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A B S T R A C T

F a s t a lg o rith m s fo r th e  c o m p u ta tio n  o f th e  rea l d isc re te  F o u rie r tra n sfo rm  (R D F T ) 

a re d isc u sse d . Im p le m e n ta tio n s b a se d  o n th e R D F T  a re a lw a y s e ffic ien t w h e re a s th e  

im p le m e n ta tio n s b a se d  o n  th e  D F T  a re e ffic ien t o n ly  w h e n  s ig n a ls to  b e p ro c esse d  a re  

c o m p le x . T h e fa s t re a l F o u rie r (F R F T ) a lg o rith m s d isc u ssed a re th e ra d ix - 2  

d e c im a tio n -in - tim e (D IT ), th e ra d ix - 2  d e c im a tio n -in -fre q u e n c y (D IF ), th e ra d ix -4  D IT , 

th e sp lit-ra d ix  D IT , th e sp lit- rad ix  D IF , th e p rim e -fa c to r , th e R a d e r p rim e , a n d  th e  

W in o g ra d  F R F T  a lg o rith m s .
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I .  I N T R O D U C T I O N

T h e d isc re te  F o u rie r tran s fo rm  (D F T ) is o n e  o f th e  m o s t im p o rta n t to o ls in  s ig n a l

p ro c e ss in g . T h e  D F T  o f a  s ig n a l x (* ) o f s ize  N  is g iv e n  b y  
N — 1

f (n ) — x (k ) e x p (— j2 7 m k /N ) (1 .1 )

k — o

T h e D F T c a n b e c o n s id e re d to b e th e a p p ro x im a tio n o f th e c o m p le x F o u rie r 

tra n s fo rm  (C F T ) g iv e n  b y

x (f) =  f x (t) e x p (— j2 7 rtf)d t ( 1 . 2 )

T h e D F T  a n d  th e C F T  a re w e ll-su ite d  w h e n  th e s ig n a ls a re  c o m p le x . W h e n th e  

s ig n a ls a re  re a l, it m a y  b e  m o re a d v a n ta g eo u s to  u se  re a l tran s fo rm s . T h e re a l d isc re te  

F o u rie r tra n s fo rm  (R D F T ) is g iv e n  b y  [l]

N — 1

y (n ) = x (k ) c o s  

k = o

2 7 m k

N "
+  0(n.)

w h e re

0(n)==

0 0 g  n  ^  N 2

7 T
—  N 2 <  n  <  N  ;

a n d  N 2  e q u a ls N / 2  w h e n  N  is e v e n , a n d  (N — 1 )/2  w h e n  N  is o d d . 

T h e  in v e rse  R D F T  is g iv e n  b y

2 7 m k
x (n )

N .

1 N — 1

y (k )v (k )c o s

w h e re

v (k ) =

2 k = 0

1  k # 0 , N 2

T k = = 0 , N 2

N
+  # (k )

(1 -3 )

(1 .4 )

(1 .5 )

( 1 . 6 )

T h e R D F T c a n b e c o n s id e re d to b e th e a p p ro x im a tio n o f th e re a l F o u rie r 

tra n s fo rm  (R F T ), g iv e n  b y

y (f) =  J x (t) c o s ^ 2 7 rtf +  0 ( f) j
(1 .7 )

w h e re



In . th e  lite ra tu re , n u m e ro u s a p p lic a tio n s h a v e b e e n  trad itio n a lly  e x p re ssed  in  te rm s  

o f th e  D F T , E sp e c ia lly  w h e n  th e  s ig n a ls a re  re a l, th e  c o m p le x  a r ith m e tic  o f th e  D F T  is  

n o t w e ll-su ite d . T w o a p p ro a c h e s to c o m e a ro u n d su c h d isa d v a n ta g e s h a v e b e e n to  

d e v e lo p a lg o rith m s fo r re a l-v a lu e d  s ig n a ls to  b e  u se d  to g e th e r w ith  th e  D F T , o r th e  u se  

o f so m e re a l tr ig o n o m etr ic tran s fo rm s su c h a s th e d isc re te c o s in e , s in e a n d H a rtley  

tra n sfo rm s [2 ] , [3 ] , [4 ] . T h e v e ry  p o w e r o f th e  D F T  h a s c a u se d  th e n e g lig en c e o f th e  

R D F T .

I t c a n  b e  e a s ily  sh o w n  th a t th e  R D F T  m a trix  c o n s is ts o f th e  e ig e n v e c to rs o f a  c ir­

c u la rly  sy m m e tric  c o v a ria n ce  m a tr ix . C o n se q u e n tly , th e  R D F T  is id e a l fo r th e im p le ­

m e n ta tio n o f z e ro -p h a se o r lin e a r-p h a se F IR  filte rs . T h e R D F T  g iv e s b e tte r p e rfo r­

m a n ce th a n th e D F T in a p p lic a tio n s su c h a s s ig n a l re p re se n ta tio n a n d n o n lin e a r 

m a tc h e d  f ilte r in g  [l] , [5 ] . I t is v e ry  e ffic ien t fo r th e  c o m p u ta tio n  o f re a l c ircu la r c o n v o ­

lu tio n [6 ] . W h e n  th e  o th e r d isc re te  tr ig o n o m e tric  tra n s fo rm s a re  e x p re sse d  in  te rm s o f 

th e  R D F T , th e  b e s t fa s t a lg o rith m s fo r th e  R D F T  a lso  c o rre sp o n d  to  th e  b e s t fa s t a lg o ­

r ith m s fo r th e  o th e r tran s fo rm s in  te rm s o f th e  n u m b e r o f o p e ra tio n s [7 ] . T h e sc ra m ­

b le d  R D F T  (S R D F T ) g iv e s b a s ica lly  th e  sa m e p e rfo rm an c e  in  im ag e c o m p re ss io n  a s th e  

d isc re te  c o s in e  tran s fo rm  (D C T ) w ith  m u c h  fe w e r n u m b e r o f o p e ra tio n s [8 ] . A  n u m b e r 

o f c la im s su c h a s W a lsh -filte rin g b e in g m o re e ffic ien t th a n F o u rie r-filte r in g  c a n b e  

sh o w n  to  b e  u n tru e  o n c e  th e  R D F T  is u tilize d  [8 j .

T h e  p u rp o se  o f th is  a r tic le  is to  d isc u ss a  n u m b e r o f fa s t a lg o rith m s to  c o m p u te  th e  

R D F T , b y  trea tin g  th e  R D F T  o n  its o w n , ra th e r th a n  g o in g  th ro u g h  th e in te rm e d ia te  

p ro ce ss in g  w ith  th e  D F T . T h e fa s t a lg o rith m s fo r th e  c o m p u ta tio n  o f th e  R D F T , to  b e  

d isc u sse d  in  th e  fo llo w in g  se c tio n s , w ill b e  re fe rre d  to  a s F R F T .

T h e  R D F T  a c tu a lly  c o rre sp o n d s to  th e  f irs t c la ss o u t o f fo u r p o ss ib le  c la sse s o f th e  

g e n e ra liz e d  re a l d isc re te  F o u rie r tra n s fo rm s (G R D F T ) [9 ] . F o r th is re a so n , th e  R D F T  

w ill a lso  b e d e n o te d  b y  R x . T h e o th e r th ree c la sse s a re d e n o te d  b y  R 2 ,R 3 ,R 4 . E a c h  

c la ss R j c o n s is ts o f a  c o m b in a tio n  o f a  d isc re te c o s in e C j a n d  a  s in e tran s fo rm  S ;. R 2

w ill b e  n e e d e d  in th e  d isc u ss io n  o f th e  fa s t a lg o rith m s . R 2 c a n  b e  e x p re sse d  a s

z (n ) =
N -l

= ]T ] x (k ) c o s  

k = 0

2 m (k  +
(1 .9 )

w h e re

-
=  0 0 ^  n  <  N 2

(1 .1 0 )aV
II

£

<  N

2

L e t R j a n d R 2 a lso d e n o te th e m a tric es fo r th e tw o tran s fo rm s . T h e re la tio n sh ip
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b e tw e e n  R j a n d  R 2  c a n  b e  w ritte n  a s

R2 =TRx  (1.11)

w h e re  th e  e le m e n ts o f th e  m a trix  T  a re  g iv e n  b y

T (0 ,0 ) =  1  (1 .1 2 a )

T (N 2 ,N 2 ) = - l  (1 .1 2 b )

a n d  fo r 0  <  n  <  N 2 ,

T (n ,n ) =  — T (N — n , N — n ) =  c o s^ -  (1 .1 2 c )

T (N — n ,n ) =  T (n ,N -n ) =  -s in  (1 .1 2 d )

W h e n  N  is o d d , E q . (1 .1 2 b ) is re m o v e d  a n d  n  a lso  e q u a ls N 2 in  E q s . (1 .1 2 c ) a n d  

(1 .1 2 d ) .

O n c e th e  R D F T  is c o m p u ted , o th e r tra n s fo rm s c a n  e a s ily  b e  o b ta in e d  fro m  it. F o r 

e x a m p le , th e  D F T  c o e ff ic ie n ts f(n ) a re  g iv e n  b y

f(0 )= y (0 )  (1 .1 3 a )

f(N 2 ) —  y (N 2 )

a n d  fo r n  #  0 ,N 2 ,

f (n ) 1 y (n )

f(N — n ) 1 j y (N -n )
(1 .1 3 c )

S im ila rly , th e  d isc re te  H a rtle y  tra n s fo rm  (D H T ) c o e ff ic ie n ts  h (* ) c a n  b e  w ritte n  a s

h (0 ) =  y (0 ) 

h (N 2 ) = =  y (N 2 )

(1 .1 4 a )

(1 .1 4 b )

a n d  fo r n  ^  0 ,N 2 ,

‘ h (n ) ' 1 l" y (a )

h (N -n ) 1 - 1 y (N -n )
(1 .1 4 c )

In  th e  su c c e e d in g  se c tio n s , th e  b a s ic b u ild in g  b lo c k  fo r th e  fa s t a lg o rith m s w ill b e  

o b se rv e d  to  b e  th e  G iv e n s ’ p la n e  ro ta tio n , in  th e  fo rm
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*

p _
_

1

V
= =

- -

C O S -

s in -

2 7 m

M

2 7 m

M

2 7 m
-s in

C O S -

M

2 7 m

M

(1 .1 5 )

T h is o p e ra tio n  w ill b e in d ic a te d  b y  a c ro ss w ith  th e la b e l G n in  th e s ig n a l flo w - 

d ia g ram s , a s sh o w n in  F ig . 1 . W h e n th e la b e l is m iss in g , it s ig n ifie s a n a d d (u p p e r 

a d d ress ) a n d  su b trac t ( lo w e r a d d ress ) o p e ra tio n . T h e  n u m b e r o f a d d itio n s a n d  m u ltip li­

c a tio n s in  e a c h  a lg o rith m  w ill b e  d e n o te d  b y  A (N ) a n d  M (N ), re sp ec tiv e ly .

2 .  T H E  R A D I X - 2  D E C I M A T I O N - I N - T I M E  ( D I T )  F R F T  A L G O R I T H M

F o r N  a  p o w e r o f 2 , E q . (1 .3 ) c a n  b e  w ritte n  a s

y (a ) = y i(n ) + y 2 (n )

w h e re

N js -l

y i(n ) =  E  x (2 k )co s
k = 0

2 7 m k

N o

+  # (n )

a n d

N a - i

y 2 (n ) =  E  x (2 k + l)co s
k = 0

2” i(H + l/2 ) . +  Ha)

N -

( 2 . 1 )

( 2 .2 )

(2 .3 )

L e t N 4  b e  N /4 . U sin g  th e  p ro p e rtie s  o f c o s in e s a n d  s in e s , E q s . (2 .2 ) a n d  (2 .3 ) c a n  

b e  in te rp re te d  to  b e  R x a n d  R 2  o f s ize  N 2 , re sp e c tiv e ly , w ith  th e  fo llo w in g  re la tio n s :

y (o ) = y i(o ) + y 2 (o ) (2 .4 a )

y (N 2 ) = y i(o )-y 2 (o ) (2 .4 b )

y (N 4 )= y i(N 4 ) (2 .4 c )

y (3 N 4 ) = -y 2 (N 4 ) (2 .4 d )

<  n  <  N 4 ,

y (n ) = y i(n ) + y 2 (n ) (2 .4 e )

y (N 2 -n ) = y i(n ) -y 2 (n ) (2 .4 f)

y (N 2  +  n ) =  -yi (N 2 -  n ) -  y 2 (N 2 -  n ) (2 .4 g )

y (N  -  n ) =  y 4 (N 2 -  n ) -  y 2 (N 2 -  n ) (2 .4 h )
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T h e p ro c e d u re d e sc rib e d  a b o v e c a n  b e  c o n tin u e d  ite ra tiv e ly  u n til re a c h in g  R j a n d  

R 2  o f s ize  2 .

A t s tag e  k , R x a n d  R 2 o f s ize  2 k is c o m p u te d  fro m  R i a n d  R 2 o f s iz e 2 k _ 1  o f th e  

p re v io u s s tag e . R 2 o f s iz e  M  is c o m p u te d  fro m  R x o f s ize  M , u s in g  E q . (1 .1 2 ) .

T h e  a lg o rith m  o b ta in e d  a b o v e in  te rm s o f R j^ a n d  R 2  g iv e s th e  sa m e re su lts  a s th e  

p ru n in g  o f th e  ra d ix - 2  D IT  F F T  [1 0 ] , T h e  p ro g ram  p ro v id e d  in  R e f . [1 0 ] is  re w ritte n  in  

A p p e n d ix  B  in  te rm s o f th e e q u a tio n s a b o v e , in  o rd e r to  sh o w  th e re cu rs iv e  u se o f R x 

a n d  R 2 a n d  th e  e q u iv a len c e  b e tw e en  th e  tw o  p ro c e d u res .

