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Abstract: Fault location is one of the main challenges in the distribution network due to its expanse
and complexity. Today, with the advent of phasor measurement units (PMU), various techniques
for fault location using these devices have been proposed. In this research, distribution network
fault location is defined as an optimization problem, and the network fault location is determined by
solving it. This is done by combining PMU data before and after the fault with the power system
status estimation (PSSE) problem. Two new objective functions are designed to identify the faulty
section and fault location based on calculating the voltage difference between the two ends of the
grid lines. In the proposed algorithm, the purpose of combining the PMU in the PSSE problem is to
estimate the voltage and current quantities at the branch point and the total network nodes after the
fault occurs. Branch point quantities are calculated using the PMU and the governing equations of
the π line model for each network section, and the faulty section is identified based on a comparison
of the resulting values. The advantages of the proposed algorithm include simplicity, step-by-step
implementation, efficiency in conditions of different branch specifications, application for various
types of faults including short-circuit and series, and its optimal accuracy compared to other methods.
Finally, the proposed algorithm has been implemented on the IEEE 123-node distribution feeder and
its performance has been evaluated for changes in various factors including fault resistance, type
of fault, angle of occurrence of a fault, uncertainty in loading states, and PMU measurement error.
The results show the appropriate accuracy of the proposed algorithm showing that it was able to
determine the location of the fault with a maximum error of 1.21% at a maximum time of 23.87 s.

Keywords: fault location; optimization; PSSE; PMU; short-circuit and series faults; genetic algorithm

1. Introduction

The distribution system has the responsibility of providing subscribers with the energy
they need when reducing the frequency and magnitude of power outages. This issue is
especially important because fault location is difficult due to the size of these networks
and the extent of blackouts in the distribution network, among other parts of the power
system [1]. The system reliability index and its efficiency are increased by pinpointing
the fault’s precise location in the shortest amount of time and with the greatest degree of
accuracy [2–4]. A distribution network is always essential due to special circumstances and
characteristics such as size, dispersion, load imbalance, and inhomogeneity, as well as the
fact that it is the last point of energy delivery to the consumer [5–7]. It appears necessary to
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use a technique or tools that can make decisions quickly and accurately. Since this network
experiences the greatest number of blackouts out of the four components of the power
system, it is responsible for 80% of all outages. The two main types of distribution network
faults are transient faults and permanent faults, with about 80% of transient faults and 20%
of permanent faults [8–11].

Distribution network fault location techniques include impedance methods, traveling
wave methods, time domain methods, and intelligent methods. However, each of these
techniques has drawbacks. Traveling wave-based methods may face problems such as high
sampling frequency, complex structure, and the need for a database [12–15], and intelligent
methods may be problematic due to their complex structure and the need for an accurate
and large database [16–20]. Refs. [21–27] uses an artificial neural network and wavelet
transform to extract features for various fault types and is intended to be able to pinpoint
the fault’s exact location and the faulty section. The main drawback of this type of method
is its dependence on the network structure under study, i.e., in case of a small change in
the network structure, new training data must be generated again to train the artificial
neural network.

1.1. State of the Art

In a smart grid, the voltage and current of nodes are measured and calculated using
phasor measurement units (PMU) and governing circuit laws. These devices can measure
the voltage and current of the phasor simultaneously in the electrical network. These
devices are located on different buses and send their data to the control center at the
same time with an accuracy of less than one microsecond using the global positioning
system (GPS) for processing. The optimal placement of this equipment is performed using
the governing circuit equations in the network. In distribution lines, due to the short
electrical line, micro PMU is used, which is more accurate and can store and analyze data
on-site [28–32].

Status estimation means determining system state variables from measurements per-
formed in different parts of the network, and what exists in practice and the general state is
to look at the measurements and errors in measuring from a statistical point of view. The
governing equations between the measured parameters and the system state variables are
determined from the model intended for the system. Then, with additional measurements
and support, an optimization problem is developed, and with the proper solution, they get
as close as possible to the actual values of the system state variables. Now in problem pro-
cessing (problem making) and problem-solving, various tricks and methods are presented
in the articles and some of them are used in practice as mentioned before, the variables of
network state, amplitude, and phase of voltage and current of network buses. The primary
reason for performing some processing and optimization tasks in the estimation state is
that to start, it is not possible to measure the voltage and current phase of all system buses
using the current measuring devices. Although with a new technology, PMU, it is possible
to measure the amplitude and phase of voltage and current of the buses with very high
accuracy; at present, for economic reasons, it is not possible to install PMUs in all buses
of the system. On the other hand, the measuring equipment in the power system has a
certain accuracy, which is not very desirable. Therefore, by taking additional measure-
ments of the system by PMUs, the problem could be turned into an optimization problem,
and in this way, to achieve the exact amount of system state variables with appropriate
accuracy [33–35].

1.2. Problematic and Proposed Solution

Today, PMUs are increasingly used in power systems. The reasons that can be men-
tioned are as follows: (1) PMUs have higher accuracy than traditional measuring devices,
although this accuracy is reduced by the transformers used in the PMU. (2) PMUs reduce
the effect of deflection time on the measurement performed. (3) They are also used for many
other applications such as power system protection, evaluation, control, and stability of
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systems. (4) Objectives such as identifying the fault topology and detecting and correcting
the fault parameters are achieved with the help of PMUs. (5) They increase the accuracy
of state estimation and consequently increase the accuracy of estimation of network pa-
rameters [36]. To date, there are not many methods for using PMU-based state estimation
for fault location. Since the network condition is not normal at the time of the fault, the
network parameters can no longer be estimated correctly as normal. One way to apply this
technique is to use pre-fault state estimation information. For example, ref. [37] estimated
the current and voltage of network nodes after the fault using pre-fault information and
the calculation of line voltage drop. The disadvantage of these techniques is that the algo-
rithm has difficulties with large distribution networks and that they are only effective for
short-circuit faults rather than series faults. In [38,39], PMUs are used for monitoring and
assessing the electrical power quality of the network as well as fault location.

Authors attempt to define the fault location as a matching-based optimization problem
today because impedance methods frequently employ iterative algorithms to locate the
fault. We can locate the fault with the least amount of iteration by solving the problem.
Brahma, S.M. [40] introduces the fault impedance similarity method for fault location in the
distribution network. Finding the error involves four steps: First, the voltage is received
by the measuring equipment that is installed in some network segments both before and
during the fault. The three-phase network impedance matrix is then used to calculate the
fault current proportionally to each of these received voltage sags. The relation between the
fault current and the fault impedance is then extracted for each type of fault. The similarity
between the estimated fault impedances leads to the development of a fault index. In this
example, the algorithm uses auxiliary processing to verify the estimated fault impedances.
Using a phasor and advanced measuring tools, the suggested method is used to measure
the voltage sag. Distributed generation (DG) is frequently modeled as having a constant
impedance in a three-phase impedance matrix.

