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Abstract

Themathematicalbasisfor biaslinearizationof quadraticmagneticactuators,astypified by magnetic
bearings,is developed.Theapproachgeneralizesprior ad–hocmethodsof linearizingtherelationshipbe-
tweenactuatorforceandelectromagnetcurrent,obviating theearlierassumptionsof statorsymmetry. This
relationshipis fundamentallyquadraticin theregimewherethemagneticmaterialis unsaturatedandflux
is essentiallyproportionalto magnetcurrent.Growing from thepropertiesof a fundamentalrepresentation
for thecurrent–forcerelationshipsin magneticbearings,conditionsaredeterminedunderwhich lineariza-
tion maybepossible.A numericaloptimizationproblemis posedwhosesolutionprovidesa linearization
schemewhich maximizesthe availableforce capacityof the actuator. A corollary result is a methodfor
obtainingcoil–fault tolerancein magneticbearingswithoutaddingcoils to existingactuators.Severalpaper
examplesarepresentedto illustratelinearizationof asymmetricactuators,actuatorswith failedcoils, and
force/momentactuators.

1 Introduction

Conventionalradialmagneticbearingsemploy amagneticstatorwith amultiplicity of radiallegssurrounding
a magneticallypermeablerotor. Electromagnetcoils arewoundon someor all of thestatorlegsandforces
areexertedon the rotor by passingcurrentsthroughthesecoils. By suitablycontrolling the coil currents,
a radial force of a prescribedmagnitudeand orientationcanbe appliedto the rotor. The currentcontrol
is determinedin responseto measuredrotor motionin orderto achievestablerotor supportwith appropriate
dynamicproperties[1]. Thus,thebearingis afeedbackdeviceconsistingof arotormotionsensor, amagnetic
forceactuator, andacontrollerwhich regulatesthecoil currentsin responseto thesensedmotion.

Most commercialradialmagneticbearingshave at leasteight legsin thestatorandat leastfour indepen-
dentcoils. (In many cases,collectionsof neighboringcoils arewired in series.In this work, a collectionof
coilswoundin serieswouldbeconsideredto bedependent.)Thismeansthatthenumberof independentcoils
in thestatorsubstantiallyexceedsthenumberof forcecomponentswhich areto begenerated(usuallytwo).

As will be developedin thepresentwork, the relationshipbetweenthesecoil currentsandtheresulting
forcecomponentsis fairly easilydeterminedby analysis:

I1 � I2 ��������� In � F1 � F2 ��������� Fp : p � n

but theinverserelationship:
F1 � F2 ��������� Fp

� I1 � I2 ��������� In
is not only difficult to find but is not unique.For thepurposesof designingthefeedbackcontrol, this latter
relationshipis crucial sincethe generaldynamicproblemrelatesthe bearingforces to the rotor motion;
ideally, thecharacterof themagneticdeviceshouldnot enterdirectly into thedesignof thecontroller.

The reasonthat this inverserelationshipis nonuniqueand so difficult to find is that the forcesin the
bearingare,fundamentally, quadraticin the coil currents,aslong asthe bearingstatoriron is unsaturated.�
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Nomenclature

A Polefacearea.

A Polefaceareamatrix.

B Scalarflux density.

B Flux densitiesvector.�
Vectorflux density.

c Forcecoefficient vector.

D Air gapenergy matrix.

D j Derivative of D w.r.t. x j .

E Magneticfield energy.

F Actuatorforce.

g Air gaplength.

I Coil current.

I Coil currentvector.

J Costfunctionon W.

K Coil currentextrapolationmatrix.

L Backiron pathlength.

L Mutual inductancematrix.

m Numberof controlledcurrents.

M Separationmatrix.

n Numberof poles.

N Coil turns.

N Coil winding influencematrix.

p Numberof forcecomponents.	
Reluctance.

R Reluctancematrix.

V Current-to-fluxdensitymatrix.

W Linearizationmatrix.

X Current-to-forcematrix.

∆ Stepsizein numericaliteration.

ζ Biasingcoefficient.

θ Angularorientationof polecenterline.

Θ Forceorientation.

µ Magneticpermeability.

φ Magneticflux.

Φ Flux vector.

Thisquadraticrelationshipformsthefocusof thispaper. As will bedemonstrated,for moststatorgeometries,
a basisfor thecurrentscanbechosenso that thevariousbearingforcecomponentsarerelatedlinearly to a
setof controlforcerequesttermsandscaledby abiasingterm.

A corollaryresultof thepresentwork is that this excessnumberof controllingcoils providesanoppor-
tunity for fault tolerance.If oneor evenseveralof thecoils fail, a new relationshipcanbedevelopedwhich
will permitthecontrollerto still provide thesamebearingdynamicpropertiesthatwereprovidedwith a full
complementof operatingcoils. Conceptually, thekey propertypermittingbearingoperationwith oneor more
coils failedis thatthecoils in a typicalmagneticbearingstatorarestronglycoupled:eachcoil affectstheflux
in all of theair gaps.Thiscouplingpermitsothercoils in thestatorto assumetheresponsibilitiesof thefailed
coils.

While accuratestatisticsconcerningfailuremechanismsin commercialmagneticbearingsystemsarenot
yet available,anecdotalfield accountsindicatethatcoil, amplifier, or power wiring failuresarea significant
concern.Any of thesethreefailuresproducesessentiallythesameresult: lossof currentin a particularcoil
circuit. Sincecommercialmagneticbearingsystemsalways implementcoil currentsensing,this kind of
failureis quiteeasyto detect.

