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Abstract. Predicting simultaneously the spectral reflectance and transmittance 

of recto-verso prints is made easier thanks to a flux transfer matrix model. In the 

case where the printing support is symmetrical, i.e., its two sides are similar, the 

model can be calibrated from 44 halftone colors printed on the recto side, whose 

spectral reflectances and transmittance are measured. Color predictions are then 

allowed for any recto-verso halftone print illuminated on either side, and the in-

verse approach can be addressed: we can compute the digital layout for the recto 

and verso side that, once printed, can display different images according to the 

illuminated side.  

Keywords: Computational printing, flux transfer models, duplex halftone print, 

multiview images. 

1 Introduction 

Spectral prediction models are key tools for fast and accurate color management in 

printing. They are also indispensable for designing advanced printing features such as 

those where the print displays different images according to the viewing conditions. 

Such multi-view effects can be obtained by using metallic inks [1] or a specular support 

[2] and observing the print in or out of the specular reflection direction. They can also 

be obtained by double-side printing with classical inks and supports, by observing one 

face in reflection mode or through both faces in transmission mode [3]. For these print-

ing configurations, color management based on digital methods like ICC profile is al-

most impossible because the number of needed sample measurements, often beyond 

one thousand for single-mode observation, exponentially increases with the number of 

observation modes. The calibration time of the printing system thus becomes inaccepta-

ble, whereas a few tens of measurement often suffice to calibrate a prediction model, 

thus able to predict all reproducible colors in the different modes.    

Among the most accurate models for the spectral reflectance of halftone prints, the 

physically-based models such as the Clapper-Yule model have high potential for ex-

tension to multilayer surfaces as they explicitly describe flux transfers between the lay-

ers. Some examples have been investigated in previous studies though stacks of printed 



 

 

films [4] and double-side printed papers [5-6], configurations for which good prediction 

accuracy was achieve by means of acceptable number of calibration samples.  

The main issues with these models where both reflectance and transmittance of 

prints are combined, it that they need a calibration for the reflectance mode, and a sep-

arate calibration for the transmittance mode: one parameter may have different values 

in the two modes. This issue was recently solved thanks to the so-called Duplex Primary 

Reflectance-Transmittance (DPRT) model, a two-flux transfer matrix model predicting 

simultaneously the reflectance and transmittance of duplex halftone prints on both 

faces, whose parameters related to the primaries are deduced from both reflectance and 

transmittance measurements and therefore optimal for the two modes [8]. In the general 

case where the two faces of the support are different or printed with different inks, the 

DPRT model needs 328 spectral measurements. In the present paper, we show that in 

the special case where the support is symmetric, i.e., its two faces are identical and 

printed with the same ink set, the number of spectral measurements for calibration is 

reduced to 104, while keeping the optimal predictive performances in reflectance and 

transmittance modes.  

The corresponding model, called Double-Layer Reflectance-Transmittance model, 

relies on the idea of separating the printed support into two sublayers, in which spectral 

flux transfers are described. We propose to present it and to show a few example of 

multiview images that were designed by using the model in inversed mode.  

2 Two-flux transfer matrices 

A flux transfer model is particularly adapted to the layered structure of printed sup-

ports. When the printing support is strongly scattering, like paper or white polymer, we 

can use a two-flux model. The model presented in Ref. [8] applies with a stack of layers 

of strongly materials and the interfaces between them. They are characterized by four 

transfer factors: the front-side reflectance r, the back-side reflectance r’, the forward 

transmittance t and the backward transmittance t’. The component is said to by sym-

metrical when r = r’, and t = t’. The angular distribution of the incident and transferred 

lights is to be considered in the definition of every transfer factor, which can be accord-

ingly bi-hemispherical, directional-hemispherical, bi-directional and so on [10]. All 

fluxes and transfer factors may also depend upon wavelength.  

