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Abstract. This paper presents a procedure dealing with the issue of fault detection and isolation (FDI)
using nonlinear analytical redundancy (NLAR) technique applied in a proton exchange membrane (PEM)
fuel cell system based on its mathematic model. The model is proposed and simplified into a five orders state
space representation. The transient phenomena captured in the model include the compressor dynamics,
the flow characteristics, mass and energy conservation and manifold fluidic mechanics. Nonlinear analytical
residuals are generated based on the elimination of the unknown variables of the system by an extended
parity space approach to detect and isolate actuator and sensor faults. Finally, numerical simulation results
are given corresponding to a faults signature matrix.

1 Introduction

Fuel cell system is considered as a significant power source
with great potential applications in industry [1]. Two ma-
jor applications have been widely developed in recent years:
stationary and mobility. Fuel cell technology is a favorable
candidate for the development of stationary power plant
but unfortunately, its full commercial application is not
ready due to the high cost and limited durability [2]. In
fuel cell mobility applications, two sub-categories are con-
sisted: portable power supply for electronic devices (lap-
top computers, cellular phones etc.) and transport appli-
cations mostly known as fuel cell vehicle (FCV) develop-
ment [3] - [10]. Comparing of these two sub-categories in
mobility applications, fuel cell propulsion system for au-
tomobiles is more popular in recent research and develop-
ment works. As a potential alternative power source, a fuel
cell stack needs to be integrated with other components
to form a fuel cell system for the power supply function.
Consequently, structural coupling of each part in the fuel
cell system makes its control and diagnosis problem much
difficult, which attracts a large number of researchers fo-
cusing on those two intensive domains.
Due to its multi-disciplinary behavior while functioning, it
is always a major challenge to fully understand all physical
chemical properties from system performance. Therefore,
fuel cell system diagnosis plays an important role for its
industrial development. On the one hand, diagnostic tools
can help distinguish the structure-property-performance
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relationships between a fuel cell and it components. On the
other hand, results obtained from diagnosis also provide
benchmark-quality data for fundamental models, which
further benefit in prediction, control, and optimization of
various transport and electrochemical processes occurring
within fuel cells [11]. In recent literatures, fuel cell diag-
nosis can be classified into two groups: the one using ex-
perimental approaches based on knowledge and data and
the other with information approaches based on mathe-
matical model. A great part of the fuel cell diagnosis is
based on experimental methods, which only consist in cel-
lular and stack level. Among these methods, the Polar-
ization Curve and the Electrochemical Impedance Spec-
troscopy (EIS) also called AC impedance studied by Yuan
et al. [12], [13] and [14] are usually considered as pow-
erful technique tools for characterizing and investigating
in-situation of fuel cell [11] in aspect of electro-chemistry.
Many other physical/chemical methods for design of test
equipment integrated with diagnostic techniques consider
current density distribution along the active area in a fuel
cell as a very critical parameter [15]. Integration of several
well known in situ physical/chemical diagnostic methods
including polarization curve, cyclic voltammetry, linear
sweep voltammetry, EIS and direct gas mass spectroscopy
in open circuit conditions [16] is always used as an ef-
fective way to explore the cell degradation mechanisms
which usually cause irreversible failure. Besides of certain
synthetic experimental diagnostic techniques, several spe-
cific parameters such as reactant gas pressure with open
current voltage (OCV) discussed by Tian et al. [17] and
pressure drop frequency applied by Chen et al. [18] etc.
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are also developed as indicators sensitive to a variety of
faults not only for fault detection bus also for fault local-
ization. One of fuel cell diagnosis methods, based on the
current interruption (CI) technique, has been proposed by
Rubio et al. [19]. Despite of an equivalent circuit model
employed, this approach is still more highlighted in phys-
ical/chemical experiences. In fault factors analysis, liquid
water distribution takes an important role because of its
intensive relation with flooding within fuel cells. There-
fore, diagnostic test methods which provide insight into
the distribution of liquid water in a fuel cell are also in-
terested to be studied [20].
Comparing to experimental approaches, model based fault
detection and isolation methods for fuel cell diagnosis are
more significant and sophisticated in system level. Due
to the portability and compatibility with other industrial
processes, model based FDI approaches have great capa-
bilities in adaptive with other auxiliaries to perform a
global compartment. In other words, integration with a
model based diagnosis system, both fuel cell power plant
and fuel cell propulsion transport installation can real-
ize the on board objective. Model based FDI approaches
consist in the generic property of the model and its oper-
ating conditions. Usually, in a fuel cell power system, each
component is sensitive to some specific faults. Hydrogen
leakage is one of the potentially dangerous faults which
needs to be with great attentions. Ingimundarson et al.
[21] presented a model based on mass balances for hydro-
gen leak detection in PEM fuel cell systems. Unlike the
hydrogen leakage as a single fault, fuel cell power plant
faults can occur in any parts on any time. A hybrid model
based on neural network is proposed by Yang et al. [22] to
designe a fuzzy fault diagnosis and accommodation sys-
tem for fuel cell power plant. Another model based fault
identification in fuel cells is presented by Riascos et al.
[23] based on Bayesian network. A stochastic approach is
shown in [24] by Hernandez et al. to estimate fuel cell oper-
ation/failure mode, using the information provided by an
individual cell voltage probability density function. Other
model based FDI techniques such as parameter estimation
based on system identification [25], LPV observer based
approach [26] for parametric uncertainty, are not focused
in this paper. Besides of the model based diagnostic meth-
ods mentioned above, analytical redundancy (AR) is well
considered as a valuable tool, which takes an extra signifi-
cant position, to provide information for FDI. In contrast
to physical redundancy which is often used as diagnostic
tool in non model FDI approaches, when measurements
from parallel sensors are compared to each other, for AR
technique, sensory measurements are compared to analyt-
ically computed values of respective variable. Such com-
putations use present and/or previous measurements of
other variables, and the mathematical plant model de-
scribing their nominal relationship to the measured vari-
able. The idea can be extended to the comparison of two
analytically generated quantities, obtained from different
sets of variables. In either case, the resulting differences,
called residuals, are indicative of the presence of faults
in the system. By comparing the AR technique with the