F ig . 2 sh o w s th e  s ig n a l-f lo w  g ra p h  fo r th e  ra d ix - 2  D IT  F R F T  w h e n  N  =  1 6 . It is  

o b se rv e d  th a t th e n u m b e r o f s ta g e s re q u ired  is 5  ^  Io g 2 N , d u e to  th e fa c t th a t e a ch  

c ro ss in  F ig . 2  s ig n ifie s rea l o p e ra tio n s w ith  th e b a s ic b u ild in g  b lo c k  o f G iv e n s ’ p la n e  

ro ta tio n  in s tea d  o f a  c o m p le x  b u tte rf ly . B e c a u se th e  p e rm u ta tio n s a t e a c h  s ta g e , w h ich  

a re p re sen t in th e ra d ix - 2  D IT  F F T , is a v o id e d , th e o u tp u t c o m e s o u t in p e rm u te d  

o rd e r . T h e m in u s s ig n s a t so m e n o d e s in d ic a te  th a t th e  o u tp u t o f th e  n o d e  is n e g a te d . 

T h is is a  c o n se q u e n c e o f E q . (2 .4 g ).

T h e  n u m b e r o f o p e ra tio n s  in  th e  ra d ix - 2  D IT  F R F T  c a n  b e  e a s ily  sh o w n  to  b e

7 N
A (N ) =  -^ ( lo g 2 N — 2 ) +  6

M (N )
3 N

-2 ) -  N  +  4

(2 .5 a )

(2 .5 b )

3 .  T H E  R A D E X - 2  D E C I M A T I O N - I N - F R E Q U E N C Y  

R I T H M

F o r 0  ^  n  <  N 2 , le t

x x (n ) —  x (n ) +  x (n  +  N 2 )

x 0 (n ) =  x (n ) —  x (n  +  N 2 ) 

T h e n , E q . (1 .3 ) c a n  b e  w ritte n  a s

2 7 m k

F R F T  A L G O -

N o — 1

y (2 n ) =  £  x x (k )c o s  

k = o

N a-1

y (2 n  + 1 ) =  s  

k = 0

N ,
+  ^ (2 n )

C O S

2 7 rk (n + l/2 ) +  g (2 n  +  ^

(3 .1 a )

(3 ,l.b )

(3 .2 )

(3 .3 )

E q s . (3 .2 ) a n d  (3 .3 ) a re  R ! a n d  R 2  o f  s iz e  N 2  , re sp e c tiv e ly  [9 ].
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R 3  c a n  b e  c o m p u ted  fa s t in  tw o  w a y s . T h e  firs t m e th o d  is to  c o m p u te it in  te rm s  

o f th e d isc re te c o s in e a n d  s in e tran s fo rm s C 3 a n d  S 3 [9 ] . C 3 a n d  S 3 a re , in  tu rn , c o m ­

p u te d  in  te rm s o f  R x .

In  th e  se c o n d  m e th o d , fo r 0  ^  n  <  N 2 , R 3  is e x p resse d  a s fo llo w s :

N o — 1

y (2 n + l)=  £

k — 0

y (N — 2 n — l)

x 0  (k )c o s -^ - c o s  

N o 1

2 7 m k

N o

n 2-i

E
k = 0

7rk
x 0 (k )s in — - s in  

N o 1

2 7 m k

N o

N o — 1
, , . . 7 rk 2 7 m k

N o - 1
/ , N 7 rk

E
k = = 0

x o  (k )sm c o s
n 2

+  E

k = 0

x o (k )c o s—
IN 2

2 7 m k

N o

(3 .4 a )

(3 .4 b )

E q . (3 .4 ) in v o lv e s th e  c o m p u ta tio n  o f 2  R ^ ’s . T h u s , a  to ta l o f 3  R ^ ’s in s te ad  o f 2  

R x ’s a re  n e e d e d  a t e a c h  s tag e , a s in  th e c a se o f th e  f irs t m e th o d . T h is m a k es th e  D IF  

F R F T  in e ff ic ien t a n d  is n o t p u rsu ed  fu rth e r.

4 .  T H E  R A D I X - 4  D E C I M A T I O N - I N - T I M E  F R F T  A L G O R I T H M

R x o f s iz e  4  c a n  b e  w ritte n  a s fo llo w s :

y o "
1 1 1  1

x o ‘

y i 1 0 - 1  0 x i

72
”

1 - 1  1 - 1 x 2

7 3
0 1 0  - 1

x 3

(4 .1 )

E q . (4 .1 ) c a n  b e c o m p u ted  w ith  o n ly  6  a d d itio n s . W h e n  N  is a  p o w e r o f 4 , a  fa s t 

a lg o rith m  c a n  b e b u ilt u p  fro m  s iz e -4  R 1 ; w ith  le ss n u m b e r o f o p e ra tio n s th a n  w ith  a  

ra d ix - 2  D IT  F R F T .

F o r 0  S n  <  N 4 , le t 

x a (n ) =  x (4 n )

X b (n ) = x (4 n + l)  

x c (n ) = x (4 n + 2 )

X d (n ) =  x (4 n + 3 )

T h e n , E q . (1 .3 ) c a n  b e  w ritte n  a s

n 4-i

y ( n )  =  E  x a ( k ) c O S  

k = 0

2 7 m k

N 4
+ 0(n)

n 4-i
, 2 7 m  _ x

+  c o s  ^ 7 7 - X b (k )co s
N k = 0

2 7 m k

N 4
+  d(n)

(4 .2 a )  

(4 .2 b )  

(4 .2 c ) 

(4 .2 d )
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. 2 7 m fv, . 
sm ~ —  E  x b (k )sm  

iN k = 0

. 4 7 m
sm -—  E  x c (k )sm  

iN k = o

R__ N4-i
• 6 7 m  n \ •

sm -—  E  x d (k )sm
iN k = 0

2 7 m k

N 4

2 7 m k

N 4

2 7 m k

N ,

+  *(n)

+  0 { n )

+  ff(n )

. 4 ? m  " il 1 .
+  c o s  v r  s  x c ( k ) c o s  

iN k = 0

. 6 7 m  i~ .
+  c o s --—  E  x d (k )c o s

iN k = 0

2 7 m k

N 4

2 7 m k

N 4

+  0 (n )

+  # ( n )

(4 .3 )

L e t th e  R x ’s o f th e  d a ta  se q u en c e s  x a (* ) , X b (‘ ) , x c (* ) a n d  x d (‘ ) o f s iz e N 4 b e  d e n o te d  

b y  y a (* )> y b (* )>  y c (* ) a n c l y d (* ) , re sp ec tiv e ly . F o r 0  <  n  <  N 8 , N g b e in g  N /8 , th e fo l­

lo w in g  w ill b e  d e fin e d ,

2 7 m . 2 7 m "

a C O S N -sm  N V b (n ) ’

b
—

. 2 7 m
sm  ■ T

2 ? m
c o s

7 b (N 4 — n )
(4 .4 )

N N

4 7 m . 4 7 m "

c
c o s N ~ S m N > c (n )

d
= =

. 4 7 m  
lS m  N

4 ? m  

C O S N

y c (N 4-n )
(4 .5 )

J

6 7 m . 6 7 m  ‘

e
C O S N ~ S m N V d (n )

(4 .6 )
f

' •
. 6  ? m  

sm
6 7 m

C O S

y d (N 4 — n )

N N

E q s . (4 .4 ) - (4 .6 ) a re  p lan e  ro ta tio n s w h ic h  c a n  b e  im p le m en te d  in  3  m u ltip lic a tio n s  

a n d  3 a d d itio n s . H o w ev e r , w h e n  n = N /l6 , E q . (4 .5 ) c o s ts 2  m u ltip lic a tio n s a n d  2 a d d i­

tio n s .

E q . (4 .3 ) c a n  b e  w ritte n  a s

y (o ) =  [y .(o ) +  y c (o )j +  [y t (o ) +  y a (o )]
(4 .7 a )

y (N 2 ) =  [y .(0 ) +  y c (0 ) j- |y b (0 ) +  y d (0 )J
(4 .7 b )

y (N s) =  y .fN s) +  - )= - [y b (N 8 ) -  y d (N s )j
(4 .7 c )

y (3 N 8 ) =  y ^ N g ) - [y b (N s ) -  y d (N s )]
(4 .7 d )



- 1 1  -

y (N 4 ) =  y a (0 ) -  y c (0 ) (4 .7 e )

y (3 N 4 )= y b(0 )-y d (0 ) (4 .7 f)

y ( 5 N 8 )  =  - y c ( N 8 )  - + ■ ^ = -  [ y b ( N 8 )  +  y d ( N 8 ) j  ( 4 . 7 g )

y (7 N 8 ) -y c(N ,) +  -U  [y b (N 8 ) +  y d (N s )] (4 .7 h )

a n d , fo r 0  <  n  <  N 8 ,

y ( n )  =  [ y a ( n )  +  e j  +  ( a + e )  (4 .7 i)

y ( N 2 - n )  =  [ y a ( n )  +  c j  -  ( a  +  e )  (4 .7 j)

y ( 3 N 4  — n ) =  [ y a ( N 4 - n )  -  d j  +  ( a  -  e )  (4 .7 k )

y ( 3 N 4  +  n )  =  -  [ y a ( N 4 - n )  -  d j  - f  ( a  -  e )  (4 .7 1 )

y ( N 4  -  n )  =  | y a ( n )  -  c j  +  (b  -  f) (4 .7 m )

y ( N 4  +  n )  =  | y a ( n )  -  c j  -  (b  -  f) (4 .7 n )

y ( N 2  +  n )  =  —  j y a ( N 4  —  n )  +  d j  +  (b  +  f )  (4 -7 o )

y ( N  —  n )  =  j y a ( N 4  —  n )  +  d j  +  (b  +  f )  (4 -7 .p )

T h e c o m p le x ity  o f E q . (4 .7 ) is 1 0  m u ltip lica tio n s a n d  3 6 a d d itio n s if n  =  N /l6 , 1 1  

m u ltip lic a tio n s  a n d  3 7  a d d itio n s o th e rw ise . U sin g  th ese  n u m b e rs , it c a n  b e  e a s ily  sh o w n  

th a t th e  n u m b e r o f o p e ra tio n s in  th e  ra d ix -4  D IT  F R F T  a lg o rith m  a re g iv e n  b y  th e  fo l­

lo w in g :

A (N ) =  -^ lo g 4N -(6 7 N  — 1 1 2 )/2 4  \  (4 ..8 a )

8

M (N ) =  —  lo g 4 N  -  (4 3 N  -  6 4 )/2 4  (4 .8 b )
8

A  F o rtra n  p ro g ram  fo r th e  ra d ix -4  D IT  F R F T  is p ro v id e d  in  A p p e n d ix  C.
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5 . T H E  S P L IT -R A D IX  D E C IM A T IO N -IN -T IM E  F R F T  A L G O R IT H M

In  th e  sp lit-ra d ix  a lg o rith m , th e  e v e n  in d e x e d  a n d  th e  o d d -in d e x e d  p a r ts  o f th e  s ig ­

n a l se q u en c e  a t e a c h  s ta g e  a re  re p re se n te d  b y  a  ra d ix -2  a n d  a  ra d ix -4  a lg o rith m , re sp e c ­

tiv e ly  [1 1 ] , F o r th is  p u rp o se , E q . (1 .3 ) c a n  b e  w ritte n  a s

N o — 1

y (n ) =  2  x (2 k )c o s  

k = 0

2 7 m k
+  c o s

2 7 m

N

n 4 — 1

2  x b (k )c o s  

k = 0

2 7 m k

\

+  % )

—  s in
2 7 m

N

n 4-i

2  x b (k )s in  

k = o

2 7 m k

\

+  % ) +  c o s

7

6 7 m  

N '

n 4 — 1

2  x d (k )co s  

k — 0

\

+  » (n ) ( 5 . 1 )

6 7 m  N A 1 n , . 
s in  - ; --j ..  2  x d (k )sm

k = 0
N

2 7 m k

N 4

\

+  % )

w h e re  x b (* ) a n d  x d (* ) a re  d e fin e d  b y  E q s . (4 .2 b ) a n d  (4 .2 d ) , re sp e c tiv e ly .

S im ila r to  th e ra d ix -4  a lg o rith m , E q . (5 .1 ) c a n  b e  w ritte n  in  8  p a rts . U sin g  y 1 (* ) 

d e f in e d  b y  E q . (2 .2 ) , a n d  y b (•), a n d  y d (* ) d e f in e d  in  S e c . 4 , E q . (5 .1 ) b e c o m e s :

y (° ) =  y i(° ) +  [y b (0 ) + y d (0 )] (5 .2 a )

y (N 2 ) = y i(0 ) -  |y b (0 ) +  y d (0 ) j (5 .2 b )

y (N ,)= y t(N » ) +  - )=  [y b (N 8) -y d (N 8 )]
(5 .2 c )

y (3 N 8 ) =  y .iN 's ) -  •• )-•  [y b (N 8 ) - y d (N 8 )]
(5 .2 d )

y (N 4 ) —  y i(N 4 ) (5 .2 e )

y (3 N 4 ) =  -y b (0 ) + y d (0 ) (5 .2 f)

y (5 N 8 ) =  — y i(3 N 8 ) +

y C m sH y iC sN g )-^ ^

a n d , fo r 0 <  n  <  N g , in  te rm s o f a , b , e , f  d e f in e d  b y  E q s . (4 .4 ), (4 .6 ),

y ( n ) - y i ( n )  +  (a  +  e ) ( 5 . 2 i )

y (N o -  n ) =  y x (n ) -  (a  +  e ) (5 .2 j)
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y (3 N 4  —  n ) =  y i(n ) +  (a  —  e ) (5 .2 k )

y (3 N 4  +  n ) =  — y x (n ) +  (a  —  e ) (5 .2 1 )

y (N 4 -N ) = 7 l (N 4 -n )+ (b -f)  (5 .2 m )

y (N 4  +  n ) =  y 4  (N 4  -  n ) -  (b  -  f) (5 .2 n )

y (N 2 +  n ) =  —  yi (N 2 —  n ) +  (b  +  f) (5 .2 o )

y (N  -n ) =  Jx (N 2  -  n ) +  (b  +  f) (5 .2 p )

T h e  a lg o rith m  o b ta in e d  a b o v e  in  te rm s o f R 4 g iv e s th e  sa m e re su lts  a s th e  p ru n in g  

o f th e  sp lit-ra d ix  D IT  F F T  a lg o rith m . T h e  p ro g ram  p ro v id e d  in  R e f . [1 0 ] is rew ritte n  in  

A p p e n d ix  D  in  te rm s o f th e  e q u a tio n s a b o v e , in  o rd e r to  sh o w  th e re cu rs iv e u se o f  -R i 

a n d  th e  e q u iv a len c e  b e tw e en  th e  tw o  p ro c e d u re s .