Theproblemof determiningasuitablesetof controlcurrentscannotberesolvedsimplyby usingpseudo-
inversemethodsbecausetherelationshipbetweencoil currentsandforcecomponentsis quadratic.Instead,
thecoil currentsareselectedeitherby a nonlinearoptimalrule or by a linear, suboptimalrule which permits
a simplerinteractionwith thecontroller. While not all stator/coilconfigurationswill permita linearrule for
selectingcoil currents,many statorsconfigurationscanbelinearized.

Attractive magneticbearingsare linearizedby imposinga biasingcurrentin eachcoil which produces
a magneticstressbut no net force at an equilibrium position. Although the currentto force relationshipis
quadratic,biasandcontrolcurrentsarechosensothatall second-ordercontrol currenttermsareidentically
zeroat theequilibriumpoint. Whenthebiascurrentmagnitudesareheldconstant,therelationshipbetween
controlcurrentandbearingforcerelationshipis linear. A detaileddescriptionof thebiaslinearizationprinci-
plecanbefoundin [2].

Bias linearizationis widely usedin a numberof magneticdevicesfrom radial magneticbearingsto six
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Figure1: Typicalbearingarrangement

degree-of-freedomactuators(for example, [3] - [12]). Theseapplicationsemploy symmetricgeometries
wherethe determinationof a permissiblesetof linearizingcurrentsproceedsby inspection.However, the
previouswork hasnot beenextendedto the generalproblem,particularlywherecoil failuresproducesub-
stantialasymmetryin thestator.

Thepresentwork exploresthemannerin which n coil currentsshouldbeselectedto provide thedesired
forcecomponents.A generalrepresentationis developedthatallows for arbitrarily complex geometries.In
statorswhich permit linearization,an optimal coil currentmapcanbe determinedwhich relatesthe n coil
currentsto thedesiredforcecomponentsin termsof a biasvectorandcontrolvectorswhich determineeach
of the applicableorthogonalcomponentsof force and torque. Methodsof determiningan optimal set of
currentsareconsidered.

2 Model

Assumingnegligible eddycurrenteffectsanda linearflux densityto field intensityrelationshipwith negligi-
blehysteresiseffects,a magnetostaticanalysiscanbeemployed. If lossesfrom flux leakageandfringing are
alsoassumednegligible, theapplicablemagnetostaticfield equationsbecomeonedimensional.Flux andfield
intensityat any point in thebearingcanthenbesolvedby circuit theory[13]. An analysisof the magnetic
circuitsin thebearingyieldsa fairly simplequadraticrelationshipbetweencoil currentsandresultingforces.

An n pole magneticbearing(asexemplifiedby Fig. 1) is characterizedby 
 j , Ni j , φ j , A j , andΘ j for
j � 1 ����� n, the reluctance,magnetomotive forcecontribution, flux, pole facearea,andorientationanglere-
spectively for eachpole. Consideringthatsteelor iron hasa relative permeabilityof greaterthan1000,the
reluctancesof all metalpartsof theflux pathareneglected;virtually all of thecircuit reluctanceis dueto the
air gapassociatedwith eachpole.Positivefluxesaredirectedoutof thestatorpolesinto therotorby thesign
conventionfor this model.Positive coil currentspasscounter-clockwisearoundthestatorpoleswhenview-
ing thepoleendfrom thegap. It is assumedthat theonly sourcesof magneticexcitation in thebearingare
thecoilswoundoneachpole.Thisassumptionspecificallyexcludesbearingsemploying permanentmagnets
from thisanalysis.An equivalentelectricalcircuit, usefulin understandingthedevelopmentof thegoverning
magneticequations,appearsin Figure2.

Theapplicationof Ampere’s loop law to themagneticcircuit resultsin n  1 independentequations:
 jφ j �
 j � 1φ j � 1 � Nj i j  Nj � 1i j � 1 (1)
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Figure2: Equivalentelectricalcircuit

wherethereluctanceof the jth gapis �
j � g j

µoA j
(2)

Oneindependentequationresultsfrom flux conservation:

n

∑
j � 1

φ j � 0 (3)

Arrangingtheseequationsin matrix form produces��������
�

1 � � 2 0 ����� 0

0

�
2 � � 3

.. .
...

...
. . .

. . .
.. . 0

0 ����� 0

�
n 1 � � n

1 1 ����� 1 1

!#""""""$ Φ �
��������

N1 � N2 0 ����� 0

0 N2 � N3
. . .

...
...

. . .
. . .

. . . 0
0 ����� 0 Nn 1 � Nn

0 0 ����� 0 0

!#""""""$ I (4)

Thismatrix relationshipis representedmoresuccinctlyby

RΦ � NI (5)

whereR caneasilybeshown to benonsingular. Denote

L � R 1N (6)

Φ � LI (7)

whereL is thematrix of inductancesbetweenthedifferentcoils in thebearing.
Assuminguniformflux densityin theair gap,flux φ j is relatedto flux densityB j by φ j � B jA j . In matrix

form, this relationshipis
Φ � BA (8)

whereA is a diagonalmatrixof polefaceareas.Re-arrangingandsubstitutingfrom (6) and(7),

B � A 1R 1NI � VI % V &� A 1R 1N (9)
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Notefrom (4) thatthematrix N hasa nullity of 1. Consequently, oneof thecurrentsin I is redundantif each
leg hasanindependentcoil.