Using the information on the voltage and current at the feeder’s start and other points
when a fault occurs, the voltage and voltage sag of each node is calculated in [41]. Assuming
that a fault could occur in any section, this method tries to pinpoint the fault current in
the damaged section. calculating the voltage sag in the nodes and contrasting it with the
measurement device’s recorded value. A fault occurs if these two values are matching,
and the location of the fault is determined by the recorded current and voltage. For each
node’s simulated fault, the voltage sag’s amplitude and phase are first calculated in [42]
and saved in the database. Next, the amplitude and phase of the voltage sag are determined
and compared to the database to identify potential fault locations using the fault voltage
information as a starting point. Then, using the calculated voltage sag amplitude and phase
at the start and end of each potentially flawed section as a guide, the desired locations
on the plane are determined, along with the separation between the orthogonal line and
straight lines. By selecting a location where the distance along the line orthogonal to the
fault is less than the fault location, the main location of the fault can then be identified. The
same method is used in [43], but the algorithm is divided into two separate pages: fault
location voltage sag phase and amplitude.

Note that so far, little research has been done in the field of fault location based on
the optimization problem. Usually, most research based on matching algorithms has been
done by comparing measured information such as voltage and current in the network. In
this way, the actual fault information is usually compared with the information obtained
in the simulation environment, and wherever these two values become the same and
their different approaches are zero, the fault location is identified. As they are known,
such matching methods will have many defects. It seems a bit far-fetched to be able to
model the same real fault in the network in a laboratory environment and compare these
two non-homogeneous information items with each other to locate the fault. In practice,
the obtained answer will not be valid. Therefore, the best approach will be to compare
the information obtained from two different methods on specific data (real or laboratory)
so that the obtained answer is valid. A new solution would be to define the objective
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function based on different approaches, which are presented in this paper. Note that the
definition of fault location as an optimization problem in [44,45] is mostly presented for
two-terminal transmission lines with objective functions dependent on voltage changes
only for short-circuit faults.

1.3. Methodology

One of the drawbacks of the suggested methods is that they depend on the quantity of
PMUs in the network, i.e., the more devices in the network, the more nodes are considered
in the matching problem. These techniques rely on matching voltage changes for their
solutions. The accuracy of the suggested algorithms is consequently decreased, especially
in complex distribution networks with heterogeneous structures, as a result of the inability
to account for the voltage changes of all of the network nodes involved in the problem as a
result of these constraints. In this study, authors try to determine how much the network
nodes’ total voltage and current changed before and after the fault. To achieve this, we
combine the PSSE problem with the values obtained from the PMU. Additionally, we
define two new objective functions that aim to compute the voltage difference between
the two-grid line ends and identify the faulty section and fault location. The optimization
of the fault location problem depends critically on both the problem’s objective function
and the alternative meta-heuristic algorithm used to solve it. The objective function and
problem-solving algorithm should be selected in a way that provides the maximum speed
and accuracy of fault location because prompt fault resolution is essential, especially in
the distribution network. As of now, fault location has been achieved using a variety of
algorithms [46,47] with different objective functions, the majority of which are based on
comparing simulation data with actual data. The outcomes are only experimental in reality
(i.e., comparing two sets of inhomogeneous data).

In this study, the issue is resolved using a genetic algorithm and two new objective
functions based on the measurement of pseudo-real data by PMU. The classification of
the article is as follows: In Section 2, PSSE-based network visibility before and after the
occurrence of the fault is introduced; in Section 3 the general structure of the fault location
problem for different types of faults is explained; in Section 4, the simulation results are
presented; and Section 5 sets out the conclusions.

2. PSSE-Based Network Visibility Using PMU

PMUs are very powerful and fast devices that enable power network users to fully
monitor the network in real time. One of the most important applications of online security
analysis in system control centers is power system status estimation, which has improved a
lot with the advent of PMUs. The power system consists of generation, transmission, and
distribution parts. As shown in Figure 1, the PMU can be used in different parts of the
power network and the values measured by them can be transferred to the system control
center for network monitoring, analysis, and estimation.

Power system status estimation is a process to provide the best estimate of what is
happening in the network. This is done in control centers based on real-time measurements
and a predetermined system model, in which a set of measured data is collected from
the entire power grid and transmitted to the system control centers to the status of the
estimation system during static analysis, usually performed by the weighted least square
(WLS) method. The governing equations between the measured parameters and the system
status variables are determined from the model intended for the system, and then, despite
the additional measurements and support available, an optimization problem is formulated,
and by solving it properly, they get as close as possible to the actual values of the system
status variables. The variables of network status are the amplitude and phase of current
and voltage of network buses. Sometimes parameters such as tap changer and transformer
phase shift can also be considered as status variables. However, it is not possible to measure
the voltage and current phase of all system buses using the current measuring devices,
which is the main reason for some processing and optimization issues in status estimation.
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The new PMU technology makes it possible to measure the amplitude and phase of voltage
and current of the buses with very high accuracy, at present for economic reasons, it is not
possible to install PMUs in all buses of the system. Nevertheless, the measuring equipment
in the power system has a certain accuracy, which is not very desirable. Therefore, the
problem could be turned into an optimization problem with additional measurements that
are done from the system, and in this way, the exact amount of system status variables
can be obtained with appropriate accuracy. The PMU is used in this article to estimate the
network parameters as well as to identify and pinpoint the network fault location, which
will be discussed below.
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2.1. WLS Method to Solve PSSE Problem

The status of a power system refers to the operating conditions of that system, such as
loading, voltage, power passing lines, transformers, substations, and so on. Mathematically,
all of these variables can be obtained from the magnitude and angle of the voltage and
current of the buses. Therefore, in principle, the status of a power system should be
defined as a set of magnitudes and angles of voltages and currents. Finally, the purpose of
estimating the status in the power system is to find the best estimate of the status variables
in such a way that in the power flow model of the power system, the best fit for the
measurement data is obtained.

The PSSE mathematical model can be written as Equation (1) based on the mathemat-
ical relationships between the measured values and the system status values. Where Z
is the vector of the measured variables, x is the vector of the status variables (magnitude
and phase of the voltage and current of the buses), h is the vector of the nonlinear func-
tions connecting the status variables to the measured variables, and e is the vector of the
measurement error.

Z = h(x) + e (1)

Assume that the errors {e1, e2, . . . , eN} are independent random errors with a Gaussian
distribution with a mean of zero. The variance (σi

2) of the measurement error ei is an
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indicator of the degree of certainty of a particular measurement. Large values for variance
indicate that the corresponding measurement is not very accurate. Finally, the covariance
matrix (R) of the measurement error can be expressed as Equation (2):

R = E
{

eeT
}
=


σ2

1
σ2

2
. . .

σ2
N

 (2)

In Equation (1), x is an unknown vector that contains definite values (not random).
Since the errors of e are random variables, the measured values of Z will also be random.
Here Z has a normal distribution with mean h(x) and covariance R. The probability density
function Z can be written as Equation (3):

f (Z) =
1

(2π)N/2(detR)1/2 × exp
{
−1

2
[Z− h(x)]T R−1[Z− h(x)]

}
(3)

For the static estimation problem, a set of network variables called Z is observed or
measured to estimate the x status vector. It makes sense for x values to be estimated in such
a way that the probability density function maximizes. The estimated value of x is called
the “maximum likelihood estimate”.

Given the exponential characteristic of Equation (3), it is clear that maximizing f (Z) is
equivalent to minimizing the quadratic expression in its power according to Equation (4).

minJ(x) =
1
2
[Z− h(x)]T R−1[Z− h(x)] = ∑

1
2
{Zi − hi(x)}2

σ2
i

(4)

An accurate estimate should minimize the squares of the weighted error with accurate
measurements. Therefore, the answer to the WLS problem gives the estimated status vector
that must be true in the optimization condition of Equation (5):

∂J
∂x

= 0 → g(x) = HT(x)R−1H(x) = 0 (5)

where H(x) is the Jacobin matrix of the measurement function expressed as Equation (6).

