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A single graphene sheet, when subjected to a perpendicular static magnetic field provides Fara-
day rotation that, per atomic layer, greatly surpasses that of any other known material. This Giant
Faraday rotation originates from the cyclotron resonance of massless electrons, which allows dynam-
ical tuning through either external electrostatic or magnetostatic setting. Furthermore, the rotation
direction can be controlled by changing the sign of the carriers in graphene, which can be done
by means of an external electric field. However, despite these tuning possibilities, the requirement
of large magnetic fields hinders application of the Faraday effect in real devices, especially for fre-
quencies higher than few THz. In this work we demonstrate that, for a given value of the static
external magnetic field, giant Faraday rotation can be achieved in arrays of graphene microribbons
at frequencies much higher than the corresponding cyclotron frequency. The main feature in the
magneto-optical response of graphene ribbons is not associated with the cyclotron resonance but
rather with the fundamental magnetoplasmon excitation of a single ribbon. The magnetoplasmon
nature of Faraday rotation in graphene ribbons opens great possibilities, as the resonance frequency
can be locally selected by appropriately choosing the width of the ribbon while still preserving the
tuning capability through a (smaller) external magnetic field.

PACS numbers:

The polarization of a plane wave is rotated when light passes through a transparent media in the presence of a
perpendicular static magnetic field B. This phenomenon, known as Faraday rotation, has important applications in
optical diodes1, sensing and magnetic microscopy2, etc. Recently, it has been found that a single graphene sheet
provides a giant Faraday angle (∼ 6o at B = 7T )3, which has given a strong impulse for further investigations on
graphene exposed to an external magnetic field. On top of its potential practical applications, Faraday rotation is a
powerful practical tool for studying the intrinsic properties of graphene samples.

Faraday rotation in a 2D graphene sheet arises from the excitation of the cyclotron resonance, originated from
the circular motion of conducting electrons. Even though the cyclotron frequency is much larger for Dirac fermions
than for massive ones, large Faraday rotation in graphene even at THz frequencies still requires magnetic fields of
the order of a few Teslas. It would be desirable both to extend the spectral range to higher frequencies and to lower
the magnetic field at which substantial rotation occurs. It has been demonstrated that opening periodically small
gaps in a graphene sheet introduces capacitive effects, which modify the effective impedance of graphene, providing
an additional (geometrical) handle on the Faraday effect4.

A related but different possibility, which will be explored in this paper, is to involve the resonant excitation of
collective electron modes known as surface plasmons. At zero magnetic field, this process strongly enhances the
coupling between graphene and incident radiation.5–11. In the presence of a static magnetic field, applied perpendic-
ularly to graphene, plasmons and cyclotron excitations hybridize, leading to the formation of graphene magnetoplas-
mons (GMP).12–16 These GMP modes are known to significantly modify the magneto-optical response of graphene
structures.17–20.

Here we show that patterned graphene can be used to obtain plasmon-assisted giant Faraday rotation. It must
be noted that similar schemes have been studied in the optical regime by combination of a plasmonic grating and a
magneto-optically active thin film (see e.g.21). Graphene plasmonic gratings, which combine giant Faraday rotation
in graphene with the strong coupling between radiation and graphene plasmons, may provide an exciting prospect of
dynamically tunable ultra-thin devices in both THz and infrared regimes, by employing solely the magneto-optical
properties of graphene.
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FIG. 1: Schematic representation of the studied system: a plane monochromatic wave is normally incident on the array of
graphene ribbons, in the presence of a static perpendicular magnetic field B. θF is the Faraday rotation angle.

In this paper, for proof of principle, we consider a periodic array of graphene ribbons (with the width w and
period L), illuminated at normal incidence by a monochromatic plane wave. A static magnetic field B is applied
perpendicularly to the ribbons (see Fig. 1 for a scheme of the considered geometry). The incident electric field is
chosen to lie perpendicularly to the axis of the ribbon (p-polarization). In this way, any deviation in the direction of
the transmitted electric field is due to the effect in the magnetic field, and not to a ”filtering” effect arising from the
different transmittances for s- and p-polarized waves, which would occur even at zero field.22

Graphene is represented by its semi-classical conductivity tensor:23

σxx = σyy =
e2|EF|
~2π

i(ω + i/τ)

(ω + i/τ)2 − ω2
c

,

σxy = −σyx =
e2|EF|
~2π

ωc

(ω + i/τ)2 − ω2
c

,

(1)

where EF is a Fermi energy, τ is a relaxation time, and ωc = eBv2
F/|EF| is the cyclotron frequency. Here vF is the

Fermi velocity of the Dirac fermions in graphene (vF = 9.5 · 105 m/s). Throughout this paper we consider that the
system is at room temperature T = 300 K, and take a the representative value for the Fermi energy EF = 0.2 eV.
Our main conclusions are independent on this choice, but it must be noticed that the semiclassical expression for the
conductivity incorporates only intraband transitions23–25, i.e. is thus valid for frequencies ~ω < 2EF. The spectral
range we study in this paper is consistent with this restriction. We will consider two values for the relaxation time:
τ = 0.1 ps (corresponding to the mobility of about 4500 cm2V−1s−1) which is typical for experimentally studied
graphene ribbons, and τ ' 4.4 ps (corresponding to the mobility of 200 000 cm2V−1s−1) which is expected to be
achievable for suspended graphene at room temperatures if intrinsic disorder is eliminated.26–28