Forcesproducedby thebearingcanbecomputedby variationsof theenergy storedin thesystemor by
Maxwell’s stresstensor. Assuminglinear materials,the energy storedin a magneticfield is definedin the
generalcaseas

E ')( 1
2µoµr *,+�* dV (10)

where * is threedimensionalflux densityand the integral is taken over all space. In the presentone-
dimensionalanalysis,theonly componentis B alongthepathdirection.Dueto theassumptionsof noleakage
andzeroreluctanceof themetalsectionsof thepath,all of theenergy is storedin theair gaps:

E ' n

∑
j - 1

g j . x / A j

2µo
B2

j (11)

Theenergy canbewritten in vectorform as

E ' BTDB ' IT VTD . x / VI (12)

whereD . x / is a diagonalmatrix with the jth entryequalto g j . x / A j 01. 2µo / . Notethat theg j . x / arethemean
air gaplengthsasfunctionsof x, avectorof coordinatesspecifyingtherotor’sposition.Coordinatesx1 2 x2 and
x3 might beassociatedwith translationsalongtheX 2 Y andZ axesthatdefinesomefixedcoordinatesystem,
whereasx4 2 x5 andx6 might beassociatedwith infinitesimalrotationsabouttheX 2 Y andZ axesrespectively.

Forceis definedas

Fj '43 δE
δx j
'53 ITVTD jVI (13)

whereD j denotes∂D
∂xj

. In theparticularcaseof radialmagneticbearings,the only forcecomponentsarein

theX andY directions(seeFigure1). MatricesDx andDy canthenbeexplicitly definedas

Dx ' diag 6 A j cosθ j

2µo 7 2 Dy ' diag 6 A j sinθ j

2µo 7 (14)

whereθ j is theangularpositionof thecenterlineof the jth statorleg.
If oneor moreof the coils is missingor hasfailed (Nj i j ' 0), then(13) still applies. The matrix K is

introducedto relatethereducedordercurrentvectorof dimensionm to thefull currentvector:

I ' KÎ (15)

Matrix K is simply the identity matrix with columnsremovedcorrespondingto eachfailedor missingcoil.
Substitutinginto (13),

Fj '43 ÎTKTVTD jVKÎ ' ÎTX j Î (16)

Matrix K canalsobeusedto indicatecoilswired in series.In this case,thevectorof coil currentscanbe
representedastheproductof a matrix timesa vectorof independentcoil currents.For instance,assumethat
coils 1 and2 arewoundin reverseseries(I2 '43 I1). TheK reflectingthiscouplingwouldbe

K '
8999999: 1 0 03 1 0 +�+�+ ...

0 1
...
0 0 +�+�+ 1

;#<<<<<<=
It is worth noting that VTD jV hasa null spaceof dimension1. This singularity can be removed by

defininga K with n 3 1 columnswhosecolumnsspantherow spaceof N. This transformationcanbeuseful
for reducingthedimensionsof thesearchspacewhennumericallysearchingfor linearizingcurrents.
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Figure3: Asymmetricbearing.

Leg θ Area Turns Gap
1 0o A N go

2 70o 2A 2N go

3 125o 2A 3N go

4 160o A 2N go

5 240o A N go

6 310o 2A 2N go

Table1: Asymmetricbearingparameters.

2.1 Example 1

In thepast,theproblemof determiningbiasandcontrolcurrentswasonly consideredfor symmetriccases.
Undertheseconditions,theproperlinearizingcurrentsareobtainedby inspection.However, whensymmetry
is lost, thedeterminationof thepropercurrentsis no longera trivial problem.Take for examplethebearing
picturedin Figure3. The geometryof this bearingis describedin Table2.1, whereA @ 1cm2, go @ 1mm
andN @ 200. The unusualasymmetryof this exampleis intendedonly to emphasizethe generalityof the
result:suchasymmetrywould seldombeencounteredin practice.Thepoint to this exampleis thattheusual
assumptionsconcerningsymmetryarenot needed– a resultwhich is particularlyuseful in permitting the
fault tolerancealludedto in theintroduction.

Thereluctanceof eachair gapis determinedby (2). Substitutingthereluctances
into (4) gives:

go

µoA

ABBBBBC 1 DFE 0 D 5 0 D 0 D 0 D 0 D
0 D 0 D 5 E 0 D 5 0 D 0 D 0 D
0 D 0 D 0 D 5 E 1 D 0 D 0 D
0 D 0 D 0 D 1 DGE 1 D 0 D
0 D 0 D 0 D 0 D 1 DGE 0 D 5
1 D 1 D 1 D 1 D 1 D 1 D

H#IIIIIJ Φ @ N

ABBBBBC 1 DFE 2 D 0 D 0 D 0 D 0 D
0 D 2 DKE 3 D 0 D 0 D 0 D
0 D 0 D 3 DKE 2 D 0 D 0 D
0 D 0 D 0 D 2 DKE 1 D 0 D
0 D 0 D 0 D 0 D 1 DKE 2 D
0 D 0 D 0 D 0 D 0 D 0 D

H#IIIIIJ I (17)
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Re-arrangingaccordingto (9), thecurrentto flux densityrelationshipis:

B L µoN
9go

MNNNNNO 8 P 4 P 6 P 2 P 1 P 4P 1 14 P 6 P 2 P 1 P 4P 1 P 4 21 P 2 P 1 P 4P 1 P 4 P 6 16 P 1 P 4P 1 P 4 P 6 P 2 8 P 4P 1 P 4 P 6 P 2 P 1 14

Q#RRRRRS I (18)

Thisexampleis a radialmagneticbearing;therefore,Dx andDy canbeobtaineddirectly from (14):

Dx L A
2µo

diagT 1 U V 0 U 6840V�P 1 U 1472V�P 0 U 9397 V�P 0 U 5V 1 U 2856W (19)

Dy L A
2µo

diagT 0 V 1 U 8794V 1 U 6383V 0 U 3420V�P 0U 8660V�P 1 U 5321W (20)