H(x) =
∂h(x)

∂x
(6)

By extending the nonlinear function g(x) to its Taylor series around the status vector,
we have Equation (7):

g(x) = g
(

xk
)
+ G

(
xk
)(

x− xk
)
+ . . . = 0 (7)

Regardless of the higher degree expressions, a process for extracting the answer to the
problem can be obtained by the iterative method called the Gauss-Newton method. So, we
will have:

xk+1 = xk −
[

G
(

xk
)]−1

·g
(

xk
)

(8)

where k is the iteration index and the answer vector of the problem in k iteration.

G
(

xk
)
=

∂g
(

xk
)

∂x
= HT

(
xk
)
·R−1·H

(
xk
)

(9)

g
(

xk
)
= −HT

(
xk
)
·R−1·

(
Z− h

(
xk
))

(10)
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G(x) is called the gain matrix, which is a sparse, positive, and symmetric matrix from
which the visibility of the network can be determined. Network visibility indicates whether
the meters installed in the system, in terms of number and location, allow estimating all
network status variables.

2.2. Using the PMU in the PSSE Problem before the Fault

This section describes how to use the PMU in the PSSE problem. The phasor represen-
tation for a sine quantity such as X can be expressed as Equation (11).

X =
XM√

2
ejϕ (11)

In this case, X(t) shows the signals sampled at time t = τ with X(t) = Xk, where τ is
the sampling interval. Using discrete Fourier transform (DFT), phase X(t) is defined as
Equation (12).

X =
1√
2

2
N
(Xc − jXs) (12)

Xc = ∑N
k=1 xk cos kθ (13)

Xs = ∑N
k=1 xk sin kθ (14)

where N is the number of samples in a base frequency period and θ is the sampling angle
corresponding to τ and is expressed as Equation (15).

θ =
2π

N
= 2π f0τ (15)

For most of the measuring and relaying device applications, the typical sampling rate
is 12 times the power system frequency. The above-mentioned discrete Fourier transform
equation was non-recursive. In practical uses, time-varying phases are calculated using
Equation (16) as an iterative equation. Suppose Xr is the phasor obtained from the set of
samples x {k = r, r + 1, . . . , N + r − 1}. In this case, when a new sample is obtained, the new
sample set is displayed as x {k= r + 1, . . . , N + r}. In this case, the updated phasor will be
obtained using Equation (16):

Xr+1 = Xr +
1√
2

2
N
(xN+r − xr)e−jrθ (16)

whereas requesting two samples at each stage, the recursive calculation method with a
moving sampling window is quicker than the non-recursive method. If X(t) has transient
changes, the moving window will track amplitude and phase changes with a delay that
depends on the sampling time rate.

PMUs, as shown in Figure 2, can measure the amplitude and angle of the bus voltage
as well as the current of the lines and transformers connected to the bus. To use PMUs in
estimating the status, the PMU bus voltage phasors and the current of the connected lines
must be considered in measurement vector Z. Also consider the nonlinear functions of these
phasors with the system status variables in the vector h. For this purpose, the relationship
between these phasors and system status variables must be extracted. Therefore, according
to Figure 3, the relationships between the measured data of PMUs in lines and transformers
with status variables through branch current equations of the line π model can be obtained.

According to Figure 3, the relationship current Iij can be calculated as Equation (17):

Iij = Cij + jDij =
[(

Rij + jLij
)
+ (gsi + jbsi)

]
Vi∠θi −

(
Rij + jLij

)
Vj∠θj (17)

Cij = Vi
[(

Rij + gsi
)

cos θi −
(

Lij + bsi
)

sin θi
]
−Vj

[
Rij cos θj − Lij sin θj

]
(18)

Dij = Vi
[(

Lij + bsi
)

cos θi +
(

Rij + gsi
)

sin θi
]
−Vj

[
Lij cos θj + Rij sin θj

]
(19)
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Figure 3. Model π two inputs of a branch of the power grid.

For the participation of the data measured by PMUs in the Jacobin matrix of H-status
estimation, the linearized relations of the branch current equations in terms of amplitude
and angle of voltage in the corresponding bus and the end of the connected lines can be
considered. Therefore, the Jacobin matrix elements can be defined as Equation (20) to
Equation (27).

∂Cij

∂θi
= Vi

[
−
(

Rij + gsi
)

sin θi −
(

Lij + bsi
)

cos θi
]

(20)

∂Cij

∂θj
= −Vj

[
−Rij sin θj − Lij cos θj

]
(21)

Vi
∂Cij

∂Vi
=
(

Rij + gsi
)

cos θi −
(

Lij + bsi
)

sin θi (22)

Vj
∂Cij

∂Vj
= −Rij cos θj + Lij sin θj (23)

∂Dij

∂θi
= Vi

[
−
(

Lij + bsi
)

sin θi +
(

Rij + gsi
)

cos θi
]

(24)

∂Dij

∂θj
= −Vj

[
−Lij sin θj + Rij cos θj

]
(25)

Vi
∂Dij

∂Vi
= Vi

[(
Lij + bsi

)
cos θi +

(
Rij + gsi

)
sin θi

]
(26)

Vj
∂Dij

∂Vj
= −Vj

[
Lij cos θj + Rij sin θj

]
(27)

Thus, the PMU’s contribution to the answer vector and the Jacobin status estimation
matrix can be expressed as Equations (28) and (29). Also, for a better understanding of the
PSSE problem-solving method, the references are set out below [48–50].
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X =
[
∆θi ∆θj

∆Vi
Vi

∆Vj
Vj

]T
(28)

H =

 ∂Cij
∂θi

∂Cij
∂θj

Vi
∂Cij
∂Vi

Vj
∂Cij
∂Vj

∂Dij
∂θi

∂Dij
∂θj

Vi
∂Dij
∂Vi

Vj
∂Dij
∂Vj

 (29)

2.3. Utilization of Pre-Fault PSSE Information for Fault Location

In this paper, we use pre-fault PSSE information to estimate the voltage and current of
network buses after a fault occurs. As can be seen in Figure 4a, using the PSSE, the voltage
status of the nodes, the current passing through each branch, and the voltage drop across
each line can be determined.
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Figure 4. Network status. (a) Information obtained from the PSSE before the fault, (b) The current
direction of each network line after the fault.

Following that, all the currents of various network lines change direction to the point
of fault according to Figure 4b, assuming a fault occurs in lines 2–3 of Figure 4a. It will
be crucial to locate the problematic area in this case given the size and complexity of the
network. When a fault occurs, only the voltage and current at the network’s beginning can
be measured, making it challenging to identify the faulty section. In the normal state of
the network, it is possible to estimate the voltage and current of network nodes using a
variety of techniques. One solution is to use a PMU to measure the current and voltage of
various network nodes, allowing for the detection of the faulty section through sporadic
measurements throughout the network. The right local to install these devices will be
crucial because the cost of these measuring devices prevents their widespread use in
the network.