other model based FDI methods, the causality between
variables are well excavated and exploited for the purpose
of diagnosis. This characteristic is also a common among
various approaches which are used for redundancy gener-
ation, e.g. Bond Graph approach [27], structural analysis
[28] and etc.
Parity space approach which is also belonging to AR tech-
niques, specially intended to linear models [29]. In recent
years, its extension to nonlinear system models are well
developed [30]. Applications have been proposed in par-
ticular conditions [30], [31]. For fuel cell system, fault de-
tection and isolation via parity space in nonlinear case
have been studied in several specific components [32].
In this paper, nonlinear analytical redundancy technique
via parity space approach will be applied to the global sys-
tem of PEM fuel cell in objective of fault detection and
isolation. The organization is as follows. In section 2, the
nonlinear state space modeling is presented based on fuel
cell physics. Section 3 proposes the procedure to gener-
ate nonlinear analytical redundancy (residuals) via parity
space approach. Section 4 provides simulation results with
residuals analysis and time evolution. Conclusions are pre-
sented in section 5.

2 Nonlinear State Space Modeling of Fuel
Cell System

2.1 General Model of Fuel Cell System

Modeling of a fuel cell system concerns multi-physical do-
mains such as electrochemical, thermodynamic, electric
and fluid mechanic principles. In this paper, we focus on
the studying of the PEM fuel cell system usually used in
vehicular transport applications such as FCV or HEV.
A single PEM fuel cell is a volumetric capacitor includ-
ing two electrodes named as cathode (ca) and anode (an)
which sandwich an electrolyte inside the proton exchange
membrane with bipolar plates. The whole combination of
the three parts in the fuel cell is generally called as a Mem-
brane Electrode Assemblies (MEA).
The electrolyte has a special property that allows positive
ions (protons) to pass through while blocking electrons.
Hydrogen gas passes over the anode, and with the help of
a catalyst, separates into electrons and hydrogen protons
(Fig. 1.).

2H2 ⇒ 4H+ + 4e− (1)

Then the protons flow to the cathode through the elec-
trolyte while the electrons flow through an external cir-
cuit, thus creating electricity. At the mean time, the hy-
drogen protons and electrons combine with oxygen flow
through the cathode to produce water.

O2 + 4H+ + 4e− ⇒ 2H2O (2)

The overall reaction of the fuel cell is therefore:

2H2 +O2 ⇒ 2H2O + heat (3)
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Fig. 1. Fuel cell principles

The voltage produced from one cell is between 0 and 1
volts [33], [41] depending on fuel cell operating conditions
and the size of the load connected to the fuel cell. The
typical value of one fuel cell voltage is about 0.7 volts.
To get higher voltage for industrial applications, multi-
ple cells are stacked in series. The total stack voltage is
the number of cells multiplied by the average cell voltage.
There are electrical resistances in the fuel cell as other
electrical devices. The loss associated with the resistance
is dissipated in the form of heat, which means that heat
is released from the fuel cell reaction. In this paper, to
guarantee the normal function of the fuel cell system, the
temperature of operating condition is maintained at 77◦C.
The fuel cell system contains several auxiliary compo-
nents, which has been simplified for control and diagnosis
(Fig. 2.).

Fig. 2. Scheme of PEM fuel cell system model

– Air compressor: a volumetric air compressor, which is
the basic device of air supply sub-system for the fuel

cell, functions to increase the air gas pressure in assur-
ance of the continuity of the fuel cell reaction.