Becausethis statorhasan independentcoil on eachleg, onecoil will beredundant;matricesXx andXy

will bothbesingular. This singularitycanberemovedwith a suitableK matrix. TheK matrix shouldhave
columnsorthogonalto thenull spaceof V. This null spacerepresentsa vectorof currentsthatproducesno
flux throughthegaps.WhenK is chosenorthogonalto this space,a givenflux distribution is thenrealized
with the leastpossiblepower dissipationsinceall portionsof thecurrentarecontributing to producingflux.
Onesuchmatrix,derivedby Gram–Schmidtorthogonalization[7] of theN matrix, is

K L MNNNNNO 0 U 447214 0 U 255551 0 U 337645 0 U 487556 0 U 182932P 0 U 894427 0 U 127775 0 U 168823 0 U 243778 0 U 0914661
0 U P 0 U 958315 0 U 112548 0 U 162519 0 U 0609774
0 U 0 U P 0 U 919145 0 U 243778 0 U 0914661
0 U 0 U 0 U P 0 U 785507 0 U 182932
0 U 0 U 0 U 0 U P 0 U 955312

Q#RRRRRS (21)

Notethatthechoiceof this particularmatrix is somewhatarbitrary. Any otherK whosecolumnslie perpen-
dicularto thenull spaceof V wouldgive thesamepower-minimizingproperties.

Theforce-currentrelationshipsarespecifiedby (16)as:

Xx L MNNNO 4 U 76291 1 U 86545 0 U 982752 P 0 U 39535 P 3 U 10502
1 U 86545 P 12U 8818 5 U 98511 2 U 48731 0 U 861901
0 U 982752 5 U 98511 P 7 U 66686 1 U 20272 2 U 12645P 0 U 39535 2 U 48731 1 U 20272 P 1 U 19631 1 U 73146P 3 U 10502 0 U 861901 2 U 12645 1 U 73146 8 U 07567

Q#RRRS (22)

Xy L MNNNO 9 U 68133 P 9 U 82788 P 2 U 48384 P 0 U 17467 P 0 U 532549P 9 U 82788 23U 695 P 2 U 95479 0 U 426301 0 U 464081P 2 U 48384 P 2 U 95479 3 U 9606 0 U 443748 0 U 816525P 0 U 17467 0 U 426301 0 U 443748 P 1 U 89139 0 U 672773P 0 U 532549 0 U 464081 0 U 816525 0 U 672773 P 8 U 58099

Q#RRRS (23)

3 Linearization

Equation(16)showsthattherelationshipbetweenthereducedordercurrentvectorÎ andtheforcesproduced
is quadratic. In general,the bearingmustbe able to generateforcesin an arbitrarydirection. All of the
Fj must thereforebe independentof one another, and eachforce shouldbe able to be generatedwith an
arbitrarysign. The latter condition is relatively easyto establishby simply examiningthe definitenessof
the symmetricmatricesX j . If any of thesematricesis eithersemi-definiteor negative semi-definite,the
correspondingquadraticproductwill alwaysbeeithernon-negativeor non-positive.An arbitraryforcecannot
thenberealized.In any case,theactuatorfalls into oneof two categories:
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1. ThematricesX j areall indefiniteandthereexist asetof n X mmatricesfor Î whichpermitindependent
linearizations:

Fj Y coc j Z t [ IT
o X jI j (24)

2. Theactuatorcannotbe linearizedasin case1, but a region of all possibleforceconfigurationscanbe
reachedby a suitablechoiceof Î.

In case2, suitability of theactuatordependsuponwhethertherangeof forcesrequiredof theactuatoris
containedin theregiondictatedby thejoint propertiesof thematricesX j . In case1, while any desiredforce
canbegenerated,thecurrentsor statorflux distributionsrequiredto realizesomeforcesmaybeunacceptable.

If all of theX j areindefinite,thentheremayexist matricesW sothat

Î Y W \]]]^ ]]]_
co

c1
...

cm

` ]]]a]]]b Y Wc (25)

Fj Y cTWTX jWc Y coc j (26)

In matrix form, the desiredresult in (26) canbe written asa setof j matricesof dimensionsZ p c 1[dXZ p c 1[ wherep is thenumberof forcecomponentsproducedby thebearing.

WTX jW Y M j j Y 1 e�e�e p (27)

ThematricesM j for j Y 1 e�e�e p arezeroexceptfor entriesof 1
2 in the f 1 g j c 1h and f j c 1 g 1h positions.This

form implies that the first columnof W is the biasingcurrentvector, andthe j c 1 column is the control
currentvectorfor the jth forcecomponent.

If a W is foundthatgeneratesmatricesM j , eachforcemaythenbecontrolledindependentlyby holding
themagnitudeof thebiasparameterco constantwhile varyingthe p controlvariablesc1 g�e�e�e�g cp. Theinverse
current-to-forcerelationshipthatpermitslinearbearingforcecontrolis then

I Y 1
co

KW \]]]^ ]]]_
c2

o
F1
...

Fp

` ]]]a]]]b (28)

SincematricesX j arecreatedwithout restrictionsonbearinggeometryor on thenumberof forcecompo-
nents;equation(27) is thereforea generalstatementof thebias-linearizationproblemfor magneticbearings.
Any matrix satisfying(27)will permitindependentlinearcontrolover theorthogonalforcecomponentspro-
ducedby agivenbearingvia thecurrentsspecifiedby (28).

It is importantto notethat,while thespecificchoiceof M j is somewhatarbitrary, solutionsW to other
selectedright-handmatricesproviding thesamepropertyof independentlinearizationwill berelatedto solu-
tionsto thepresentproblemby asimpleright transformationinvolving columnswappingand/orscaling.For
thepropertyof independentlinearization,thematricesM j mustsatisfy:i symmetrici zeroon themaindiagonali only 1 off-diagonalelementis non-zeroi theSchurproductof any two matricesMi , M j is zerofor any i jY j.