Due to the size of the distribution network, faults could occur in either the main branch
or the lateral branches. In this study, the faulty line is located using a combination of data
estimated by PSSE and data measured by PMUs. The voltage drop of each network line
prior to the fault can also be calculated by PSSE, which allows for the installation of PMUs
in each node of the main branch of the network. By doing this, the current flowing through
the entire network, including the main and lateral branches, can be estimated, allowing
for the identification of the faulty section. As an illustration, Figure 5 depicts the changes
in the direction of current flowing through each network line for faults 1, 2, and 3. The
faulty line can now be identified if PMUs can be installed in the network’s main branch
nodes. Each PMU that is closer to the fault will have a larger value, and each PMU that is
farther from the fault will measure less. For example, for fault 3, the fault current measured
by PMU3 will have the highest value compared to PMU1 and PMU2. It is possible to
identify the problematic area of the network by comparing the PMUs’ data. The voltage
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drop calculation performed by PSSE prior to the fault can then be used to estimate the end
current of each faulty line. As an illustration, Figure 6 depicts a line that is connected to
the PMU both before and after the fault. The voltage values V1−PSSE, V2−PSSE, and current
I1−PSSE can be estimated in the pre-fault condition by putting the values measured by
the PMU in the PSSE problem and using Equation (30) to calculate them after taking into
account the line voltage drop (∆V1−2).{

∆V1−2 = V1−PSSE −V2−PSSE
V2−PSSE = V1−PSSE − ∆V1−2

(30)
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Figure 6. Voltage and current status of the node connected to the PMU. (a) Before the fault, (b) After
the fault.

According to Figure 6b, after the fault, only the values of V1−fault and I1−fault can be
measured by the PMU, so at this stage, knowing the amount of voltage drop ∆V1−2, the
fault voltage of V2−fault can be calculated from the Equation (31).

V2− f ault = V1− f ault − ∆V1−2 (31)

Then, through the line transfer matrix, the fault current of I2−fault can be obtained from
Equation (32).
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[
V2− f ault
I2− f ault

]
=

[
1 ZL
0 1

]−1[V1− f ault
I1− f ault

]
(32)

As a result, with knowledge of the voltage drop of the lines, the voltage and current
changes at the beginning and end of the faulty line can be easily calculated at the time
of the fault. In addition, the fault point voltage (Vf) can be calculated depending on the I
1−faultand I2−fault currents through Equations (33) and (34).

Vf = V1− f ault − xZL·I1− f ault (33)

Vf = V2− f ault − (L− x)ZL·I2− f ault (34)

Now, by equating Equations (33) and (34), we can estimate the location of fault x by
knowing the voltage and current at both ends of the line through Equation (35).

x =
1

ZL

(
V1− f ault −V2− f ault

I1− f ault + I2− f ault

)
+ L

(
I2− f ault

I1− f ault + I2− f ault

)
(35)

So far, authors have found how to locate faults using PSSE data (prior to the fault) and
use the PMU to measure the voltage and current after the fault. The method for finding the
faulty section and fault location in the distribution network will be explained in the section
that follows.

3. Faulty Section Estimation and Fault Location in the Distribution Network Based on
Optimization Problem Solving

Using information from PSSE and PMUs, we try to define the distribution network
fault location as an optimization problem in this paper. We then estimate the fault location
by resolving the problem. The voltage and current at the start and end of the line are first
connected using a feature of the travelling wave model. Figure 7 shows the status of a grid
line with the π model.
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Equation (36) can be used to describe the relationship between voltage and current at
the beginning and end of the line under normal circumstances (without a fault).[

VS
IS

]
=

[
cosh(γL) Zcsinh(γL)
1

Zc
sinh(γL) cosh(γL)

][
VR
IR

]
(36)
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where γ =
√

zy constant or diffusion coefficient, (Zc =
√

z/y) is the characteristic impedances
in ohms and Z and Y are the series impedance and shunt admittance, respectively. With a
little algebraic operation, the above steady-state equations can be written in the form of
Equation (37):

VR + Zc IR = (VS + Zc IS)e−γL (37)

Now suppose that a fault occurs at point F according to Figure 7a at distance x. In this
case, similar to Equations (33) and (34), the fault voltage at the vision of the beginning and
end of the line can be calculated through the KVL law according to Equation (38).

M︷ ︸︸ ︷VS + Zc IS

2eγL︸ ︷︷ ︸
E

− VR − Zc IR
2︸ ︷︷ ︸
B

eγx = 0

N︷ ︸︸ ︷VR + Zc IR
2︸ ︷︷ ︸
A

− VS − Zc IS

2e−γL︸ ︷︷ ︸
C

e−γx = 0

(38)

According to Equation (38), two indicators M and N are defined, which represent the
voltage vision from both sides of the network line. The value of these two indicators is zero
in the without fault state and increases suddenly when a fault occurs, which can be used to
detect the faulty line. For example, Figure 8 shows a three-line network with four nodes.
Suppose a fault occurs here on the LS line (between nodes S, P). According to what has been
said, the voltage and current on both sides of each network line must be calculated, and
any line whose value at both ends is not the same will be a faulty line. That is, in this case,
the symmetric components of voltage and current point P (VP, IP) should be calculated
using the voltage and current phasors estimated in nodes R, T, and S, in this case in node R,
T approximately with it will be equal to but not equal to what is calculated based on the
phasors of node S. By this logic, the voltage of the node and the injection currents from the
nodes can be calculated according to Equations (39) and (40).
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VP→S =

(
1 + Z′Y′

2

)
VS − Z′ IS, (VS = VS−PMU , IS = IS−PMU)

VP→R =
(

1 + Z′Y′
2

)
VR − Z′ IR, (VR = VR−PSSE, IR = IR−PSSE)

VP→T =
(

1 + Z′Y′
2

)
VT − Z′ IT , (VT = VT−PSSE, IT = IT−PSSE)

(39)


IP→S = Y′

(
1 + Z′Y′

4

)
VS −

(
1 + Z′Y′

2

)
IS, (VS = VS−PMU , IS = IS−PMU)

IP→R = Y′
(

1 + Z′Y′
4

)
VR −

(
1 + Z′Y′

2

)
IR, (VR = VR−PSSE, IR = IR−PSSE)

IP→T = Y′
(

1 + Z′Y′
4

)
VT −

(
1 + Z′Y′

2

)
IT , (VT = VT−PSSE, IT = IT−PSSE)

(40)

By considering Equation (41), we can convert Equations (39) and (40) into Equations (42)
and (43): {

Z′ = Zcsinh(γL)
Y′
2 = 1

Zc
tanh

(
γL
2

) (41)


VP→S = VS−Zc IS

2 eγLS + VS+Zc IS
2 e−γLS

VP→R = VR−Zc IR
2 eγLR + VR+Zc IR

2 e−γLR

VP→T = VT−Zc IT
2 eγLT + VT+Zc IT

2 e−γLT

(42)


IP→S = VS−Zc IS

2Zc
eγLS − VS+Zc IS

2Zc
e−γLS

IP→R = VR−Zc IR
2Zc

eγLR − VR+Zc IR
2Zc

e−γLR

IP→T = VT−Zc IT
2Zc

eγLT − VT+Zc IT
2Zc

e−γLT

(43)

