutron stars, we
estimate that the absolutely maximum mass of a neutron star
could be in the range of M = 2.5−3.6 M� and R = 11−16 km
without violating any observational constraints.

Result 2: Functional form of c2
s to reach M > 2.5 M�

from the GW190814 event. Even though there are a num-
ber of constraints on the neutron star EoS, there is still a wide
parameter space available when constructing EoSs that can
reach masses as high as the light component of GW190814
i.e. reproduce M ≥ 2.5 M�. The only generic feature that
all of these EoSs share is a steep rise in c2

s at low densities

nB . 3 nsat. Nevertheless, with the existing data, one can-
not conclude that a bump in the c2

s is present, because similar
results are also consistent with a plateau. We find that cer-
tain features in c2

s can either shift the maximum mass up or
down without affecting the radius (e.g. the width of a peak
in c2

s or the end point in c2
s) or can shift both the mass and

radius, i.e. the location of the peak (peaks at large nB are in-
versely correlated with the mass and radius). Finally, much
more complicated c2

s structures are entirely possible within a
neutron star, such as double bumps, so a priori assumptions
of relatively smooth EoSs would eliminate a number of rea-
sonable and realistic EoSs. This then allows us determine the
maximum possible central baryon density reached within our
generated EoSs. If one assumes that the light component of
GW190814 was a neutron star, then we are not able to gener-
ate an EoS with a central baryon density greater than ∼ 6 nsat.
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Without this assumption, we find that the maximum central
baryon density that we were able to generate in our EoS model
was less than ∼ 8 nsat.

Result 3: Neutron star EoSs that are consistent with the
binary companion to V723 Mon. Recently, a dark object of
a mass M ≥ 2.91 ± 0.08 M� was measured [82]. Although
this companion is likely a black hole, we consider what the
implications on the EoS would be if it were a neutron star. We
construct a number of EoSs that are able to reach up to such
large masses with radii in the range of R ∼ 12.5 − 15.5 km. If
such a massive neutron star exists, then its tidal deformability
would be as low as Λ ∼ 2.5. This value is very small, and in
fact quite close to that of a black hole. This implies that (a)
one does not require an exotic compact object to reach these
small tidal deformabilities, and (b) it may be quite difficult to
measure such small tidal deformabilities accurately enough to
exclude the black hole limit with gravitational wave observa-
tions.

Result 4: Influence of the crust on the stellar maximum
mass and radius. While the EoS at low densities is better
constrained due to a better understanding of nuclear physics
in that regime combined with symmetry energy constraints,
uncertainties on the order of 10% still remain [83–85]. To take
that into account, we vary the description of our EoSs in this
“low” density regime (below 1–3 nuclear saturation density)
using 3 different crust models (QHC19, SKa, and SLy). We
find that the low density part of the EoS plays a significant
role for neutron stars of mass M ∼ 1.4 M�, and also, the
crust affects the maximum possible causal EoS that one can
produce. Interestingly enough, the crust affects the radius of
neutron stars as massive as M ∼ 2 M�. Therefore, future
constraints on the radius coming from the NICER observation
of PSR J0740+6620 [86, 87] with smaller uncertainties would
also be important for learning about the neutron star EoS at
low densities.

Result 5: First-order phase transitions in heavy neu-
tron stars M ≥ 2 M�. We are able to generate a number
of EoSs that lead to disconnected twins that reach a maxi-
mum mass larger than M ≥ 2 M�, in contrast to [46], due
to non-trivial structure in c2

s . The large maximum mass can
occur in either the first or second stable branch. Even more
massive stars, potentially as massive as the low-mass compo-
nent of GW190814, do not preclude the possibility of a first-
order phase transition within a neutron star. Applying first
all known LIGO/Virgo/NICER and saturation density con-
straints, we are able to construct mass-radius diagrams that
have kinks or connected twins but not disconnected branches.
The only way we can produce mass-radius diagrams with dis-
connected twin branches is if we ignore the radius constraint
from GW170817. Of course, as shown in [14], one can pro-
duce disconnected twin branches at very low mass, but this
requires a first-order phase transition at potentially too low
baryon density (below or close to nsat).

Result 6: First-order phase transitions and bumps in
the c2

s . We construct an assortment of mass twins that also
contain a range of structure in the c2

s , such as bumps, spikes,
kinks, and slants, and we determine qualitative observational
features that are of interest. For instance, if a narrow bump

is placed before a first-order phase transition well, then the
mass-radius curve presents disconnected mass twins; but if
the bump is widened, then the mass-radius curve only has a
single stable branch. A more extended phase transition (in
density) switches from having a connected branch, to a kink,
to disconnected or connected twins, and, finally, to only one
stable branch. In the case of twins, the more extended the
phase transition, the larger the radius in which they are dis-
tributed. Additionally, after the phase transition, one does not
need a step function to a constant c2

s to produce disconnected
mass twins; a slanted c2

s that goes to a plateau suffices. A
softer slope leads to a flatter second stable branch, whereas a
stiffer slope turns the second stable branch more vertical. A
similar effect is seen if one increases the height of the plateau
in c2

s after the phase transition (a larger value turns the second
branch more vertical), although values that are too small pre-
vent a second stable branch entirely. Varying the width of the
phase transition, one can switch between a disconnected mass
twin, or a single stable branch, but this also depends on other
features of the EoS, like the position and width of the bump.

Result 7: Approximately universal relations for EoSs
with structure. We have calculated the I-Love-Q relations
(inter-relations between the moment of inertia, the Love num-
ber and the quadrupole moment of rotating stars) for a large
set of EoSs with various kinds of structure in the speed of
sound (such as kinks, spikes, bumps, plateaus, first-order
phase transitions, etc). We find that no matter what we do
to the speed of sound, the I-Love-Q relations continue to be
roughly the same. The insensitivity to the wide variations in
the speed of sound that we considered is such that the rel-
ative fractional variability is below 1.5%. This implies that
inferences drawn on any two quantities in the I-Love-Q trio
from the measurement of the third are robust to structure in
the speed of sound.

The remainder of this paper presents the details of the con-
clusions described above. Section II discusses constraints
from gravitational wave observations, astrophysics, causality,
and nuclear physics. Section II C 2 outlines our formalism to
create structure in the speed of sound and how that connects
to EoSs. Section IV provides explicit examples of EoSs that
lead to mass-radius sequences that have maximum masses of
M ≥ 2.5 M�, tests causality constraints, and verifies the in-
fluence of the crust. Section V incorporates first-order phase
transitions into non-trivial speed of sound models and studies
the possibility of creating heavy mass twins. Section V B 3
compares the properties of stars with first-order phase tran-
sitions and higher-order transition structure in the speed of
sound, including the I-Love-Q relations. Section VII con-
cludes and points to future work.

II. CONSTRAINTS ON THE EOS

In this section, we discuss the observational and theoretical
constraints one can place on the EoS. We begin by describing
how to compute observables given an EoS. We then proceed
with a description of observational constraints, and conclude
with theoretical constraints.
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A. Observable quantities

Let us begin by discussing how we connect EoSs to astro-
physical observables in a general sense. We provide here only
a short summary and refer the interested reader to Ref. [88]
for further details.

Consider an isolated neutron star that rotates uniformly
with low enough angular velocity Ω that the Einstein equa-
tions can be expanded in powers of Ω. Angular velocity is
a dimensionful quantity, so by “slow-rotation” here we mean
slow relative to the mass-shedding limit. This approximation
is valid for most stars, even millisecond pulsars, with the ex-
ception perhaps of proto-neutron stars shortly after their birth
from a supernova explosion [89].

At O(Ω0), the (t, t) and (r, r) components of the Einstein
equation, together with the conservation of the stress-energy
tensor, yield the well-known Tolman-Oppenheimer-Volkoff

(TOV) equation and the continuity equation. Given an EoS
and a central energy density εc, the solution to these equa-
tions yields the spacetime metric for a star of a certain mass
and radius. By varying the central density, one can then pro-
duce a mass-radius curve, until the sequence becomes unsta-
ble, i.e. dM/dεc < 0. When considering twin stars, there
may be more than one stable branch, so it is important to con-
tinue to solve the TOV equations passed the first stable branch.
Note that the second branch is only stable if the mass-radius
curve rotates clockwise with increasing central pressure at the
extremum that gives raise to it [90]. Alternatively, a slow con-
version from hadronic to quark phase inside stars could turn
dM/dεc < 0 stars dynamic stable due to how the phase in-
terface moves under stellar pulsation (see Ref. [91] and refer-
ences therein) but, so far, there is no strong evidence that this
is the case [92].

With the O(Ω0) solution under control, one can then pro-
ceed to obtain the O(Ω) and O(Ω2) corrections. At first-order
in Ω, one finds a correction to the gravito-magnetic sector of
the spacetime metric, whose exterior asymptotic behavior is
controlled by the moment of inertia I. This quantity can be
obtained once the interior and exterior solutions at linear or-
der in Ω are matched at the stellar surface. At second order
in Ω, the diagonal sector of the metric is modified, leading
to a coupled set of differential equations. The solutions to
these equations in the interior and exterior of the star are then
matched at the stellar surface through the appropriate choice
of integration constants, and this determines the quadrupole
moment of the star. The latter controls how the mass-energy
re-distributes into an oblate spheroid due to the rotation of the
star. As in the case of the mass-radius relation, the moment
of inertia and the quadrupole moment can be computed once
an EoS and central density are selected. Repeating the calcu-
lation over a set of central densities then leads to the I–C and
Q–C curves, where C = M/R is the stellar compactness, or
equivalently the I–M and Q–M curves.

With the mass-radius, moment of inertia and quadrupole
moment of an isolated star computed, one can then shift gears
to a star that is no longer rotating but is also no longer in isola-
tion. When in the presence of a companion, a neutron star will
tidally deform. The re-distribution of the mass energy inside

the star into an oblate spheroid due to the external perturba-
tion can be captured through a multipolar decomposition. At
leading order in perturbation theory, the quadrupole moment
dominates the deformation. How much of a quadrupolar de-
formation is excited, given an external quadrupolar tidal field,
is controlled by the (electric-type, ` = 2) Love number, or its
dimensionless counterpart, the (electric-type, ` = 2) tidal de-
formability Λ1. The calculation of the tidal deformability re-
quires the solution to the linearized Einstein equations, which
in turn requires the solution of a differential equation in the
interior and exterior of the star that must be made continu-
ous and differentiable at the stellar surface through the ap-
propriate choice of integration constants. With this done, the
tidal deformability can be computed from this solution and its
derivative evaluated at the stellar surface. As in the case of
the moment of inertia or the quadrupole moment, one choice
of central density yields one value of the tidal deformability
for a given star. Repeating the calculation over various cen-
tral densities, one can then obtain the Λ-C (sometimes called
Love-C), or Λ-M (sometimes called Love-M) relations.

