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Abstract—We investigate the effects of fading correlations in  than when the fades are i.i.d. The goal of this paper is to analyt-
multielement antenna (MEA) communication systems. Pioneering jcally investigate the effects of fading correlations on MEA. To
studies showed that if the fades connecting pairs of transmit and re- do this, we first need to determine the fading correlation.

ceive antenna elements are independently, identically distributed, _
MEA's offer a large increase in capacity compared fo single-an- There have been many works that study the characteristics

tenna systems. An MEA system can be described in terms of spa- Of spatial fading correlation, mainly motivated by the need to
tial eigenmodes, which are single-input single-output subchannels. quantify the effect of fading correlation on the performance
The channel capaci_ty of an MEA is the sum of capgacities of these of diversity reception systemsif = 1,ng > 1). One ap-
subchannels. We will show that the fading correlation affects the proach is to record a large number of typical channel realizations

MEA capacity by modifying the distributions of the gains of these ' . . .
subchannels. The fading correlation depends on the physical pa- through field measurements or through ray-tracing simulations,

rameters of MEA and the scatterer characteristics. In this paper,to  €-9-, [5]—[9]. Another approach is to construct a scatterer model
characterize the fading correlation, we employ an abstract model, that can provide a reasonable description of the scattering en-

which is appropriate for modeling narrow-band Rayleigh fading  vironments for the wireless application of interest. The advan-

in fixed wireless systems. tage of using abstract models is that with a simple and intuitive
model, the essential characteristics of the channel can be clearly

. INTRODUCTION illuminated, and the insights obtained from the model can then

ECENTLY, multielement antenna (MEA) systems thalpe utilized in planning the detailed measurements and/or sim-
R use diversity at both the transmitter and the receiver hayitions. For an overview of the numerous scattering models,
drawn considerable attention. Consider an MEA that as S€€ [10]. Examples of the abstract model approach include [6]
andny antenna elements at the transmitter and the recei@?d [11]-{14]. It must be noted, however, that abstract models
respectively. It has been shown that, 7as= min(ns, ng) need to.be valldgted. To our knowl_edge, the modeling of fang
grows toward infinity, for a given fixed average transmitte?orrelat'o_n and its effect on capacity when both the transmitter
power, if the fades between pairs of transmit—receive anterff2d receiver employ multiple antenna elements have not been
elements are independent and identically Rayleigh, the aver&gélressed by previous works. _ _
channel capacity divided by approaches a nonzero constant !N this paper, to model multipath propagation and fading
determined by the average signal-to-noise ratio (SNR) [1], [ZJOrrelation, we extend the “one-ring” model first employed
This large capacity growth occurs even if the transmitter has RY Jakes [11]. This model is appropriate in the fixed wireless
knowledge of the channel. communication context, where the base station is elevated
The aforementioned assumption of independent and iderfild seldom obstructed. The spatial fading correlation of a
cally distributed i.i.d. fading has been made in many previofi@rrow-band flat fading channel can be determined from the
works that explore the capacity of MEA (e.g., [1], [3], [4])_phys!cal parameters of the model, which includes antenna
However, in real propagation environments, the fades are 9@Cing, antenna arrangement, angle spread, and angle of
independent due, for example, to insufficient spacing betwedtival. In this paper, we will derive the capacity distribution
antenna elements. It has been observed [5] that when the fag¥§n the spatial fading correlation; the spatial fading correla-
are correlated, the channel capacity can be significantly smafién can also be applied in research areas related to other MEA
applications [16].
In order to quantify the effect of fading correlation, we focus
on the information-theoretic channel capacity. In this paper,
the channel capacity is treated as a random quantity, which is a
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MEA capacity. We formulate the upper and lower bounds o
the MEA capacity and present the distributions of the bound:s
However, the distributions of the exact values of MEA capacityTAp )

" o , ) :
and subchannel capacities are very difficult to compute, an . RAn o
TA, RA,

we employ Monte Carlo simulations to observe histograms a
vl »l

these quantities.
The remainder of this paper is organized as follows. In Sec

tion Il, we define the notation for MEA systems and introduce F b >

the necessary mathematical background. We present the abstract P A

multipath propagation model from which the spatial fading coFig. 1. lllustration of the abstract “one-ring” model. The size of the antenna

relation is derived. In Section Ill, we present the analysis éPttZ ae eg?ggigii;?g:f;t ~r iérihzwitlténg ?géignfi- R-_Atz : éedt‘}sti\;ir?ge

MEA capacity, most importantly the closed-form expressiorfgm object X to object Y. g ¢ angle sp X=v

for the distributions of the bounds on MEA capacity given the

spatial fading correlation. In Section IV we employ Monte Carlo

simulations to obtain the histograms of MEA capacity. CorROWer, which is equal to the average SNR with this normaliza-
cluding remarks can be found in Section V. tion of noise power and channel loss, is limited to be no greater

thanp, regardless ofir.