In order to find the scattering coefficients, we expand the total electromagnetic field in the conventional form of
the Fourier-Floquet plane waves expansion, in both upper and lower semi-spaces. Matching appropriately the fields
at the ribbon array yields an infinite set of equations for the amplitudes of these waves. Details of the method can
be found in the Supplementary Information. The numerical calculation the amplitudes from the truncated system
converges slowly (and what is worse, non-uniformly) with the number of diffraction orders considered. We have
validated that results obtained by this method have converged by comparing them with those obtained by finite
element calculations29 (which are more time consuming), performed regularly for representative sets of parameters.
When only the zero-order diffraction mode is radiative (i.e, when L < λ, which is the situation analyzed in this paper),
the Faraday rotation angle can be computed from the amplitudes on the s and p transmitted plane waves, t0xx and
t0xy, respectively, as:30

θF =
1

2
arg

t0xx − it0xy
t0xx + it0xy

. (2)

For zero magnetic field, the dependence of transmission, reflection, and absorption spectra of such structures on
both period and width of the ribbons has been extensively studied theoretically and experimentally.5,6,10,31,32 In
particular, it was found that the main resonance in the scattering coefficients is associated with the excitation of a
hybridized mode, which is a linear combination of the two edge modes of the ribbon.5,33,34 Additionally, there also



3

321

Ez

 

 

1

12

3
A

b
s
o

rp
ti
o

n

A
b

s
o

rp
ti
o

n

(a) (b)

(c) (d)

CR CR

1 5 9 13 17 21

Frequency (THz)

 

10
0

10
-1

10
-2

10
-3

10
-5

10
-4

10
0

10
-1

10
-2

10
-3

10
-5

10
-4

1 5 9 13 17 21

Frequency (THz)

τ = 0.1 ps

τ = 4.4 ps

0

5

10

15

M
a

g
n

e
ti
c
 f
ie

ld
 B

 (
T

)

M
a

g
n

e
ti
c
 f
ie

ld
 B

 (
T

)

CRCR

1 5 9 13 17 211 5 9 13 17 21
0

5

10

15

Frequency (THz)Frequency (THz)

0 0.2
absorption

0 0.36
absorption

0.5μm1μm
B2μm4μmA

FIG. 2: Panels (a) and (b): Absorption spectra of two different ribbon arrays (continuous lines), with geometrical parameters
specified in each panel, and a uniform graphene sheet (dashed curves), in a magnetic field B = 4 T. Two different relaxation
times have been considered: τ = 4.4 ps (orange curves) and τ = 0.1 ps (black curves). Green dot-dashed curves show the
absorption cross-section for a single ribbon, for τ = 0.1 ps. The structure of Ez at the first three resonances indicated with “1”,
“2”, “3” is shown in the inset of (a). Panels (c) and (d) show the absorption of the arrays A and B (geometrical parameters
specified in panels (a) and (b), respectively) as a function of both frequency and magnetic field B. White dashed lines indicate
the position of the cyclotron resonance (CR) in a uniform graphene sheet. Orange solid lines indicate the position of the
“cross-sections” shown in panels (a) and (b).

exists an infinite set of weaker resonances which emerge due to coupling to waveguide-like graphene plasmons. As
we will discuss below, in a perpendicular magnetic field the ribbon plasmon modes transform into magnetoplasmon
excitations but the number of modes and their field structure remains the same.

In what follows we study the magnetoresponse of two structures, representative of those used in recent experiments
(performed at B = 0).6: array “A”, defined by ribbon width w = 2 µm and period L = 4 µm and array “B”, with
w = 0.5 µm and L = 1 µm.

Let us first analyze the absorption of radiation by the free-standing ribbon arrays (ε1 = ε2 = 1). In Fig. 2
(a) and (b) and for the case B = 4 T, we show the absorption for a continuous graphene sheet and the arrays
considered. This figure also renders the absorption cross-section of the corresponding single free-standing graphene
ribbons showing that, for the geometrical parameters considered, the absorption resonances are essentially due to the
GMPs of individual ribbons. In the array, the inter-ribbon coupling results only in a slight red-shifting of the main
absorption line. In the considered frequency range, where the conductivity is given by a Drude term, the ribbon GMP
modes are similar to those studied in stripes in two-dimensional electron gases arising in GaAs heterostructures.13,33–40

Those studies showed that the frequencies of the magnetoplasmon modes ωn(B) are given by a simple expression

ωn(B) =
√
ω2

n + ω2
c . (3)

where {ωn} is the set of plasmon frequencies in the ribbon at zero magnetic field. Each eigenfrequency ωn scales with

the ribbon width as
√
n/w, where n is a number of the mode, n = 1, 2, 3, ....6,34 (in the considered geometry, only the
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FIG. 3: The results for ribbon arrays (solid curves) and continuous graphene (dashed curves) for relaxation time τ = 0.1 ps.
Panels to the left correspond to array ”A” (w = 2 µm, L = 4 µm) while right panels are for array ”B” (w = 0.5 µm,
L = 1 µm). Upper panels: Faraday rotation angle at various magnetic fields. Middle panels: Zeroth-order transmission
|t0|2 = |t0xx|2 + |t0xy|2. Lower panels: The real part of the non-diagonal component of the effective conductivity, Re σ̃xy (solid
curves), and Reσxy (dashed curves).

odd orders are excited). The dependence of the absorption spectra with DC magnetic field for both arrays is rendered
in Fig. 2 (c) and (d), reflecting clearly the evolution of the GMP frequencies.