B. Observational constraints

1. Gravitational wave observations

The LIGO/Virgo Collaboration (LVC) used LIGO and
Virgo data of the GW170817 [79] event to place the first
gravitational wave constraints on the EoS [93], which we
now review. The GW170817 event consisted of gravitational
waves emitted in the inspiral, late inspiral and merger of a
compact binary composed of compact objects with masses
(m1,m2) ∼ (1.5, 1.3) M� [79]. The gravitational waves encode
the tidal deformabilty of the compact object in the waveform
phase, and a non-zero posterior on these quantities (together
with an assumption of small spins) ensured the compact ob-
jects were neutron stars and not black holes. The question then
is how to go from information about the tidal deformabilities
to the EoS of matter.

The LVC followed two approaches2. In the first approach,
which we shall call the “universal relations approach,” they
used approximately EoS-insensitive relations to perform EoS
inferences. These are universal relations between the two tidal
deformabilities of compact objects in a binary (the so-called
binary Love relations) [97, 98], as well as between the tidal

1 Technically, there are two types of tidal deformabilities –an electric-type
and a magnetic-type– that are characterized by how they transform under
a parity transformation. The electric-type tidal deformability dominates,
affecting the diagonal sector of the spacetime metric. The magnetic-type
enters at higher order in post-Newtonian theory, affecting first the gravito-
magnetic sector.

2 Recently, there have been new studies of LVC data that use an EoS model-
agnostic approach, in terms of Gaussian processes [94–96], which leads
to somewhat different confidence regions, though given the degree of in-
formation contained in the data, all of these are technically statistically
consistent with each other.
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deformability of any one of the compact objects and its com-
pactness (the so-called Love-C relations) [98]. The LVC first
used the binary Love relations to express the waveform phase
entirely in terms of one of the two tidal deformabilities (thus
analytically breaking parameter degeneracies in the waveform
phase). They then used the binary Love relations again to infer
the second tidal deformability from their measurement of the
first one. Finally, they used the Love-C relations to infer the
compactnesses of the two stars. This last inference, together
with their measurements of the component masses, yielded an
inference on the stellar radii of the two stars.

The second LVC approach used a specific model of the
EoS to carry out parameter estimation, which we shall call
the “spectral EoS approach.” The phenomenological spectral
EoS is constructed from c2

s := dp/dε = Γ(p)p/(ε + p), where
p and ε are pressure and energy density respectively, while Γ

is the adiabatic index for a polytrope, which is expanded via
Γ = exp[

∑
k γk log(p/p0)k], where γk are parameters to be fit-

ted and p0 is the smallest pressure at which the spectral EoS
is used (below that pressure, the LVC used a SLy EoS). The
LVC then sampled in the γk (including up to k = 4) and in
the central densities directly, when comparing the waveform
model to the data. Importantly, the priors the LVC used for γk
do not allow for the possibility of first-order phase transitions
or any other sharp feature in the speed of sound. In this way,
they were able to construct posterior probability distributions
for the γk and directly for the EoS. With this information, one
can also infer a posterior distribution on the M-R plane, as
well as on other inferred quantities, like in the I-M place and
the Love-M plane.

Each of the two approaches have advantages and disad-
vantages. The obvious advantage of the universal relations
method is that one never has to specify a functional form for
the EoS, but since the universal relations are not exact, one has
to marginalize over the residual EoS sensitivity. Conversely,
the advantage of the spectral EoS approach is that one can in-
fer a posterior on the EoS directly, so all EoS-dependent quan-
tities can be easily computed. Specifying a functional form
for the EoS, however, has its own problems, since it can bias
inferences related to nuclear physics for the cases in which
Nature’s EoS cannot be well-represented by the spectral EoS
model. The posterior distributions in the mass-radius plane
one obtains in these two approaches, however, are consistent
with each other, with the spectral EoS posteriors being tighter
than the universal relations.

Let us also mention, in passing, that most of the informa-
tion about the tidal deformabilities come from the very, very
late inspiral part of the coalescence. Indeed, the analysis of
the GW170817 that led to posteriors on the tidal deformabil-
ities is somewhat sensitive to (i) the accuracy of gravitational
wave models near but right before merger, and (ii) any cal-
ibration of the detector at those high frequencies. The LVC
did carry out a careful analysis, extracting the signal and an-
alyzing it with various waveform models and noise represen-
tations. These various analysis suggest that the posteriors on
the tidal deformability (and thus on the mass-radius plane) are
robust to these systematics, yet the fact that these systematics
exist should be kept in mind.

The LVC has recently observed another interesting event,
GW190814, which consisted of the gravitational waves emit-
ted in the inspiral and merger of a compact binary with com-
ponent masses m1 ≈ 25.6 M� and m2 ≈ 2.59 M�. For this
event, however, the signal-to-noise ratio was not large enough
to measure the tidal deformability to be zero with enough
accuracy to exclude neutron stars, which have non-zero de-
formabilities. Lacking this, and any electromagnetic counter-
part, it is not possible to determine whether the lighter object
was an ultra-light black hole or an ultra-heavy neutron star
from that data alone. In this paper, we will investigate whether
it is possible or not to form such ultra-heavy neutron stars.

2. Astrophysical observations

The NICER collaboration used x-ray data on PSR
J0030+0451 to place the first NICER constraints on the
EoS [80, 81], which we now review. PSR J0030+0451 is an
old (roughly 7.8 Gyr old), isolated millisecond pulsar with a
period of about 4.87 ms. X-rays emitted by the hot spots on
the surface of the star (hotter relative to the average surface
temperature) are then recorded by the NICER instrument as a
function of time, allowing for the resolving of the X-ray pulse
profile. This profile encodes information about a variety of
properties of the system, such as the hot spot shape, but in
particular also information about the compactness of the star
and its mass. The question here is how to model these pulses
and how to analyze this data set in practice.

The collaboration followed two approaches, which we shall
refer to as the “Amsterdam analysis” (AM) and the “Illinois-
Maryland analysis” (IL/MD). The two approaches differ in
the way the hot spots are modeled, and in the way the pa-
rameter space is explored (e.g. Amsterdam used nested sam-
pling, while Illinois-Maryland used Markov-Chain Monte
Carlo sampling) and their choice of priors. These differences
led to different confidence regions in the mass-radius plane,
although the differences are statistically consistent with each
other [80, 81]. A recent comparison paper [86] suggests that
the use of MultiNest may have led to non-convergent results
with live-point number, suggesting an explanation for the dis-
crepancy in the IL/MD and the AM posteriors in the mass-
radius plane.

The NICER collaboration has also recently presented their
analysis of the millisecond pulsar, PSR J0740+6620, with a
period of about 2.9 ms, in a binary system with a white dwarf
[86, 87]. Because of the companion, the mass of the pul-
sar was known from pulsar radio observations to be about
2.14 M�. For this pulsar, the NICER team was able to use X-
ray measurements from XMM Newton to estimate the back-
ground. As before, two analysis were carried out on this data
set, leading to two posteriors in the mass-radius plane that are
statistically consistent with each other [86, 87].

Another set of observations that we will refer to in this
paper are those of the dark companion to the bright nearby
red giant V723 Mon. Due to the geometrical orientation of
the binary system’s orbit, the components eclipse each other.
From the light curve of this eclipsing binary, researchers were



7

Am IL/MD

J0740+6620

Companion V723 Mon

GW190814

GW170817 J0030+0451

uni rel specEOS IL/MD

AM

9 10 11 12 13 14 15 16
1.0

1.5

2.0

2.5

3.0

R [km]

M
[M

⊙
]

FIG. 2. (Color online) Observational constraints on the neutron star
mass-radius plane from LIGO/Virgo and NICER data. The yellow
and pink (looks orange when overlapped) regions correspond to 90%
confidence regions, obtained from the GW170817 event using the
universal relations and spectral EoS approaches, respectively. The
brown and green regions correspond to 90% confidence regions ob-
tained from NICER data on PSR J0030+0451 and J0740+6620, us-
ing the Illinois-Maryland and the Amsterdam analysis, respectively.
Finally, the horizontal regions are 90% confidence regions for the
mass of the lighter object in GW109814 and the Companion V723
Mon object.

able to infer that the companion to V723 Mon has a mass of
M ≥ 2.91 ± 0.08 M� [82]. This object is, therefore, either a
black hole in the so-called mass gap, or an ultra-heavy neutron
star (ie. a neutron star with mass larger than 2.5 M�).

3. Comparison between LIGO/Virgo and NICER observations

Figure 2 shows the various observational constraints we
have discussed so far in the mass-radius plane (see caption for
details). The radius constraints for GW170817 differ between
the two LVC analysis by roughly 0.5 km, and it stems from
the fact that the spectral EoS approach included the prior that
only EoSs that support a 2 M� star or heavier are allowed (a
prior that was not imposed in the universal relations analysis).
For J0030+0451, The IL/MD analysis extends more, in the
direction of wider radii, which implies that it is the least con-
straining between IL/MD and AM (the maximum mass and
the lowest radius of the AM posterior do not strongly affect
our results because more massive neutron stars tend to be pro-
duced by EoSs that reproduce intermediate mass stars that are
wider).

The real impact of different constraints on nuclear physics
is strongly dependent on which range and which quantity the
observations constrain. For example, many standard EoSs (as-
suming they do not describe strange quark stars, dark matter,
or mirror matter) predict that a radius in R ∼ 11-17 km for a
star with mass M ∼ 1.4 M� [2, 3]. Thus, the low end of the

radius constraints from LIGO/Virgo and NICER data does not
affect the vast majority of EoSs. On the other hand, the high-
end of the radius constraints from GW170817 does provide
a significant constraint on many EoSs, especially when one
considers the possibility of very massive neutron stars. Since
we assume that the overlap region between the J0030+0451
NICER and GW170817 LIGO/Virgo constraints is the most
likely for stars of about 1.4 M�, then this implies the maxi-
mum radius is constrained from the GW170817 data. Hence-
forth, for the most part, we will choose to show our results
in comparison to constraints obtained from the universal re-
lations analysis, together with the Illinois-Maryland analysis.
However, as discussed above, some gravitational wave con-
straints are susceptible to the functional form of the EoS used,
so in Sec. IV B 2 we explore the approximately 0.5 km dif-
ference in the constraints obtained from the use of an spectral
EoS and the use of universal relations.

C. Theoretical constraints

1. Causal limit and pQCD

A theoretical bound that all neutron star EoSs must not
violate is causality. This means that the speed of sound
of a neutron star cannot be greater than the speed of light,
i.e. 0 ≤ c2

s ≤ 1 (in natural units). A way to probe the abso-
lute limits of the largest possible neutron stars is to generate
an EoS that transitions from a crust (at low densities) to the
causal limit, i.e. c2

s → 1. Typically, this is done with almost
a step function. In this paper, however, when we explore the
causal limit, we always incorporate a slant to avoid a diver-
gence in the derivative of c2

s . We discuss the effects of varying
the slant inclination in section V. This kind of study can place
bounds on the absolute maximum neutron-star mass for a spe-
cific crust EoS and specific stellar radius constraints.

