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1 ✐♠❡❝✲❈♦s✐❝✱ ❉❡♣t✳ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❑❯ ▲❡✉✈❡♥
2 ◆❳P ❙❡♠✐❝♦♥❞✉❝t♦rs

3 ▲❛❜♦r❛t♦✐r❡ P❛✉❧ P❛✐♥❧❡✈é✱ ❯♥✐✈❡rs✐té ❞❡ ▲✐❧❧❡✲✶
4 ❖♣❡♥ ❙❡❝✉r✐t② ❘❡s❡❛r❝❤

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛♥ ❡♥❝♦❞✐♥❣ ♠❡t❤♦❞ ❢♦r ✜①❡❞✲♣♦✐♥t
♥✉♠❜❡rs t❛✐❧♦r❡❞ ❢♦r ❤♦♠♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢
t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♠♦❞✉❧✉s ✉s❡❞ ✐♥ ❛❧❧ ♣♦♣✉❧❛r s♦♠❡✇❤❛t ❤♦✲
♠♦♠♦r♣❤✐❝ ❡♥❝r②♣t✐♦♥ s❝❤❡♠❡s ✐s ❞♦♠✐♥❛t❡❞ ❜② s❡❝✉r✐t② ❝♦♥s✐❞❡r❛t✐♦♥s✱
✇❤✐❧❡ ✇✐t❤ t❤❡ ❝✉rr❡♥t ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡s t❤❡ ❝♦rr❡❝t♥❡ss r❡q✉✐r❡♠❡♥t
❛❧❧♦✇s ❢♦r ♠✉❝❤ s♠❛❧❧❡r ✈❛❧✉❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r✐❝ ❡♥❝♦❞✐♥❣ ♠❡t❤♦❞
✉s✐♥❣ ❡①♣❛♥s✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡✱ ✇❤✐❝❤ ❡①♣❧♦✐ts t❤✐s
❧❛r❣❡ ❞❡❣r❡❡ ❛t t❤❡ ❜❡♥❡✜t ♦❢ r❡❞✉❝✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts
✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ❤♦♠♦♠♦r♣❤✐❝ ♦♣❡r❛t✐♦♥s✳ ■♥ ♣r❛❝t✐❝❡ t❤✐s ❛❧❧♦✇s ♦♥❡
t♦ ❝❤♦♦s❡ ❛ s♠❛❧❧❡r ♣❧❛✐♥t❡①t ❝♦❡✣❝✐❡♥t ♠♦❞✉❧✉s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ s✐❣✲
♥✐✜❝❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡✳ ❲❡ ✐❧❧✉str❛t❡ ♦✉r ❛♣♣r♦❛❝❤ ❜②
❛♣♣❧②✐♥❣ t❤✐s ❡♥❝♦❞✐♥❣ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❤♦♠♦♠♦r♣❤✐❝ ❡❧❡❝tr✐❝✐t② ❧♦❛❞
❢♦r❡❝❛st✐♥❣ ❢♦r t❤❡ s♠❛rt ❣r✐❞ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ s♣❡❡❞✲✉♣ ❜② ❛ ❢❛❝t♦r
13 ❝♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ✇♦r❦✱ ✇❤❡r❡ ❡♥❝♦❞✐♥❣ ✇❛s ❞♦♥❡ ✉s✐♥❣ ❜❛❧❛♥❝❡❞
t❡r♥❛r② ❡①♣❛♥s✐♦♥s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❝r②♣t♦❣r❛♣❤✐❝ t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ❛❧❧♦✇s ❛♥ ✉♥tr✉st❡❞ ❡♥t✐t② t♦ ♣❡r❢♦r♠ ❛r❜✐✲
tr❛r② ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❡♥❝r②♣t❡❞ ❞❛t❛ ✐s ❦♥♦✇♥ ❛s ❢✉❧❧② ❤♦♠♦♠♦r♣❤✐❝ ❡♥❝r②♣t✐♦♥✳
❚❤❡ ✜rst s✉❝❤ ❝♦♥str✉❝t✐♦♥ ✇❛s ❜❛s❡❞ ♦♥ ✐❞❡❛❧ ❧❛tt✐❝❡s ❛♥❞ ✇❛s ♣r❡s❡♥t❡❞ ❜② ●❡♥✲
tr② ✐♥ ✷✵✵✾ ❬✶✾❪✳ ❲❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡♥❝r②♣t❡❞ ❞❛t❛ ✐s ❦♥♦✇♥ ✐♥
❛❞✈❛♥❝❡ ♦♥❡ ❝❛♥ ✉s❡ ❛ s♦♠❡✇❤❛t ❤♦♠♦♠♦r♣❤✐❝ ❡♥❝r②♣t✐♦♥ ✭❙❍❊✮ s❝❤❡♠❡ ✇❤✐❝❤
♦♥❧② ❛❧❧♦✇s t♦ ♣❡r❢♦r♠ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ st❡♣s ♦♥ t❤❡ ❡♥❝r②♣t❡❞
❞❛t❛✳ ❙✉❝❤ s❝❤❡♠❡s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❡✳

■♥ ❛❧❧ ♣♦♣✉❧❛r ❙❍❊ s❝❤❡♠❡s✱ t❤❡ ♣❧❛✐♥t❡①t s♣❛❝❡ ✐s ❛ r✐♥❣ ♦❢ t❤❡ ❢♦r♠ Rt =
Zt[X]/(f(X))✱ ✇❤❡r❡ t ≥ 2 ✐s ❛ s♠❛❧❧ ✐♥t❡❣❡r ❝❛❧❧❡❞ t❤❡ ❝♦❡✣❝✐❡♥t ♠♦❞✉❧✉s✱ ❛♥❞
f(X) ∈ Z[X] ✐s ❛ ♠♦♥✐❝ ✐rr❡❞✉❝✐❜❧❡ ❞❡❣r❡❡ d ♣♦❧②♥♦♠✐❛❧ ❝❛❧❧❡❞ t❤❡ ♣♦❧②♥♦♠✐❛❧

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✉♥❞❡r t❤❡ ■❈❚ ♣r♦❣r❛♠♠❡
✇✐t❤ ❝♦♥tr❛❝t ❍✷✵✷✵✲■❈❚✲✷✵✶✹✲✶ ✻✹✹✷✵✾ ❍❊❆❚✱ ❛♥❞ t❤r♦✉❣❤ t❤❡ ❊✉r♦♣❡❛♥ ❘❡s❡❛r❝❤
❈♦✉♥❝✐❧ ✉♥❞❡r t❤❡ ❋P✼✴✷✵✵✼✲✷✵✶✸ ♣r♦❣r❛♠♠❡ ✇✐t❤ ❊❘❈ ●r❛♥t ❆❣r❡❡♠❡♥t ✻✶✺✼✷✷
▼❖❚▼❊▲❙❯▼✳ ❚❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✐s ❛❧s♦ s✉♣♣♦rt❡❞ ❜② ❛ P❤❉ ❢❡❧❧♦✇s❤✐♣ ♦❢ t❤❡
❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ✲ ❋❧❛♥❞❡rs ✭❋❲❖✮✳



♠♦❞✉❧✉s✳ ❯s✉❛❧❧② ♦♥❡ ❧❡ts f(X) ❜❡ ❛ ❝②❝❧♦t♦♠✐❝ ♣♦❧②♥♦♠✐❛❧✱ ✇❤❡r❡ ❢♦r r❡❛s♦♥s
♦❢ ♣❡r❢♦r♠❛♥❝❡ t❤❡ ♠♦st ♣♦♣✉❧❛r ❝❤♦✐❝❡s ❛r❡ t❤❡ ♣♦✇❡r✲♦❢✲t✇♦ ❝②❝❧♦t♦♠✐❝s Xd+
1 ✇❤❡r❡ d = 2k ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ✇❤✐❝❤ ❛r❡ ♠❛①✐♠❛❧❧② s♣❛rs❡✳ ■♥
t❤✐s ❝❛s❡ ❛r✐t❤♠❡t✐❝ ✐♥ Rt ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✣❝✐❡♥t❧② ✉s✐♥❣ t❤❡ ❢❛st ❋♦✉r✐❡r
tr❛♥s❢♦r♠✱ ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ ♠❛♥② ❧❛tt✐❝❡✲❜❛s❡❞ ❝♦♥str✉❝t✐♦♥s ✭❡✳❣✳ ❬✻✱✼✱✽✱✸✵❪✮
❛♥❞ ♠♦st ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✭❡✳❣✳ ❬✸✱✹✱✺✱✷✵✱✷✶✱✷✺✱✷✼❪✮✳

❖♥❡ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠ r❡❧❛t❡s t♦ t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛ ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠ s✉❝❤ t❤❛t ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❡❧❡♠❡♥ts ♦❢ Rt ❛♥❞ s✉❝❤ t❤❛t ♦♥❡ ♦❜t❛✐♥s
❛ ♠❡❛♥✐♥❣❢✉❧ ♦✉t❝♦♠❡ ❛❢t❡r t❤❡ ❡♥❝r②♣t❡❞ r❡s✉❧t ✐s ❞❡❝r②♣t❡❞ ❛♥❞ ❞❡❝♦❞❡❞✳ ❚❤✐s
♠❡❛♥s t❤❛t ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛ ♠✉st ❛❣r❡❡ ✇✐t❤ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t✐♦♥s ✐♥ Rt ✉♣ t♦ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❡♥✈✐s❛❣❡❞ ❙❍❊ ❝♦♠♣✉✲
t❛t✐♦♥✳ ❆♥ ❛❝t✐✈❡ r❡s❡❛r❝❤ ❛r❡❛ ✐♥✈❡st✐❣❛t❡s ❞✐✛❡r❡♥t s✉❝❤ ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡s✱
✇❤✐❝❤ ❛r❡ ♦❢t❡♥ ❛♣♣❧✐❝❛t✐♦♥✲s♣❡❝✐✜❝ ❛♥❞ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❡①♣♦s✐t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❛♥❞
♣♦♣✉❧❛r s❡tt✐♥❣ ✇❤❡r❡ t❤❡ ✐♥♣✉t ❞❛t❛ ❝♦♥s✐sts ♦❢ ✜♥✐t❡ ♣r❡❝✐s✐♦♥ r❡❛❧ ♥✉♠❜❡rs θ✱
❡✈❡♥ t❤♦✉❣❤ ♦✉r ❞✐s❝✉ss✐♦♥ ❜❡❧♦✇ ✐s ❢❛✐r❧② ❣❡♥❡r✐❝✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛✱ ❣♦✐♥❣ ❜❛❝❦ t♦
❉♦✇❧✐♥ ❡t ❛❧✳ ❬✶✻❪ ✭s❡❡ ❛❧s♦ ❬✶✼✱✷✸✱✷✻❪✮ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❜② ❈♦st❛❝❤❡
❡t ❛❧✳ ❬✶✹❪✱ ✐s t♦ ❡①♣❛♥❞ θ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❜❛s❡ b

θ = arb
r + ar−1b

r−1 + · · ·+ a1b+ a0 + a−1b
−1 + a−2b

−2 + · · ·+ a−sb
−s ✭✶✮

✉s✐♥❣ ✐♥t❡❣❡r ❞✐❣✐ts ai✱ ❛❢t❡r ✇❤✐❝❤ ♦♥❡ r❡♣❧❛❝❡s b ❜② X t♦ ❡♥❞ ✉♣ ✐♥s✐❞❡ t❤❡
▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧ r✐♥❣ Z[X,X−1]✳ ❖♥❡ t❤❡♥ r❡❞✉❝❡s t❤❡ ❞✐❣✐ts ai ♠♦❞✉❧♦ t
❛♥❞ ❛♣♣❧✐❡s t❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ t♦ Rt ❞❡✜♥❡❞ ❜②

ι : Zt[X,X−1] → Rt :

{

X 7→ X,
X−1 7→ −g(X) · f(0)−1,

✇❤❡r❡ ✇❡ ✇r✐t❡ f(X) = Xg(X) + f(0) ❛♥❞ ✐t ✐s ❛ss✉♠❡❞ t❤❛t f(0) ✐s ✐♥✈❡rt✐❜❧❡
♠♦❞✉❧♦ t❀ t❤✐s ✐s ❛❧✇❛②s tr✉❡ ❢♦r ❝②❝❧♦t♦♠✐❝ ♣♦❧②♥♦♠✐❛❧s✱ ♦r ❢♦r ❢❛❝t♦rs ♦❢ t❤❡♠✳
❚❤❡ q✉❛♥t✐t② r + s ✇✐❧❧ s♦♠❡t✐♠❡s ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡♥❝♦❞✐♥❣
✭✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t ar, a−s 6= 0✮✳

❘❡♠❛r❦ ✶✳ ❋♦r ♣♦✇❡r✲♦❢✲t✇♦✲❝②❝❧♦t♦♠✐❝s t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ι ❛♠♦✉♥ts t♦ ❧❡t✲
t✐♥❣ X−1 7→ −Xd−1✱ s♦ t❤❛t t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ✭✶✮ ✐s ❣✐✈❡♥ ❜②

arX
r + ar−1X

r−1 + · · ·+ a1X + a0 − a−1X
d−1 − a−2X

d−2 − · · · − a−sX
d−s .

■♥ ❢❛❝t ✐♥ ❬✶✹❪ ✐t ✐s ♠❡♥t✐♦♥❡❞ t❤❛t ✐♥✈❡rt✐♥❣ X ✐s ♦♥❧② ♣♦ss✐❜❧❡ ✐♥ t❤❡ ♣♦✇❡r✲
♦❢✲t✇♦ ❝②❝❧♦t♦♠✐❝ ❝❛s❡✱ ❜✉t t❤✐s s❡❡♠s t♦ ❜❡ ♦✈❡r❝❛r❡❢✉❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥tr❛r②
t♦ ✇❤❛t ✐s ❝❧❛✐♠❡❞ t❤❡r❡✱ t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❙■▼❉
❝♦♠♣✉t❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✻✱✷✾❪✳

❉❡❝♦❞✐♥❣ ✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ r❡str✐❝t❡❞ ♠❛♣
ι|Zt[X,X−1][−ℓ,m]

✇❤❡r❡

Zt[X,X−1][−ℓ,m] = { amXm + am−1X
m−1 + . . .+ a−ℓX

−ℓ | ai ∈ Zt ❢♦r ❛❧❧ i }

✷



X✲❛①✐s

Z✲❛①✐sZ[X,X−1]✲♣❧❛♥❡

X−ℓ

Xm

⌈(t − 1)/2⌉

−⌊(t − 1)/2⌋

❋✐❣✳ ✶✳ ❇♦① ✐♥ ✇❤✐❝❤ t♦ st❛② ❞✉r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ ✇❤❡r❡ ℓ+m+ 1 = d✳

✐s ❛ s✉❜s❡t ♦❢ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧s ✇❤♦s❡ ♠♦♥♦♠✐❛❧s ❤❛✈❡ ❜♦✉♥❞❡❞ ❡①♣♦♥❡♥ts✳ ■❢
ℓ+m+1 = d t❤❡♥ t❤✐s r❡str✐❝t✐♦♥ ♦❢ ι ✐s ✐♥❞❡❡❞ ✐♥✈❡rt✐❜❧❡ ❛s ❛ Zt✲❧✐♥❡❛r ♠❛♣✳ ❚❤❡
♣r❡❝✐s❡ ❝❤♦✐❝❡ ♦❢ ℓ,m ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛ ❡♥❝♦❞❡❞✳ ❆❢t❡r ❛♣♣❧②✐♥❣ t❤✐s ✐♥✈❡rs❡✱
♦♥❡ r❡♣❧❛❝❡s t❤❡ ❝♦❡✣❝✐❡♥ts ❜② t❤❡✐r r❡♣r❡s❡♥t❛♥ts ✐♥ {−⌊(t − 1)/2⌋, . . . , ⌈(t −
1)/2⌉} t♦ ❡♥❞ ✉♣ ✇✐t❤ ❛♥ ❡①♣r❡ss✐♦♥ ✐♥ Z[X,X−1]✱ ❛♥❞ ❡✈❛❧✉❛t❡s t❤❡ r❡s✉❧t ❛t
X = b✳ ❊♥s✉r✐♥❣ t❤❛t ❞❡❝♦❞✐♥❣ ✐s ❝♦rr❡❝t t♦ ❛ ❣✐✈❡♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡♣t❤ ♣❧❛❝❡s
❝♦♥str❛✐♥ts ♦♥ t❤❡ ♣❛r❛♠❡t❡rs t ❛♥❞ d✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❡♥❞✐♥❣ ✉♣ ♦✉ts✐❞❡ t❤❡
❜♦① ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶ ✐❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇❡r❡ t♦ ❜❡ ❝❛rr✐❡❞ ♦✉t ❞✐r❡❝t❧② ✐♥
Z[X,X−1]✳ ■♥ t❡r♠s ♦❢ Rt ✇❡ ✇✐❧❧ ♦❢t❡♥ r❡❢❡r t♦ t❤✐s ❡✈❡♥t ❛s t❤❡ ❵✇r❛♣♣✐♥❣
❛r♦✉♥❞✬ ♦❢ t❤❡ ❡♥❝♦❞❡❞ ❞❛t❛ ♠♦❞✉❧♦ t ♦r f(X)✱ ❛❧t❤♦✉❣❤ ✇❡ ♥♦t❡ t❤❛t t❤✐s ✐s ❛♥
❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣♦✇❡r✲♦❢✲t✇♦ ❝②❝❧♦t♦♠✐❝s✱ ❡♥❞✐♥❣ ✉♣ ❛❜♦✈❡ ♦r
❜❡❧♦✇ t❤❡ ❜♦① ❞♦❡s ✐♥❞❡❡❞ ❝♦rr❡s♣♦♥❞ t♦ ✇r❛♣♣✐♥❣ ❛r♦✉♥❞ ♠♦❞✉❧♦ t✱ ❜✉t ❡♥❞✐♥❣
✉♣ ❛t t❤❡ ❧❡❢t ♦r t❤❡ r✐❣❤t ♦❢ t❤❡ ❜♦① ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠✐①✲✉♣ ♦❢ t❤❡ ❤✐❣❤ ❞❡❣r❡❡
t❡r♠s ❛♥❞ t❤❡ ❧♦✇ ❞❡❣r❡❡ t❡r♠s✳

❚❤❡ ♣r❡❝✐s❡ ❝♦♥str❛✐♥ts ♦♥ t ❛♥❞ d ♥♦t ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥✱ ❜✉t ❛❧s♦ ♦♥ t❤❡ t②♣❡ ♦❢ ❡①♣❛♥s✐♦♥ ✭✶✮ ✉s❡❞ ✐♥ t❤❡ ❡♥❝♦❞✐♥❣✳ ❉♦✇❧✐♥
❡t ❛❧✳ s✉❣❣❡st t♦ ✉s❡ ❜❛❧❛♥❝❡❞ b✲❛r② ❡①♣❛♥s✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ♦❞❞ ❜❛s❡
b ∈ Z≥3✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❞✐❣✐ts ❛r❡ t❛❦❡♥ ❢r♦♠ {−(b−1)/2, . . . , (b−1)/2}✳
❙✉❝❤ ❡①♣❛♥s✐♦♥s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ❝❡♥t✉r✐❡s ❣♦✐♥❣ ❜❛❝❦ ❛t ❧❡❛st t♦ ❈♦❧s♦♥ ✭✶✼✷✻✮
❛♥❞ ❈❛✉❝❤② ✭✶✽✹✵✮ ✐♥ t❤❡ q✉❡st ❢♦r ♠♦r❡ ❡✣❝✐❡♥t ❛r✐t❤♠❡t✐❝✳

■❢ ✇❡ ✜① ❛ ♣r❡❝✐s✐♦♥✱ t❤❡♥ ❢♦r s♠❛❧❧❡r b t❤❡ ❜❛❧❛♥❝❡❞ b✲❛r② ❡①♣❛♥s✐♦♥s ❛r❡
❧♦♥❣❡r ❜✉t t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ s♠❛❧❧❡r✱ t❤✐s ✐♠♣❧✐❡s t❤❡ ♥❡❡❞ ❢♦r ❛ ❧❛r❣❡r d ❜✉t
s♠❛❧❧❡r t✳ ❙✐♠✐❧❛r❧② ❢♦r ❧❛r❣❡r ❜❛s❡s t❤❡ ❡①♣❛♥s✐♦♥s ❜❡❝♦♠❡ s❤♦rt❡r ❜✉t ❤❛✈❡
❧❛r❣❡r ❝♦❡✣❝✐❡♥ts ❧❡❛❞✐♥❣ t♦ s♠❛❧❧❡r d ❜✉t ❧❛r❣❡r t✳ ❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ s♦♠❡✲
✇❤❛t ❤♦♠♦♠♦r♣❤✐❝ ❡♥❝r②♣t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✹✱✶✹❪ t❤❡ s❡❝✉r✐t② r❡q✉✐r❡♠❡♥ts ❛s❦
❢♦r ❛ ✈❡r② ❧❛r❣❡ d✱ s♦ t❤❛t t❤❡ ❜❡st ❝❤♦✐❝❡ ✐s t♦ ✉s❡ ❛s s♠❛❧❧ ❛ ❜❛s❡ ❛s ♣♦ss✐❜❧❡✱
♥❛♠❡❧② b = 3✱ ✇✐t❤ ❞✐❣✐ts ✐♥ {±1, 0}✳ ❊✈❡♥ ❢♦r t❤✐s s♠❛❧❧❡st ❝❤♦✐❝❡ t❤❡ r❡s✉❧t✲
✐♥❣ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t ✐s ✈❡r② ❧❛r❣❡ ❛♥❞ t❤❡ ❜♦✉♥❞ ♦♥ d ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥
t❤❛t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝r②♣t♦❣r❛♣❤✐❝ r❡q✉✐r❡♠❡♥ts✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ r❡❝❛❧❧
t❤❡ ❝♦♥❝r❡t❡ ✜❣✉r❡s ❢r♦♠ t❤❡ ♣❛♣❡r ❬✹❪✱ ✇❤✐❝❤ ✉s❡s t❤❡ ❋❛♥✲❱❡r❝❛✉t❡r❡♥ ✭❋❱✮
s♦♠❡✇❤❛t ❤♦♠♦♠♦r♣❤✐❝ ❡♥❝r②♣t✐♦♥ s❝❤❡♠❡ ❬✶✽❪ ❢♦r ♣r✐✈❛❝②✲❢r✐❡♥❞❧② ♣r❡❞✐❝t✐♦♥
♦❢ ❡❧❡❝tr✐❝✐t② ❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ s♠❛rt ❣r✐❞✳ ❍❡r❡ t❤❡ ❛✉t❤♦rs ✉s❡
d = 4096 ❢♦r ❝r②♣t♦❣r❛♣❤✐❝ r❡❛s♦♥s✱ ✇❤✐❝❤ ✐s ❛♥ ♦♣t✐♠✐st✐❝ ❝❤♦✐❝❡ t❤❛t ❧❡❛❞s t♦
80✲❜✐t s❡❝✉r✐t② ♦♥❧② ✭❛♥❞ ♠❛②❜❡ ❡✈❡♥ s❧✐❣❤t❧② ❧❡ss ❬✶❪✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✉s✐♥❣