, y S(8)

Il. DEFINITIONS, ASSUMPTIONS AND BACKGROUND

A. System Model Fig. 1 shows the “one-ring” model. This model will be em-
An MEA system that employa; transmitting and. re- ployed to determine the spatial fading correlation of the channel
ceiving antenna elements is referred to aswan, (r) MEA. H. As we mentioned in the introduction, this model has been
In this paper, we focus on single-user to single-user commuemployed in several studies with some minor variations. The
cation, i.e., thenr transmitting antennas are collocated, as afene-ring” model is appropriate in the fixed wireless communi-
the ng receiving antennas. In this paper, we assume that ttation context, where the base station (BS) is usually elevated
communication is carried out using bursts (packets) and that #red unobstructed by local scatterers, and the subscriber unit
channel varies at a rate slow enough that it can be regarded$\d) is often surrounded by local scatterers. For notational con-
essentially fixed during a burst. Under this assumption, an MBAnience, in this paper, the BS and the SU assume the roles of
system is linear time-invariant during a burst transmission. Leansmitter and receiver, respectively. This designation of roles
the signal transmitted by thigh transmitting antenna elementdoes not affect the capacity because the expression for the MEA
TA; be denoted by!(¢), and the signal received by theth capacity is invariant under transposition/f as will be shown
receiving antenna elemeRtA,,, be denoted by™(¢). The im- in Section Ill. The parameters in the model include the distance
pulse response connecting the input of the channel fidtn D between BS and SU, the radidisof the scatterer ring, the
to the output of the channel BA,,, is denoted by:™:{(¢). The angle of arrival® at the BS, and the geometrical arrangement
input/output relation of the MEA system is described by the fobf the antenna sets. As seen by a particular antenna element, the
lowing vector notation: angles of incoming waves are confined witfth— A, © + A].
We refer toA as the angle spread. Sinfeand R are typically
large compared to the antenna spacitg,~ arcsin(R/D).
The “one-ring” model is basically a ray-tracing model. The fol-
lowing assumptions are generally made in this model [6], [12].

« Every actual scatterer that lies at an artjte the receiver

B. Abstract Scatterer Model

r(t) = H(t) x 5(t) + v(t) )

wherex denotes convolution;(t) = (r1(£)r2(t)--- "= (t)),
s(t) = (s'(t)s2(t) -+ "7 (8)), Hy,a(t) = B™(t), andu(t)

is additive white Gaussian noise (AWGN). We useto denote
the conjugate of a numbet andz’ andz* to denote the trans-
pose and conjugate transpose of a vegtarespectively. If the

communication bandwidth is narrow enough that the channel

is represented by a corresponding effective scatterer lo-
cated at the same angle on the scatterer ring centered on the
SU. Actual scatterers, and thus effective scatterers, are as-
sumed to be distributed uniformly th The effective scat-

frequency response can be treated as flat across frequency, the terer located at angteis denoted bys(6). A phasep(8) is

discrete-time system corresponding to (1) is
r.=Hs, +wv, (2)

wherer is the discrete-time index.

A real Gaussian random variable with meaand variance
o2 is denoted asvV(¢, o2). A circularly symmetric complex
Gaussian random variable denoted byz ~ N(0, ¢2), is
a random variable = z + iy in which z and y are i.i.d.

N(0, 02/2). When the fading is Rayleigh, the channel gain

H,, ; is modeled asl\7(O, 1) [17]. Theng noise components
of v, are assumed to be i.i.& (0, 1). The average transmitted

associated witt5(8); ¢(#) represents the dielectric prop-
erties and the radial displacement from the scatterer ring
of the actual scatterer tha{#) represents [6]. Therefore,
rays that are reflected by(#) are all subject to a phase
change ofj(8). Statisticallyg(#) is modeled as uniformly
distributed in[—=, 7) and i.i.d. inf. The radiusk of the
scatterer ring is determined by the root-mean-square (rms)
delay spread of the channel [6].

« Only rays that are reflected by the effective scatterers ex-
actly once are considered.

« All rays that reach the receiving antennas are equal in
power.
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Fig. 2. Parameters used to derive the approximation&f{éf; ,H, ] inthe “one-ring” model.
Suppose that there ai€ effective scatterers§(6,), & = apply to the SU side. Le®y denote the angle at whicki(#)

1,2,..., K. The properly normalized complex path gdia , is situated, as viewed from the center of the BS antenna relative

connecting transmitting antenna elem@nt, and receiving an- to thez-axis. WhenA is small Dy, sy — Dra,—s06) ~

tenna elemenRA; is dL(p, q) cos Qo + dL (p, q)sin Qg,sin Qg ~ (R/D) sin 6 ~

. o | K o (A/sir)l(ié/ag)d;os(ﬁj )%(R/ID—)2(1/2)9(RéDb)2.Sin2. 6 i 1-—
- = _ 0. ;2" 1/4 +(1/4 cos 26. Substituting these ap-

Hip V2n /o VK kzl o ek)exp{ X proximations into (5)

(Dra, sy +Dse)-ra,) +j¢(9)} d6. (3) E[H,H;, ]

1 [* 2
In (3), Dx_y is the distance from objecf to objectY’, andX =on exp {—J By [DTAWS(e)
is the wavelength. By the central limit theorem, in the limit of 0
infinitely many scattererdy; ,, constructed from (3) i%/(0, 1). —Dra,—s6) + Dsoy—ra, — DS(@)_)RAM]} g