F ig . 3 sh o w s th e  s ig n a l-f lo w  d ia g ra m  fo r th e  sp lit- ra d ix  D IT  F R F T  w h e n  N = 1 6 . 

T h e  m in u s s ig n s a t so m e n o d e s in d ic a te  th a t th e  o u tp u t o f th e  n o d e  is n e g a te d . T h is  is  

a  c o n se q u e n c e  o f  E q s . (5 .2 g ), (5 .2 1 ) a n d  (5 .2 o ) .

T h e  n u m b e r o f o p e ra tio n s in  th e  sp lit- ra d ix  D IT  F R F T  a lg o rith m  c a n  b e  sh o w n  to

(5 .3 a )  

(5 .3 b )

6 . T H E S P L IT -R A D IX  D E C IM A T IO N -IN -F R E Q U E N C Y F R F T A L G O ­

R IT H M

E q . (1 .3 ) c a n  a lso  b e  w ritte n  a s a s

^  t \ Itn .1 /i \ 2 7 m k
x i(n ) =  E x (k )c o s~ l^ ~

k = 0

N — l  o - T m k  ’ ( 6 - 1 )

X o (n )=  S x (k )s in ^  

k = 0  iN

J .

X 4  ( • ) a n d  Xq (*) a re th e re a l a n d th e im a g in a ry  freq u e n c y c o m p o n e n ts , re sp e c tiv e ly . 

C o n s id e r X 1 (2 n ) a n d  X o (2 n ) , g iv e n  b y

b e [1 2 ]

A (N ) =  j  [3 1 o g 3  N — 5 ]  +  <

M(N) = t [>°8 2 n - 3 ] +  2
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N2-i 2 7 m k
X i(2 n ) =  £  X l(k )c o s^ *

k = 0  - 2

-v \ t"K \ • 2 7 m k
X o (2 n ) =  E x i(k )sm -— -

k = 0  i N 2

w h e re  x x (k ) is d e f in e d  b y  E q . (3 .1 a ). E q . (6 .2 ) is o f s iz e  N 2 . 

N e x t th e  fo llo w in g  n u m b e r g ro u p s w ill b e  d e fin e d :

IX (N ) =  ( 1  +  4 n )m o d N ' 

I2 (N ) =  (3  +  4 n )m o d N
n  = in te g e r

(6 .2 )

(6 -3 )

C o n s id e r o d d  in d ic e s m  in  th e  le f t-h a n d  s id e  o f E q . (1 .3 ) . If m  b e lo n g s to  Ix (N ), it 

c a n  b e w ritte n  a s 1  + 4 1 , a n d  if it b e lo n g s to  I2 (N ), it c a n  b e c h a n g e d to  N — m  s in c e  

c o s 2 7 n n /N  —  c o s2 7 r(N — m )N a n d sin 2 7 n m /N  =  —  s in 2 7 r(N — m )/N . T h u s , X x (m ) a n d  

X o (m ) w ith  m  o d d  c a n  a lw ay s b e  w ritte n  a s X x (4 1 + 1 ) a n d  Xq (4 1 + 1 ). T h e se a re re la te d  

to  y (* ) b y

y (n ) = X x (n ) n G li(N ) (6 .4 )

=  X 1 (N -n )  n € l2 (N ) 0  <  n  <  N 2

L e t

w h e re

y (N -n ) =  X o (n ) n G l^ N )

=  —  X 0 (N — n ) n € l2 (N )

x '(k ) ‘

2 7 rk  

C ° S N

. 2 + k ' 
— s in

. N  ; u (k )

* 0 0 . 2 + k
S ffl

2 + k
c o s

u (k )

N N ;

u (k ) =  x (k ) —  x (k  +  N 2 ) 

u "(k ) =  x (k  +  N 4 ) —  x (k  +  3 N 4 )

A lso  le t

(6 .5 )

( 6 . 6 )
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x i ( n )  -  h x ' ( k )  c ° s

k = 0

2 7 m k

N4-i

X o (n ) =  J2 x (k )s in  

k = 0

N 4 - l

X j-(n ) = x "(k )c o s

k = 0

h-

N 4

2 7 m k

N 4

2 7 m k

N 4

N . 2 7 rn k
X 0 (n ) —  S  x (k )sm -

k = 0
n 4

X 1 (4 n + l)= X '1 (n )-X o (n )

X j (N -4 n + l) =  X i (n ) +  X j(n )

X o (i)-x ';(o )

X o ( l + N ! )  = X ' ; ( N 8 )

X 0 (4 n + l)= X ';(n )+ X 'o (n )  

X o (N -4 n + l) = X 'i(n ) -X o (n )

0  <  n < N 8

0  <  n < N 8

(6 .7 )

( 6 . 8 )

E q s . (6 .7 ) a n d . (6 .8 ) a re  R 4 o f s iz e  N 4 .

N o w  it c a n  b e  e a sily  sh o w n  th a t X 4 (* ) a n d  Xq (*) fo r o d d  in d ex  a re  g iv e n  b y  

X 1 (1 )= X '1 (0 )

Xx (1 +N2) = Xi(N8)

(6 .9  a )  

(6 .9 b )

(6 .9 c )

(6 .1 0 a )

(6 .1 0 b )

(6 .1 0 c )

E q s . (6 .2 ) , (6 .9 ) a n d  (6 .1 0 ) sh o w  th a t R 4 o f s iz e N  is to  b e  c o m p u te d  v ia  R 4 o f s iz e s N 2  

a n d  N 4 . T h e sa m e a lg o rith m  is a p p lie d  re cu rs iv e ly  to  su c c ess iv e  sm a lle r R j’s su c h  th a t 

R 4 o f s ize  2  is o b ta in e d  a s  a n  a d d /su b tra c t o p e ra tio n  in  th e  e n d .

T h e n u m b e r o f o p e ra tio n s in  th e sp lit- ra d ix  D IF  F R F T  a lg o rith m  c a n b e e a s ily  

sh o w n  to  b e  e q u a l to  th e  n u m b e r o f o p e ra tio n s in  th e  sp lit- ra d ix  D IT  F R F T  a lg o rith m .

T h e F o rtra n  p ro g ra m  fo r th e sp lit- rad ix D IF F R F T a lg o rith m  is p ro v id ed in  

A p p e n d ix  E . T h e  p e r tin e n t d a ta  s tru c tu re s a re  d isc u sse d  in  th e  n e x t se c tio n .
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7 . D A T A S T R U C T U R E S F O R T H E S P L IT -R A D IX  D E C IM A T IO N -IN ­

F R E Q U E N C Y  F R F T  A L G O R IT H M

If o n e n e g lec ts , fo r th e m o m e n t, th e a d d itio n s d e fin e d  b y  E q s . (6 .9 ) a n d  (6 .1 0 ) , a  

re g u la r s ig n a l-f lo w  d ia g ra m  is o b ta in ed  fo r th e im p lem e n ta tio n  o f th e sp lit-ra d ix  D IF  

F R F T  a lg o rith m . T h e  s ig n a l-f lo w  d iag ram  fo r N . =  1 6  is sh o w n  in  F ig . 4 .

T h e a d d /su b tra c t o p e ra tio n s d e fin e d  b y  E q s . (6 .9 ) a n d  (6 .1 0 ) a re  sh o w n a s d o tte d  

lin e s in th e la s t s ta g e  o f F ig . 4 . W h e n th e se o p e ra tio n s a re n e g le c te d , th e re su ltin g  

s ig n a l-f lo w  d ia g ra m  w ill b e  re fe rre d  to  a s th e  reg u la r  s tru c tu re .

T h e  F o rtra n  p ro g ra m  fo r th e  sp lit-ra d ix  D IF  F R F T  a lg o rith m  is g iv e n  in  A p p e n d ix  

E , T h is p ro g ram  w a s d e v e lo p ed  b y  c o n s tru c tin g  a  fe w  s im p le  ru le s w ith  re g a rd  to  th e  

re g u la r s tru c tu re , a n d  th e a d d itio n s o f E q s . (6 .9 ), (6 .1 0 ) . T h e ru le s fo r th e re g u la r  

s tru c tu re  w ill b e  d isc u sse d  f irs t.

T h e e v e n -in d e x e d  te rm s a re c o m p u te d  a c c o rd in g  to  E q . (6 .2 ) , re q u ir in g  th e a d d i­

tio n s o f E q . (3 .1 a ), a n d  th e  o d d -in d e x e d  te rm s a re c o m p u ted  a c co rd in g  to  E q s . (6 .7 ) - 

(6 .1 0 ) , re q u irin g  th e  su b tra c tio n s o f E q . (6 .6 ) . T h e a d d itio n s a n d  su b tra c tio n s d ic ta ted  

b y  E q s . (3 .1 a ) a n d  (6 .6 ) w ill b e  re fe rre d  to  a s A . F o r e x a m p le , th e  f irs t s ta g e  o f F ig . 4  is

A .

T h e a d d resse s in v o lv ed  in  A  in  a  p a r tic u la r s ta g e a re  d iv id e d  in to  u p p e r a n d  lo w e r 

h a lv e s in  th e su c ce e d in g  s ta g e ; th e u p p e r h a lf is s till A . T h e lo w e r h a lf re q u ire s th e  

c o m p u ta tio n  o f G iv e n s ’ p la n e ro ta tio n s , g iv e n b y  E q . (6 .5 ) . T h e se o p e ra tio n s w ill b e  

re fe rre d  to  a s P . F o r e x a m p le , th e  lo w er h a lf  o f th e  se c o n d  s ta g e  o f F ig . 4  is P  w h e re a s  

th e  u p p e r h a lf is  A . T h u s , w e  c a n  c o n s tru c t th e  fo llo w in g  ru le :

R u le  1 . A  is a lw a y s fo llo w ed  b y  A  a n d  P . T h is s tru c tu re  b e lo n g in g  to  tw o  su c ce ss iv e  

s ta g e s w ill b e  re fe rre d  to  a s  A A P .

T h e a d d re sse s  in v o lv ed  in  P  in  a  p a r tic u la r s tag e  a re  d iv id ed  in to  u p p e r a n d  lo w e r 

h a lv es in  th e  su c c e e d in g  s tag e  in  o rd e r to  s ta rt th e  c o m p u ta tio n  o f 2  R j/s a c c o rd in g  to  

E q s . (6 .7 ) a n d  (6 .8 ) . T h is m e an s th e  tw o  h a lv e s su c ce ed in g  P  sh o u ld  b e  A , le ad in g  to  

th e  se c o n d  ru le :

R u le  2 . P  is a lw a y s fo llo w ed  b y  A  a n d  A . T h is s tru c tu re  b e lo n g in g  to  tw o  su c ce ss iv e  

s ta g es  w ill b e  re fe rre d  to  a s P A A

C o m b in in g  ru le s 1  a n d  2 , o n e  a lso  re a c h e s th e  fo llo w in g  c o n c lu s io n s:
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R u le  3 . A A P  is a lw a y s fo llo w ed  b y  A A P , P A A , A A P , A A P .

R u le  4 . P A A  is a lw a y s fo llo w e d  b y  A A P , P A A , A A P , P A A .

T h e  b lo c k  s iz e o f A A P  a n d  P A A  (tb e  n u m b e r o f a d d re sse s in v o lv e d ) w ill b e  c a lle d  

S (A A P ) a n d  S (P A A ), re sp e c tiv e ly . B o th  S (A A P ) a n d  S (P A A ) a re  p o w e rs  o f 4 .

R u les 3 a n d  4 a llo w  p ro g ram m in g  in  te rm s o f 2  s tag e s a t a tim e , a s d o n e in  th e  

a p p e n d ix . T h e se ru le s a lso  le a d  to  th e c o n c lu s io n  th a t it is n e c e ssa ry  to  d iffe ren tia te  

b e tw ee n  th e  c a se s o f N  =  2 L , L  o d d  a n d  L  e v e n , a s  fo llo w s :

T h e  C a se  o f  L  O d d :

T h e f irs t s ta g e  is im p lem e n ted  a s A . T h e su c c e e d in g  s ta g es a re im p lem e n ted  tw o  

a t a tim e , a s A A P a n d  P A A , a c co rd in g  to  R u le s 3 a n d  4 . T h is p ro c e ss is c o n tin u e d  

u n til a n d  in c lu d in g  th e  b lo c k  s iz e s S (A A P ) a n d  S (P A A ) e q u a l to  4 .

F o r e x a m p le , F ig . 5  sh o w s th e  b lo c k  d ia g ra m  in  te rm s o f A , A A P  a n d  P A A  o p e ra ­

tio n s  w h e n  N  =  3 2 . T h e  n u m b e rs in  p a re n th e s is a re  th e  b lo c k  s ize s .

T h e  C a se  o f  L  E v e n :

T h e  s tag e s a re  im p le m e n te d  tw o  a t a  tim e , a s  A A P  a n d  P A A  a c co rd in g  to  R u le s 3  

a n d 4 . T h is p ro c ess is c o n tin u ed u n til a n d in c lu d in g th e b lo c k s ize s S (A A P ) a n d  

S (P A A ) e q u a l to  4 .

F o r e x a m p le , F ig . 6  sh o w s th e  b lo c k  d ia g ra m  in  te rm s o f A A P  a n d  P A A  o p e ra tio n s  

w h e n  N  —  6 4 .

N e x t w e w ill d isc u ss th e a d d /su b tra c t o p e ra tio n s d u e to  E q s . (6 .9 ) a n d (6 .1 0 ) , 

w h ic h  e x is t fo r N  ^  1 6 . T h e se  o p e ra tio n s , w h ic h  w ill b e  re fe rre d  to  a s IA S  o f s ize  2 M ,

c o m b in e th e re su lts  o f 2  R x ’s o f s ize  M , re q u irin g (M -2 ) p a irs o f a d d /su b tra c t o p e ra ­

tio n s . In o rd e r to  d e te rm in e th e ir lo c a tio n s , a se q u e n ce o f c o n tro l n u m b ers (S C N ) is  

d e v ised  a s fo llo w s :

T h e firs t IA S o f s ize 8  o c c u rs a t a d d ress 8 + 2  w h e n N  =  1 6 , a s se e n in  F ig . 4 . 