– Hydrogen tank: a high pressure or cryogenic hydrogen
tank, which is connected to control valve, can improve
the reaction rate.

– Supply manifold (SM): a supply manifold volume in-
cludes the volume of the pipes between the compressor
and the fuel cell stack, which contains the volume of
the cooler and the humidifier. It is also one of the com-
ponents in the air supply sub-system.

– Return manifold (RM): a return manifold represents
the pipeline at the fuel cell stack exhaust.

– Fuel cell stack: a fuel cell stack is constructed by a
number of fuel cells (usually a few hundred), which
becomes the most important component in the fuel
cell system and the main power generator converting
chemical energy to electrical energy.

The cooperation of each component in appropriate func-
tions ensures the whole system as a power supply device
for vehicle.

Model developed specially for control and diagnosis
studies have certain properties. In this paper, we use the
physical model developed and validated by [34], which in-
cludes important characteristics such as dynamics (tran-
sient) effects but neglects spatial variation of parameters.
Based on this control oriented physical model, we pro-
posed a state space representation in nonlinear for fault
detection and isolation.

2.2 Modeling hypotheses

In order to realize the objective of fault detection and
isolation, several hypothesis need to be proposed for the
mathematical modeling procedure:

– Multiple cathode and anode volumes of the multiple
identical fuel cells composing the stack are lumped to-
gether as a global unit.

– The reactant gas air is assumed by pure oxygen and
another reactant gas is pure hydrogen.

– All gases are supposed to satisfy the ideal gas law.
– There is no parasitic reaction considered inside the

stack.
– The humidification effect is not considered in both

compressor and supply manifold due to the high tem-
perature.

– The stack temperature is uniform including the cath-
ode channel and the anode channel.

– The variation of canals volume is negligible.
– Hydrogen gas is assumed to be completely consumed.
– In the Supply manifold, the gas is supposed to be ideal

and works in isothermic condition.
– The temperature of the air leaving the stack is rela-

tively low compared to the air leaving the compressor.
Therefore, the changes of air temperature in the return
manifold are negligible.

– Reactant gas always behaves like an ideal gas. Sec-
ondly, the temperature of the fuel cell stack is perfectly
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by controlled by the cooling system such that its tem-
perature is maintained constant at 350K and uniformly
over the whole stack. Furthermore, the flow tempera-
ture within the cathode flow channel is assumed to be
the same as the stack temperature. Thirdly, as men-
tioned before, outlet flow variables of the cathode are
assumed to be equal to the variables inside the cathode
flow channel, including gas temperature and pressure.
Lastly, the follow channel and cathode backing layer
are lumped into one volume, i.e. the spatial variations
are ignored.

– In the modeling of the anode flow, hydrogen is sup-
plied to the anode of the fuel cell stack by a pressur-
ized tank. It is assumed that the anode inlet flow rate
can be instantaneously adjusted by a valve to maintain
the minimum pressure difference between the cathode
and the anode. Then we assume that the anode chan-
nel flow resistance is small as compared to the cath-
ode flow resistance such that maintaining the pressure
difference ensures sufficient flow of hydrogen for the
fuel cell reaction. Then other assumptions similar to
the cathode flow model are also validated. The tem-
perature of the gas flow is assumed the same as the
stack temperature. It is assumed that the condition,
namely pressure, temperature of the anode outlet flow
is the same as the condition of the gas in the anode
flow channel. Additionally, the flow channel and the
backing layer of all cells are lumped into one volume.

2.3 Mathematical Model

The dynamic behavior of the compressor speed ωcp, which
is considered as one of the state variables, can be governed
by a lumped rotational parameter model [34] with inertia
as follow:

Jcp
dωcp
dt

= τcm − τcp (4)

The torque required to drive the compressor τcp is calcu-
lated using thermodynamic equations:

τcp =
Cp
ωcp

Tatm
ηcp

[(
psm
patm

) γ−1
γ

− 1

]
Wcp (5)

where psm is the air pressure in the supply manifold, which
is the state variable in the dynamic equation (9).
The compressor motor torque τcm is calculated using a
static motor equation:

τcm = ηcm
kt
Rcm

(vcm − kvωcp) (6)

where the compressor motor input voltage vcm is chosen
as one of the input variables of the whole system due to
its contribution to different levels of steady-state perfor-
mance. Not only as a control variable, but also the input
voltage is sensitive to additional faulty signal.
For the supply manifold, the inlet mass flow is the com-
pressor outlet mass flow, Wcp considered as a constant in

this paper, and the outlet mass flow, Wsm,out, can be cal-
culated by a linearized form of the sub-critical nozzle flow
equation, since the pressure difference between the supply
manifold and the cathode is relatively small:

Wsm,out = ksm,out (psm − pca) (7)

