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Abstract. We present a method for the fast computation of the eigenpairs of a bijective pos-
itive symmetric linear operator £. The method is based on a combination of operator adapted
wavelets (gamblets) with hierarchical subspace correction. First, gamblets provide a raw but fast
approximation of the eigensubspaces of £ by block-diagonalizing £ into sparse and well-conditioned
blocks. Next, the hierarchical subspace correction method computes the eigenpairs associated with
the Galerkin restriction of £ to a coarse (low-dimensional) gamblet subspace and then corrects those
eigenpairs by solving a hierarchy of linear problems in the finer gamblet subspaces (from coarse to
fine, using multigrid iteration). The proposed algorithm is robust to the presence of multiple (a
continuum of) scales and is shown to be of near-linear complexity when £ is an (arbitrary local,
e.g., differential) operator mapping Hg(2) to H~*(Q2) (e.g., an elliptic PDE with rough coefficients).
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1. Introduction. Solving large scale eigenvalue problems is one of the most
fundamental and challenging tasks in modern science and engineering. Although
high-dimensional eigenvalue problems are ubiquitous in physical sciences, data and
imaging sciences, and machine learning, the class of eigensolvers is not as diverse as
that of linear solvers (which comprises many efficient algorithms such as geometric
and algebraic multigrid [11, 20], approximate Gaussian elimination [33], etc.). In
particular, eigenvalue problems may involve operators with nonseparable multiple
scales, and the nonlinear interplay between those coupled scales and the eigenvalue
problem poses significant challenges for numerical analysis and scientific computing
[4, 14, 59, 37].

Krylov subspace type methods remain the most reliable and efficient tools for large
scale eigenproblems, and alternative approaches such as optimization based methods
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and nonlinear solver based methods have been pursued in the recent years. For ex-
ample, the Implicitly Restarted Lanczos/Arnoldi Method (IRLM/IRAM) [49], the
Preconditioned INVerse ITeration (PINVIT) method [19, 10, 24], the Locally Opti-
mal Block Preconditioned Conjugate Gradient (LOBPCG) method [25, 28], and the
Jacobi-Davidson-type techniques [7] have been developed. For those state-of-the-art
eigensolvers, the efficient application of preconditioning [24] is often crucial for the
faster convergence and the reduction of computation cost, especially for multiscale
eigenproblems.

Recently, two-level [57, 37] and multilevel [34, 35, 36, 55, 56] correction methods
have been proposed to reduce the complexity of solving eigenpairs associated with low
eigenvalues by first solving a coarse mesh/scale approximation, which can then be cor-
rected by solving linear systems (corresponding to linearized eigenvalue problems) on
a hierarchy of finer meshes/scales. Although the multilevel correction approach has
been extended to multigrid methods for linear and nonlinear eigenvalue problems
[16, 34, 35, 36, 23, 55, 56|, the regularity estimates required for linear complexity
do not hold for PDEs with rough coefficients and a naive application of the correc-
tion approach to multiscale eigenvalue problems may converge very slowly. For two-
level methods [57] this lack of robustness can be alleviated by numerical homogeniza-
tion techniques [37], e.g., the so-called Localized Orthogonal Decomposition (LOD)
method. For multilevel methods, gamblets [41, 42, 44, 48, 43] (operator-adapted
wavelets satisfying three desirable properties: scale orthogonality, well-conditioned
multiresolution decomposition, and localization) provide a natural multiresolution
decomposition ensuring robustness for multiscale eigenproblems. As described in [43,
sect. 5.1.3], these three properties are analogous to those required of Wannier func-
tions [29, 54], which can be characterized as linear combinations x; = »; ¢; ;05 of
eigenfunctions v; associated with eigenvalues A; such that the size of ¢; ; is large for
A; close to A\; and small otherwise, and such that the resulting linear combinations x;
are concentrated in space.

The aim of this paper is, therefore, to design a fast multilevel numerical method
for multiscale eigenvalue problems (e.g., for PDEs that may have rough and highly
oscillatory coefficients) associated with a bijective positive symmetric linear operator
L, by integrating the multilevel correction approach with the gamblet multiresolution
decomposition. In this merger, the gamblet decomposition supplies a hierarchy of
coarse (sub)spaces for the multilevel correction method. The overall computational
cost is that of solving a sequence of linear problems over this hierarchy (using a gamblet
based multigrid approach [41]). Recently, Hou et. al. [21] proposed computing the
leftmost eigenpairs of a sparse symmetric positive matrix by combining the implicitly
restarted Lanczos method with a gamblet-like multiresolution decomposition where
local eigenfunctions are used as measurement functions. This paper shows that the
gamblet multilevel decomposition (1) enhances the convergence rate of eigenvalue
solvers by enabling (through a gamblet based multigrid method) the fast and robust
convergence of inner iterations (linear solves) in the multilevel correction method,
and (2) provides efficient preconditioners for state-of-the-art eigensolvers such as the
LOBPCG method.

Outline. This paper is organized as follows: We summarize the gamblet decom-
position, its properties, and the gamblet based multigrid method in section 2 (see
[41, 42, 44, 48, 43] for the detailed construction). We present the gamblet based mul-
tilevel method for multiscale eigenvalue problems and its rigorous analysis in section
3. Our theoretical results are numerically illustrated in section 4 where the proposed
method is compared with state-of-the-art eigensolvers (such as LOBPCG).
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Notation. The symbol C denotes generic positive constant that may change from
one line of an estimate to the next. C will be independent from the eigenvalues
(otherwise a subscript A will be added), and the dependencies of C' will normally be
clear from the context or stated explicitly.

2. Gamblet decomposition and gamblet based multigrid method. Al-
though multigrid methods [11, 20] have been highly successful in solving elliptic PDEs,
their convergence rates can be severely affected by the lack of regularity of the PDE
coefficients [53]. Although classical wavelet based methods [13, 17] enable a multi-
resolution decomposition of the solution space, their performance can also be affected
by their lack of adaptation to the coeflicients of the PDE. The introduction of gam-
blets in [41] addressed the problem of designing multigrid/multiresolution methods
that are provably robust with respect to rough (L°°) PDE coefficients.

Gamblets are derived from a game theoretic approach to numerical analysis [41,
42]. They are (1) elementary solutions of hierarchical information games associated
with the process of computing with partial information and limited resources, (2)
have a natural Bayesian interpretation under the mixed strategy emerging from the
game theoretic formulation, and (3) induce a multiresolution decomposition of the
solution space that is adapted to the numerical discretization of the underlying PDE.
The (fast) gamblet transform has O(N log?*™ N) complexity for the first solve and
O(N logtt' N ) for subsequent solves to achieve grid-size accuracy in H'-norm for
elliptic problems [43].

2.1. The abstract setting. We introduce the formulation of gamblets with an
abstract setting since its application is not limited to scalar elliptic problems such as
Examples 2.1 and 2.2. Let (V, || |), (V*, || - ||l+), and (V, || - |lo) be Hilbert spaces such
that V' C V; C V* and such that the natural embedding ¢ : V[ — V* is compact and
dense. Let (V*, ] - ||«) be the dual of (V.| - ||) using the dual pairing obtained from
the Gelfand triple.

Let the operator £ be a symmetric positive linear bijection mapping V to V*.
Write [+, -] for the duality pairing between V* and V' (derived from the Riesz duality
between V; and itself) such that

(2.1) lul|* = [Lu,u] forueV.

The corresponding inner product on V is defined by

(2.2) (u,v) == [Lu,v] for u,v eV,

and || - ||« is the corresponding dual-norm on V*, i.e.,

(2.3) 4]« = sup [6,v] for p € V*.
vEV,v#0 ”UH

Given g € V*, we will consider the solution u of the variational problem
(2.4) (u,v) =[g,v] forveV.

Ezample 2.1. Let Q be a bounded open subset of R? (of arbitrary dimension
d € N*) with uniformly Lipschitz boundary. Given s € N, let

(2.5) L HQ) = H(Q)
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be a continuous linear bijection between H§(2) and H (), where H§(Q?) is the
Sobolev space of order s with zero trace, and H~°(2) is the topological dual of H§(2)
[1]. Assume £ to be symmetric, positive, and local, i.e., [Lu, v] = [u, Lv] and [Lu, u] >
0 for u,v € H5(Q) and [Lu,v] = 0 if u, v have disjoint supports in Q. In this example
V,V* and Vj are H§(2), H*(Q), and L*(2) endowed with the norms [ju|? = [, ulu,
16112 = fy 6£716, and flullo = [[ullz2(0)-

Ezample 2.2. Consider Example 2.1 with s = 1, £ = —div (a(z)V ), and a(z) is
a symmetric, uniformly elliptic d x d matrix with entries in L°°(£2) such that for all
z € Qand l e R?,

(2.6) Amin(@)[€]? < Ta(x)l < Mnax(a)]€)?.

Note that

(2.7) |v]|? = /(VU)TCLVU for v € Hy (),
Q

and the solution of (2.4) is the solution of the PDE

(2.8) {;ilg (“éi)vgg(i)) =gl@) zeq,

2.2. Gamblets. Here we give a brief reminder of the construction of gamblets.
See Example 2.4 for a concrete example for scalar elliptic equation and section 4.1 for
the numerical implementation, and also [41, 42, 44, 48, 43] for more details.

Measurement functions. Let TV, ... T(9) be a hierarchy of labels, and let gbz(»k)
be a hierarchy of nested elements of V* such that

29) o= > MY for ke {1,...,¢— 1} and i € I0)

FET(k+1)

for some rank [Z(F)|, Z(F) x Z(+1) matrices 7*#+1) and such that the (¢§k))iez(k> are
linearly independent and 7(FF+D7(k+1k) — T for k € {1,...,q — 1} (writing I;
for the J x J identity matrix and 7(*+1.F) for (z(F:k+D)T)  Although not required
in the general theory of gamblets [43] in this paper we assume that the zj)gk) are
elements of Vj and have uniformly well conditioned mass matrices in the sense that
C Y2 < ||, 2i0l™ |12 < Clzf? (for all z and k).

Operator adapted prewavelets. For k € {1,...,q}, let ©*) be the symmetric

positive definite matrix with entries @E? = [¢§k),£*1¢§k)}, and (writing ©(*)—1
for the inverse of ©*)) let
(2.10) o= 3" oM forie ™.