R e a so n in g  th ro u g h  th e  su c ce ss iv e  sm a lle r R j/s im b e d d e d  in  a  s in g le  la rg e  R 1 ? it is e a sy  

to  f in d  o u t th a t th e  s ta r tin g  a d d resse s o f IA S  o f s iz e  8  a re  2  p lu s th e  fo llo w in g  n u m b e rs : 

8 , 4 0 , 5 6 , 7 2 , 1 0 4 , 1 3 6 , 1 6 8 , 1 8 4 , 2 0 0 .

S C N  w ill b e d e fin e d a s th e a b o v e se q u e n c e d iv id e d b y 8 , a s sh o w n b e lo w  fo r 

N  ^  5 1 2 : S C N  =  [l, 5 , 7 , 9 , 1 3 , 1 7 , 2 1 , 2 3 , 2 5 , 2 9 , 3 1 , 3 3 , 3 7 , 3 9 , 4 1 , 4 9 , 5 3 , 5 5 , 5 7 ,

6 1 ] ,

A  c a re fu l s tu d y  o f s ig n a l f lo w  in  th e  sp lit- ra d ix  D IF  F R F T  a lg o rith m  a lso  le a d s to  

th e  fo llo w in g  ru le s :
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R u le  5 . IA S o f s ize  M 7  =  2 M  a lw ay s s ta r ts  a t a d d re sse s g iv e n  b y  M * S C N . F o r e x a m ­

p le , w h e n N  = = 5 1 2 , IA S  o f s iz e 1 6 s ta r ts a t a d d re sse s [1 6 , 8 0 , 1 1 2 , 1 4 4 , 2 0 8 , 2 7 2 , 3 3 6 , 

3 6 8 , 4 0 0 , 4 6 4 , 4 9 6 ) , w h ic h  is 1 6  • [1 , 5 , 7 , 9 , 1 3 , 1 7 , 2 1 , 2 1 , 2 3 , 2 5 , 2 9 ] .

R u le  6 . T h e s ta r tin g  a d d re sse s o f P A A ’s o f s ize S (P A A ) a re a t S C N  • S (P A A ). F o r 

e x am p le , P A A  o f s ize 1 6 in  F ig . 3 s ta rts a t a d d re ss 1 6 , w h ich  is 1 6 * 1 . T h e s ta rtin g  

a d d re sse s o f  P A A ’s o f s ize  4  a re  [4 , 2 0 , 2 8 , 3 6 , 5 2 ] , w h ich  is  4 *  [1 , 5 , 7 , 9 , 1 3 ] .

T h e o u tp u t re su lts  a re  in  p e rm u te d  o rd e r, a s se e n  in  F ig . 4 . U n sc ram b lin g  o f th e  

p e rm u te d  se q u e n c e c a n  b e s t b e  d o n e  w ith  a  lo o k -u p  ta b le , w h ic h  is p ro v id e d  in  T a b le  2  

fo r N  S i 2 5 6 . W h e n  N  <  2 5 6 , M  =  2 5 6 /N  is u se d  to  d iv id e  th e  f irs t N  n u m b e rs in  th is  

ta b le  in  o rd e r to  f in d  th e  p e rm u ta tio n  se q u en c e  c o rre sp o n d in g  to  N .

S o m e o f th e  o u tp u t re su lts a lso  h a v e a  n e g a tiv e  s ig n , d u e to  E q . (6 .4 ) . A  c a re fu l 

s tu d y  o f  th e  s ig n a l-flo w  d ia g ram  in d ica te s  th a t th ese  o c c u r a t th e  la s t K  o u tp u ts  w h e re

L N
K  =  , (7 .1 )

i = i 4

L  b e in g  lo g 4 N  w h e n  N  is a  p o w e r o f 4 , a n d  lo g 4  (N /2 ) o th e rw ise .

8 . T H E  P R IM E -F A C T O R  F R F T  A L G O R IT H M

In th e G o o d -T h o m as p rim e-fac to r a lg o rith m  [1 2 ], [1 3 ] , th e tra n s fo rm  le n g th N  

e q u a ls N x N y , a n d  N x ,N y a re p rim e to  e a c h o th e r. C o n se q u e n tly , th e in p u t in d e x  n , 

0  ^  n  <  N — 1 c a n b e d e c o m p o sed in to tw o in d ic es n x a n d n y , ® =  n x <  N x , 

0 n y <  N y , u s in g  th e  C h in ese  re m a in d e r th e o re m , in  th e  fo rm  [1 4 ]

( 8 . 1 )

( 8 . 2 )

(8 .3 )

(8 .4 )

(8 .5 )

( 8 . 6 )

(8 .7 )

n  =  n x M y N y +  n y M x N x

w h e re

n x =  n  m o d  N x

n y =  n  m o d  N y  

M x , M y a re  in te g e rs  sa tis fy in g

M X N X +  M y N y =  1  m o d  N  

T h e  in p u t in d ex  k  is  w ritte n  a s

. k  «  N y k x +  N x k y

w h e re

k x =  (M y m o d n x )k  m o d n x  

k y —  (M x m o d n y )k  m o d n y
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U s in g  th e  e q u a tio n s a b o v e , E q . (6 .1 ) c a n  b e  w ritte n  a s

N v — l N y — 1

X i(n x ,n y ) =  E  £  X (k x > k y ) c o s

k „ = 0  k y = 0

2 7 T
n x k x

N v
+

% k y

N „
(8 .8 a )

N X ~ 1  N y — 1

X o (n x ,n y ) =  E E  x (k x ,k y )s in

k „ = 0  k y = 0

2 7 T
n x k x n y k y

N y N y
(8 .8 b )

w h e re X j^ x ,^ ) a n d  X o (n x ,n y ) e q u a l X x (n ) a n d  X o (n ), re sp e c tiv e ly , n  g iv e n b y  E q . 

(8 .1 ) ; s im ila r ly , x (k x ,k y ) e q u a ls  x (k ) , k  g iv e n  b y  E q . (8 .5 ).

T h e  2 -D  R D F T  o f s iz e  N x x N y is g iv e n  b y  [1 5 ]

y (n x > % )

N X  — 1 N y — 1

E  E  X (k x ,k y ) c o s
k x = 0  k y = 0

2 7 rk x n x

N x
+  ^ (n x ) C O S

2 7 m y k y

N y
+  ^ (% ) (8 .9 )

T h e re la tio n sh ip  b e tw e en  y (n x ,n y ) a n d  X 1 (n x ,n y ), X o (n x ,n y ) is sh o w n in  T a b le 2 . 

W h e n  N x a n d /o r N y is o d d , th e  ro w s o f T a b le  2  c o n ta in in g  N x / 2  a n d /o r N y / 2  a re  to  b e  

re m o v e d . X i(n x ,n y ) a n d  X o (n x ,n y ) a re  a lso  th e  re a l a n d  th e  im ag in a ry  p a r ts  o f th e  2 -D  

D F T . T h u s , th e  re la tio n sh ip  b e tw e e n  th e  2 -D  D F T  a n d  th e  2 -D  R D F T  is a lso  g iv e n  b y  

T a b le  2 .

T h e  fa s t c o m p u ta tio n  o f th e  2 -D  R D F T  c a n  b e  a c h ie v e d  in  a  n u m b e r o f w a y s , su c h  

a s b y  u s in g  th e  1 -D  F R F T , f irs t a lo n g  th e  ro w s , a n d  th e n  a lo n g  th e  c o lu m n s o f x  (* ,• ), 

o r v ic e  v e rsa .

T h e  p ro c e d u re  fo r th e  p r im e-fa c to r F R F T  is a s fo llo w s :

A . T h e 1 -D  s ig n a l x (* ) is c o n v e rte d  in to  th e 2 -D  s ig n a l x (* ,‘ ) , u s in g  E q s . (8 .4 ) - 

(8 .7 ) .

B . T h e  2 -D  R D F T  y (v ) o f x (v )  is  c o m p u te d .

C . X i(v ) a n d  X o (* ,* ) a re  c o m p u ted  fro m  y (v )>  u s in g  T a b le  2 .

D . X i(v ) a n d  Xq (v ) a re  c o n v e rte d  to  1 -D  y  (• ), u s in g  E q s . (8 .1 ) - (8 .4 ) .

W h e n  th e  n u m b e r o f re la tiv e ly  p rim e fa c to rs  o f N  a re  m o re th a n  2 , th e  p ro c e d u re  

a b o v e c a n  b e e a s ily  e x te n d e d to  c o n v e rt th e 1 -D  R D F T  to  a  m u lti-d im e n s io n a l (M -D ) 

R D F T  a n d  to  re c o m b in e  th e  re su lts  b a c k  to  1 -D  in  th e  e n d .

T h e  n u m b e r o f o p e ra tio n s  in  th e  p r im e-fac to r F R F T  a lg o rith m  c a n  b e  sh o w n  to  b e  

th e  fo llo w in g :

M (N ) =  N x M (N y ) +  N y M (N x ) (8 .1 0 a )

N x e v e n , N y o d d :

A (N ) =  N K A (N y ) +  N y A (N x ) +  4 (N x /2 -X )((N y + l) /2 -l)

N x a n d  N y o d d :

(8 .1 0 b )
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A (N ) =  N x A (N y ) +  N y A (N x ) +  4 ((N x + l) /2 - l) ((N y + l)  /2 -1 )  (8 .1 0 c )

A (N X ), A (N y ).,M (N X ),M (N y ) d e p e n d  o n  tile  p a r tic u la r F R F T  a lg o rith m .

9 .  T H E  R A D E R  P R I M E  F R F T  A L G O R I T H M

In  th e  R a d e r p r im e a lg o rith m  [1 6 ], th e  n u m b e r o f d a ta  p o in ts  N  is a  p r im e  n u m b er. 

T h e n , th e re e x is ts a  p rim itiv e ro o t p  o f N  su c h  th a t e a c h  p o s itiv e in te g e r le ss th a n  N  

c a n  b e  e x p resse d  a s a  u n iq u e  p o w e r o f p  m o d  N .

E q . (6 .1 ) c a n  b e  w ritte n , fo r 0  ^  n  <  N 2 , a s

X i(° ) =  £ x (k )

k = 0

X i(p n ) -  x (0 ) =  £ ) x (p k )c o s  

k = 0

2 7 T k + n

N  P

X o (p n ) =  X I x (p k )s in  

k = 0

/

k + a

N  P ,

(9 .1 a )

(9 .1 b )

(9 .1 c )

L e t N 0 b e (N — 1 )/2 . S in c e c o s2 7 m /N  e q u a ls c o s2 7 r(n — n )/N , a n d  s in 2 7 m /N  e q u a ls  

-s in 2 7 r(N — n )/N , E q s . (9 .1 b ) a n d  (9 .1 c ) c a n  a lso  b e  w ritte n  a s

N n  1

X i ( p n )  -  x ( 0 )  =  X  x l ( p  ) c o s  

k = 0

2 7 T  k + a

N  p

N n — 1

X o (p n ) =  X  x 0 (p k ) sg n (N 0 — p k )s in  

k = o

2 ? r  k + a

N

(9 .2 b )

(9 .2 c )

w h e re sg n (* ) is th e  s ig n  fu n c tio n , a n d  x 1 (‘ ) , x 0 (* ) a re  g iv e n  b y  E q . (3 .1 ). It is a ssu m ed  

th a t X x  ( l) a n d  x 0 (l) e q u a l x t (N — 1 ), a n d  x 0 (N — 1 ), re sp e c tiv e ly , w h e n  1 is g re a te r th a n  N 0 .

E q s . (9 .2 a ) a n d  (9 .2 b ) a re  c irc u la r a n d  sk e w -c irc u la r c o rre la tio n s o f s iz e Nq , re sp e c ­

tiv e ly .

F o r e x a m p le , le t u s c o n s id e r N — 5 . L e t c (n ,N ) a n d  s (n ,N ) re p re sen t c o s2 7 m /N  a n d  

s in 2 7 m /N , re sp e c tiv e ly . T h e n  E q . (9 .2 ) c a n  b e  w ritte n  a s

(9 .3 a )

(9 .3 6 )

X ,(l)  • x (0 j c ( l,5 ) c (2 ,5 ) X lC 1 ) '

X ,(2 )-x (0 ) c (2 ,5 ) c (l,5 ) x l (2 )

X > (i) s ( l,5 ) s(2 ,5 )

s (2 ,o ) — s(l,5 ) M2)
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T h e  R a d e r a lg o rith m  c a n  s till b e  u se d  w h e n  N  e q u a ls N p , N p b e in g  a n  o d d  p rim e  

[1 4 ]. In  th is  c a se , th e re  is n o  p rim itiv e  ro o t o f o rd e r N — 1 , b u t th e re  is a n  e le m e n t a  o f 

o rd e r N j. e q u a l to  N p -1 (N p — 1 ). In  o rd e r to  m a k e u se  o f a , a ll th e  ro w s a n d  c o lu m n s o f 

th e  tran s fo rm a tio n  m a trix  w ith  in d e x  i e q u a l to  0  o r h a v in g  a  fa c to r c o n ta in in g  N p a re  

d e le te d . F o r th e  re m a in in g  in d ic e s , E q . (6 .1 ) c a n  b e  w ritte n , fo r 0 n <  N 1 ; a s

N i/2 — 1 . o t t ,
X i(a tt) -x (0 ) = X I X i(ak )c o s(— a k + a ) (9 -4 a )

k = 0  i N

N i /2 - 1

X o (an ) =  £  x 0 (a k )sg n (N 0

k = 0

(9 .4 b )

E q s . (9 .4 a ) a n d (9 .4 b a ) a re c irc u la r a n d  sk e w -c irc u la r c o rre la tio n s o f s iz e s N i/2 , 

re sp ec tiv e ly .

T h e  o th e r tra n s fo rm  c o m p o n e n ts w ith  in d ex  c o n ta in in g  N ®  , m  <  m , a s a  fa c to r  

c a n  b e  h a n d le d  b y  th e  sa m e  a lg o rith m  a fte r re d u c in g  N  b y  N “  .