Finally, for the fault in the LS line in Figure 8, Equation (44) will be established:

|VP→R −VR→P| ≈ 0, f or LR
|IP→R − IR→P| ≈ 0, f or LR
|VP→T −VT→R| ≈ 0, f or LT
|IP→T − IT→R| ≈ 0, f or LT

|VP→S −VS→P| > Thr = 0.2%, f or LS
|IP→S − IS→P| > Thr = 0.2%, f or LS

(44)

As shown in Equation (44), the difference between the magnitude of the voltage and
current without fault state lines is almost zero, and the faulty line will be greater than the
specified threshold value. With such a criterion, it is possible to define the identity of the
defective distribution network section as an optimization problem that seeks to identify
the network line with the greatest voltage or current difference. Therefore, the objective
function of the fault location problem can be defined as Equation (45). Where in, L =
Number of network lines = 1, . . . , N, i = Number of network buses = 1, . . . , M, j = Number
of network buses = 1, . . . , M, I 6= j.

max
(

Objective f unction 1 = di f (L) = ∨N
L=1 ∨M

i=1 norm
(
Vi→j −Vj→i

))
(45)

In the objective function of Equation (45), instead of voltage changes on both sides
of the line, it is possible to use changes in the current at both ends of the line, since the
absolute value of voltage or current at both ends of the line is used, so in both cases, the
changes will be incremental. As is well known, in short-circuit faults the voltage decreases,
and in series faults the voltage increases. However, since the absolute value of voltage is
used, these changes will be incremental, so the proposed objective function can be used
for all types of faults, including short-circuit and series. In this paper, to solve the problem
according to the problem space shown in Figure 9, the genetic algorithm is used to find the
maximum points.
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|𝐼 → − 𝐼 → | ≈ 0, 𝑓𝑜𝑟 𝐿

|𝑉 → − 𝑉 → | > 𝑇ℎ𝑟 = 0.2%, 𝑓𝑜𝑟 𝐿
|𝐼 → − 𝐼 → | > 𝑇ℎ𝑟 = 0.2%, 𝑓𝑜𝑟 𝐿

  (44)

As shown in Equation (44), the difference between the magnitude of the voltage and 
current without fault state lines is almost zero, and the faulty line will be greater than the 
specified threshold value. With such a criterion, it is possible to define the identity of the 
defective distribution network section as an optimization problem that seeks to identify 
the network line with the greatest voltage or current difference. Therefore, the objective 
function of the fault location problem can be defined as Equation (45). Where in, L = Num-
ber of network lines = 1, …, N, i = Number of network buses = 1,…, M, j = Number of 
network buses = 1,…, M, I ≠ j.  

max 𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 1 = 𝑑𝑖𝑓(𝐿) = ⋁ ⋁ 𝑛𝑜𝑟𝑚 𝑉 → − 𝑉 →   (45)

In the objective function of Equation (45), instead of voltage changes on both sides of 
the line, it is possible to use changes in the current at both ends of the line, since the abso-
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series faults the voltage increases. However, since the absolute value of voltage is used, 
these changes will be incremental, so the proposed objective function can be used for all 
types of faults, including short-circuit and series. In this paper, to solve the problem ac-
cording to the problem space shown in Figure 9, the genetic algorithm is used to find the 
maximum points. 
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Figure 9. General space of the fault location problem.

3.1. Fault Location in the Distribution Network for Different Types of Faults

In the previous step, the method of detecting the faulty section was presented. In this
section, the method of calculating the fault distance from the beginning of the faulty line for
different types of faults will be introduced. In Equation (35), the fault distance x is shown
for the information at the beginning and end of the line. Now, Equation (35) can be defined
as Equation (46) according to the π model of the network line.

x =
1
γ

Arctanh

[
Zc I1− f aultsinhγL−V1− f ault cosh γL + V2− f ault

Zc I1− f ault cosh γL−V1− f aultsinhγL + Zc I2− f ault

]
(46)

The authors can use the same technique described to identify the faulty section and
define a new objective function for fault location since our attempt in this article is to define
the fault location as an optimization problem. An objective function for fault location
is presented in Equation (47), where the difference between the calculated fault voltage
is considered from the perspective of the two sides of the line for the variable x. Here,
x = Fault location, F = Fault point, i, j = Nodes at the beginning and end of the faulty line.
Equation (47) has two major differences from Equation (45). In Equation (45) the problem
variable is the faulty line and in Equation (47) the problem variable is the fault point x. The
next difference in Equation (45) is because the current seen from the two ends of the line is
inverted (−I) and in the problem, there is a sign (−) so the two values are added together
and the value of the objective function will be incremental, but in Equation (47), since the
voltage at the fault location must be equal from the point of view of the two sides of the
line, the solution to the problem is close to zero.

min
(
Objective f unction 2 = x = ∨100%L

x=10%Lnorm
(
|VF→i| −

∣∣VF→j
∣∣))

ormin
(
∨100%L

x=10%Lnorm
(∣∣∣Vi−Zc Ii

2 eγx + Vi+Zc Ii
2 e−γx

∣∣∣− ∣∣∣Vj−Zc Ij
2 eγ(L−x) +

Vj+Zc Ij
2 e−γ(L−x)

∣∣∣)) (47)
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Equation (47) defines the problem’s objective function as precisely locating the fault
between the two faulty buses, Ij. The basis of the work will be that, similar to Figure 10,
we will move the length of the fault location between the two buses i, and j, respectively,
and at the same time calculate the fault voltage from the point of view of the two buses i, j
(i.e., VF→i, VF→j) and repeat this process until the objective function of the problem for x
is minimized.
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Figure 10. Fault between two buses i, j.

There are two types of distribution network faults: short-circuit faults and series faults.
The calculation of the voltage and current of the fault point depends on the type of fault in
the network and will vary depending on the characteristics of each fault. In short-circuit
faults, the fault current increases and then the voltage decreases, whereas in series faults,
the opposite occurs, i.e., the voltage increases and the current decreases. This section
introduces how to calculate the voltage and current of the fault for each type of fault based
on the positive, negative, and zero sequence components. Figure 11 shows the different
types of faults that will be examined in this article.
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(c) three-phase fault, (d) two-phase fault to ground, (e) One open conductor, (f) Two open conductors.
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3.1.1. Short-Circuit Faults

Figure 11a shows the single-phase short-circuit fault at point F. One of the fault analysis
techniques is to use the positive, negative, and zero sequence components of the fault
current and voltage. Figure 12 shows the equivalent circuit of symmetrical components
for a single-phase fault to ground. In a single-phase fault to ground, there will be all three
positive, negative, and zero sequences. In this case, the fault voltage (VF) based on the
sequences can be calculated from Equation (48) to Equation (50).

VF0→i = cosh(γ0x)Vi0 − Zc0sinh(γ0x)Ii0 (48)

VF+→i = cosh(γ+x)Vi+ − Zc+sinh(γ+x)Ii+ (49)

VF−→i = cosh(γ−x)Vi− − Zc−sinh(γ−x)Ii− (50)

IF+→i =
sinh(γ+x)Vi+

Zc+
− cosh(γ+x)Ii+ (51)

IF+→j =
sinh(γ+(L− x))Vj+

Zc+
− cosh(γ+(L− x))Ij+ (52)

IF−→i =
sinh(γ−x)Vi−

Zc−
− cosh(γ−x)Ii− (53)

IF−→j =
sinh(γ−(L− x))Vj−

Zc−
− cosh(γ−(L− x))Ij− (54)
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Figure 12. Equivalent circuit of positive, negative, and zero sequences of single-phase fault to ground.