FjeT®)

The elements wi(k) form a biorthogonal system with respect to the elements ¢§’“>, ie.,
68, 4] = 6, ; and

J 7

(2.11) u® = 3" oM uly

ieZ(k)
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is the (-,-) orthogonal projection of u € V onto
(2.12) k) .= span{wgk) lieZ®™}.
Furthermore, A®) := ©%):~1 can be identified as the stiffness matrix of the 1/)1-(’6), ie.,
(2.13) AR = (M Y for i, j e TR
The " are nested prewavelets in the sense that 9*) ¢ B¢+ and

k Kk k
(2.14) 1/)1( ) _ Z Rz(‘7j +1)1/}§ +1),
jEZ(R+1)

where RFA+1D = AR gk E+1)@(k+1) acts as an interpolation matrix.

Gamblets (operator adapted wavelets). Let (J*))a<j<, be a hierarchy of labels
such that (writing |7®| for the cardinal of J®)) |7®)| = |Z®)| — |Z(-=1D)| For
ke {2,...,q}, let W) be a J*F) x T(0) matrix such that (writing W7 for the
transpose of W ()

(2.15) Ker(n* =10y = Im(W® 1) and WOWET = 1, .
Define
(2.16) = 3T wBel kefo,. gy andie g®
jeT®)

Then u®) — u* =1 is the <~, > orthogonal projection of u € V' onto
(2.17) w*) = span{xgk) lie g®y.

We will also write J1) := 7(1), Xl(l) = ¢i(1), () = 91, We call those operator

(k)

adapted wavelets x,"’, gamblets. Furthermore, 20) is the <-, ->—0rthog0na1 comple-

ment of YE-1 in P& je. Pk = gk-1) ¢ opk)
(2.18) B =g ow® o... W@,

and writing 2007+ for the <~, ~>—0rthogonal complement of U@ in V, u = v +
(u® —uM) + - 4 (uletD) — @) is the multiresolution decomposition of u over
= + + -+ , namely, the gamblet decomposition of u.

V =90 4953 Qpat1) ly, the gamblet d tion of

For k € {2,...,q}, B®) = W AFWELT ig the stiffness matrix of the Xl(.k), ie.,

k k) _(k .

(2.19) Bl-(,j) = <X£ ),X§- )> for i,j7 € J®
and B := AW,

Quantitative estimates. Under general stability conditions on the qi)l(.k) [41, 44, 42,
48, 43] these operator adapted wavelets satisfy the quantitative estimates of Property

2.3, we will first state those estimates and provide an example of their validity in the
general setting of Example 2.1.

PROPERTY 2.3. The following properties are satisfied for some constant C' > 0
and H € (0,1).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1. Approximation:

(2.20) lu = u®o < CH*|lu—u®|| for u eV,
and
(2.21) |u—u®| < CH"||Lullo forue L7V .

2. Uniform bounded condition number: Writing Cond(B) for the condition num-
ber of a matrix B we have for k € {1,...,q},

(2.22) C~tH2*D1 4 < B® < CH 4y and Cond(BW) < CH?
and

(2.23) C_llz(k) < AWK < CH_2kII(k) .

3. Near linear complexity: The wavelets wgk), XZ(-k) and stiffness matrices A% B(*)
can be computed to precision € (in || - ||-energy norm for elements of V' and
in Frobenius norm for matrices) in O(N polylog %) complexity.

0|o|0|0joj0|B(|0O
o ¢ e [ O|o|0|0|0|0]0O([0
o|o|0|ofl2n2]|0(0
G 0 | g|o|0|op2p2|0 (0
o|oj0o|Oo|0j0]O|O
g B e g o|o|0|ojO|0]OfO
g|o|0|Oo|0j0O|O|O
0 ¢ ¢ g O|ojo|Oo|0j0]O|O
Q0 71:2) 23

Iy y-

i @ &

2
=1 g 14N 12 s o9
i

F1G. 1. Nested partition of Q = (0,1)2 such that the kth level corresponds to a uniform partition

El.’Q) and ﬂ](~?’3). The bottom row

shows the support of ¢§1),¢§-2), and ¢§3>. Note that 1) = s(1) =4 and s(2) = j.

of Q into 27F x 27F squares. The top row shows the entries of

Ezample 2.4. Consider Example 2.1. Let Z(?) be the finite set of g-tuples of the
form i = (i1,...,44). For 1 < k < g and a r-tuple of the form i = (i1,...,1,), write

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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i) = (iy,...,ig). For 1 <k < gandi=(i1,...,i,) € D, write Z") = {i(®) .
Z@}. Let 6,h € (0,1). Let (T(k

A ))ieI(k) be uniformly Lipschitz convex sets formlng

a nested partition of €, i.e., such that Q = UieI(k)T-(k) k€ {1,...,q} is a disjoint
union except for the boundaries, and Ti( ) = U ezt o) =T ( 1) yke{l,...;q—1}.

(k) (k)

Assume that each 7, contains a ball of center z;”’ and radlus 5hk, and is contained

in the ball of center xgk) and radius §~1h*. Writing |7'i(k)| for the volume of Ti(k), take

(2.24) o) =1 9|7V %

The nesting relation (2.9) is then satisfied with 7r(k R = =|r (k+1)|’ \T(k)r’ for () =

i and 771(13 41D .= 0, otherwise. Observe also that HZ qﬁ(k HL2(Q |z|2. For
i= (i1, .. igs1) € ZFHD write i%) := (iy,..., i) € Z®) and note that 7(FF+1) ig
cellular in the sense that 772(13 D — 0 for §®) #£ i, Choose (J*®)s<j<, to be a finite
set of k-tuples of the form j = (j1,..., k) such that j&=D = (ji,... jp_1) € T+
and |J®)| = |Z®)| — |Z(-=V)|. See Figure 1 for an illustration. Choose W) as in

(2.15) and cellular in the sense that W(I;) =0 for iF=1) #£ j(E=1) (see [41, 42, 43, 44]
for examples). Equation (2.18) then corresponds to a multiresolution decomp051t10n
of H§(€2) that is adapted to the operator L.

We have the following theorem [42, 43, 48].

THEOREM 2.5. The properties in Property 2.3 are satisfied for Examples 2.1 and
2.4 with H = h® and a constant C' depending only on 6,€2,d, s,

(| Laal| 2~ 5(Q)

u s
and ||L7Y|:= sup Il @)
u€EH () ||U||Hg(sz)

(225) £ = el
werz (@) [1Lulla-s (o)

®) ond z/;§k> are exponentially localized, i.e.,

Furthermore, the wavelets x;
(2.26)

W e B iy < B/ and [P, < Oh-okem/C

(@\B(a") nhk=1))
and the wavelets wgk),xz(-k) and stiffness matrices A%, B®) can be computed to pre-
cision e (in J| - ||-energy norm for elements of V' and in Frobenius norm for matrices)
in O(N log?**! YY) compleity [43].

Remark 2.6. Rigorous exponential decay/localization results such as (2.26) have
been pioneered in [38] for the LOD basis functions. Although gamblets are derived
from a different perspective (namely, a game theoretic approach), from the numerical
point of view, gamblets can be seen as a multilevel generalization of optimal recovery
splines [39] and of numerical homogenization basis functions such as RPS (rough
polyharmonic splines) [45] and variational multiscale/LOD basis functions [22, 38].

Remark 2.7. For Examples 2.1 and 2.4, the wavelets w e *) and stiffness matri-
ces A% B%) can also be computed in O(N log® o)
Cholesky factorization approach of [48].

complexity using the incomplete

Discrete case. From now on we will consider the situation where V is finite-
dimensional and (9 = V. In the setting of Example 2.1 we will identify V' with the
linear space spanned by the finite-elements ; (e.g., piecewise linear or bilinear tent
functions on a fine mesh/grid in the setting of Example 2.2) used to discretize the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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operator £, use Z(9 to label the elements 77/;Z and set @/}1@ = J)l@ for i € 9. The
gamblet transform [41, 42, 43] is then summarized in Algorithm 2.1 and we have the
decompsoition

(2.27) V=u0®aw?ag...cw,

Algorithm 2.1 The gamblet transform.

w(Q) w

1:

2 A = (g0 )

3: for k=q to 2 do

4. BW) = k) ARy (#).T

5: (k) Z ez W k)ﬂ)(k

6: R(k 1,k) _ ,n_(k 1 k) (I(k A W(k) TB k),flw )
7. A(k 1)_Rk lk)A R(kkl

g Y = > ez R (k) 1/)(k

9: end for

Fast gamblet transform. The acceleration of Algorithm 2.1 to O(N log2d+1 N )

complexity is based on the truncation and localization of the computation of the
interpolation matrices R #*+1) that is enabled by the exponential decay of gamblets
and the uniform bound on Cond(B*)). In the setting of Examples 2.1 and 2.4, this

acceleration is equivalent to localizing the computation of each gamblet wgk) to a sub-

domain centered on T( ) and of diameter O(H*log 777 ). We refer to [41, 42, 43] for a
detailed description of this acceleration.

Higher order problems. Although the local linear elliptic operators of Example 2.1
are used as prototypical examples, the proposed theory and algorithms is presented
in the abstract setting of linear operators on Hilbert spaces to not only emphasize the
generality of the proposed method (which could also be applied to Graph Laplacians
with well behaved gamblets) but also to clarify /simplify its application to higher order
eigenvalue problems. For such applications the method is directly applied to the SPD
matrix representation A of the discretized operator as described in [43, Chap. 21].
The identification of level ¢ gamblets 7,/11@ in step 1 of Algorithm 2.1 with the finite
elements 1@ used to discretize the operator is, when the gamblet transform is applied
to the SPD matrix A, equivalent to the identification of level ¢ gamblets 77/11@ with
the unit vectors of RN. The nesting matrices 7(*~1%) remain those associated with
the Haar prewavelets of Example 2.4 (the algorithm does not require the explicit
input of measurement functions, only those nesting matrices are used as inputs and
they remain unchanged). Of course, fine scale finite elements ); (used to discretize the
operator) have to be of sufficient accuracy for the approximation of the required eigen-
pairs (see [12, 60] and references therein for further discussion of the discretization
issue).

2.3. Gamblet based multigrid method. The gamblet decomposition enables
the construction of efficient multigrid solvers and preconditioners. Suppose we have
computed the decomposition (2.27), the stiffness matrices A®*) and interpolation ma-
trices R*~1F) in Algorithm 2.1, or more precisely their numerical approximations
using the fast gamblet transform [41, 42, 48, 43], to a degree that is sufficient to ob-
tain grid-size accuracy in the resolution of the discretization of (2.4). We will write

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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RFEF=1) .= (RE=LENT for the restriction matrix associated with the interpolation
matrix R*—1F), .
For g(®) € RZ™ consider the linear system

(2.28) ARz = gk,

Algorithm 2.2 provides a multigrid approximation MG(k, zp, g*)) of the solution z of
(2.28) based on an initial guess zo and a number of iterations k. In that algorithm,
my and ms are nonnegative integers (and p =1 or 2. p = 1 corresponds to a V-cycle
method and p = 2 corresponds to a W-cycle method). A®) is an upper bound for the
spectral radius of A®). Under Property 2.3 we take A¥) = CH 2% where C' and H
are the constants appearing in the bound A®) < CH=2¢I .