A somehow opposite constraint comes from perturbative
QCD techniques, which have found that c2

s → 1/3 from below
at large baryon densities [99–101]. Currently, the lowest esti-
mate for the applicability of this argument is at nB & 40 nsat,
which is well beyond the maximum central density of all stars
shown in this paper. However, it is still interesting to study the
consequences of the final value that c2

s reaches at its maximum
central density in neutron stars, which we also explore in this
paper. Furthermore, if quark matter is indeed reached with the
neutron star densities, the only explanation for a further sig-
nificant decrease in speed of sound is the appearance of new
degrees of freedom, further phase transitions to other quark
phases with different symmetries [53, 56], or drastic changes
in the interactions [71].

2. Nuclear Physics Constraints

Assuming that the constituents of the neutron star in some
region are baryons, the hadronic matter in this region must
present properties that are compatible with the correspond-
ing reliable theoretical predictions and laboratory experimen-
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tal data. The former comprehends ab initio approaches to
model the attractive and repulsive components of the strong
interaction between hadrons. In particular, Chiral Effective
Field theory produces reliable calculations for pure neutron
matter for densities that extend a little beyond saturation den-
sity (see, for example, Fig. 2 in Ref. [101]), which we define
next.

Hadrons are bound together inside nuclei by the residual
strong force, which is short-ranged. This gives rise to the
phenomenon of saturation, imposing a limit for the size of
nuclei and producing an average nuclear baryon density of
ρsat ∼ 2.3 × 1014 g/cm3, or equivalently an average nuclear
number density of nsat ∼ 0.16 fm−3; we will refer to the lat-
ter as the nuclear saturation density [102]. This value can be
calculated as the density that corresponds to the minimum in
the binding energy per hadron. Several properties have been
measured for nuclei at this density, including binding energy,
incompressibility, and effective mass of nucleons. Hadronic
models are constructed in such a way that they reproduce sat-
uration properties at saturation density for isospin symmetric
matter (i.e. containing the same amount of neutrons and pro-
tons).

Since neutron-star matter is not isospin symmetric due to
the neutronization process that takes place in supernova ex-
plosions (combined with forbidden decays due to Pauli block-
ing), hadronic models that are used in astrophysics must in
addition reproduce asymmetric properties. This is done by
modelling the energetic cost of producing asymmetric mat-
ter (much more incompressible than symmetric matter) to be
in agreement with experimental data of symmetry energy at
saturation density and its slope [103]. The latter is a very im-
portant quantity, as it guides models beyond saturation. A
lower slope of the symmetry energy implies a less incom-
pressible (more soft) EoS at intermediate densities. Such a
slope leads to neutron stars in better agreement with NICER
data and LIGO/Virgo data[104].

At larger densities (beyond 2 nsat) heavier hadrons are ex-
pected to appear. The uncertainties in their properties only
increases the uncertainties in the modelling of the neutron star
core, independently of those being hyperons [105], Delta res-
onances [106], or negative parity states [107].

III. MODELING NEUTRON STAR EOS WITH
FIRST-ORDER AND HIGHER-ORDER PHASE

TRANSITIONS

In the previous section we discussed constraints that have
been imposed on the EoS of neutron stars from observations
and theoretical considerations. Now we discuss how to build
EoSs that satisfy these constraints. One key feature of our
model-building, however, is that we will only consider EoSs
that contain one of two types of structure: first-order phase
transitions or higher-order phase transitions. An EoS with
a first-order phase transition corresponds to one in which
there exists a region in energy density ε inside which the
speed of sound c2

s := dp/dε vanishes (forming a well), or
equivalently, in which pressure p is a constant across a range

SLy (npe only)

QHC19 (npeq)

CMF (npeH)

CMF (npeH+mix+q)

CMFvec (npeHq)

QMC-A

CMFex (npeHq)+ξ<0

CMFex (npeHq)+ξ=0

Triplets

2 4 6 8
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FIG. 3. (Color online) Comparison of the speed of sound
squared, calculated from the SLy EoS (n+p+e), the QHC19 EoS
(n+p+e+quarks), the CMF EoSs (n+p+e+µ+Hyperons+quarks),
the QMC-A EoS (n+p+e+µ+Hyperons), and the Tiplets
(n+p+e+µ+Hyperons+quarks) EoS as a function of baryon
number density in nuclear saturation units. EoSs constructed
from state-of-the-art models generically lead to non-trivial, non-
monotonic structure in the speed of sound.

of ε. By higher-order phase transition structure, we mean
regions in p–ε in which the speed of sound behaves non-
monotonically, for example presenting kinks, bumps, jumps,
spikes, or plateaus. A higher-order phase transition could be
triggered by a new state of matter or by new degrees of free-
dom (or simply by different interactions, as discussed above).
First-order phase transitions, on the other hand, are usually
related to the appearance of a new state of matter, such as de-
confined quarks. In either case, simple relations among cen-
tral speed of sound and stellar masses [108] do not apply.

Why do we focus on such EoSs? EoSs containing only nu-
cleonic degrees of freedom within the core of a neutron star
generally have speeds of sound c2

s that monotonically increase
with increasing baryon density nB. However, at large enough
nB, nucleonic EoSs often become acausal (c2

s > 1), as demon-
strated in Fig. 3 with the SLy EoS, where nsat := 0.16 fm−3

stands for nuclear saturation density. The inclusion of more
exotic degrees of freedom at large densities, such as hyperons
or quarks naturally creates a non-monotonic structure in the
speed of sound, with kinks, bumps, jumps, spikes, wells, or
plateaus [5, 19, 47, 51, 52, 62, 63, 69–75, 109, 110]. This
is also demonstrated in Fig. 3 with the QHC19, QMC-A,
Triplets, and various versions of the CMF model. QHC19
is an EoS constructed with a percolation to quark matter de-
scribed by a 2+1 NJL model [77], which leads to a bump fol-
lowed by a dip in c2

s . The QMC-A is an EoS that includes
valence quarks inside nucleons and hyperons interacting self-
consistently [73, 111]. The kinks associated with the ap-
pearance of hyperons combine into a larger bump that brings
the speed of sound below c2

s = 1/3. The Triplets EoS is a
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FIG. 4. (Color online) Flow chart of the piecewise functional forms
of the speed of sound used to create EoSs. More complicated struc-
tures in the speed of sound can be created with multiple transition
and structure functions.

combination of a density-dependent RMF model with nucle-
ons and hyperons, a two-flavor color-superconducting (2SC)
phase, and a colorflavor-locked (CFL) phase [53]. The two
distinct phase transitions reproduce two EoS wells. CMF is
an EoS constructed from a chirally symmetric Lagrangian that
describes hadrons and quarks within the same formalism. Fig-
ure 3 shows five realizations of the CMF EoS – the original de-
scription with hyperons [112] and a first-order phase transition
to quark matter connected through a mixture of phases [113],
a new parametrization with extra vector interactions and a
first-order phase transition to quark matter (but now without a
mixture of phases) [11], and, finally, two EoS that include an
excluded volume for the hadrons, resulting in a higher-order
phase transition to the quark phase (shown for two different
parametrization of the strange vector quark couplings) [50].
The appearance of hyperons and higher-order phase transi-
tion to quarks appear as kinks or bumps of different sizes.
The first-order phase transition reproduces a small well with
c2

s = 0 and the mixture of phases presents very small c2
s for an

extended range of densities. The excluded volume of hadrons
generates a large raise in c2

s , which can generate stable twin
stars (for the CMFexc with ξ < 0). This figure clearly shows
that realistic neutron star EoSs contain non-monotonic struc-
tures in the speed of sound that would be impossible to model
accurately with a spectral EoS (unless a very large number of
γk constants are included).

The approach we will follow in this paper is to create func-
tional forms of the EoS using the speed of sound, c2

s , directly.
At low densities we use well-established crust EoSs (SLy is
our default, but we study the consequence of the QHC19 [77]
and SKa [114] crusts as well), and at a transition baryon den-
sity n1 ∈ (1.5–3) nsat, we switch to a new set of functional
forms for the EoS, as sketched in Fig. 4. The functional
forms have a transition piece that is either a linear function,
a quadratic function, or a hyperbolic tangent (smooth tran-
sition) function of the energy density. This transition piece
connects the crust to a structure piece once a baryon density
n2 is reached. The structure piece can model a smooth bump,

a spike, a flat plateau, oscillations, or a plateau at c2
s = 0,

which defines a first-order phase transition. We restrict the, in
principle infinite, space of structure functions as follows:
• Causality: 0 ≤ c2

s ≤ 1,
• Switching density: n1 ≥ 1.5 nsat,
• Mass-radius relationship must fit within known con-

straints by LIGO/VIRGO/NICER [80, 81, 93, 115].

Regarding the last point, we here use the Illinois-Maryland
analysis of the NICER data for J0030+0451 and the universal-
relations analysis of the LIGO/Virgo data for the GW170817
event. Additional constraints arising from the analysis of PSR
J0740+6620, from the analysis of GW170817 with a spec-
tral EoS, from GW190814, or from the companion of V723
Mon are also shown in a few figures for comparison. At very
large densities, i.e. nB ∼ 40 nsat, one can also require that
c2

s → 1/3 from below [99–101], which is sometimes referred
to as the conformal limit. However, since all of our EoSs have
maximum central densities below nmax

B ≤ 10 nsat, this require-
ment has no effect on our functional forms. We have created
a Mathematica notebook that can reproduce these EoSs, and
is available at GitHub [116]

A. Low density (crust) EoS

As a default, we use the SLy EoS [117–120] for our low
density regime, nB . 2 nsat, although two other prescriptions
are also used for comparison. The SLy EoS employs a nu-
clear interaction of the Skyrme type and generates a unified
EoS from crust to a liquid core of neutrons, protons, electrons,
and muons. The crust has an effective Hamiltonian with the
Argonne two-nucleon interaction AV18 and it includes the Ur-
bana model of three-nucleon interactions.

The second prescription we use is that of the QHC19 EoS.
It contains purely hadronic degrees of freedom in the crust,
whose free energy is calculated using a variational method
[121]. We employ this framework up to a baryon number den-
sity of 2 nsat, where a transition to a quark matter phase takes
place (described by a 2+1 NJL model) via percolation, which
is comparable to a crossover.

A third prescription we explore is that used in the SKa EoS
[122–124]. The physics at the microscopic level is very simi-
lar to that of the SLy EoS, in which a Skyrme type interaction
is adopted to generate a unified EoS. However, this single nu-
cleon approach is extended to incorporate the effects of non-
trivial clustering via a nuclear statistical equilibrium method.
Additionally, the outer crust employs a variational method,
making use of available experimental mass tables of nuclei.

B. Transition function

We often need to connect different pieces of the EoS to de-
scribe different regions of the star. This could be the crust and
the core or just two difference structures like a bump and a
phase transition. Let us say that the low density function that
we need to connect is f1(nB) and the high density function is
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f2(nB). Typically, we start our connection from f1(nB) to the
transition piece at n1 and we end our connection at n2. In this
work, we have defined three different transition functions.