For two-phase and three-phase faults, the zero-sequence can be omitted, and the fault
voltage (VF) can be calculated based on the positive and negative sequences. Therefore,
according to Equation (55), we will have:

VF =

[
VF+→i
VF−→i

]
=

[
VF+→j
VF−→j

]
(55)
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3.1.2. Series Faults

Series faults are asymmetric faults that can be analyzed through symmetric compo-
nents. In this type of fault, the faulty phase current is reduced at the beginning of the line
and becomes zero at the end of the line. Also, in this type of fault, the voltage of the without
fault phases is zero and the voltage of the faulty phase is increased. Figure 13 shows
the equivalent circuit of symmetric components for series faults. According to Figure 13,
Equation (56) will be established for one open conductor fault and Equation (57) for two
open conductors fault. ∣∣∣∣∣∣

VF0
VF+
VF−

∣∣∣∣∣∣ =
∣∣∣∣∣∣

0
Vi+

0

∣∣∣∣∣∣− x

∣∣∣∣∣∣
Z0 0 0
0 Z+ 0
0 0 Z−

∣∣∣∣∣∣
∣∣∣∣∣∣

Ii0
Ii+
Ii−

∣∣∣∣∣∣ (56)

∣∣∣∣∣∣
0

Vi+
0

∣∣∣∣∣∣ = x

∣∣∣∣∣∣
Z0 0 0
0 Z+ 0
0 0 Z−

∣∣∣∣∣∣
∣∣∣∣∣∣

Ii0
Ii+
Ii−
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fault with Equations (56) and (57). Finally, a flowchart of the steps of the proposed method 
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Figure 13. Equivalent circuit of symmetric components for a fault (a) One open conductor, (b) Two
open conductors.

Also note that for series faults, there is no need to solve Equation (47), since the node j
side of the information is zero and it is easy to estimate the fault location for this type of
fault with Equations (56) and (57). Finally, a flowchart of the steps of the proposed method
to solve the fault location problem is shown in Figure 14.

The suggested method has three steps, as shown in Figure 14. Estimating the voltage
and current of the network nodes and then the voltage drop across the network lines are
the goals of the initial stage, which takes place before the fault occurs. In the second stage,
after the fault occurs, the goal is to identify the faulty section using the values of PMUs and
using the information from the first stage. In the third stage, the goal is to fault location
after identifying the faulty line in the second stage. These three actions are classified as
optimization problems, it should be noted. The genetics algorithm (GA) is employed in
this paper to resolve the issue and the same conventional techniques are used in the GA
algorithm, the accurate details of which are provided in reference [51].
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4. Simulation Results

In this paper, a proposed fault location algorithm is implemented on the IEEE 123-node
distribution feeder. In this section, the effect of various factors on the accuracy of the
proposed algorithm, including the effect of values measured by PMUs, type of fault, angle
of occurrence of a fault, and fault resistance will be evaluated. Figure 15 shows the network
under study along with the status of DG resources and PMUs installed in the network.
At the beginning of the distribution feeder and the connection point of DG sources to
the network, it is possible to measure the voltage and current of the nodes. According
to the proposed method, PMUs have been installed in a limited number of nodes in the
main branches of the network in such a way that the information of the whole network
can be estimated with appropriate accuracy. As mentioned in Section 3, our goal is to
obtain the line voltage drop before the fault, so that after the fault occurs, by combining
the values measured by the PMUs and the voltage drop obtained from the first step, we
can estimate the voltage and current of each node after the fault. This depends on how the
PMUs are installed on the network, which both improves the accuracy of the estimation
and covers the entire network. It should be noted that in reference [8] we have presented
a new technique for installing PMUs in the network for fault location. The conventional
technique for installing PMUs in the distribution network is to place these devices at the
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end of the lateral branch of the network, which causes the installation of a large number of
these devices in the distribution network. The reference technique [8] is by installing PMUs
in the main nodes of the network and using the PSSE problem, in addition to reducing the
number of PMUs installed in the network, efforts have been made to obtain the information
of the entire network. Therefore, in this article, the technique presented in reference [8] is
used to install PMUs in the network. As shown in Figure 15, by measuring the voltage and
current at eight nodes, the entire network is covered and the network is divided into eight
zones by PMUs. Of course, it should be noted that the more PMUs, the better the accuracy
of the method, but their installation will be expensive.
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Figure 15. IEEE 123 Node Test Feeder distribution network with PMU.

The first step in the design is to estimate the voltage and current of the network nodes
before the fault occurs. Figure 16a,b show the estimated voltage and current of the network
nodes, respectively. Next, according to the voltage information of the network nodes, the
voltage drop of each network line can be calculated, which is shown in Figure 16c. One of
the main challenges in the distribution network is the detection of the faulty section due
to its many branches, and it is more difficult for several faults to occur simultaneously in
the network, which makes it difficult to identify the fault points because it is no longer
possible to use conventional single-location fault location equations to identify multiple
fault locations, as the direction of branch current to the fault location will vary. In this
article, we have tried to solve these problems by presenting a new objective function for
the fault location problem.

Let us suppose that two faults F1 and F2 occur simultaneously in the network. Fault
F1 is a single-phase fault ground in Zone 2 between nodes 23 and 24, and fault F2 is a
two-phase fault in Zone 8 between nodes 78 and 79. At this stage, the goal is to identify
these two points of fault by solving Equation (45) using a genetic algorithm, since in solving
optimization problems the goal is to minimize the objective function so Equation (45) can be
defined as (1/objective function). Finally, Figure 17 shows the results of the performance of
the GA algorithm in solving the fault location problem. As shown in Figure 17, respectively,
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(a) and (b) the convergence curve of the GA algorithm regarding the best and average
solutions, (c) the curve of selection changes and the children created in each generation,
(d) and (e) respectively the fitness value and the final convergence of the solutions to the
optimal value and the stopping condition and calculation time for all generations, (f) the
average distance between the solutions, and (g) the output of the algorithm for all the
variables of the algorithm are shown.
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According to Equation (42) to Equation (44) defined for each line, the voltage seen
from both ends of the line without fault is equal, and for the two faulty lines, this voltage
difference is not equal because of the current passing through each line. In lines without
fault, a certain current passes, and in the faulty line, two currents enter the line from both
sides. Therefore, for lines without fault dif (L), Equation (45) will be decreased and for faulty
lines dif (L), Equation (45) will be incremental, but from there the goal is to optimize the
objective function, so these changes are inverted and the faulty line is it will be a decrease.
Figure 17 shows, for faults F1 and F2, the value of dif (L) for the line between nodes 23 and
24 and the line between nodes 78 and 79 has the lowest value, so a fault has occurred in
these two lines. After this step, by identifying the faulty line, the exact location of the fault
can be identified by solving Equation (47) for the faulty line.

EE =
|xl − xe|

L
× 100% (58)
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In the following, the performance of the proposed algorithm is evaluated for different
types of faults. One method to evaluate the accuracy of the algorithm in estimating the
fault location is to use Equation (58) to calculate the percentage error estimation (EE) of the
proposed method. Here, xl is the actual location, xe is the estimated location, and L is the
length of the line. Table 1 compares the performance results of the proposed algorithm for
types of faults with other methods.