Remark 2.8. We use the simple Richardson iteration in the smoothing step of
Algorithm 2.2. In practice, Gauss—Seidel and CG can also be used as a smoother.

Remark 2.9. The number of operations required in the kth level iteration defined
by Algorithm 2.2 is O(Ny(log 2&)24+1) where Ny, := dim(D*)).

Algorithm 2.2 Gamblet based multigrid (kth level iteration).

For k =1, MG(1, 2o, g(l)) is the solution obtained from a direct method. Namely
(2.29) AMMG(1, zg, gV = gD,

For k > 1, MG(k, 29, g®)) is obtained recursively in three steps.
1. Presmoothing: For 1 </ < myq, let

1

(2.30) Zo =241+ W(g(k) —A®z, ).

2. Error correction: Let g*~1) := RE=LF) (g(F) — A() 20y and q(()k_l) = 0. For
1< <p,let
(2.31) ¢V = Me(k - 1,¢%7V, g* ).

Then zp, 41 := 2m, + R(k”“’l)ql(,k_l).
3. Postsmoothing: For m; +2 </ < mj+mo + 1, let

1
(232) Z¢ = 2p—1 + W(g(k) — A(k)Zg_1).

Then the output of the kth level iteration is

(233) MG(]C, 20, g(k)) = Zmi+mo+1-

Ttems 1 and 2 of Property 2.3 (i.e., the bounds on approximation errors and
condition numbers) imply the following result of V-cycle convergence.

THEOREM 2.10 (convergence of the kth level iteration). Let m; = mg = m/2,
and k be the level number of Algorithm 2.2, and p = 1. For any 0 < 0 < 1, there
exists m independent from k such that

(2.34) Iz — MG(k, z0, g)|| acry < 0|2 — 20| 4k -
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Proof. Theorem 2.10 follows from the following smoothing and approximation
properties introduced in [40, sect. 3.3.7].

Smoothing property: The iteration matrix on every grid level can be written as
SE) =T — MF):=1AK) where M*) is symmetric and satisfies

(2.35) M®*) > AR
Approximation property: It holds true that
(2.36) [AR)—1 _ Rlkk=1) A=), —1 Rk=1) )1, < O M *)|| 5L, O

Taking M®) = AW k) — =% in Algorithm 2.2 implies the smoothing property
(2.35) by (2.23) in Property 2.3. There are two approaches to proving the approx-
imation property (2.36). The first one would be to adapt the classical approach as
presented in [40, p. 130] (in that approach (2.36) is implied by (2.20) and (2.21)
and it requires the mass matrix of the gamblets to be well conditioned which fol-
lows from [58, Thm. 6.3]). Here we present a second approach. First, observe that
D = AW~ _ Rk=1) g(k—1),=1 R(k=1.K) i5 symmetric and positive. Indeed, us-
ing RE—1R) = Ak=1D7(k=1k) A(k),=1 we have for z = ARy, 2TDz = yTAF)y —
yTTr(k,k—l)A(k—l)ﬂ(k—l,k)y _ ||u(k) _ u(k—1)||2 with u® — Ziezm yﬂ/)gk) (see [43,
Prop. 13.30] for details). Therefore, || D||2 = sup,—; 7 Dz. Now take g =}, xiqbl(-k)
and u = L£7'g. Then 27A®)~1z = ||ul|? and 2T R*F=DAG-D.~1RKE-1h) —
lu*=D]2. Therefore 7Dz = |lul|? — |[u*D|? = [ju — uk~ 1)H2 Using (2.21) in
Property 2.3 we have ||u — u*=1||2 < CH?>*=1| ¢|2. Usmg llgllz < Cl|z|* we deduce
that ||D||2 < CH2* =1 which implies the result for M*) = ?k)l(k) CH™?* (a
factor H~? is absorbed into C).

We conclude the proof of (2.34) by applying [40, Theorem 3.9], and taking 6 >
ﬂ%, where C' is the constant in (2.36).

Remark 2.11. The LOD [38] based Schwarz subspace decomposition/correction
method of [31, 30] also leads to a robust two-level preconditioning method for PDEs
with rough coefficients. From a multigrid perspective, a multilevel version of [31, 30]
would be closer to a domain decomposition/additive multigrid method compared to
the proposed gamblet multigrid, which is a variant of the multiplicative multigrid
method.

3. Gamblet subspace correction method for eigenvalue problem. We
will now describe the gamblet based multilevel correction method. Consider the ab-
stract setting of section 2.1 and write <-, > o for the scalar product associated with the
norm || - |lo placed on V4. Since [, -] is the dual product between V* and V induced
by the Gelfand triple V' C Vp C V* we will also write [u,v] := <u7 v>0 for u,v € Vj.

Consider the eigenvalue problem: Find (A, v) € R x V such that (v,v) =1, and

(3.1) (v,w) = Av,w] YweV.

The compact embedding property implies that the eigenvalue problem (3.1) has a
sequence of eigenvalues {A;} (see [6, 15]):

O<A <A< <A <o) lim A= o0,

£— 00

with associated eigenfunctions

V1,V2y...,U0py...,
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where (v;,v;) = d;; (0;,; denotes the Kronecker function). In the sequence {\;}, the
A;’s are repeated according to their geometric multiplicity. For our analysis, recall
the following definition for the smallest eigenvalue (see [6, 15]):

(w, w)

2 A1 = mi .
(32) L7 otwev [w, w]

Define the subspace approximation problem for eigenvalue problem (3.1) on 25k
as follows: Find (A®) 5(F)) € R x 0*) such that (5(*),5*)) = 1 and

(3.3) @®) w)y = AP [EH®) ] vw e g®),

From [5, 6, 15], the discrete eigenvalue problem (3.3) has eigenvalues

and corresponding eigenfunctions

o5 o) g

where (50", ")) = §,;,1 <i,j < Ny, and Ny := dim(0®).
From the min-max principle [5, 6], we have the following upper bound result:

(3.4) N<AW 1<i< N
Define
(3.5) n(w®)y =" sup inf [|[£71f —w.

FEV, || fllo=1 wETH)

Let M()\;) denote the eigenspace corresponding to the eigenvalue \;, namely,

(3.6) M) = {veV]|{vw)=X[v,w] YweV},
and define
(3.7) I(N) = sup inf |lv—w].

vEM (Xi),||lv||=1 weP k)
PROPOSITION 3.1. Property 2.3 implies
(38)  p@™) <CH',  §(\) < CVAH", and 65(N) < VAm(TW),

forke{l,...,q} where C and H are the constants appearing in Property 2.3.

In order to provide the error estimate for the numerical scheme (3.3), we define
the corresponding projection operator Py as follows:

(3.9) (Pru,w) = (u,w) Yw e BH,
It is obvious that

lu —Prul| = inf ||u—w].
weW (k)

The following Rayleigh quotient expansion of the eigenvalue error is a useful tool
to obtain error estimates for eigenvalue approximations.
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LEMMA 3.2 (see [5]). Assume (A, v) is an eigenpair for the eigenvalue problem
(3.1). Then for any w € V\{0}, the following expansion holds:
(w,w) <w7uaw7u>

{w,w) N
(3.10) wa " o] A

w— u, W — ul

Yu € M(N).

For simplicity we will from now on restrict the presentation to the identification of
a simple eigenpair (A, v) (the numerical method and results can naturally be extended
to multiple eigenpairs). Let E : V — M();) be the spectral projection operator [5]
defined by
3.11 Jop— L) d
(3:11) “omi ) F70)
where I' is a Jordan curve in C enclosing the desired eigenvalue A; and no other
eigenvalues.

We introduce the following lemma from [50] before stating error estimates of the
subspace projection method.

LEMMA 3.3 (see [50, Lemma 6.4]). For any exact eigenpair (\,v) of (3.1), the
following equality holds:

OB _ NP, 5] = Ao = Pro, o), G =1,..., N

The following lemma gives the error estimates for the gamblet subspace approxi-
mation, which is a direct application of the subspace approximation theory for eigen-
value problems; see [5, Lemma 3.6, Theorem 4.4] and [15].

LEMMA 3.4. Let (\,v) denote an exact eigenpair of the eigenvalue problem (3.1).
Assume the eigenpair approzimation (S\Ek),ﬂgk)) has the property that ﬂgk) = 1/5\1(“
is closest to p=1/X. The corresponding spectral projection E; i, : V — span{ﬂgk)} 18
defined as follows:

(B jw, 2P = (w, o) vw e V.

The eigenpair approrimations (Xf-k),z’)gk)) (i = 1,2,...,Ni) have the following
error estimates:

1
(3.12) |E; kv —v|| <, [1+ ® 2n2(m(k))5k()\i),
A6
1
(3.13) i = vl < (14— J )1 Biw — ol
A6l

where (5&“ 1s defined as follows:

(3.14) 5 .= min
J#i

|
RCEEDY
A A
and 5§\k)’2 = (5E\k))2.

Proof. Following a classical duality argument found in finite element method, we
have

I(Z = Pr)ullo = sup [(I = Pr)u, gl = sup ((I = Pr)u,L™"g)

llgllo=1 [lgllo=1
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(3.15) = HS”ung = Pr)u, (I = Pr)L™"g) < n(BW)[[(1 = Pr)ull.