✸



X✲❛①✐s

Z✲❛①✐s ✭log2✲s❝❛❧❡✮

X−3710

X385

41

−41

❜❛❧❛♥❝❡❞ t❡r♥❛r②

X✲❛①✐s

Z✲❛①✐s ✭log2✲s❝❛❧❡✮

X−3710

X385
4

−4

950✲◆■❇◆❆❋

❋✐❣✳ ✷✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❛♠♦✉♥t ♦❢ ♣❧❛✐♥t❡①t s♣❛❝❡ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ✉s❡❞ ✐♥
t❤❡ s❡tt✐♥❣ ♦❢ ❬✹❪✱ ✇❤❡r❡ d = 4096✳ ▼♦r❡ ♣r❡❝✐s❡ ✜❣✉r❡s t♦ ❜❡ ❢♦✉♥❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡①♣❛♥s✐♦♥s✱ ❝♦rr❡❝t ❞❡❝♦❞✐♥❣ ✐s ❣✉❛r❛♥t❡❡❞ ❛s s♦♦♥ ❛s d ≥ 368✱
✇❤✐❝❤ ✐s ❡✈❡♥ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❡st✐♠❛t❡✳ ❚❤✐s ❡✈❡♥t✉❛❧❧② ❧❡❛❞s t♦ t❤❡ ❤✉❣❡ ❜♦✉♥❞
t ' 2107✱ ✇❤✐❝❤ ✐s ♦✈❡r❝♦♠❡ ❜② ❞❡❝♦♠♣♦s✐♥❣ Rt ✐♥t♦ 13 ❢❛❝t♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❈❤✐♥❡s❡ ❘❡♠❛✐♥❞❡r ❚❤❡♦r❡♠ ✭❈❘❚✮✳ ❚❤✐s ✐s t❤❡♥ ✉s❡❞ t♦ ❤♦♠♦♠♦r♣❤✐❝❛❧❧② ❢♦r❡✲
❝❛st t❤❡ ❡❧❡❝tr✐❝✐t② ✉s❛❣❡ ❢♦r t❤❡ ♥❡①t ❤❛❧❢ ❤♦✉r ❢♦r ❛ s♠❛❧❧ ❛♣❛rt♠❡♥t ❝♦♠♣❧❡①
♦❢ 10 ❤♦✉s❡❤♦❧❞s ✐♥ ❛❜♦✉t ❤❛❧❢ ❛ ♠✐♥✉t❡✱ ✉s✐♥❣ ❛ s❡q✉❡♥t✐❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❚❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ r❡q✉✐r❡♠❡♥ts ❝♦♠✐♥❣ ❢r♦♠ ❝♦rr❡❝t ❞❡❝♦❞✐♥❣
❛♥❞ t❤♦s❡ ❝♦♠✐♥❣ ❢r♦♠ s❡❝✉r✐t② ❝♦♥s✐❞❡r❛t✐♦♥s s✉❣❣❡sts t❤❛t ♦t❤❡r ♣♦ss✐❜❧❡ ❡①✲
♣❛♥s✐♦♥s ♠❛② ❜❡ ❜❡tt❡r s✉✐t❡❞ ❢♦r ✉s❡ ✇✐t❤ ❙❍❊✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥tr♦❞✉❝❡ ❛
❣❡♥❡r✐❝ ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡✱ ✉s✐♥❣ ✈❡r② s♣❛rs❡ ❡①♣❛♥s✐♦♥s ❤❛✈✐♥❣ ❞✐❣✐ts ✐♥ {±1, 0}
✇✐t❤ r❡s♣❡❝t t♦ ❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡ bw > 1✱ ✇❤❡r❡ w ✐s ❛ s♣❛rs❡♥❡ss ♠❡❛s✉r❡✳
❚❤❡s❡ ❡①♣❛♥s✐♦♥s ✇✐❧❧ ❜❡ s❛✐❞ t♦ ❜❡ ♦❢ ❵♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠✬
✇✐t❤ ✇✐♥❞♦✇ s✐③❡ w✱ ❛❜❜r❡✈✐❛t❡❞ t♦ w✲◆■❇◆❆❋✳ ■♥❝r❡❛s✐♥❣ w ♠❛❦❡s t❤❡ ❞❡❣r❡❡s
♦❢ t❤❡ r❡s✉❧t✐♥❣ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧ ❡♥❝♦❞✐♥❣s ❣r♦✇ ❛♥❞ ❞❡❝r❡❛s❡s t❤❡ ❣r♦✇t❤
♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ♦♣❡r❛t✐♦♥s❀ ❤❡♥❝❡ ❧♦✇❡r✐♥❣ t❤❡ ❜♦✉♥❞ ♦♥ t✳
❖✉r ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡ ✐s ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ✇❤❡♥ ✉s✐♥❣ ✜①❡❞✲♣♦✐♥t r❡❛❧ ♥✉♠❜❡rs✱
❜✉t ❝♦✉❧❞ ❛❧s♦ s❡r✈❡ ✐♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✜①❡❞✲♣♦✐♥t ❝♦♠♣❧❡① ♥✉♠❜❡rs ♦r ❡✈❡♥ ✇✐t❤
✐♥t❡❣❡rs✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t bw ✐s ♥♦♥✲✐♥t❡❣r❛❧ ✭t❤✐s ✇♦✉❧❞ r❡q✉✐r❡ ❛ ❝❛r❡❢✉❧
♣r❡❝✐s✐♦♥ ❛♥❛❧②s✐s ✇❤✐❝❤ ✐s ❛✈♦✐❞❡❞ ❤❡r❡✮✳

❲❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤✐s t❡❝❤♥✐q✉❡ r❡s✉❧ts ✐♥ s✐❣♥✐✜❝❛♥t ♣❡r❢♦r♠❛♥❝❡ ✐♥✲
❝r❡❛s❡s ❜② r❡✲❞♦✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ❢r♦♠ ❬✹❪✳ ❆❧♦♥❣ ✇✐t❤ ❛ ♠♦r❡ ❝❛r❡❢✉❧ ♣r❡❝✐s✐♦♥
❛♥❛❧②s✐s ✇❤✐❝❤ ✐s t❛✐❧♦r❡❞ ❢♦r t❤✐s s♣❡❝✐✜❝ ✉s❡ ❝❛s❡✱ ✉s✐♥❣ 950✲◆■❇◆❆❋ ❡①♣❛♥✲
s✐♦♥s ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❞r❛♠❛t✐❝❛❧❧② r❡❞✉❝❡❞ ❜♦✉♥❞ t ≥ 33✳ ■t ✐s ♥♦t ❡♥t✐r❡❧②
❤♦♥❡st t♦ ❝♦♠♣❛r❡ t❤✐s t♦ t ' 2107 ❜❡❝❛✉s❡ ♦❢ ♦✉r ❜❡tt❡r ♣r❡❝✐s✐♦♥ ❛♥❛❧②s✐s❀ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✐t ♠❛❦❡s ♠♦r❡ s❡♥s❡ t♦ ❝♦♠♣❛r❡ t❤❡ ♥❡✇ ❜♦✉♥❞ t♦ t ' 242✱
❜✉t t❤❡ r❡❞✉❝t✐♦♥ r❡♠❛✐♥s ❤✉❣❡✳ ❆s t❤❡ r❡❛❞❡r ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✷ t❤✐s ✐s ❡①✲
♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❛t❛ ✐s s♣r❡❛❞ ♠♦r❡ ❡✈❡♥❧② ❛❝r♦ss ♣❧❛✐♥t❡①t s♣❛❝❡
❞✉r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❛✈♦✐❞ t❤❡ ♥❡❡❞ ❢♦r ❈❘❚ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ❛♥❞ t❤✉s r❡❞✉❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ❜② ❛ ❢❛❝t♦r 13✱ s❤♦✇✐♥❣ t❤❛t t❤❡ s❛♠❡
❤♦♠♦♠♦r♣❤✐❝ ❢♦r❡❝❛st✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♦♥❧② 2.5 s❡❝♦♥❞s✳

❘❡♠❛r❦ ✷✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ r❡❝❡♥t ♣r♦♣♦s❛❧ ❢♦r ❡♥❝♦❞✐♥❣ ✉s✐♥❣ ❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸❪✱ ✇❤✐❝❤ t❛r❣❡ts ❡✣❝✐❡♥t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❋♦✉r✐❡r

✹



tr❛♥s❢♦r♠ ♦♥ ❡♥❝r②♣t❡❞ ❞❛t❛✳ ❍❡r❡ t❤❡ ❛✉t❤♦rs ✇♦r❦ ❡①❝❧✉s✐✈❡❧② ✐♥ t❤❡ ♣♦✇❡r✲♦❢✲
t✇♦ ❝②❝❧♦t♦♠✐❝ s❡tt✐♥❣ f(X) = Xd + 1✱ ❛♥❞ t❤❡ ✐♥♣✉t ❞❛t❛ ❝♦♥s✐sts ♦❢ ❝♦♠♣❧❡①
♥✉♠❜❡rs θ ✇❤✐❝❤ ❛r❡ ❡①♣❛♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❛s❡ b = ζ✱ ✇❤❡r❡ ζ ✐s
❛ ♣r✐♠✐t✐✈❡ 2d✲t❤ r♦♦t ♦❢ ✉♥✐t②✱ ✐✳❡✳ ❛ r♦♦t ♦❢ f(X)✳ ❖♥❡ ♥✐❝❡ ❢❡❛t✉r❡ ♦❢ t❤✐s
❛♣♣r♦❛❝❤ ✐s t❤❛t t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❞❡❝♦❞✐♥❣ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② ✇r❛♣♣✐♥❣ ❛r♦✉♥❞
♠♦❞✉❧♦ f(X)✳ ❚♦ ✜♥❞ ❛ s♣❛rs❡ ❡①♣❛♥s✐♦♥ t❤❡② ✉s❡ t❤❡ ▲▲▲ ❛❧❣♦r✐t❤♠ ❬✷✹❪✱ ❜✉t
✉♥❢♦rt✉♥❛t❡❧② ❢♦r ❛r❜✐tr❛r② ❝♦♠♣❧❡① ✐♥♣✉ts t❤❡ ❞✐❣✐ts ❜❡❝♦♠❡ r❛t❤❡r ❧❛r❣❡✱ ❛t
❧❡❛st ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ w✲◆■❇◆❆❋✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✈✐❡✇♣♦✐♥t ♦♥ t❤✐s ♠❡t❤♦❞
✐s t♦ ✜♥❞ ❛♥ ❡❧❡♠❡♥t ♦❢ Rt ❤❛✈✐♥❣ s♠❛❧❧ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ✉♥❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧
❡♠❜❡❞❞✐♥❣ ❤❛s ♦♥❡ ❦♥♦✇♥ ❝♦♠♣♦♥❡♥t t❤❛t ❛♣♣r♦①✐♠❛t❡s θ✳ ■♥ t❤✐s s❡♥s❡ t❤❡
♠❡t❤♦❞ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ❢r♦♠ ❬✶✵❪ ✇❤❡r❡ t❤❡② ✉s❡ ❝✐♣❤❡rt❡①t ♣❛❝❦✐♥❣ ❛♥❞
❡♥❝♦❞❡ d ❝♦♠♣❧❡① ♥✉♠❜❡rs ✐♥t♦ ❛ s✐♥❣❧❡ ❡❧❡♠❡♥t ♦❢ Rt ✇❤✐❝❤ ✉♥❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧
❡♠❜❡❞❞✐♥❣ r❡t✉r♥s t❤❡ ❣✐✈❡♥ ❝♦♠♣❧❡① ♥✉♠❜❡rs✱ ✉♣ t♦ ❛ ♣r❡❞❡t❡r♠✐♥❡❞ s❝❛❧❛r✳
❇✉t ❛❣❛✐♥✱ t♦ ❛❝❤✐❡✈❡ t❤✐s✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♠✉st ❜❡ ✐♥ ❣❡♥❡r❛❧ q✉✐t❡ ❧❛r❣❡✳

✷ ❊♥❝♦❞✐♥❣ ❞❛t❛ ✉s✐♥❣ w✲◆■❇◆❆❋

✷✳✶ ❚❤❡ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠ ✇✐t❤ ✇✐♥❞♦✇ s✐③❡ w

❖♥❡ ✜rst ❛♣♣r♦❛❝❤ t♦ tr② t♦ r❡❞✉❝❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t ✐s ❜② ✉s✐♥❣ ❡♥❝♦❞✐♥❣s ❢♦r
✇❤✐❝❤ ♠❛♥② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ③❡r♦✳ ❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ t❤✐s ✐s ❜② ✉s✐♥❣ t❤❡
♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠ ✭◆❆❋✮ r❡♣r❡s❡♥t❛t✐♦♥ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❘❡✐t✇❡✐s♥❡r
✐♥ ✶✾✻✵ ❢♦r s♣❡❡❞✐♥❣ ✉♣ ❡❛r❧② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❬✷✽❪✳

❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠ ✭◆❆❋✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r θ
✐s ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ θ t♦ t❤❡ ❜❛s❡ b = 2 ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ {−1, 0, 1} s✉❝❤ t❤❛t
❛♥② t✇♦ ❛❞❥❛❝❡♥t ❝♦❡✣❝✐❡♥ts ❛r❡ ♥♦t ❜♦t❤ ♥♦♥✲③❡r♦✳

◆♦t❡ t❤❛t ◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥s ❛❧✇❛②s ❡①✐st ❛♥❞ ❛r❡ ✉♥✐q✉❡✱ ♠♦❞✉❧♦ ♣❡r✐♦❞✐❝
✐♥✜♥✐t❡ ❡①♣❛♥s✐♦♥ ✐ss✉❡s s✉❝❤ ❛s

20 + 2−2 + 2−4 + 2−6 + 2−8 + . . . = 21 − 2−1 − 2−3 − 2−5 − . . .

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞✱ ❢♦r ❛♥ ✐♥t❡❣❡r w ≥ 1 ✭❝❛❧❧❡❞ t❤❡ ❵✇✐♥❞♦✇
s✐③❡✬✮ ♦♥❡ ❝❛♥ ❡♥s✉r❡ t❤❛t ✐♥ ❛♥② ✇✐♥❞♦✇ ♦❢ w ❝♦♥s❡❝✉t✐✈❡ ❝♦❡✣❝✐❡♥ts ❛t ♠♦st
♦♥❡ ♦❢ t❤❡♠ ✐s ♥♦♥✲③❡r♦✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ t♦ ❜❛s❡ b = 2 ❜✉t ❢♦r w > 2 ♦♥❡ r❡q✉✐r❡s
❧❛r❣❡r ❝♦❡✣❝✐❡♥ts✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❝❛❧❧❡❞ w✲◆❆❋ ❛♥❞ ✇❛s ✜rst ❝♦♥s✐❞❡r❡❞
❜② ❈♦❤❡♥ ❡t ❛❧✳ ❬✶✶❪✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t w ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❆ w✲◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ r❡❛❧ ♥✉♠✲
❜❡r θ ✐s ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ θ ✇✐t❤ ❜❛s❡ 2 ❛♥❞ ✇❤♦s❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ❛r❡ ♦❞❞
❛♥❞ ❧❡ss t❤❛t 2w−1 ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s❡t ♦❢ w ❝♦♥s❡❝✉t✐✈❡
❝♦❡✣❝✐❡♥ts ❛t ♠♦st ♦♥❡ ♦❢ t❤❡♠ ✐s ♥♦♥✲③❡r♦✳

❏✉st ❛s ❢♦r ◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡ w✲◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② ✉♥✐q✉❡✳
❋✉rt❤❡r✱ ✇❡ s❡❡ t❤❛t ◆❆❋ ✐s ❥✉st t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ w✲◆❆❋ ❢♦r w = 2✳ ❯♥❢♦r✲
t✉♥❛t❡❧②✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ t❛❦❡♥ ❢r♦♠ ❛ ♠✉❝❤ ❧❛r❣❡r s❡t✱
✉s✐♥❣ w✲◆❆❋ ❡♥❝♦❞✐♥❣s ✐♥ t❤❡ ❙❍❊ s❡tt✐♥❣ ❛❝t✉❛❧❧② ❣✐✈❡s ❧❛r❣❡r ❜♦✉♥❞s ♦♥ ❜♦t❤
t ❛♥❞ d ❢♦r ✐♥❝r❡❛s✐♥❣ w✳ ❚❤✐s ✐s ♥♦t ✉s❡❢✉❧ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❙❍❊ ✇❤❡♥ t❤❡ ❣♦❛❧
✐s t♦ r❡❞✉❝❡ t❤❡ ♣❛r❛♠❡t❡r s✐③❡s ❛♥❞ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳
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✷✳✷ ❚❤❡ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❛ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠
✇✐t❤ ✇✐♥❞♦✇ s✐③❡ w

■❞❡❛❧❧②✱ ✇❡ ✇❛♥t t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ♦✉r ❡①♣❛♥s✐♦♥s t♦ ❜❡ ♠❡♠❜❡rs ♦❢ {±1, 0}
✇✐t❤ ♠❛♥② ❡q✉❛❧ t♦ 0✱ ❛s t❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ t❤❡ s❧♦✇❡st ❣r♦✇t❤ ✐♥ ❝♦❡✣❝✐❡♥t
s✐③❡s✱ ❛❧❧♦✇✐♥❣ ✉s t♦ ✉s❡ s♠❛❧❧❡r ✈❛❧✉❡s ❢♦r t✳ ❚❤✐s ✇♦✉❧❞ ❝♦♠❡ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢
✉s✐♥❣ ❧♦♥❣❡r ❡♥❝♦❞✐♥❣s✱ ❜✉t r❡♠❡♠❜❡r t❤❛t ✇❡ ❤❛✈❡ ❛ ❧♦t ♦❢ ♠❛♥♦❡✉✈r✐♥❣ s♣❛❝❡
♦♥ t❤❡ d s✐❞❡✳ ❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ t❤✐s ✐s t♦ ✉s❡ ❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡ b > 1 ✇❤❡♥
❝♦♠♣✉t✐♥❣ ❛ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠✳ ❲❡ ✜rst ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥♦♥✲✐♥t❡❣r❛❧
❜❛s❡ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠ ✇✐t❤ ✇✐♥❞♦✇ s✐③❡ w ✭w✲◆■❇◆❆❋✮ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞
t❤❡♥ ❡①♣❧❛✐♥ ✇❤❡r❡ t❤✐s ♣r❡❝✐s❡ ❢♦r♠✉❧❛t✐♦♥ ❝♦♠❡s ❢r♦♠✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆ s❡q✉❡♥❝❡ a0, a1, . . . , an, . . . ✐s ❛ w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡
✐❢ ✐t ❤❛s ai ∈ {−1, 0, 1} ❢♦r i ∈ Z≥0 ❛♥❞ s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② t❤❛t ❡❛❝❤ s❡t ♦❢ w
❝♦♥s❡❝✉t✐✈❡ t❡r♠s ❤❛s ♥♦ ♠♦r❡ t❤❛♥ ♦♥❡ ♥♦♥✲③❡r♦ t❡r♠✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t θ ∈ R ❛♥❞ w ∈ Z>0✳ ❉❡✜♥❡ bw t♦ ❜❡ t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ r❡❛❧
r♦♦t ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧

Fw(x) = xw+1 − xw − x− 1.

❆ w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡ ar, ar−1, . . . , a1, a0, a−1, . . . ✐s ❛ w✲◆■❇◆❆❋ r❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ θ ✐❢

θ = arb
r
w + ar−1b

r−1
w + · · ·+ a1bw + a0 + a−1b

−1
w + · · · .