Panels (a) and (b) in Fig. 3 show the spectra for the Faraday rotation angle for the two ribbon arrays considered,
and for different DC magnetic fields (solid lines). For comparison, in the same panels we present the Faraday
rotation angle for a continuous graphene sheet (dashed lines). As mentioned above, in continuous graphene the main
resonance feature is associated to the cyclotron resonance. Therefore, giant Faraday rotation is restricted to rather
low frequencies, less than 10 THz, even at high magnetic fields (see white dashed lines in lower panels in Fig. 2).
As seen from Fig. 3, graphene ribbon arrays, despite being a diluted one-atom thick material, still present values
of θF of the order of a few degrees. Moreover, the frequency at which maximum θF occurs is, in ribbon arrays, are
strongly blue shifted with respect to the one in a continuous graphene sheet. This difference is especially significant
for low magnetic fields (less than a few Tesla). In the ribbon array, the maximum of Faraday rotation occurs at the
the resonance excitation of GMPs, which is determined by both ribbon width and magnetic field. At high magnetic
fields, for which the fundamental GMP mode approaches the cyclotron resonance, the ribbon arrays have no obvious
advantage over continuous graphene, producing even a slightly weaker Faraday effect.

Fig. 3(c) and (d) show the corresponding transmittance spectra. Notice that minimum transmittance occurs
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FIG. 4: Effective magnetic field (a) and effective chemical potential (b), defined as those at which a continuous graphene sheet
would produce maximum giant Faraday rotation at the same frequency as the ribbon array at a given magnetic field B (with
other parameters unchanged). The bottom panels render the ratio between the maximal Faraday angle of graphene ribbon
arrays and that of the continuous sheet at the corresponding effective parameters (panel (c) for Beff and panel (d) for µeff).

approximately at the spectral position when θF changes the sign. Importantly, the transmittance is at maximum θF

is of the order of ∼ 85− 90%, which allows increasing of the Faraday rotation by stacking vertically several layers of
ribbon arrays, yet maintaining an appreciable transmitted field.

When the lattice parameter is much smaller than the free-space wavelength we can use a metamaterial approach
and, for the computation of the scattering coefficients, represent the graphene ribbon array as a continuous monolayer
with an effective conductivity tensor σ̃(B). The two independent components of the effective conductivity tensor,
namely σ̃xx and σ̃xy, can be uniquely derived from the zero-order transmission coefficients t0xx and t0xy. In particular,
for the free-standing ribbons array we obtain (see Supplementary Information for the derivation):

σ̃xx =
c

4π

[
t0xx

t20xx + t20xy
− 1

]
,

σ̃xy =
c

4π

t0xy
t20xx + t20xy

.

(4)

The lower panels of Fig. 3 show the frequency dependence of both Re σ̃xy (for the two considered arrays) and
Reσxy (continuous graphene). Notice that the relation between the Faraday angle and non-diagonal component of
the conductivity tensor, valid for low relaxation times, θF ' 4πc−1 Reσxy can be still applied in the case of ribbon
arrays (in which case θF ' 4πc−1 Re σ̃xy), as can be seen by comparing Fig. 3(e) and (f) with Fig. 3(a) and (b).

In order to better illustrate the magneto-optical response of the ribbon arrays, we define the effective magnetic
field, Beff, such that the spectral position of the maximum Faraday angle is the same for a continuous graphene sheet
under the presence of Beff and for the ribbon array under the actual B (with all other parameters, like T , µ, etc.,
remaining the same). Fig. 4 (a) renders the dependence of the computed Beff with B, for different arrays of ribbons,
showing clearly that sub-micrometer graphene ribbons produce maxima in the Faraday rotation at frequencies that
would only be achievable in a continuous graphene sheet at much larger magnetic fields. If these large magnetic field
are achievable, a continuous sheet would produce a larger Faraday angle. This is illustrated in Fig. 4 (c), which shows
the ratio between θF(Beff) in a graphene sheet and θF(B) in the ribbon, R(B) = θribbon

F (B)/θsheet
F (Beff), evaluated

at the resonant frequency. This figure shows that the decrease in magnetic field needed to obtain high Faraday
angles in ribbons, with respect to the situation in a continuous sheet, comes at a decrease in the maximum Faraday
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FIG. 5: The results for ribbon arrays (solid curves) and continuous graphene (dashed curves) for the ultrahigh relaxation time
τ = 4.4 ps. (a) Faraday rotation at various magnetic fields. (b) Zeroth-order transmission.

angle (R < 1). As the magnetic field increases, so does R and, when the magnetic field is high enough (so that the
magnetoplasmons frequency in ribbons tend to the cyclotron frequency), R(B) is limited by the filling fraction w/L.

Another way to obtain Faraday rotation at higher frequencies in a continuous graphene sheet is by reducing the
chemical potential. In order to compare the response of 2D graphene and the ribbon array, we define an effective
chemical potential µeff(B) such that the spectral position of maximum θF is the same for a continuous graphene
sheet at µeff(B) and for the ribbon array under the actual µ (with all other parameters, like T , B, etc., remaining
the same). Figure 4 (b) renders the µeff(B) for several ribbons arrays, for µ = 0.2 eV. Notice however, that the
strategy of increasing the frequency of resonant Faraday rotation in a continuous sheet by decreasing the chemical
potential is limited by the condition ~ωc < 2µeff. In Fig. 4 (c) this is reflected in the fact that the different curves have
end-points at the lower chemical potentials that fulfill the previous condition. Notice also that, as shown in Fig. 4 (d),
ribbon arrays can provide, at a given magnetic field and a given frequency, a substantially larger Faraday rotation
than a continuous graphene sheet. This occurs at magnetic fields such that µeff << µ, i.e., when the resonance is
magnetoplasmonic, rather than cyclotronic, in character.