Since (I — E; x)Prv € B*) and (I — E; 1) Py, @gk)> = 0, the following orthogonal
expansion holds:

(3.16) (I - Eip)Prv =Y ;o)
J#i

where a; = (ka,EEk)>. From Lemma 3.3, we have

k k k AP k
a; = (Pro, v( )> = )\( )[P v]( )] = 7(]:) [U—ka,ﬁj(- )]
A
(3.17) = ——5[v =P, "),
= iy

where = 1/\ and ﬂ;k) = 1/5\§k).
(k) —(k)

From the property of eigenvectors vy ,...,0m , the following identities hold:

—(k) —(k) 3 — k) =(k
= @) = XV, 59] = X

_(k 1 _(k
(3.18) 1915 = <o = 5"
J
From (3.3) and definitions of eigenvectors @%k), usn), we have the following equal-
ities:

5k 7
(3.19) <U(k)a 7'fk)> = dyj, {_(jk)v _(Zk)} =05, 1<4,5j <N
1957 Mlo 119;" [lo

Combining (3.16), (3.17), (3.18), and (3.19), the following estimates hold:
(3.20)

(I — E; ) Prol? =

2 ) 1 2 7(}@-) 9
’ :ZO‘J‘:Z< (k)) ‘[U_kavvj ]‘

i i ST

ZaJ Yy

J#i

)12 ~(k) 2 —(k) 2
J
(k)2 Z”“ [ [“_ka ) ] (k)2 Z“J {”_ka’ k) ]
5 i 195110 L 19" [lo
(k)
iy
5(k) 2 v — Pk”“%

From (3.15), (3.20), and the orthogonal property (v — Pxv, (I — E; 1)Prv) = 0, we
have the following error estimates:

lv = Ei vl = |lv = Prevl|* + (I = Ei ) Prol|?
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—(k)

< T = Puol? + Lzl - Pol < (144

102 ) = Pl
/\
which is the desired result (3.12).

Similarly, combining (3.16), (3.17), (3.18), and (3.19), leads to the following esti-
mates

(I — E;1)Proll§ =

> o) Zcfnv““)uo

J#i J#i
? k)
—Z( _m) [v = Pev,off W 13
—( ) 2 ®
_(k) 4
5(k)22 { = Prv, o (k)” } 195" llo

J#i

(3.21)

5(k) 2 Z k)

J#i

—(k) 2 ‘a(k) 2
|:11—ka (k) ] < <(1k)> lv — Prol|3.
125" 1lo o)
By (3.15) and (3.21), we have the following inequalities:

= (k) = (k)

[ [
(3.22) (I = Bix)Prollo < ﬁllv — Prollo < (5(17)77(%('“))”(1 — Pr)v].
A A

From (3.15), (3.22), and the triangle inequality, we conclude that the following error
estimate for the eigenvector approximation in L2-norm holds:

o~ Eesollo < llo — Peello + (I — E;x)Pevll
(’c)
< llo = Peollo + 5(k)n<m(k>>||<f—v>k>vu

(k)
H1 (k)
(1+5A ) W)\ - oo

(k)
(323 < (1+ 5(k)) (W) = Bsol.

This is the second desired result (3.13) and the proof is complete. |

In order to analyze the method which will be given in this section, we state some
error estimates in the following lemma.

LEMMA 3.5. Under the conditions of Lemma 3.4, the following error estimates
hold:

(k) 1
(3.24) lv — o) < \/2(1 + 50 5(k),2n2<m<k>>)||<f—mvn,
(3.25) o = X050 < CapE®) o — 5P|,
_(k) 1
2 — ) < = y=
(3.26) lo =21l < T—p gy I = Pevl
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where

(3.27) Cy = 2IA< 1(k)) + x§k>\/1 + %yﬂ(mw)z’
A10y A6y

and

1 1 1
(328)  Dy— ﬁ<2|x|(1+ >+>\ +n2(m<k>)).
)\1 )\1(5; )\1(5&16)72

Proof. Let us set a > 0 such that E; yv = oa‘)gk). Then it implies that
(3.29) 1= |[of| > | Biol| = allot™ | =

Based on the error estimates in Lemma 3.4, the property ||v| = ||17i(k) || =1 and (3.29),
we have the following estimations

3|2 (k) _

v — = |lv = Evpo|? + [0 — Eq o2
k k
= |lv = Ei o] + [87)2 = 266, B; o) + || i ol
_(k
= |lv — By 0l + 1 — 20 || By wol] + || By ol)?
— |Jv = Es g0l + lol|> = 2l|oll| Epv]l + | Eopo]®

(330)  <llv— Eixvl® + 0ll* — 2(v, Ei gv) + | Bipvl|* < 2|0 — By |,

Equations (3.12) and (3.30) lead to the desired result (3.24).

With the help of (3.13) and the property (3.29) and [|vl|o = 25 > |5 lp = —A—,
)\

W\

we have the following estimates for ||v — v ||0

lo ="l < [lv = Eixvllo + [ Bigv = 5o
= 1
= |lv— E;xvllo+ ||U1 ||0 — 1B kvllo = |lv — Eixvllo + —— - I E;: kv]lo
AP
1
< o= Eiollo + I [Eikvllo = [lv = Eigvllo + [[v]lo = [[Eikvllo

<|v = Ei,vllo+ llv = Eirvllo < 2[lv — E; xvllo

1 1 Lk
(3:31)= 2(”» W)) (B®)lv — Byl <2(1+A §(k)>n(‘13(’“))vv§ ]l
1

From the expansion (3.10), the definition (3.5), error estimate (3.12), and the property

H’T}Ek) — o™ | =lv—FEix| <|v-— ﬁgk) ||, the following error estimates hold:

o — Bo?

. v — Eq o)
1712 1512

< (k 1 (k
<A 1+ —55 @) = Pr)ollo — 57|
A0y,

- 1 B ~
< ME»’“)\/H — PO = P o - o]
19X
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y(k 1 A
< M >\/1+Wn2<m<k)> n(@ ) ollollo o
192

(00O o~ 57|

?

(3.32) < vk \/ 1+
A

n
15&1@,2

Then the combination of (3.31), (3.32), and the property Hv ||0 =1/ )\(k <
1/+/X leads to the following estimate:

(3.33)
2w = X5 o < IMlllo = 5" lo + 19" lo|A = X"l
k) k (K
<2IA<1+ WG ) + (15" lo VAN >\/1+ W CELCAN )n(m(’f>)||v—v§ )

10) A

1 (k)
2IA<1 - ) SR n2(B0)2 | n(@®) v — 5",
( M 5““) Ao

which is the desired result (3.25).
(k)

We now investigate the distance of Pjv from o;
holds:

. First, the following estimate

L W—“ B, Peo— o) = (0 — o, Pro — o)

:[Av ABZE Py — 58] < v = AP5B o[ Prw — 5P
(330) < ——[hw- A<k>ﬁ<’“>uonm — M.

\/X v i

From (3.33) and (3.34), we have the following estimate:

1 _
1Pev =5 < =20 = X5 o
1

1
(3.35) < —— 2)\|<1+ »

3(k) i (k))2 (k) (k)
\/E +)‘z 1+ 5(k)72n(m ) n(m )HU—’UZ- ||
A

5®

Equation (3.35) and the triangle inequality lead to the following inequality:

v =5 < [l — Pyol| + [Pro — 57|

< [lv = Pyl
1 1 NG A ) (k) k)
T | 2RI WG] TS| T S (B | (T =,
A
which in turn implies that
lo — o]
< [v—Pry|
1- L <2|)\|(1 . 5<k>> + 2! \/1 (k) —t=? W“)) n(TB*)
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1

< ————||lv— .
S T Dy IV = Pl

This completes the proof of the desired result (3.26). d

3.1. One correction step. To describe the multilevel correction method we first
present the “one correction step.” Given an eigenpair approximation (A6 (-0
€ R x U*) | Algorithm 3.1 produces an improved eigenpair approximation ()\(k’”l),
v(k’”l)) € RxU*) In this algorithm, the superscript (k, £) denotes the £th correction
step in the kth level gamblet space.

Algorithm 3.1 One correction step.
1. Let o(k4+1) € 95(%) be the solution of the linear system

(3.36) @EAHD ) = XEO[ED ] v e B*),
Approximate 7*4+1) by 541 = MG(k, v*0 \EDy (D) ysing Algorithm
2.2.
2. Let UM be the coarsest gamblet space, define
1k = 951 4 span{pF+D},

and solve the subspace eigenvalue problem: Find (AF#+1) (F441)) ¢ R x
0(1E) such that (v*-+1) yEL4DY = 1 and

(3.37) <U(k,é+1)’w> _ )\(k,e+1)[v(k,e+1)7w] Vo € Pk

Let EigenMG be the function summarizing the action of the steps described above,
ie.,

AEHD (41 — B genua(), AB0) (0 g8y,

Remark 3.6. Notice that in (3.37), the orthogonalization is only performed in the
coarse space BF) with dimension 1 + dimBM.

For simplicity of notation, we assume that the eigenvalue gap 6§\k) has a uniform
lower bound which is denoted by d, (which can be seen as the “true” separation of the
eigenvalues) in the following parts of this paper. This assumption is reasonable when
the mesh size H is small enough. We refer to [47, Theorem 4.6] for details on the
dependence of error estimates on the eigenvalue gap. Furthermore, we also assume
the concerned eigenpair approximation ()\(k’é), v(k’f)) is closet to the exact eigenpair
(AR 5k of (3.3) and (A, v) of (3.1).

THEOREM 3.7. Assume there exists exact eigenpair (5\(’“), T)(k)) such that the eigen-
pair approzimation (\*0 v*0) satisfies |vF0| =1 and

(339) AR — AEO D < G ®) o) - o0

for some constant Cy. The multigrid iteration for the linear equation (3.36) has the
following uniform contraction rate:

(339) Hi}\(k,ZJrl) . 5(k,€+1)H < 9||v(lc,f) _ ;J(k,f+1)||
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with 8 < 1 independent from k and £.
Then the eigenpair approximation ()\(’MH), v(k’eﬂ)) € R x B® produced by Al-
gorithm 3.1 satisfies
(3.40) ) o) — D) < Pyi”f}(k) — B0,
(3.41) H)\(k)@(k) _ )\(k,éJrl)v(k,Hl)HO < CW(W(U)HT/(’C) _ U(k,€+1)H’

where the constants v, C, and Dy are defined as follows:

1 Cy
3.42 = (0+(1+9 m(1)>
(342) = Ty (O 0+ O i)
(3.43) Cy =2\ (1 + L) 130 14 Loy
Aox/ A102 ’

_ 1 1 -1 1
44 Dy=—=|2 14+ — : 1 )
(3.44) ) W( M+ 55) TN \/*m (3 >)

Proof. From (3.2), (3.3), and (3.36), we have for w € G®*),

() — D ) = [(ARGR) — (RO (RO 4]
< AW — A(k’z)v(k’€)||0||w||o < Cup(BW)[o® — o]l
1

<L o g @5 — p®O |l

< n(T)[|oH — v B[ [|w]]
Taking w = 7% — 5(F+1) we deduce from (3.38) that

~ Cy

3.45 o) gt < L g5k k0,
(3.45) | | o ()l I

Using (3.39) and (3.45) we deduce that
||,17(k‘) _ ﬁ(k,€+1)|| < H@(k) _ 5(k,£+1)|| + ||5(k,2+1) _ 6(k,€+1)”
< H,D(k) _ (k, £+1)|| + ella(k A4+1) ,U(k,é)ll