The first function we use is a linear transition function:

flin(n) ≡ mx + b n1 < nB < n2 , (3.1)

where

m =
f1(n1) − f2(n2)

n2 − n1
b = f1(n1) − m · n1 , (3.2)

This gives a kink in c2
s when connected to f1(nB) and f2(nB).

The next function provides a smooth transition between two
functions by using a hyperbolic tangent:

ftanh(nB) ≡ S (nB) f2(nB) + [1 − S (nB)] f1(nB) , (3.3)

where S (nB) is a smoothing function defined as

S (nB) := 0.5 + 0.5 tanh [(nB/nsat − a)/b] , (3.4)

where b determines the width of the smoothing region and a
is an offset parameter. Here, n1 and n2 have some arbitrariness
as the two functions smoothly connect to each other.

Lastly, we use a quadratic function to transition. The pri-
mary reason for this is to change a function from concave to
convex (or visa versa). In particular, we employ

fquad(n) ≡ (nB − x0)2 + y0 n1 < nB < n2 , (3.5)

where we have defined

x0 =
f2(n2) − f1(n1) +

(
n2

1 − n2
2

)
2 (n1 − n2)

, (3.6)

y0 = f2(n2) − (n2 − x0)2 . (3.7)

This is used when we want to create a kink in the c2
s , for

instance. With these there different transition functions, we
are able to connect the crust to the core (or multiple layers of
structure) quite easily.

C. Structure function

In this paper, we build in multiple different types of struc-
ture functions that we detail below. We turn on our structure
function at the baryon density n2, and in some cases, connect
multiple structure functions together, e.g. to another func-
tion f2(nB) that could be connected to another f3(nB) at n3,
where f3 may be either a transition function or another struc-
ture function.

Most commonly, we build bumps or spikes into our EoS
through a structure function of the form

fbump(nB) ≡ f3(n3) + d exp
[
−

(nB − npeak)2

w2

]
n2 ≤ nB ≤ n3 ,

(3.8)
where d defines the magnitude of the bump, w is the width
of the bump, and npeak is any offset that places the peak at a
specific location in nB. Often times we define n2 = npeak if

we want to have a sharper rise to the peak (i.e. something
like a spike), rather than a simple Gaussian, which can be
accomplished through a transition function. We have stud-
ied a number of different f3(n) possibilities, such as just a
constant value (a plateau after the bump), oscillations, a first-
order phase transition, or secondary bumps. Additionally, we
sometimes build in valleys or spikes to lower c2

s , and this is
accomplished by choosing d to be negative.

We have also tested oscillations after a bump to test the sen-
sitive of EoS to complicated structures after a large bump. The
format is somewhat similar to Eq. 3.8. This includes damped
oscillations as well, such as

fosc(nB) ≡ f3(n3)+d exp
[
−w

nB

nsat

]
cos

[
f · nB/nsat

]
nB ≤ n3 ,

(3.9)
where d describes the magnitude and w describes the width (as
with Eq. 3.8) and f describes the frequency of the oscillations.
To study just oscillations (no dampening) then on can set w =

0.
A plateau can occur simply by using a constant value of c2

s ,
i.e.

fplat(nB) ≡ const n2 ≤ nB . (3.10)

For the case of first-order phase transitions, we use a plateau
of a constant value that is nearly zero e.g. c2

s = 0.001 across a
width of nB. Typically we have transition functions that are ei-
ther linear or quadratic that connect the first-order phase tran-
sition to the rest of the functional form. Finally, we often end
at another plateau of a different value by the time we reach the
stellar central baryon density.

D. Reconstructing the EoS from c2
s

The low density EoS is taken directly from our crust table.
At the baryon number density n1 at which one switches be-
tween the crust and a functional form of c2

s , we use the initial
values from the crust for the pressure p1 and the energy den-
sity ε1 to reconstruct the EoS iteratively. Taking small step
sizes in the baryon density ∆nB, it is possible to integrate in or-
der to reconstruct the baryon density, energy density, and pres-
sure from c2

s , see [125] for further details. Here we assumed
electric charge neutrality and chemical equilibrium with lep-
tons. When considering twin EoSs, it is extremely important
to take very small steps sizes in the equation of state in order
to avoid numerical error. A good consistency check when de-
termining the step size that we have employed is to obtain the
EoS from this method, and then recalculate c2

s to ensure that it
is compatible with the original functional form.

IV. NEUTRON STARS WITH HIGHER-ORDER PHASE
TRANSITIONS

In this section we build EoSs with higher-order phase tran-
sitions, as described in the previous section, focusing on EoSs
that have kinks, bumps, jumps, spikes and plateaus in the
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FIG. 5. (Color online) Speed of sound (first or far left panel), EoS (second panel), mass-radius diagram (third panel), and tidal deformability
(fourth or far right panel) for a sub-family of equations of state with peaks in the speed of sound of different widths at the same location (top)
and peaks of the same width at different locations (bottom). Symbols show the central density for the most massive star of the sequence. The
wider the bump or the lower the density at which it occurs, the larger the maximum mass of neutron stars, but only the low-density bump
generates larger intermediate-mass stars with larger radius and tidal deformability.

speed of sound. Of these structures, a rapid rise in the speed
of sound at some baryon number density could be indicative
of a rapid change in the degrees of freedom of the system
(such as quark matter), and has been dubbed by some an “un-
phase transition” [52]. We will investigate the impact that
such un-phase transitions, as well as other higher-order phase
transition structures, have on observable quantities, such as
the mass-radius and tidal deformability curves. In particular,
we will see how these structures can lead to extremely heavy
neutron stars with small deformabilities.

A. How to construct ultra-heavy neutron stars

One of the main consequences of higher-order phase tran-
sition structures in the speed of sound is the possibility of cre-
ating extremely heavy neutron stars. In this paper, we refer
to non-spinning stars with a maximum TOV mass larger than
2.5 M� as “ultra-heavy.” As mentioned in the introduction,
one can obtain even heavier systems by allowing for rigid or
differential rotation, which increases the maximum TOV mass
by about O(10%) for millisecond periods rotation rates [126],
but we do not discuss such systems here. As we shall see, the
universal feature in the speed of sound that allows for the con-
struction of ultra-heavy neutron stars is a steep rise in c2

s at a
relatively low transition density.

1. Bump in c2
s: Width and location

Let us begin by studying the consequences of a single bump
in the speed of sound of a fixed height but various widths and
transition densities in the speed of sound. The motivation for
this study is the fact that a steep rise in the speed of sound at
intermediate densities has been associated with higher-order
repulsive terms in the description of the strong force among
nucleons and hyperons [11, 71]. Moreover, such a bump in
the speed of sound has also been shown to improve the agree-
ment with the observation of neutron stars above M ≥ 2 M�
[10, 109, 127, 128]. The structure functions we use to model
these cases are either fbump or fosc with a variety of transi-
tion functions. In all cases considered below, we ensure that
the resulting mass-radius and mass-tidal deformability curves
satisfy the constraints discussed in Sec. II.

The results of this analysis are presented in Fig. 5, which
shows the effect that a single bump in c2

s has on the EoS and
the resulting mass-radius and mass-tidal deformability rela-
tions. The top panels of this figure show the effect of a bump
of varying width (but fixed transition baryon number density
n1), so let us discuss these first. The wider the bump in the
c2

s , the taller the raise in p vs ε in the EoS and the larger the
maximum stellar mass (while maintaining a nearly constant
low and intermediate mass-radius relation), because a larger
portion of the star is described by a more stiff EoS. Further-
more, the wider the speed of sound peak, the less compressed
the maximum mass stars are, and the lower the central densi-
ties they present (symbols in far left panel). Finally, the tidal
deformability of low and intermediate mass stars are not af-
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fected by differences in the peak, but for a given massive star,
the wider peak EoSs produce a larger tidal deformation.

We now focus on the influence of the location of the peak
in the speed of sound bump, while keeping the width and
height fixed, which is shown in the bottom panels of Fig. 5.
The lower the baryon number density n1 of the transition, the
larger the corresponding stellar masses and radii, as intermedi-
ate mass stars are strongly affected by this shift. Additionally,
as n1 shifts to larger baryon densities, the central stellar den-
sity also shifts to larger central densities. More compressed
matter translates into a much lower tidal deformability and
Love number for a given mass, as shown also in the figure.
Therefore, our results indicate that one can easily create a fam-
ily of EoSs that reach M ≥ 2.5 M�, either by implementing
a narrow peak at low transition baryon densities n1 or a wide
peak at higher n1.

Interestingly, the effects of increasing the width of the bump
is opposite to the effect of increasing the bump location,
i.e. widening the bump increases the maximum mass, while
increasing the bump location decreases it. Could one then tune
the widening of the mass and the increase of the bump loca-
tion so that these two effects approximately cancel each other,
leading to a roughly constant maximum mass? The answer to
this question is yes. Indeed, one can widen the bump so much
so that it becomes a plateau, and as long as this occurs at the
right transition density n1 (below n1 ∼ 3 nsat), the resulting
mass-radius curve will have the same maximum mass as that
resulting from an EoS with a single narrow bump at low n1.
While the maximum mass will be roughly the same, however,
the radii will be different, with larger n1 leading to stars with
smaller radii. We therefore conclude that a star with a large
radius at M ∼ 2.5 M� implies a larger raise in the c2

s at low
transition densities. Similarly, a star with a smaller radius at
M ∼ 2.5 M� is much more likely arising from a transition that
occurs at n1 ∼ 3 nsat or below, and that has a wide peak or
plateau.

2. Secondary structure in c2
s at high densities

Let us now study the consequences of the behavior of c2
s at

large baryon densities. We first consider a scenario in which
c2

s increases and then plateaus at various cend, so we can ad-
ditionally test the consequences of the pQCD limit c2

s → 1/3
at very large densities. The structure function we use in this
case is just a constant controlled by cend, and thus, it is this
parameter that determines the asymptotic value of the speed
of sound at large densities. The effect of changing cend then
leads to either a stiffer high density behavior (for a large value
of cend) or a softer high density behavior (for low values of
cend).

Figure 6 shows the impact of this higher-order phase tran-
sition structure in the EoS, as well as in astrophysical observ-
ables. The variation of cend between 1/3 and 9/10 has an ef-
fect only on massive stars, which are the ones able to have
a sizable dense matter core, both in the mass-radius diagram
and the Λ–M relation. The central stellar density is barely
affected. Therefore, given current uncertainties, we are not

strongly sensitive to a return of c2
s → 1/3, even if it were to

occur at densities reached by massive stars (especially when
one considers other uncertainties in the functional form of c2

s
as detailed earlier). While not shown here, we have also stud-
ied the inclusion of oscillations (using multiple trigonometric
functions) and a number of other bumps and wiggles occur-
ring after the large initial peak. We find no significant effect
on the maximum mass, because the large initial peak appears
to soak up any detailed structure in the c2

s at larger baryon
densities.