Up to now we have considered a value for the carrier mobility in graphene that is routinely produced nowadays.
However, in view of the recent advances in producing high-quality graphene samples, it is interesting to consider
which Faraday rotation would be achievable at ultrahigh mobilities. For that, it is valuable to know whether there
are physical limits to what can be achievable. A well-known example of these limits is that the maximum possible
absorption by a free standing infinitely thin sheet is 50%41. Concerning the change in polarization, we find that
in a free-standing infinitely thin sheet, characterized by a local conductivity, the modulus each of the zero-order
cross-polarization amplitudes have a maximum value of 1/2 (see Supplementary Information). This is,

|tsp|2max = |tps|2max = |rsp|2max = |rps|2max =
1

4
. (5)

By structuring graphene, we cannot increase this limiting value. However, we can largely improve the resonance
q-factor (the GMP resonance is less absorptive, see Fig. 2(a),(b)). This has implications for the Faraday rotation.
In a continuous translational-invariant sheet it can be shown ((see Supplementary Information) that the maximal
Faraday angle is |θF|max ' π/4 which, of course, is already an impressive result, even more so for a one-atom-thick
layer. Remarkably, Faraday rotation on graphene ribbon arrays can exceed this value. As was previously shown,5 the
transmission coefficient t0xx be very low. If we set t0xx → 0 in Eq. (13), we immediately obtain |θF| → π/2. These
properties are illustrated in Fig. 5, which shows the computed transmittance and Faraday angle, for both arrays A
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FIG. 6: The results for ribbon arrays (solid curves) and continuous graphene (dashed curves) placed on top of the substrate
with ε = 4. (a) Faraday rotation at various magnetic fields. (b) Zeroth-order transmission. The relaxation time is τ = 0.1 ps.

and B, for the case τ = 4.4 ps. This figure shows that the Faraday angle strongly depends on scattering time and
that in ribbons it may even exceed that of a continuous graphene sheet (and, as stated above, at larger frequencies).

In all the previous calculations, we have considered free-standing graphene (ε1 = ε2 = 1) because the fundamental
physics we were discussing (the influence of excitation of GSP on the Faraday rotation) was already present in this
simple configuration. Nevertheless, in practice, graphene is usually produced on a substrate. One consequence of this
is that carrier mobility is reduced, due to scattering with phonons and charged impurities. Additionally, although
the presence of a substrate does not significantly affect the polarization rotation in a continuous graphene sheet, this
may not be the case for graphene ribbons, as plasmon excitations are very sensitive to the surrounding medium.
The influence of a substrate on the GSP-enhanced Faraday rotation of graphene ribbons is exemplary illustrated in
Fig. 6, for one of the ribbon arrays considered in this work placed on a semi infinite substrate characterized by a
non-dispersive dielectric permittivity ε2 = 4. As the figure shows, the blue shifts of the maximum in the Faraday angle
occurring when graphene is patterned are still present, although they are reduced by the presence of the dielectric
substrate (as can be seen by the comparison with Fig 3(b)).

In conclusion, we have shown that, for a given magnetic field and chemical potential, structuring graphene periodi-
cally can produce strong Faraday rotation at larger frequencies than what would occur in a continuous graphene sheet.
Alternatively, at a given frequency, graphene ribbons produce giant Faraday rotation at much smaller magnetic fields
than in continuous graphene. We have demonstrated that this enhancement of Faraday rotation in arrays of graphene
ribbons is produced by the resonant coupling of radiation to graphene magnetoplasmons. The possibility to control
the graphene magnetoplasmon frequency through both geometry and magnetic field, combined with the possibility to
modify the carrier density by an external gate voltage, holds an exciting promise for designing dynamically tunable
devices employing solely the magneto-optical properties of graphene.
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Supplementary information

I. CONDUCTIVITY MODEL

In an external magnetic field, due to the cyclotron motion of charge carriers, the conductivity tensor acquires
non-diagonal components

σ̂ =

(
σxx σxy
σyx σyy

)
=

(
σ1 σ2

−σ2 σ1

)
, (6)

In case of rather low energies, ~ω < 2µ, the main contribution to the graphene conductivity arises for intraband
transitions. For such energies the Boltzmann’s transport theory is valid, so that neglecting temperature effects in the
Fermi distribution, the two independent components (σ1 and σ2) of the conductivity tensor can be expressed as:

σ1 =
e2

~π
i(Ω + iγ)

(Ω + iγ)2 − β2
, σ2 =

e2

~π
β

(Ω + iγ)2 − β2
. (7)

Here Ω = ~ω/µ, γ = Es/µ, where Es = ~/τ is a scattering energy, and τ is a relaxation time. The quantity β is the
cyclotron resonance energy normalized to the chemical potential

β =
~ωc
µ
, ωc =

eBv2
F

|EF|
, (8)

where B is the magnetic field, vF ' 9.5 · 105 m/s is the Fermi velocity, and EF is the Fermi energy that we set equal
to the chemical potential, EF = µ.