❖❢ ❝♦✉rs❡✱ ❛ ♣r✐♦r✐ ✐t ♠❛② ❜❡ ♣♦ss✐❜❧❡ t❤❛t ❛ ❣✐✈❡♥ θ ❤❛s ♥♦ s✉❝❤ w✲◆■❇◆❆❋
r❡♣r❡s❡♥t❛t✐♦♥ ♦r ✐t ♠❛② ❤❛✈❡ ✭✐♥✜♥✐t❡❧②✮ ♠❛♥② ♦❢ t❤❡♠✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡r②
θ ❤❛s ❛t ❧❡❛st ♦♥❡ s✉❝❤ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠ t♦
✜♥❞ s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❧❡t ✉s ✜rst st❛t❡ ❛ ❧❡♠♠❛ ✇❤✐❝❤ s❤♦✇s t❤❛t
bw ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r w ≥ 1✳

▲❡♠♠❛ ✶✳ ❋♦r ❛♥ ✐♥t❡❣❡r w ≥ 1 t❤❡ ♣♦❧②♥♦♠✐❛❧ Fw(x) = xw+1−xw−x−1 ❤❛s
❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ r❡❛❧ r♦♦t bw > 1✳ ❚❤❡ s❡q✉❡♥❝❡ b1, b2, . . . ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣
❛♥❞ t❤❡ ❧✐♠✐t ❛s w t❡♥❞s t♦ ✐♥✜♥✐t② ♦❢ bw ✐s 1✳ ❋✉rt❤❡r✱ (x2 + 1) | Fw(x) ❢♦r
w ≡ 3 mod 4✳

❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❲❡ ❣✐✈❡ t❤❡ ✜rst ❢❡✇
✈❛❧✉❡s ♦❢ bw ❛♥❞ ♥♦t❡ t❤❛t b3 ✐s t❤❡ ❣♦❧❞❡♥ r❛t✐♦ φ✿

b1 = 1 +
√
2 ≈ 2.414214✱ b2 ≈ 1.839287✱

b3 = 1
2 (1 +

√
5) ≈ 1.618034✱ b4 ≈ 1.497094✱

b5 ≈ 1.419633✱ b6 ≈ 1.365255✳

❙✐♥❝❡ ✇❡ ❛r❡ ✉s✐♥❣ ❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡✱ ❛ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛
✜①❡❞✲♣♦✐♥t ♥✉♠❜❡r ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ♥♦♥✲③❡r♦ t❡r♠s ✐♥ ❣❡♥❡r❛❧✳ ❖❜✈✐♦✉s❧②✱
t❤✐s ✐s ♥♦t ♣r❛❝t✐❝❛❧ s✐♥❝❡ ♦♥❡ ♥❡❡❞s t♦ st♦r❡ ❡❛❝❤ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t✳ ■♥ ♦r❞❡r
t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✜①❡❞✲♣♦✐♥t ♥✉♠❜❡r ❜② t❡r♠✐✲
♥❛t✐♥❣ t❤❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ❛❢t❡r s♦♠❡ ♣♦✇❡r ♦❢ t❤❡ ❜❛s❡✳ ❲❡ ❞❡♥♦t❡
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s✉❝❤ ❛ t❡r♠✐♥❛t❡❞ s❡q✉❡♥❝❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡r❡
❛r❡ t✇♦ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②s ♦❢ ❛❝❤✐❡✈✐♥❣ t❤✐s✿ ❡✐t❤❡r t❤❡ ♣♦✇❡r ♦❢ t❤❡ ❜❛s❡ ✉s❡❞
t♦ ❞❡t❡r♠✐♥❡ t❤❡ t❡r♠✐♥❛t✐♦♥ ✐s ❝❤♦s❡♥ ✐♥ ❛❞✈❛♥❝❡ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡❛s② ❜♦✉♥❞
♦♥ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ ❡rr♦r ❝r❡❛t❡❞✱ ♦r ✇❡ ❝❤♦♦s❡ ❛ ♠❛①✐♠❛❧ ❛❧❧♦✇❡❞ ❡rr♦r ✐♥
❛❞✈❛♥❝❡ ❛♥❞ t❡r♠✐♥❛t❡ ❛❢t❡r t❤❡ ✜rst ♣♦✇❡r ✇❤✐❝❤ ❣✐✈❡s ❡rr♦r ❧❡ss t❤❛♥ ♦r ❡q✉❛❧
t♦ t❤✐s ♣r❡✲❞❡t❡r♠✐♥❡❞ ✈❛❧✉❡✳

✷✳✸ ❊♥❝♦❞✐♥❣ ❛♥❞ ❞❡❝♦❞✐♥❣ ✉s✐♥❣ w✲◆■❇◆❆❋

❚❤❡ ♣r♦❝❡ss ♦❢ ❡♥❝♦❞✐♥❣ ✇♦r❦s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✐✳❡✳ ✇❡ ❢♦❧❧♦✇ t❤❡
❛♣♣r♦❛❝❤ ❢r♦♠ ❬✶✹✱✶✻❪ ❡①❝❡♣t ✇❡ ✉s❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥
✐♥st❡❛❞ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❛t ✐s✱ t♦ ❡♥❝♦❞❡ ❛ ✜①❡❞✲♣♦✐♥t
♥✉♠❜❡r θ ✇❡ ✜♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ θ ✇✐t❤ s♠❛❧❧
❡♥♦✉❣❤ ❡rr♦r ❛♥❞ r❡♣❧❛❝❡ ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ bw ❜② X✱ ❛❢t❡r ✇❤✐❝❤ ✇❡ ❛♣♣❧②
t❤❡ ♠❛♣ ι t♦ ❡♥❞ ✉♣ ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣❧❛✐♥t❡①t s♣❛❝❡ Rt✳ ❉❡❝♦❞✐♥❣ ✐s
❛❧♠♦st t❤❡ s❛♠❡ ❛s ✇❡❧❧✱ ♦♥❧② t❤❛t ❛❢t❡r ✐♥✈❡rt✐♥❣ ι ❛♥❞ ❧✐❢t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts
t♦ Z ✇❡ ❡✈❛❧✉❛t❡ t❤❡ r❡s✉❧t✐♥❣ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧ ❛t X = bw r❛t❤❡r t❤❛♥ X =
3✱ ❝♦♠♣✉t✐♥❣ t❤❡ ✈❛❧✉❡ ♦♥❧② t♦ t❤❡ r❡q✉✐r❡❞ ♣r❡❝✐s✐♦♥✳ ❘❛t❤❡r t❤❛♥ ❡✈❛❧✉❛t✐♥❣
❞✐r❡❝t❧② ✐t ✐s ❜❡st t♦ r❡❞✉❝❡ t❤❡ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧ ♠♦❞✉❧♦ Fw(X) ✭♦r ♠♦❞✉❧♦
t❤❡ ♣♦❧②♥♦♠✐❛❧ Fw(X)/(X2+1) ✐❢ w ≡ 3 mod 4✮ s♦ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♠♣✉t❡
♣♦✇❡rs ♦❢ bw ✉♣ t♦ w ✭r❡s♣❡❝t✐✈❡❧② w − 2✮✳ ❆s ✇❡ ❡♥❝♦❞❡ ✉s✐♥❣ ❛♣♣r♦①✐♠❛t❡
r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡r❡ ❝❛♥ ❜❡ ♠❛♥② ❡♥❝♦❞✐♥❣s ✇❤✐❝❤ ❞❡❝♦❞❡✱ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥
♣r❡❝✐s✐♦♥✱ t♦ t❤❡ s❛♠❡ ✈❛❧✉❡✳

▲❡t ✉s ♣r♦✈❡ t❤❛t ❡✈❡r② θ ∈ R ❤❛s ❛ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥✿ ❆❧❣♦r✐t❤♠ ✶
♣r♦❞✉❝❡s s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥✳ ❆❧❣♦r✐t❤♠ ✶ ✐s ❛ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝❤♦♦s❡s
t❤❡ ❝❧♦s❡st s✐❣♥❡❞ ♣♦✇❡r ♦❢ t❤❡ ❜❛s❡ t♦ θ ❛♥❞ t❤❡♥ ✐t❡r❛t✐✈❡❧② ✜♥❞s ❛ r❡♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡✳ ❊①❝❡♣t ✇❤❡♥ θ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s θ = h(bw)/b

q
w✱ ❢♦r

s♦♠❡ ♣♦❧②♥♦♠✐❛❧ h ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ {±1, 0} ❛♥❞ q ∈ Z≥0✱ ❛♥② w✲◆■❇◆❆❋
r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✐♥✜♥✐t❡❧② ❧♦♥❣✳ ❍❡♥❝❡✱ ✇❡ ♠✉st t❡r♠✐♥❛t❡ ❆❧❣♦r✐t❤♠ ✶ ♦♥❝❡ t❤❡
✐t❡r❛t✐✈❡ ✐♥♣✉t ✐s s♠❛❧❧❡r t❤❛♥ s♦♠❡ ♣r❡✲❞❡t❡r♠✐♥❡❞ ♣r❡❝✐s✐♦♥ ǫ > 0✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s r❡q✉✐r❡❞✳

▲❡♠♠❛ ✷✳ ❆❧❣♦r✐t❤♠ ✶ ♣r♦❞✉❝❡s ❛♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
θ ✇✐t❤ ❛♥ ❡rr♦r ♦❢ ❛t ♠♦st ǫ✳

Pr♦♦❢✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s✱ t❤❡ ♦✉t♣✉t ❝❧❡❛r❧② r❡♣r❡s❡♥ts θ
t♦ ✇✐t❤✐♥ ❛♥ ❡rr♦r ♦❢ ❛t ♠♦st s✐③❡ ǫ✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡ ♦✉t♣✉t ✐s w✲◆■❇◆❆❋✳
❙✉♣♣♦s❡ t❤❛t t❤❡ ♦✉t♣✉t✱ ♦♥ ✐♥♣✉t θ, bw, ǫ✱ ❤❛s ❛t ❧❡❛st t✇♦ ♥♦♥✲③❡r♦ t❡r♠s✱ t❤❡
✜rst ❜❡✐♥❣ ad✳ ❚❤✐s ✐♠♣❧✐❡s ❡✐t❤❡r t❤❛t bdw ≤ |θ| < bd+1

w ❛♥❞ bd+1
w − |θ| > |θ| − bdw

♦r bd−1
w < |θ| ≤ bdw ❛♥❞ bdw − |θ| ≤ |θ| − bd−1

w ✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
bdw ≤ |θ| < 1

2b
d
w(1 + bw) ❛♥❞

1
2b

d−1
w (1 + bw) ≤ |θ| ≤ bdw r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s s❤♦✇s

t❤❛t

||θ| − bdw| < max
{

bdw − 1
2b

d−1
w (1 + bw),

1
2b

d
w(1 + bw)− bdw

}

= 1
2b

d
w(bw − 1) .

❚❤❡ ❛❧❣♦r✐t❤♠ s✉❜s❡q✉❡♥t❧② ❝❤♦♦s❡s t❤❡ ❝❧♦s❡st ♣♦✇❡r ♦❢ bw t♦ t❤✐s s♠❛❧❧❡r ✈❛❧✉❡✱
s✉♣♣♦s❡ ✐t ✐s bℓw✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇✐t❤ θ r❡♣❧❛❝❡❞ ❜② |θ|− bdw ✇❡ ❤❛✈❡ t❤❛t

✼



❆❧❣♦r✐t❤♠ ✶✿ GreedyRepresentation

■♥♣✉t✿ θ ✕ t❤❡ ✜①❡❞✲♣♦✐♥t ♥✉♠❜❡r t♦ ❜❡ r❡♣r❡s❡♥t❡❞✱
bw ✕ t❤❡ w✲◆■❇◆❆❋ ❜❛s❡ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱
ǫ ✕ t❤❡ ♣r❡❝✐s✐♦♥ t♦ ✇❤✐❝❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞✳
❖✉t♣✉t✿ ❆♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ar, ar−1, . . . ♦❢ θ ✇✐t❤

❡rr♦r ❧❡ss t❤❛♥ ǫ✱ ✇❤❡r❡ ai = 0 ✐❢ ♥♦t ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✳
✇❤✐❧❡ |θ| > ǫ ❞♦

σ ← sgn(θ)
t← σθ

r ←
⌈

log
bw

(t)
⌉

✐❢ brw − t > t− br−1

w t❤❡♥
r ← r − 1

ar ← σ

θ ← θ − σbrw

❘❡t✉r♥ (ai)✳

❡✐t❤❡r bℓw ≤
∣

∣|θ| − bdw
∣

∣ ♦r 1
2b

ℓ−1
w (1 + bw) ≤

∣

∣|θ| − bdw
∣

∣ ❛♥❞ s✐♥❝❡ bℓw ✐s ❧❛r❣❡r t❤❛♥
1
2b

ℓ−1
w (1+bw) t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ ℓ✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② ℓw(d)✱ s❛t✐s✜❡s

ℓw(d) = max
{

ℓ ∈ Z
∣

∣

1
2b

ℓ−1
w (1 + bw) <

1
2b

d
w(bw − 1)

}

.

❚❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ ℓ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s bℓw < bd+1
w (bw−1)/(bw+1) ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t ℓ < d+ 1 + logbw((bw − 1)/(bw + 1)) ❛♥❞ t❤✉s

ℓw(d) = d+

⌈

logbw

(

bw − 1

bw + 1

)⌉

,

s♦ t❤❛t t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ d ❛♥❞ ❡q✉❛❧ t♦

s(w) := d− ℓw(d) = −
⌈

logbw

(

bw − 1

bw + 1

)⌉

=

⌊

logbw

(

bw + 1

bw − 1

)⌋

.

❲❡ t❤✉s ♥❡❡❞ t♦ s❤♦✇ t❤❛t s(w) ≥ w✳ ❆s w ✐s ❛♥ ✐♥t❡❣❡r t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

logbw

(

bw + 1

bw − 1

)

≥ w ⇐⇒ bww ≤ bw + 1

bw − 1
⇐⇒ bw+1

w − bww − bw − 1 ≤ 0

✇❤✐❝❤ ❤♦❧❞s ❢♦r ❛❧❧ w s✐♥❝❡ Fw(bw) = 0✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✇♦r❦s
❝♦rr❡❝t❧② ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❜❡❝❛✉s❡ ✇❤❡♥ |θ| ✐s ❡①❛❝t❧② ❤❛❧❢✲✇❛② ❜❡t✇❡❡♥ t✇♦
♣♦✇❡rs ♦❢ bw ✇❡ ❝❤♦♦s❡ t❤❡ ❧❛r❣❡r ♣♦✇❡r✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ♦✉t♣✉t ✐s ♦❢ t❤❡
r❡q✉✐r❡❞ ❢♦r♠✳

❋✐♥❛❧❧②✱ t♦ s❤♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ✇❡ ♥♦t❡ t❤❛t t❤❡ k✬t❤ s✉❝✲

❝❡ss✐✈❡ ❞✐✛❡r❡♥❝❡ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1
2b

d−(k−1)s(w)
w (bw − 1) ❛♥❞ t❤✐s t❡♥❞s

t♦ 0 ❛s k t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡r❡❢♦r❡ ❛❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s ✭❛t ♠♦st
⌈

(d− logbw (2ǫ/(bw − 1)) /s(w)
⌉

+ 1✮ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ǫ
❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s✳ ⊓⊔

✽



■♥ t❤❡ ❧✐♠✐t ❛s ǫ t❡♥❞s t♦ ③❡r♦ ✇❡ r❡❛❝❤ ❛ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ θ
❤❡♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❛♥② r❡❛❧ ♥✉♠❜❡r ✐♥❞❡❡❞ ❛❞♠✐ts ❛ w✲◆■❇◆❆❋ r❡♣r❡✲
s❡♥t❛t✐♦♥✳ ❈❧❡❛r❧② ✇❡ ❝❛♥ ❛❧s♦ ✉s❡ t❤✐s ❛❧❣♦r✐t❤♠ t♦ ❡♥❝♦❞❡ θ ❜② ✐♥st❡❛❞ r❡t✉r♥✐♥❣
∑

i aiX
i✱ t❤✐s ❣✐✈❡s ❛♥ ❡♥❝♦❞✐♥❣ ♦❢ θ ✇✐t❤ ♠❛①✐♠❛❧ ❡rr♦r ǫ✳ ❙✐♥❝❡ t❤❡ ✐♥♣✉t θ ♦❢

t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❣❡t ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ❜✉t ❧❛r❣❡r t❤❛♥ ǫ✱ t❤❡ ✜♥❛❧ t❡r♠ ✐♥ t❤❡
❡♥❝♦❞✐♥❣ ❝❛♥ ❜❡ ±Xh ✇❤❡r❡ h = ⌊logbw(2ǫ/(1 + bw))⌋ + 1✳ ■❢ ✇❡ ❛r❡ t♦ ❡♥s✉r❡
t❤❛t t❤❡ s♠❛❧❧❡st ♣♦✇❡r ♦❢ t❤❡ ❜❛s❡ t♦ ❛♣♣❡❛r ✐♥ ❛♥② ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋
r❡♣r❡s❡♥t❛t✐♦♥ ✐s bsw t❤❡♥ ✇❡ r❡q✉✐r❡ t❤❛t ✐❢ bs−1

w ✐s t❤❡ ♥❡❛r❡st ♣♦✇❡r ♦❢ bw t♦
t❤❡ ✐♥♣✉t θ t❤❡♥ |θ| ≤ ǫ s♦ t❤❛t ✇❡ ♠✉st ❤❛✈❡ 1

2b
s−1
w (1 + bw) ≤ ǫ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❡ s♠❛❧❧❡st ♣r❡❝✐s✐♦♥ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ ✐s ǫ = bs−1
w (1 + bw)/2✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ ✇❡

✇❛♥t ❵♣♦❧②♥♦♠✐❛❧✬ ❡♥❝♦❞✐♥❣s t❤❡♥ t❤❡ ❜❡st ♣r❡❝✐s✐♦♥ ♣♦ss✐❜❧❡ ✉s✐♥❣ t❤❡ ❣r❡❡❞②
❛❧❣♦r✐t❤♠ ✐s (1 + b−1

w )/2 < 1✳

❘❡♠❛r❦ ✸✳ ■❢ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ♦♥❡ r❡♣❧❛❝❡s bw ❜② ❛ s♠❛❧❧❡r ❜❛s❡ b > 1 t❤❡♥
✐t st✐❧❧ ♣r♦❞✉❝❡s ❛ w✲◆■❇◆❆❋ ❡①♣❛♥s✐♦♥ t♦ t❤❡ ❞❡s✐r❡❞ ♣r❡❝✐s✐♦♥✿ t❤✐s ❢♦❧❧♦✇s
❡❛s✐❧② ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❚❤❡ ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡ ♦❢ bw ✐s t❤❛t ✐t ✐s
♠❛①✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♣r♦♣❡rt②✱ s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❡①♣❛♥s✐♦♥s ❜❡❝♦♠❡
❛s s❤♦rt ❛s ♣♦ss✐❜❧❡✳

✸ ❆♥❛❧②s✐s ♦❢ ❝♦❡✣❝✐❡♥t ❣r♦✇t❤ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ✇✐t❤

❡♥❝♦❞✐♥❣s

❆❢t❡r ❡♥❝♦❞✐♥❣ t❤❡ ✐♥♣✉t ❞❛t❛ ✐t ✐s r❡❛❞② ❢♦r ❤♦♠♦♠♦r♣❤✐❝ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤✐s
✐♥❝r❡❛s❡s ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ❛s ✇❡❧❧ ❛s t❤❡ s✐③❡ ♦❢ t❤❡s❡ ❝♦✲
❡✣❝✐❡♥ts✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✐♥ t❤❡ r✐♥❣ Rt t❤❡r❡ ✐s ❛ r✐s❦ t❤❛t ♦✉r ❞❛t❛ ✇r❛♣s
❛r♦✉♥❞ ♠♦❞✉❧♦ t ❛s ✇❡❧❧ ❛s ♠♦❞✉❧♦ f(X)✱ ✐♥ t❤❡ s❡♥s❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦✲
❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ s❤♦✉❧❞ ❛✈♦✐❞ s✐♥❝❡ t❤✐s ❧❡❛❞s t♦ ❡rr♦♥❡♦✉s ❞❡❝♦❞✐♥❣✳ ❚❤❡r❡❢♦r❡
✇❡ ♥❡❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ❣r♦✇t❤ ♠♦r❡ t❤♦r♦✉❣❤❧②✳ ❲❡ s✐♠♣❧✐❢② t❤❡
❛♥❛❧②s✐s ✐♥ t❤✐s s❡❝t✐♦♥ ❜② ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ ✇❤❛t ❝♦♥str❛✐♥t
t❤✐s ♣✉ts ♦♥ t✱ ✐t ✐s t❤❡♥ ♥♦t ❤❛r❞ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s t♦ ✐♥❝❧✉❞❡ ❛❞❞✐t✐♦♥s✳

✸✳✶ ❲♦rst ❝❛s❡ ❝♦❡✣❝✐❡♥t ❣r♦✇t❤ ❢♦r w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s

❍❡r❡ ✇❡ ❛♥❛❧②③❡ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ s✐③❡ ♦❢ ❛ ❝♦❡✣❝✐❡♥t ✇❤✐❝❤ ❝♦✉❧❞ ♦❝❝✉r ❢r♦♠
❝♦♠♣✉t✐♥❣ ✇✐t❤ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s✳ ❆s ❢r❡s❤ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ❛r❡ ❥✉st
❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥s ✇r✐tt❡♥ ❛s ❡❧❡♠❡♥ts ♦❢ Rt ✇❡ ❝♦♥s✐❞❡r
✜♥✐t❡ w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡♥❞♦✇❡❞ ♦♥ t❤❡♠
❢r♦♠ Rt ♦r ❢r♦♠ Zt[X,X−1]✳ ❋✉rt❤❡r✱ ❛s ✇❡ ❡♥s✉r❡ ✐♥ ♣r❛❝t✐❝❡ t❤❛t t❤❡r❡ ✐s ♥♦
✇r❛♣ ❛r♦✉♥❞ ♠♦❞✉❧♦ f(X) t❤✐s ❝❛♥ ❜❡ ✐❣♥♦r❡❞ ✐♥ ♦✉r ❛♥❛❧②s✐s✳

❚♦ st❛rt t❤❡ ✇♦rst ❝❛s❡ ❛♥❛❧②s✐s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞✳

▲❡♠♠❛ ✸✳ ❆ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ s✐③❡ ♦❢ ❛ t❡r♠ t❤❛t ❝❛♥ ❜❡
♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ p ❛r❜✐tr❛r② w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢
❧❡♥❣t❤ d+ 1 ✐s

Bw(d, p) :=

⌊⌊p⌊d/w⌋/2⌋/(⌊d/w⌋+1)⌋
∑

k=0

(−1)k
(

p

k

)(

p− 1 + ⌊p⌊d/w⌋/2⌋ − k⌊d/w⌋ − k

p− 1

)

.

✾



❆ ❢✉❧❧ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆ ❜✉t t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s
t♦ ❧♦♦❦ ❛t t❤❡ ❧❛r❣❡st ❝♦❡✣❝✐❡♥t ♦❢ mp ✇❤❡r❡ m ❤❛s t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢
♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts✱ ⌊d/w⌋ + 1✱ ❛❧❧ ❜❡✐♥❣ ❡q✉❛❧ t♦ 1 ❛♥❞ ✇✐t❤ ❡①❛❝t❧② w − 1
③❡r♦ ❝♦❡✣❝✐❡♥ts ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ❛❞❥❛❝❡♥t ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ♥♦t❡
t❤❛t t❤❡ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣✱ ✉s✐♥❣ t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✇✐t❤ ♣r❡❝✐s✐♦♥ 1

2 ✱

♦❢ b
d+w−(d mod w)
w (bw − 1)/2 ✐s m s♦ ✐♥ ♣r❛❝t✐❝❡ t❤✐s ❧♦✇❡r ❜♦✉♥❞ ✐s ❛❝❤✐❡✈❛❜❧❡

❛❧t❤♦✉❣❤ ✉♥❧✐❦❡❧② t♦ ♦❝❝✉r✳
❲❡ ❡①♣❡❝t t❤❛t t❤✐s ❧♦✇❡r ❜♦✉♥❞ ✐s t✐❣❤t✱ ✐♥❞❡❡❞ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ t❤❡ ♣r♦♦❢ ✐s ❛❧s♦ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳

▲❡♠♠❛ ✹✳ ❙✉♣♣♦s❡ w ❞✐✈✐❞❡s d✱ t❤❡♥ Bw(d, p) ❡q✉❛❧s t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ s✐③❡
♦❢ ❛ t❡r♠ t❤❛t ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ p ❛r❜✐tr❛r② w✲❜❛❧❛♥❝❡❞
t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ d+ 1✳

❲❡ t❤✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ tr✉❡✳

❈♦♥❥❡❝t✉r❡ ✶ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ Bw(d, p) ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸ ✐s ❡①❛❝t ❢♦r ❛❧❧
d✱ t❤❛t ✐s t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ t❡r♠ s✐③❡ ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r ❛❢t❡r ♠✉❧t✐♣❧②✐♥❣ p
❛r❜✐tr❛r② w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ d+ 1 ✐s Bw(d, p)✳

❚❤✐s ❝♦♥❥❡❝t✉r❡ s❡❡♠s ✈❡r② ♣❧❛✉s✐❜❧❡ s✐♥❝❡ ❛s s♦♦♥ ❛s ♦♥❡ ♠✉❧t✐♣❧✐❝❛♥❞ ❞♦❡s
♥♦t ❤❛✈❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ❡①❛❝t❧② w ♣❧❛❝❡s ❛♣❛rt t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts
st❛rt t♦ s♣r❡❛❞ ♦✉t ❛♥❞ ❞❡❝r❡❛s❡ ✐♥ ✈❛❧✉❡✳

✸✳✷ ❆♣♣r♦①✐♠❛t✐♥❣ Bw(d, p)

❚♦ ❛♣♣r♦①✐♠❛t❡ Bw(d, p) ❢♦r ✜①❡❞ p ❞❡✜♥❡ n := ⌊d/w⌋ + 1✱ t❤❡♥ ❢♦r s✉✐t❛❜❧②
❧❛r❣❡ n ✭s♦ t❤❛t t❤❡ ✈❛r✐❛❜❧❡ k ✈❛r✐❡s ♦✈❡r ❛ r❛♥❣❡ ♦♥❧② ❞❡♣❡♥❞❡♥t ♦♥ p✮ ✇❡ ❝❛♥
❡①♣❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Bw(d, p) ❛s ❛ ❵♣♦❧②♥♦♠✐❛❧✬ ✐♥ n ♦❢ ❞❡❣r❡❡ p − 1✱ s❡❡
❆♣♣❡♥❞✐① ❇ ❢♦r t❤❡ ❞❡t❛✐❧s✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ✇❡ ✜♥❞ ❛r❡ ✐♥ ❢❛❝t ✈❛❧✐❞ ❢♦r ❛❧❧ n✱
t❤❡ ✜rst ❢❡✇ ❛r❡✿

Bw(d, 1) = 1; Bw(d, 2) = n;

Bw(d, 3) =
1
8 (6n

2 + 1)− (−1)n

8 ; Bw(d, 4) =
1
3 (2n

3 + n);

Bw(d, 5) =
1

384 (230n
4 + 70n2 + 27)− (−1)n

384 (30n2 + 27);

Bw(d, 6) =
1
20 (11n

5 + 5n3 + 4n);

Bw(d, 7) =
1

23040 (11774n
6 + 4235n4 + 2261n2 + 1125)

− (−1)n

23040 (1155n
4 + 1365n2 + 1125)

Bw(d, 8) =
1

315 (151n
7 + 70n5 + 49n3 + 45n).