 

Fig. 1. Flux transfers between two flat components (arrows do not render orientation of light). 
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When two components are on top of each other, interreflections of light occur be-

tween them, thus producing mutual exchanges between the fluxes propagating forwards 

(denoted as Ik in Fig.1) and backwards (denoted as Jk). These exchanges can be easily 

described by using flux transfer matrices. For each component k = 1 or 2, assuming 

0kt  , the relations between incoming and outgoing fluxes is described by the following 

matrix equation: 

 1
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11k k k
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where the matrix is the transfer matrix attached to the component k, denoted as Mk  
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Grouping components 1 and 2 together, Eq. (1) can be repeated twice. One obtains: 
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where M, product of the transfer matrices of the individual components, is the transfer 

matrix representing the two layers together, similarly defined as Eq. (2) in terms of its 

transfer factors R, T, R  and T  . The multiplicative property of transfer matrices is true 

for any number of components, and the left-to-right position of the matrices in the prod-

uct reproduces the front-to-back position of the corresponding components. Every 

transfer matrix has the structure displayed in Eq. (2) and from a given transfer matrix 

 ijmM , provided 11 0m  , one retrieves the transfer factors in the following way:   
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3 Double-layer Reflectance-Transmittance (DLRT) model 

We will use flux transfer matrices to describe the reflection and transmission of light 

by recto-verso halftone prints. Let us first consider the support alone, by assuming it 

symmetrical and strongly scattering. Its structure is shown in Fig. 2: an effective dif-

fusing medium of refractive index 1.5 is bordered by interfaces with the surrounding 

air. Since it is symmetrical, it has similar transfer factors R(λ) and T(λ) on its two sides, 

and is therefore represented by a transfer matrix, defined for each wavelength as: 
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Fig. 2. Flux transfers between a diffusing layer (split into two identical sublayers) and its bor-

dering interfaces, and corresponding flux transfer matrices. 

The diffusing layer (considered without the interfaces) also has similar transfer fac-

tors ρ(λ) and τ(λ) on its two sides. It is represented by the following transfer matrix: 

 
2 2

1 ρ1

τ ρ τ ρ

 
    

M . (6) 

The reflectances and transmittances of the interfaces depend on the measuring ge-

ometry. In the present study, measurements were done with the X-rite Color i7 spec-

trophotometer relying on the di:8° geometry in reflection mode (illumination with per-

fectly diffuse light over the hemisphere, and observation at 8° from the normal of the 

sample by including the specular reflection component), and the d:0° geometry in trans-

mission mode (illumination with perfectly diffuse light over the hemisphere, and ob-

servation in the normal of the sample). The corresponding transfer factors are given in 

Fig. 2. For these geometries and the refractive index value 1.5, the transfer matrices 

representing the interfaces at the recto and verso sides are given by: 
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, (7) 

In practice, the measurable quantities are the spectral reflectance R(λ) and transmit-

tance T(λ) of the support with interfaces, therefore matrix P. The transfer matrix M for 

the diffusing layer without interfaces is then given by: 

 
1 1   M F P F . (8) 

Later, it will be convenient to decompose this diffusing layer into two similar sub-

layers (which justifies the appellation “double-layer reflectance-transmittance’ model), 

thus represented by the transfer matrix: 
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We can extend the model to the Neugebauer primaries, obtained when superposing 

cyan, magenta and yellow halftone screens: white (surface with no ink, labelled 1i  ) 

cyan, magenta, yellow, red (magenta + yellow), green (cyan + yellow), blue (cyan + 

magenta) and black (cyan + magenta + yellow). It is classical after Clapper and Yule 

[15] to consider the inked support as a four-component structure: the two interfaces, the 

ink layer and the diffusing layer. We proposed in [8] a different approach where the 

inked support without interfaces is one non-symmetrical layer of effective medium. 

According to the double-layer approach, we can then split it into two sublayers: one on 

the front side containing the inks represented by a matrix Ai, one with the matrix A1 

given by (9) for the non-inked back side. Thus, the transfer matrix representing the 

support covered by primary i on the recto side only is written: 

 1 1i i    P F A A F  

We thus have, for each primary i = 2, …,8: 

     1/2
1 1 1 1 1

1 1 1 11

11 i
i i i

i i i i ii

                        
A M A F P F F P F  (10) 

The transfer factors of the front sublayer, denoted i , i , i , and i , are obtained 

from (10) by applying formulas (4). Since the support is symmetrical, and the verso 

side is printed with the same inks as the recto side, we can create similar matrix as iA  

for the verso side, by permuting i  and i  on the one hand, and i  and i  on the 

other hand, and finally replacing i with j:  
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A  (11) 