According to reference [52], it is suggested to locate faults in the distribution network
using network monitoring with PMUs and the presence of DG in the network. In this
method, voltage data are collected from the PMU and the fault location is obtained based
on the calculation of the equivalent current vector and network impedance matrix. This
method depends on the PMUs’ measurements of the network’s nodes and the DG’s con-
nection point; the more of these devices there are in the network, the more accurate the
algorithm is. In this scheme, five DGs in nodes 30, 35, 64, 151, 450, and 31 PMUs in nodes 6,
11, 16, 22, 27, 29, 32, 37, 39, 42, 46, 56, 57, 59, 63, 65, 66, 71, 75, 83, 95, 98, 100, 104, 111, 114,
150, 151, 250, 300, and 450 have been used. The maximum estimation error of this method
is 3.71%, as shown in Table 1.

Reference [53] suggests an automatic fault location technique based on PMU data. The
basis of the work depends on the information before and after the fault and by estimating
the load current at the end of the line, using the impedance method, each line is checked
in order and if the fault distance (x) is greater than the length of the line, the adjacent line
is checked. Therefore, to estimate the load current, PMUs are used at the end of the line,
which is installed in nodes 149, 250, 96, 85, 151, 300, and 450, respectively. In this method,
the maximum estimation error is 3.85%.
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Table 1. Comparison of the results of the proposed method.

Actual Values Estimated Values LLS
[51]

AFL
[52]

MILP
[53]

Section Fault Type L (ft.) Rf
(Ohm)

Fault
Angle
(Deg)

X (ft.) Se Xe (ft.) Processing
Time (s) EE % EE

% EE % EE %

L 19–20 A-g 325 50 0 302 L 19–20 300.79 22.74 0.37 3.65 3.76 1.65
L 76–86 Two open A-B 700 - 45 246 L 76–86 240.54 23.73 0.78 - - -
L 7–8 C-A-g 300 5 90 150 L 7–8 148.71 21.82 0.43 2.65 2.41 1.34

L 110–111 C-g 575 10 120 505 L110–111 502.64 21.34 0.41 1.23 3.85 0.98
L 50–51 A-B-C-g 250 40 30 10 L 50–51 8.375 21.17 0.65 3.71 1.89 1.75
L 77–78 C-A-g 100 30 0 60 L 77–78 59.65 21.24 0.35 3.22 2.51 0.87

L 30–250 One open A 200 - 10 25 L 30–250 23.30 20.49 0.85 - - -
L 35–36 A-B 650 - 60 600 L 35–36 596.55 20.67 0.53 1.26 3.72 1.25
L 28–29 B-C-g 300 100 135 10 L 28–29 9.19 20.44 0.27 1.12 1.27 1.34

L102–103 B-g 325 70 35 25 L102–103 22.205 18.86 0.86 1.51 2.46 0.71
L101–105 A-B-C-g 275 60 40 45 L101–105 44.23 22.65 0.28 2.13 1.35 0.89
L 45–46 A-g 300 20 70 100 L 45–46 98.83 23.18 0.39 1.11 3.54 0.76
L 95–96 C-g 200 6 100 190 L 95–96 189.14 21.35 0.43 1.19 1.14 1.01
L 76–86 A-B-C-g 700 9 0 650 L 76–86 643.77 21.79 0.89 2.89 2.53 1.71
L 50–51 One open C 250 - 20 150 L 50–51 149.17 21.59 0.33 - - -
L 55–56 B-C-g 200 100 90 20 L 55–56 18.14 21.88 0.93 1.23 1.34 0.68
L 15–16 C-g 375 25 80 5 L 15–16 3.075 20.12 0.51 1.16 1.97 0.64

L 30–250 A-B-C-g 200 45 50 12 L 30–250 10.04 20.60 0.98 1.27 1.25 0.61
L101–105 Two open B-C 275 - 10 260 L101–105 259.20 21.76 0.29 - - -
L 64–65 A-B-C-g 425 80 45 320 L 64–65 317.11 19.46 1.21 1.14 2.23 0.73
L 74–75 A-g 400 65 135 11 L 74–75 6.24 22.31 1.19 1.61 1.87 0.59
L 68–69 C-g 275 24 120 90 L 68–69 86.672 23.87 0.68 3.62 2.65 1.63
L 64–65 One open A 425 - 25 390 L 64–65 387.66 21.95 0.55 - - -
L 81–82 B-C-g 250 15 35 190 L 81–82 189.22 22.44 0.31 1.75 1.77 0.53

Mixed-integer linear programming is used in reference [54] to pinpoint distribution
network faults. By calculating the network impedance matrix, the work in this method is
based on calculating the voltage changes of the nodes before and after the fault. Where
PMUs are used to collect measured data at the end of the line and form an impedance
matrix. Here PMUs are installed in nodes 1, 2, 4, 6, 10, 11, 12, 16, 17, 20, 22, 24, 32, 33, 250,
37, 39, 41, 43, 46, 48, 151, 56, 59, 66, 610, 96, 94, 92, 90, 88, 83, 85, 79, 75, 71, 450, 104, 107, 111,
114, and 300. The maximum estimation error in this method is 1.75%.

By comparing the proposed method with other methods such as references [52–54],
there are obvious difference in the proposed method. However, in the proposed method,
PMUs are installed in the nodes of the main branches of the network, and values measured
by PMUs applying to the PSSE problem, the total information of the network nodes can
be estimated before and after the fault, so in addition to reducing the number of PMUs
in the network, this also allows for the estimation of the total information of the network
nodes. As shown in Table 1, the maximum estimation error of the proposed method is
1.21%. In addition, the proposed method can be used for all types of faults (including short-
circuit and series faults) because the fault location problem is defined as an optimization
problem with a new objective function that will be able to identify the faulty section for
different types of faults. The optimization problem is finally solved by a genetic algorithm
in the proposed method, allowing it to simultaneously identify multiple fault locations in a
maximum of 23.87 s.

Sensitivity Analysis of the Proposed Method

Various factors affect the accuracy of fault location algorithms. As shown in Figure 18a,
a fault consists of three important factors: fault resistance, fault angle, and fault location.
Here, the purpose of the fault location algorithm is similar to Figure 18b, which estimates
the fault distance with the lowest error percentage. In this section, a sensitivity analysis is
performed on the performance of the proposed algorithm for various factors including the
status of PMUs, fault type, fault resistance, fault occurrence angle, and type of problem-
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solving algorithm. Let us suppose that in Figure 15, an F2 fault occurs for 60 different types
of faults by changing the fault parameters. Table 2 shows the performance accuracy of the
proposed algorithm for changes in fault resistance, fault angle, and type of fault. In this
table, the EE value is the average value of these errors, as it can be seen that the EE value of
the proposed algorithm has increased for high fault resistance, zero-angle fault occurrence,
and three-phase faults.
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Table 2. Performance sensitivity analysis of the proposed algorithm for fault parameters.