< HT)( ~(k€+1)||+9||~(k L4+1) (lc)”_’_g”,l—)(k)_v(k,é)H
< L+ 0o — 5D 4 g5 ® — v®0)
Ch
. < WY 15F) — kO
(3.46) < 0+ @+ o) Zzn@) ) o - o)

The eigenvalue problem (3.37) can be seen as a low-dimensional subspace approxima-
tion of the eigenvalue problem (3.3). Using (3.26), Lemmas 3.4, 3.5, and their proof,
we obtain that

1
(B) _ k1)) < (L,k)
I = 1-— D)J?(Q](Lk)) w, k)em(l k) HU -w I
1
< _ 5(k) _ 5(k,e+1)
= 1 . D)\T](Q](l)) HU v ||
(3.47) < Alo® — ™9
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and
”;\(k)@(k) _ )\(k,Z+1)U(k,€+1)HO < C«)\n(m(l,k))”@(k) _ U(k,f+1)H
(3.48) < Can(@M) o™ — oD,
Then we have the desired results (3.40) and (3.41) and conclude the proof. O

Remark 3.8. Definition (3.42), Theorem 2.10, and Lemmas 3.4 and 3.5 imply that
~ is less than 1 when n(%(l)) is small enough. If X is large or the spectral gap J, is
small, then we need to use a smaller n(B(")) or H. Furthermore, we can increase the
multigrid smoothing steps m; and mqy to reduce 6 and then . These theoretical re-
strictions do not limit practical applications where (in numerical implementations), H
is simply chosen (just) small enough so that the number of elements of corresponding
coarsest space (just) exceeds the required number of eigenpairs (H and the coarsest
space are adapted to the number of eigenpairs to be computed).

3.2. Multilevel method for eigenvalue problem. In this subsection, we in-
troduce the multilevel method based on the subspace correction method defined in
Algorithm 3.1 and the properties of gamblet spaces. This multilevel method can
achieve the same order of accuracy as the direct solve of the eigenvalue problem on
the finest (gamblet) space. The multilevel method is presented in Algorithm 3.2.

Algorithm 3.2 Multilevel correction scheme.

1. Define the following eigenvalue problem in 0™): Find (A, »M)) € R x B®)
such that (v v(M) =1 and

(W, 0Dy = AD[pO M) v e 50,

()\(1), v(l)) € R x UM is the initial eigenpair approximation.
2. For k=2,...,q, do the following iterations
° Set )\(k‘,O) = )\(k_l) and v(k,O) = 'U(k_l)_
e Perform the following subspace correction steps for £ =0,...,w — 1:

()\(k’“'l), v(k’“l)) = EigenMG(m(l)7 AEE) ) (Fol) %(k)).

e Set AK) = \(b:®) and p*) = p(k=),
End Do
Finally, we obtain an eigenpair approximation ()\(Q),U(Q)) € R x U@ in the finest
gamblet space.

THEOREM 3.9. After implementing Algorithm 3.2, the resulting eigenpair approz-
imation (A9, v(@) has the following error estimates:

q—1
(349) 0@ =@ <23 A17H=a(),
k=1
1
(3.50) |59 — v @]y < 2(1 T 7)77@(1))”@«1) — @],
A0y
(3.51) IND — \@D] < \@|]p@) — 52,

where w is the number of subspace correction steps in Algorithm 3.2.
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Proof. Define ej, := o®) —v(*), From step 1 in Algorithm 3.2, it is obvious e; = 0.
Then the assumption (3.38) in Theorem 3.7 is satisfied for k = 1. From the definitions
of Algorithms 3.1 and 3.2, Theorem 3.7, and the recursive argument, the assumption
(3.38) holds for each level of space B*) (k =1,...,q) with C; = Cy in (3.43). Then
the convergence rate (3.40) is valid for all k =1,...,qand £ =0,...,0 — 1.

For k = 2,...,q, by Theorem 3.7 and the recursive argument, we have

llex]] < 7= [[0® — w1
<771 oDl fe) )
7 (0% —of| + ||v = 4 p ) =B
w(ﬁ +5k 1(A) + ler—1l])
(3.52) <7 (2061 () + llex-1l])-

By iterating inequality (3.52), the following inequalities hold:

q—1

(353)  legl < 2(770,-1(N) + - +41TITE () <2 4ITPTa ),
k=1

which leads to the desired result (3.49).
From (3.10), (3.31), (3.32), and (3.49), we have the following error estimates:

1
||@(q) — U(Q)Ho <214+ — n(sn(l))H@((I) — U(q)||7
A10x

|U(q) — 5(D)]]2

_ | _
A9 2@ < TG < AD|p@ — @2,
0

which are the desired results (3.50) and (3.51). |

Remark 3.10. The proof of Theorem 3.9 implies that the assumption (3.38) in
Theorem 3.7 holds for C; = Cy in each level of space U*) (k = 1,...,q). The
structure of Algorithm 3.2 implies that C'y does not change as the algorithm progresses
from the initial space 6 to the finest one V@),

COROLLARY 3.11. Let vy be the constant in (3.42). Given the uniform contraction
rate 0 < 0 < 1 (obtained from Theorem 2.10) and given the bound n(¥M)) < CH
(obtained from Property 2.3, which is implied by Theorem 2.5), select 0 < H < 1
small enough so that 0 < v < 1 and then choose the integer w > 1 to satisfy

,_Yw
3.54 — < 1.
(354) L

Then the resulting eigenpair approximation ()\(Q),U(Q)) obtained by Algorithm 3.2 has
the following error estimates:

(3.55) v — 0@ < CCIVAHT,
1
_ 0@, < 2 q—1 1 174
(3.56) lv— 0@ < 2C ((1 + Aléx) (1 +H )) O HY,
(3.57) A= XD <D (cch)2H?,
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where the constant C' comes from Property 2.3 or Proposition 3.1 and C} is defined
as follows:

ch = \/2/\(14—)\5 2(0(@)) +2 (%)
A

_ 1=
H

Proof. From Lemma 3.5, Theorem 3.9, (3.8), (3.24), and (3.54), we have the
following estimates

o = @] < Jlo = 5@ + 5@ — o0

1 = —k)w
< \/2(1 + A15§”2(m@))5qw +2) AT E ()

k=1

1
< (@) a (a=k)= /) gk
_C\/2<1+)\162n (T ))fH +20§ jy VAH

k=1

1

gc\/QA(H/\1152n2(m(q>))qu+20quq ( w)
A

k=0
w \ 4
1 H
(3.58) <C| 221+ —n2(V@D)) + 2———4— | VAHC.

This is the desired result (3.55).
From (3.8), (3.31), (3.49), (3.50), and (3.58), ||[v — v(?||¢ has the following esti-

mates:
o = vl < [lo = 5@ o + 52 — oo

1 1
o214+ — @DY||y — 5(D o214+ — MY 15(@ — (@
<21 o5 JaDlo - 00 4+ 2(1 4 1o ) o — o)
1 1
<201 @y, /21 2(3(0)) | {4
< C( +>\15/\>77(QT )\/ ( +)\16/2\77 (U ))
q
- (o)
1 H
1014+ — Wy A"/ pa
+ C( + A@)"m ) v;

<20 ((1 + Alléx) (1 + Hq—1)> O H.

From (3.10) and (3.55), the error estimate for |\ — A(@)| can be deduced as follows:

2
‘)\_)\(q)‘ < ||U((I) _UH

e — " (@ ||(@) _ 4112 (@20 212g
I < Av vl|* < AW CC\TH.

Then the desired results (3.56) and (3.57) are obtained and the proof is complete. O

Remark 3.12. The main computational work of Algorithm 3.1 is to solve the linear
equation (3.36) by the multigrid method defined in Algorithm 2.2. Therefore, Remark
2.9 implies the bound O(N (log(£))?**!log(e)/log(7)) on the number of operations
required to achieve accuracy € (see [41, 42, 44, 48, 43]).
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4. Numerical results. In this section, numerical examples are presented to
illustrate the efficiency of the gamblet based multilevel correction method for bench-
mark multiscale eigenvalue problems. Furthermore, we will show that the gamblets
can also be used as efficient preconditioner for state-of-the-art eigensolvers such as
LOBPCG method.

4.1. SPE10. In the first example, we solve the eigenvalue problem (2.8) on Q =
[-1,1] x [-1,1], and the coefficient matrix a(x) is taken from the data of the SPE10
benchmark (http://www.spe.org/web/csp/). The contrast of a(x) is Amax(a)/Amin(a)
~1-10°.

The fine mesh 7y, is a regular square mesh with mesh size h = 2(1 + 29)~! and
128 x 128 interior nodes. At the finest level, we use continuous bilinear nodal basis
elements ¢; spanned by {1,z1,x9, 2122} in each element of 7. a(z) is piecewise
constant over Ty as illustrated in Figure 2. The measurement function is chosen as in
Example 2.4. For the gamblet decomposition, we choose H = 1/2, ¢ = 7. The pre-
wavelets 1 and the gamblet decomposition of the solution u for the elliptic equation
—div a(x)Vu = sin(rz) sin(ny) are shown in Figures 3 and 4, respectively.

Fic. 2. Left: coefficient a(x) from SPE10 benchmark, in logy scale. Right: solution u for the
elliptic equation — div a(z)Vu = sin(rz) sin(wy).

Fic. 3. Prewavelets ¢ at different scales.
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2

il 10 2,0 =10 'y

I

F1a. 4. Solution for the elliptic equation with f = sin(wx) sin(7y).

We calculate the first 12 eigenvalues using the multilevel correction method in
Algorithm 3.2; therefore, we actually take U as the coarsest subspace and the
effective mesh size is H? = 1/4. We choose parameters m; = my = 2 and p = 1 in the
multigrid iteration step defined in Algorithm 2.2 to solve the linear equation (3.36),
and use Gauss—Seidel as the smoother.

We compare the gamblet based multilevel correction method with geometric
multigrid multilevel correction method. In Table 1, we show the numerical results
for the first 12 eigenvalues. Here we take the number of subspace correction steps
w=1for k=3,...,q. For comparison, we also show the corresponding numerical re-
sults in Table 2 with the standard geometric multigrid linear solver. We observe much
faster convergence for the gamblet based multilevel correction method (10° smaller
for the first eigenvalue).