3. Primary bump structure in c2
s

Let us now consider the possibility that the first initial bump
has additional substructure in it, such as a double peak. This
is different from the previous case studied, because in those
cases the speed of sound had a single and simple bump, which
was then followed at larger densities by wiggles or additional
bumps. Here, we are concerned with the structure of the first
dominant bump itself. A physical motivation for this is that
expected new degrees of freedom could open up at interme-
diate baryon densities (e.g. hyperons) and this could produce
multiple bumps or kinks in the speed of sound at the dominant
bump (see Fig. 3). We test this possibility through an initial
spike followed by a large bump, which we model with two
structure functions of bumps followed by a plateau.

Figure 7 shows the resulting speeds of sound, their impact
on the EoS, and their corresponding mass-radius and Λ–M
curves. A spike followed by a bump can still sustain ultra-
heavy neutron stars, provided the spikes occur at nB = 1.5 nsat
and nB = 2 nsat. One can, in principle, obtain a similar max-
imum mass for the other curves if one were to further adjust
the width of their second bump. In fact, results from the dou-
ble bump peaks look fairly similar to the ones from single
bump peaks shown in Fig. 5. For the heavier neutron stars,
the double bumps decrease the maximum mass only about a
few percent, while holding the radius nearly fixed, whereas
for the lighter neutron stars a double bump could decrease the
maximum mass and the radius at the maximum mass slightly
more.

B. How to construct the heaviest neutron stars

A major challenge for realistic but still standard neutron
star EoS models is producing a large maximum mass. Reach-
ing masses as high as that of the light component of the
GW190814 event is very difficult, specially when including
hyperonic degrees of freedom (without resorting to fast ro-
tation [11, 12, 16, 23, 129–132], or strong magnetic fields
[133]). Reaching masses as high as the companion of V723
Mon would not be possible at all with most standard EoS
models. However, it is also entirely possible that new and
yet unexplored states of matter exist within the core of a
neutron stars that lead to structures in the speed of sound,
which can allow for such large masses. Indeed, the prelim-
inary study of [10] showed that bumps in the EoS can lead
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FIG. 6. (Color online) Same as Fig. 5, but for a sub-family of EoSs with different asymptotic values for the speed of sound at large densities
(i.e. different plateau heights). The plateau height has a moderate effect in the maximum mass and the large-mass portion of the mass-radius
diagram and mass-tidal deformability curves.
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FIG. 7. (Color online) Same as Fig. 5, but for a sub-family of EoSs with double peaks in the speed of sound at different locations. The double
peak structure allows for ultra-heavy neutron stars, with larger radii and large Λ (for the same mass) for bumps at larger densities.
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FIG. 8. (Color online) Same as Fig. 5, but for a sub-family of EoSs that incorporates three different crusts: QHC19, SLy, SKa coupled to a core
that transitions to the causal limit at a transition density n1. We vary the latter in order to find either the minimum possible maximum mass that
fits within the GW190814 error bands or the maximum possible mass that fits within all radii constraints. Crust model impacts significantly
the mass-radius relation, and also impacts the value of n1 needed to achieve an extremely heavy neutron star and agree with observational
constraints.

to neutron stars as massive as that of the light component of
the GW190814 event. In this section, we will investigate this
structure systematically to find the heaviest neutron stars al-
lowed by higher-order phase transition structure in the speed
of sound. We will focus first on the impact of the crust and
the causal limit on the maximum mass, and then discuss the
impact of particular higher-order phase transition structures.

1. Influence of crust on maximum mass

As we mentioned before, we here use the word “crust” in
a non-rigorous way to refer to the low density portion of the
EoS all the way until the fast rise in the speed of sound takes
place. Since this rise can happen anywhere from just after
saturation density until ∼ 4 nsat, this comprises regions de-
scribed by both nuclei and bulk nucleonic matter. While the
low density regime of a neutron star is relatively well con-
strained from a variety of techniques [125, 134], still some
uncertainty remains [83, 85, 135, 136]. Up until this point, we
have considered only the SLy EoS to model the low density
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FIG. 9. (Color online) Same as Fig. 5, but for a sub-family of EoSs that lead to the most extreme mass-radius curves that remain causal and
fit within the two distinct GW170817 bounds. The right-most edge of the posterior in the mass-radius diagram, derived from the two analysis
(universal relations and spectral EoS) of the GW170817, can impact the largest maximum mass achievable.

portion of our EoSs. In this subsection, we relax that assump-
tion to test how a different choice in crust would affect our
maximum mass and range of radii for an ultra-heavy neutron
star of M ≥ 2.5 M�.

Unfortunately, it is not possible to systematically check all
known crusts because not all of them are available up to the
density we require for matching to our functional forms of
c2

s . Thus, we choose two other EoSs3 to study beyond the
SLy EoS: the QHC19 EoS [77] and the SKa EoS [114]. In
order to test the effect of these on the mass-radius relation,
we fit second-order polynomials to their speeds of sound and
connect them to the causal limit at a transition density n1. We
then vary n1 so that the resulting mass-radius relation is in
agreement with the LIGO/Virgo and NICER constraints.

Figure 8 shows our results for this study where we find that
behavior of the mass-radius relation depends strongly on the
crust model, even if the EoSs behave the same after switch-
ing at more dense regions. Because the QHC19 EoS has the
softest EoS in the low density region that we consider here,
it requires the lowest value of n1 in order to support heavy
neutron stars. Consequently, also because of the low value of
n1 and the soft low density EoS, this leads to a larger maxi-
mum mass and radius that fits within known constraints (and
a larger tidal deformability for a fixed mass). Note that, this is
the only part of our analysis where we allow n1 to be smaller
than 1.5 nsat. We see the opposite effect for the SLy and SKa
that has the stiffest crusts, which then can have a larger values
of n1, which leads to the smallest maximum mass that still fits
the constraints. Overall, varying the crust model can change
the maximum mass and radius up to 6%. See Ref. [139] for
a discussion of the relation between different symmetry en-
ergy slopes in crusts models and the tidal deformability and
Ref. [140] for a discussion of the relation between different
symmetry energy slopes in crusts models and stellar radii.

By increasing n1, we are able to produce mass-radius rela-
tions that allow for the minimum radius of stars with masses
as high as 2.5 M� and pass all observational constraints. The
minimum and maximum values of n1 that can support a neu-
tron star of 2.5 M� and still fit LIGO/Virgo constraints are in

3 In a recent work [137], the QMF EoS [138] and the DD2 EoS [114] were
also studied to find their respective maximum masses.

the range n1,min ≈ (1.25, 1.5) nsat and n1,max = (2.75, 3) nsat,
which of course depends on the crust EoS. The stiffness or
softness of the crust determines the value of n1 that is required;
a softer crust typically requires lower values of n1.

Let us finally make a comment about the findings in
Ref. [14]. This reference argues that if the NICER marginal-
ized posteriors on the radius using observations of PSR
J0740+6620 were to exclude R & 11.5 at some given con-
fidence, then it must be that what NICER has observed was a
hybrid star with a quark core, whose EoS contains a first-order
phase transition. This hypothesis was arrived at by investigat-
ing the mass-radius curve of a phenomenological EoS model
composed of a hadronic crust coupled to constant-speed-of-
sound, quark matter. Our findings in Fig. 8 do not support
this hypothesis because there is still an important influence of
the crust in the mass-radius relation, even up to neutron star
masses M ∼ 2.1 M�. Essentially, a soft crust can lead to a star
with a small radius that falls below the R . 11.5 km cutoff of
Ref. [14]. One could even reach smaller radii without requir-
ing a first-order phase transition if one did not require the EoS
to also allow for neutron stars of 2.5 M�.

The above discussion highlights the importance of includ-
ing uncertainties in the crust when considering hypotheses
about high-density nuclear physics. Astrophysical data can
and should of course be used to constrain crust uncertainties,
as done recently in [134]. The knowledge gained from such
constraints can then be used as priors in future analysis, but
such priors will still contain some degree of uncertainty. Ig-
noring uncertainties in the crust can lead to incorrect infer-
ences about nuclear physics at higher densities.

2. Impact of uncertainty in gravitational wave constraints

The two-dimensional marginalized 90% confidence regions
obtained by the LVC when analyzing the GW170817 event
vary depending on whether one uses the universal relations
method or the spectral EoS method [93, 115], see e.g. Fig. 2.
Indeed, the maximum radius allowed at 90% confidence for
a ∼ 1.4 M� star is larger when one considers spectral EoSs
than one considers universal relations by about 0.5 km. Al-
though this difference is small, it is enough to impact our un-
derstanding of the EoS (and consequently what we consider



15

the possible maximum mass of a neutron star). Let us then
investigate how this uncertainty in the LVC analyses impacts
our maximum mass conclusions.

Let us consider a set of EoSs designed to create the largest
allowed radii neutron stars with a mass of 2.5 M�. To do this,
we build a jump in c2

s at as small of a nB as possible. In this
case, a transition at low n1 leads to a very stiff EoS that has a
large radius and a large maximum mass. With this family in
hand, we then find the minimum n1 possible to still fit within
each of the GW170817 bounds (using the Sly crust).

Figure 9 shows our results. The two different EoSs that fit at
the very edge of each radius bound from the GW170817 event
lead to stars with a radii of about 14.5-15.5 km. The spectral
EoS bound allows for a slightly larger maximum radius and
mass (Mmax ∼ 3.5 M�) and, therefore, requires a smaller n1 =

1.4 nsat. The most extreme EoS that fits through the universal
relations bound on mass and radius leads to a slightly smaller
maximum mass and radius (Mmax ∼ 3.3 M�) and transitions at
n1 = 1.5 nsat. Moreover, these extreme EoSs lead to stars with
tidal deformabilities that are much larger at a fixed mass than
more standard EoSs. This is because these extremely massive
stars are not very compact (see the small stellar central density
in the far left panel), since their radius is very large.

With our EoS family, we can also find the largest possible
value of n1 that still produces a star with a maximum mass
of M ≥ 2.5 M�. At large n1, it is quite difficult to produce
a large Mmax and, therefore, only an extreme jump works.
We find that n1 = 2.9 nsat produces a Mmax = 2.5 M� star
with radius R ∼ 11 km. Overall, we find that an approxi-
mately 10% extension of the mass-radius posterior allows for
a 10% change in the neutron-star maximum mass and maxi-
mum radius (comparing universal posterior to spectral poste-
riors). The minimum radius of the posterior region does not
seem to matter much. Thus, future gravitational wave detec-
tors with more precise measurements on the radius will allow
for better constraints on the EoS and will help to constrain the
maximum possible mass of a neutron star.