Therefore, in the limit case, the channel constructed according )
to the model is purely Rayleigh fading [17], [18]. To study the 1 / i exp {_jQTW [df(p, 9
0

fading correlation, we use the following notation. Af is an ~or
ngr X nr matrix, then we use véél) to denotengny x 1 the AZ A2 cos 26 - )
vector formed by stacking the columns Hfunder each other; : <1 -7t T) +Ad,(p, ¢)sin ¢
thatis, ifH = (hy, ha, - -, h,,.), whereh; is anng x 1 vector
fori =1,---,ng, then + dX(1, m)sin 6 + di (I, m) cos 9} } de. (6)
1 1 1 !
vec(H) = (R, by, lyyy ) @ we evaluate (6) for the following special cases (note that

The covariance matrix aif s defined as the covariance matrix'/(2) Jy” exp(jz cos 0)df = Jo(w), where Jo(z) is the

of the vector vecl): cov(vec(H)) = Elvec(H)vec(H)'. Bessel function of the first kind of the zeroth order):

(Note that for a zero-mean complex Gaussian vegtothe + from one BS antenna element to two SU antenna elements,
autocovariance is specified as the autocovariance matrix of as
the vector(Re(g)'Im(g)’)’. Here, because it can be verified 4R
that vecd) constructed from the “one-ring” model is special
complex Gaussian, the second-order statistics of Ng&re
completely specified byov (vec (H)) [19]. The covariance  « from two BS antenna elements aligned on thexis to

I, m)

— 0,E[H; H}, ] — Jo <277r d®(1, m))

betweenH;, , andH,,, , is one SU antenna element
E|H, ,H} . 27
[ Lp 7":2(17} . dzj(p, (]) = 0, E[HWI,PHrn,q] ~ J() <AT d;(p, q))
1 { 27 [D D
= 5= eXpy —— A, —S(8) — A, —S(8 . .
2 Jo A Thp =S Tha=5(0) » from two BS antenna elements aligned on thaxis to

one SU antenna element

+Ds6)—rA;, — DS((-))—>RAM]} dg. %)

_ dy (p, ©) =0, E[Hp,pHy, ]
In general, (5) needs to be evaluated numerically. Fortunately, . T _ A2

: S L : . r 327/ dy (p, )(1=(1/4)A%)

whenA is small, which is often the case in fixed wireless appli- ) 0
cations, an approximation exists that offers useful insights. The ) é 2n & (p, q)
approximation is derived using the notation illustrated in Fig. 2. 2 N Ge\Pd
In a two-dimensional plane, let theaxis be parallel to the line
that connects the BS and the SU. I&t(p, q) denote the dis- A well-known result for diversity reception systems derived in
placement betweetiA,, and TA,,, andd% (p, ¢) andd;f(p, q) [12] states that when maximal-ratio combining is employed the
denote the projections af (p, ¢) on thex- andy-axis, respec- degradation in capacity is small even with fading correlation co-

tively. Similar notationsd"(l, m), d(l, m), andd}i(l, m), efficients as high as 0.5. Here, to attain a correlation coefficient
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lower than 0.5, the minimum antenna element separations emThe channel capacity of a communication system described
ployed by the three cases @4\, 0.24A 1\, and0.96A~2), by (2) given the channel realizatiddi under an average trans-
respectively. mitter power constraint is [19], [20]

If the minimum SU antenna spacing is sufficiently greater
than half wavelength, the correlation introduced by finite SUZ = max log,[det(I+HX H)] (bits/channel use (8)
antenna element spacing is low enough that the fades associ- ="
ated with two different SU antenna elements can be considewﬁierezs is the covariance matrix of andp is the maximum

independent. Mathematically, if the SU antenna spacing is larg8rmalized transmit power. The MEA is an--inputn z-output
enough, we will see that therows of H can be approximated jinear system with i.i.d. AWGN. With linear operations at both
as i.i.d. complex Gaussian row vectors with covariance matiite transmitter and the receiver, the MEA can be transformed
v, wherel, , = E[H,, ,H;, ,]. Assuming that the rows of jni5 an equivalent system consisting of = min(nz, nz)

H are i.i.d. complex Gaussian vectors with covariadGethe  gecoupled single-input single-output (SISO) subchannels. To
channel covariance matrixtiscov(vec(H)) = W @ L. Simi-  ghow this, let the singular value decomposition of the channel
larly, if the SU and BS switch their roles as the transmitter andatrix H be H — Un Dy V. The transmitter left-multiplies
the receivar, under this approﬂmatie;sv(vec(H)> = 127 @Y. the signal to be conveyed, by the unitary matrixt;. Sim-
Note that ifcov(vec(H)) = ¥ @ W7, the statistical proper- jiary, the receiver left-multiplies the received signal by by

ties of H are identical to those of the product matebé,, B U;I- Thatis,s, = Vyz,, vy, = LUT andu, = ULUT- Sub-
where thenr x ng matrix H,, contains i.i.d.V(0, 1) entries,  giityting these into (2), the input-output relationship between
AAT = 97, and(BBY) = ¥ In summary, if the fades ex- . andy. is

perienced by different SU antenna elements can be considered "

independent, the following approximations can be used to ana- y. = Dyz. +u, 9)

lyze the MEA capacity:

where the components of the noise veatpare i.i.d. N(0, 1).