F o r e x a m p le , le t u s  c o n s id e r N = 9 . T h e n  a  e q u a ls 2 . E q . (9 .4 ) c a n  b e  w ritte n  a s

X l( l) -* (0 ) c (l,9 )  c (2 ,9 ) c (4 ,9 ) x i(l)

X ,(2 ) —  x (0 ) = c (2 ,9 ) c (4 ,9 ) c (l,9 ) x i(2 )

X i(4 ) -x (0 ) 5 (4 ,9 ) c (l,9 ) c (2 ,9 ) X l(4 ) .

(9 .5 a )

X « (l) s ( l,g ) s(2 ,9 ) s (4 ,9 ) x o (l)

X o (2 ) = s (2 ,9 ) s(4 ,9 ) — s ( l,9 ) . x 0 (2 )

X o (4 ) _ s (4 ,9 ) — s(l,9 ) ^ -s (2 ,9 ) x o (4 )

(9 .5 b )

T h e  o th e r c o m p o n e n ts w ith  in d e x  3  c a n  b e  trea ted  a s in  N = 3  a lg o rith m . T h u s ,

X 1(3 )-x (0 ) =  c ( l,3 )x 1 (3 ) (9 .5 c )

X o (3 )= s ( l,3 )x 0 (3 ) (9 .5 d )

W h e n  N  is a  p o w e r o f 2 , th e  c irc u la r a n d  sk e w -c irc u la r c o rre la tio n s a re  o f s iz e  N /8 , 

N /8 ...2 . T h e  d e ta ils  o f th is a lg o rith m  c a n  b e  fo u n d  in  R e f . [1 7 ] .

1 0 .  T H E  W I N O G R A D  F R F T  A L G O R I T H M

In  th e  W in o g ra d  a lg o rith m , th e  c irc u la r c o n v o lu tio n s a re  c o m p u te d  b y  sm a ll c o n v o ­

lu tio n a lg o rith m s [1 8 ]. T h e W in o g ra d  F R F T  a lg o rith m  is s im ila r ly  o b ta in e d  b y  c o m ­

p u tin g  th e  c irc u la r a n d  sk e w -c irc u la r c o rre la tio n s b y  sm a ll c o n v o lu tio n  a lg o rith m s . F o r 

e x a m p le , th e  N = 9  a lg o rith m  p rese n te d  in  th e  la s t se c tio n  is c o m p u ted  b y  a  c irc u la r a n d  

a  sk e w -c irc u la r c o n v o lu tio n  a lg o rith m  o f s ize  3 .
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T h e e n d  re su lt o f th is a p p ro a ch , a s d isc u sse d  b e lo w , is to  fac to riz e  th e tra n s fo rm  

m a trix  R j a s

R x —  C D  A  (1 0 .1 )

w h e re  A  a n d  C  a re  s im p le  rec tan g u la r  m a tr ice s , a n d  D  is a  d ia g o n a l m a trix  c o n ta in in g  

th e  m u ltip lic a tiv e  te rm s .

W h e n N  c o n sis ts o f fa c to rs p rim e to  e a c h o th e r , th e G o o d -T h o m a s p rim e fa c to r 

a lg o rith m  c a n  b e  f irs t u se d  to  c o n v e rt th e  1 -D  R D F T  to  a  M -D  R D F T , a s in  S e c . 8 , fo l­

lo w e d  b y  a  n u m b e r o f s im p lif ic a tio n s  to  o b ta in  a  re su lt s im ila r to  E q . (1 0 .1 ).

F o r th e sa k e o f s im p lic ity , le t N  b e N x N y , N x a n d N y re la tiv e ly  p rim e to  e a c h  

o th e r. T h e re su lt o f th e  a p p lic a tio n  o f th e  G o o d -T h o m as p rim e  fa c to r a lg o rith m  to  th e  

1 -D  p ro b le m  is th e  c o n v e rs io n  o f  th e  p ro b lem  to  2 -D  in  th e  fo rm

y [r ,(N%)|-< [r 1(N:.:| (10.2)

w h e re x  a n d  y a re th e 2 -D  in p u t, o u tp u t m a tric e s , a n d [r ,(Nx ) , R j(N y ) a re th e  

R D F T  m a tr ice s  o f s iz e  N x a n d  N y , re sp e c tiv e ly .

E q . (1 0 .2 ) c a n  a lso  b e  w ritte n  a s [1 4 ]

> - ' ([i '‘i(N v ) |e 11 x J h  ■:i° -3

w h e re ®  is th e K ro n e ck e r-p ro d u c t o p e ra tio n ; x a n d y a re 1 -D  v e c to rs o f s ize N , 

o b ta in e d  fro m  x  a n d  y  b y  c o n c a ten a tin g  th e ir c o lu m n s , re sp e c tiv e ly .

In  tu rn , |R 1 (N x ) |a n d jR i(N y ) c a n  b e  w ritte n  

[R l(N x )] =  C x l

a s

ir 'D y A v

[Ri(N,)] =
C y D y A y

(1 0 .4 )

(1 0 .5 )

T h e  K ro n e ck e r-p ro d u c t o f (1 0 .4 ) a n d  (1 0 .5 ) g iv e s

|r i(N)] =  C y D y A y ®  C X D X A X  (1 0 .6 )

w h e re |r 1 (N ) | d e n o te jR x (N )j w ith  p e rm u te d  ro w s a n d  c o lu m n s , d u e to  th e  c o n c a te ­

n a tio n  p ro c e d u re d e sc rib e d  e a rlie r .

S in c e [1 4 ]

[A ®  B ][C ®  D ] =  [A C ] ®  [B D ],

E q . (1 0 .6 ) c a n  b e  w ritte n  a s

(1 0 .7 )
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[R1(N)]' == Ct Dt At  (10.8)

w h e re

C T  =  C y ®  C x  (1 0 .9 )

D T = D y < 8 > D x  (1 0 .1 0 )

A x  =  A y < g >  A x  (1 0 .1 1 )

T h e m a tric e s A , D , C  fo r sm a ll s iz e R D F T ’s c a n b e e a s ily  c o n s tru c te d fro m  th e  

c o rre sp o n d in g  sm a ll s iz e  D F T ’s lis te d  in  th e  lite ra tu re  [1 4 ] . T h is is d u e  to  th e  fa c t th a t 

th e  m a tr ice s  A  a n d  D  fo r th e  D F T  a re  rea l a n d  C  fo r th e  D F T  h a s e lem e n ts  w h ic h  a re  

p u re ly  rea l o r p u re ly  im a g in a ry . C o n se q u e n tly , th e  R D F T  c o e ff ic ie n ts X *  (• ) (X o (* )) a re  

o b ta in e d  b y  se ttin g  th e im a g in a ry  (rea l) e le m en ts in th e c o rre sp o n d in g  ro w s o f th e  

m a trix  C  to  z e ro . T h e re su ltin g  sh o rt W in o g ra d  F R F T  a lg o rith m s a re  g iv e n  in  A p p e n ­

d ix  E .

A s a n e x a m p le , le t u s c o n s id e r N = 1 2 .

c o rre sp o n d in g  m a tr ice s  a re :

A x

1  1  1

0  1  1

0  1  -1

C h o o s in g N x =  3 a n d N y =  4 , th e

( 1 0 . 1 2 )

a n d

D x  =

1  °  0

2 ? r „
0  c o s — - 1  0

3
0  . 2ir

0  sm -j-

0  0  

1 0  

0  1

(1 0 .1 3 )

(1 0 .1 4 )

(1 0 .1 5 )
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D

1 0  0 0  

0 1 0  0  

0 0 1 0  

0 0 0 1

G

1 0  0 0  

0  0 1 0  

0 1 0 0

0  0 0 1

E q s . (1 0 .9 ) - (1 0 .1 1 ) g iv e s

1 1 1 1 1 1 1 1 1 1 1 1

0  1 1 0 1 1 0 1 1 0 1 1

0  1 - 1 0 1 - 1 0 1 - 1 0 1 - 1

1 1 . 1  •- 1 - 1 - 1 1 1 1 - 1  - 1 - 1

0  1 1 0 - 1 - 1 0 1 1 0 1

h
-*

- 1

0  1 - 1 0 - 1 1 0 1 - 1 0 1 1

1 1 1 0 0 0 - 1 - 1 - 1 0 0 0

0  1 1 0 0 0 0 - 1 - 1 0 0 0

0  1 - 1 0 0 0 0 - 1 1 0 0 0

0  0 0 1 1 1 0 0 0 - 1  - 1 - 1

00 0 0 1 1 0 0 0 0 1

H
-
1

- 1

0  0 0 0 1 - 1 0 0 0 0  - 1 1

(1 0 .1 6 )

(1 0 .1 7 )

(1 0 .1 8 )
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D i

1  0 0  0  0  0  0  0  0  0  0  0

2t t
0 C O S -— - 1  0 0  0  0 0  0  0 0  0  0

3

0  0  s i n —  0  0  0  0  0  0  0  0  0
3

0 0  

0 0

0 0  

0 0  

0 0

0 0  

0 0

0  1 0

2~
0  0  c o s -1 1-— !

3

0  0  .0

0  0  0

0  0  0

0  0  0

0  0  0

0  0  0

0  0  0

.

s in "—  0  0
3

0  1  0

2  7 T
0  0  c o s  — — 1

3

0  0  0

0  0  0

0  0  0

0  0  0

0  0  0

0  0  0

0  0  0

s in ^ - 0  0

0

0

0

0

0

( 1 0 . 1 9 )

0

0

0 0  

0 0

0 0 0 0 0 0  

0 0 0 0 0 0

0

0

0

0 0

C 'p = =

1 0 0 0 0 0  

1 1 0 0 0 0  

0 0 1 0 0 0  

0 0 0 0 0 0  

0 0 0 0 0 0  

0 0 0 0 0 0  

0 0 0 1 0 0  

0 0 0 1 1 0  

0 0 0 0 0 1  

0 0 0 0 0 0  

0 0 0 0 0 0  

0 0 0 0 0 0

0  0  0  0  0  0

0  0  0  0  0  0

0  0  0  0  0  0

1  0  0  0  0  0

1  1  0  0  0  0

0  o il  0  0  0

0  0  0  0  0  0

0  0  0  0  0  0

0  0  0  0  0  0

0  0  0  1  0  0

0  0  0  1  1  0

0  0  0  0  0  1

( 1 0 . 2 0 )

A fte r th e  c o m p u ta tio n s  w ith  th e  m a tr ic e s A x , D x , C x , th e  fin a l 1 -D  R D F T  o u tp u t 

c o e ff ic ien ts X i(* ) a n d  X o (* ) a re c o m p u te d  b y  u s in g  T a b le  2 . T h is is s tra ig h tfo rw a rd  to  

d o  b y  tra c in g  th e c o n v e rs io n s fro m  th e 1 -D  x (* ) to  2 -D  x (* ,* ) a c c o rd in g  to  C R T , a n d  

f in a lly  th e  c o n c a te n a tio n s o f th e  c o lu m n s o f  x (* ,* ) to  g e t x  (• ). .
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1 1 .  A L G O R I T H M S  F O R  T H E  I N V E R S E  R D F T  A N D  D F T

R J '1 c a n  b e  c o m p u ted  u s in g  th e  sa m e su b ro u tin e  fo r R ^ . In  o rd e r to  d o  so , le t

x (0 ) =  z (0 ) (1 1 .1 a )

x (N2 ) —  z (N 2 ) (1 1 .1 b )

x (n ) =  z (n ) +  z (N  —  n ) l

x (N  -  n ) =  z (n ) -  z (N  -  n )J 0 <  n  <  N z  (1 1 -lc )

a n d

u (0 ) =  y (0 )  (1 1 .2 a )

T h e n

u (N2 ) = =  y (N 2 )

u (n ) —  y (n ) +  y (N  —  n ) 

u (N — n ) =  y (n ) —  y (N — n )
j

I  N — i  '

z (n ) =  ^  E  u (k ) c o s
1 N k = 0

2 7 fn k

N

(U .2 b )

(1 1 .2 c )

(1 1 .3 )

w h ic h  is th e  sa m e  a s  E q . (1 .3 ) e x c e p t fo r th e  n o rm a liz a tio n  fa c to r 1 /N .

E q s . (1 1 .1 ) a n d  (1 1 .2 ) a re  e x a c tly  th e  sa m e e q u a tio n  im p le m e n te d  in  a  s in g le  su b ­

ro u tin e , sa y , c o m in  (x ,n ,j) . If th e  ro u tin e  fo r R * is frf t(x ,N ), th e n  th e c a llin g  se q u e n c e  

fo r R f 1 is

c a ll c o m in  (x ,N ,l)  

c a ll f rf t (x ,N ) 

c a ll c o m in  (y ,N ,2 )

T h e fla g  j in  c o m in  is u se d  to  in c lu d e th e  n o rm a liz a tio n  fa c to r 1 /N  in  th e  se c o n d  

c a ll to  c o m in  ( j— 2 ).

T h e c o m p u ta tio n  o f th e  D F T  w ith  c o m p le x  in p u t d a ta  x (* ) is e q u iv a le n t to  c o m ­

p u tin g  2 R j’s a n d  th e n  c o m b in in g  th e re su lts in  th e e n d . If f(» ) is th e  D F T  o u tp u t,  

Ji(• ) a n d  y 2 (* ) a re  th e  R i o u tp u ts  to  th e  rea l a n d  th e  im a g in a ry  p a r ts  o f th e  in p u t d a ta , 

th e  th re e  a re  re la te d  b y

f(° ) = y i(0 ) +  jy 2 (0 ) (1 1 .4 a )

f (N 2)= y 1 (N 2)+ jy 2 (N 2 ) (1 1 .4 b )
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f (n ) =  y i (n ) +  y 2  (N  -  n ) +  j  (y 2  (n ) -  jx (N -n ))  

f (N -n ) =  ji (n ) -  y 2 (N — n ) +  j(y 2 (n ) +  y i(N -n ))^  0  <  n  <  N 2

T h e  re su ltin g  a lg o rith m  w ill b e  re fe rre d  to  a s R 1 -F F T .