II. MODAL EXPANSION

Let as assume an arbitrary polarized monochromatic plane wave impinging onto a periodic array of graphene
ribbons, in the presence of a static perpendicular magnetic field B. We chose the coordinate system so that the
ribbon array is located at z = 0, between two semi-spaces dielectrics characterized by electrical permittivities ε1 and
ε2, respectively. We chose the x axis so that it coincides with the conductivity modulation direction. Then, for the
conductivity tensor we have σ̂(x) = σ̂(x+L), where L is the array period. We present the conductivity tensor of the
ribbons array as the Fourier expansion,

σ̂(x) =
∑
n

σ̂ne
inGx, G = 2π/L, (9)

with the Fourier coefficients

σ̂n =
1

L

∫ L/2

−L/2
dxσ̂(x)e−inGx. (10)

At the patterned graphene layer, z = 0, it is convenient to introduce the polarization unit-vectors and the cor-
responding plane wave eigenfunctions of the incident, reflected and transmitted waves. For the incident wave the
polarization unit vectors si and pi can be presented as

si =
1

kt

−kykx
0

 , pi =
q1

k
√
ε1kt

 kx
ky

k2
t /q1

 , (11)

and the corresponding eigenfunctions

|si〉 = si · eikxx+ikyy, |pi〉 = pi · eikxx+ikyy. (12)

Here k = ω/c, k2
t = k2

x + k2
y, and q1 =

√
ε1k2 − k2

t so that q1 > 0. To write the eigenfunctions of reflected and
transmitted waves let us introduce tangential and normal to graphene components of their wavevectors

knt = kt + nG, q1,2n =
√
ε1,2k2 − k2

nt, Re, Im q1,2n ≥ 0, (13)
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with G = (G, 0, 0). Then, the polarization unit vectors can be written as

san =
1

knt

−kyknx
0

 , pan =
qan

k
√
εaknt

 knx
ky

−k2
nt/k

a
nz

 , (14)

so the corresponding plane wave eigenfunctions are

|san〉 = san · eiknxx+ikyy, |pan〉 = pan · eiknxx+ikyy. (15)

Here a stands for “r” (reflected) and “t” (transmitted), and krnz ≡ q1n, ktnz ≡ −q2n. The electric fields in the upper
and lower semi-spaces can be written as

E1 =
∑
α=s,p

{
Ei,α|αi〉e−iq1z +

∑
n

Er,αn |αrn〉eiq1nz
}
,

E2 =
∑
α=s,p

∑
n

Et,αn |αtn〉e−iq2nz,
(16)

where α = s, p. Let us also introduce the normalized in-plane polarization unit-vectors esn, epn:

esn =
1

knt

−kyknx
0

 , epn =
1

knt

knxky
0

 , (17)

and in-plane modes |sn〉, |pn〉 which contain only tangential components of the fields

|sn〉 = esn · eiknxx+ikyy, |pn〉 = epn · eiknxx+ikyy, (18)

and which do not depend on surrounding media since they do not contain kanz. The relations between |αi〉, |αan〉 and
|αn〉 are following:

|αi〉t ≡ cα1 |α0〉, |αrn〉t ≡ cα1n|αn〉, |αtn〉t ≡ cα2n|αn〉, (19)

where cα1 ≡ cα10, and

csan = 1, cpan =
qan
k
√
εa
. (20)

The boundary conditions at the patterned graphene layer z = 0 read
E1t −E2t = 0,

[ez × (H1 −H2)] =
4π

c
σ̂E2t.

(21)

Substituting here the expressions for the fields (16) and taking into account that, from Maxwell equations, it follows

H =
1

k
[k×E] , (22)

then, we obtain that the boundary conditions can be written as∑
α=s,p

{
cα1E

i,α|α0〉+
∑
n

(
cα1nE

r,α
n − c2αEt,αn

)
|αn〉

}
= 0,

1

k
ez ×

∑
α=s,p

{
Ei,αki × |αi〉+

∑
n

(
Er,αn krn × |αrn〉 − Et,αn ktn × |αtn〉

)}
=

4π

c

∑
m

σ̂me
iGmx

∑
n,α

Et,αn |αtn〉.
(23)

Introducing the surface impedances,

1

k

[
ez ×

[
ki × |αi〉

]]
= cα1 Zα1 |α0〉,

1

k
[ez × [krn × |αrn〉]] = −cα1n Zα1n|αn〉,

1

k

[
ez ×

[
ktn × |αtn〉

]]
= cα2n Z

α
2n|αn〉,

(24)



12

with

Zsan =
qan
k
, Zpan =

kεa
qan

, Zα1 ≡ Zα10, (25)

the boundary conditions become∑
α=s,p

{
cα1E

i,α|α0〉+
∑
n

(
cα1nE

r,α
n − cα2nEt,αn

)
|αn〉

}
= 0,

∑
α=s,p

{
−cα1Ei,αZα1 |α0〉+

∑
n

(
cα1nE

r,α
n Zα1n + cα2nE

t,α
n Zα2n

)
|αn〉

}
= −4π

c

∑
m

σ̂me
iGmx

∑
n,α

Et,αn cα2n|αn〉.
(26)

Projecting these two equations on 〈αn| and integrating the expression over the structure period we obtain:
cα1nE

i,αδn,0 + cα1nE
r,α
n − cα2nEt,αn = 0,

− cα1nEi,αZα1 δn,0 + cα1nE
r,α
n Zα1n + cα2nE

t,α
n Zα2n = −4π

c

∑
m,α′

(eαn)Tσ̂n−meα
′

mE
t,α′

m cα
′

2m.
(27)

Let us now define the transformation coefficients of the diffracted waves

Er,αn =
∑
α′

rαα
′

n Ei,α
′
, Et,αn =

∑
α′

tαα
′

n Ei,α
′
. (28)