H ~ H,B" in the downlink (BS to SU) and Denote the diagonal entries of the nonnegative diagonal matrix
H ~ AH,, inthe uplink (SU to BS) (7) Dpbyer,k =1,2,---,n Writing (9) component-wise, we
get

In (7), the notationt ~ y means that “the distribution of is

identical to the distribution of.” In Section IV, we use Monte yr = epak + k. (10)

Carlo simulations to verify that (7) is a good approximation

in the sense that the distribution of the eigenvalue&/éft is Therefore, the multiplication of unitary matric&$; and U},

closely approximated. transforms ans#z, ng) MEA into n SISO subchannels with

(power) gains:2. Note thate? are the eigenvalues ¢ H' be-

causeH H'Uy = Uy D%. The MEA capacity is the sum of the

] capacities of thex subchannels [19]. Suppose that a transmit

A. Capacity power gy, is allocated to théth subchannel, the MEA capacity
In the introduction, we mentioned that communication is cais

ried out using bursts (packets). The burst duration is assumed to n

pe short .enough that the channel can be regarded as assentially C = Z log, (1 + pkEi) ) (11)

fixed during a burst, but long enough that the standard informa- =

tion-theoretic assumption of infinitely long code block lengths

is a useful idealization. These assumptions are expected toTihe overall transmit power constraint requires thgf_, o <

met in, for instance, many fixed wireless and indoor wirelegs The strategy for distributing the power affects the MEA ca-

applications. In this quasi-static scenario, it is meaningful to gsacity in (11). Giverz3, the power allocation that maximizes the

sociate a channel capacity with a given realization of chanidEA capacity is calculated through the “water-pouring” algo-

matrix H. Because the channel capacity is a function of thrghm [20]. In many applications, however, itis more practical to

channel matrix, the channel capacity is a random quantity whaa®cate equal power to these subchannels [21],4:e= p/n.

distribution is determined by the distribution &f. An impor- The channel capacity with a uniform power allocation constraint

tant measure for the channel capacity of an MEA operating is

a quasi-static fading environment is the channel capacity at a

given outage probability, denoted byC;,. To be precise, the  ~ _ 1,5 (et I+ L)) = - log, (1+ P2y
channel capacity is less tha&ry, with probability . 52 ( ( n )) kz_:_l 52 ( ngk)

I1l. ANALYSIS OF MEA CAPACITY

(12)
Note that if the uniform power distribution is employed, the
2The Kronecker product of matriced and N is defined as MEA capacity is independent &fg. This property makes uni-
form power allocation a good choice for systems in which the
M(1, )N M(1,2)N .- transmitter cannot acquire the knowledgefbf Henceforth, in
MoN=|MQ2 1)N M@2,2)N ---|. this paper, we will assume that uniform power allocation is em-

ployed.
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B. Bounds on MEA Capacity power gains are independently chi-squared distributed with de-

The distribution of MEA capacity can be calculated given th@'€es of freedorng, 2ng —2,.--, 2(ng — ny + 1), andis
distribution ofeZ. However, for a general spatial fading covarit/PPer bounded by the sum of the capacitieapisubchannels
ance and a finite spatial dimensionality, the distributiorepf WNOS€ power gains are independently chi-squared distributed
can be very difficult to compute. The exact distributions:pf With degrees of freedo(n +ng —1), 2(np +nz = 3), -,
and MEA capacity will be studied using Monte Carlo simula2("*& — »r + 1). The difference between the mean values of
tions in the next section. Here, we formulate lower and upptt€ UPper and the lower bounds is no greater than 1 b/s/Hz per
bounds on MEA capacity based on the fading statistics (7). gpatial dimension. The lower bound was first derived by Fos-

derive these bounds, we need the following mathematical todt8ini in [21]. In fact, Foschini has proved that the mean values
of the exact MEA capacity and its lower bound, both normal-

a) Let H,, be anng x ny matrix whose entries are i.i.d..

N(0, 1). The subscriptv is used to mean “white.” De-
note the@? R decomposition oH,, by H,, = QR, where

() is an unitary matrix andk is an upper triangular matrix.
The upper diagonal entries &fare statistically indepen-

dent of each other. The magnitude squares of the diaf%—

onal entries ofR?, say|Rlyl|2, are chi-squared distributed

with 2(nr — [+ 1) degrees of freedom. The off-diagona
entries ofR are i.i.d. N(0, 1). These can be proved by
applying the standard Householder transformation to the

matrix H,, [22], [23]. Clearly,H,,Q1 ~ Q2H,, ~ H,,
for any unitary matrice§); and(@-.

b) For any diagonal matri¥® and any upper-triangular ma-

trix R

det(DD' 4+ RRT) > H (IDz,l|2 + |Rz,l|2) .
Z

c) For any nonnegative definite matrixd, det(A)
IL Ase

d) For any unitary matrix and any square matricéé and
Y, det(I+XY) = det(I+Y X) anddet(I + QX Q) =
det(f + X).

ized to perspatial dimension quantities, converge to the same
limit whenn — oo [21].