❉❡♥♦t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ np−1 ✐♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❜② ℓp✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥

✭s❡❡ ❬✷❪ ♦r ❆♣♣❡♥❞✐① ❇✮ t❤❛t limp→∞
√
pℓp =

√

6/π ❛♥❞ ❤❡♥❝❡ ✇❡ ❤❛✈❡

lim
p→∞

log2(Bw(d, p))− (p− 1) log2(n) +
1
2 log2

(

πp
6

)

= 0

✶✵
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❋✐❣✳ ✸✳ P❧♦t ♦❢ log
2
✭★❝♦❡✛✮ ♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛❣❛✐♥st w ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s ❢♦r

w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ♦❢ r❛♥❞♦♠ ✐♥t❡❣❡rs ✐♥
[

−240, 240
]

✳

♦r ❡q✉✐✈❛❧❡♥t❧② Bw(d, p) ∼p

√

6/πpnp−1✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

log2(Bw(d, p)) ≈ (p− 1) log2(n)− 1
2 log2

(

πp
6

)

✇❤✐❝❤ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ n ✭❡①♣❡r✐♠❡♥t❛❧❧② ✇❡ ❢♦✉♥❞ ❢♦r n > 1.825
√

p− 1/2✮ ✐s
❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r p > 2✳ ❋♦r ❛ ❣✉❛r❛♥t❡❡❞ ✉♣♣❡r ❜♦✉♥❞ ✇❤❡♥ p > 2 ✇❡ ❤❛✈❡
t❤❡ r❡s✉❧t Bw(d, p) ≤

√

6/(πp(n2 − 1))np✳

✸✳✸ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ❣r♦✇t❤

❇❛s❡❞ ♦♥ t❤❡ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ♦❢ r❛♥❞♦♠ ♥✉♠❜❡rs ✐♥ N ∈
[

−240, 240
]

✱ ✇❡
tr② t♦ ❣❡t ❛♥ ✐❞❡❛ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ −1✱ 0 ❛♥❞ 1 ❝♦❡✣❝✐❡♥ts ✐♥ ❛ ❢r❡s❤ ❡♥❝♦❞✐♥❣
✇✐t❤♦✉t ❢r❛❝t✐♦♥❛❧ ♣❛rt✱ ♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ ❆❧❣♦r✐t❤♠ ✶ t♦ ♣r❡❝✐s✐♦♥ (1+b−1

w )/2✳
❲❡ ❛❧s♦ ❛♥❛❧②③❡ ❤♦✇ t❤❡s❡ ♣r♦♣♦rt✐♦♥s ❝❤❛♥❣❡ ✇❤❡♥ ✇❡ ♣❡r❢♦r♠ ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳
❲❡ ♣❧♦t t❤✐s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ w t♦ ✐❧❧✉str❛t❡ t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢ ✉s✐♥❣
s♣❛rs❡r ❡♥❝♦❞✐♥❣s✳

❲❡ ❦♥♦✇ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ w✲◆■❇◆❆❋ ❡①♣❛♥s✐♦♥ t❤❛t ❛t ❧❡❛st w − 1
❛♠♦♥❣ ❡❛❝❤ ❜❧♦❝❦ ♦❢ w ❝♦♥s❡❝✉t✐✈❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✇✐❧❧ ❜❡ 0✱ s♦
✇❡ ❡①♣❡❝t ❢♦r ❜✐❣ w t❤❛t t❤❡ 0 ❝♦❡✣❝✐❡♥t ♦❝❝✉rs ❛ ❧♦t ♠♦r❡ t❤❛♥ −1 ♦r 1✳
❚❤✐s ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ ✐♥ ❋✐❣✉r❡ ✸✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ s❡❡ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢
0 ❝♦❡✣❝✐❡♥ts ❛♥❞ ❞❡❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ −1 ❛♥❞ 1 ❝♦❡✣❝✐❡♥ts ❢♦r ✐♥❝r❡❛s✐♥❣ w✳
❍❡♥❝❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❜♦t❤ t❤❡ ❛❜s♦❧✉t❡ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ s♣❛rs❡♥❡ss ♦❢ ♦✉r
❡♥❝♦❞✐♥❣s ✐♥❝r❡❛s❡ ❛s w ✐♥❝r❡❛s❡s✳

❙✐♥❝❡ t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡♥❝♦❞✐♥❣ ♦❢ ❬✶✹✱✶✻❪ ❛♥❞ t❤❡ 2✲◆❆❋ ❡♥❝♦❞✐♥❣ ❬✷✽❪✱
♦♥❧② ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✐♥ {−1, 0, 1} ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡♠ t♦ 1✲◆■❇◆❆❋
❛♥❞ 2✲◆■❇◆❆❋ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝♦♠♣❛r❡ t❤❡♠ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢
❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❛r❡ ❡q✉❛❧ t♦ −1✱ 0 ❛♥❞ 1 r❡s♣❡❝t✐✈❡❧②✱ ✐♥ 10 000 ❡♥❝♦❞✐♥❣s ♦❢
r❛♥❞♦♠ ✐♥t❡❣❡rs N ✐♥

[

−240, 240
]

✳ ❲❡ ❝♦♠♣✉t❡ t❤✐s ♣❡r❝❡♥t❛❣❡ ✉♣ t♦ ❛♥ ❛❝❝✉✲
r❛❝② ♦❢ 10−4 ❛♥❞ ❝♦♥s✐❞❡r ❢♦r ♦✉r ❝♦✉♥ts ❛❧❧ ❝♦❡✣❝✐❡♥ts ✉♣ t♦ ❛♥❞ ✐♥❝❧✉❞✐♥❣ t❤❡

✶✶



❜❛❧❛♥❝❡❞ t❡r♥❛r② ✶✲◆■❇◆❆❋ ✷✲◆❆❋ ✷✲◆■❇◆❆❋

♣❡r❝❡♥t❛❣❡ ♦❢ −1s ✵✳✸✸✽✼ ✵✳✷✺✺✻ ✵✳✶✼✸✾ ✵✳✶✹✼✶
♣❡r❝❡♥t❛❣❡ ♦❢ 0s ✵✳✸✷✷✺ ✵✳✹✽✻✾ ✵✳✻✺✷✸ ✵✳✼✵✹✻
♣❡r❝❡♥t❛❣❡ ♦❢ 1s ✵✳✸✸✽✾ ✵✳✷✺✼✺ ✵✳✶✼✸✽ ✵✳✶✹✽✸

❚❛❜❧❡ ✶✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r❡✈✐♦✉s ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ w✲◆■❇◆❆❋
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✭★❝♦❡✛✮ ♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛❣❛✐♥st t❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡ ♦❢ t❤❡

❝♦❡✣❝✐❡♥t ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s ❢♦r t❤❡ r❡s✉❧t ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ w✲◆■❇◆❆❋
❡♥❝♦❞✐♥❣s ♦❢ r❛♥❞♦♠ ♥✉♠❜❡rs ❜❡t✇❡❡♥

[

−240, 240
]

✳

❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t✱ ❢✉rt❤❡r ③❡r♦ ❝♦❡✣❝✐❡♥ts ❛r❡ ♥♦t ❝♦✉♥t❡❞✳ ❲❤❡♥ ✇❡ ❝♦♠♣❛r❡
t❤❡ ♣❡r❝❡♥t❛❣❡s ♦❢ −1✱ 0 ❛♥❞ 1 ❝♦❡✣❝✐❡♥ts ♦❝❝✉rr✐♥❣ ✐♥ 1✲◆■❇◆❆❋ ❛♥❞ ❜❛❧✲
❛♥❝❡❞ t❡r♥❛r② ✐♥ ❚❛❜❧❡ ✶ ✇❡ s❡❡ t❤❛t ❢♦r t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② r❡♣r❡s❡♥t❛t✐♦♥✱
t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ −1✱ 0 ❛♥❞ 1 ❝♦❡✣❝✐❡♥ts ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡✱ ✇❤✐❧❡ ❢♦r
1✲◆■❇◆❆❋ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ 0 ❝♦❡✣❝✐❡♥ts ✐s ❜✐❣❣❡r t❤❛♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ −1
❛♥❞ 1 ❝♦❡✣❝✐❡♥ts✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❡♥❝♦❞✐♥❣s ✇✐t❤ t❤✐s ♥❡✇ ❜❛s❡
✇✐❧❧ ❜❡ s♣❛rs❡r t❤❛♥ t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡♥❝♦❞✐♥❣s ❡✈❡♥ t❤♦✉❣❤ t❤❡ ✇✐♥❞♦✇
s✐③❡ ✐s ❡q✉❛❧✳ ❋♦r 2✲◆■❇◆❆❋ ✇❡ ❛❧s♦ s❡❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❡r♠s ♦❢ s♣❛rs❡♥❡ss
♦❢ t❤❡ ❡♥❝♦❞✐♥❣ ❝♦♠♣❛r❡❞ t♦ 2✲◆❆❋✳

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ✇❤❡♥ ✇❡
♠✉❧t✐♣❧② t✇♦ ❡♥❝♦❞✐♥❣s✳ ❋r♦♠ ❋✐❣✉r❡ ✹ ✇❡ s❡❡ t❤❛t ✇❤❡♥ w ✐♥❝r❡❛s❡s t❤❡ ♠❛①✲
✐♠❛❧ s✐③❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝♦❡✣❝✐❡♥ts ❜❡❝♦♠❡s s♠❛❧❧❡r✳ ❙♦ t❤❡ ♣❧♦ts ❝♦♥✜r♠ t❤❡
❡①♣❡❝t❡❞ r❡s✉❧t t❤❛t s♣❛rs❡r ❡♥❝♦❞✐♥❣s ❧❡❛❞ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡
r❡s✉❧t✐♥❣ ❝♦❡✣❝✐❡♥ts ❛❢t❡r ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

✶✷
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♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ xi

♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛❣❛✐♥st i ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✳

◆❡①t✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ❢♦r ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♠♦✉♥t ♦❢ ♠✉❧t✐♣❧✐❝❛✲
t✐♦♥s✳ ■♥ ❋✐❣✉r❡ ✺ ♦♥❡ ♦❜s❡r✈❡s t❤❛t ❢♦r ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥s t❤❡
♠❛①✐♠✉♠ ❝♦❡✣❝✐❡♥t✱ ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧✱ ❞❡✲
❝r❡❛s❡s ❛s w ✐♥❝r❡❛s❡s ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥❝r❡❛s❡s ❛s
w ✐♥❝r❡❛s❡s✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✱ ✐♥ ♦r❞❡r
t♦ ♠❛❦❡ ✐t ♠♦r❡ s♣❛rs❡✱ ❤❛s t❤❡ ❞❡s✐r❛❜❧❡ ❡✛❡❝t ♦❢ ❞❡❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts✳ ❋✐❣✉r❡ ✺ ❛❧s♦ s❤♦✇s t❤❛t ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧t ♦❢ ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
✇❡ ❝❛♥ ❡✈❡♥ ❡st✐♠❛t❡ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❝♦❡✣❝✐❡♥ts ♦❢ xi ❢♦r ❛
s♣❡❝✐✜❝ ♥✉♠❜❡r ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② s❝❛❧✐♥❣ t❤❡ r❡s✉❧t ❢♦r ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ♣❧♦t t❤❡ ♥✉♠❜❡r ♦❢ ❜✐ts ♦❢ t❤❡ ♠❛①✐♠✉♠ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡
♣♦❧②♥♦♠✐❛❧ t❤❛t ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ❝❡rt❛✐♥ ✜①❡❞ ❛♠♦✉♥t ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ w ✐♥ ❋✐❣✉r❡ ✻✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❛t t❤❡ ♠❛①✐♠❛❧ ❝♦✲
❡✣❝✐❡♥t ❞❡❝r❡❛s❡s ✇❤❡♥ w ✐♥❝r❡❛s❡s ❛♥❞ ❤❡♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ ❡♥❝♦❞✐♥❣ ♣♦❧②♥♦♠✐❛❧
✐s s♣❛rs❡r✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ s❡❡ t❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ s♣❛rs❡♥❡ss ♦❢ t❤❡ ❡♥❝♦❞✐♥❣
♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥t ✐s ❜✐❣❣❡r ✇❤❡♥ t❤❡ ❛♠♦✉♥t ♦❢
♠✉❧t✐♣❧✐❝❛t✐♦♥s ✐♥❝r❡❛s❡s✳ ❍♦✇❡✈❡r t❤❡ ❣❛✐♥ ♦❢ s♣❛rs❡r ❡♥❝♦❞✐♥❣s ❞❡❝r❡❛s❡s ❛s w
❜❡❝♦♠❡s ❜✐❣❣❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❛t t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸
✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ✉♣♣❡r ❜♦✉♥❞ ✇❡ ❣❡t ❢r♦♠ 10 000 s❛♠♣❧❡s✳

❘❡♠❛r❦ ✹✳ ❙✐♥❝❡ t❤❡ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ♣r♦❞✉❝❡❞ ❜② ❆❧❣♦r✐t❤♠ ✶ ❛♣♣❧✐❡❞
t♦ −N ❛♥❞ N ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r ❜② ❝❤❛♥❣✐♥❣ ❛❧❧ t❤❡ s✐❣♥s✱ t❤❡
❝♦❡✣❝✐❡♥ts −1 ❛♥❞ 1 ♠✉st ❜❡ ❞✐str✐❜✉t❡❞ ❡✈❡♥❧②✱ ❛s ✇❡ ✐♥❞❡❡❞ ♦❜s❡r✈❡✳ ❚❤✐s ✐s
❣♦♦❞✱ ❜❡❝❛✉s❡ ✐t t②♣✐❝❛❧❧② ❧❡❛❞s t♦ t❤❡ ♠❛①✐♠❛❧ ❛♠♦✉♥t ♦❢ ❝❛♥❝❡❧❧❛t✐♦♥ ♣♦ss✐❜❧❡
❞✉r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✳ ❲❤✐❧❡ t❤✐s ❞♦❡s ♥♦t ❛✛❡❝t ♦✉r ✇♦rst ❝❛s❡ ❛♥❛❧②s✐s ❢r♦♠
❙❡❝t✐♦♥ ✸✳✶✱ ✐♥ ♣r❛❝t✐❝❡ ✇❤❡r❡ t❤❡ ✇♦rst ❝❛s❡s ❛r❡ ❡①tr❡♠❡❧② ✉♥❧✐❦❡❧②✱ t❤✐s ❛❧❧♦✇s
❢♦r ❛ ❝♦♥s✐❞❡r❛❜❧❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠♦❞✉❧✉s t✳ ❚❤✐s ✐s
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average coeff 1 mult
upper bound coeff 1 mult
average coeff 2 mult
upper bound coeff 2 mult
average coeff 3 mult
upper bound coeff 3 mult
average coeff 4 mult
upper bound coeff 4 mult
average coeff 5 mult
upper bound coeff 5 mult

❋✐❣✳ ✻✳ P❧♦t ♦❢ t❤❡ log
2
♦❢ t❤❡ ♠❛①✐♠✉♠ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡

✈❡rt✐❝❛❧ ❛①✐s ❛❣❛✐♥st w ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✳

✐♠♣❧✐❝✐t❧② ✉s❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ■❢ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥ t❤❡ ✐♥♣✉t ❡♥❝♦❞✐♥❣s
❤❛♣♣❡♥ t♦ ❜❡ ❜✐❛s❡❞ t♦✇❛r❞s 1 ♦r −1 t❤❡♥ ✐t ♠✐❣❤t ❤❡❧♣ t♦ ✇♦r❦ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ♥❡❣❛t✐✈❡ ❜❛s❡ −bw < −1✱ ❜② s✇✐t❝❤✐♥❣ t❤❡ s✐❣♥s ♦❢ ❛❧❧ t❤❡ ❞✐❣✐ts t❤❛t ❛♣♣❡❛r
❛t ❛♥ ♦❞❞ ✐♥❞❡①✳

✹ Pr❛❝t✐❝❛❧ ✐♠♣❛❝t

❚❤❡ s✐③❡ ♦❢ t❤❡ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s ♠✐❣❤t ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ ❛ ❤♦♠♦♠♦r♣❤✐❝ ❛❧❣♦r✐t❤♠✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t
s✇✐t❝❤✐♥❣ t♦ ✉s✐♥❣ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ❡♥❤❛♥❝❡s t❤❡ ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡
♦❢ ❛ ❤♦♠♦♠♦r♣❤✐❝ ❢♦r❡❝❛st✐♥❣ ❛❧❣♦r✐t❤♠ ❜② ❛ ❢❛❝t♦r 13✳

❇❡✐♥❣ ❡✈❛❧✉❛t❡❞ ❤♦♠♦♠♦r♣❤✐❝❛❧❧② ❛♥② ❛r✐t❤♠❡t✐❝ ❝✐r❝✉✐t ❡♥❝♦✉♥t❡rs t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❝♦♥str❛✐♥ts ✇❤✐❧❡ ✉s✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❡♥❝♦❞✐♥❣s ♦❢ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ ✜rst
❝♦♥str❛✐♥t ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦rr❡❝t♥❡ss r❡q✉✐r❡♠❡♥t ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❙❍❊ s❝❤❡♠❡✳
◆❛♠❡❧②✱ t❤❡ ♥♦✐s❡ ✐♥s✐❞❡ t❤❡ ❝✐♣❤❡rt❡①t s❤♦✉❧❞ ♥♦t ❡①❝❡❡❞ s♦♠❡ ❧❡✈❡❧ ❞✉r✐♥❣ t❤❡
❝♦♠♣✉t❛t✐♦♥s✱ ♦t❤❡r✇✐s❡ ❞❡❝r②♣t✐♦♥ ❢❛✐❧s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛♥ ✐♥❝r❡❛s❡ t♦ t❤❡
♣❧❛✐♥t❡①t ♠♦❞✉❧✉s ❡①♣❛♥❞s t❤❡ ♥♦✐s❡ ❛♥❞ t❤✐s ♣❧❛❝❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡
♣♦ss✐❜❧❡ t ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t ❞♦❡s ♥♦t r❡❧❛t❡ t♦ ❙❍❊ ❜✉t
t♦ t❤❡ ❝✐r❝✉✐t ✐ts❡❧❢✳ ❆❢t❡r ❛♥② ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts
t❡♥❞ t♦ ❣r♦✇✳ ●✐✈❡♥ t❤❛t ❢❛❝t✱ ♦♥❡ s❤♦✉❧❞ t❛❦❡ ❛ ❜✐❣ ❡♥♦✉❣❤ ♣❧❛✐♥t❡①t ♠♦❞✉✲
❧✉s ✐♥ ♦r❞❡r t♦ ♣r❡✈❡♥t ♦r ♠✐t✐❣❛t❡ ♣♦ss✐❜❧❡ ✇r❛♣♣✐♥❣ ❛r♦✉♥❞ ♠♦❞✉❧♦ t✳ ❚❤✐s
❞❡t❡r♠✐♥❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t✳

■♥ ♣r❛❝t✐❝❡✱ ❢♦r ❞❡❡♣ ❡♥♦✉❣❤ ❝✐r❝✉✐ts t❤❡s❡ t✇♦ ❝♦♥str❛✐♥ts ❞♦ ♥♦t ❥✉①t❛♣♦s❡✱
✐✳❡✳ t❤❡r❡ ✐s ♥♦ ✐♥t❡r✈❛❧ ✇❤❡r❡ t ❝❛♥ ❜❡ ❝❤♦s❡♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❧❛✐♥t❡①t s♣❛❝❡ Rt

❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ s♠❛❧❧❡r r✐♥❣s Rt1 , . . . , Rtk ✇✐t❤ t =
∏k

i=1 ti ✉s✐♥❣ t❤❡ ❈❤✐♥❡s❡
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❘❡♠❛✐♥❞❡r ❚❤❡♦r❡♠ ✭❈❘❚✮✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❬✻❪ ❛❧❧♦✇s ✉s t♦ t❛❦❡ t❤❡ ♠♦❞✉❧✉s
❜✐❣ ❡♥♦✉❣❤ ❢♦r ❝♦rr❡❝t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝✐r❝✉✐t ❛♥❞ t❤❡♥ ♣❡r❢♦r♠ k t❤r❡❛❞s ♦❢ t❤❡
❤♦♠♦♠♦r♣❤✐❝ ❛❧❣♦r✐t❤♠ ♦✈❡r {Rti}i✳ ❆s ❛ r❡s✉❧t✱ t❤❡s❡ k ♦✉t♣✉t ♣♦❧②♥♦♠✐❛❧s ✇✐❧❧
❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ t❤❡ ✜♥❛❧ ♦✉t♣✉t✱ ❛❣❛✐♥ ❜② ❈❘❚✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♥❡❡❞s k t✐♠❡s
♠♦r❡ ♠❡♠♦r② ❛♥❞ t✐♠❡ t❤❛♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ♠♦❞✉❧✉s✳ ❍❡♥❝❡✱ t❤❡ ♣r♦❜❧❡♠ ✐s
❤♦✇ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝t♦rs ♦❢ t✳ ❚❤❡ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s ❝❛♥ ❜❡ ❞❡✜♥❡❞
❢♦r ❛♥② ❛r✐t❤♠❡t✐❝ ❝✐r❝✉✐t ✉s✐♥❣ t❤❡ ✇♦rst ❝❛s❡ s❝❡♥❛r✐♦ ✐♥ ✇❤✐❝❤ t❤❡ ✜♥❛❧ ♦✉t♣✉t
❤❛s t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ ❝♦❡✣❝✐❡♥t✳ ❍♦✇❡✈❡r✱ t❤✐s ❝❛s❡ ♦❝❝✉rs ✐♥ ♣r❛❝t✐❝❡ ✇✐t❤ ❛
♥❡❣❧✐❣✐❜❧❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❞❡❝r❡❛s❡s ❢♦r ❝✐r❝✉✐ts ♦❢ ❛ ❜✐❣❣❡r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡♣t❤✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦♥❡ ❝❛♥ t❛❦❡ t t♦ ❜❡
s♠❛❧❧❡r t❤❛♥ t❤❛t ❣✐✈❡♥ ❜② t❤❡ ✇♦rst ❝❛s❡✳ ❚❤✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛
❣✐✈❡♥ t ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝✐r❝✉✐t ❡✈❛❧✉❛t✐♥❣ ✐♥❝♦rr❡❝t❧②✳
❚❤✐s ♣r♦❜❛❜✐❧✐t② ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧❡ ❢♦r ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s✳ ▼♦r❡✲
♦✈❡r✱ ✇❡ ❝❛♥ ❛❧❧♦✇ s♦♠❡ ❝♦❡✣❝✐❡♥ts t♦ ✇r❛♣ ❛r♦✉♥❞ ♠♦❞✉❧♦ t ✇✐t❤ ♥♦ ❤❛r♠ t♦
t❤❡ ✜♥❛❧ r❡s✉❧ts ❛s ❧♦♥❣ ❛s t❤❡② ❛r❡ ♦♥❡ ♦❢ t❤❡ ❧❡❛st s✐❣♥✐✜❝❛♥t ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡
❢r❛❝t✐♦♥❛❧ ♣❛rt✳

❖♥❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡♥✈✐r♦♥♠❡♥ts r❡❝❡♥t❧② st✉❞✐❡❞ ✐♥ t❤❡ ❙❍❊ s❡t✲
t✐♥❣ ❬✹✱✾✱✶✼❪ ✐s t❤❛t ♦❢ ❛rt✐✜❝✐❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✭❆◆◆s✮✳ ❇❡✐♥❣ ❛ st❛t✐st✐❝❛❧ t♦♦❧✱
❆◆◆s ♦❢t❡♥ ❞❡❛❧ ✇✐t❤ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤✉s✱ ❢♦r ❤♦♠♦♠♦r♣❤✐❝ ❡✈❛❧✉❛t✐♦♥ t❤❡②
♥❡❡❞ t♦ ❝♦♥✈❡rt r❡❛❧ ✐♥♣✉t ✈❛❧✉❡s ❛♥❞ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡rs ✐♥t♦ ❡❧❡♠❡♥ts ♦❢ t❤❡
♣❧❛✐♥t❡①t s♣❛❝❡ ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❙❍❊ s❝❤❡♠❡✳ ❚❤❡ ♠❛✐♥ ♦❜st❛❝❧❡ t♦ t❤❡ ❙❍❊✲
❢r✐❡♥❞❧② ✉s❡ ♦❢ ❆◆◆s ❝♦♥s✐sts ✐♥ t❤❡ ❤✐❣❤❧② ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ✐♥❤❡r❡♥t ✇✐t❤✐♥
t❤❡✐r str✉❝t✉r❡✳ ❖♥❡ ✇❛② t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ r❡♣❧❛❝❡ t❤♦s❡ ♥♦♥✲❧✐♥❡❛r
❢✉♥❝t✐♦♥s ✇✐t❤ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s ❬✶✼❪ s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♥❡t✇♦r❦ ✇✐❧❧
❜❡ ❡①♣r❡ss❡❞ ❜② ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❛ r❡❛s♦♥❛❜❧❡ ❞❡❣r❡❡✳

Pr♦♣♦s❡❞ ✐♥ ✶✾✼✵ ❬✷✷❪✱ t❤❡ ❣r♦✉♣ ♠❡t❤♦❞ ♦❢ ❞❛t❛ ❤❛♥❞❧✐♥❣ ✭●▼❉❍✮ ❛❞❞r❡ss❡s
t❤❡ ✜tt✐♥❣ t❛s❦ ❛s ✇❡❧❧✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❤❛s ❛ s✐♠♣❧❡r str✉❝t✉r❡ t❤❛♥ ❆◆◆s ❛✈♦✐❞✲
✐♥❣ ♠❛♥② ❛❞❞✐t✐♦♥s ❞✉r✐♥❣ ❡✈❛❧✉❛t✐♦♥✳ ❘❡❝❡♥t❧② t❤✐s ♠❡t❤♦❞ ✇❛s ❛♣♣❧✐❡❞ ✐♥ t❤❡
❤♦♠♦♠♦r♣❤✐❝ s❡tt✐♥❣ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡①♣❛♥s✐♦♥ ❬✹❪ ✐♥ ♦r❞❡r
t♦ ❢♦r❡❝❛st ❡❧❡❝tr✐❝✐t② ❝♦♥s✉♠♣t✐♦♥ ✉s✐♥❣ s♠❛rt ♠❡t❡rs✳ ❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t 80
♣❡r❝❡♥t ♦❢ ❡❧❡❝tr✐❝✐t② ♠❡t❡r ❞❡✈✐❝❡s ✐♥ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ s❤♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞
✇✐t❤ s♠❛rt ♠❡t❡rs ❜② ✷✵✷✵✱ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ♠❛② ♠✐t✐❣❛t❡ s♦♠❡ ❡♠❡r❣✐♥❣ ♣r✐✈❛❝②
❛♥❞ ❡✣❝✐❡♥❝② ✐ss✉❡s✳

✹✳✶ ❚❤❡ ❣r♦✉♣ ♠❡t❤♦❞ ♦❢ ❞❛t❛ ❤❛♥❞❧✐♥❣ ✭●▼❉❍✮

❚❤❡ ❜❛s✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ●▼❉❍ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥ ❝r❡❛t✐♥❣ ❛ ♥❡✉r❛❧ ♥❡t✇♦r❦✲
❧✐❦❡ str✉❝t✉r❡ ✭s❡❡ ❋✐❣✉r❡ ✼✮ ✇❤❡r❡ ❡❛❝❤ ♥♦❞❡ ❝♦♥t❛✐♥s ❛ ❜✐✈❛r✐❛t❡ q✉❛❞r❛t✐❝
♣♦❧②♥♦♠✐❛❧

νij : R
2 → R : (x, y) 7→ bij0 + bij1x+ bij2y + bij3xy + bij4x

2 + bij5y
2.

■♥❞❡❡❞✱ ❡❛❝❤ ♥♦❞❡ ❤❛s ♦♥❧② t✇♦ ✐♥♣✉t ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ s✐♠♣❧✐✜✲
❝❛t✐♦♥ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❆◆◆s✳ ❚❤❡ ♦✉t♣✉t ♥♦❞❡ ✐s ❡①♣r❡ss❡❞ ❜②
❛ ♣♦❧②♥♦♠✐❛❧ t❤❛t ❛♣♣r♦①✐♠❛t❡s t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❞❛t❛ ♣♦✐♥ts
x1, . . . , xn0 ✳ ❍❡♥❝❡❢♦rt❤✱ ✇❡ r❡❢❡r t♦ s✉❝❤ ❛ str✉❝t✉r❡ ❛s t❤❡ ●▼❉❍ ♥❡t✇♦r❦✳
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xn0

✳✳✳

x2

x1

ν1n1

✳✳✳

ν12

ν11

❧❛②❡r 1

ν2n2

✳✳✳

ν22

ν21

❧❛②❡r 2

. . .

. . .

νr2

νr1

❧❛②❡r r

♦✉t♣✉t
♥♦❞❡

✭νr+1,1✮

♣♦❧✳ ♦❢ ❞❡❣r❡❡ 2r+1

❋✐❣✳ ✼✳ ●▼❉❍ ♥❡t✇♦r❦✳

❚❤❡ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝ts t❤❡ ●▼❉❍ ♥❡t✇♦r❦ ❧❛②❡r ❜② ❧❛②❡r ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❇❡❢♦r❡ st❛rt✐♥❣ t❤❡ ❧❡❛r♥✐♥❣ ♣r♦❝❡ss ♦♥❡ s❤♦✉❧❞ s❡t ✉♣ t❤❡ ♥✉♠❜❡r
♦❢ ♥♦❞❡s ni ❢♦r ❡❛❝❤ ❧❛②❡r ❛♥❞ ❛♥ ❡rr♦r ❢✉♥❝t✐♦♥ t❤❛t ✇✐❧❧ ❤❡❧♣ t♦ s♦rt ♥♦❞❡s✳ ❚❤♦s❡
♣r❡r❡q✉✐s✐t❡s ❛r❡ ♦❢t❡♥ ❝❛❧❧❡❞ ❤②♣❡r♣❛r❛♠❡t❡rs✳ ❚❤❡♥ t❤❡ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❧♦♦❦s
❢♦r ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts bijk ♦❢ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ♥❡①t ❧❛②❡r ✉s✐♥❣ t❤❡ ♦✉t♣✉t
♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

❋♦r t❤❡ ✜rst ❧❛②❡r t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝ts ♥♦❞❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❧❧ ♣❛✐rs
♦❢ ✐♥♣✉t ✈❛❧✉❡s✳ ❊❛❝❤ ♥♦❞❡ r❡♣r❡s❡♥ts t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠ ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ❡q✉❛t✐♦♥

O = bA+ e,

✇❤❡r❡ A = (1, x, y, xy, x2, y2)⊺✱ b = (bij0, bij1, bij2, bij3, bij4, bij5)✱ O ✐s t❤❡ ❡①✲
♣❡❝t❡❞ ♦✉t♣✉t ❛♥❞ e ✐s ❛ r❛♥❞♦♠ ♥♦✐s❡✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r b ❝❛♥ ❜❡ ❢♦✉♥❞
✇✐t❤ st❛♥❞❛r❞ st❛t✐st✐❝❛❧ t♦♦❧s✱ ❡✳❣✳ t❤❡ ❧❡❛st sq✉❛r❡s ♠❡t❤♦❞✳ ❆s ❛ r❡s✉❧t✱ ❡✈❡r②
♥♦❞❡ ❤❛s ❛♥ ❛ss✐❣♥❡❞ ♦✉t♣✉t ♦❢ ✐ts ♣♦❧②♥♦♠✐❛❧ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡rr♦r ❡st✐♠❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❡rr♦r ♦♥❡ ❡①❝❧✉❞❡s t❤❡ ✇♦rst

(

ni−1

2

)

−ni ♥♦❞❡s
t♦ ❜✉✐❧❞ t❤❡ ❧❛②❡r✳ ❆s ❛❧r❡❛❞② st❛t❡❞✱ t❤✐s ♣r♦❝❡❞✉r❡ ✐s t❤❡♥ r❡♣❡❛t❡❞ ❢♦r t❤❡ ♥❡①t
❧❛②❡r✳

✹✳✷ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣

❚♦ ♣❡r❢♦r♠ ❡①♣❡r✐♠❡♥ts ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦ ❛s ✐♥ ❬✹❪✳ ❲❡ ✉s❡ r❡❛❧
✇♦r❧❞ ♠❡❛s✉r❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s♠❛rt ♠❡t❡r ❡❧❡❝tr✐❝✐t② tr✐❛❧s ♣❡r❢♦r♠❡❞
✐♥ ■r❡❧❛♥❞ ❬✶✷❪✳ ❚❤✐s ❞❛t❛s❡t ❬✶✷❪ ❝♦♥t❛✐♥s ♦❜s❡r✈❡❞ ❡❧❡❝tr✐❝✐t② ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r
✺✵✵✵ r❡s✐❞❡♥t✐❛❧ ❛♥❞ ❝♦♠♠❡r❝✐❛❧ ❜✉✐❧❞✐♥❣s ❞✉r✐♥❣ ✸✵ ♠✐♥✉t❡ ✐♥t❡r✈❛❧s✳ ❲❡ ✉s❡❞
❛❣❣r❡❣❛t❡❞ ❝♦♥s✉♠♣t✐♦♥ ❞❛t❛ ♦❢ ✶✵ ❜✉✐❧❞✐♥❣s✳ ●✐✈❡♥ ♣r❡✈✐♦✉s ❝♦♥s✉♠♣t✐♦♥ ❞❛t❛
✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ●▼❉❍ ♥❡t✇♦r❦ ❤❛s t❤❡ ❣♦❛❧ ♦❢ ♣r❡❞✐❝t✐♥❣
❡❧❡❝tr✐❝✐t② ❞❡♠❛♥❞ ❢♦r t❤❡ ♥❡①t t✐♠❡ ♣❡r✐♦❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t r❡q✉✐r❡s ✺✶ ✐♥♣✉t
♣❛r❛♠❡t❡rs✿ t❤❡ ✹✽ ♣r❡✈✐♦✉s ♠❡❛s✉r❡♠❡♥ts ♣❧✉s t❤❡ ❞❛② ♦❢ t❤❡ ✇❡❡❦✱ t❤❡ ♠♦♥t❤
❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❤✐❞❞❡♥ ❧❛②❡rs r ✐s ❡q✉❛❧ t♦ ✸ ✇✐t❤ 8✱ 4✱ 2
♥♦❞❡s✱ r❡s♣❡❝t✐✈❡❧② ✭❛s s♣❡❝✐✜❡❞ ❛♥❞ ✉s❡❞ ✐♥ ❬✹❪✮✳ ❆ s✐♥❣❧❡ ♦✉t♣✉t ♥♦❞❡ ♣r♦✈✐❞❡s
t❤❡ ❡❧❡❝tr✐❝✐t② ❝♦♥s✉♠♣t✐♦♥ ♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ ♥❡①t ❤❛❧❢ ❤♦✉r✳

❲❡ ❡♥❝♦❞❡ t❤❡ ✐♥♣✉t ❞❛t❛✱ ❣✐✈❡♥ ❛s ✜①❡❞✲♣♦✐♥t ♥✉♠❜❡rs✱ ✉s✐♥❣ ❛♣♣r♦①✐♠❛t❡
w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥s ✇✐t❤ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ✐♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ❞✐❣✲
✐ts✳ ❲❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ✇✐♥❞♦✇ s✐③❡ w ♦♥❡ s❤♦✉❧❞ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡

✶✻



♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❝♦❞✐♥❣s ❝❤❛♥❣❡s ❛s ✇❡❧❧✳ ❚♦ ♠❛✐♥t❛✐♥ t❤❡ s❛♠❡
❛❝❝✉r❛❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ t❤❡ ♣r❡❝✐s✐♦♥ ✜①❡❞✱ ❤❡♥❝❡ ❢♦r
❜✐❣❣❡r w✬s t❤❡ s♠❛❧❧❡r ❜❛s❡ bw ♠❛② ❝❛✉s❡ ❛♥ ♦✈❡r✢♦✇ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡❣❡r
❞✐❣✐ts ♥❡❡❞❡❞ ❢♦r ❛♥ ❡♥❝♦❞✐♥❣✳ ❚❤✉s✱ ♦♥❡ s❤♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❡✣✲
❝✐❡♥ts ✉s❡❞ ❜② ❛♥ ❡♥❝♦❞✐♥❣✳

❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡①♣❛♥s✐♦♥ ✭❇❚❊✮ ❛♥❞ ◆❆❋ ❡①♣❛♥s✐♦♥s✱
❢♦r ❛♥② w > 2✱ t❤❡ ♥✉♠❜❡rs ℓ(w)i ❛♥❞ ℓ(w)f ♦❢ ✐♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ❞✐❣✐ts
s❤♦✉❧❞ ❜❡ ❡①♣❛♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

ℓ(w)i = (ℓ(❇❚❊)i − 1) · logbw 3 + 1, ℓ(w)f = −⌊logbw ef⌋,

✇❤❡r❡ ef ✐s t❤❡ ♠❛①✐♠❛❧ ❡rr♦r ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ w✲◆■❇◆❆❋ r❡♣r❡s❡♥t❛t✐♦♥
s✉❝❤ t❤❛t t❤❡ ♣r❡❞✐❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r❡s❡r✈❡s t❤❡ s❛♠❡ ❛❝❝✉r❛❝②✳ ❊♠♣✐r✐❝❛❧❧② ✇❡
❢♦✉♥❞ t❤❛t t❤❡ ●▼❉❍ ♥❡t✇♦r❦ ❞❡♠♦♥str❛t❡s r❡❛s♦♥❛❜❧❡ ❛❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡
❡rr♦rs ✇❤❡♥ ℓ(❇❚❊)✐♥♣i = 4 ❛♥❞ e✐♥♣f = 1 ❢♦r t❤❡ ✐♥♣✉t ❛♥❞ ℓ(❇❚❊)♣♦❧i = 2 ❛♥❞

e♣♦❧f = 0.02032 ❢♦r ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts ♦❢ νij ✳

❋✐♥❛❧❧②✱ ✇❡ s❡t t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ Rt = Zt[X]/(X4096 + 1) ❛❝❝♦r❞✐♥❣ t♦
t❤❡ s❡❝✉r✐t② ❧❡✈❡❧ 80 ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❙❍❊ s❝❤❡♠❡ ✭✐♥ t❤✐s ❝❛s❡ t❤❡ s❝❤❡♠❡
❞✉❡ t♦ ❋❛♥ ❛♥❞ ❱❡r❝❛✉t❡r❡♥ ❬✶✽❪ ✐s ✉s❡❞✮✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ r✐♥❣ ❝♦♥str❛✐♥s t❤❡
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡♣t❤ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧
♣❛rts ♠❛② ❥✉①t❛♣♦s❡ ❜❡❝❛✉s❡ t❤❡ ♠❛①✐♠❛❧ ♣♦s✐t✐♦♥ ♦❢ ❛ ♥♦♥✲③❡r♦ ✐♥t❡❣❡r ❛♥❞
❢r❛❝t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ❝♦♠❡ ❝❧♦s❡r t♦❣❡t❤❡r ❛❢t❡r ❡❛❝❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❖♥❝❡ t❤❡
✐♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ♣❛rts ❤❛✈❡ st❛rt❡❞ t♦ ♦✈❡r❧❛♣ ✐t ✐s ♥♦ ❧♦♥❣❡r ♣♦ss✐❜❧❡ t♦
❞❡❝♦❞❡ ❝♦rr❡❝t❧②✳

✹✳✸ ❘❡s✉❧ts

❚❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞ r✉♥♥✐♥❣ t❤❡ s❛♠❡ s♦❢t✇❛r❡
❛♥❞ ❤❛r❞✇❛r❡ ❛s ✐♥ ❬✹❪✿ ♥❛♠❡❧②✱ ❋❱✲◆❋▲❧✐❜ s♦❢t✇❛r❡ ❧✐❜r❛r② ❬✶✺❪ r✉♥♥✐♥❣ ♦♥ ❛
❧❛♣t♦♣ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ■♥t❡❧ ❈♦r❡ ✐✺✲✸✹✷✼❯ ❈P❯ ✭r✉♥♥✐♥❣ ❛t ✶✳✽✵●❍③✮✳ ❲❡
♣❡r❢♦r♠❡❞ 8560 r✉♥s ♦❢ t❤❡ ●▼❉❍ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❇❚❊✱ ◆❆❋ ❛♥❞ 950✲◆■❇◆❆❋✳
❚❤❡ ❧❛st ❡①♣❛♥s✐♦♥ ✐s ✇✐t❤ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ w s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♦✉t♣✉t
♣♦❧②♥♦♠✐❛❧ st✐❧❧ ❤❛s ❞✐s❝❡r♥✐❜❧❡ ✐♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ♣❛rts✳ ❈♦rr❡❝t ❡✈❛❧✉❛t✐♦♥
♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s t❤❡ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s t♦ ❜❡ ❜✐❣❣❡r t❤❛♥
t❤❡ ♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧✳ ❚❤✐s ❧♦✇❡r ❜♦✉♥❞ ❢♦r t ❝❛♥
❜❡ ❞❡❞✉❝❡❞ ❡✐t❤❡r ❢r♦♠ t❤❡ ♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥t ❛♣♣❡❛r✐♥❣ ❛❢t❡r ❛♥② r✉♥ ♦r✱ ✐♥
❝❛s❡ ♦❢ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡s✱ ❢r♦♠ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s ✐♥❝r❡❛s✐♥❣ ✇✐♥❞♦✇ s✐③❡s r❡❞✉❝❡ t❤❡ ❜♦✉♥❞ ❛s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✉r❡ ✽✳ ❙✐♥❝❡ ♥❡❣❛t✐✈❡ ❡♥❝♦❞✐♥❣ ❝♦❡✣❝✐❡♥ts ❛r❡ ✉s❡❞✱ 950✲◆■❇◆❆❋ ❞❡♠❛♥❞s
❛ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s ♦❢ 7 ❜✐ts ✇❤✐❝❤ ✐s ❛❧♠♦st 6 t✐♠❡s s♠❛❧❧❡r t❤❛♥ ❢♦r ❇❚❊ ❛♥❞
◆❆❋✳

❆s ❡①♣❡❝t❡❞✱ w✲◆■❇◆❆❋ ❡♥❝♦❞✐♥❣s ❤❛✈❡ ❧♦♥❣❡r ❡①♣❛♥s✐♦♥s ❢♦r ❜✐❣❣❡r w✬s
❛♥❞ t❤❛t ❞✐sr✉♣ts t❤❡ ❞❡❝♦❞✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ ❬✹✱✶✹❪✳ ◆❛♠❡❧②✱ t❤❡② ♥❛✐✈❡❧② s♣❧✐t
t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ✐♥t♦ t✇♦ ♣❛rts ♦❢ ❡q✉❛❧ s✐③❡✳ ❆s ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥
❋✐❣✉r❡ ✽✱ ✉s✐♥❣ 950✲◆■❇◆❆❋✱ ❞❡❝♦❞✐♥❣ ✐♥ t❤✐s ♠❛♥♥❡r ✇✐❧❧ ♥♦t ❣✐✈❡ ❝♦rr❡❝t