TABLE 1
Relative errors |()\§k) — Xi)/ i for the gamblet based multilevel correction method. First, a few
iterations on the coarser levels.

k=2 k=3 k=4 k=5 k=6 k=7
6.1568e-2 | 1.3356e-2 | 3.0902e-3 | 1.2586e-3 | 3.8293e-4 | 1.5586e-8
1.6827e-1 | 3.0270e-2 | 4.6347e-3 | 1.0656e-3 | 2.4616e-4 | 5.3456e-8
7.9106e-1 | 1.1814e-1 | 2.3155e-2 | 2.8431e-3 | 2.9124e-4 | 4.7883e-6
5.8274e-1 | 1.9203e-1 | 4.5203e-2 | 7.7621e-3 | 7.7980e-4 | 4.4444e-5
7.5657e-1 | 1.6533e-1 | 1.6978e-2 | 2.8863e-3 | 3.394le-4 | 1.0250e-5
9.4417e-1 | 2.9132e-1 | 5.0443e-2 | 7.0754e-3 | 7.7061le-4 | 4.4771e-5
1.7033e0 | 2.8337e-1 | 8.1393e-2 | 2.4187e-2 | 4.6014e-3 | 7.289Te-4
2.4517e0 | 5.0598e-1 | 1.3164e-1 | 2.4945e-2 | 4.6447e-3 | 8.7663e-4
6.4576e0 | 6.6654e-1 | 2.6205e-1 | 9.9177e-2 | 1.6962e-2 | 3.3086e-3
6.9955e0 | 6.8507e-1 | 2.4108e-1 | 4.7575e-2 | 1.9529e-2 | 9.6051e-3
1.0927el | 8.6987e-1 | 2.6043e-1 | 7.5851le-2 | 1.9996e-2 | 8.3358e-3
1.3665el | 9.5975e-1 | 3.3355e-1 | 5.9182e-2 | 1.9377e-2 | 7.5015e-3

===
oS ©®0N0 Uk W =

Remark 4.1. Tt is shown in [37] that for approximate eigenvalues with respect to
the LOD coarse spaces on scale H, a postprocessing step can improve the eigenvalue
error from H* to HS. The postprocessing step is a correction with exact solve on
the finest level. Since we are using an approximate solve in the correction step, this
corresponds to the multilevel correction scheme with one correction step on each level,
which is shown in Table 1. Comparing Table 1 with Table 2 in [37] shows a similar
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improvement of accuracy at the finer levels (although the coefficients a(x) are not
the same, we expect a similar behavior for the approximation errors of eigenvalues).
However, with geometric multigrid, the error reduction is very slow, which is shown

by Table 2.

TABLE 2
Relative errors |()\Z(.k) — Xi)/Ai| for multilevel correction with geometric multigrid. First, a few

iterations on the coarser levels.

i k=2 k=3 k=4 k=5 k=6 k=7

1 2.6912e0 | 2.6698e0 | 2.5627e0 | 2.0948e0 | 4.435le-1 | 5.0859e-2
2 | 2.4310e0 | 2.3886e0 | 2.3037e0 | 1.8812e0 | 4.8645e-1 | 5.4931e-2
3 | 2.3129e0 | 2.2749e0 | 2.1802e0 | 1.8076e0 | 4.9837e-1 | 6.4541e-2
4 | 2.6706e0 | 2.6225e0 | 2.5193e0 | 2.0636e0 | 5.8780e-1 | 9.2958e-2
5 | 3.1593e0 | 2.9673e0 | 2.8141e0 | 2.2948e0 | 6.2242e-1 | 9.8928e-2
6 | 2.7198e0 | 2.5764e0 | 2.4233e0 | 1.9427e0 | 5.3022e-1 | 7.5071e-2
7 | 2.9581e0 | 2.8158e0 | 2.6886e0 | 2.2162e0 | 6.1367e-1 | 9.9160e-2
8 | 2.9712e0 | 2.8012e0 | 2.6446e0 | 2.1981e0 | 6.4002e-1 | 9.3180e-2
9 | 3.7158e0 | 3.2765e0 | 3.0548e0 | 2.4382e0 | 6.8837e-1 | 1.1892e-1
10 | 3.1307e0 | 2.7671e0 | 2.5808e0 | 2.0749e0 | 5.9963e-1 | 8.4462e-2
11 | 3.0937e0 | 2.8429e0 | 2.6748e0 | 2.1673e0 | 5.7858e-1 | 8.8655e-2
12 | 3.1317e0 | 2.7967e0 | 2.6259e0 | 2.1068e0 | 5.8031le-1 | 8.6055e-2

If higher accuracy is pursued, we can take more correction steps at the finest level
k = q. See Figure 5 for the convergence history of both the gamblet based method
and the geometric multigrid based method up to 1074, The gamblet based method
converges much faster than the geometric multigrid based method.

Eigenvalue errors for Different Eigenpairs

Estimated eigenvalue errors
3,
e

S =)

10714

-16 V'V
10 0 50 60 70

Estimated eigenvalue errors

Eigenvalue errors for Different Eigenpairs

100 150
Iteration number

200 250 300

F1G. 5. Convergence history for first 12 eigenvalues. Left: Gamblet based multilevel method.
Right: Geometric mutligrid based multilevel method. The iteration number corresponds to the num-
ber of correction steps, namely the outer iteration number.
coarse levels k = 3,...,q— 1, and the following iterations are on the finest level k = q.

The first a few iterations are on the
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CPU times In seconds

slope = 1
—slope=1

0
10 Gamblet based multievel correction method
ARPACK

10 1 L L
10° 104 10° 10°
Degrees of freedom

Fic. 6. CPU time for Gamblet based multilevel correction and ARPACK.

We now compare the efficiency of the multilevel correction method with the
benchmark solver ARPACK (https://www.caam.rice.edu/software/ ARPACK/). We
implement the multilevel correction method in C (with a precomputed Gamblet de-
composition), and run the code on a machine with two 6-core dual thread Intel Xeon
E5-2620 2.00GHz CPUs with 72GB memory. We solve for 12 eigenvalues, and stop the
multilevel correction method when relative errors for all eigenvalues are below 107Y.
For comparison, we use the ARPACK library to solve the same eigenvalue problems,
and use the geometric multigrid method to solve the corresponding linear systems.
The results in Figure 6 show that the Gamblet based multilevel correction method
achieves a ten-fold acceleration in terms of CPU time. We only plot the “online”
computing time for eigenpairs in Figure 6, the “offline” precomputing time for the
gamblet decomposition is not included since we only have a MATLAB implementation
for this part. For the MATLAB implementation of the multilevel correction method,
the running time for the “online” and “offline” parts are usually proportional, and
the a priori theoretical bound on the complexity of the gamblets precomputation is
O(N In***! N).

4.2. Random checkerboard. In the second example, we consider the eigen-
value problem for the random checkerboard case. Here, = [—1,1] x [-1,1] and
the matrix a(x) is a realization of random coefficients taking values 20 or 1/20 with
probability 1/2 at small scale ¢ = 1/64; see Figure 7. The coefficient a(z) has contrast
4 x 102, and is highly oscillatory.

We calculate the first 12 eigenvalues. The parameters for Algorithm 3.2 are
H=1/2,q="7, and we take 02 as the coarsest subspace. We choose mi = moy = 2
and p = 1, and use Gauss—Seidel as the smoother in Algorithm 2.2. We take the
number of subspace correction steps w = 1 for £k = 3,...,¢ — 1, then we run the
subspace correction at the finest level k = ¢ until convergence.

The convergence rates shown in Figure 8 suggest a ten-fold acceleration in terms of
iteration number when comparing the gamblet and based multilevel correction method
to the geometric multigrid based multilevel correction method. While it takes more
than 800 iterations for geometric multigrid based multilevel correction method to

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://www.caam.rice.edu/software/ARPACK/

Downloaded 07/23/20 to 131.215.249.116. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2544 HEHU XIE, LEI ZHANG, AND HOUMAN OWHADI

Fic. 7. Random Checkerboard coefficient, in log,y scale.

converge for the first 12 eigenvalues to converge to accuracy 104, the gamblet based
multilevel correction method converges to that accuracy within 70 outer iterations.

Eigenvalue errors for Different Eigenpairs Eigenvalue errors for Different Eigenpairs

Estimated eigenvalue errors
Estimated eigenvalue errors

50 60 70 0 200 40 800 1000 1200

10 20 0 600
Iteration number

30 40
Iteration number

Fic. 8. Convergence history for first 12 eigenvalues. Left: gamblet based method. Right:
geometric mutligrid based method. The iteration number corresponds to the number of correction
steps, namely, the outer iteration number. The first a few iterations are on the coarse level k =
3,...,q— 1, and the following iterations are on the finest level k = q.

4.3. Gamblet preconditioned LOBPCG method. In the previous sections,
we have proposed the Gamblet based multilevel correction scheme, proved its conver-
gence and numerically demonstrated its performance. In this section, we will show
that Gamblets can also be used as an efficient preconditioner for existing eigensolvers.
To be precise, we construct the gamblet based preconditioner for the Locally Optimal
Block Preconditioned Conjugate Gradient (LOBPCG) method [25, 28], which is a
class of widely used eigensolvers.

A variety of Krylov subspace-based methods are designed to solve a few extreme
eigenvalues of symmetric positive matrix [49, 19, 10, 24, 25, 28, 7]. Many studies have
shown that LOBPCG is one of the most effective method at this task [27, 18] and there
are various recent developments of LOBPCG for indefinite eigenvalue problems [8],
nonlinear eigenvalue problems [51], electronic structure calculation [52], and tensor
decomposition [46]. The main advantages of LOBPCG are that the costs per iteration
and the memory use are competitive with those of the Lanczos method, linear conver-
gence is theoretically guaranteed and practically observed, it allows utilizing highly
efficient matrix-matrix operations, e.g., BLAS 3, and it can directly take advantage
of preconditioning, in contrast to the Lanczos method.

LOBPCG can be seen as a generalization of the Preconditioned Inverse Iteration
(PINVIT) method [19, 10, 24]. The PINVIT method [19, 10, 24, 25, 28], can be
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motivated as an inexact Newton method for the minimization of the Rayleigh quotient.
The Rayleigh quotient p(x) for a vector x and a symmetric, positive definite matrix
M is defined by

_ 2T Mz

e, M) = plw) = =1

The global minimum of p(z) is achieved at z = vy, with Ay = p(z), where (A1, v1)
is the eigenvalue pair of M corresponding to the smallest eigenvalue A;. This means
that minimizing the Rayleigh quotient is equal to computing the smallest eigenvalue.
With the following inexact Newton method, from

w; = B™Y(Mxz; — p(x)xs),

Tit+1 = L5 — Wy,

we get the PINVIT. The preconditioner B for M have to satisfy ||[I — B™* M|y <
¢ < 1. The inexact Newton method can be relaxed by adding a step size «

Ti+1 = T — Q;Wy,

Finding the optimal step size «; is equivalent to solving the a small eigenvalue problem
with respect to M in the subspace {z;,w;}. In [25] Knyazev used the optimal vector
in the subspace {x;—1,w;,x;} as the next iterate. The resulting method is called
LOBPCG.