A closed-formsolution of (27) is not known. At present,linearizing matricesmay only be obtained
numerically. Severalapproachesto thisnumericalproblemarediscussedin theAppendix.
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3.1 Example 1 (continued)

Theprincipleof independentlinearizationcanbedemonstratedusingthepreviously developedExample1.
Thebearingwill belinearizedif therecanbefounda5 k 3 matrix W suchthat(27) is satisfied:

WTXxW lnmo 0 1
2 0

1
2 0 0
0 0 0

pq l Mx (29)

WTXyW l mo 0 0 1
2

0 0 0
1
2 0 0

pq l My (30)

A suitablelinearizingsetof currentsis thenobtainablethroughanumericalsearch.For example,

W l mrrro 0 s 136293 t 0 s 314259 0 s 610881
0 s 205067 t 0 s 0433335 0 s 233348
0 s 461968 t 0 s 409403 0 s 67415
0 s 697068 0 s 261145 t 0 s 475498t 0 s 0278216 0 s 227161 t 0 s 158715

p#uuuq
(31)

is onelinearizingsolutionsatisfying(29)and(30). Thefirst columnof (31) is thebiasingcurrentvector. The
secondandthird columnsrepresenttheX t andY t directioncontrolvectorsrespectively. Thephysicalcoil
currentsarethenspecifiedby (28).

I1 l 0 s 6041cb t 0 s 1210Fx v cb w 0 s 2996Fy v cb

I2 l 0 s 1497cb w 0 s 2909Fx v cb t 0 s 5332Fy v cb

I3 lxt 0 s 0329cb w 0 s 05174Fx v cb t 0 s 2347Fy v cb

I4 lxt 0 s 2572cb w 0 s 4607Fx v cb t 0 s 7501Fy v cb

I5 lxt 0 s 5526cb t 0 s 1636Fx v cb w 0 s 3445Fy v cb

I6 l 0 s 02658cb t 0 s 2170Fx v cb w 0 s 1516Fy v cb

(32)

4 Choice of Optimal W

In general,the problemdefinedby (27) hasmany solutions.Therefore,a criterion mustbe establishedfor
selectingthebestsolution. While many possiblequality measurescanbedevised,possiblythemostuseful
is themaximumloadwhich thebearingcangeneratebeforemagneticsaturationoccursat somepoint on the
statoror rotor.

To determinesaturationin thestator, thefluxesin the legs,back-iron,andjournal iron mustall becom-
puted.If thepoleareasareequalto theair gapareas,thenthepoleflux densitiesaresimply equalto thegap
densities:

Bp l B (33)

Mostof thebackiron flux densitiescanbefoundfrom then t 1 independentconservationof flux conditions:

Aby jBby j t Apy jBpy j t Aby j z 1Bby j z 1 l 0 (34)

Theoneremainingequationrequiredis mostproperlyobtainedby applyingAmpere’s loop law to theback
iron:

n

∑
j { 1

Bby jL j l 0 (35)

However, asthecircuit beginsto saturate,thepermeabilitiesof thebackiron sectionswith higherflux density
will begin to decrease.This will producea redistribution of flux densitywhich tendsto minimize thepeak
flux densityin the backiron, subjectto conservationof flux. (Of course,asthe iron startsto saturate,flux
leakagewill alsoincrease,reducingthevalidity of thesimpleconservationof flux conditionsusedhere.)On
thebasisof this heuristicargument,it maybebestto solve theseequationsin sucha mannerasto minimize
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thepeakflux density. Thesimplestapproximationto this kind of solutionis providedby theMoore-Penrose
pseudoinverse.Summarize(34)as

VbBb | VpBp (36)

UsingtheMoore-Penrosepseudoinverseresultsin

Bb | V†
bVpBp } V†

b ~| VT
b � VbVT

b ��� 1 (37)

Thejournalflux densitiescanbecomputedin a similarmanner, leadingto

Bs |��� � Bp

Bb

B j

� �� |��� I
V†

bVp

V†
j Vp

��
B |��� I

V†
bVp

V†
j Vp

��
VKÎ (38)

Thetransformationfrom thereducedordercurrentvectorto thedistribution of flux densitiesthroughoutthe
statorcanthenbedefinedas:

Vs ~| �� I
V†

bVp

V†
j Vp

��
VK (39)

Now considerthe particularcaseof a 2 degreeof freedomradial bearing. Ratherthancomputingthe
saturationload directly, computethe flux densitydistribution for a force of magnitude1.0 and arbitrary
orientationΘ:

Fx | cosΘ Fy | sinΘ (40)

If theparametersco } cx } andcy arechosenaccordingto

co | ζ } cx | cosΘ
ζ } cy | sinΘ

ζ
(41)

thenthedesiredforceof magnitude1.0anddirectionΘ will result.Theflux distributionthroughoutthestator
resultingfrom any selectionof ζ andΘ is givenby

Bs � ζ } Θ } W � | VsÎ | VsW �� � ζ
cosΘ � ζ
sinΘ � ζ � �� (42)

Themaximummagnitudeof theresultingflux densitydistribution is

Bmax� ζ } Θ } W � |4� Bs � ζ } Θ } W � � ∞ (43)

Theachievableloadcapacityis then

Fmax� ζ } Θ } W � |4� Bsat

Bmax� ζ } Θ } W ��� 2

(44)

whereBsat is thesaturationflux densityof themagnetiron.
The achievableload capacityis dependentuponthe choiceof ζ andΘ. Typically, it is conservative to

basetheloadcapacityupontheworstcaseorientation:

Bmax� ζ } W � | max
Θ
� Bs � ζ } Θ } W � � ∞ (45)

This choicemight bemodifiedfor systemswherea gravity loador someotherloadwith fixedorientationis
significant.Further, thechoiceof ζ is essentiallyfree: it is thesquareroot of theratio betweenbiasingfield
andcontrol field andhasno effect on the magnitudeor orientationof the field generated.This parameter
shouldbe chosenin sucha manneras to minimize the peakflux density(and therebymaximizethe load
capacity):

Bmax� W � | min
ζ

max
Θ
� Bs � ζ } Θ } W � � ∞ (46)
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Figure4: 8 polesymmetricbearing.