We assume that all variables of the flow exiting the cath-
ode are the same as the variables inside the cathode flow
channel, therefore, pca = pca,out. Since the supply air flow
is assumed as the pure oxygen flow pO2,ca, which follows
the ideal gas law:

pca,out = pO2,ca =
mO2,caRO2

Tst
Vca

(8)

where mO2,ca is oxygen mass in the cathode as the state
variable in the dynamic equation (13).
Since the temperature of the air in the supply manifold
is high after the compression, it is expected that the air
temperature changes inside the manifold. Thus, the supply
manifold pressure dynamic equation is derived from the
energy conservation and the ideal gas law in isothermic
condition:

dpsm
dt

=
γRa
Vsm

(WcpTcp,out −Wsm,outTsm) (9)

where the air temperature of compressor outlet Tcp,out is
considered as the second input in the system model, which
is not sensitive to any fault considered in this paper.

The dynamic equation of the return manifold pressure
prm is modeled by

dprm
dt

=
RaTrm
Vrm

(Wca,out −Wrm,out) (10)

where the Wca,out and Wrm,out are, respectively, the cath-
ode outlet flow rate and the return manifold outlet flow
rate.
Since the small pressure difference between the cathode
volume and the return manifold and also the return mani-
fold is directly connected to the atmospheric environment,
both of the outlet flow equations can also be presented
similarly as (7):

Wca,out = kca,out (pca,out − prm) (11)

Wrm,out = krm,out (prm − patm) (12)

where krm,out is the third input which is fixed at a constant
in order to be adaptive with the state space structure.
Inside the cathode, the mass flow model represents the
reactant oxygen flow behavior. The model is developed
using the mass conservation principle and thermodynamic
and psychometric properties of oxygen. The state equation
developed by mass continuity for oxygen balance inside
the cathode is as follow:
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dmO2,ca

dt
= Wca,in −Wca,out −WO2,reacted (13)

where the inlet mass flow rate of the cathode is the same as
the outlet one of the supply manifold because of the direct
connection between the parts, Wca,in = Wsm,out given by
(7). And the outlet mass flow rate Wca,out has been given
in (11). The rate of oxygen consumption WO2,reacted can
be calculated by electro-chemistry principles:

WO2,reacted = MO2
× nIst

4F
(14)

where the stack current Ist is the last input which could
be controlled and also be added with a faulty signal.

We assume that the anode supply manifold is small
and its volume is lumped together with the anode vol-
ume, i.e. they have the same pressure, and the anode inlet
pressure is used in a proportional controller which is in
the form as:

Wan,in = K1 (K2psm − pan) (15)

Similar to the oxygen mass flow state equation, the hy-
drogen mass flow state equation is also modeled by the
continuity of mass flow for hydrogen balance inside the
anode:

dmH2,an

dt
= Wan,in −Wan,out −WH2,reacted (16)

where mH2,an is the hydrogen mass in the anode, Wan,in

is the anode inlet flow rate given in (15). Under the as-
sumption of the complete consumption of hydrogen in
the electro-chemical reaction, the anode outlet mass flow
Wan,out is considered as null in this manuscript. Same as
reacted oxygen flow, the rate of hydrogen consumed in the
reaction WH2,reacted is also a function of the stack current:

WH2,reacted = MH2
× nIst

2F
(17)

All parameters and variables not mentioned in the descrip-
tions can be found in the nomenclature (Tab. 2).

2.4 Nonlinear State Space Representation

Based on the physical model under several assumptions,
a nonlinear state space representation with five state vari-
ables mentioned in the physical model in section 2.3 can
be deduced in the following procedure.
The general nonlinear state space representation with the
order of n for dynamical system can be written in the
following structural form:{

ẋ = f (x) + g (x)u
y = h (x)

(18)

where x ∈ <n is the state vector, u ∈ <p is the vector
of control inputs, y ∈ <m is the output vector. All vari-
ables are functions of time t. While f is the state function
vector, g is the input function matrix and h is the output
function vector. All vectors are in appropriate dimensions.
In this paper, since that the water vapor mass in the cath-
ode always predicts excessive water flow from anode to
cathode which results in fully humidified cathode gas un-
der all nominal conditions. Additionally, the effects of liq-
uid condensation, also known as flooding, are not included
in the model neither of the water across the membrane.
Hence, we define the state vector with n = 5 states
x = [ωcp, psm, prm,mO2,ca,mH2,an]T = [x1, x2, x3, x4, x5]T .
Among those state variables, the first three can be mea-
sured by installation of certain appropriate sensors such as
velocity sensor for compressor rotational speed and pres-
sure sensor for supply manifold and return manifold pres-
sures. Therefore, in our case, h(x) = Cx.