When a primary i is on the recto side and a primary j on the verso side, the matrix 

representing the whole inked support (interfaces excluded) is simply given by: 

 ij i j M A A  (12) 

The model can be extended to halftone colors (Fig. 3). We denote as  1, ,8ia i    

and  1, ,8ja j    the surface coverages of the primaries on the recto side, respectively 

on the verso side. They are obtained from the surface coverages of the cyan, magenta 

and yellow inks using Demichel’s equations, valable in case of typical stochastic or 

cluster dot halftoning techniques [16]. We use the transfer factors i , i , i , and i  

issued from (10) and (4), and combine them according to the ink surface coverages ia  

and ja  present on each side of the support. By using the generic letter   for either ρ, 
ρ’, τ, or τ’, we have, for the recto side: 
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and for the verso side: 
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Fig. 3. Flux transfers within a homogeneous support printed with halftone on both sides: the 

inked support is split into two sublayers. 

From these transfer factors given by (13) and (14), we create the transfer matrices 

representing the sublayers on the recto, respectively on the verso: 
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Finally, the duplex print with interfaces is represented by the transfer matrix:  

 { } { }i jH a a    M F A A F   (16) 

and its reflectances and transmittances are deduced from this matrix by using (4). 

Note that we can also predict, without further calibration effort, the spectral reflec-

tances and transmittances of a doubled printing support. The matrix MH is simply com-

puted as follows: 

 { } 1 1 { }i jH a a         M F A A F F A A F   (17) 

4 Calibration and verification of the model   

The DPRT model introduced in [8], valid for any non-symmetrical diffusing support, 

needed 8 8 64   CMY patches for its calibration, corresponding to the different com-

binations of the eight primaries on the front side and the eight primaries on the back 

side. The present version, valid for homogenous diffusing supports, needs only 8 recto-

only samples if the support is symmetrical and printed with the same set of inks on both 

sides. Since the four transfer factors of each sample must be measured, this makes an 

appreciable gain of time for the calibration of the DPRT model. The calibration of the 

model is made in two steps.  
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The first step is the determination of the matrices Ai, given by (10), for the eight 

Neugebauer primaries. For primary 1, the reflectance and transmittance of the unprinted 

support are measured on the recto side; for the other seven primaries, we print each  

primary with a coverage of 100% on the recto side, and measure the reflectances and 

transmittances of the printed support on its both sides. The reflectances and transmit-

tances i , i , i , and i  for the front-side sublayer printed with each primary i are 

computed, then the matrices Aj representing the back-side sublayer printed with each 

primary j.  

The second step is establishing the correspondence between the nominal ink surface 

coverages (those specified in the digital layout) and the effective ones, observed on the 

printed paper through the spectral reflectance and transmittance. We follow the very 

efficient method introduced by Hersch et al. [7], also detailed in [16], which yields 12 

curves computed from 36 single-ink halftones printed on the recto side. For each half-

tone, the effective ink surface coverages is estimated by minimizing the difference be-

tween the measured and predicted spectra, according to a metric which may be the rms 

deviation between the spectral reflectances and/or transmittances, or the equivalent 

color distance (e.g. CIELAB ΔE94 computed from the spectra for a given illuminant 

and a given white reference). 

Finally, for any recto-verso halftone defined by its nominal ink surfaces coverages 

(CMY values) on the recto and verso sides, the primary surface coverages ia  and ia  
are computed according to the Demichel equations, the transfer matrix MH of the recto-

verso print is obtained by using equations (13) to (16), and the reflectances and trans-

mittances by using formulas (4).  

The model was verified over tens of recto-verso samples with CMY values randomly 

selected over the color gamut on both sides of the support. They were printed with both 

inkjet and electrophotography (laserjet) printer, each time on both high-quality super-

calendered paper and usual office paper. The number of patches in each set is specified 

in Table 1. The prediction accuracy, in reflectance or transmittance mode, is assessed 

by the average CIELAB ΔE94 color distance between the predicted and measured spec-

tra (see computation details in [16]).  