Case Il: cov(vec(H)) = V@ I, or I, ® ¥. We have
shown in Section Il that in the “one-ring” model, if the antenna
array inside the scatterer ring (usually the SU) employs a suf-
iently large antenna element spacing, the fading covariance

atrix can be approximated by @ I, in the downlink (BS
o SU) andl,,,, ® ¥ in the uplink (SU to BS), and the approxi-
mations in (7) apply. Note that fov(vec(H)) = ¥ ® I,,,, for
some nonnegative definitg, the distributions o3 and hence
the distribution of MEA capacity can be exactly calculated using
the techniques developed for Wishart matrices [22]. However,
the calculation is generally very difficult because it involves the
zonal polynomials, which are notoriously difficult to compute.
Furthermore, the actual computation does not give us as much
insight into the problem.
Substitutingd by AH,, B into (12), we have

O ~ log, [det <I + iAHwBT(AHwBT)TH
nr

A og, [aes (14 Lmapyrny)|. a9
nr

Next, we examine the following two special cases. In the fol-

lowing, we assume that;y < ng.
Case |: The fades are i.i.d. Substitutidg,, = QR into (12),

Here D4 and Dy are diagonal matrices whose diagonal
elements are the singular values/bind B*, respectively. The

tively

C = log, <det <I + LHHT))
nr
D 10g, <det <I + iRR*))
nr
(b) T
<1 + L|Rl,l|2>
nr
and

2 Z log,
=1
— loo P t
C=log,|det | I+ —RRE

nr

©) { p 2 - 2

1+ =R+ D (Rl -

nr m=I{+1

< Z log,
(14)

(13)

=1

From a),|R; |? is chi-squared distributed witB(ng — { +
1) degrees of freedom. Also becaus& ™. | |k, m|” is chi-
squared distributed witt(n, —1) degrees of freedoni; ;|*+
> m—it1 | B, m|? is chi-squared distributed witt(n g + ny —

order of their magnitudes down the diagonal. Substituting
H, = QR andA = I in (15), the capacity in the downlink
can be bounded by

C ~ log, [det <I + inD}gHLﬂ
nr

(b)(dy 2.
(1 n (—p ) D, z)|2|R1,l|2> (16)
nr

z ) log
=1
<1 + <%) D, yl?
nr

.<|R171|2+ > |R17m|2>>. 7

m=I{+1

and

(e)(d) L
C < ZlOgQ
=1

Similar to the case when the fades are i.i.d., the MEA capacity
is still lower and upper bounded by the total capacitynof

independent SISO subchannels, and the difference between
the mean values of the upper and the lower bound is less

21+ 1) degrees of freedom. In short, the MEA capacity is lowethan 1 b/s/Hz per spatial dimension. Due to the spatial fading
bounded by the sum of the capacitiesgf subchannels whose correlation, the power gain of thdh subchannel is scaled
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by a factor of|D,;(lyl)|2 (or, on decibel scale, augmented by 104 |
10 log,o | Dp, »|* dB). Note that because the traced; is
equal tong, when compared to the situation in which the fades
are i.i.d., the path gains of some subchannels are scaled |
while others are scaled down.

When the number of antenna elements is large, determinin
the MEA capacity through simulation is very computation-in- <
tensive. The upper bound in (17) can be employed to investiga &
the capacity when the number of antenna elements is large. L'=  10% |
E(C) denote the mean value of MEA capacity at a fixed av-
erage total power constraipt For any concave functiofi(x),
E(f(z)) < f(E(x)). Thus, an upper bound &(C), denoted 2
by E(C), in the downlink direction can be derived from (17) by 10 Le-
substituting the mean values of chi-squared random variable

for them Number of Antenna Elements

102

bps/Hz)

Broadside

Inline

103

T p Fig. 3. The effect of angle spreadl on the relationship between the upper
E(C) < Z logy | 14+ —|Dpq,y I*E bound of mean capacif#(C') and the number of antenna elements: 7 =
=1 nr nr. The fixed overall power constraint jis= 18 dB.

. <|le 12+ Z |R:. m|2> ) (EDOF), which is a parameter that represents the number of sub-
m=I+1 channels actively participating in conveying information under
nT p a given set of operating conditions. It is well known that for
=Y log, <1 + n_|DB(l,l)|2(”R +nr — 20+ 1)) an SISO channel, at high SNRGfold increase in the trans-
=1 r mitter power results in an increase in the channel capacity of
=E(C). (18) log, G bis/Hz. If a system is equivalent to EDOF SISO chan-
nels in parallel, the capacity of the system should increase by
Note that due to the normalization used in this paper, the mg@DOF - log, G) b/s/Hz when the transmitter power is raised by

value of a chi-squared random variable with degrees of afactor ofG. In light of this, we define EDOF at a given transmit

freedom isk. powerp and outage probability to be
For example, we employ (18) to investigate the effect of angle
spread on the relation betwe#HC') and the number of antenna EDOF = d%cq(gép) . (20)

elementsy = ny = ny. The result is displayed in Fig. 3. (The §=0
definitions of broadside and inline linear antenna arrays will be We note that EDOF is a real number[ih n]. Although the

given in Section IV.) ngr X np channel matrixd has ranks with probability one in
] general, the power allocated to{ EDOF) out of then dimen-

C. Effective Degrees of Freedom sions is very poorly utilized. EDOF is determined by the fading

We have shown in (11) that am#£, ng) MEA can be correlation. It is also affected by SNR; the value of EDOF is
decomposed into an equivalent systemnot= min(ny, ng) higher when SNR is increased.
SISO subchannels whose path power gains are the eigenvaludr an example of how fading correlation affects EDOF, con-
of HH'. Based on this decomposition, one would intuitivelgider the fading correlation in the “one-ring” model when the
expect that the capacity of an,(n) MEA system should grow angle spread approaches zero. In such a ¢&%#; ,h; ]| —
roughly linearly withn for a given fixed transmitted power, 1. Therefore, the: columns ofH are perfectly correlated, and
because if(pe}/n) > 1for k = 1,2,---,n, (12) can be only one of then eigenvalues off H' has significant proba-
approximated by bility of being practically nonzero. The overall effect is that as
the angle spread approaches zero, EDOF approaches one. An
(n, n) MEA thus degenerates to &,(n) MEA.