The state variables are selected based on energy vari-
ables. Indeed the rotational speed of the compressor ve-
locity is associated with the kinetic energy, the inlet and
return pressure in the manifold are associated with the
stored volume. Finally the mass of oxygen and hydrogen
in anode and cathode concerns the stored hydraulic en-
ergy. The input variables are naturally associated with
sources of energy. In our cases are considered as input
measured variables while they will be used for diagnosis
using Analytical redundancy relation (which is an expres-
sion where all variables including inputs and measured
outputs). They are : compressor input voltage , output
temperature of the air (measured), retour manifold and
current of the stack, supply return manifold orifice con-
sidered as extra control variable provided by the pressure
return manifold controller. Note that the output temper-
ature from a control point of view cannot be considered
as an control variable (it’s not a source of energy) but for
diagnosis system design, this known variable is used for
ARR generation. The stack current is generally consid-
ered and a disturbance or as an external input imposed
by the load. In our case while it is measured, it is selected
as an input known variable.

The output vector withm = 3 outputs is y = [y1, y2, y3]
T

.
The input vector with p = 4 inputs defined in section 2.3

is u = [vcm, Tcp,out, krm,out, Ist]
T

= [u1, u2, u3, u4]
T

. The
input function matrix g and the output matrix C are given
as follow:

g (x) =


g1 0 0 0
0 g2 0 0
0 0 g3 0
0 0 0 g4
0 0 0 g5

 , C =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0


where details of the four coefficients gi (i = 1, 2, 3, 4, 5)
can be found in appendix. Different dynamic equations
characterizing the fuel cell system can derive the nonlinear
state function vector: f(x) = [f1, f2, f3, f4, f5]T , where fj
(j = 1, 2, 3, 4, 5) are given in appendix.
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3 Generation of Nonlinear Analytical
Redundancy via Parity Space Approach

3.1 Nonlinear Analytical Redundancy

Analytical redundancy (AR) is a model-based technique
that derives the maximum number of independent tests
from the state space representation of the system. These
AR tests monitor the consistency of measurements in sen-
sor data with control/diagnosis oriented system model and
past control inputs. Through the consistency monitoring
between those known variables, the tests can determine
whether the system is performing nominally (no fault oc-
curring), or is deviating from the desired plan and pre-
sumably under fault conditions. Observability assurance
is the prerequisite to provide the capability of AR gen-
eration. It is necessary to be observable for the system,
but not sufficient. Only the system over-constrained with
configuration of sensors are able to generate AR for FDI
procedure. Intuition and elegance are the two core notions
of analytical redundancy. Firstly, AR exploits the basic
concept of observability, namely, that the key information
which can be learned about the model-based behavior of a
system can be inferred from the observation space. Then
the processing of that information in such a way is to gen-
erate a formally complete set of residual tests which are
guaranteed both to be linearly independent and to test
for all detectable deviations from the system model. Thus,
every residual contains at least some information not con-
tained in other residuals, and every observable deviation
from the system model is accounted for by at least one
of the AR residuals. More descriptions and comparisons
with other model based FDI approaches can be found in
[35] and [36]. The FDI procedure based on AR residuals
generation is classified into two groups: linear case and
nonlinear case. For the first one, many useful properties
of linear systems or linearized systems have been exploited
over years to make them tractable. Applications of linear
AR for fault detection and accommodation have been well
developed by [37] based on parity space, [38] based on un-
known input observer. However, for the second one, direct
derivation of AR in nonlinear systems, which do not obey
the superposition principle and can exhibit behaviors such
as finite escape times, multiple equilibria or chaos, is quite
difficult to deal with. As a result of these nonlinear proper-
ties, even if the observability is made much more difficult.
In this paper, we use the nonlinear analytical redundancy
(NLAR) directly generated by parity space approach to
detect and isolate faults in PEM fuel cell system.
From the generic point of view, linear system could be
regarded as a specific type of nonlinear system. In other
words, the set of all linear systems is contained in the set
of all nonlinear systems in generalized sense. Therefore,
the NLAR approach can be considered as an extension of
the linear AR technique. Obviously, the computation of
the nonlinear residual tests is more complex and difficult.
Thanks to the parity space approach extended by [30] into
nonlinear case, the generation and evaluation of all poten-
tial residuals are become reality. More detail information

with numerical calculation has been given in the proce-
dure instead of structural form. Nonlinear systems theory
including local observability and smoothness etc. is ap-
plied to the development of this procedure.
Based on the general nonlinear state space representa-
tion (18), the triangular nonlinear observability O∆ is ex-
pressed as follow:

O∆ =

h (x)
Lfh+ Lghu

Lffh+ Lgfhu+ Lfghu+ Lgghu
2Lfffh+ (Lgffh+ Lfgfh+ Lffgh)u+

(Lggfh+ Lgfgh+ Lfggh+ Lgggh)u2+
(2Lgfh+ Lfgh) u̇+ 3Lgghuu̇+ Lghü


...