✶✼



0 385 1,000 2,000 3,000 4,095

0

6

29

41

in
te

g
er

p
a
rt

fr
a
ct

io
n
a
l
p
a
rt

coefficient index

b
in

a
ry

b
it

s

BTE mean

NAF mean

950-NIBNAF mean

BTE max

NAF max

950-NIBNAF max

❋✐❣✳ ✽✳ ❚❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ♠❛①✐♠❛❧ s✐③❡ ♣❡r ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧✳

r❡s✉❧ts✳ ■♥st❡❛❞✱ t❤❡ s♣❧✐tt✐♥❣ ✐♥❞❡① is s❤♦✉❧❞ ❜❡ s❤✐❢t❡❞ t♦✇❛r❞s ③❡r♦✱ ✐✳❡✳ t♦ 385✳
❚♦ ❜❡ s♣❡❝✐✜❝✱ is ❧✐❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r✈❛❧ ✐♠♣❧✐❡❞ ❜② ❬✹✱ ▲❡♠♠❛ ✶❪

(di + 1, d− df )

✇❤❡r❡ di = 2r+1(ℓ(w)✐♥♣i + ℓ(w)♣♦❧i )− ℓ(w)♣♦❧i ❛♥❞ df = 2r+1(ℓ(w)✐♥♣f + ℓ(w)♣♦❧f )−
ℓ(w)♣♦❧f . ■♥❞❡❡❞✱ t❤✐s ✐s t❤❡ ✇♦rst ❝❛s❡ ❡st✐♠❛t✐♦♥ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ♠❛①✐♠❛❧
w = 74 ❢♦r t❤❡ ❝✉rr❡♥t ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥✳

❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ ❧♦✇❡r ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ♣❛rt
♠✐❣❤t ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r❡❝✐s✐♦♥ r❡q✉✐r❡❞ ❜② ❛♥ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥ ♦✉r
✉s❡ ❝❛s❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ✈❛❧✉❡ s❤♦✉❧❞ ❜❡ ♣r❡❝✐s❡ ✉♣ t♦ einpf = 1✳ ❲❡ ❞❡♥♦t❡ t❤❡
❛❣❣r❡❣❛t❡❞ s✉♠ ♦❢ ❧♦✇❡r ❝♦❡✣❝✐❡♥ts ♠✉❧t✐♣❧✐❡❞ ❜② ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✇❡rs ♦❢ t❤❡
w✲◆■❇◆❆❋ ❜❛s❡ ❛s L(j) =

∑is
i=j−1 aib

−i
w ✳ ❚❤❡♥ t❤❡ ♦♠✐tt❡❞ ❢r❛❝t✐♦♥❛❧ ❝♦❡✣✲

❝✐❡♥ts ai s❤♦✉❧❞ s❛t✐s❢②

|L(ic)| < 1,

✇❤❡r❡ ic ✐s t❤❡ ✐♥❞❡① ❛❢t❡r ✇❤✐❝❤ ❝♦❡✣❝✐❡♥ts ❛r❡ ✐❣♥♦r❡❞✳
❚♦ ✜♥❞ ic ✇❡ ❝♦♠♣✉t❡❞ L(j) ❢♦r ❡✈❡r② ✐♥❞❡① j ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ♣❛rt ❛♥❞

st♦r❡❞ t❤♦s❡ s✉♠s ❢♦r ❡❛❝❤ r✉♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❋♦r ✜①❡❞ j t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
L(j) ✐s ❜✐♠♦❞❛❧ ✇✐t❤ ♠❡❛♥ µL(j) ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σL(j) ✭s❡❡ ❋✐❣✉r❡ ✾✮✳
❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤✐s ✉♥❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ♥♦r♠❛❧✱ ✇❡ ♥❛✐✈❡❧② ❛♣✲
♣r♦①✐♠❛t❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛❧ [µL(j)−6σL(j)✱ µL(j)+6σL(j)] t❤❛t ✇✐❧❧ ❝♦♥t❛✐♥
t❤❡ ❢✉t✉r❡ ♦❜s❡r✈❛t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ■t s❡❡♠s t♦ ❜❡ ❛ ♣❧❛✉s✐❜❧❡ ❣✉❡ss ✐♥
t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❜❡❝❛✉s❡ ❛❧❧ ♦❜s❡r✈❡❞ L(j) ❢❛❧❧ ✐♥t♦ t❤❛t r❡❣✐♦♥ ✇✐t❤ ❛ ❜✐❣ ♦✈❡r❡s✲
t✐♠❛t❡ ❛❝❝♦r❞✐♥❣ t♦ ❋✐❣✉r❡ ✾✳ ❚❤❡r❡❢♦r❡ ic ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠❛❧ j t❤❛t s❛t✐s✜❡s
τ(j) < 1✱ ✇❤❡r❡ τ(j) = max(|µL(j) − 6σL(j)|, |µL(j) + 6σL(j)|)✳

❆s ❋✐❣✉r❡ ✶✵ s❤♦✇s✱ ic ✐s ❡q✉❛❧ t♦ 3388✳ ❚❤✉s✱ t❤❡ ♣r❡❝✐s✐♦♥ s❡tt✐♥❣ ❛❧❧♦✇s
❛♥ ♦✈❡r✢♦✇ ✐♥ ❛♥② ❢r❛❝t✐♦♥❛❧ ❝♦❡✣❝✐❡♥t aj ❢♦r j < 3388✳ ❚❤❡ ✜♥❛❧ ❣♦❛❧ ✐s t♦
♣r♦✈✐❞❡ t❤❡ ❜♦✉♥❞ ♦♥ t ✇❤✐❝❤ ✐s ❜✐❣❣❡r t❤❛♥ ❛♥② aj ❢♦r j ≥ 3388✳ ❙✐♥❝❡ t❤❡ ❡①✲
♣❧✐❝✐t ❞✐str✐❜✉t✐♦♥s ♦❢ ❝♦❡✣❝✐❡♥ts ❛r❡ ✉♥❦♥♦✇♥ ❛♥❞ s❡❡♠ t♦ ✈❛r② ❛♠♦♥❣ ❞✐✛❡r❡♥t
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❋✐❣✳ ✾✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ L(3500)
♦✈❡r 8560 r✉♥s ♦❢ t❤❡ ●▼❉❍ ❛❧❣♦r✐t❤♠
❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐ts ♣r❡❞✐❝t✐♦♥
✐♥t❡r✈❛❧ ✐♥ r❡❞✳

3,100 3,388 3,700

1

2

3

4

j

τ
(j
)

❋✐❣✳ ✶✵✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣r❡❝✐s✐♦♥ ❧♦ss ❛❢✲
t❡r ✐❣♥♦r✐♥❣ ❢r❛❝t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ❧❡ss
t❤❛♥ j✳

t ❈❘❚ ❢❛❝t♦rs t✐♠✐♥❣ ❢♦r ♦♥❡ r✉♥

950✲◆■❇◆❆❋ 25.044 1 2.57 s
❇❚❊ ✭t❤✐s ♣❛♣❡r✮ 241.627 5 12.95 s

❇❚❊ ❬✹❪ 2103.787 13 32.5 s

❚❛❜❧❡ ✷✳ ●▼❉❍ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ 950✲◆■❇◆❆❋ ❛♥❞ ❇❚❊ ❬✹❪

✐♥❞✐❝❡s✱ ✇❡ r❡❧② ✐♥ ♦✉r ❛♥❛❧②s✐s ♦♥ t❤❡ ♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥ts ♦❝❝✉rr✐♥❣ ❛♠♦♥❣ ❛❧❧
r✉♥s✳ ❍❡♥❝❡✱ t❤❡ ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s s❤♦✉❧❞ ❜❡ ❜✐❣❣❡r t❤❛♥ maxj≥3388{aj} ♦✈❡r
❛❧❧ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧s✳ ▲♦♦❦✐♥❣ ❜❛❝❦ ❛t ❋✐❣✉r❡ ✽✱ ♦♥❡ ❝❛♥ ✜♥❞ t✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✱ t ✐s ❝♦♥str❛✐♥❡❞ ✐♥ t✇♦ ✇❛②s✿
❢r♦♠ t❤❡ ❝✐r❝✉✐t ❛♥❞ ❙❍❊ ❝♦rr❡❝t♥❡ss r❡q✉✐r❡♠❡♥ts✳ ◆♦✇ ✇❡ ❜♦✉♥❞ t❤❡ ♠♦❞✉❧✉s
❛❝❝♦r❞✐♥❣ t♦ ❙❍❊✳ ■♥ ♦✉r s❡t✉♣✱ t❤❡ ❋❱ s❝❤❡♠❡ ✇✐t❤ 80 ❜✐ts ♦❢ s❡❝✉r✐t②✱ t❤❡ r✐♥❣
❞❡❣r❡❡ 4096 ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ♥♦✐s❡ 102 r❡q✉✐r❡s t ≤ 396 ❬✹❪✳ ❲❡
❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r❡✈✐♦✉s ●▼❉❍ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❚❛❜❧❡ ✷✳ ❆s ♦♥❡
❝❛♥ ♥♦t✐❝❡✱ 950✲◆■❇◆❆❋ ✇✐t❤ t❤❡ ❝❤♦♣♣❡❞ ❢r❛❝t✐♦♥❛❧ ♣❛rt ❞♦❡s ♥♦t ♥❡❡❞ ❛ ❈❘❚
tr✐❝❦ ❛♥❞ r❡q✉✐r❡s ❛ s✐♥❣❧❡ ♠♦❞✉❧✉s ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ t✐♠✐♥❣s ✐♥ t❤❡ s❡q✉❡♥t✐❛❧
♠♦❞❡ ❜② 13 t✐♠❡s✳ ■♥ t❤❡ ♣❛r❛❧❧❡❧ ♠♦❞❡ ✐t ✐♠♣❧✐❡s ❛ 13 t✐♠❡s s♠❛❧❧❡r ❛♠♦✉♥t ♦❢
♠❡♠♦r② ✐s ♥❡❡❞❡❞ t♦ ❤♦❧❞ t❤❡ ❡♥❝r②♣t❡❞ r❡s✉❧ts✳

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡s❡ ♣❧❛✐♥t❡①t ♠♦❞✉❧✐ ❛r❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ✇♦rst ❝❛s❡
❡st✐♠❛t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✶✳ ❋♦r 950✲◆■❇◆❆❋ ✇❡ t❛❦❡ d ∈ [542, 821] ❛❝❝♦r❞✲
✐♥❣ t♦ t❤❡ ❡♥❝♦❞✐♥❣ ❞❡❣r❡❡s ♦❢ ✐♥♣✉t ❞❛t❛ ❛♥❞ ♥❡t✇♦r❦ ❝♦❡✣❝✐❡♥ts✳ ❆♥② s✉❝❤
❡♥❝♦❞✐♥❣ ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥② ♣r♦❞✉❝t ♦❢
t❤♦s❡ ❡♥❝♦❞✐♥❣s ❤❛s ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ 1✳ ❲❤❡♥ ❛❧❧
♠♦♥♦♠✐❛❧s ♦❢ t❤❡ ●▼❉❍ ♣♦❧②♥♦♠✐❛❧ r❡s✉❧t ✐♥ ❛♥ ❡♥❝♦❞✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ ✐♥❞❡①
♦❢ ❛ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t✱ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♦✉t♣✉t ❡♥❝♦❞✐♥❣
✇✐❧❧ ♦❝❝✉r✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥t ✐s ❡q✉❛❧ t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
●▼❉❍ ♥❡t✇♦r❦ ✇✐t❤ ❛❧❧ ✐♥♣✉t ❞❛t❛ ❛♥❞ ♥❡t✇♦r❦ ❝♦❡✣❝✐❡♥ts ❜❡✐♥❣ ❥✉st 1✳ ■t
❧❡❛❞s t♦ t = 2 · 615 ≃ 239.775✳
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✺ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ❣❡♥❡r✐❝ t❡❝❤♥✐q✉❡ t♦ ❡♥❝♦❞❡ ✜①❡❞✲♣♦✐♥t ♥✉♠❜❡rs ✉s✐♥❣
❛ ♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡✳ ❚❤✐s ❡♥❝♦❞✐♥❣ t❡❝❤♥✐q✉❡ ✐s ❡s♣❡❝✐❛❧❧② s✉✐t❛❜❧❡ ❢♦r ✉s❡ ✇❤❡♥
❡✈❛❧✉❛t✐♥❣ ❤♦♠♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s s✐♥❝❡ ✐t ✉t✐❧✐③❡s t❤❡ ❧❛r❣❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❞❡✜♥✐♥❣
♣♦❧②♥♦♠✐❛❧ ✐♠♣♦s❡❞ ❜② t❤❡ s❡❝✉r✐t② r❡q✉✐r❡♠❡♥ts✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥s✐❞❡r❛❜❧②
s♠❛❧❧❡r ❣r♦✇t❤ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❛❧❧♦✇s ♦♥❡ t♦ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♣❧❛✐♥✲
t❡①t ♠♦❞✉❧✉s s✐❣♥✐✜❝❛♥t❧②✱ r❡s✉❧t✐♥❣ ✐♥ ❢❛st❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t ✐♥
t❤❡ s❡tt✐♥❣ st✉❞✐❡❞ ✐♥ ❬✹❪✱ ✇❤❡r❡ s♦♠❡✇❤❛t ❤♦♠♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥ ✐s
✉s❡❞ t♦ ❛❝❤✐❡✈❡ ❛ ♣r✐✈❛❝②✲♣r❡s❡r✈✐♥❣ ❡❧❡❝tr✐❝✐t② ❢♦r❡❝❛st ❛❧❣♦r✐t❤♠✱ t❤❡ ♣❧❛✐♥t❡①t
♠♦❞✉❧✉s ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❢r♦♠ 2103 ✇❤❡♥ ✉s✐♥❣ ❛ ❜❛❧❛♥❝❡❞ t❡r♥❛r② ❡①♣❛♥s✐♦♥
❡♥❝♦❞✐♥❣✱ t♦ 33 ≃ 25.044 ✇❤❡♥ ✉s✐♥❣ t❤❡ ❡♥❝♦❞✐♥❣ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s
♣❛♣❡r ✭♥♦♥✲✐♥t❡❣r❛❧ ❜❛s❡ ♥♦♥✲❛❞❥❛❝❡♥t ❢♦r♠ ✇✐t❤ ✇✐♥❞♦✇ s✐③❡ w✮✱ s❡❡ ❚❛❜❧❡ ✷✳
❚❤✐s s♠❛❧❧❡r ♣❧❛✐♥t❡①t ♠♦❞✉❧✉s ♠❡❛♥s ❛ ❢❛❝t♦r 13 ❞❡❝r❡❛s❡ ✐♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡
♦❢ t❤✐s ♣r✐✈❛❝②✲♣r❡s❡r✈✐♥❣ ❢♦r❡❝❛st✐♥❣ ❛❧❣♦r✐t❤♠✿ ❝❧♦s✐♥❣ t❤❡ ❣❛♣ ❡✈❡♥ ❢✉rt❤❡r t♦
♠❛❦✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ s✉✐t❛❜❧❡ ❢♦r ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ s♠❛rt ❣r✐❞✳

❘❡❢❡r❡♥❝❡s

✶✳ ▼✳ ❘✳ ❆❧❜r❡❝❤t✳ ❖♥ ❞✉❛❧ ❧❛tt✐❝❡ ❛tt❛❝❦s ❛❣❛✐♥st s♠❛❧❧✲s❡❝r❡t ▲❲❊ ❛♥❞ ♣❛r❛♠❡t❡r
❝❤♦✐❝❡s ✐♥ ❍❊❧✐❜ ❛♥❞ ❙❊❆▲✳ ❈r②♣t♦❧♦❣② ❡Pr✐♥t ❆r❝❤✐✈❡✱ ❘❡♣♦rt ✷✵✶✼✴✵✹✼✱ ✷✵✶✼✳
❤tt♣✿✴✴❡♣r✐♥t✳✐❛❝r✳♦r❣✴✷✵✶✼✴✵✹✼✳
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❆ Pr♦♦❢s

▲❡♠♠❛ ✶ ❋♦r ❛♥ ✐♥t❡❣❡r w ≥ 1 t❤❡ ♣♦❧②♥♦♠✐❛❧ Fw(x) = xw+1−xw −x− 1 ❤❛s
❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ r♦♦t bw > 1✳ ❚❤❡ s❡q✉❡♥❝❡ b1, b2, . . . ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞
t❤❡ ❧✐♠✐t ❛s w t❡♥❞s t♦ ✐♥✜♥✐t② ♦❢ bw ✐s 1✳ ❋✉rt❤❡r✱ (x2 + 1) | Fw(x) ❢♦r w ≡ 3
mod 4✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❢♦r w ≥ 1 t❤❛t

F ′
w(x) = (w + 1)xw − wxw−1 − 1 = (x− 1)((w + 1)xw−1 + xw−2 + · · ·+ 1)

s♦ t❤❛t ❢♦r x ≥ 0 t❤❡r❡ ✐s ♦♥❧② ♦♥❡ t✉r♥✐♥❣ ♣♦✐♥t ♦❢ Fw(x)✱ ❛t x = 1✳ ❋✉rt❤❡r✱
F ′′
w(x) = (w+1)wxw−1−w(w− 1)xw−2✱ ✇❤✐❝❤ t❛❦❡s t❤❡ ✈❛❧✉❡ 2w > 0 ❛t x = 1✱

s♦ t❤❡ t✉r♥✐♥❣ ♣♦✐♥t ✐s ❛ ♠✐♥✐♠✉♠✳ ❙✐♥❝❡ Fw(0) = −1 ❛♥❞ limx→∞ Fw(x) = ∞
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ r♦♦t ♦❢ Fw(x)✱ bw > 1✱ ❢♦r ❛♥②
w ≥ 1✳ ❋✉rt❤❡r✱ ✇❡ ❤❛✈❡ t❤❛t Fw+1(x) = xFw(x) + x2 − 1 s♦ t❤❛t Fw+1(bw) =
b2w − 1 > 0 s♦ t❤❛t bw+1 < bw ❛♥❞ ❤❡♥❝❡ t❤❡ s❡q✉❡♥❝❡ bw ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣
❛♥❞ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② 1 s♦ ♠✉st ❝♦♥✈❡r❣❡ t♦ s♦♠❡ ❧✐♠✐t✱ s❛② b∞ ≥ 1✳ ■❢ b∞ > 1
t❤❡♥ ❛s bw ✐s t❤❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ t♦ x − 1 = (x + 1)/xw ❛♥❞✱ ❢♦r x ≥ b∞ > 1✱
limw→∞(x+1)/xw = 0 ✇❡ s❡❡ t❤❛t b∞ = limw→∞ bw = 1✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡
b∞ = 1 ❛s r❡q✉✐r❡❞✳ ❋✐♥❛❧❧② ✇❡ s❡❡ t❤❛t Fw(x) = x(x− 1)(xw−1 + 1)− (x2 + 1)

❛♥❞ ❢♦r w = 4k + 3 t❤❛t xw−1 + 1 = 1− (−x2)2k+1 = (x2 + 1)
∑2k

i=0(−x2)i ❛♥❞
❤❡♥❝❡ (x2 + 1) | F4k+3(x)✳ ⊓⊔

❘❡❝❛❧❧ t❤❛t t♦ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ ❝♦❡✣❝✐❡♥t s✐③❡
✇❡ ❝♦♥s✐❞❡r w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ❛♥❞ t♦ ❡❛❝❤ s❡q✉❡♥❝❡ (ai) ✇❡ ❤❛✈❡
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②♥♦♠✐❛❧

∑

i aiX
i ✐♥ Rt✳ ❆s ✇❡ ♦♥❧② ❧♦♦❦ ❛t t❤❡ ❝♦❡✣✲

❝✐❡♥ts ❛♥❞ t❤❡✐r r❡❧❛t✐✈❡ ❞✐st❛♥❝❡s ✇❡ ❝❛♥ s✐♠♣❧② ❛ss✉♠❡ t❤❛t t♦ ❡❛❝❤ w✲❜❛❧❛♥❝❡❞
t❡r♥❛r② s❡q✉❡♥❝❡ c0, c1, . . . , cd ♦❢ ❧❡♥❣t❤ d+1 ✇❡ ❤❛✈❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦❧②♥♦♠✐❛❧
c0 + c1X + . . .+ cdX

d ♦❢ ❞❡❣r❡❡ d✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s t❤✉s ❣✐✈❡s ✉s ❛
✇❛② ♦❢ ♠✉❧t✐♣❧②✐♥❣ ✭✜♥✐t❡✮ w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s ❛♣✲
♣❡♥❞✐① ✇❡ ✉s❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ s❡q✉❡♥❝❡ ♥♦t❛t✐♦♥ ✐♥t❡r❝❤❛♥❣❡❛❜❧② ❛❝❝♦r❞✐♥❣
t♦ ✇❤✐❝❤❡✈❡r ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t✳

▲❡♠♠❛ ✸ ❆ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ s✐③❡ ♦❢ ❛ t❡r♠ t❤❛t ❝❛♥ ❜❡
♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ p ❛r❜✐tr❛r② w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢
❧❡♥❣t❤ d+ 1 ✐s

Bw(d, p) :=

⌊⌊p⌊d/w⌋/2⌋/(⌊d/w⌋+1)⌋
∑

k=0

(−1)k
(

p

k

)(

p− 1 + ⌊p⌊d/w⌋/2⌋ − k⌊d/w⌋ − k

p− 1

)

.