In the following comparison, we adopt the MATLAB implementation of LOBPCG
by Knyazev [26]. We use the gamblet based multigrid as a preconditioner in the
LOBPCG method, and compare its performance for SPE10 example with geometric
multigrid preconditioned CG (GMGCG) and general purpose ILU based precondi-
tioner; the results are shown in Figure 9. It is clear that the gamblet preconditioned
LOBPCG as well as the gamblet multilevel correction scheme (see Figure 9) have
better performance than the GMGCG or ILU preconditioned LOBPCG in terms of
iteration number. The gamblet based LOBPCG converges with the accuracy (residu-
als) of about 1071°, with 56 iterations in about 30 seconds (in addition, the precom-
putation of the gamblets costs about 18 seconds). While the GMG preconditioned
LOBPCG in Figure 9 fails to converge in 1000 iterations, and the residuals are above
10~° when it is stopped at 1000 iterations in about 60 seconds. Although our imple-
mentation in MATLAB is not optimized in terms of speed, the above observations
indicate that the gamblet preconditioned LOBPCG has the potential to achieve even
better performance with an optimized implementation.

Remark 4.2. The LOBPCG method has a larger subspace for the small Rayleigh—
Ritz eigenvalue problem, compared with the multilevel correction scheme in (3.37).
This could be the reason why the gamblet preconditinoed LOBPCG scheme has fewer
(but comparable) outer iterations compared with the multilevel correction scheme
shown in Figure 5. On the other hand, orthogonalization is crucial for a robust
implementation of LOBPCG, and adaptive stopping criteria needs to be used for
efficiency. Delicate strategies [18] are proposed in order to ensure the robustness of
LOBPCG. Comparing with LOBPCG, the gamblet based multilevel correction scheme
appears to be very robust in our numerical experiments: we only solve an eigenvalue
problem at the coarsest level, and still achieve an accuracy of 107!* without using
any adaptive stopping criteria; for example, see Figure 5.
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Eigenvalue errors for Different Eigenpairs for Different Eit

Estimated eigenvalue errors

Eucledian norm of residuals

1015

102 1020
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Iteration number Iteration number
(a) Eigenvalue errors for the gamblet pre- (b) Residuals for the gamblet precondi-
conditioned LOBPCG. tioned LOBPCG.
1010 Eigenvalue errors for Different Ei 105 for Different Ei irs

Estimated eigenvalue errors
Eucledian norm of residuals
3

>

200 400 600 800 1000 0 200 400 600 800 1000
Iteration number Iteration number

(c) Eigenvalue errors for the GMGCG  (d) Residuals for the GMGCG precondi-
preconditioned LOBPCG. tioned LOBPCG.

Eigenvalue errors for Different Eigenpairs

for Different Eigenpairs

Estimated eigenvalue errors
Eucledian norm of residuals

4 600 800 1000 0 200 4 600 800 1000
Iteration number Iteration number

(e) Eigenvalue errors for ILU precondi- (f) Residuals for ILU preconditioned
tioned LOBPCG. LOBPCG.

Fic. 9. FEigenvalue errors and residuals for the first 12 eigenpairs of the eigenvalue problems
for SPE 10 case. Top row: gamblet preconditioned LOBPCG. Middle row: geometric multigrid
preconditioned LOBPCG. Bottom row: ILU preconditioned LOBPCG (using MATLAB command
ichol(A,struct(‘michol’,‘on’))).

Combination of multilevel correction with LOBPCG. We noticed that a “good”
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initial value is important for the convergence of the LOBPCG method. Therefore, we
propose combining the multilevel correction scheme and LOBPCG to derive a hybrid
method. In this combination, the gamblet based multilevel correction scheme is used
to compute, to a high accuracy, an initial approximation for the eigenpairs for the
gamblet preconditioned LOBPCG scheme. We use this combined method to solve
the so-called Anderson Localization eigenvalue problem in the following subsection.
Since LOBPCG is based on the so-called Ky Fan trace minimization principle, at each
step the sum of the eigenvalues are minimized [32]. Therefore, the convergence rate
of different eigenvalues will be balanced.

4.3.1. Anderson localization. Consider the linear Schrodinger operator H :=
—A + V(z) with disorder potential V(z) (as presented in [2]) whose Anderson local-
ization [3] properties are analyzed in [4] and in [2] (see [9] and references therein for
the ubiquity and importance of localization in wave physics).

Let Q := [-1,1]®> be the domain of the operator. By [2], V(z) is a disorder
potential that vary randomly between two values 5 > E% > a on a small scale €. In
the numerical experiment, we choose ¢ = 0.01, 3 = 10*, and o = 1 (the eigenvalue
problem becomes more difficult as € becomes smaller). See Figure 10 for results using
the gamblet based multilevel correction method, gamblet preconditioned LOBPCG,
and the hybrid method.

o Eigenvalue errors for Different Eigenpairs o Eigenvalue errors for Different Eigenpairs

Estimated eigenvalue errors

Estimated eigenvalue errors

200 250 20 80 100

40 60
teration number

100 150
teration number

Fi1c. 10. Convergence history for the first 12 eigenvalues. Left: using the gamblet based multi-
level correction method. Middle: using the gamblet preconditioned LOBPCG method. Right: using
the hybrid method, namely, generating the initial approximation by the gamblet based multilevel
method, then preforming the gamblet preconditioned LOBPCG method until convergence. The it-
eration number corresponds to the number of correction steps, namely, the outer iteration number.
The first few iterations are on the coarse level k = 3,...,q — 1, and the following iterations are on
the finest level k = q.

Acknowledgments. We thank Florian Schaefer for stimulating discussions. We
thank two anonymous reviewers whose comments have greatly improved this manu-
script.

REFERENCES

[1] R. A. Apams AND J. FOURNIER, Sobolev Spaces, 2nd ed., Pure Appl. Math. (Amst.) 140,
Elsevier/Academic Press, Amsterdam, 2003.

[2] R. ALTMANN, P. HENNING, AND D. PETERSEIM, Quantitative Anderson Localization of
Schrodinger Eigenstates under Disorder Potentials, https://arxiv.org/abs/1803.09950,
2018.

[3] P. W. ANDERSON, Absence of diffusion in certain random lattices, Phys. Rev., 109 (1958),
pp. 1492-1505.

[4] D. N. ArNoOLD, G. DavID, D. JERISON, S. MAYBORODA, AND M. FILOCHE, Effective confining
potential of quantum states in disordered media, Phys. Rev. Lett., 116 (2016), 056602.

[5] I. BABUSKA AND J. OSBORN, Finite element-Galerkin approzimation of the eigenvalues and
eigenvectors of selfadjoint problems, Math. Comp., 52 (1989), pp. 275-297.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1803.09950

Downloaded 07/23/20 to 131.215.249.116. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2548 HEHU XIE, LEI ZHANG, AND HOUMAN OWHADI

[6]

[7]

(9]

[10]

(11]

[19]

[20]

21]

[22]

23]
24]

[25]

1. BABUSKA AND J. OSBORN, Figenvalue problems, in Handbook of Numerical Analysis, Vol. II,
Finite Element Methods (Part 1), P. G. Lions and C. P.G., eds., North-Holland, Amster-
dam, 1991, pp. 641-787.

Z. BA1, J. DEMMEL, J. DONGARRA, A. RUHE, AND H. VAN DER VORST, EDS., Templates for the
Solution of Agebraic Eigenvalue Problems: A Practical Guide, SIAM, Philadelphia, 2000,
https://doi.org/10.1137/1.9780898719581.

Z. BAa1 AND R. C. L1, Minimization principles for the linear response eigenvalue problem I:
Theory, STAM J. Matrix Anal. Appl., 33 (2012), pp. 1075-1100, https://doi.org/10.1137/
110838960.

J. By, V. JOSsE, Z. Zuo, A. BERNARD, B. HAMBRECHT, P. LUGAN, D.CLEMENT,
L. SANCHEZ-PALENCIA, P. BOUYER, AND A. ASPECT, Direct observation of Anderson lo-
calization of matter waves in a controlled disorder, Nature, 453 (2008), pp. 891-894.

J. BRAMBLE, J. PASCIAK, AND A. KNYAZEV, A subspace preconditioning algorithm for eigen-
vector/eigenvalue computation, Adv. Comput. Math., 6 (1996), pp. 159-189.

A. BRANDT, Multi-level Adaptive Technique (MLAT) for Fast Numerical Solutions to Boundary
Value Problems, in Proceedings of the 3rd International Conference on Numerical Methods
in Fluid Mechanics, Lecture Notes in Physics 18, 1973.

S. C. BRENNER, P. MONK, AND J. SUN, CO IPG Method for Biharmonic Figenvalue Problems,
in Academy of Mathematics and Systems Science, CAS Colloquia & Seminars, 2014.

M. E. BREWSTER AND G. BEYLKIN, A multiresolution strategy for numerical homogenization,
Appl. Comput. Harmon. Anal., 2 (1995), pp. 327-349.

L. CA0o AND J. Cul, Asymptotic expansions and numerical algorithms of eigenvalues and eigen-
functions of the Dirichlet problem for second order elliptic equations in perforated domains,
Numer. Math., 96 (2004), pp. 525-581.

F. CHATELIN, Spectral Approximation of Linear Operators, Academic Press, New York, 1983.

H. CuEN, H. XIE, AND F. XU, A full multigrid method for eigenvalue problems, J. Comput.
Phys, 322 (2016), pp. 747-759.

M. DOROBANTU AND B. ENcGQUIST, Wavelet-based numerical homogenization, SIAM J. Numer.
Anal., 35 (1998), pp. 540559, https://doi.org/10.1137/S0036142996298880.

J. A. DUERSCH, M. SHAO, C. YANG, AND M. Gu, A robust and efficient implementation of
LOBPCG, SIAM J. Sci. Comput., 40 (2018), pp. C655-C676, https://doi.org/10.1137/
17M1129830.

E. G. D’yAKONOV AND M. Y. OREKHOV, Minimization of the computational labor in determin-
ing the first eigenvalues of differential operators, Math. Notes, 27 (1980), pp. 382-391.