Clo) =3 o, (2F). (19)
k=1

However, this high SNR condition may not be met in prac- In this section, we present the capacity of multielement an-
tice. For an §, n) MEA, if (pe3)/n is much smaller than one tenna systems obtained from Monte Carlo simulations. Simula-
for somek, the capacity provided by theth subchannel is tion is necessary because computing the distributions of MEA
nearly zero. This may occur when the communication systerapacity, subchannel gains, and subchannel capacities analyti-
operates in a low SNR setting, e.g., in long-range commurgally is very difficult. The results in this section illustrate the
cation application or transmission from low-power devices. Qeffect of the antenna geometry and the physical dimensions of
the other hand, it may occur if with significant probabilitf/is the scattering environment on the statistics of MEA capacity.
very small, which is a direct result of severe fading correlatiodnother goal is to verify that (7) is a good approximation to the
Here we introduce the concept of effective degrees of freed@xact channel distribution.

IV. SIMULATION RESULTS
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channels giverp = 18 dB are 2.94, 7.99, and 32.0 b/s/Hz,
respectively.

B. Simulation Results

fe—>| The physical parameters in the “one-ring” model include the
d angle spread, angle of arrival, antenna spacing, and antenna
@ arrangement. First, we investigate the effect of angle spread

A. Fig. 5(a) shows the complementary cumulative distribution
function (c.c.d.f.) of channel capacity of the hexagon MEA
o o versusA. The support of the transition region of the c.c.d.f.
curve moves toward lower capacity values as the angle spread
decreases. Note that when the angle spread is extremely small

o0 (A < 0.6°), the c.c.d.f. of the (7, 7) MEA is identical to
le—>| that of a (1, 7) diversity reception system with maximal-ratio
d combining. Fig. 5(b) show§, ; for the three configurations of

(b) MEA versusA. For all threeCjp; decreases monotonically as

Fig. 4. Antenna set arrangement. Note the definitions of the angle of arri\_;g\e angle spread decreases. Intwt_lv_ely, because the difference
© and the minimum antenna element spaeina) Linear-array MEA and (b) in path lengths from two transmitting antenna elements to

hexagon MEA. any scatterer becomes smaller Asdecreases, it becomes
increasingly difficult for the receiver to distinguish between
A. Simulation Algorithm the transmissions of the various transmitting antenna elements.

Mathematically, the correlation between the columngioin-

Fig. 4 shpws the arrangement of antenna elements. We héygases aA decreases. Fig. 5(c) shows that the EDOF of each
chosen a fixed number of antenna elements= ng = 7. In

Fiq. 4 | I d al éyg%ehof MEA indeed decreases as the angle spread decreases.
'9. (a)_, seven antenna e ements are equally spaced alon e simulation also provides the probability density func-
axis. This is referred to as a linear-array MEA. In Fig. 4(a) wg (pdf's) of the ordered eigenvaluesiH . The magnitude
also define the angle of arrivéd at the BS for the linear-array of €2 is best displayed in decibel units. Lgt = 10 log, o 2
MEA. Following conventional notation [6], we use the tem?:mdkletpk(uk) denote the pdf ofiy. Fig. 6 displaysak(uk})? Alis
broadside "’g]d |nI|ne. to refer tq the situations whén= 0 the angle spreadh decreases, the following is observed: a) the
and©® = 90°, respectively. In Fig. 4(b), seven antennas are . jio ofy; increases slightly: b) the medians of, & > 2
arranged on a hexagonal planar array. This is referred to@crease; and c) the difference between the medians ahd

the hexagon MEA. For planar antenna sets, the hexagonal ar- i, reases for alk. These observations indicate that sta-

. . . . k
rangement achieves the highest antenna density per unit rg}ca"y, asA decreases, the disparity amopg i.e., the dis-

for a given nearest-neighbor antenna spacing. Furthermore,bl&?ity among the subchannels in (10), increases. The pf's

effects of the angle of arrival are not significant, due to the provide a convenient way to estimate the EDOF. The av-
symmeiry of the hexagon. Three configurations are consider% ége received SNR necessary to obtain a certain EDOF can be

broadside and inline linear-array antenna set at the BS with Q<. -4 6rom Fig. 6 as follows. For a natural numhehe av-

line linear-array antenna set at the SU, and hexagon antenna p&ae received SNR necessary for EDOE is approximately
at both the BS and the SU. The nearest-neighbor separations ey, . is determined b)jjo p-(12) dyi. = 0.9.

tween antenna elements of the BS and the SU antenna sets &

d db ddr velv. Again. the BS and the SU Eecond, we investigate the effect of the BS antenna
enoted byt anddr, respectively. Again, the and the sTacingdt. Fig. 7(a) shows the c.c.d.f. of channel capacity

assume the roles of the transmitter and the receiver, respectivgly.,, hexagon MEA in the large angle spread setting
GivenA, dt, anddr, one way to generate the channel realizg+, _ 1000\, A = 15°, dr = 0.5)). We find that the channel

tionis to randomly select the angular positions and phases of epacity inc7reases gréatly dsincreases. In Fig. 7(a), similar

equivalent scatterers and compifeusing ray tracing. When to Fig. 5(a), the support of the transition part of tr,1e c.c.d.f.