In this manner, thebestsolutionW� is thatwhich minimizesBmax (or maximizesFmax):

Bmax � min
W� W � min

ζ
max

Θ � Bs � ζ � Θ � W � � ∞ (47)

The minimax problemdefinedby (47) alongwith the constraintequation(27) forms a nonlinearopti-
mizationproblemfor selectingW. At present,theonly computationalsolutionsfind many exampleswhich
satisfy (27) usingthe methodsin the Appendix from a randomseedandthenchoosethe bestsolutionon
thebasisof (47). While this procedureyieldsusablesolutions,thereis no guaranteethat thesesolutionsare
optimal or even representlocal optima. However, it is unlikely that a singlegradientdescentoptimization
will yield aglobaloptimumbecausethesolutionsfor W arenot necessarilyconnected.

5 Examples

5.1 Example 2

Aside from linearizingunusualstatorgeometries,the proceduresaremorepracticallyuseful in developing
fault-tolerantcontrollersfor bearingswith a largenumberof coils. Consideran8-polesymmetricbearing,as
in Figure4, with eachpolefacehaving anareaof 4 � 9110� 4m2, anominalgapof 0 � 001m, and200turncoils.
In this example,theflux pathareasin thebackiron andin thejournalarethesameasthepolefacearea.

In thenormaloperatingmode,coils on all 8 legswould beoperational.This configurationallows for the
linearizingcurrentset

W � go

4N � µoA

�          ¡
2 2 0¢ 2 ¢ � 2 ¢ � 2
2 0 2¢ 2 � 2 ¢ � 2
2 ¢ 2 0¢ 2 � 2 � 2
2 0 ¢ 2¢ 2 ¢ � 2 � 2

£#¤¤¤¤¤¤¤¤¤¤¥ (48)

which yieldsa loadcapacityof 562N at Bsat � 1 � 2T.
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If onecoil fails, thereis no lossin loadcapacity. As notedin section2, matrix V specifyingthecurrentto
flux densityrelationshiphasanullity of 1; therefore,analternatesetof currentscanbepickedthatyieldsthe
sameflux densitiesasrealizedin theall-coils-activecase.Thisalternativematrix canbefoundby solving

VKŴ ¦ VW (49)

for Ŵ, theone-coil-failedlinearizationmatrix. Matrix K representsthemappingfrom sevenactivecoilsonto
thefull currentvector. Thesolutionis

Ŵ ¦¨§ K© V© VKª¬« 1 K© V© VW (50)

Thissolutionis uniquefor agivenW, since(49)hasthesamenumberof independentequationsasunknowns.
For theparticularcasewheretheonefailedcoil is coil 8, thelinearizingcurrentsetcorrespondingto (48)

is

W ¦ go

4N  µoA

®¯¯¯¯¯¯¯¯¯¯¯°
4 2 ±  2 ²  2
0 0 ² 2  2
4  2 2 ²  2
0 2  2 ² 2  2
4 ² 2 ±  2 ²  2
0 2  2 0
4  2 ² 2 ²  2
0 0 0

³#´´´´´´´´´´´µ (51)

Now, considerthecasein which coils 6 ¶ 7 ¶ and8 have failed.Despitethemassive asymmetryintroduced
by the failure of threeadjacentcoils, linearizedcontrol is still possibleasshown by the fact that a new W
matrix canbecomputed.Numericalstudieshaveshown thatin this configuration,

W ¦
®¯¯¯¯¯¯¯¯¯¯°
² 0 · 198531 ² 0 · 146633 0 · 172692² 0 · 052334 0 · 022060 0 · 267589
0 · 034700 ² 0 · 000865 0 · 338018² 0 · 078408 ² 0 · 012076 0 · 269612² 0 · 198333 0 · 148658 0 · 156481
0 · 000000 0 · 000000 0 · 000000
0 · 000000 0 · 000000 0 · 000000
0 · 000000 0 · 000000 0 · 000000

³#´´´´´´´´´´µ (52)

is a goodsolution.Control is still linearized,but loadcapacityis reducedto 251N becauseflux is no longer
evenly distributedin thestator. Theflux distributionsrelative to thesaturationdensityfor the limiting case
areillustratedin Fig. 5. For this particularsolution,thelimiting flux densityoccursin thebackiron; a better
loadcapacitycouldbeachievedby a redesignthat thickensthebackiron area.If thebackiron is expanded
until themaximumflux densityoccursin thelegs,theloadcapacityis increasedto 278N usingthis current
set.

Thegreatestfailuresthat this statorcantoleratearecertainconfigurationsinvolving four failedcoils. In
thecasewhereonly 1 ¶ 2 ¶ 3 ¶ and5 arefunctioning,

W ¦
®¯¯¯¯¯¯¯¯¯¯°

1 · 826025 0 · 012223 ² 0 · 059953
0 · 108760 ² 0 · 013794 ² 0 · 038409² 0 · 063425 0 · 006560 ² 0 · 058641
0 · 000000 0 · 000000 0 · 000000
1 · 802976 ² 0 · 015078 ² 0 · 051954
0 · 000000 0 · 000000 0 · 000000
0 · 000000 0 · 000000 0 · 000000
0 · 000000 0 · 000000 0 · 000000

³#´´´´´´´´´´µ (53)

solves(27), but the loadcapacityis further reducedto 115N. In this failureconfiguration,the limiting flux
densityoccursin thelegs;greaterbackiron areawould nothaveaneffecton loadcapacity.
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Figure5: Limiting flux densitydistribution.