(19)

where Lkh =
n∑
i=1

∂h(x)
∂x ki (x) is the Lie derivative of scalar

function h in the direction of vector function k. The Lie
derivative expression can be written as Li (Lj (Lkh)) =
Lijkh. Similar as in linear case, the parity matrix Ω is
deduced via the following expression:

Ω ×O∆DD = [0] (20)

Incorporation of input-output information, the nonlinear
dynamically derived observability O∆DD reformulated by
the observability in terms of multiple control inputs ui,
and sensor readings yj is needed to complete the AR parity
equation. In our case, since h(x) = Cx, we can write the
O∆DD as follows:

O∆DD =

y − 0
ẏ − 0

ÿ −
∑
u̇Lg

d3y
dt3 −

∑ üiLgi +
∑
u̇iLẋgi +

∑
u̇iLgif

+
∑
u̇iLfgi +

∑
ui
∑
u̇jLgigj

+
∑
u̇i
∑
ujLgigj


...


(21)

where all of the Lie derivatives used here are with respect
to Cx, thus Lg = Lg(Cx) = gC. Nonlinear residuals vec-
tor R = [Ri]

T (i = 1, 2, 3...) are obtained by multiplying
the parity matrix Ω by right with the nonlinear dynami-
cally derived observability vector O∆DD by left:

R = Ω ×O∆DD (22)

As the rank of the nonlinear observability sub-matrices
are always greater than or equal to the ranks of the linear
sub-matrices (rj(nonlin) >= rj(lin)), nonlinear analyti-
cal redundancy is guaranteed to generate at least as many
independent test residuals as linear AR and will possibly
generate more. Here we remain the full NLAR generation
algorithm as below:

– Determine the triangular nonlinear observability O∆
and its left null Ω named as the matrix in parity space
after checking the observability of the system.
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– Determine the nonlinear dynamically derived observ-
ability O∆DD.

– Find the rank rj of each observability sub-matrix in
the observability matrix. Keep rj +1 rows in each sub-
vector.

– Calculate nonlinear residuals by using the NLAR equa-
tion: R = Ω ×O∆DD.

– Use the equation (23) to determine how many inde-
pendent residuals there are and delete the redundant
residuals.

N =

m∑
i=1

ri + (m− n) (23)

After the detailed description of the NLAR method based
on parity space approach, in the next section, we will apply
the technique to the nonlinear state model of the fuel cell
system in section 2.4 to generate NLAR residuals.

3.2 Nonlinear Residuals Generation

None of any fault is considered in modeling of the fuel cell
system. Therefore, the system in nominal state of perfor-
mance is called as a fault free system. It is necessary to
define such a system without any fault as a reference for
the FDI procedure. In other words, the system with no
fault is in an original mode with respect to other modes
in which faulty signals appear to change the equations
corresponding to the original model. Therefore, the sys-
tem without fault or with different faults is regarded as
in different mode. In FDI theory, faulty signals are gen-
erally classified into three groups: actuator faults, sensor
faults and system faults. In our case, four faults within
two groups are defined respectively under modeling hy-
pothesis in section 2.4.

– Class 1 of two actuator faults: fault F1 (input voltage
drop of compressor motor ∆vcm) and fault F2 (over
current of fuel cell stack ∆Ist).

– Class 2 of two sensor faults: fault F3 (pressure drop in
supply manifold ∆psm) and fault F4 (pressure increase
in return manifold ∆prm).

In practice, the FDI is not used alone but it is integrated
in closed loop as un example the (Fig. 3) represents a fault
tolerant scheme [42].

In this paper, we assume that no system faults are
considered. Besides, only one fault scenario occurs in each
time, which means, the case of multiple faults appearing at
one time is not concerned. Since all unknown variables are
eliminated through parity space approach, all of NLARs
only contain inputs and outputs of the system model as
known variables. Therefore, those four faults can be rep-
resented by input and output symbols. Precisely, faults
F1 and F2 are represented, respectively, by inputs u1 and
u4 in residual equations. Similarly, faults F3 and F4 are
represented, respectively, by outputs y2 and y3. From the
point of view for system implementation, a residuals gen-
erator is constructed with all NLAR residual equations

Fig. 3. Structure of a fault-tolerant system

produced by the algorithm remained in section 3.1. By
using the redundant test equation (23), we obtain seven
independent residuals out of eleven. However, in our case,
with four residuals which are sensitive to different combi-
nation of faults from each other, it is sufficient to realize
the objective of fault detection and isolation for the whole
system. These four residuals are presented as follows:

R1 = ktkvηcmy1
JcpRcm

+
CpTatmWcp

Jcpηcpy1

[(
y2
patm

) γ−1
γ − 1

]
−ktηcmu1

JcpRcm
+ ẏ1

(24)