Substituting (28) into (27) we obtain
cα1nδn,0δα,α′ + cα1nr

αα′

n − cα2ntαα
′

n = 0,

− cα1nZα1 δn,0δα,α′ + cα1nr
αα′

n Zα1n + cα2nt
αα′

n Zα2n = −
∑
m,α′′

fαα
′′

nm cα
′′

2mT
α′′α′

m , (29)

where

fαα
′

nm = (eαn)Tα̂n−meα
′

m , α̂n−m =
4π

c
σ̂n−m ≡

(
α1,n−m α2,n−m
−α2,n−m α1,n−m

)
. (30)

Here, one should not confuse the components of the tensor α̂n−m with the polarization index α. From the first
equation of (29) we have

tαα
′

n =
cα1n
cα2n

(
δn,0δα,α′ + rαα

′

n

)
. (31)

Substituting (31) into the second expression of (29) we obtain

− cα1nZα1nδn,0δα,α′ + cα1nr
αα′

n Zα1n + cα1n

(
δn,0δα,α′ + rαα

′

n

)
Zα2n = −

∑
m,α′′

fαα
′′

nm cα
′′

1m

(
δm,0δα′′α′ + rα

′′α′

m

)
. (32)

Rearranging the expression (32) we have

cα1n (Zα1n + Zα2n) rαα
′

n +
∑
m,α′′

fαα
′′

nm cα
′′

1mr
α′′α′

m = cα1nδn,0δα,α′ (Zα1n − Zα2n)−
∑
α′′

fαα
′′

n0 cα
′′

1 δα′′α′ (33)

Expanding the expression (33) with the polarization indexes α, α′, and α′′, we obtain the infinite system of equations

for the reflected waves’ amplitudes rαα
′

m which can be presented as∑
m

(
Dss
nm Dsp

nm

Dps
nm Dpp

nm

)(
rssm rspm
rpsm rppm

)
=

(
V ssn V spn
V psn V ppn

)
, (34)

where

Dss
nm = cs1m [δnm (Zs1n + Zs2n) + fssnm] ,

Dsp
nm = cp1mf

sp
nm,

Dps
nm = cs1mf

ps
nm,

Dpp
nm = cp1n [δnm (Zp1n + Zp2n) + fppnm] .

(35)
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with

V ssn = cs1 [δn,0 (Zs1n − Zs2n)− fssn0] ,

V spn = −Dsp
n0,

V psn = −Dps
n0,

V ppn = cp1 [δn,0 (Zp1n − Z
p
2n)− fppn0 ] ,

(36)

or in a compact form ∑
m

D̂nmr̂m = V̂n. (37)

Then, the matrix r̂m containing the reflected waves’ amplitudes is

r̂m =
∑
n

[D̂−1]nmV̂n. (38)

A. Diffraction efficiencies

By definition, the diffraction efficiencies of reflected and transmitted waves, Rn and Tn, are as follows,

Rn =
Re q1n

q1

|Ern|2

|Ei|2
, Tn =

Re q2n

q1

|Etn|2

|Ei|2
, (39)

where

Ei = Ei,ssi + Ei,ppi,

Ern =
∑
α

{
rsαn Ei,αsrn + rpαn Ei,αprn

}
,

Etn =
∑
α

{
tsαn Ei,αstn + tpαn Ei,αptn

}
.

(40)

From (40) we have

|Ei|2 = |Ei,s|2 + |Ei,p|2,

|Ern|2 =
∑
α=s,p

|rαsn Ei,s + rαpn Ei,p|2,

|Etn|2 =
∑
α=s,p

|tαsn Ei,s + tαpn Ei,p|2.

(41)

Consequently, for the s-polarized wave the diffraction efficiencies are

Rsn =
Re q1n

q1

(
|rssn |2 + |rpsn |2

)
, T sn =

Re q2n

q1

(
|tssn |2 + |tpsn |2

)
, (42)

and for the p-polarized wave

Rpn =
Re q1n

q1

(
|rspn |2 + |rppn |2

)
, T pn =

Re q2n

q1

(
|tspn |2 + |tppn |2

)
. (43)

III. CONTINUOUS GRAPHENE SHEET

In case of the continuous graphene sheet the problem becomes substantially simplified. Namely, from (30) it follows

fss = α1, fsp = −α2,

fps = α2, fpp = α1.
(44)
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where

α1 =
4π

c
σ1, α2 =

4π

c
σ2, (45)

so that the system (37) (
Dss Dsp

Dps Dpp

)(
rss rsp

rps rpp

)
=

(
V ss V sp

V ps V pp

)
, (46)

becomes

Dss = cs1(Zs1 + Zs2 + 2α1),

Dsp = −cp1α2,

Dps = cs1α2,

Dpp = cp1(Zp1 + Zp2 + 2α1).

(47)

V ss = cs1(Zs1 − Zs2 − 2α1),

V sp = cp1α2,

V ps = −cs1α2,

V pp = cp1(Zp1 − Z
p
2 − 2α1).

(48)

Here cα2 ≡ cα20, Zα2 ≡ Zα20. Taking into account that cs1 = 1, the determinant of the matrix D̂ in (46) is

∆ = cp1
[
(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2

2

]
. (49)

The corresponding cofactors are

∆ss = cp1
[
(Zs1 − Zs2 − α1)(Zp1 + Zp2 + α1)− α2

2

]
,

∆sp = (cp1)2α2Z
p
1 ,

∆ps = −α2Z
s
1 ,

∆pp = cp1
[
(Zs1 + Zs2 + α1)(Zp1 − Z

p
2 − α1)− α2

2

]
,

(50)

Then, the reflection coefficients are

rαα
′

=
∆αα′

∆
, (51)

or explicitly,

rss =
(Zs1 − Zs2 − α1)(Zp1 + Zp2 + α1)− α2

2

(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2

, rsp =
α2c

p
1Z

p
1

(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2

,

rps =
−α2Z

s
1

cp1 [(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2]
, rpp =

(Zs1 + Zs2 + α1)(Zp1 − Z
p
2 − α1)− α2

2

(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2

.