If lessthanfour independentcurrentsarecontrolled,a linearizingsolutioncannotbefoundin thegeneral
case.Eqn.(27) specifies12 constraintsfor 9 unknowns. Severalof theseconditionscanbemetsimultane-
ouslyif a valid x controlcurrentis in thenull spaceof Xy anda valid y controlcurrentis in thenull spaceof
Xx. This is not thecasefor any 3-currentconfigurationfor the8-polebearing.

5.2 Example 3

As anexampleof a devicewith morethantwo degreesof freedom,considerthedevicepicturedin Figure6.
This particularmagneticbearingcontrolsX andY forcesaswell asa torqueabouttheZ axis. Eachcoil is
woundwith N turnsandhasa poleareaof A. Theair gapsasa functionof rotorpositionare:

g1 ¸ go ¹ x
g2 ¸ go ¹ y ¹ dγ
g3 ¸ go ¹ y º dγ
g4 ¸ go º x
g5 ¸ go º y ¹ dγ
g6 ¸ go º y º dγ

(54)

wherego is nominalgaplength.
From(4),

go

µoA

»¼¼¼¼½ 1 ¹ 1 0 0 0 0
0 1 ¹ 1 0 0 0
0 0 1 ¹ 1 0 0
0 0 0 1 ¹ 1 0
1 1 1 1 1 1

¾#¿¿¿¿À Φ ¸ N

»¼¼¼¼½ 1 ¹ 1 0 0 0 0
0 1 ¹ 1 0 0 0
0 0 1 ¹ 1 0 0
0 0 0 1 ¹ 1 0
0 0 0 0 0 0

¾#¿¿¿¿À I (55)

Invertingtheleft-handsideanddividing by A resultsin (9).

B ¸ µoN
6go

»¼¼¼¼¼¼½ 5 ¹ 1 ¹ 1 ¹ 1 ¹ 1 ¹ 1¹ 1 5 ¹ 1 ¹ 1 ¹ 1 ¹ 1¹ 1 ¹ 1 5 ¹ 1 ¹ 1 ¹ 1¹ 1 ¹ 1 ¹ 1 5 ¹ 1 ¹ 1¹ 1 ¹ 1 ¹ 1 ¹ 1 5 ¹ 1¹ 1 ¹ 1 ¹ 1 ¹ 1 ¹ 1 5

¾#¿¿¿¿¿¿À I (56)
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Figure6: 3 d.o.f. magneticbearing.

By differentiating(54)by therotordegreesof freedom,

Dx Á Â A
2µo Ã diagÄÆÅ 1 Ç 0 Ç 0 Ç 1 Ç 0 Ç 0 È (57)

Dy Á Â A
2µo Ã diagÄ 0 Ç�Å 1 Ç�Å 1 Ç 0 Ç 1 Ç 1 È (58)

Dγ Á Â A
2µo Ã diagÄ 0 Ç�Å d Ç d Ç 0 Ç�Å d Ç d È (59)

Sinceall coilsareactive,K is merelytheidentitymatrix. From(16),

Xx Á Å µoAN2

12g2
o

ÉÊÊÊÊÊÊË Å 4 1 1 0 1 1
1 0 0 Å 1 0 0
1 0 0 Å 1 0 0
0 Å 1 Å 1 4 Å 1 Å 1
1 0 0 Å 1 0 0
1 0 0 Å 1 0 0

Ì#ÍÍÍÍÍÍÎ (60)

Xy Á Å µoAN2

12g2
o

ÉÊÊÊÊÊÊË 0 1 1 0 Å 1 Å 1
1 Å 4 2 1 0 0
1 2 Å 4 1 0 0
0 1 1 0 Å 1 Å 1Å 1 0 0 Å 1 4 Å 2Å 1 0 0 Å 1 Å 2 4

Ì ÍÍÍÍÍÍÎ (61)

Xγ Á Å µodAN2

12g2
o

ÉÊÊÊÊË 0 1 Å 1 0 1 Å 1
1 Å 4 0 1 2 0Å 1 0 4 Å 1 0 Å 2
1 2 0 1 Å 4 0Å 1 0 Å 2 Å 1 0 4

Ì ÍÍÍÍÎ (62)

Thesethreematricescompletelydefinetherelationshipbetweencoil currentandoutputforces/torques.
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The independentlinearizationof many force componentscanbe demonstratedwith this example. The
objective is a 6 Ï 4 matrix W suchthat

WTXxW ÐÒÑÓÓÔ 0 1
2 0 0

1
2 0 0 0
0 0 0 0
0 0 0 0

Õ#ÖÖ× Ð Mx (63)

WTXyW ÐÒÑÓÓÔ 0 0 1
2 0

0 0 0 0
1
2 0 0 0
0 0 0 0

Õ#ÖÖ× Ð My (64)

WTXγW Ð ÑÓÓÔ 0 0 0 1
2

0 0 0 0
0 0 0 0
1
2 0 0 0

Õ ÖÖ× Ð Mγ (65)