th_e number of scatterers is Iarge,_an equival_entway isas fono‘@ﬁrve moves toward higher capacity valuesdasincreases.
First, compute the channel covariance rrlz/x;w(lv/ch(TH ) fro_m Fig. 7(b) and (c) displays the relation betwe@g; anddt for
(6). Let = cov(vec(H)) and ¥ = W5 )T The in- e three types of MEA in the large and small & 1000002,
stances ofd can thenll?Qe generated by premultiplying awhlteA — 0.6°,dr — 0.5)) angle spread settings, respectively.
channelvec(H,,) by W*/*. That is Given a fixeddt, the capacity of a (7, 7) broadside linear-array
MEA is always higher than that of a (7, 7) hexagon MEA,
vec(H) = W/ ?vec(H,). (21) which in turn is always higher than that of a (7, 7) inline
linear-array MEA. In Section I, we showed that the effective-
We generated 10000 instances of channel and collected tiess of reducing the fading correlation by increasing the BS
statistics of MEA capacity and ordered eigenvaluesidi*. antenna spacing along the axes perpendicular and parallel to
The average received SNR is chosen to be 18 dB. Forthe direction of wave arrival are different. To attain zero fading
comparison purposes, the 10% outage channel capa€i§ies correlation with inline linear-array MEA's, the BS antenna
of (1, 1), (1, 7), and(7, 7) systems over i.i.d. Rayleigh-fadingspacing must be/A times of the spacing required when using
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Fig. 5 (a) The c.c.d.f. of channel capacity for hexagon MEA given various angle spragsdr = 0.5A. The reference curves are the c.c.d.f.’s of channel
capacity when assumind isa7 x 7, 1 x 7, andl x 1 matrix with i.i.d. N (0, 1) entries, respectively. (), ; versus angle spread. (c) EDOF versus angle spread.
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Fig. 6. The pdf’s of the ordered eigenvaluesfI f based on the “one-ring” model. Herg, is thekth largest eigenvalue df H* andp(y) is the pdf of
pr = 10 log,, 2. The pdf's are normalized to have the same height for display purpose: (a) (7, 7) MEA with i.i.d. fades; (b) (7, 7) hexagon MEA with a large
angle spreadX = 60°); and (c) (7, 7) hexagon MEA with a small angle spread=£ 0.6°).
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Fig. 7. (a) The c.c.d.f. of capacity of (7, 7) hexagon MEA with= 15°, dr = 0.5\. (b) Cy.; versusdt for large angle spreadY = 15°, dr = 0.5\). (¢)
Co.1 versusdt for small angle spreadX = 0.6°, dr = 0.5A). In (b) and (c), we us# to mark the smallesft with which the maximum fading correlation
coefficient is 0.5. After the maximum fading correlation coefficient is reduced to under 0.5, the benefit of incréastiangs to saturate.

broadside linear-array MEA's. The difference in effectiveness We conclude that the angle spread and the BS antenna spacing

is confirmed here by simulation. Note that because the Bespelpendicular to the direction of wave arrival at the BS domi-

function governing the relation between antenna spacing amates the channel correlation and thus the channel capacity. If

fading correlation is not monotonic, the MEA capacity doethe direction of wave arrival is known to a reasonable accuracy,

not decrease monotonically dsis decreased. This can be seeit is advantageous to deploy a broadside linear-array MEA. On

in Fig. 7(b). the other hand, if omnidirectional coverage is the goal, an MEA
Third, we examine the effect of the SU antenna spading with a symmetric shape, such as the hexagon MEA, is clearly

Fig. 8(a) shows the c.c.d.f. of channel capacity of the hexagtire better choice.

MEA in the large angle spread settingg (= 1000\, A = Fig. 9 compares the eigenvalue distributions/Ff* and

15°, dt = 0.5)). Fig. 8(b) and (c) display€s.; versusdr in  (H,,B")(H,B")T given the parameterét = dr = 3\ and

the large and smallly = 100000\, A = 0.6°, dr = 0.5)) A = 15° and0.6°. Very good agreement is observed. The re-

angle spread settings, respectively. The c.c.d.f. curves of MEBAlts in Fig. 8 also show that the overestimate of channel ca-

capacity become steeperdsincreases. This results in an im-pacity caused by assuming the rowgbfre uncorrelated is not

provementirCy 1, but such animprovementis not nearly as sigsubstantial. These results demonstrate that (7) is a valid approx-

nificant as the capacity improvement while increasitigThe imation in the downlink if the SU employs an antenna spacing

analysis in Section Il explains the striking difference betweesufficiently large.

increasing the antenna spacing at the BS and at the SU, in terms

of effectiveness in improving MEA capacity. Once the antenna

spacing at the SU is more than a half wavelength, the correla-

tion coefficient between any two entries on a columnibis In previous studies that analyzed MEA capacity, a common

generally lower than 0.5. The fading correlation is already loassumption is that the fades between pairs of transmit—receive

and therefore cannot be reduced significantly by increaging antenna elements are independent. However, in real propagation

V. SUMMARY
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H

environment, fading correlation does exist and can potentially
lead to a capacity lower than that predicted with the i.i.d. fading

assumption. In this paper, we started by modeling the multi-

path propagation environment with an abstract model. From the
model, we determine the spatial fading correlation and its effect
on the MEA capacity.