✷✷



Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ♦❢ p s❡q✉❡♥❝❡s ❛❧❧ ♦❢ ✇❤✐❝❤ ❛r❡ ❡q✉❛❧ t♦ m =
10 · · · 010 · · · 010 · · · 0 ♦❢ ❧❡♥❣t❤ d + 1✱ ❤❛✈✐♥❣ n := ⌊d/w⌋ + 1 ♥♦♥✲③❡r♦ t❡r♠s
✭❛❧❧ ❜❡✐♥❣ ✶✮ ❛♥❞ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ❛❞❥❛❝❡♥t ♥♦♥✲③❡r♦ t❡r♠s t❤❡r❡ ❛r❡ ❡①❛❝t❧②
w−1 ③❡r♦ t❡r♠s✳ ◆♦t❡ t❤❛t n ✐s t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ t❡r♠s ♣♦ss✐❜❧❡✳
❆s ♣♦❧②♥♦♠✐❛❧s ✇❡ ❤❛✈❡ t❤❛t

m =
n−1
∑

i=0

Xiw =
1−Xnw

1−Xw
,

❛♥❞ ❤❡♥❝❡ ✇❡ ❤❛✈❡

mp =

(

1−Xnw

1−Xw

)p

= (1−Xnw)p · (1−Xw)−p

=

(

p
∑

i=0

(−1)i
(

p

i

)

Xinw

)





∞
∑

j=0

(

p− 1 + j

p− 1

)

Xjw





=

∞
∑

j=0

p
∑

i=0

(−1)i
(

p

i

)(

p− 1 + j

p− 1

)

X(in+j)w

=

∞
∑

ℓ=0





⌊ℓ/n⌋
∑

k=0

(−1)k
(

p

k

)(

p− 1 + ℓ− kn

p− 1

)



Xℓw ,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ (i, j) → (k, ℓ) = (i, in+ j)✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇
t❤❛t mp ❤❛s ❞❡❣r❡❡ p(n− 1)w ✇❡ ❝❛♥ ✐♥ ❢❛❝t ❝❤❛♥❣❡ t❤❡ ✐♥✜♥✐t❡ s✉♠ ♦✈❡r ℓ t♦ ❛
✜♥✐t❡ ♦♥❡ ❢r♦♠ ℓ = 0 t♦ p(n−1)✳ ❚♦ ❣✐✈❡ t❤❡ t✐❣❤t❡st ❧♦✇❡r ❜♦✉♥❞ ✇❡ ❧♦♦❦ ❢♦r t❤❡
♠❛①✐♠❛❧ ❝♦❡✣❝✐❡♥t ♦❢ mp✳ ❲❡ ♣r♦✈❡ ✐♥ ▲❡♠♠❛ ✺ ❜❡❧♦✇ t❤❛t ℓ = ⌊p(n − 1)/2⌋
❞♦❡s t❤❡ ❥♦❜ ❛♥❞ t❤✐s ❝♦❡✣❝✐❡♥t ✐s ❡①❛❝t❧② Bw(d, p)✳ ⊓⊔

▲❡♠♠❛ ✹ ❙✉♣♣♦s❡ w ❞✐✈✐❞❡s d✱ t❤❡♥ Bw(d, p) ❡q✉❛❧s t❤❡ ♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ s✐③❡
♦❢ ❛ t❡r♠ t❤❛t ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ p ❛r❜✐tr❛r② w✲❜❛❧❛♥❝❡❞
t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ d+ 1✳

Pr♦♦❢✳ ▲❡t Sw(d, p) ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ s❡q✉❡♥❝❡s t❤❛t ❛r❡ t❤❡ ♣r♦❞✉❝t ♦❢ p ❛r❜✐tr❛r②
w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ d+1✳ ❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ✇❡ ❜♦✉♥❞ ❛❧❧
t❤❡ t❡r♠s ♦❢ ❛♥② s❡q✉❡♥❝❡ ✐♥ Sw(d, p)✳ ❋♦r i = 0, . . . , pd ❞❡✜♥❡

mw(d, p, i) = max{ |ai| | ai ✐s t❤❡ i✬t❤ t❡r♠ ♦❢ ❛ s❡q✉❡♥❝❡ ✐♥ Sw(d, p) } .

❲❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ p t❤❛t mw(d, p, i) ≤ Bw(d, p, ⌊i/w⌋) ✇❤❡r❡

Bw(d, p, ℓ) =

⌊ℓ/n⌋
∑

k=0

(−1)k
(

p

k

)(

p− 1 + ℓ− kn

p− 1

)

✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Xℓw ✐♥ mp✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Ci(f) ❢♦r ❛ ♣♦❧②♥♦♠✐❛❧
f t♦ ❞❡♥♦t❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Xi ✐♥ f(X)❀ t❤✐s ✐s ❞❡✜♥❡❞ t♦ ❜❡ ③❡r♦ ✐❢ i > deg(f)
♦r i < 0✳ ❚❤✉s ✐♥ t❤✐s ♥♦t❛t✐♦♥ Bw(d, p, ℓ) = Cℓw ((1−Xnw)p/(1−Xw)p)✳

✷✸



❚❤❡ ❜❛s❡ ❝❛s❡ p = 1 ✐s str❛✐❣❤t ❢♦r✇❛r❞✱ ❛❧❧ t❤❡ mw(d, p, i) ❛r❡ ❡q✉❛❧ t♦ ✶
❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡✳ ❲❡ t❤❡r❡❢♦r❡ s✉♣♣♦s❡ t❤❛t
mw(d, p− 1, i) ≤ Bw(d, p− 1, ⌊i/w⌋) ❢♦r 0 ≤ i ≤ (p− 1)d✳

❈♦♥s✐❞❡r ❛ ♣r♦❞✉❝t ♦❢ p w✲❜❛❧❛♥❝❡❞ t❡r♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ d+1✳ ■t ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s f(X)e(X) ✇❤❡r❡ f(X) ∈ Sw(d, p− 1) ❛♥❞ e(X) ∈ Sw(d, 1)✳ ❲❡ ❦♥♦✇

t❤❛t ✐❢ f(X) =
∑(p−1)d

i=0 aiX
i t❤❡♥ |ai| ≤ mw(d, p−1, i) ❛♥❞ ✐❢ e(X) =

∑d
j=0 αjX

j

t❤❛t

f(X)e(X) =

pd
∑

k=0





min((p−1)d,k)
∑

i=max(0,k−d)

aiαk−i



Xk ,

❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦r♠ ♦❢ e(X) ✇❡ s❡❡ t❤❛t

|Ck(fe)| ≤
nk
∑

j=1

|aij | ≤
nk
∑

j=1

mw(d, p− 1, ij)

❢♦r s♦♠❡ nk ≤ n✱ max(0, k − d) ≤ i1 < i2 < · · · < ink
≤ min((p − 1)d, k) ❛♥❞

ij+1 − ij ≥ w ❢♦r j = 1, . . . , nk − 1✳

❚❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ij ✐♠♣❧✐❡s t❤❛t t❤❡ ⌊ij/w⌋ ❛r❡ ❞✐st✐♥❝t ❛♥❞ s✐♥❝❡
mw(d, p− 1, i) ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② Bw(d, p− 1, ⌊i/w⌋)✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥
⌊i/w⌋✱ ✇❡ ❝❛♥ r❡❝❛st t❤✐s ❛s

|Ck(fe)| ≤
nk
∑

j=1

Bw(d, p− 1, ℓj) =

nk
∑

j=1

Cℓjw

(

(

1−Xnw

1−Xw

)p−1
)

✇❤❡r❡ max(0, ⌊k/w⌋−(n−1)) ≤ ℓ1 < ℓ2 < · · · < ℓnk
≤ min((p−1)(n−1), ⌊k/w⌋)

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t d/w = n− 1 ✐s ❛♥ ✐♥t❡❣❡r✳

❙✐♥❝❡ ⌊k/w⌋ − (⌊k/w⌋ − (n− 1)) + 1 = n ✇❡ s❡❡ t❤❛t t♦ ♠❛❦❡ nk ❛s ❧❛r❣❡ ❛s
♣♦ss✐❜❧❡ t❤❡ ℓj ♠✉st ❜❡ t❤❡ ✭❛t ♠♦st n✮ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣❡rs ✐♥ t❤✐s r❛♥❣❡ s✉❜❥❡❝t
❛❧s♦ t♦ 0 ≤ ℓ1 ❛♥❞ ℓnk

≤ (p−1)(n−1)✳ ❚❤✉s t❛❦✐♥❣ ❛ ♠❛①✐♠✉♠ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡

✷✹



f ❛♥❞ e ✇❡ ❤❛✈❡

mw(d, p, k) ≤
⌊k/w⌋
∑

ℓ=⌊k/w⌋−(n−1)

Cℓw

(

(

1−Xnw

1−Xw

)p−1
)

=

n−1
∑

j=0

C⌊k/w⌋w

(

(

1−Xnw

1−Xw

)p−1

Xw(n−1−j)

)

= C⌊k/w⌋w





(

1−Xnw

1−Xw

)p−1 n−1
∑

j=0

Xw(n−1−j)





= C⌊k/w⌋w

(

(

1−Xnw

1−Xw

)p−1 n−1
∑

i=0

Xwi

)

= C⌊k/w⌋w

(

(

1−Xnw

1−Xw

)p−1(
1−Xnw

1−Xw

)

)

= C⌊k/w⌋w

((

1−Xnw

1−Xw

)p)

= Bw(d, p, ⌊k/w⌋) ,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✳ ❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ✇❡ ♥♦t❡ ❛s ❜❡❢♦r❡ t❤❛t t❤❡
♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ Bw(d, p, ⌊k/w⌋) ❢♦r 0 ≤ k ≤ pd ✐s r❡❛❝❤❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡♥
⌊k/w⌋ = ⌊p⌊d/w⌋/2⌋ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ Bw(d, p) ❛s r❡q✉✐r❡❞✳ ⊓⊔

▲❡♠♠❛ ✺✳ ❚❤❡ ♠❛①✐♠✉♠ ❝♦❡✣❝✐❡♥t ♦❢ mp ♦❝❝✉rs ❛s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Xℓ ❢♦r
ℓ = ⌊p(n− 1)/2⌋ ✭❛❧t❤♦✉❣❤ ✐t ♠❛② ❛❧s♦ ❛♣♣❡❛r ❛s ♦t❤❡r ❝♦❡✣❝✐❡♥ts✮✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤✐s ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❧❡t aℓ ❜❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Xℓw t❤❡♥
✇❡ ❝❧❛✐♠ t❤❛t

aℓ = ap(n−1)−ℓ ❛♥❞ 1 = a0 ≤ a1 ≤ · · · ≤ a⌊p(n−1)/2⌋. ✭✷✮

❋r♦♠ t❤❡s❡ t✇♦ ❝❧❛✐♠s ✐t ❢♦❧❧♦✇❡❞ t❤❛t a⌊p(n−1)/2⌋ ≥ a⌊p(n−1)/2⌋+1 ≥ · · · ≥
ap(n−1) ✇❤✐❝❤ ✐s ✇❤❛t ✇❡ r❡q✉✐r❡✳

❲❡ ✇✐❧❧ ♣r♦✈❡ ✭✷✮ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ p✳ ❚❤❡ ❜❛s❡ ❝❛s❡ p = 1 ✐s tr✉❡ ❛s ❛❧❧
aℓ = 1✳ ❚❤✉s✱ s✉♣♣♦s❡ t❤❛t p ≥ 2 ❛♥❞ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ✭✐♥ ♣♦✇❡rs ♦❢ Xw✮
♦❢ mp−1 ❛r❡ ci ❢♦r i = 0, . . . , (p− 1)(n− 1) ❛♥❞ s❛t✐s❢② t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s
ci = c(p−1)(n−1)−i ❛♥❞ 1 = c0 ≤ c1 ≤ · · · ≤ c⌊(p−1)(n−1)/2⌋✳ ❲❡ ❤❛✈❡

p(n−1)
∑

ℓ=0

aℓX
ℓw = mp = mp−1m =





(p−1)(n−1)
∑

i=0

ciX
iw









n−1
∑

j=0

Xjw





=

p(n−1)
∑

ℓ=0





min((p−1)(n−1),ℓ)
∑

k=max(0,ℓ−n+1)

ck



Xℓw ,

✷✺



s♦ t❤❛t

ap(n−1)−ℓ =

min((p−1)(n−1),p(n−1)−ℓ)
∑

k=max(0,(p−1)(n−1)−ℓ)

ck =

min(0,n−1−ℓ)
∑

k=max(−(p−1)(n−1),−ℓ)

c(p−1)(n−1)+k

=

min((p−1)(n−1),ℓ)
∑

i=max(0,ℓ−n+1)

c(p−1)(n−1)−i =

min((p−1)(n−1),ℓ)
∑

i=max(0,ℓ−n+1)

ci = aℓ ,

✇❤✐❝❤ ✐s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✳ ❋✉rt❤❡r✱

aℓ − aℓ−1 =





min((p−1)(n−1),ℓ)
∑

k=max(0,ℓ−n+1)

ck



−





max((p−1)(n−1),ℓ−1)
∑

k=max(0,ℓ−n)

ck





=











cℓ ✐❢ 1 ≤ ℓ < n

cℓ − cℓ−n ✐❢ n ≤ ℓ ≤ (p− 1)(n− 1) + 1

−cℓ−n ✐❢ (p− 1)(n− 1) + 1 < ℓ ≤ p(n− 1) .

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ ℓ ≤ p(n − 1)/2 ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ℓ −
n ≤ (p − 2)(n − 1)/2 − 1 < (p − 1)(n − 1)/2✳ ■❢ ℓ < n t❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s
❝❡rt❛✐♥❧② ♣♦s✐t✐✈❡ ❛s cℓ ≥ 1 s♦ s✉♣♣♦s❡ ℓ ≥ n s♦ t❤❛t ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥❡❣❛t✐✈❡✱
cℓ − cℓ−n < 0✱ t❤❡♥ cℓ < cℓ−n✳ ❚❤✐s ✐♠♣❧✐❡s✱ ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ t❤❛t
ℓ > (p − 1)(n − 1)/2 ✐♥ ✇❤✐❝❤ ❝❛s❡ cℓ−n > cℓ = c(p−1)(n−1)−ℓ ❜✉t t❤✐s ✐♠♣❧✐❡s
t❤❛t (p− 1)(n− 1)− ℓ < ℓ− n✱ ❛s ❜♦t❤ ❛r❡ s♠❛❧❧❡r t❤❛♥ (p− 1)(n− 1)/2✱ ✇❤✐❝❤
r❡❛rr❛♥❣❡s t♦ ❣✐✈❡ p(n− 1) + 1 < 2ℓ✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛s ✇❡ ❛r❡ ❛ss✉♠✐♥❣
t❤❛t ℓ ≤ p(n− 1)/2✳ ❈❧❡❛r❧② a0 = c0 = 1 s♦ t❤✐s ♣r♦✈❡s t❤❛t

1 = a0 ≤ a1 ≤ · · · ≤ a⌊p(n−1)/2⌋

❛s r❡q✉✐r❡❞✱ ❝♦♠♣❧❡t✐♥❣ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✳ ⊓⊔

❇ ❍♦✇ ✇❡ ❛♣♣r♦①✐♠❛t❡❞ Bw(d, p)

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ❛♣♣r♦①✐♠❛t❡ Bw(d, p) ❛♥❞ ❣✐✈❡ ❞❡t❛✐❧s ❛♥❞
s❦❡t❝❤ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❡❛s✐❡st ✇❛② t♦ ❜♦✉♥❞ Bw(d, p) ✐s ❜② Bw(d, p) ≤
(⌊d/w⌋ + 1)p−1 = np−1 ❜✉t ✇❡ ❝❛♥ ❜❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤✐s✳ ❋♦r p ❡✈❡♥ ❛♥❞
✜①❡❞✱ ✇❡ ❤❛✈❡ ⌊p(n− 1)/2⌋ = p(n− 1)/2 ❛♥❞ s♦

(

p− 1 +
⌊

p(n−1)
2

⌋

− kn

p− 1

)

=

(

(p2 − k)n+ p
2 − 1

p− 1

)

=
(p2 − k)p−1

(p− 1)!
np−1 +O(np−3)

✇❤✐❝❤ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ n ♦❢ ❞❡❣r❡❡ p − 1 ❛♥❞ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ p
❛♥❞ k✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ np−2 ✐s ③❡r♦ s✐♥❝❡

∑p−2
i=0 (

p
2 − 1 − i) = 0✱ ✐♥ ❢❛❝t t❤❡

✷✻



❝♦❡✣❝✐❡♥t ♦❢ ❛♥② ❡✈❡♥ ♣♦✇❡r ♦❢ n ✐s ③❡r♦ s✐♥❝❡ ✇❡ ❤❛✈❡

(

(p2 − k)n+ p
2 − 1

p− 1

)

=
1

(p− 1)!

p−1
∏

j=1

(

(p2 − k)n+ p
2 − j

)

=
(p2 − k)n

(p− 1)!

∏

1≤j<p/2

(

(p2 − k)2n2 − (p2 − j)2
)

=
(p2 − k)n

(p− 1)!

∏

1≤j<p/2

(

(p2 − k)2n2 − j2
)

.

❋♦r n ≥ p
2 ✇❡ ❤❛✈❡ t❤❛t ⌊(p(n − 1)/2)/n⌋ = ⌊p

2 − p
2n⌋ = p

2 − 1 ✇❤✐❝❤ ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ n✳ ■♥ t❤✐s ❝❛s❡ ♠✉❧t✐♣❧②✐♥❣ ❜② (−1)k

(

p
k

)

❛♥❞ s✉♠♠✐♥❣ ❢r♦♠ k = 0 t♦
k = p

2 − 1 ❣✐✈❡s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ n ♦❢ ❞❡❣r❡❡ p− 1 ❛♥❞ ✇❤♦s❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t
✐s

ℓp = p
∑

0≤k<
p
2

(−1)k
(p2 − k)p−1

k!(p− k)!
, ✭✸✮

t❤❡ r❡❛s♦♥ ❢♦r t❤❡ str❛♥❣❡ ✇❛② ♦❢ ✇r✐t✐♥❣ t❤❡ ✉♣♣❡r ❧✐♠✐t ♦♥ k ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r
✐♥ ❛ ♠♦♠❡♥t✳ ❆❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ♣r♦✈❡ ✐t ❤❡r❡ ✐t t✉r♥s ♦✉t t❤❛t t❤✐s ♣♦❧②♥♦♠✐❛❧
❛❧s♦ ❝♦rr❡❝t❧② ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ Bw(d, p) ❢♦r 1 ≤ n < p

2 t♦♦✳
◆♦✇ s✉♣♣♦s❡ t❤❛t p > 1 ✐s ♦❞❞✳ ❚❤✐s t✐♠❡ t❤❡ ✈❛❧✉❡ ♦❢ ⌊p(n− 1)/2⌋ ❞❡♣❡♥❞s

♦♥ t❤❡ ♣❛r✐t② ♦❢ n✳ ❋♦r n ♦❞❞ ✐t ✐s ❛❣❛✐♥ p(n−1)/2 ✇❤✐❧❡ ❢♦r n ❡✈❡♥ ✐t ✐s (p(n−1)−
1)/2✳ ❚❤✉s ❢♦r n ♦❞❞ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t ❛s ❛ ♣♦❧②♥♦♠✐❛❧
✐♥ n ❢♦❧❧♦✇s ❛❧♠♦st ❛s ❛❜♦✈❡ ❡①❝❡♣t ♥♦✇ ❛❧❧ ♦❞❞ ♣♦✇❡rs ♦❢ n ❞✐s❛♣♣❡❛r✿

(

(p2 − k)n+ p
2 − 1

p− 1

)

=
1

(p− 1)!

∏

1≤j<p/2

(

(p2 − k)2n2 − (j − 1
2 )

2
)

,

✇❤✐❧❡ ❢♦r n ❡✈❡♥ ✐t ✐s

(

p− 1 +
⌊

p(n−1)
2

⌋

− kn

p− 1

)

=

(

(p2 − k)n+ p−3
2

p− 1

)

=
(p2 − k)p−1

(p− 1)!
np−1 +O(np−2)

❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ♦❞❞ ♣♦✇❡rs ♦❢ n ❞♦ ♥♦t ❞✐s❛♣♣❡❛r✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡
(

(p2 − k)n+ p−3
2

p− 1

)

=
1

(p− 1)!

(

1− p− 1

(p− 2k)n

)

∏

1≤j<p/2

(

(p2 − k)2n2 − (j − 1)2
)

.

✭✹✮
❚❤✐s t✐♠❡ ✇❡ ❤❛✈❡✱ ❢♦r n ≥ p✱ t❤❛t ⌊⌊p(n−1)/2⌋/n⌋ = p−1

2 ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ n ❛♥❞ ✇❡ ✜♥❞ t❤❛t ❛❣❛✐♥ ✇❡ ❝❛♥ ✇r✐t❡ Bw(d, p) ❛s ❛ ❵♣♦❧②♥♦♠✐❛❧✬ ✐♥ n ♦❢ ❞❡❣r❡❡
p−1 ❛♥❞ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ p ❛♥❞ t❤❡ ♣❛r✐t② ♦❢ n✳ ❖❢ ❝♦✉rs❡ t❤✐s ✐s ♥♦t
r❡❛❧❧② ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ n s✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r✐t② ♦❢ n ❤♦✇❡✈❡r
✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n ❛♥❞ ✐s ❛❧s♦ ❣✐✈❡♥
❜② ✭✸✮✳ ■t t✉r♥s ♦✉t ✭❛❧t❤♦✉❣❤ ✇❡ ❞♦♥✬t ♣r♦✈❡ ✐t✮ t❤❛t t❤✐s ❵♣♦❧②♥♦♠✐❛❧✬ ✐♥ ❢❛❝t
❤❛s ♥♦ ♦❞❞ ♣♦✇❡rs ♦❢ n ❛♥❞ ❛❣❛✐♥ ❣✐✈❡s t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ♦❢ Bw(d, p) ❡✈❡♥ ✇❤❡♥
1 ≤ n < p✳ ❚❤❛t ✐s ✇❡ ❤❛✈❡ ❢♦r ♦❞❞ p ❛♥❞ ❡✈❡♥ n✿

Bw(d, p) =
∑

0≤k<p/2

(−1)k
(

p

k

)

1

(p− 1)!

∏

1≤j<p/2

(

(p2 − k)2n2 − (j − 1)2
)

.

✷✼



❆♥♦t❤❡r ✇❛② ♦❢ ✇r✐t✐♥❣ t❤✐s✱ ❢♦r ♦❞❞ p✱ ✐s t❤❛t Bw(d, p) = f(n) − (−1)ng(n)
❢♦r t✇♦ ❡✈❡♥ ♣♦❧②♥♦♠✐❛❧s f ❛♥❞ g ♦❢ ❞❡❣r❡❡ p − 1 ❛♥❞ p − 3 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s
❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ■t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t t❤❡ ❝♦♥st❛♥t t❡r♠s ♦❢ f
❛♥❞ g ❛r❡ ❡q✉❛❧ s✐♥❝❡

(

(p/2−k)n+(p−3)/2
p−1

)

❤❛s ③❡r♦ ❝♦♥st❛♥t t❡r♠ ❛s ❛ ♣♦❧②♥♦♠✐❛❧

✐♥ n❀ ✐♥ ❢❛❝t t❤❡② t❛❦❡ t❤❡ ✈❛❧✉❡ Bw(w, p− 2)2/22p−3 =
(

p−1
(p−1)/2

)2
/22p−1✳

❲❤❛t ✐s r❡♠❛r❦❛❜❧❡ ❛❜♦✉t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ✐s t❤❛t t❤❡②
❝❛♥ ✇❡ ✇r✐tt❡♥ ❛s ✐♥t❡❣r❛❧s✳ ❚❤✐s ❢❛❝t ❢♦r t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ℓp ✭r = 0 ❜❡❧♦✇✮
✐s ♣r♦✈❡♥ ✐♥ ❬✷❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t ❛ s✐♠♣❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥
❤❡r❡ ❢♦r t❤❡ ♦t❤❡r ❝♦❡✣❝✐❡♥ts✳

▲❡♠♠❛ ✻✳ ❋♦r p ❡✈❡♥ ♦r n ♦❞❞✱

Bw(d, p) =
∑

0≤r<p/2

(

ar(p)

π

∫ ∞

−∞

sinp θ

θp−2r
dθ

)

np−1−2r,

❛♥❞ ❢♦r p > 1 ♦❞❞ ❛♥❞ n ❡✈❡♥

Bw(d, p) =
∑

0≤r<p/2

(

ar(p− 1)(p− 2r − 1)

(p− 1)π

∫ ∞

−∞

sinp θ

θp−2r
dθ

)

np−1−2r,

✇❤❡r❡ ar(x) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ r ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ r❛t✐♦♥❛❧ ❛♥❞ ✇✐t❤
❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t (6rr!)−1✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❤❛✈❡ a0(x) = 1 ❛♥❞ ❢♦r ❛♥② ✐♥t❡❣❡r
x ✇❡ ❤❛✈❡

ar(2x) :=

∑

0<i1<i2<···<ir<x

(i1i2 · · · ir)2

∏

1≤j≤2r

(x− j
2 )

❢♦r r ≥ 1.