OneparticularW matrix thataccomplishesthis transformationis

W Ð go

12N Ø µoA

ÑÓÓÓÓÓÓÔ
Ù 8 Ù 9 0 0
4 0 9 9 Ú d
4 0 9 Ù 9 Ú dÙ 8 9 0 0
4 0 Ù 9 9 Ú d
4 0 Ù 9 Ù 9 Ú d

Õ#ÖÖÖÖÖÖ× (66)

Thecoil currentsarethen

I Ð go

12coN Ø µoA

ÛÜÜÜÜÜÝ ÜÜÜÜÜÞ
Ù 8co

2 Ù 9Fx

4co
2 ß 9Fγ Ú d ß 9Fy

4co
2 Ù 9Fγ Ú d ß 9FyÙ 8co

2 ß 9Fx

4co
2 ß 9Fγ Ú d Ù 9Fy

4co
2 Ù 9Fγ Ú d Ù 9Fy

à ÜÜÜÜÜáÜÜÜÜÜâ (67)

6 Conclusions

Thesignificanceof thiswork liesin thatit providesamechanismfor linearizinganddecouplingtheforceaxes
in complicatedmagneticactuators.Typically, variationof any onecoil currentin sucha deviceaffectsall of
theforcecomponentsthatthedevicecangenerate.Further, this interdependenceis, fundamentally, quadratic.
Using theanalysispresentedhere,a simplelinear relationshipcanbefoundwhich relatesthedesiredforce
componentsandanadditionfixedbiasingtermto thebestsetof coil currents.Sincetheanalysisis not limited
to aspecificgeometryor numberof actuatorforcecomponents,it canbeappliedto asymmetricstators,stators
with failedcoils,andstatorswhichgeneratemorethantheusualtwo orthogonalforcecomponents.

A clearmechanismhasbeendemonstratedfor achieving fault toleranceto coil failures. If oneor more
coilsfail, anew coil currentcontrolschemecanusuallybeconstructedwhichpreservesthelinearrelationship
betweenrequiredforcesand coil currents. This fault tolerancecomesat someexpensein load capacity
becausethe necessaryredistribution of magneticflux in the stator in order to achieve high forcesalong
vectorspassingthroughthepolesof thefailedcoils leadsto prematuresaturationin thestatoror journal.

Several issuesremainto be addressedin future work. First, while somenecessaryconditionswerede-
terminedfor existenceof a linearizingcurrentcontrolscheme,sufficient conditionswerenot found.Further,
attemptsto casttherelatively simpleproblemstatementinto a form solvableby existingelegantmatrixanal-
ysis tools wereunsuccessfulandthe problem,thoughsimply stated,mustbe solved by arduousnumerical
minimizationof aquadraticcostfunction.A preliminaryexaminationof solutionsto someexampleproblems
suggeststhat thesolutionsarenot simply connected.This maybeanartifactof theparticularchoiceof pa-
rameterspace.If thesolutionsweresimply connectedthengradientbasedalgorithmscouldbeemployedto
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find optimalsolutions.Finally, theminimaxproblemformulatedfor findingtheoptimalsolutionmayneedto
beelaboratedto moresuitablyreflectdesignconsiderationsotherthanloadcapacityunderlinearoperation,
suchaselectricalor thermalefficiency, journalpowerdissipation,andcoil currentdensities.
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Appendix:

Numerical Determination of W
Although somenecessaryconditionsfor the existenceof W have beenpresented,sufficient conditions

for existencehave not yet beendeveloped.Theonly methodat presentto prove theexistenceof linearizing
matricesis to find themnumerically. Onewayof proceedingis to definethefunction

J ã W äæå p

∑
j ç 1 è WTX jW é Mj è 22 (68)

Any W thatmakesJ å 0 is clearlya solutionto (27). Many othersuchfunctionsareequallyvalid, but this
particularcost function is a fourth-orderpolynomial in the elementsof W. Gradientmethodscanthenbe
employedto minimizeJ.

Alternatively, a methodsimilar to Newton-Raphsoncan be usedto find a valid W without explicitly
minimizing (68). Presently, theschemewill bedevelopedonly for thecaseof radialmagneticbearings,but
thegeneralizationto any numberof forcecomponentsfollowseasily.

Theproblemstatementof (25,26,27) canberewritten in theformêëëëëëëëëëëëëëëëëëëì

IíbXx 0 0
IíbXy 0 0

0 IíxXx 0
0 IíxXy 0
0 0 IíyXx

0 0 IíyXy

0 IíyXx IíxXx

0 IíyXy IíxXy

IíyXx 0 IíbXx

IíxXy IíbXy 0
IíyXy 0 IíbXy

IíxXx IíbXx 0

î#ïïïïïïïïïïïïïïïïïïð
ñò ó Ib

Ix

Iy

ô õö å
ñ÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷ò ÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷ó

0
0
0
0
0
0
0
0
0
0
1
1

ô ÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷õ÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷ö
(69)

or moresuccinctlyas
Ψ ã I ä I å b (70)

TheTaylorexpansionof Ψ ã I ä I aboutsomeparticularvectorIk is

Ψ ã I ä I å Ψ ã Ik ä Ik ø 2Ψ ã Ik ä δI øúù�ù�ù (71)

Thechangein I necessaryto solve (27) is thenestimatedby settingthefirst orderexpansionof Ψ ã I ä I equal
to b andsolvingfor δI usingtheMoore-Penrosepseudoinverse.

δI å 1
2

ΨT ã Ik äüû Ψ ã Ik ä ΨT ã Ik ä�ý¬þ 1 ã b é Ψ ã Ik ä Ik ä (72)

Thenext approximationfor I is
Ikÿ 1 å Ik ø ∆δIk (73)

where∆ is a stepsizelessthanor equalto 1. This iterationwill usuallyconvergegivenanadequatelysmall
valueof ∆.

17