(1 1 .4 c )

If th e su b ro u tin e to  im p lem e n t E q . (1 1 .4 ) is c a lle d r ld ft(x 1 }x 2 ,N ,fla g ) , w h e re X j 

a n d  x 2 a re  th e  re a l a n d  im a g in a ry  p a r ts o f f  a t th e  o u tp u t, a n d  o f d a ta  a t th e  in p u t, th e  

c a llin g  se q u en c e  fo r R ^ -F F T  is g iv e n  b y

c a ll frft(x l5 N ) 

c a ll frf t(x 2 , N ,) 

c a ll r ld f t(x 1 ,x 2 ,N ,)

W ith  th is a p p ro a c h , th e re  is n o  n e e d  to  h a v e a se p a ra te p ro g ra m  fo r th e in v e rse  

D F T  (ID F T ) e ith e r . In  th e  c a se  o f th e  ID F T , E q . (1 1 .4 ) is m o d ifie d  to

f(o ) =  (y i(° ) + jy 2 (o )) /N  :

f (N 2 ) =  (y 2 (N 2)+ jy 2 (N 2 )/N |

f(a ) =  [y i(n )-y 2(N -n )+ j(y 2(N )+ y 1(N -n ))] /N | 

f (N — n ) =  [y j (n ) +  y 2 (N -n ) +  j(y 2 (N ) -  y i(N -n ))]/N | 0  <  n  <  N 2

In  o th e r w o rd s , in  a d d itio n  to  sc a lin g  w ith  1 /N , f(n ) a n d  f(N -n ) a re in te rc h a n g e d . 

T h e se c h a n g e s a re  in c lu d e d  in  r ld f t c o rre sp o n d in g  to  f la g  j e q u a l to  2 . T h u s , th e  c a llin g  

se q u e n c e  fo r th e  ID F T  b e c o m es

c a ll frf t(x ! , N ) 

c a ll frft(x 2 ,N ) 

c a ll r ld ft(X i,x 2 ,N ,2 )

C O N C L U S I O N S

T h e fa s t a lg o rith m s d isc u sse d a b o v e fo r th e c o m p u ta tio n o f th e re a l d isc re te  

F o u rie r tran s fo rm  a re e x p e c te d  to  b e u se fu l in  a p p lic a tio n s , e sp e c ia lly  in  o rd e r to  p ro ­

c e ss re a l s ig n a ls w ith o u t in te rm e d ia te p ro c e ss in g  w ith  c o m p le x  s ig n a ls . M a n y a p p lic a ­

tio n s c o n s is t o f re a l s ig n a ls o n ly . W h e n  c o m p le x  s ig n a ls a re  n e e d e d , th e  D F T  c o m p u ta ­

tio n s c a n  b e a c h iev e d  a s in  S e c . 1 1  w ith o u t a n y  lo ss o f e ffic ien c y . A s a  m a tte r o f fa c t, 

th is a p p ro a ch  c a n  b e  p re fe ra b le  s in ce  th e  re a l a n d  th e  im a g in a ry  p a r ts o f th e  s ig n a l c a n  

b e  p ro c esse d  in  p a ra lle l. O n  th e  o th e r h a n d , w h e n  th e  s ig n a ls a re  re a l, th e  c o m p u ta tio n  

o f th e R D F T  b y  a fas t im p le m e n ta tio n  o f th e D F T  is n e c e ssa r ily  in e ff ic ie n t. C o n se ­

q u e n tly , h a rd w a re , sa y , V L S I, a n d  so ftw a re im p lem e n ta tio n s o f F o u rie r p ro c e ss in g o f 

s ig n a ls c a n  b e p re fe rab ly  b a se d  o n  th e  R D F T  ra th e r th a n  th e  D F T . T h is ra tio n a le  is  

fu r th e r s tre n g th e n ed  b y  th e  a d v a n ta g es  o f th e  R D F T  d isc u sse d  in  S e c . 1 .
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H o w e v e r, th e re  a re  so m e d isa d v a n ta g e s o f th e  F R F T  a lg o rith m s . T h e ra d ix -2  D IF  

F R F T  a lg o rith m  is in e ff ic ie n t, a s d isc u ssed  in  S e c . 3 . T h e s ig n a l-f lo w  d ia g ra m s fo r th e  

F R F T  a re  m o re d iffic u lt to  u n d e rs ta n d  th a n  th e  F F T . If p e rm u ta tio n s a re a v o id e d  in  

th e in te rm e d ia te s ta g e s , b o th  th e in p u t a n d  th e o u tp u t d a ta a re in  p e rm u te d  o rd e r. 

T h e se  is su e s  sh o u ld  b e  fu r th e r s tu d ie d  fo r p o ss ib le  im p ro v e m e n ts .

A P P E N D I X  A

T h e W in o g ra d  sm a ll R D F T  a lg o rith m s a re g iv e n  fo r n = = 2 ,3 ,4 ,5  a n d  7 . T h e a lg o rith m s  

a re  in  th e  fo rm

X  =  C D  A x

T h e m a tr ix  D  is a d ia g o n a l m a tr ix , a n d  o n ly  th e d iag o n a l e le m en ts a re g iv e n . T h e  

m a tric es  A  a n d  C  a re  g iv e n  in  fu ll.

2-point RDFT: 0 m u ltip lic a tio n s , 2  a d d itio n s

1 1 O o

II

H
-
1

1 o ’

A  =  :
1 -1 D i =  1

C  =
0 1

a o —  x 0 +  x j X 0 =  a 0

a = =  Xq  ■ X j  !X ^ = =  a ^

ZaI\
3-point RDFT: 6 =  — — . 1 m u ltip lic a tio n  (1  sh if t) , 4  a d d itio n s

3

1 1 1 ' D 0 = 1 1 0 0 "

= = = 0 1 1 D | =  c o s#  —  1  C  = 1 1 0

0 1 -1 D 2 =  s in # 0 0 1 _

a 2 = x x  + x 2 Xq —  a o

H = x 1 —  x 2 X x =  -a x /2

a o =  Xq +  a 2 X 2 = = a 2 • D

4-point RDFT: 0  m u ltip lic a tio n s , 6  a d d itio n s
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1 1 1 1 D 0 = l 1 0  0 0

1 -1 1 -1 D 1 = l 0 0 1 0
A  =

H
-1 0 1 h
-1 O d 2=i g  " 0 1 0  0

0 1 0 -1 D 3= l 0 0 0 1

&2 —- Xq X2

a 3  =  x x —  x 3

t 0  = X 0  +  X 2  

t x —  x x + x 3  

a 0 =  to  +  ti

a l =  t g t j

X o =  a 0  

X 2 =  a 2  

X 2 =  a !

X 3  =  a 3

5-point RDFT: 8 = —,
5

5  m u ltip lic a tio n s , 1 3  a d d itio n s

t-H 1 1 1 1

0 1 1 1 1

0 1 -1 -1 1

0 1 -1 1 -1

0 0 -1 1 0

0 1 0 0 -1

Dq — 1

D j =  —  (c o s0 + c o s2 # ) — 1  
2

D 3 —  — (c o s#  —  c o s2 # )
2

D 3  =  s in  8

D 4  =  s in #  +  s in 2 #

D 5 =  s in 2 #  —  s in #

1 0 0  0  0  0

1 1 1  0 0  0  

1 1 -1 0 0 0  

0 0 0  1  0  1

0 0 0  1  -1  0

t o  =  * 1  +  X 4

ti —  x 2 + x 3

a 4  =  x 3  —  x 2

a 5 = x x -  x 4

X o —  a o

X i = = (a g  +  D ia ^ ) +  D 2 a 2 =  to  +  D 2 a 2

a 4 =  tg  +  t 4
X 2 =  to D 2 a 2

3 -2 —  ^ 0  ^ 1
X 3 =  a 3 D 3  +  a 5 D 5

a 3  =  a 4  +  a . 5
X 5 =  a 3 D 3  —  a 4 D 4

a o  —  Xq +  a j

7-point RDFT:
2 7 T

8 — -y , 8  m u ltip lic a tio n s , 3 0  a d d itio n s
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A  =

1 1 1 1 1 1 1  

0 1 1 1  1 1  1  

0  1  0  - 1  - 1  0  1

0  0  - 1  1  1  - 1  0

0  - 1  1  0  0  1  - 1

0  1  1  - 1  1  - 1  - 1

0  1  0  1  - 1  0  - 1

0  0  1  1  1  1  0

0  - 1  1  0  0  1  1

D o  =  1

D j = = -^ (co s#  +  c o s2 #  +  c o s3 # )— 1

v

D 2 =  — (2 c o s0  —  c o s2 0  —  c o s3 0 )

D 3  = = — (c o s#  —  2 c o s2 #  —  e o s  9)
3

D 4  =  — (c o s#  +  c o s2 #  — > 2 c o s3 # ) 
o

D 5 =  — (s in #  +  s in 2 #  —  s in 3 # )
O

D 6  — (2 s in #  —  s in 3 #  +  s in 3 # )
O

D 7  = = = -^ -(s in #  —  2 s in 2 #  —  s in 3 # )

u

D 8  =  — (s in #  +  s in 2 #  +  2 s in 3 # )
O

1 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0

1 1 -1 0 -1 0 O ' 0 0

1 1 0 -1 1 0 0 0 0

0 0 0 0 0 -1 0 1 -1

0 0 0 0 0 1 — 1 0 -1

0 0 0 0 0 1 1 1 0
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t 0 = X 1 +  x 6

t l  =  -  x 6

t 2 =  x 2 +  x 5

t 3  =  X 2  -  X g  

t 4  -  X 4  +  X g  

t 5  =  X 4  -  X 3  

t g  =  t 2  +  t o  

a 4 =  tg to

a 2 =  t0 t4 

a 3 =  t4 —  t2  

t?  =  ts +  t 3

a 7  =  ^ 5  —  t 3  

a 6 ~  tj —  tg

a 8 =  tg t 4  

a l =  t 6  +  t 4  

a g  =  t 7  +  t 4  

a o x q  -n  a 4

Xq  =  a o

X 4 =  a o +  a 4 D i —  a 3 D 2 ~ a 3 D 3 

X 2 = a o  +  a 4 D 4 —  a 2 D 2 —  a 4 D 4 

X 3 =  a o +  a 4 D 4 —  a 3 D 3 +  a 4 D 4  

X 4  ■=  — a g D g +  a 7 D 7 —  a g D g  

X g =  a g D g —  a g D g —  a 3 D 3  

X g =  a g D g +  a g D g 4 - a 7 D 7
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A P P E N D D C  B

c :

C  T h e  ra d ix -2  d e c im atio n -in -tim e  F R F T  p ro g ra m

C  T h e  o u tp u t is  in  o rd e r:

C  [re (0 ),re ( l) ,...,re (N /2 ) ,im (N /2 -l) ,im (N /2 -2 ) ,...,im (l)]

c ; •

S U B R O U T IN E  F R F T (X ,N )

R E A L  X (l)

M = IN T (A L O G (F L O A T (N ))/A L O G (2 .0 )+ 0 .5 )

C  B it-re v e rse  p e rm u ta tio n  o f in p u t d a ta  :

' J= 1  ' /  ■.

N 1 = N -1  

D O  1 0 4  1 = 1 ,N l 

IF (I .G E .J )G O T O  1 0 1  

X T = X (J )

X (J )= X (I)

X (I)= X T

1 0 1  K = N /2 :

1 0 2  IF (K .G E .J)G O T O  1 0 3  

J= J -K

' K = K /2

G O T O  1 0 2

1 0 3  J= J+ K

1 0 4  C O N T IN U E

C — ---------------- — -----------— ----------- -- -- -- -- -- -- -- -- -- -- -

C

C D O  6 0  lo o p  b e lo w  is s ize  2  R l:

C

D O  6 0  I= 1 ,N ,2  

X T = X (I)  

X (I)= X T + X (I+ 1 )  

X (I+ 1 )= X T -X (I+ 1 )

6 0  C O N T IN U E

C - - - - - - - - - - - - — - - - - - - - - - - - - - - - - - - - - - - - - - - -

C .

C  C o m p u ta tio n  o f la rg e r R l’s :

C

N 2 = l

D O  1 0  K = 2 ,M

C
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C o m p u ta tio n  o f s iz e  2 * * K  R l;

N 4 = N 2  

N 2 = 2 * N 4  

N l — 2 * N 2

E = 6 .2 8 3 1 8 5 3 0 7 1 7 9 5 8 6 /N l 

D O  2 0  I= 1 ,N ,N 1  

X T = X (I)

X (I) is  Y (0 ) o f e q n . (2 .4 a ):

X (I)= X T + X (I+ N 2 )

X (I+ N 2 ) is  Y (N 2 ) o f e q n . (2 .4 b ):

X (I+ N 2 )= X T -X (I+ N 2 )

A = E

D O  3 0  J= 1 ,N 4 -1  

I1 = I+ J  

I2 = I-J+ N 2  

I3 = I+ J+ N 2  

I4 = I-J+ N 1  

C C = C O S (A )

S S = S IN (A )

A = A + E

T h e  7  lin e s  b e lo w  c o m p u te T l= X (i3 )* C C -X (i4 )* S S , 

T 2 = X (i3 )* S S + X (i4 )* C C  ; T l a n d  -T 2  a re  R 2  o f s ize  2 * * k  ; 

T l is th e  c o s in e  te rm  o f R 2 , -T 2  is th e  s in e  te rm :

P 1 = C C + S S

P 2 — S S -C C

P 3 = C C * (X (I3 )+ X (I4 ))

P 4 = P 1 * X (I4 )

P 5 = P 2 * X (I3 )

T l= P 3 -P 4

T 2 = P 3 + P 5

X (I4 ) is  Y (N -n ) o f e q n . (2 .4 h ):



3 4

X (I4 )= X (I2 )+ T 2

C

C X (I3 ) is Y (N 2 + n ) o f e q n . (2 .4 g ): 

C

X(I3)=-X(I2)t -T2

C

C X (I2 ) is  Y (N 2 -n ) o f e q n . (2 .4 f) : 

C

X (I2 )= X (I1 )-T 1

C

C X (Il) is  Y (n ) o f e q n . (2 .4 e ) :

C

X (I1 )= X (I1 )-T 1  

3 0  C O N T IN U E

2 0  C O N T IN U E

1 0  C O N T IN U E

R E T U R N  

E N D
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A P P E N D IX  C  

C

C  T h e  ra d ix -4  d e c im a tio n -in - tim e  F R F T  p ro g ra m

C  T h e  o u tp u t is in  o rd e r:

C  [ re (0 ) ,re ( l),...,re (N /2 ) ,im (N /2 -l),im (N /2 -2 ),...,irn ( l) ]

C

S U B R O U T IN E  F R F T (X ,N )

R E A L  X (l)

M = IN T (A L O G (F L O A T (N ))/A L O G (4 .0 )+ 0 .5 )

C

C  B it-re v e rse  p e rm u ta tio n  o f in p u t d a ta :

C

J= 1  

N l= N -l 

D O  1 0 4  1 = 1 ,N 1  

IF (L G E .J )G O T O  1 0 1  

X T = X (J )

X (J )^ X (I)

X (I)= X T

1 0 1  K = N /2

1 0 2  IF (K .G E .J )G O T O  1 0 3  

J -— J-K

K = K /2  

G O T O  1 0 2

1 0 3  J= J+ K

1 0 4  C O N T IN U E

C ------------- - ------- -- ---------------- ----------- ----------- -

c

C D o 6 0  a n d  6 1  lo o p s b e lo w  a re  s iz e  4  R l:

C

7 0 D O  6 0  I= 1 ,N ,2  

X T = X (I)

X (I)= X T + X (I+ 1 )

X (I+ 1 )= X T -X (I+ 1 )

6 0  C O N T IN U E  

D O  6 1 1 = 1 ,N ,4

X T = X (I)

X (I)= X T + X (I+ 2 )

X (I+ 2 )= X T -X (I+ 2 )

6 1  C O N T IN U E
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C ---------------------- ----- ----- -- -- -- -- -- -- -- -- -- --

N 2 = 4

D O  1 0  K — 2 ,M  

N 2 = N 2 * 4  

N 4 = N 2 /4  '

N 8 — N 2 /8

E = 6 .2 8 3 1 8 5 3 0 7 1 7 9 o 8 6 /N 2  

D O  3 8  I= 0 ,N -1 ,N 2  

1 1 = 1 + 1  

I2 = I1 + N 4  

I3 = I2 + N 4  

I4 = I3 + N 4  

T 1 = X (I4 )+ X (I3 ) 

T 2 = X (I1 )+ X (I2 )

C

C X (I4 ) is  Y (3 N /4 ) o f e q n . (4 .7 f):

C

X (I4 )= X (I3 )-X (I4 )

C

C X (I2 ) is  Y (N /4 ) o f e q n . (4 .7 e ) :

C

X (I2 )= X (I1 )-X (I2 )

C

C X (I1 ) is  Y (0 ) o f e q n . (4 .7 a ) :

C

X (I1 )= T 2 + T 1

C

C  X (I3 ) is  Y (N /2 ) o f e q n . (4 .7 b ):

C  ■

X (I3 )= T 2 -T 1  

I1 = I1 + N 8  

1 2 = 1 2 + N 8  

I3 = I3 + N 8  

I4 = I4 + N 8

T 1 = (X (I3 )+ X (I4 )) /S Q R T (2 .0 )

T 2 = (X (I3 )-X (I4 ))/S Q R T (2 .0 )

C

C  X (I4 ) is  Y (7 N /8 ) o f e q n . (4 .7 b ):

C

X (I4 )= X (I2 )+ T 1
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C

X (I3 ) is  Y (5 N /8 ) o f e q n . (4 .7 g ):

X (I3 )= -X (I2 )- t-T l

X (I2 ) is  Y (3 N /8 ) o f e q n . (4 .7 d ):

X (I2 )= X (I1 )-T 2

X (IX ) is  Y (N /8 ) o f e q n . (4 .7 c ) :

X (I1 )= X (I1 )+ T 2  

C O N T IN U E

A = E

D O  3 2  J= 2 ,N 8  

A 2 = 2 * A  

A 3 = 3 * A  

C C 1 = C 0 S (A )

S S 1 = S I N ( A )

C C 2 — C 0 S (A 2 )

S S 2 = S I N ( A 2 )

C C 3 = C O S (A 3 )

S S 3 = S IN (A 3 )

A = J * E

D O  3 0  I= 0 ,N -1 ,N 2  

I l= I+ J

I2 = I1 4 -N 4  

I3 = I2 + N 4  

1 4 — I3 + N 4  

l5 = I+ N 4 -J+ 2

1 6 —  I5 + N 4

1 7 —  I6 + N 4  

I8 = I7 + N 4

T l a n d  T 2 a re  a  a n d  b  o f e q n . (4 .4 ):

C

T 1 = (X (I3 )* C C 1 -X (I7 )* S S 1 ) 

T 2 = (X (I7 )* C C l+ X (I3 )* S S l) .



a
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C T 3 a n d  T 4  a re  e  a n d  f o f e q n . (4 .6 ) : 

O '

T 3 = (X (I4 )* C C 3 -X (I8 )* S S 3 )

T 4 = (X (I8 )* C C 3 + X (I4 )* S S 3 )

C

C P I a n d  P 2  a re  c a n d  d  o f e q n . (4 .5 ) :

C

P 1 = (X (I2 )* C C 2 -X (I6 )* S S 2 )

P 2 = (X (I6 )* C C 2 + X (I2 )* S S 2 )

T 5 = T 1 + T 3

T 3 = T 1 -T 3

T 6 = -T 2 -T 4

T 4 = -T 2 + T 4

T 2 = X (I5 )+ T 6

C

C X (I8 ) is  Y (N -n ) o f e q n . (4 .7 p ):

C

X (I8 )= X (I5 )-T 6 + P 2

C

C X (I3 ) is  Y (N /2 + n ) o f e q n . (4 .7 o ):

C

X (I3 )= = T 2 -P 2

T 2 = X (I5 )+ T 3

C

X (I4 ) is  Y (3 N /4 + n ) o f e q n . (4 .7 1 ):

X (I4 )= -X (I5 )+ T 3 + P 2

X (I7 ) is  Y (3 N /4 -n ) o f e q n . (4 .7 k ):

X (I7 )= T 2 -P 2  

T l= X (Il)-T 4

X (I5 ) is  Y (N /4 -n ) o f e q n . (4 .7 m ):

X (I5 )= T 1 -P 1  

C

C X (I2 ) is  Y (N /4 + n ) o f e q n . (4 .7 n ):

C

X (I2 )= X (I1 )+ T 4 -P  1



o
 o

 a 
o

n
T 1 = X (I1 )+ T 5

X (I6 ) is  Y (N /2 -n ) o f e q n . (4 .7 j):

X (I6 )= ~ X (I1 )-T 5 + P 1

X (I1 ) is  Y (n ) o f e q n . (4 .7 i):

C

X (I1 )— T l+ P l 

3 0  C O N T IN U E

3 2  C O N T IN U E

1 0 C O N T IN U E  

R E T U R N  

E N D
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A P P E N D IX  D  

C

C  T h e  sp lit- ra d ix  d e c im a tio n -in -tim e  F R F T  p ro g ra m

C  T h e  o u tp u t is  in  o rd e r:

C  [ re (0 ) ,re ( l) ,...,re (N /2 ) ,im (N /2 -l) ,im (N /2 -2 ) ,...,im (l)]

C

S U B R O U T IN E  F R F T (X ,N )

R E A L  X (l)

M = IN T (A L O G (F L O A T (N ))/A L O G (2 .0 )+ 0 .5 )

C

C  B it-re v e rse  p e rm u ta tio n  o f in p u t d a ta  :

C

J= 1  

N l= N -l 

D O  1 0 4  1 = 1 ,N l 

IF (I .G E .J)G O T O  1 0 1  

X T = X (J)

X (J )= X (I)

X (I)= X T

1 0 1  K = N /2

1 0 2  IF (K .G E .J )G O T O  1 0 3  

J= J -K

K = K /2  

G O T O  1 0 2

1 0 3  J= J+ K

1 0 4  C O N T IN U E

C  — -— ----------- -- -- -- -- -- --— -------- - ------------ -

IS = =  1  

JD = 4  

C

C D O  6 0  lo o p  b e lo w  is  s iz e  2  R l:

C

7 0 D O  6 0  I0 = IS ,N ,lD  

1 1 = 1 0 + 1  

R 1 = X (I0 )

X (I0 )= R 1 + X (I1 )

X (I1 )= R 1 -X (I1 )

6 0 C O N T IN U E  

IS = 2 * ID -1  

ID = 4 * ID
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I F ( I S . L T . N ) G O T O  7 0  

C  -------- ------------------------ ----- -- - ---------

N 2 — 2

D O  1 0  K = 2 ,M  

C

C C o m p u ta tio n  o f s iz e  2 * * k  R l:

C

N 2 = N 2 * 2

N 4 = N 2 / 4

N 8 = N 2 / 8

E = 6 .2 8 3 1 8 5 3 0 7 1 7 9 5 8 6 /N 2

I S = 0

ID — N 2 * 2

4 0 D O  3 8  I = I S ,N - 1 , I D  

1 1 = 1 + 1  

I 2 = I 1 + N 4  

I 3 = I 2 + N 4  

I 4 = I 3 + N 4  

T 1 = X ( I 4 ) + X ( I 3 )

C

C X (I4 ) is  Y (3 N /4 ) o f e q n . (5 .2 f):

C

X ( I 4 ) = X ( I 3 ) - X ( I 4 )

C

C X ( I 3 )  i s  Y ( N / 2 )  o f e q n . ( 5 . 2 b ) :

C

X ( I 3 ) = X ( I 1 ) - T 1

C

C X (I1 ) is  Y (0 ) o f e q n . (5 .2 a ):

C

X (I1 )= X (I1 )+ T 1  

I F ( N 4 . E Q . l ) G O T O  3 8  

1 1 = 1 1 + N 8  

I 2 = I 2 + N 8  

I 3 = I 3 + N 8  

I 4 = I 4 + N 8

T 1 = ( X ( I 3 ) + X ( I 4 ) ) / S Q R T ( 2 . 0 )

T 2 = ( X ( I 3 ) - X ( I 4 ) ) / S Q R T ( 2 . 0 )

C

C X (I4 ) is  Y (7 N /8 ) o f e q n . (5 .2 h ):



Q
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C

C

C

C

C

C

C

X (I4 )= X (I2 )+ T 1  

X (I3 ) is  Y (5 N /8 ) o f e q n . (5 .2 g ):

X (I3 )= -X (l2 )-rT l 

X (I2 ) is  Y (3 N /8 ) o f e q n . (5 .2 d ): 

X (I2 )= X (I1 )-T 2

C

3 8

3 6

C

C

C

X (Il) is  Y (N /8 ) o f  e q n . (5 .2 c ) :

X (I l)= X (Il)-rT 2

C O N T IN U E

IS = 2 * ID -N 2

n )= = 4 * ID

IF (IS .L T .N ) G O T O  4 0  

A — E  .

D O  3 2  J= 2 ,N 8  

A 3 — 3 * A  

C C l= C O S (A ) 

S S 1 = S IN (A )  

C C 3 = C O S (A 3 ) 

S S 3 = S IN (A 3 ) 

A = J* E  

IS = 0  

ID = 2 * N 2  

D O  3 0  I= IS ,N -1 ,ID  

I1 = I+ J  

I2 = I1 + N 4  

I3 = I2 + N 4  

I4 = I3 + N 4  

I5 = I+ N 4 -J+ 2  

I6 = I5 + N 4  

I7 = I6 + N 4  

1 8 — I7 + N 4

T h e  se v e n  lin e s b e lo w  c o m p u te T l= (X (i3 )* C C l-X (i7 )* S S l), 

T 2 = (X (i7 )* C C l+ X (i3 )* S S l) ; T l a n d  T 2  a re  a  a n d  b  o f e q n . (4 .4 ):
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C

P l^ C C l+ S S l

P 2 = S S l-C C l

P  3 = C  C 1  *  (X (  [3 )  + X (I7 ))

P 4 = P l* X (I7 )

P 5 = P 2 * X (I3 )

T l= P 3 -P 4  

T 2 — P 3 + P 5  

C

C T h e se v e n  lin es b e lo w  c o m p u te T 3 = (X (i4 )* C C 3 -X (i8 )* S S 3 )  ,

T 4 = (X (i8 )* C C 3 + X (i4 )* S S 3 ); T 3  a n d  T 4  a re  e a n d  f o f e q n . (4 .6 )

P 1 = C C 3 + S S 3

P 2 = S S 3 -C C 3

P 3 = = C C 3 * (X (I4 )+ X (I8 ))

P 4 ^ P 1 * X (I8 )

P 5 = P 2 * X (I4 )

T 3 = P 3 -P 4

T 4 = P 3 — P 5

T 5 = T 1 + T 3

T 6 = T 2 + T 4

T 3 = T 1 -T 3

T 4 = T 2 -T 4

T 2 = X (I6 )-T 6

X (I8 ) is Y (N -n ) o f e q n . (5 .2 p ):

X (I8 )= T 6 + X (I6 )

X (I3 ) is  Y (N /2 + n ) o f e q n . (5 .2 o ):

X (I3 )= -T 2  

T 2 — X (I2 )-T 3

C

c

c
c

X (I4 ) is  Y (3 N /4 -n ) o f e q n . (5 .2 k ):

X (I4 )= X (I2 )+ T 3  

X (I7 ) is  Y (3 N /4 + n ) o f e q n . (5 .2 1 ):



- 4 4

X (I7 )= -T 2

T l= X (Il)+ T 5

C

C X (I6 ) is  Y (N /2 -n ) o f e q n . (5 .2 j) :

C

X (I6 )= X (I1 )-T 5

C

C X (I1 ) is Y (n ) o f e q n . (5 .2 i) :

C

X (I1 )= T 1

T 1 = X (I5 )-T 4

C

C X (I5 ) is  Y (N /4 -n ) o f e q n . (5 .2 m ): 

C

X (I5 )= X (I5 )+ T 4

C

C X (I2 ) is  Y (N /4 + n ) o f e q n . (5 .2 n ): 

C

X (I2 )= T 1

3 0  C O N T IN U E

IS = 2 * ID -N 2  

ID = 4 * E D

IF (IS .L T .N )G O T O  3 6  

3 2  C O N T IN U E

1 0 C O N T IN U E  

R E T U R N  

E N D
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A P P E N D IX  E  

C  '