(52)

From the expression (31) it follows that

tαα
′

=
cα1
cα2

(
δαα′ + rαα

′
)
, (53)

or explicitly,

tss =
2Zs1(Zp1 + Zp2 + α1)

(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2

, tsp =
2α2c

p
1Z

p
1

(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2

,

tps =
−2α2Z

s
1

cp2 [(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2]
, tpp =

2cp1Z
p
1 (Zs1 + Zs2 + α1)

cp2 [(Zs1 + Zs2 + α1)(Zp1 + Zp2 + α1) + α2
2]
.

(54)
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A. Free-standing graphene sheet

For the free-standing graphene ε1 = ε2 = 1, and thus q1 = q2 = q, cp1 = cp2 = cp, Zα1 = Zα2 = Zα. Then, the
reflection coefficients are

rss = − α1(Zp + α1) + α2
2

(Zs + α1)(Zp + α1) + α2
2

, rsp =
α2c

pZp

(Zs + α1)(Zp + α1) + α2
2

,

rps =
−α2Z

s

cp [(Zs + α1)(Zp + α1) + α2
2]
, rpp = − α1(Zs + α1) + α2

2

(Zs + α1)(Zp + α1) + α2
2

.

(55)

while the transmission coefficients have the expression

tss =
Zs(Zp + α1)

(Zs + α1)(Zp + α1) + α2
2

, tsp =
α2c

pZp

(Zs + α1)(Zp + α1) + α2
2

,

tps =
−α2Z

s

cp [(Zs + α1)(Zp + α1) + α2
2]
, tpp =

Zp(Zs + α1)

[(Zs + α1)(Zp + α1) + α2
2]
.

(56)

B. Normal incidence

If the wave is normally incident on a free-standing continuous graphene sheet, Zs = Zp = 1, cs = cp = 1 and thus:

rss = −α1(1 + α1) + α2
2

(1 + α1)2 + α2
2

, rsp =
α2

(1 + α1)2 + α2
2

,

rps = −rsp, rpp = rss.

(57)

tss =
1 + α1

(1 + α1)2 + α2
2

, tsp =
α2

(1 + α1)2 + α2
2

,

tps = −tsp, tpp = tss.

(58)

From (58) we can find the maximal value for cross-polarization coefficients, |tsp|2, |tps|2, |rsp|2, |rps|2. Let a =
4e2/(~c) ≡ 2α, where α ' 137−1 is a fine-structure constant. Then, substituting the explicit expressions for α1 and
α2 into the expression for tsp we obtain

tsp =
aβ

Ω2 − β2 − (a+ γ)2 + 2iΩ(a+ γ)
, (59)

and thus

|tsp|2 =
a2β2

(Ω2 − β2 − (a+ γ)2)2 + 4Ω2(a+ γ)2
. (60)

This expression reaches its maximum at

Ω2
0 = β2 − (a+ γ)2, (61)

i.e. not strictly at the cyclotron resonance Ω = β, but slightly shifted to lower frequencies. For not very low cyclotron
frequencies we can rewrite (61) as

Ω0 ' β −
(a+ γ)2

2β
, (62)

and in the first-order approximation Ω0 ' β. Substituting (61) back to the (60) we obtain

|tsp|2max = |tps|2max = |rsp|2max = |rps|2max =
a2

4(a+ γ)2
. (63)

If losses are absent, i.e. γ → 0, we have

|tsp|2max = |tps|2max = |rsp|2max = |rps|2max =
1

4
. (64)
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We recall that this condition has been found by an explicit calculation for a translationally-invariant graphene sheet.
However, there is a more general proof for the statement that, in an infinitesimally thin film, the squared modulus of
any cross-polarization zero-order scattering coefficient cannot exceed 1/4. We start by the following condition, which
arises from current conservation: ∑

α

|tαα
′
|2 +

∑
α

|rαα
′
|2 ≤ 1. (65)

From Eq. (53), for free-standing graphene in case of normal incidence we have

tαα
′

= δαα′ + rαα
′
. (66)

Substituting Eq. (66) into Eq. (65) we obtain∑
α

|δαα′ + rαα
′
|2 +

∑
α

|rαα
′
|2 ≤ 1. (67)

If the incident wave is p-polarized (α′ = p) from Eq. (67) we have

|1 + rpp|2 + |rsp|2 + |rsp|2 + |rpp|2 ≤ 1, (68)

from where

2|rsp|2 ≤ 1− |1 + rpp|2 − |rpp|2. (69)

If we present rpp as a complex variable z = x+ iy, we may introduce the function

f(z) = 1− |1 + z|2 − |z|2 = −2(x+ x2 + y2). (70)

In the complex plane (x, y) the function f(z) has the maximum at the point z0 = −1/2 where f(z0) = 1/2. Though
x and y are not independent but x = x(ω), y = y(ω), and we cannot guarantee that f(x(ω), y(ω)) can reach 1/2, it
still sets a restriction on |rsp|2: it cannot exceed 1/4, which is in accordance with the particular case stated in (64).