R2 = ẏ2 +
γRaksm,outTsm

Vsm
y2

−γRaWcp

Vsm
u2 − γRaTsmksm,out

kca,outVsm
×(

kca,outy3 + (y3 − patm)u3 + Vrm
RaTrm

ẏ3

) (25)

R3 = ÿ2 − γRaWcp

Vsm
u̇2 +

γRaksm,outTsm
V 2
smV

2
caF

×

γRaksm,outTsmVcaFRO2
Tst+

R2
O2
T 2
stVsmFksm,out+

R2
O2
T 2
stVsmFkca,out

Y

−kca,outVcaF
(
γRaTsmVca +RO2

TstVsm
)
y2

−ksm,outTstVcaFRO2
Vsmy3

+γRaWcpV
2
caFu2

+
RO2

TstMO2
nVsmVcau4

4


(26)
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R4 = ÿ3 + RaTrm
Vrm

(y3 − patm) u̇3 + RaTrm
V 2
rmV

2
caF
×

RaTrmkca,outRO2TstF (RaTrmkca,outVca
+RO2TstVrmksm,out + kca,outRO2TstVrm
+ VrmVcau3)Y
−
(
RaTrmk

2
ca,out V

2
caF + k2ca,outRO2

TstVrmFVca
+2RaTrmkca,outV

2
caFu3 + RaTrmV

2
caFu

2
3

)
y3

−kca,outRO2
TstVrmFksm,outy2

+RaTrmkca,outV
2
caFpatmu3

+V 2
caRaTrmFpatmu

2
3

+ 1
4RaTrmkca,outRO2

TstVrmVcaMO2
nu4


(27)

with : Y = V ca
RO2

Tstkca,out

kca,outy3
+(y3 − patm)u3
+ Vrm
RaTrm

ẏ3


Based on the structural form of those residuals in func-

tion of faults, we regroup them into a table (Tab. 1) named
as faults signature matrix (FSM). This table is full of
Boolean values. When the value 1 appears, it means that
the residual Ri (in column) is sensitive to the fault Fj (in
row), otherwise, the value 0 takes the place. Each com-
bination of binary values corresponding to residuals with
respect to a unique fault can be regarded as a signature of
this fault. With this kind of signatures, we can potentially
distinguish all faults from each other as long as no iden-
tity signatures of different faults exist. In one word, we
are able to examine the detectability (Db) and isolability
(Ib) for the whole system based on the FSM. In our case,
the results show that all actuator and sensor faults defined
before are not only detectable but also isolable since all
Db and Ib values are equal to 1.

Table 1. Faults Signature Matrix

R1 R2 R3 R4 Db Ib

F1 1 0 0 0 1 1

F2 0 0 1 1 1 1

F3 1 1 1 1 1 1

F4 0 1 1 1 1 1

4 Simulation Results

The NLAR residuals generator is modeled by Simulink in
Matlab to produce the four residuals (R1 to R4) chosen
as faults indicators in section 3.2. Since the system with
different faults can be classified into different modes, five
modes of the system are simulated, including the mode of
no fault. For the simulation, the nominal operating con-
ditions have been decided as below:

– The input voltage of the compressor motor vcm =
250V .

– The outlet temperature of the compressor Tcp,out =
500K.

– The return manifold outlet orifice constant krm,out =
0.3629× 10−5kg/s/Pa.

– The stack current Ist = 150A.

Under those conditions, we simulate each system mode
during the time of T = 30s for residuals evolution. It is
also noted that all faulty signals are additive and visible.
They are assumed to appear during the time from t = 10s
to t = 20s, which is called as a failure time. In correspond-
ing to the FSM (Tab.1), all simulation results are provided
as below.
First of all, the mode without fault called as fault free sys-
tem (Fig. 4) shows that all four residuals are convergent
rapidly to zero, which is consistent with the anticipation
in theory. Since simulation trials have been given in the
absence of faults, thresholds can be set on the basis of the
maximum values of the residuals. Two symmetric values
with respect to zero (positive and negative) are chosen as
thresholds. With those thresholds fixed by simulation, a
maximum of false alarms and a maximum of non detec-
tions could be avoided. In our case, the same residual in
different faulty mode will have different thresholds which
are adaptive to the variety of situations. For the fault of
input voltage drop of compressor motor F1, we added a
negative value ∆vcm = −200V to the input voltage as a
modeled faulty signal during the failure time. As a result,
only the residual R1 is different to zero during the time of
fault existence (Fig. 5). The thresholds are ±5 for R1 in
this case. For the fault of over current of fuel cell stack F2,
we added a positive value ∆Ist = 150A to the stack cur-
rent as a modeled faulty signal during the failure time. It
is noted that R3 and R4 sensitive to F2 have changed from
zero between t = 10s and t = 20s (Fig. 6). The thresh-
olds for R3 are ±8 while for R4 are ±10. For the fault
of pressure drop in supply manifold F3, a negative value
∆psm = −1.6 × 105pa is added to the measurement of
supply manifold pressure. With the modeled faulty signal
during the failure time, all four residuals are not equal to
zero when faults occurring. (Fig. 7). The thresholds are,
respectively, ±0.3 for R1, ±1 for R2, ±2 for R3 and ±1
for R4. This results shows that all four residuals are sen-
sitive to the fault F3. For the fault of pressure increase in
return manifold F4, a positive value ∆prm = 1.01× 105pa
is added to the measurement of return manifold pressure.
With the modeled faulty signal during the failure time,
these four residuals except R1 differed from zero during
the time of faults existence (Fig. 8). Similarly, the thresh-
olds are, respectively, ±1 for R2, ±0.5 for R3 and ±0.5 for
R4. The last three residuals are sensitive to the fault F4