3. Influence of structure in c2
s

We have so far in this subsection considered only EoSs
which transition to the causal limit with a very sharp slope at
a given transition density, but these are not the only EoSs that
allow for extremely heavy neutron stars. Indeed, higher-order
phase transition structure in the speed of sound can easily pro-
duce extremely heavy stars, as we discuss next. Figure 11
shows only a characteristic subset of the structures we have
considered (all with a SLy crust), including plateaus, single
bumps and double bumps. All EoSs shown lead to stars that
are massive enough to allow the companion of V723 Mon [82]
to be described as a neutron star, while also satisfying all other
observational constraints. The radius of these stars ranges
between 12.5 and 15 km, leading to various stellar compact-
nesses and tidal deformabilities. As expected, the most mas-
sive neutron stars have exceedingly small tidal deformabilities
(Λ . 10, and in particular Λmin ∼ 2.5). A measurement of
such a small tidal deformability would probably require third-
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FIG. 10. Cartoon of different mass radius diagrams when first-order
phase transitions are present. The black lines indicate the first stable
branch (at nB below the phase transition), the blue lines indicate the
second stable branch (at nB above the phase transition), and the red
dashed lines indicate the unstable branches. The right panels show
phase transitions at low-densities, while the left panels show phase
transitions at high-densities. Only very specific conditions can gen-
erate a stable twin branch, as shown in the top panels.

generation gravitation wave detectors.

V. NEUTRON STARS WITH FIRST-ORDER PHASE
TRANSITION

Whenever new fermionic degrees of freedom appear inside
a neutron star, for example hyperons in a hadronic phase or
strange quarks in a quark phase, the energy levels of each of
the existing species decrease, softening the EoS. The change
of slope cannot be directly seen in the EoS, but it can clearly
be seen in its derivatives, such as the compressibility, the adi-
abatic index and the speed of sound [141–147]. A similar ef-
fect appears when light meson condensation takes place, elim-
inating a source of pressure [148]. Depending on the micro-
scopic model description of the new degrees of freedom, the
EoS may present either a first-order phase transition, where c2

s
abruptly drops to zero in some density region, or higher-order
phase transition structures, where c2

s presents bumps, spikes,
kinks or plateaus over some density region. In the previous
section, we discussed the impact of higher-order phase transi-
tion structures on neutron stars, so here we will focus on the
impact of first-order phase transitions. As we will see, the size
of the first-order phase transition jump, its extension, and the
baryon density at which it occurs all have interesting conse-
quences for the structure and stability of neutron stars.

Before we embark on a deep exploration of first-order phase
transitions, it is useful to first define a classification and ter-
minology. Depending on the strength, duration and location
of the first-order phase transition, different neutron star se-
quences are possible, which we classify as follows:

• Disconnected Twins: Sequences where there can exist
stars with different radii but the same mass that lie on
two or more stable branches separated by an unstable
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FIG. 11. (Color online) Same as Fig. 5, but for a sub-family of EoSs that can produce neutron stars with masses above that of the companion
of V723 Mon, yet still fit within all other observational bounds, and remain causal. There is a variety of ways in which such extremely heavy
neutron stars could be achieved, leading to drastically different Λ–M curves.

branch.

• Connected Twins. Sequences where there can exist
stars with different radii but approximately the same
mass that lie on two or more stable branches that are
connected to each other.

• Kinky. Sequences where stars of a given mass have a
unique radius, yet present two or more stable branches
that are connected non-smoothly to each other at a
point.

Of course, the existence of a first-order phase transition does
not guarantee a twin or kinky mass-sequence, as it is also pos-
sible that there will only be a single stable branch, and any
other branch will be unstable; we will not focus on such cases
here, since those mass-radius sequences are degenerate with
higher-order phase transition EoSs. A cartoon of character-
istic examples of the mass-radius diagram for each of these
classes is shown in Fig. 10.

Examples of all three classes have appeared previously in
the literature from both phenomenological EoS models [14,
15, 46, 149–154], as well as more realistic nuclear physics
models [16, 47, 50, 53–61, 64, 65, 68, 110, 155–157]. For
example, a disconnected mass twin sequence arises from a
nuclear-physics-based EoS driven by strangeness, as shown
in Fig. 3 for the CMFex ξ < 0 EoS (see the particle popula-
tion in Fig. 7 of Ref. [50]). This EoS contains an enormous
amount of structure in terms of bumps and kinks, but what
allows for twins (and also kinky) neutron star sequences is
the abrupt drop in the speed of sound to zero. Whether one
obtains a (connected or disconnected) mass twin or a kinky
sequence depends on the interplay of the bump structure that
appears before the first-order phase transition, the properties
of the phase transition itself, and the dense matter EoS behav-
ior, as we shall see in this section.

A note of caution about terminology is due at this point. For
example, [158] (and many others) use the term “hybrid” neu-
tron stars to refer to those that contain a quark core, whether
that is reached from a first-order or higher-order phase tran-
sition. However, because a first-order phase transition is of-
ten implied in such models, the connection to the mass-radius
sequence becomes ambiguous. As we have seen in the pre-
vious section and we will continue to see in this section, the

structure of neutron stars can be quite different depending on
whether there is a first-order or a higher-order phase transi-
tion structure, even if they possess a quark core. Therefore, to
avoid this confusion, we avoided using the word “hybrid” in
this paper.

With that out of the way, let us now discuss each of the
classes in more detail, beginning with disconnected twins. Re-
call that these are stellar sequences in which there are two
disconnected stable branches that are separated by an unsta-
ble branch, i.e. a region in the mass-radius relation where
dM/dεc < 0. In Fig. 10 the unstable branch is shown as a
red dashed line, the first stable branch is in solid black (this
branch is for central densities below the first-order phase tran-
sition), and the second stable branch is shown in blue (this is
for densities above the phase transition).

We can further separate disconnected twins into two sub-
classes: high disconnected twins and low disconnected
twins. The high/low term refers to the location of the first-
order phase transition. A high disconnected twin has a phase
transition at high nB, often after some sort of structure has oc-
curred at lower nB. A low disconnected twin, instead, has a
phase transition at low nB, followed by structure in the c2

s at
higher nB. Figure 10 shows a characteristic mass-radius di-
agram for low and high disconnected twins. Of course, the
definition of low/high is somewhat arbitrary because in realis-
tic EoSs there may be structure both before and after a phase
transition, yet we still find it useful to distinguish these two
subclasses in this paper.

Let us now discuss the other two classes of neutron star se-
quences: connected twins and kinky stars. An EoS with a first-
order phase transition may lead to two stable branches (identi-
fied with the EoS before and before/after the phase transition)
that are connected to each other. We can separate sequences
with connected branches into two distinct classes: those that
lead to stars with approximately the same mass but different
radius (connected twins) and those that do not (kinky stars).
In Fig. 10, we show a characteristic mass-radius diagram for
both connected twins and kinky sequences. Unlike in the dis-
connected twin cases, there are no unstable branches here, and
thus no red dashed curve.

We have to be careful with the definition of connected twins
though. Mathematically speaking, this class of EoSs does
not formally lead to twins because their mass-radius curves
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FIG. 12. (Color online) Same as Fig. 5, but for a sub-family of EoSs with first-order phase transitions. Thick curves in the mass-radius
panel correspond to stable branches, while thin curves are unstable branches; in the Λ–M panel, all curves correspond to stable branches.
Observe that one can easily produce ultra-heavy neutron stars with masses larger than 2.5 M� with either a connected twin sequence or a kinky
sequence, while still satisfying all other observational constraints.

are such that stars of different radii do have different masses.
What distinguishes connected twins from kinky stars is that
there is a stable branch in which stars of different radius have
very similar (though technically not identical) masses. Obser-
vationally, however, it would be very difficult to distinguish
two stars in this stable branch due to statistical or systematic
uncertainties in the observations. All data comes with uncer-
tainties, and currently, systems for which we can measure the
radius of a neutron star have errors in the mass of about 10%
or more. In the future, these uncertainties will decrease, but
it seems unlikely that we will be able to distinguish two stars
with radii differing by 1.5 km but mass differing by less than
∼ 10−1 M�. If the existence of connected twins is ignored and
they were to exist in nature, researchers may be led to believe
that they have detected a disconnected twin instead.

Another possibility for EoSs that lead to mass-radius dia-
grams with connected stable branches is through a kinky se-
quence. We define those as mass-radius curves with more than
two stable branches that are connected at a point in the mass-
radius plane in a non-differentiable way (i.e. leading to a math-
ematical “kink” in the mass-radius relation). At that kink, the
first derivative is discontinuous and the second derivative (the
“curvature”) becomes formally infinite. Such a mass-radius
sequence would look similar to that of a neutron star without
a first-order phase transition, yet they would differ in the be-
havior of the mass-radius curve in the neighbourhood of the
kink. The detection of this kink would require the observa-
tion of several stars with varying masses and the precise mea-
surement of their radii, so as to map the kink structure in the
mass-radius plane.

In the rest of this section, we study all of these classes in
detail through the phenomenological EoS model described in
Sec. II C 2. Just as a reminder, the first-order phase transitions
are implemented by setting c2

s = 0 inside a region in baryon
density nB between n1PT,low

B and n1PT,hi
B . The broader the c2

s = 0
region across nB, the stronger the phase transition. After the
end of the phase transition, c2

s will be typically a plateau of
a given height. Before the start of the phase transition, c2

s
will typically have a bump of a certain width and height. We
will study here how all of these choices affect the structure
of neutron stars, and in particular the mass-radius and Λ–M
curves. Importantly, when showing mass-radius diagrams in

this section, we will always include all stable and unstable
branches (unlike in Sec. IV where only stable branches were
shown).

A. Can there be first-order phase transitions in ultra-heavy
neutron stars?

Now that we have established a dictionary of potential neu-
tron stars with first-order phase transitions, the natural ques-
tion that arises is if all of these different types of sequences can
support ultra-heavy neutron stars (ie. stars with masses larger
than 2.5 M�). A recent paper [13] argued that if the light com-
ponent of the GW190814 was a neutron star, then it would ex-
clude the possibility of mass twins. Another work suggested
a possible deconfinement transition at very low baryon densi-
ties [14] could produce mass twins at M < 1 M� but with the
hybrid branch reaching M ≥ 2.5 M�. As we will see below, it
is actually possible to produce ultra-heavy neutron stars with
a twin sequence, provided it is connected, in addition to kinky
sequences.

1. Connected twins and kinky sequences are possible for
M ≥ 2.5 M�

Figure 12 shows that indeed it is possible to produce ultra-
heavy stars with either connected twins or kinky sequences.
Recall that in this section we include both the stable (thick
lines) and unstable branches (thin lines) in the mass-radius di-
agram, but now the right most panel showing Λ–M curves.
The key general features needed for these results are a very
high peak in the c2

s bump at relatively low densities, and a
first-order phase transition that occurs at not too high of a den-
sity. There is an interplay between the width of the bump and
how strong is its effect on the mass-radius diagram. For in-
stance, the blue curve in Fig. 12 has a very thin bump that we
place at low density, and which leads to a kinky mass-radius
sequence at about M ∼ 1.6 M�. In contrast, the other EoSs
have a wider bump at a slightly larger densities, which pushes
the phase transition to larger densities. In this second sce-
nario, either the first-order phase transition makes the neutron
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FIG. 13. (Color online) Same as Fig. 12, but for a sub-family of EoSs with first-order phase transitions that lead to disconnected twins. It is
now not possible to create ultra-heavy neutron stars with disconnected twins, while simultaneously satisfying LVC constraints.

star immediately unstable (green dashed line), or only a small
region extends past the first-order phase transition (purple and
brown EoSs). The stars within this small region still contain a
first-order phase transition that generates a either a flattening
in the mass-radius curve (brown curve) or a very small kink
(purple curve) that cannot be discerned by eye.