C. Metamaterial approach to the effective conductivity

The relations (58) allow derivation of α1 and α2 from the any two independent field components tsα, tpα. Let it be
tsp and tpp, then

(tsp)2 + (tpp)2 =
1

(1 + α1)2 + α2
2

, (71)

and, therefore, from (58) it follows that

α1 =
tpp

(tsp)2 + (tpp)2
− 1, α2 =

tsp

(tsp)2 + (tpp)2
. (72)

Treating the ribbons array as a continuous layer with a certain effective conductivity, we may equate tsp = tsp0 and
tpp = tpp0 . From the expressions (72) we readily obtain α̃1 and α̃2:

α̃1 =
tpp0

(tsp0 )2 + (tpp0 )2
− 1, α̃2 =

tsp0
(tsp0 )2 + (tpp0 )2

. (73)

Finally, the two independent components of the effective conductivity are

σ̃1 =
c

4π

[
tpp0

(tsp0 )2 + (tpp0 )2
− 1

]
, σ̃2 =

c

4π

tsp0
(tsp0 )2 + (tpp0 )2

. (74)
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IV. POLARIZATION ROTATION

In this section we will study the polarization rotation of the zeroth-order transmitted wave. We are interested only
in the case when the incident wave is normally impinging the array of graphene ribbons. According to (40), in case
of the p-polarized incident wave with the unity amplitude (Ei,p = 1) the amplitude of the zeroth-order transmitted
wave is

Et0 = tpp0 pt0 + tsp0 st0, (75)

which means that after passing through the ribbons array in a non-zero magnetic field, the zeroth-order transmitted
wave becomes elliptically polarized, see Fig. 7.
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|pp

2|
t 0 

  
|

sp

t
0

sp

s
0

t

θ
F

FIG. 7: Decomposition of the zeroth-order transmitted wave into s and p-polarized components.

In terms of linearly polarized waves the polarization rotation angle θF is given by the expression:

θF = −1

2
arctan(e1, e2), (76)

with

e1 = 2 Re(tpp0 tsp,∗0 ), e2 = |tpp0 |2 − |t
sp
0 |2. (77)

Note that here arctan(e1, e2) is a four quadrant arctangent function, arctan(e1, e2) = arctan(e2/e1) which takes into
account not the final sign of the quotient e2/e1, but the signs of e1 and e2 separately.

Let A = 1 + α̃1, and B = α̃2, then from (58) it follows that

tpp0 =
A

A2 +B2
=
A(A2 +B2)∗

|A2 +B2|2
, (78)

tsp,∗0 =

(
B

A2 +B2

)∗
=
B∗(A2 +B2)

|A2 +B2|2
. (79)

Then, substituting (78) and (79) into (76) we obtain

θF = −1

2
arctan

2 Re(AB∗)

|A|2 − |B|2
= −1

2
arctan

2 Re(α̃∗2 + α̃1α̃
∗
2)

|1 + α̃1|2 − |α̃2|2
. (80)

In case of a low conductivity, i.e. when |α1|, |α2| � 1, we can keep only the linear in the conductivity terms and
obtain the widely adopted expression for the Faraday rotation angle

θF ' −Re α̃2 = −4π

c
Re σ̃2. (81)
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A. Maximal Faraday rotation in continuous graphene

In terms of circularly polarized transmitted waves

t+0 =
tpp0 − it

sp
0

2
, t−0 =

tpp0 + itsp0
2

, (82)

the Faraday angle is defined as

θF =
1

2
arg

t+0
t−0

=
1

2
arg

tpp0 − it
sp
0

tpp0 + itsp0
. (83)

From (83) we can find the maximal possible Faraday rotation angle for a continuous graphene sheet. Let

Z =
tpp − itsp

tpp + itsp
, (84)

then, substituting here the expressions (58) we obtain

Z =
1 + α1 − iα2

1 + α1 + iα2
. (85)

Plugging in the explicit expressions for α1, α2 (see (7) and (45)) and employing the notation a = 4e2/(~c) ≡ 2α, we
obtain

Z =
(Ω− β + iγ)(Ω + β + i(a+ γ))

(Ω + β + iγ)(Ω− β + i(a+ γ))
. (86)

In the limit γ → 0

Z =
(Ω− β)(Ω + β + ia)

(Ω + β)(Ω− β + ia)
=

(Ω− β)(Ω2 − β2 + a2 − 2iaβ)

(Ω + β)((Ω− β)2 + a2)
. (87)

Analytical analysis of the function arg(Z) is rather time-consuming, so we present the result:

θF,min = −1

2
arctan

β

α
at ω = ωc + 0, (88)

θF,max =
1

2

[
π − arctan

β

α

]
at ω = ωc − 0, (89)

where α is the fine-structure constant. It is seen that with growth of the magnetic field, both values tend to π/4.
Interestingly, with magnetic field decrease θF,min → 0 whereas θF,min → π/2. It then follows that if we apply a very
low magnetic field to a high-quality graphene sheet and then illuminate it at the frequency ω < ωc, the transmitted
wave’s polarization will be strongly rotated with almost no losses (of course, if the conductivity model works at such
frequencies). At zero magnetic field no polarization rotation can be obtained because we cannot go below ωc. This
result seems erroneous, however the first work by Crassee et. al. does indeed show strong a asymmetry of Faraday
rotation at low magnetic fields.


	 References
	I Conductivity model
	II Modal expansion
	A Diffraction efficiencies

	III Continuous graphene sheet
	A Free-standing graphene sheet
	B Normal incidence
	C Metamaterial approach to the effective conductivity

	IV Polarization rotation
	A Maximal Faraday rotation in continuous graphene