C  T h e  sp lit-ra d ix  d e c im a tio n -in -freq u e n c y  F R F T  p ro g ra m

C  T h e  o u tp u t is in  o rd e r:

C [re (0 ),re (l) ,...re (N /2 ) ,im (N /2 -l) ,im (N /2 -2 ) ,...,im (l)]

C

S U B R O U T IN E  F R F T (X ,N ,F X )

x = in p u t d a ta  ,fx = o u tp u t d a ta  

R E A L  X (l) , F X (l)

IN T E G E R  N

IN T E G E R  N S Q (IO O ), N O L (5 1 )

IN T E G E R  IN P , N N , L , N K , I , J , L P , L G N

T a k e c a re  o f in itia l A  (if n e c e ssa ry ) , c o m p u te  b lo ck s iz e  (N N ), 

c o m p u te  n u m b e r o f s ta g e  p a irs  (L )

L G N  =  IN T (A L O G (F L O A T (N ))/A L O G (2 .0 ) +  0 .5 )

IF  (M O D (L G N ,2 ) .N E . 0 ) T H E N  

C A L L  A D D (X ,N )

N N = N /2

L  b e lo w  is th e  n u m b e r o f s tag e  p a irs c o n s is tin g  o f tw o  

su c ce ss iv e  s tag e s :

L = (L G N -l)/2  

E L S E  

N N = N  

L = L G N /2  

E N D  IF

G e n e ra te  c o n tro l se q u e n c e  fo r th is  v a lu e  o f N  

(N S Q  is th e  p a ra m e te r c o n tro l se q u e n c e S C N (p . 1 7 );

N K  is th e  n u m b e r o f IA S  o p e ra tio n s o f s iz e 8 ;

N O L  is a n  a u x ilia ry  se q u e n c e u se d  to  s te p  th ro u g h  N S Q )

C A L L  B A S Q (N S Q ,N K ,L G N ,N O L )

C

C P ro c ess th e  d a ta  

C



Q
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D O  1 0 0 0  L P = 1 ,L  

IN P = 0  

J  =  1

D O  1 1 0 0  I= 1 ,N /N N  

IF  (I .N E . (N S Q (J )+ 1 )) T H E N  

C A L L  A D D P L A N E  (X (  1 + IN P ), N N )

E L S E

C A L L  P L A N E  A D D  (X (1 + IN P ),N N )

J  =  J  +  1  

E N D IF

IN P = IN P + N N  

1 1 0 0 C O N T IN U E  

N N = N N /4  

1 0 0 0 C O N T IN U E  

C

C P e rfo rm  IA S  to  c o m b in e  re su lts  o f sm a ll R l’s  

C (L P  b e lo w  is th e  n u m b e r o f b lo c k  s iz e s f ro m  8  to  N /2 : 

C N K  is th e  n u m b e r o f IA S  o p e ra tio n s o f s ize  J )

C

N N  =  8  

L P  =  L G N -3  

D O  2 0 0 0  J  =  1 ,L P  

D  O  2 1 0 0  I =  1 ,N K  

IN P  =  N N  * N S Q (I)

C A L L  A D D S U B (X ,N ,N N ,IN P )

2 1 0 0 C O N T IN U E  

N N  =  2 * N N  

N K  —  N K -N O L (L P -J+ l)

2 0 0 0 C O N T IN U E  

C

C P e rm u te  o u tp u t re su lts

C

C A L L  L K U P  (X ,N ,L ,F X )

C

R E T U R N

E N D

S U B R O U T IN E  A D D S U B (X ,N ,M ,IN P )  

C
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C S u b ro u tin e  A D D  S U B  p e rfo rm s a n  IA S  o f s ize  M  

C

R E A L  X (l) •

IN T E G E R  N , M , IN F  

C

IN T E G E R  S T A R T , E N D , M 2 , L , I , J , N S , N E , L G M 8  

R E A L  X T  

C

C D e fin e  a n d  a d ju s t in itia l b lo c k  

C

M 2 =  M /2  

S T A R T  =  IN P  + 3  

E N D  »  IN P  +  M 2  +  4  .

IF  ((S T A R T  ,G T . N ) .O R . (E N D  .G T . N )) G O  T O  1 0  

X T  =  N (S T A R T )

X (S T A R T ) =  X T  -b  X (E N D )

X (E N D ) =  X T  - X (E N D )

1 0 IF (((S T A R T + 1 ) .G T . N ) .O R . ((E N D -1 ) .G T . N )) G O  T O  2 0  

X T  = =  X (S T A R T + 1 )

X (S T A R T -fl) =  X T  +  X (E N D -l)

X (E N D -l) =  X T  - X (E N D -l)

2 0 IF (M  .E Q . 8 ) G O  T O  1  

C  '

L G M 8 =  IN T (A L O G (M /8 .0 ) /A L O G (2 .0 ) +  0 .5 )

N S  =  S T A R T  +  1  

L  =  1

D O  1 0 0  I =  1 ,L G M 8  

L  = = 2  *  L  

C  /

C A d ju s t X I (6 .9 )

C

D O  1 1 0  J  =  1 ,L  

N S  =  N S  +  1  

N E  =  N S  +  M 2 +  L

IF  ((N S  .G T . N ) .O R . (N E  .G T . N )) G O  T O  1 1 0  

X T  =  X (N S )

X (N S ) =  X T  +  X (N E )

X (N E ) =  X T  - X (N E )

1 1 0 C O N T I N U E
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C A d ju st X O  (e q n . 6 .1 0 )

C

D O  1 2 0  J  = = 1 ,L  

N S  —  N S  +  1  

N E  =  N S  +  M 2  - L

IF  ((N S  .G T . N ) .O R . (N E  .G T . N )) G O  T O  1 2 0  

X T  =  X (N S )

X (N S ) = =  X T  +  X (N E )

X (N E ) =  X T -X (N E )

1 2 0 C O N T IN U E  

1 0 0 C O N T IN U E  

C

1 C O N T IN U E  

R E T U R N  

E N D  

C  

C  

C

S U B R O U T IN E  A D D P L A N E (X ,M )

C

C S u b ro u tin e  A D D P L A N E  im p le m en ts a n  A A P  o f s iz e  M  

C

R E A L  X (l)

IN T E G E R M  

C

IN T E G E R  M 2  

C

M 2 —  M /2  

C A L L  A D D (X ,M )

C A L L  A D D  (X ,M 2 )

C A L L  P L A N E (X (l+ M 2 ),M 2 )

C

R E T U R N

E N D

C

C

c
S U B R O U T IN E  P L A N E  A D D  (X .M )

C

C  S u b ro u tin e  P L A N E  A D D  im p le m en ts a  P A A  o f s ize  M



o 
o
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c
R E A L  X (l)

IN T E G E R  M  

C

IN T E G E R  M 2  

C

M 2 =  M /2  

C A L L  P L A N E  (X ,M )

C A L L  A D D  (X ,M 2 )

C A L L  A D D  (X (l + M 2 ),M 2 )

C

R E T U R N

E N D

C

c

c

S U B R O U T IN E  A D D (X .M )

C

C S u b ro u tin e  A D D  im p le m en ts  a n  A  o f s iz e  M (e q n s . 3 .1 a  a n d  6 .6 ) 

C

R E A L  X (l)

IN T E G E R M  

C

R E A L  X T

IN T E G E R  I, M 2 , M 2 P I 

C

M 2 — M /2  

D O  1 0 0  1 = 1 ,M 2  

M 2 P I =  M 2 + 1  

X T  =  X (I)

X (I) =  X T  +  X (M 2 P I)

X (M 2 P I) =  X T  - X (M 2 P I)

1 0 0 C O N T IN U E  

C

R E T U R N

E N D

C

S U B R O U T IN E  P L A N E (X ,M )

S u b ro u tin e  P L A N E  im p le m e n ts a  P  o f s iz e  M



- 5 0  -

C

R E A L  X (l)

IN T E G E R  M  

C

IN T E G E R  I, J , M 2 , M 3  

R E A L  P I2 , A N G , H C , H S , R O , R l 

C

P I2  =  8 .0 * A T A N (1 .0 )

M 2 =  M /2  

M 3 =  2 * M  

D O  2 0 0  1 =  1 ,M 2  

A N G  —  P I2 * (I- l) /(F L O A T (M 3 ))

H C  ~  C O S  (A N G )

H S  =  S IN (A N G )

J  =  I +  M 2

R O  =  H C  * (X (I) +  X (  J ) )

R 1  =  (H S  - H C ) *  X (I)

X (I) =  R O  - (H C  +  H S ) *  X (J)

X (J) =  - (R O  +  R l)

2 0 0 C O N T IN U E  

C

R E T U R N

E N D

C

C

C

S U B R O U T IN E  B A S Q (N S Q ,K ,L G N ,N O L )

C

C S u b ro u tin e  B A S Q  g e n e ra te s  th e  c o n tro l se q u e n c e  p a ra m ete rs

C

IN T E G E R  N S Q (l) , K , L G N , N O L (l)

C

IN T E G E R  L , I , N N , M , J  

C

C D e fin e  th e  b a s ic  se q u en c e s ...

C

N O L (l)= -l

N O L (2 )= l

N O L (3 )= 2

N O L (4 )= 2
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N S Q (l)= l

N S Q (2 )= 5

N S Q (3 )= 7

N S Q (4 )= 9

N S Q (5 )= 1 3

C

L = L G N -4  

D O  1 0 0  1 = 4 ,L + l 

N O L (I- i-l)= N O L (I)-j-2 * N O L (I-l)

1 0 0 C O N T IN U E  

C ' . '

. K = 1

N N = 1 6 ■

D O  2 0 0  J= 1 ,L + 1  

N N = 2 * N N ;

M = N O L (J -fl)/2  

D O  3 0 0  1 = 1 ,M  

N S Q (I+ K )= N S Q (I)+ N N /1 6  

NSQ(Ih -Kt M)=NSQ(I)4-3*NN/32 

300 CONTINUE

K  =  2 * M  +  K  

2 0 0 C O N T IN U E  

C

R E T U R N

E N D

C

C

C

S U B R O U T IN E  L K U P (X ,N ,L ,F X )

C  ...

C S u b ro u tin e  L K U P  p e rm u te s th e  o u tp u t d a ta  a n d  c h a n g e s  

C th e  s ig n  o f a p p ro p ria te  o u tp u t v a lu es (e q n . 6 .4 )

C ■■

R E A L  X (l) , F X (1 )

IN T E G E R  N , L

c  ■

IN T E G E R  N S E Q (2 5 6 ) , I , K , N D , N S , M , N Q  

C

0 P E N (U N IT = 2 ,F IL E = ’L O O K U P r)

R E W IN D  (2 )
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R E  A D  (2 ,* ) (N S E Q (I) ,1 = 1 ,2 5 6 ) 

C

K  =  0  

N D  =  1  

D O  1 0 0  1 = 1 ,  L  

N D  =  N D  * 4  

K  =  K  +  N /N D  

1 0 0 C O N T IN U E  

N S  =  N  - K  

M  =  2 5 6 /N  

D O  2 0 0  1 = 1 ,N  

N Q  =  N S E Q (I) /M  

IF (N Q .G E .N S )T H E N  

F X (N Q + 1 ) =  -X (I)

E L S E

F X (N Q + 1 ) =  X (I)

E N D  IF

2 0 0 C O N T IN U E  

C

R E T U R N

E N D
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T a b le 1 . T h e  O u tp u t P e rm u ta tio n  S e q u e n c e in  F R F T  fo r N 2 5 6 .
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T a b le  2 . T h e  R e la tio n sh ip  B e tw e en  th e  2 -D  D F T  a n d  th e  2 -D  R D F T .

n l n 2 X i f n ^ n o ) X . i ( N i — n i ,  n o ) X o ( n i , n 2 ) X o ( N i — n i , n 2 )

0 0 y ( o , o ) y (° .) 0 0

Ni /2 N o / 2 y ( n i > n 2 ) y ln ^ n g ) 0 0

o 0 < C n 2 < C N 2 / 2 y ( 0 , n 2 ) y ( 0 , n 2 ) y ( 0 , N 2 - n 2 ) y ( 0 |N 2 — n 2 )

Ni /2 0 <  I l 2 < C N 2 / 2 y ( N 1 / 2 , n g ) y ( N j / 2 ,n 2 ) y ( N  i / 2 ,  N 2 — n 2 ) y ( N l / 2 , N 2 - n 2 )

0 < n 1 < N 1 / 2 0 y ( n i t O ) y ( n  i ,  o ) y ( N j — n j , 0 ) • ' , y ( N ’i ~ n i i O )

0 < n ! < N i / 2 N 2 / 2 y ( N , , N o / 2 ) y ( n i . N 3 / 2 ) - y ^ - m . N ^ )

0 < n 1 < N 1 / 2 0 < n 2 < N 2 / 2 y t i i b n o J - y l N i - i i i . N o - n s ) y  ( n  i ,  n 2 ) + y  ( N i  - n  1 ,  N 2 - n 2 ) y ( n  i ,  N 2 — n 2 ) + y  ( N x — n  i, n 2 ) — y ( n 1 N o — n 2 ) + y ( N 1 — I l o i l o )
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F ig . 1 . G iv e n s ’ P lan e  R o ta tio n , th e  B a s ic O p e ra tio n  in  th e  F R F T  A lg o rith m s .
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• 3

F i g .  3 . T h e  S p l i U R a t l i x  D i T  F R F T  S i g n a l - F l o w  G r a p h  W h e n  N = 1 6 .
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F i g .  4 . T h e  S p l i t - R a d i x  D I F  F R F T  S i g n a l - F l o w  G r a p h  W h e n  N = = 1 6 ,
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A

( 3 2 )

A A P

P A A

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

F i g . 5 . T h e  B l o c k  D i a g r a m  o f  A ,  A A P  a n d  P A A  O p e r a t i o n s  W h e n  N = 3 2 .
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A A P

( 6 4 )

A A P

P A A

A A P

( 1 6 )

A A P

( 1 6 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

P A A  ( 4 )

A A P  ( 4 )

A A P  ( 4 )

F i g .  6 . T h e  B l o c k  D i a g r a m  o f  A A P  a n d  P A A  O p e r a t i o n s  W h e n  N — 6 4 .
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