W. HACKBUSCH, A fast iterative method for solving Poisson’s equation in a general region,
in Numerical Treatment of Differential Equations (Proc. Conf., Math. Forschungsinst.,
Oberwolfach, 1976), Lecture Notes in Math. 631, Springer, Berlin, 1978, pp. 51-62.

T. Y. Hou, D. Huang, K. C. LAM, AND Z. ZHANG, A Fast Hierarchically Preconditioned
Eigensolver Based on Multiresolution Matrixz Decomposition, https://arxiv.org/abs/1804.
03415, 2018.

T. J. R. HugHgs, G. R. FEOo, L. MAzzEI, AND J.-B. QUINCY, The variational multiscale
method—-A paradigm for computational mechanics, Comput. Methods Appl. Mech. Engrg.,
166 (1998), pp. 3—24.

S. Jia, H. XiE, M. XIE, AND F. XU, A full multigrid method for nonlinear eigenvalue problems,
Sci. China Math., 59 (2016), pp. 2037-2048.

A. KNYAZEV, Preconditioned eigensolvers - An oxymoron?, Electron. Trans. Numer. Anal., 7
(1998), pp. 104-123.

A. V. KNYAZEV, Toward the optimal preconditioned eigensolver: Locally optimal block pre-
conditioned conjugate gradient method, SIAM J. Sci. Comput., 23 (2001), pp. 517-541,
https://doi.org/10.1137/S1064827500366124.

A. Kn~vazev, LOBPCG.m, https://www.mathworks.com/matlabcentral/fileexchange/
48-lobpcg-m, 2015, version 1.5.

A. KNYAZEV, Recent Implementations, Applications, and Extensions of the Locally Opti-
mal Block Preconditioned Conjugate Gradient Method (LOBPCQG), https://arxiv.org/abs/
1708.08354, 2017.

A. KnvazEv AND K. NEYMEYR, Efficient solution of symmetric eigenvalue problems using
multigrid preconditioners in the locally optimal block conjugate gradient method, Electron.
Trans. Numer. Anal., 15 (2003), pp. 38-55.

W. KoHN, Analytic properties of Bloch waves and Wannier functions, Phys. Rev. (2), 115
(1959), pp. 809-821.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/1.9780898719581
https://doi.org/10.1137/110838960
https://doi.org/10.1137/110838960
https://doi.org/10.1137/S0036142996298880
https://doi.org/10.1137/17M1129830
https://doi.org/10.1137/17M1129830
https://arxiv.org/abs/1804.03415
https://arxiv.org/abs/1804.03415
https://doi.org/10.1137/S1064827500366124
https://www.mathworks.com/matlabcentral/fileexchange/48-lobpcg-m
https://www.mathworks.com/matlabcentral/fileexchange/48-lobpcg-m
https://arxiv.org/abs/1708.08354
https://arxiv.org/abs/1708.08354

Downloaded 07/23/20 to 131.215.249.116. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

FAST EIGENPAIRS COMPUTATION WITH GAMBLETS 2549

. KORNHUBER, D. PETERSEIM, AND H. YSERENTANT, An analysis of a class of variational

multiscale methods based on subspace decomposition, Math. Comp., 87 (2018), pp. 2765—
2774.

. KORNHUBER AND H. YSERENTANT, Numerical homogenization of elliptic multiscale problems

by subspace decomposition, Multiscale Model. Simul., 14 (2016), pp. 1017-1036, https:
//doi.org/10.1137/15M1028510.

. KRESSNER, M. PANDUR, AND M. SHAO, An indefinite variant of LOBPCG for definite matriz

pencils, Numer. Algorithms, 66 (2014), pp. 681-703.

. KyNG AND S. SACHDEVA, Approzimate Gaussian elimination for Laplacians: Fast, sparse,

and simple, in Proceedings of the 57th Annual IEEE Symposium on Foundations of Com-
puter Science, FOCS 2016, IEEE Computer Soc., Los Alamitos, CA, 2016, pp. 573-582.

Q. LiNn AND H. XIE, An observation on Aubin-Nitsche lemma and its applications, Math. Pract.

o

T Z a » » O

M.

Theory, 41 (2011), pp. 247-258.

. LiN AND H. XIE, A multilevel correction type of adaptive finite element method for Steklov

eigenvalue problems, in Proceedings of the International Conference Applications of Math-
ematics, 2012, pp. 134-143.

. LN AND H. XIE, A multi-level correction scheme for eigenvalue problems, Math. Comp., 84

(2015), pp. 71-88.

. MALQVIST AND D. PETERSEIM, Computation of eigenvalues by numerical upscaling, Numer.

Math., 130 (2014), pp. 337361, https://doi.org/10.1007/s00211-014-0665-6.

. MALQVIST AND D. PETERSEIM, Localization of elliptic multiscale problems, Math. Comp.,

83 (2014), pp. 2583-2603.

. A. MiccHELLI AND T. J. RIVLIN, A survey of optimal recovery, in Optimal Estimation in

Approximation Theory, Plenum, New York, 1977, pp. 1-54.

. OLSHANSKII AND E. TYRTYSHNIKOV, Iterative Methods for Linear Systems: Theory and

Applications, SIAM, Philadelphia, 2014, https://doi.org/10.1137/1.9781611973464.

. OWHADI, Multigrid with rough coefficients and multiresolution operator decomposition from

hierarchical information games, SIAM Rev., 59 (2017), pp. 99-149, https://doi.org/10.
1137/15M1013894.

. OwHADI AND C. SCOVEL, Universal Scalable Robust Solvers from Computational Informa-

tion Games and Fast Eigenspace Adapted Multiresolution Analysis, https://arxiv.org/abs/
1703.10761, 2017.

. OWHADI AND C. SCOVEL, Operator Adapted Wavelets, Fast Solvers, and Numerical Homog-

enization From a Game Theoretic Approach to Numerical Approrimation and Algorithm
Design, Cambridge Monographs on Applied and Computational Mathematics, Cambridge
University Press, Cambridge, 2019.

. OWHADI AND L. ZHANG, Gamblets for opening the complexity-bottleneck of implicit schemes

for hyperbolic and parabolic ODEs/PDEs with rough coefficients, J. Comput. Phys., 347
(2017), pp. 99-128.

. OwWHADI, L. ZHANG, AND L. BERLYAND, Polyharmonic homogenization, rough polyharmonic

splines and sparse super-localization, ESAIM Math. Model. Numer. Anal., 48 (2014),
pp. 517-552, https://doi.org/10.1051/m2an/2013118.

RAKHUBA AND I. OSELEDETS, Calculating vibrational spectra of molecules using tensor train
decomposition, J. Chem. Phys., 145 (2016), 124101.

. SAAD, Numerical Methods For Large Eigenvalue Problems, STAM, Philadelphia, 2011, https:

//doi.org/10.1137/1.9781611970739.

. SCHAFER, T. J. SULLIVAN, AND H. OWHADI, Compression, Inversion, and Approzrimate PCA

of Dense Kernel Matrices at Near-Linear Computational Complezity, https://arxiv.org/
abs/1706.02205, 2017.

. SORENSEN, Implicitly Restarted Arnoldi/Lanczos Methods for Large Scale Eigenvalue Cal-

culations, Kluwer Acad. Publ., Dordrecht, 1997.

. STRANG AND G. FI1X, An Analysis of the Finite Element Method, Prentice-Hall, Englewood

Cliffs, NJ, 1973.

. B. SzyLp AND F. XUE, Preconditioned eigensolvers for large-scale nonlinear Hermitian

etgenproblems with variational characterizations. 1. External eigenvalues, Math. Comp.,
85 (2016), pp. 2887-2918.

. VECHARYNSKI, C. YANG, AND J. E.PASK, A projected preconditioned conjugate gradient

algorithm for computing many extreme eigenpairs of a Hermitian matriz, J. Comput.
Phys., 290 (2015), pp. 73-89.

. L. WaN, T. F. CHAN, AND B. SMITH, An energy-minimizing interpolation for robust multi-

grid methods, STAM J. Sci. Comput., 21 (1999/00), pp. 1632-1649, https://doi.org/10.
1137/51064827598334277.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/15M1028510
https://doi.org/10.1137/15M1028510
https://doi.org/10.1007/s00211-014-0665-6
https://doi.org/10.1137/1.9781611973464
https://doi.org/10.1137/15M1013894
https://doi.org/10.1137/15M1013894
https://arxiv.org/abs/1703.10761
https://arxiv.org/abs/1703.10761
https://doi.org/10.1051/m2an/2013118
https://doi.org/10.1137/1.9781611970739
https://doi.org/10.1137/1.9781611970739
https://arxiv.org/abs/1706.02205
https://arxiv.org/abs/1706.02205
https://doi.org/10.1137/S1064827598334277
https://doi.org/10.1137/S1064827598334277

Downloaded 07/23/20 to 131.215.249.116. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2550 HEHU XIE, LEI ZHANG, AND HOUMAN OWHADI

G. H. WANNIER, Dynamics of band electrons in electric and magnetic fields, Rev. Modern
Phys., 34 (1962), pp. 645-655.

H. XIE, A multigrid method for eigenvalue problem, J. Comput. Phys., 274 (2014), pp. 550-561.

H. X1E, A type of multilevel method for the Steklov eigenvalue problem, IMA J. Numer. Anal.,
34 (2014), pp. 592-608.

J. XU AND A. ZHOU, A two-grid discretization scheme for eigenvalue problems, Math. Comp.,
70 (2001), pp. 17-25.

G. R. Yoo AND H. OWHADI, De-notsing by thresholding operator adapted wavelets, Stat. Com-
put., in press, https://doi.org/10.1007/s11222-019-09893-x.

L. Zuang, L. Cao, AND X. WANG, Multiscale finite element algorithm of the eigenvalue prob-
lems for the elastic equations in composite materials, Comput. Methods Appl. Mech. En-
grg., 198 (2009), pp. 2539-2554.

S. ZHANG, Y. X1, AND X. J1, A multi-level mized element method for the eigenvalue problem
of biharmonic equation, J. Sci. Comput., 75 (2018), pp. 1415-1444.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1007/s11222-019-09893-x

	Introduction
	Gamblet decomposition and gamblet based multigrid method
	The abstract setting
	Gamblets
	Gamblet based multigrid method

	Gamblet subspace correction method for eigenvalue problem
	One correction step
	Multilevel method for eigenvalue problem

	Numerical results
	SPE10
	Random checkerboard
	blackGamblet preconditioned LOBPCG method
	Anderson localization


	References