Parameter
Fault Resistance Fault Angle Fault Type

20 Ω 40 Ω 60 Ω 80 Ω 100 Ω 0◦ 45◦ 90◦ 120◦ 1-Phase 2-Phase 3-Phase

EE % 0.42 0.65 0.68 0.82 0.94 0.75 0.55 0.72 0.75 0.65 0.74 0.81

Another factor influencing the fault location problem is the uncertainty in the network
loading states before the fault occurs. Table 3 shows the performance of the proposed
algorithm for 10% to 50% network loading states uncertainty. As shown in Table 3, network
uncertainty loading states do not have much effect on the accuracy of the algorithm, since
the proposed algorithm uses the measured PMU data in the PSSE problem, in practice,
the results obtained from the PSSE problem are close to reality and after considering the
voltage and current measurement of the nodes connected to the PMU, the changes in the
network load can be estimated correctly.

Table 3. Performance sensitivity analysis of the proposed algorithm for uncertainty in loading states.

Parameter
Loading States

10% 50%

EE %
1-Phase fault 0.61 0.63
2-Phase fault 0.73 0.72
3-Phase fault 0.79 0.83

Another factor that has a direct impact on the performance of the proposed fault
location algorithm is the accuracy of measuring the PMUs installed in the network. Here,
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assuming a measurement error between 1% and 3%, the average EE value of the proposed
algorithm is calculated. Table 4 shows the performance results of the proposed algorithm
for PMU measurement error. As shown, the PMU measurement error increases the average
EE value. Since the proposed algorithm before and after the fault depends on the measured
PMU values, the measurement error will certainly have a direct effect on the accuracy of the
fault location algorithm. The next case in Table 5 shows the effect of the number of PMUs
installed on the network on the performance of the proposed algorithm. The accuracy of
the algorithm decreases with decreasing the number of PMUs, and the accuracy of the
algorithm increases with increasing the number of PMUs, which indicates the dependence
of the algorithm on PMUs. However, it should be noted that the number of PMUs used in
the IEEE 123-node distribution feeder network with the proposed algorithm is much less
than other fault location algorithms due to the use of the PSSE problem.

Table 4. Performance sensitivity analysis of the proposed algorithm for PMU measurement error.

Parameter Without Error
PMU Measurement Error

1% 3%

EE % 0.74 0.96 1.24

Table 5. Performance sensitivity analysis of the proposed algorithm for the number of PMUs installed
in the network.

Parameter
Without Changing
the PMU (Number

of Seven PMU)

Change the Number of PMUs
Number of Four

PMU
Number of Fourteen

PMUs

Mean value of EE % 0.74 1.15 0.35
Maximum value of EE % 1.21 1.64 0.84

Finally, the problem of fault location is defined by solving with different algorithms
and its performance is compared with genetic algorithms. Table 6 shows the results of
different algorithms. As shown, the accuracy of the genetic algorithm is better than other
algorithms, and the only drawback is its computational speed, which, of course, was able
to identify the fault location for a 123-bus network in a maximum of 23.87 s, which is a
good time.

Table 6. Performance of different algorithms in solving a fault location problem.

Parameter
Genetic

Algorithm
Algorithms

Hybrid DE/PSO [55] PSO [56] WOA [57] ACO [58]

Mean value of
EE % 0.74 0.84 0.99 0.76 0.77

Maximum
value of EE % 1.21 1.38 1.54 1.32 1.35

Finally, Figure 19 shows the mean EE value for the various factors presented in Table 2
to Table 6 for comparison. As shown, the greatest impact on the EE value is due to the
PMU status in the network and the type of problem-solving algorithm.
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In reference [51], a fault location method based on solving the optimization problem is
presented, which is clearly different from the proposed method:

• In reference [51], there are weaknesses in the defined objective function, which makes
the proposed method not applicable to all types of faults in the distribution network.

• Since in reference [51], the objective function was based on the calculation of voltage
changes of all nodes with the impedance matrix method, it is not possible to use it
for series faults. In the new article, a new objective function based on current and
voltage at the beginning and end of the line is defined so that in addition to reducing
the calculations and improving the accuracy of the method, it can be implemented for
all types of series and short circuit faults.

• The equations defined for the objective function of reference [51] are more complicated
and their implementation will be difficult for large networks. In the new article the
equations are based on the feature of the traveling wave model and the relationship
between the voltage and current at the beginning and end of the line is defined to
simplify calculations. So there is an obvious difference between the equations in
the two papers. In addition, the line model considered in the new article has been
modified to improve the accuracy of the method.

• In the new article, it is possible to identify several faults simultaneously, but in
reference [51], due to the type of the objective function, this is not possible, and
the algorithm suffers in this case.

• In the new article, a sensitivity analysis was performed on the proposed method
for the types of faults, fault resistance, fault angle, loading states, PMU measure-
ment error, change in the number of PMUs, and algorithms, which did not exist
in reference [51].

• Finally, in the new article, there was a maximum time of 23.87 s and an average
error of 0.74%, and a maximum error of 1.21%, which was far better than the
previous article.

5. Conclusions

In this paper, a new structure for fault location in the distribution network based on
optimization problem-solving is presented. The two objective functions were established
to identify the faulty area and the location of the fault using voltage variations. Here, the
voltage changes across the two ends of each network line were defined as an optimization
problem, so that for each line where this difference is maximized, that line will be the faulty
line. The important part in this issue, however, is the extraction of voltage values from every
node in the network after the fault, which in this design makes use of information collected
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by the PMU in the PSSE problem prior to the fault, in a way that will allow these values
to be extracted by calculating the voltage drop of network lines and the value measured
by PMUs. Finally, to evaluate the robustness of the proposed algorithm, a sensitivity
analysis for various factors such as fault parameters, the status of PMUs, uncertainty in
loading states, and the type of problem-solving algorithm was implemented on the largest
IEEE distribution network. The results showed the proper performance of the proposed
algorithm so that it was able to identify the fault location with a maximum time of 23.87 s,
an average error of 0.74%, and a maximum error of 1.21%.
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Abbreviations

PMU Phasor Measurement Unit
GPS Global Positioning System
GA Genetic Algorithm
WLS Weighted Least Square
KVL Kirchhoff’s Voltage Law
LLS Linear Least Square
MILP Mixed Integer Linear Programming
PSO Particle Swarm Optimization
ACO Ant Colony Optimization
PSSE Power System Status Estimation
DG Distributed Generation
PF Power Flow
DFT Discrete Fourier Transform
F Fault
EE Error estimation
AFL Automatic Fault Location
DE Differential Evolution
WOA Whale Optimization Algorithm
List of symbols
Z Vector of the measured variables
h Vector of the nonlinear
σi

2 Variance
f(Z) Probability density function
H(x) Jacobin matrix
k Iteration index
X Sine quantity
θ The sampling angle
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Iij Current between node i and j
Dij Imaginary part of the current Iij
Rij Line resistance between node i and j
B Susceptance
∆V Line voltage drop
x Location of fault
γ Diffusion coefficient
Y Shunt admittance
F Fault point
VF0,+,− Zero, positive and negative sequence fault voltage
x Vector of the status variables
e Vector of the measurement error
R Covariance matrix
J(Z) Quadratic expression function
g(x) Nonlinear function
G(x) Gain matrix
N The number of samples
τ The sampling interval
Cij Real part of the current Iij
Vi Voltage of node i
Lij Line inductance between node i and j
g Conductance
Vf,If Fault voltage and current
ZL Line impedance L
Zc Characteristic impedances
L Line length
Vi→j Voltage of node i is seen from node j
IF0,+,− Zero, positive and negative sequence fault current
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