Figure 12 also demonstrates the strong interplay between
the strength of the first-order phase transition, which is con-
trolled by its density width, and the observable consequence
in the mass-radius sequence. Comparing the purple dashed
and brown dot-dashed curves, one can see that they both have
identical EoSs at nB below the first-order phase transition, and
the only discernible difference is the width of the phase tran-
sition. A stronger first-order phase transition leads to a more
pronounced kink in the mass-radius curve, which then leads
to a connected mass twin sequence. In contrast, a milder
first-order phase transition leads to a much milder kink (which
is present in the purple mass-radius curve but cannot be dis-
cerned by eye), leading to a non-twin mass-radius sequence.

2. Disconnected twins are probably not possible for M ≥ 2.5 M�

Recent Ref. [14] has established that it is possible to pro-
duce ultra-heavy disconnected mass twins, as long as the sec-
ond stable branch occurs at very low masses, i.e. a low discon-
nected mass twin. In order to produce such a branch, it was
shown that one must introduce structures in the EoS at very
low densities. Until now, we had not considered introducing
such structure, but in this subsection we will do so to study
this possibility further.

We first consider EoSs with a weak first-order phase transi-
tion right around nsat, followed by a bump. A bump is required
to reach up to mass of M ≥ 2.5 M�. Figure 13 shows the re-
sult of this exercise, where the red solid and blue dot-dashed
curves represent EoSs with very weak and weak first-order
phase transitions respectively. The mass-radius sequences sat-
isfy all observational constraints, but there is no discernible
disconnected mass twin behavior in the mass-radius curve.
Depending on the strength of this low-nB first-order phase
transition, one could produce a disconnected mass twin at
very low masses, but the discontinuity would occur below the
Chandrasekhar mass and it would be so small to be essentially
un-observable.

Let us now investigate EoSs with a large, thin bump in c2
s

slightly above nsat, followed by a wide first-order phase tran-
sition. The skinny bump is needed so that the first-order phase
transition occurs below the maximum central density probed
by these neutron stars. As Fig. 13 shows (green curves), this
leads to a very clear high disconnected mass twin that satisfies
all NICER constraints, but leads to stars with radii that is out-
side the LVC constraints. We investigated a few variations of
this model, and were not able to produce a high disconnected
mass twin that led to ultra-heavy neutron stars. A thorough
statistical investigation of this EoS model would be required
to confirm these findings, but this is outside the scope of this
paper.

Thus, we are forced to conclude the following. If the light
component of the GW190814 event is a neutron star, then a
first-order phase transition is possible, but this most likely not
lead to a disconnected mass twin sequence. This is in agree-
ment with the findings from Ref. [13].

B. Properties of heavy twins with first-order phase transitions

Let us now no longer constrain the EoS to reproduce a large
maximum mass star, but rather seek to understand qualita-
tively how certain features in the c2

s , combined with a first-
order phase transition, affect the mass-radius relation and the
existence of connected and disconnected twins, and kinky
mass-radius sequences for heavy neutron stars (i.e. for masses
M ≥ 2 M� consistent with NICER observations of PSR
J0740+6620 [86, 87]). We focus on stars with a speed of
sound that combines a large initial peak followed by a strong
first-order phase transition. Throughout this exercise, we vary
the width of the peak, the width of the phase transition, the
slope of the rise to a constant c2

s after the first-order phase tran-
sition, and the height of the c2

s plateau at large densities. This
is not meant as a thorough analysis, since for that one would
require a statistical study with a significantly larger number
of EoSs; rather the aim of this investigation is to present a
qualitative understanding of how a first-order phase transition
would manifest in both the mass-radius and the Λ–M dia-
grams for EoSs more complex than what is typically consid-
ered for mass twins.
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FIG. 14. (Color online) Same as Fig. 12, but for a sub-family of EoSs that contain bumps in the speed of sound of different widths at the same
location, followed by a first-order phase transition of the same width in density, and a region of the same constant speed of sound (i.e. a plateau).
As the bump widens, the mass-radius curves transition from disconnected mass twins to a single stable branch, while the tidal deformability
goes from nearly vertical to slanted.

1. From disconnected twins to unstable sequences through bumps
in the speed of sound

Our first step is to look into a variety of bump widths in the
speed of sound. Figure 14 varies the width of the bumps while
keeping the width of the phase transition (n1PT,low

B − n1PT,hi
B =

const) and the location of the bump fixed; following the phase
transition, we use a constant c2

s = 0.7. Therefore, bumps
that are wider present a first-order phase transition at slightly
higher densities, as shown in the far left panel of Fig. 14. As
one increases the width of the c2

s bump, the mass-radius se-
quence transitions from a disconnected mass twin to a single
stable branch. Just as in Sec. IV, the wider the peak, the larger
the maximum mass of the stars. Finally, the far right panel
shows that the second stable branch of the disconnected mass
twin sequence presents an almost vertical fall in tidal deforma-
bility, thus, leading to much smaller Λ than their equivalent
main branch counterpart of the same mass. This could also be
seen for the green line in Fig. 13. See Refs. [153] for a dis-
cussion of the tidal deformability in the presence of first-order
phase transitions and twin stars [159–162].

Let us now discuss the maximum central densities that these
sequences achieve. The maximum central density of the first
stable branch and the central densities of the second stable
branch (the minimum and maximum) are shown in the far left
panel of Fig. 14 with symbols (circles and triangles for the
mass-twins and a square and an × for EoSs with only one sta-
ble branch). All EoSs reach their maximum central density of
the first stable branch right after the first-order phase transi-
tion (around nB ∼ 4 nsat). Thus, we see that the effect of the
first-order phase transition is to make stars unstable. After the
phase transition, the star either remains unstable or a second
stable branch appears at even larger densities, depending on
the width/strength of the phase transition. The mass twins’
second stable branch begins at a slightly larger baryon density
and allows the stars to reach a larger maximum central baryon
density (as high as nB ∼ 7 nsat).

As we have clearly demonstrated in Fig. 14, we are eas-
ily able to produce mass twins that reach M ∼ 2.1 M�,
and thus are consistent with the NICER observations of PSR
J0740+6620 [86, 87]. In fact, due to the large posterior dis-
tribution in radius emerging from the PSR J0740+6620 ob-

servations, it is not possible to determine whether this pul-
sar belongs to the first or second stable branch, if it were
to be a twin. For this particular example (the brown EoS in
Fig. 14), the first stable branch reaches a maximum mass of
M ∼ 2.09 M� and a radius of R ∼ 13 km. The second stable
branch begins at M ∼ 2.06 M� and R ∼ 11.9 km and then
ends at M ∼ 2.06 M� and R ∼ 11.7 km. Thus, if one knew
somehow that this pulsar was a mass twin and one wished to
determine whether it belonged to the first or the second sta-
ble branch, one would require a much higher precision in the
measurement of the radius, i.e. the posterior distribution of ra-
dius at 90% confidence would need to have a width in radius
no larger than ∼ 1.3 km.

What would be required for a LIGO/Virgo observation to
distinguish between stable branches of twin stars? Of course,
this depends on the particular mass twin sequence considered.
For the GW170817 event, which is the only one for which
the LVC was able to measure the tidal deformability, the Λ–
M curves below 1.7 M� are all approximately the same be-
cause the phase transition happens at larger densities. There-
fore, one cannot use this event to distinguish between stable
branches of the mass twin family considered here. One also
cannot use the PSR J0740+6620 event that NICER observed
to place constraints with LIGO/Virgo data, because this pul-
sar was not observed by gravitational wave detectors. We can,
however, determine the precision that LIGO/Virgo would have
to measure Λ to in order to distinguish between the two stable
branches. Let us then assume that LIGO/Virgo has observed
the gravitational waves emitted by a binary system, where one
of them has a mass of ∼ 2.06, and at a sufficiently high signal-
to-noise ratio so that Λ could also be estimated. If so, the
LIGO/Virgo posterior would have to measure a Λ as low as
20 with less than a 100% error; at 90% confidence, this could
be achieved with a sufficiently loud event when LIGO/Virgo
reach design sensitivity.

2. Impact of the strength of first-order phase transition on the
mass-radius sequence

If a first-order phase transition exists within neutron stars,
it is not yet clear how strong of a phase transition it is. What
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FIG. 15. (Color online) Same as Fig. 12, but for a sub-family of EoSs with different strengths of the first-order phase transition. The strength
is related to having a connected branch, kinky, disconnected or connected twins, in addition to the radius range for twin stars.
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FIG. 16. (Color online) Same as Fig. 12, but for a sub-family of EoSs that have bumps in the speed of sound of the same width, followed by a
first-order phase transition of the same length in density, but different rises to a region with constant speed of sound (i.e. plateaus). The steeper
the rise of the speed of sound after the first-order phase transition, the (slightly) higher the maximum mass of the second stable branch.

are the consequences of a strong vs. weak first-order phase
transition on the mass-radius sequence and tidal deformabil-
ity? Let us begin with a very weak first-order phase transition
that is essentially only a spike to c2

s → 0, and then system-
atically increase the width across nB where c2

s = 0 until we
reach such a large first-order phase transition that the second
branch is no longer stable. The resulting speeds of sound and
EoS are shown in Fig. 15. Note that for very strong first-order
phase transitions the pressure is well outside the LIGO 90%
posterior obtained from their spectral EoS analysis using the
GW170817 event.

Weak first-order phase transitions lead to two connected
branches with a kink so small that it is not visible, as shown
in the dark blue dashed curve in Fig. 15. As the phase transi-
tion strengthens, a kink in the mass-radius sequence is formed
while the maximum mass lowers, as shown in the dark green
solid curve in Fig. 15. Eventually, for a strong enough first-
order phase transition, the second stable branch disconnects
from the first stable branch and disconnected twins appear, as
shown in the light green dashed curve in Fig. 15. Continuing
to increase the strength of the first-order phase transition past
this point still maintains a disconnected mass twin sequence,
but the second stable branch shortens and is shifted to lower
masses and radii, as shown in the maroon long dashed, brown
dot-dashed, and solid black curves in Fig. 15. Eventually, a
too strong of a first-order phase transition shrinks the stable
branch to the point where it disappears entirely, as shown in
the light brown curve in Fig. 15. Analogously, strengthening
the first-order phase transition forces the minimum Λ to be

larger and to occur at lower masses, with a stronger discon-
nect from the first stable branch.