 

Table 1. Average CIELAB ΔE94 value between predicted and measured spectra  

Support Printer Set Mode Model 

    DLRT DCT YN 

Supercalen-

dered paper 

Inkjet 36 samples Reflectance 0,76 0,92 0,7 

Transmittance 0,75 1,01 0,94 

Laserjet 25 samples Reflectance 1,43 1,52 1,5 

Transmittance 0,87 1,5 1,18 

Office paper Inkjet 78 samples Reflectance 1,31 1,06 1,1 

Transmittance 1,17 1,58 1,28 

Laserjet 25 samples Reflectance 1,39 1,27 1,35 

Transmittance 0,89 2,31 1,38 

 

The values presented in Table 1 show that the prediction accuracy is rather good, 

even though slightly poorer with the laserjet printer due to a low printing homogeneity, 



 

 

and with the office paper which is also less homogeneous than the supercalendered one. 

In most cases, the DLRT model is more accurate, and even much more accurate in 

transmittance mode, than previously proposed models: the Duplex Clapper-Yule model 

(DCY) [8], and the Yule-Nielsen model ([7], and [6] for the extension to transmittance). 

Recall that the model is calibrated from only 44 recto-only color patches measured in 

reflectance and transmittance mode, and then that billions of recto-verso colors can be 

predicted.  

5 Multiview images 

Once the model is calibrated and its prediction accuracy has been verified, we can 

use it in an inversed mode to produce multiview prints, i.e., prints displaying different 

images according to the illumination and observation configurations. For example, we 

can illuminate the print on the observer’s side (reflection mode) or the opposite side 

(transmission mode). We can also consider a transmission mode where ambient light 

slightly illuminates the observer’s side (with similar SPDs on both sides), which corre-

sponds to an addition of α times the transmittance and  1   times the reflectance, a 

configuration referred to as “α-transmission mode”.  

The ink quantities to print on the recto and verso sides are obtained by performing a 

brute-force optimization in order to obtain the targeted CIE 1976 L*a*b* values, or the 

targeted spectral radiance, in the two selected illumination modes. We generally com-

pute first the ink surface coverages on the recto side yielding the reflection-mode image, 

then the ones on the verso side so as to obtain the targeted image in α-transmission 

mode. The selection of the targeted colors for the two modes is critical since color 

matching is not always possible, a question addressed in [20]. 

 

Fig. 4. Multiview recto-verso halftone print produced by laserjet printing on doubled office pa-

per, displaying different images (a) on the verso side in reflection mode, and (b) on the recto 

side in transmission mode, under sunlight.  

Fig. 4 shows an example of multi-view image printed by laserjet printer on doubled 

office paper. It displays (flipped) “10” patterns on the verso side is reflectance mode, 

and only part of these patterns remain visible in 0.9-transmittance mode, because the 

color of the other part matches the color of the background of the image. A second print 

is shown in Fig. 5, where randomly distributed squares of eight different colors are 

printed on the recto side, eight colors are correspondingly printed on the verso side in 



order to display, in 0.9-transmission mode, two patterns of homogenous color and a 

background with more contrasted texture. Registration of the recto and verso images, 

and perfect parallelism of the two paper sheet is crucial for a good rendering of the 

targeted visual effect.   

 

Fig. 5. Multiview recto-verso halftone print produced by laserjet printing on doubled office pa-

per, displaying a mosaic of randomly distributed color squares on the recto side (a) and verso 

side (b), and homogenously colored patterns surrounded by a contrasted color mosaic in 0.9 

transmission mode (c, with increased lightness).  

6 Conclusions 

The DLRT model is a two-flux transfer matrix model that allows the prediction of 

the reflectance and transmittance of duplex halftone prints with a better accuracy and 

no more halftone patches than previously proposed models such as the Duplex Clapper-

Yule model and the Yule-Nielsen model extended to transmission. The model relies on 

the separation of the printing support into two sublayers, each one containing the inks 

of the recto halftone color, or accordingly the ones of the verso halftone color. The 

model should be limited to printing supports where the inks do not penetrate too much 

deeply, but a more exhaustive testing is needed to see the precise limitations in practice. 

The model showed its performance when multiview images are produced from layouts 

computed with it. Since these prints rely on color matching between different recto-

verso halftones, the quality of the displayed images directly depends on the accuracy 

of the model. 
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