corresponding to the FSM. From these four figures, combi-
nations of all residual values passing over their thresholds
could be considered as alarms indicating to faulty signals.
However, due to the effectiveness of initialization, it is un-
avoidable of false alarms appearing during a small time
interval at beginnings of the simulation. Hence, only the
alarms after the fifth second are validated.
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Fig. 4. Residuals evolution of fault free system

Fig. 5. Residuals evolution of the system with fault F1

Fig. 6. Residuals evolution of the system with fault F2

Fig. 7. Residuals evolution of the system with fault F3

Fig. 8. Residuals evolution of the system with fault F4

5 Conclusion

An application of fault detection and isolation technique
based on nonlinear analytical redundancy has been real-
ized in PEM fuel cell system. Without requiring lineariza-
tions as in [29], the procedure of residuals generation via
parity space approach extended into nonlinear case is ap-
plied directly in the global system of fuel cell based on
the nonlinear state model. This is a great progress with
respect to the previous work in [32], which has been done
only in a subsystem. The extension both from linear to
nonlinear and from subsystem to global system demon-
strates the power of the analytical redundancy technique
in FDI community. Even if that the extra highly nonlin-
earities of the system will cause tremendous obstacles to
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seize useful information (redundancy) for the purpose of
fault detection and isolation, the improved parity space
approach can still find potential residuals to complete the
information of redundancy group. Faulty signals in this
paper are classified into two groups: actuator faults and
sensor faults. Through the simulation results, it is shown
that all four faults defined in specifications are not only
detected but also isolated by the combination of four non-
linear residuals out of seven independent ones. Despite of
the noisy disturbance, the correspondence between faults
signature matrix and time evolution of residuals is well
confirmed.
The presence of the derivatives of both inputs and outputs
will amplify the effect of noises which will also mislead
residuals in performance of the faults indicators. There-
fore, it is important to add thresholds which function as
window filters for false alarm signals. However, a control-
lable signal filter will be more systematic and more appro-
priate as a solution of this problem. A particular operating
condition for residuals generation in this paper is short of
generic usefulness. As a consequence, the portability of
the residuals generator is limited. Besides, system faults
usually caused by parameter variations inside of the fuel
cell are not considered, neither of the multiple faults case,
which will increase the difficulties of isolation. The sensi-
tivity of residuals with respect to faults, which has been
well developed in relative level [39], has also a valuable po-
tentiality in the future. The fault position and the system
complexity will affect the residual sensitivity, since coeffi-
cients of fault variables in the model have great influence
at properties of residuals. It is certain that different struc-
tures of system and various positions of faults will lead
to uncertainties of residual sensitivity. Finally, as another
continuous work, the sensor placement in system level of
fuel cell installation will be taken into account for fault
diagnosis.

Appendix

All coefficients in input matrix g are presented as follows:

g1 =
ηcmkt
JcpRcm

g2 =
γRaWcp

Vsm

g3 = −RaTrm
Vrm

(x3 − patm)

g4 = −MO2
n

4F

g5 =
MH2

n

2F

All elements of the state function vector f is given as
follows:

f1 =
−1

Jcp

{
ηcmktkvx1

Rcm
+
CpTatmWcp

ηcpx1

[(
x2
patm

) γ−1
γ

− 1

]}

f2 = −γRaksm,outTsm
Vsm

(
x2 −

RO2
Tst

Vca
x4

)
f3 =

RaTrmkca,out
Vrm

(
RO2Tst
Vca

x4 − x3
)

f4 = ksm,outx2 + kca,outx3 −
(ksm,out + kca,out)RO2

Tst
Vca

x4

f5 = K1

(
K2x2 −

RH2
Tst

Van
x5

)
All parameters are given in the table of nomenclature

(Tab.2) with international standard units of each variable.
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