The effects discussed in Fig. 15 are in agreement with the
investigation of the strength of the phase transition and its in-
fluence on twin stars from Ref. [163]. In this reference, the
authors investigated the effect of introducing a mixed phase
in the EoS. They found that weakening the phase transition
(in this case by having a softer dip in the speed of sound)
changes the dense matter configurations from twins to con-
nected branches.

3. Impact of the speed of sound past the first-order phase
transition

Let us now consider the impact of the speed of sound past
the first-order phase transition in the properties of these heavy
neutron stars. First, we consider adding a constant slope in the
speed of sound to transition between c2

s = 0 to some constant
value of c2

s , as shown in the far left panel of Fig. 16. Less steep
rises in the speed of sound after a first-order phase transition
could easily be reproduced in the EoS of dense matter through,
for example, an excluded volume prescription, which is used
to account for the finite volume of hadrons [164–166]. This
has been used, for example, to allow for new degrees of free-
dom, such as deconfined quarks, to appear in the modelling
of dense matter in the core of neutron stars [50, 76, 167, 168]
(see e.g. blue dashed line in Fig. 3).

The third panel of Fig. 16 shows that a steeper slope af-
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FIG. 17. (Color online) Same as Fig. 12, but for a sub-family of EoSs that have bumps in the speed of sound of the same width, followed by a
first-order phase transition of the same length in density, that rise rapidly to a plateau in the speed of sound of different heights. For sufficiently
high plateaus, a disconnected twin branch appears.

ter the phase transition increases the maximum mass of stars,
specifically raising slightly the maximum mass of the second
branch. Additionally, the steepness of the slope is directly
connected to the slope in mass versus radius of the second
stable branch. What this implies is that a softer slope after
the phase transition leads to a flatter second stable branch,
whereas a steep slope leads to a second stable branch that in-
creases more in mass as the radius decreases. This same effect
is seen in the Λ–M curves of the far right panel. Furthermore,
this panel demonstrates that one does not require a step transi-
tion to the causal limit in order to produce a mass-twin; rather,
there is some flexibility in the form of c2

s after the first-order
phase transition that still allows for mass twins.

Let us now consider the influence of the high density part of
c2

s , beyond the first-order phase transition. Figure 17 demon-
strates how a higher speed of sound plateau after a first-order
phase transition largely affects the mass-radius and Λ–M rela-
tions. A lower plateau leads to no stable second branch, while
higher plateaus generate either a connected or a disconnected
twin branch, depending on how large the constant value of c2

s
is after the phase transition. In this scenario, we are able able
to produce a twin mass star that is consistent with the NICER
observations of PSR J0740+6620 [86, 87]. Unlike the brown
EoS in Fig. 14, where both the fist branch and twin branch
reached masses consistent with PSR J0740+6620, in this sce-
nario only the high-density regime of the EoS would reach the
mass-radius range of PSR J0740+6620.

VI. COMPARISON BETWEEN NEUTRON STARS WITH
FIRST-ORDER AND HIGHER-ORDER PHASE

TRANSITIONS

Up until now, we have discussed EoS models with higher-
order phase transition structure separately from models with
first-order phase transitions. In this section, we bring both of
these features together so that we can compare and contrast
them. We will begin with a discussion of how central baryon
densities are affected by these structures in the speed of sound.
We will then describe whether these structures affect the I-
Love-Q relations.

A. Central baryon density and maximum masses

EoSs that produce mass twins reach much larger central
densities in stable stars when compared to nearly equivalent
EoSs that only produce one stable branch [149]. Figures 14
to 17 demonstrate this quite well. The EoSs that only have
one stable branch reach baryon central densities of about
nB ∼ 4 nsat, whereas the mass twins in those figures reach
almost up to nB ∼ 10 nsat; note that these figures consider
EoSs that lead to neutrons stars with maximum masses that
are consistent with PSR J0740+6620. Fig. 15 demonstrates
nicely that as the phase transition strengthens the maximum
central baryon density reaches as well.

However, if we allow neutron stars to reach higher maxi-
mum masses, as is the case in Fig. 12 where all neutron stars
reach M ≥ 2.5 M�, then their maximum central densities are
now similar to what we found in Sec. IV, i.e. the maximum
central density is nB ≤ 6 nsat. Thus, if the light component
of the GW190814 event is a neutron star, then the maximum
central density within the core for such a sequence could be
nB ≤ 6 nsat. If even heavier neutron stars are measured, then
this would further restrict the maximum central density to
even lower values, as seen in Fig. 11, where the constraint of
producing stars with M ≥ 2.9 M� leads to a maximum central
density of nB ≤ 5 nsat. If we fix the maximum mass, and look
at a variety of neutrons stars that reach that maximum mass (or
surpass it), the ones that reach the largest maximum central
baryon density are also the ones that have the smallest radii at
that fixed mass. Thus, information about the radius of heavy
neutron stars can help us to also determine the maximum cen-
tral density reached within these stars (when constrained to
reach the same minimum maximum mass).

Before proceeding, a small caveat: the crust model does af-
fect the maximum central baryon density reached in a neutron
star sequence, as shown in Fig. 8. In particular, a softer crust
(e.g. QHC19) results in a larger rise to the causal limit, which
results in the lowest central baryon densities. However, the
stiffest crust we considered (SKA), which has a shorter rise
to the causal limit, leads to a larger maximum central baryon
density.
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B. I-Love-Q relations

Let us now consider whether the I-Love-Q relations re-
main approximately EoS insensitive when one includes non-
smooth structure in the speed of sound, such as higher-order
phase transition features or first-order phase transitions. As
described in Sec. II B 1, the I-Love-Q relations are those that
connect a dimensionless version of the moment of inertia, the
Love number and the quadrupole moment. For EoSs that
do not contain the speed of sound structure considered here,
these relations have been shown to be EoS insensitive to better
than 1% in relative fractional difference [169, 170]. Figure 18
shows the I-Love-Q relations for all of the EoSs considered in
this paper. In spite of the non-smooth structure introduced in
the speed of sound, the I-Love-Q relations remain EoS insen-
sitive. In particular, the relative fractional variability between
all of the data is less than ∼ 1.5%. This means that inferences
made from measurements of any of these quantities can still
be made, in spite of the possibility of the presence of non-
smooth structure in the speed of sound.

VII. FUTURE DIRECTIONS

We have investigated the properties of neutron stars that
result from equations of state (EoSs) with structures in the
speed of sound, including bumps, spikes, plateaus, kinks, and
first-order phase transitions. We find that these structures can
easily lead to ultra-heavy neutron stars, i.e. those with masses
larger than 2.5 M�, and can allow for disconnected, connected
mass twins, and mass-radius sequences with kinks at least up
to ∼ 2 M� (> 2.5 M� in some cases). How heavy a neutron
star can be depends sensitively on the structure in the speed of
sound introduced, the crust model, and precise marginalized
radius posteriors derived from observations. Whether mass
twins or kinky mass-sequences appear in the mass-radius se-
quence also depends sensitively on the particular details of
the speed of sound structure (see Sec. I for an executive sum-
mary).

One of our findings suggests that future observations could
lead to stringent constraints on the speed of sound. In particu-
lar, an accurate measurement of the tidal deformability could
constrain the density at which the speed of sound changes
rapidly. Similarly, an accurate measurement of the mass and
radius of very massive neutron stars could lead to a constrain
on the value of the speed of sound at large densities, and pos-
sible secondary structures. Current data, however, is not suffi-
ciently informative to accurately map the entire behavior of
the speed of sound at densities above nuclear saturation in
neutron stars.

However, the association of the light companion of the
GW190814 event with a neutron star would have strong im-
plications for the speed of sound. In particular, neutron stars
as massive as 2.5 M� would require a steep rise in the speed of
sound, after which more complicated structure could be possi-
ble. These conclusions, however, must be taken with a pinch
of salt because the crust model also has a strong influence,
even at these high stellar masses. In particular, a softer crust
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FIG. 18. (Color online) I-Love and Love-Q relations for all the EoSs
shown in this paper. Observe that regardless of the inclusion of
higher-order phase transition structure or first-order phase transitions
in the speed of sound, the I-Love-Q relations remain EoS insensitive,
with a relative fractional variability smaller than 1.5%

model can support stars with a larger maximum mass. This
suggests that it may be interesting to carry out a Bayesian in-
ference study of the properties of the speed of sound and crust
using the GW190814 event.

But what if even heavier neutron stars existed, such as the
companion of V723 Mon? Such extremely heavy neutron
stars would possess exceedingly small tidal deformabilities
(dimensionless Λ ∼ 2). A very high signal-to-noise ratio
event would be required to unambiguously measure such a
small tidal deformability with a posterior that does not have
support at the black hole limit of zero deformability, i.e. that
the error bars of the measurement in Λ at some confidence
interval does not overlap zero. Such a measurement may be
possible with third-generation detectors.

Ultra-heavy neutron stars (M ≥ 2.5 M�) can indeed be in
a mass twin configuration, but it must be connected. Dis-
connected mass twins (i.e. where the two stable branches are
disconnected) are not possible with any of the structures we
studied in the speed of sound. The only possibility for ultra-
heavy and disconnected mass twins would be to introduce a
first-order phase transition at very small low baryon densities.
The disconnected branches would then occur at exceedingly
small masses, and would thus not be relevant to astrophysical
observations.

Our results also imply that it may be exceedingly difficult to
infer with certainty the existence of a heavy mass twin from an
observation in the mass-radius plane. This is because although
heavy mass twins have roughly the same mass, their difference
in radius is not that large. The difference in radius, in fact, can
be less than half a kilometer, depending on the EoS model.
Marginalized posterior distributions on the radius would then
have to be smaller than this at some confidence interval to
guarantee that a twin star was observed. Once more, this may
be possible in the future, with the advent of third-generation
detectors, but it seems unlikely with current instruments.

Our results also imply that future observations of massive
neutron stars may place important constraints on the max-
imum baryon densities achievable at the center of neutron
stars. For example, if the light companion in the binary that
produced GW190814 was indeed a neutron star, then the max-
imum baryon density could not exceed six times nuclear satu-
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ration density. As more gravitational wave observations are
made in the future, it becomes a real possibility to further
constraint the maximum central baryon density, and thus the
analysis of data should not be restricted to necessarily small
central baryon densities a priori.

Note that a combination of a signal for strong first-order
phase transition in neutron stars, such as twin configurations
or sharp kinks in the mass-radius diagram, and a limit on stel-
lar central density (as discussed above) would give valuable
new insight into nuclear physics. This is because a strong
phase order phase transition in the regime reached in neutron
stars is usually associated with deconfinement to quark mat-
ter, which so far has not been constrained at low temperature,
either in nature or in density range.

Our analysis clearly reveals that non-smooth structure in the
speed of sound should be included in the analysis of future X-
ray and gravitational wave data. This can be done through
the parameterized models introduced in this paper. With such
models, it would be straightforward to carry out a Bayesian
analysis of gravitational wave data to determine whether the
data prefers the presence of non-trivial structure. Such a study
will be the focus of future investigations.
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