The “one-ring” model can reasonably represent a scattering
environment in which one of the communicating parties, the SU,
is surrounded by local scatterers. The channel correlation based
on the “one-ring” model is a function of antenna spacing, an-
tenna arrangement, angle spread, and the angle of arrival. When
the angle spread is small, expressions for approximate fading
correlation can be formulated to highlight the differences be-
tween how the SU antenna element spacing and the BS antenna
element spacing (both parallel to and perpendicular to the direc-
tion of wave arrival) contribute to the fading correlation.

We showed that an nf, ng) MEA consists of
n = min(ny, ng) SISO subchannels, or eigenmodes.
The MEA capacity is the sum of the individual subchannel
capacities. The gains of these subchannels arenthergest
eigenvalues o H'. The distribution of these gains is deter-
mined by the fading correlation.
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To investigate the effect of fading correlation on MEA ca-[10] R.B. Ertel, P. Cardieri, K. W. Sowerby, T. S. Rappaport, and J. H. Reed,
pacity analytically, we considered the situations in which the “Overview of spatial channel models for antenna array communication

. . .. systems,'IEEE Pers. Commun.vol. 5, pp. 10-22, Feb. 1998.
antenna element spacing at the SU is sufficient that the COI®r1] W. C. JakesMicrowave Mobile Communications New York: Wiley,

lation among the entries on any column of the channel matrix 1974, pp. 60-65.

is negligible. We showed that the capacity of an ) MEA [12] J. Salz and J. H. Winters, “Effect of fading correlation on adaptive ar-
be | b ded bv th fth . f rays in digital wireless communications,”Rroc. IEEE Vehicular Tech-
can be lower (upper) bounded by the sum of the capacities of 5154y Cont.vol. 3, 1993, pp. 1758-1774.

n decoupled subchannels with independent path power gainss] J. Fuhl, A. F. Molisch, and E. Bonek, “Unified channel model for mobile
that are scaled chi-squared distributed random variables with ~ radio systems with smart antennaoc. Inst. Elect. Eng. Radar, Sonar
d ffreed The scalin Navig, vol. 145, no. 1, pp. 32-41, Feb. 1998.

2,4,---,2n(2, 6,---, 4”__2) egrees ofireedom. ING [14] G. G. Raleigh and J. M. Cioffi, “Spatio-temporal coding for wireless
factors depend on the fading correlation. The stronger the fading  communications,1EEE Trans. Communvol. 46, pp. 357-366, Mar.
correlation, the higher the disparity between the capacities of _~ 1998. . _ _ _

h beh Is. As the fadi lation b 415] P. F. Driessen and G. J. Foschini, “Deploying multiple transmit an-
these subchannels. As the tading corre at'_on €COMES MOre Se-" 1ennas to greatly enhance capacity in wireless chann@&gE Trans.
vere, more and more subchannels have gains too smallto convey Commun.vol. 47, pp. 173-176, Feb. 1999.
information at any significant rate. We defined the parametefl6l J. Litva and T. K. Lo,Digital Beamforming in Wireless Communica-
EDOF h b fsubch Is th ivel tions. Boston, MA: Artech, 1996.

. to represent the number 0. subchannels that actively Cor[T7] J. M. Wozencraft and |. M. JacobBrinciples of Communication Engi-
tribute to the overall MEA capacity. neering New York: Wiley, 1965, pp. 527-532.

We performed Monte Carlo simulations to study quantities[ls] G. J. Foschini and J. Salz, “Digital communications over fading radio
e . s channels,'Bell Syst. Tech. Jvol. 62, pp. 429-456, Feb. 1983.
thafc are very d|ff|cult to compute analytically, such as .the dlstn-[lg] E. I. Telatar and D. Tse, “Capacity and mutual information of
butions of the eigenvalues & H and the MEA capacity. The broad-band multipath fading channels,” Proc. IEEE Int. Symp.
results confirm our analysis. The angle spread is a key param-_ Information Theory1998, p. 188. .
. . gg] T. M. Cover and J. A. Thomaglements of Information Theary New
eter; the MEA capacity generally decreases as the angle spread’ yo: wiley, 1991.
decreases. The BS antenna separation perpendicular to the @it] G. J. Foschini, “Layered space-time architecture for wireless commu-
rection of wave arrival is also a very important factor. If the nication in a fading environment when using multi-element antennas,”
directi ; ival is known approximatelv. it is advan- Bell Labs Tech. JAutumn 1996.
Irecuion of wave arrival IS X W. pproxi Y, 1 ' Vi [22] R.J. MuirheadAspects of Multivariate Statistical TheoryNew York:
tageous to deploy a broadside linear-array MEA with a large ~ wiley, 1982.
antenna spacing; but if omnidirectional coverage is the goal, a3l M._S. Barlett, “On the theory of statistical regression,’Hroc. R. Soc.
. ) . Edinb, vol. 53, 1933, pp. 260—283.

MEA with a symmetric shape, such as the hexagon MEA, is

clearly the best choice.
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