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛❧s♦ ❡♥❝♦♠♣❛ss❡s t❤❡ p = 1 ❝❛s❡ ✐❢ ♦♥❡ ❞❡✜♥❡s p−1
p−1 = 1✳

Pr♦♦❢✳ ❚♦ st❛rt ✇❡ ✉s❡ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❢♦r♠✉❧❛ ❢♦r s✐♥❡✿

sinp θ =

(

eiθ − e−iθ

2i

)p

=
1

(2i)p

p
∑

k=0

(

p

k

)

eikθ(−e−iθ)p−k

=

(

i

2

)p p
∑

k=0

(−1)k
(

p

k

)

e(2k−p)iθ.

❲❡ ❛r❡ t❤✉s ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥t❡❣r❛❧
∫∞

−∞
e(2k−p)iθ/θq✱ ✐❢ ✐t ❡①✐sts✳ ❲❡ ✇✐❧❧ s❡❡

t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❡①✐sts✱ ❢♦r q ∈ Z>0✱ ❛s ❛ ❈❛✉❝❤② ♣r✐♥❝✐♣❛❧ ✈❛❧✉❡✱ ♥❛♠❡❧② t❤❡
❧✐♠✐t ♦❢ ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ −R1 t♦ −R2 ♣❧✉s ❢r♦♠ R2 t♦ R1 ❛s R1 → ∞ ❛♥❞
R2 → 0✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ q = 1✱ ❛♥❞ ❤❛✈❡ t❤r❡❡ ❝❛s❡s✱ ❡✐t❤❡r 2k − p ✐s
♥❡❣❛t✐✈❡✱ ③❡r♦ ♦r ♣♦s✐t✐✈❡✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ 2k = p t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❥✉st θ−1

✇❤✐❝❤ ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥✳ ❚❤❡r❡❢♦r❡
∫ −R2

−R1
θ−1dθ +

∫ R1

R2
θ−1dθ = 0 ❛♥❞ s♦ ✐♥ t❤❡

❧✐♠✐t ✐t ✐s ❛❧s♦ 0✳ ❋♦r t❤❡ ♦t❤❡r t✇♦ ❝❛s❡s ✇❡ ✉s❡ ❝♦♠♣❧❡① ❛♥❛❧②s✐s✱ ✐❢ 2k − p ✐s
♣♦s✐t✐✈❡ t❤❡♥ ✇❡ ❝♦♥s✐❞❡r ✐♥t❡❣r❛t✐♥❣ ❛❧♦♥❣ t❤❡ ❝✉r✈❡ Γ+ s❤♦✇♥ ❜❡❧♦✇✿

✷✽



Re

Im

Γ+

−R1 −R2 R2 R1

❙✐♥❝❡ e(2k−p)iz/z ❤❛s ♥♦ ♣♦❧❡s ✐♥s✐❞❡ Γ+ ✇❡ ❤❛✈❡ t❤❛t
∫

Γ+ e(2k−p)iz/z dz = 0 ❜②
❈❛✉❝❤②✬s ■♥t❡❣r❛❧ ❚❤❡♦r❡♠✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡

∫ −R2

−R1

e(2k−p)iz

z
dz +

∫ R1

R2

e(2k−p)iz

z
dz +

∫ π

0

ie(2k−p)iR1e
it

dt−
∫ π

0

ie(2k−p)iR2e
it

dt = 0

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ z = Reit ✐♥ t❤❡ ❧❛st t✇♦ ✐♥t❡❣r❛❧s✳ ❲❡ ♥♦t❡
t❤❛t ❢♦r 0 < t < π ✇❡ ❤❛✈❡ |ie(2k−p)iR1e

it | = e(p−2k)R1 sin t → 0 ❛s R1 → ∞ s✐♥❝❡
sin t ✐s ♣♦s✐t✐✈❡ ❛♥❞ p−2k ✐s ♥❡❣❛t✐✈❡✳ ❚❤✉s ❜② ❏♦r❞❛♥✬s ❧❡♠♠❛ t❤❡ t❤✐r❞ ✐♥t❡❣r❛❧
t❡♥❞s t♦ 0 ❛s R1 t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❋♦r t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✇❡ ♥♦t❡ t❤❛t✱ ❛s R2 t❡♥❞s
t♦ 0✱ ✐t t❡♥❞s t♦ (π−0)iRes(e(2k−p)iz/z, z = 0) = πi limz→0 e

(2k−p)iz = πi✳ ❍❡♥❝❡
✇❡ ❤❛✈❡✱ ♦♥ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s R1 → ∞ ❛♥❞ R2 → 0 ❛♥❞ r❡❛rr❛♥❣✐♥❣✱ t❤❛t

∫ ∞

−∞

e(2k−p)iz

z
dz = πi ❢♦r 2k − p > 0.

■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ✇❤❡♥ 2k−p ✐s ♥❡❣❛t✐✈❡ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ❛r♦✉♥❞ t❤❡ ❝♦♥t♦✉r
Γ− ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s Γ+ ❡①❝❡♣t t❤❛t t❤❡ ❛r❝s ❛r❡ ♥♦✇ ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♦❢ t❤❡
❝♦♠♣❧❡① ♣❧❛♥❡ ✐♥st❡❛❞ ♦❢ t❤❡ ✉♣♣❡r ❤❛❧❢✱ ✇❡ t❤✉s ❤❛✈❡ t♦ ❝❤❛♥❣❡ t❤❡ ❞✐r❡❝t✐♦♥ t♦
❜❡ ❝❧♦❝❦✇✐s❡ ♦♥ t❤❡ ♦✉t❡r ❛r❝ ❛♥❞ ❛♥t✐✲❝❧♦❝❦✇✐s❡ ♦♥ t❤❡ ✐♥♥❡r ❛r❝✳ ❚❤✐s ❡♥s✉r❡s
t❤❛t ❛s R1 t❡♥❞s t♦ ✐♥✜♥✐t② t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ ♦✉t❡r ❛r❝ t❡♥❞s t♦ ③❡r♦ ❛♥❞ ❛s
R2 t❡♥❞s t♦ ③❡r♦ t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ ✐♥♥❡r ❛r❝ t❡♥❞s t♦ πi ❛s ❜❡❢♦r❡✳ ❲❡ ❝❛♥
t❤❡r❡❢♦r❡ ❞❡❞✉❝❡ t❤❛t

∫ ∞

−∞

e(2k−p)iz

z
dz = −πi ❢♦r 2k − p < 0.

◆♦✇ ❛ss✉♠✐♥❣ t❤❡ ✐♥t❡❣r❛❧s ❡①✐st ✇❡ ✉s❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇✐t❤ u = e(2k−p)iθ

❛♥❞ dv = θ−q t❤❡♥ du = i(2k − p)e(2k−p)iθ ❛♥❞ v = −θ−(q−1)/(q − 1) ❛♥❞ ♦♥
♥♦t✐♥❣ t❤❛t limR→∞[uv]R−R = 0 ✇❡ ❤❛✈❡

∫ ∞

−∞

e(2k−p)iθ

θq
dθ =

i(2k − p)

q − 1

∫ ∞

−∞

e(2k−p)iθ

θq−1
dθ,

✷✾



❛♥❞ ❛ s✐♠♣❧② ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t ❢♦r q ∈ Z>0 t❤❡ ✐♥t❡❣r❛❧s ❡①✐st ❛s
❈❛✉❝❤② ♣r✐♥❝✐♣❛❧ ✈❛❧✉❡s ❛♥❞ ❛r❡ ❡q✉❛❧ t♦

∫ ∞

−∞

e(2k−p)iθ

θq
dθ =















−πi (i(2k−p))q−1

(q−1)! ❢♦r 2k − p < 0

0 ❢♦r 2k − p = 0

πi (i(2k−p))q−1

(q−1)! ❢♦r 2k − p > 0.

❚❤❡r❡❢♦r❡

1

π

∫ ∞

−∞

sinp θ

θp−2r
dθ =

1

π

(

i

2

)p p
∑

k=0

(−1)k
(

p

k

)∫ ∞

−∞

e(2k−p)iθ

θp−2r
dθ

=

(−1

2

)p


−
∑

0≤k<p/2

(−1)k
(

p

k

)

(2k − p)p−2r−1

i2r(p− 2r − 1)!
+
∑

p/2<k≤p

(−1)k
(

p

k

)

(2k − p)p−2r−1

i2r(p− 2r − 1)!





=
∑

0≤k<p/2

(−1)r+k

22r+1

(

p

k

)

(p2 − k)p−2r−1

(p− 2r − 1)!
+
∑

0≤k<p/2

(−1)r+2p−k

22r+1

(

p

p− k

)

(p2 − k)p−2r−1

(p− 2r − 1)!

=
∑

0≤k<p/2

(−1)r+k

22r

(

p

k

)

(p2 − k)p−2r−1

(p− 2r − 1)!
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡♥ p t❤❛t

Bw(d, p) =
∑

0≤k<p/2

(−1)k
(

p

k

)(

(p2 − k)n+ p
2 − 1

p− 1

)

=
∑

0≤k<p/2

(−1)k
(

p

k

)

(p2 − k)n

(p− 1)!

∏

1≤j<p/2

(

(p2 − k)2n2 − j2
)

=
∑

0≤k<p/2

(−1)k
(

p

k

)

∑

0≤r<p/2





(p2 − k)p−1−2r

(p− 1)!
(−1)r

∑

0<i1<···<ir<p/2

(i1i2 · · · ir)2


np−1−2r

=
∑

0≤r<p/2



ar(p)
∑

0≤k<p/2

(−1)r+k

22r

(

p

k

)

(p2 − k)p−2r−1

(p− 2r − 1)!



np−1−2r

=
∑

0≤r<p/2

(

ar(p)

π

∫ ∞

−∞

sinp θ

θp−2r
dθ

)

np−1−2r

❛s st❛t❡❞✳
❚♦ s❤♦✇ t❤❡ st❛t❡❞ ♣r♦♣❡rt✐❡s ♦❢ ar(x) ✇❡ ♥♦t❡ t❤❛t

br(x) :=
∑

0<i1<···<ir<x

(i1i2 · · · ir)2 =
∑

0<ir<x





∑

0<i1<i2<···<ir−1<ir

(i1 · · · ir−1)
2



 i2r

=
∑

0<ir<x

br−1(ir)i
2
r

✸✵



s♦ ✇❡ ❝❛♥ ✉s❡ ❛♥ ✐♥❞✉❝t✐✈❡ ❛r❣✉♠❡♥t ♦♥ r✳ ❋♦r r = 1 ❛♥❞ ✐♥t❡❣❡r x ✇❡ ❤❛✈❡
b1(x) = 1

6 (x − 1)x(2x − 1) ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❋❛✉❧❤❛❜❡r✬s ❢♦r♠✉❧❛ ❢♦r t❤❡
s✉♠ ♦❢ sq✉❛r❡s✳ ◆♦t❡ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ✐s 2

6 = (311!)−1✳ ▼♦r❡ ❣❡♥❡r❛❧❧②

❋❛✉❧❤❛❜❡r✬s ❢♦r♠✉❧❛ st❛t❡s t❤❛t
∑ℓ

k=1 k
q = 1

q+1

∑q
j=0(−1)j

(

q+1
j

)

Bjℓ
q+1−j ✇❤❡r❡

Bj ❛r❡ t❤❡ ❇❡r♥♦✉❧❧✐ ♥✉♠❜❡rs ✇✐t❤ B0 = 1, B1 = − 1
2 , . . . ✳ ❆s ❛♥ ✐♥❞✉❝t✐✈❡

❤②♣♦t❤❡s✐s ✇❡ ❤❛✈❡ t❤❛t ❢♦r ✐♥t❡❣❡r x✱ br(x) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ x ♦❢ ❞❡❣r❡❡ 3r
❛♥❞ ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t (3rr!)−1✳ ❙❛②

br(x) =

3r
∑

j=0

βr,jx
j

✇❤❡r❡ βr,3r = (3rr!)−1✳ ❚❤❡♥

br+1(x) =

x−1
∑

ir+1=1

br(ir+1)i
2
r+1 =

x−1
∑

ir+1=1

3r
∑

j=0

βr,ji
j+2
r+1 =

3r
∑

j=0

βr,j

x−1
∑

ir+1=1

ij+2
r+1

=

3r
∑

j=0

βr,j
1

j + 3

j+2
∑

k=0

(−1)k
(

j + 3

k

)

Bk(x− 1)j+3−k

✇❤✐❝❤ ✐s ❛❣❛✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ x ♦❢ ❞❡❣r❡❡ 3r + 3 − 0 = 3(r + 1) ❛♥❞ ❧❡❛❞✲
✐♥❣ ❝♦❡✣❝✐❡♥t βr,3r

1
3r+3 = 1

3r+1(r+1)! ✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣

❛♥❞ t❤❡ r❡s✉❧t ❤♦❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❡✈❡♥ x✱ br(x/2) ❤❛s ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t
βr,3r/2

3r = (22r6rr!)−1✳

❋✉rt❤❡r ✇❡ ♥♦t❡ t❤❛t br(x) ✐s ③❡r♦ ❛t x = 0, 1, 2, . . . , r s✐♥❝❡ ✐♥ t❤❡ s✉♠ ✇❡
♠✉st ❤❛✈❡ ij ≥ j ❢♦r j = 1, 2, . . . , r s♦ ✐❢ r ≤ ir < x ≤ r t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ✈❛❧✉❡
t❤❛t ir ❝❛♥ t❛❦❡ ❛♥❞ t❤❡ s✉♠ ✐s ❡♠♣t②✳ ❚♦ s❤♦✇ t❤❛t ar(x) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✇❡
♥❡❡❞ t♦ ❛❧s♦ ♣r♦✈❡ t❤❛t br(x) ✐s ③❡r♦ ❛t ❡❛❝❤ ❤❛❧❢ ✐♥t❡❣❡rs ❜❡t✇❡❡♥ ✵ ❛♥❞ r✱ ✇❡
❞♦ ♥♦t s❤♦✇ t❤✐s ❛s ✐t ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ ♦✉r ❧❛t❡r ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❋✐♥❛❧❧② ✇❡ ♥♦t❡
t❤❛t t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ ar(x) ✐s 2

2r/(22r · 6rr!) = (6rr!)−1 ❛s r❡q✉✐r❡❞✳

◆♦✇ ✇❤❡♥ p ❛♥❞ n ❛r❡ ❜♦t❤ ♦❞❞ ✇❡ ❤❛✈❡ ❛❧♠♦st ❡①❛❝t❧② t❤❡ s❛♠❡ ♣r♦♦❢ ♦♥❧②
✇✐t❤ ❛ ✈❡r② s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ✐♥ ♣❧❛❝❡ ♦❢ br(x)✳ ◆❛♠❡❧② ✇❡ ❤❛✈❡ ❢♦r ❛♥ ✐♥t❡❣❡r
x t❤❡ s✉♠

∑

0<i1<i2<···<ir<x

(

(i1 − 1
2 )(i2 − 1

2 ) · · · (ir − 1
2 )
)2

✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❡q✉❛❧ br(x + 1
2 ) ❛❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t s❤♦✇ ✐t ❤❡r❡✳ ❙✐♥❝❡

✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥t❡❣❡r x = p+1
2 ✇❡ ♥♦t❡ t❤❛t t❤✐s ❣✐✈❡s br(p/2) ✇❤✐❝❤

✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ p ✐s ❡✈❡♥✳ ❍❡♥❝❡ ✇❡ ❛❣❛✐♥ ❤❛✈❡ t❤❡ s❛♠❡ ❢♦r♠
❢♦r Bw(d, p)✳

❋✐♥❛❧❧② ✇❤❡♥ p ✐s ♦❞❞ ❛♥❞ n ✐s ❡✈❡♥ ✇❡ ✉s❡ ✭✹✮ ❛♥❞ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ✐♥ ❛❧♠♦st
t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ❜❡❢♦r❡ ❤♦✇❡✈❡r t❤✐s t✐♠❡ ✇❡ ♥♦t❡ t❤❛t

∑

0<i1<···<ir<x

((i1 − 1)(i2 − 1) · · · (ir − 1))
2
= br(x− 1)

✸✶



s♦ t❤❛t
∑

0<i1<i2<···<ir<p/2

((i1 − 1)(i2 − 1) · · · (ir − 1))2

∏

1≤j≤2r

(p2 − j
2 )

=
b((p− 1)/2)
∏

1≤j≤2r

(p2 − j
2 )

= ar(p− 1)

∏

1≤j≤2r(
p−1
2 − j

2 )
∏

1≤j≤2r(
p
2 − j

2 )
= ar(p− 1)

p− 1− 2r

p− 1
.

❚❤✐s ✐s st✐❧❧ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ p s✐♥❝❡ x | ar(x) ❢♦r ❛❧❧ r ≥ 1 ❛♥❞ ✇❤❡♥ r = 0 t❤✐s
s✐♠♣❧✐✜❡s t♦ a1(p− 1) = 1✳ ⊓⊔

❚❤❡ ✜rst ❢❡✇ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ar(x) ❛r❡✿

a1(x) =
x

6
; a2(x) =

x

72

(

x+
2

5

)

; a3(x) =
x

1296

(

x3 +
6

5
x2 +

16

35
x

)

;

a4(x) =
x

31104

(

x3 +
12

5
x2 +

404

175
x+

144

175

)

;

a5(x) =
x

933120

(

x4 + 4x3 +
244

35
x2 +

208

35
x+

768

385

)

;

a6(x) =
x

33592320

(

x5 + 6x4 +
572

35
x3 +

4248

175
x2 +

255968

13475
x+

1061376

175175

)

.

❲❡ ❝❛♥ ✉s❡ t❤✐s ❢♦r♠✉❧❛t✐♦♥ t♦ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❛s p t❡♥❞s
t♦ ✐♥✜♥✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✼✳ ❋♦r r ∈ Z≥0✱ ❧❡t ar(x) ❜❡ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✻✳ ❚❤❡♥
✇❡ ❤❛✈❡

lim
p→∞

√
p
ar(p)

π

∫ ∞

−∞

sinp θ

θp−2r
dθ =

1

22r

√

6

π

(

2r

r

)

.

Pr♦♦❢✳ ❆♣♣❧② t❤❡ s✉❜st✐t✉t✐♦♥ θ = t/
√
p t♦ ❣✐✈❡

√
p

∫ ∞

−∞

sinp(θ)

θp−2r
dθ =

√
p

∫ ∞

−∞

(√
p

t

)p−2r

sinp
(

t√
p

)

dt√
p
=

1

pr

∫ ∞

−∞

t2r
(√

p

t
sin

(

t√
p

))p

dt

❛♥❞ s✐♥❝❡ ar(p) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ r ✇✐t❤ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t (6rr!)−1 ❛♥❞

√
p

t
sin

(

t√
p

)

= 1− t2

6p
+O(p−2)

✇❡ ❤❛✈❡ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✇❡ ❝❛♥ ✐♥t❡r❝❤❛♥❣❡ t❤❡ ❧✐♠✐t ❛♥❞ t❤❡ ✐♥t❡❣r❛❧✱
✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ♣r♦✈❡✱ t❤❛t

lim
p→∞

√
p
ar(p)

π

∫ ∞

−∞

sinp θ

θp−2r
dθ =

1

π6rr!

∫ ∞

−∞

t2re−t2/6dt.

✸✷



❚❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r ❜② ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜②
♣❛rts ✇✐t❤ u = t2r−2 ❛♥❞ v = −3e−t2/6 t♦ ❣✐✈❡

∫ ∞

−∞

t2re−t2/6dt = 3(2r−1)

∫ ∞

−∞

t2r−2e−t2/6dt =
3(2r)(2r − 1)

2r

∫ ∞

−∞

t2(r−1)e−t2/6dt

✇❤✐❝❤ ❜② ❛ s✐♠♣❧❡ ✐♥❞✉❝t✐✈❡ ❛r❣✉♠❡♥t ❛♥❞ t❤❡ ✐♥t❡❣r❛❧
∫∞

−∞
e−t2/6 =

√
6π ❣✐✈❡s

∫ ∞

−∞

t2re−t2/6dt =
√
6π

(

3

2

)r
(2r)!

r!

❛♥❞ ❤❡♥❝❡

lim
p→∞

√
p
ar(p)

π

∫ ∞

−∞

sinp θ

θp−2r
dθ =

√
6π( 32 )

r(2r)!

π6r(r!)2
=

1

22r

√

6

π

(

2r

r

)

❛s r❡q✉✐r❡❞✳ ⊓⊔

❚❛❦✐♥❣ r = 0 s❤♦✇s t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t ℓp s❛t✐s✜❡s limp→∞
√
pℓp =

√

6/π

❛s ✇❛s ❝❧❛✐♠❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ❋✉rt❤❡r✱ r❡♣❧❛❝✐♥❣ ar(p) ❜② ar(p − 1)p−1−2r
p−1 ❤❛s

♥♦ ❡✛❡❝t ♦♥ t❤❡ ❧✐♠✐t✳ ❋✐♥❛❧❧② ✇❡ r❡♠❛r❦ t❤❛t ❢♦r ♣♦s✐t✐✈❡ n

∑

0≤r<p/2

1

22r

(

2r

r

)

np−1−2r ≤
∞
∑

r=0

1

22r

(

2r

r

)

np−1−2r =
np−1

√
1− n−2

=
np

√
n2 − 1

s♦ t❤❛t ❜② t❤❡ ❢❛❝t✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡♥✬t ♣r♦✈❡❞✱ t❤❛t
√
p t✐♠❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢

np−1−2r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ Bw(d, p) ✐s ✐♥❝r❡❛s✐♥❣ ❢♦r p > 2 ❛s p ✐♥❝r❡❛s❡s✱ ✇❡
❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r p > 2

Bw(d, p) ≤
√

6

πp(n2 − 1)
np.
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