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ABSTRACT Four-wheel redundantly-actuated mobile robot (FRMR) offers high controllability and maneu-

verability for automation applications. However, the robot dynamics and actuator failures are normally

omitted in existing kinematic control schemes, whichmay lead to steering vibration and degraded robustness.

To deal with these problems, a fault-tolerant dynamic control method is developed for precise trajectory

tracking of the FRMR, which utilizes a two-level structure to cover the wheel-ground interactions and

possible actuator failures. In the high level, with a novel fractional-order sliding mode control, this method

offers an effective way to regulate the steering angle and eliminate the rotation chattering simultaneously.

For the redundantly-actuated issue, a robust allocation solution is presented in the lower level to straightly

determine optimal driving torques with full considerations of actuator failures and optimization efficiency.

The convergence and stability of the achieved FRMR system are guaranteed theoretically. The experimental

comparative results verify that higher tracking precision and enhanced robustness can be obtained using our

proposed method.

INDEX TERMS Fault-tolerant dynamic control, four-wheel redundantly-actuated mobile robot,

fractional-order sliding mode control, wheel-ground interactions.

I. INTRODUCTION

Due to the remarkablemaneuverability, flexibility and dexter-

ity, mobile robots have received a growing interest in broad

applications, such as manufacturing, agriculture and outdoor

exploration [1]–[3]. Equipped with active steerable wheels,

the four-wheel redundantly-actuated mobile robot (FRMR)

allows the main body of wheels and rollers to rotate actively.

Thus, it owns higher adaptability to locomote towards arbi-

trary directions on an uneven floor or slippery terrain [4].

Consensus, precise trajectory tracking of an FRMR performs

as the basic foundation that is worthy of effective investiga-

tion, especially when the excessive slip, force disturbances

and actuator failures at the four wheels cannot be ignored in

dynamic environments.

Up to now, many efforts have been devoted to the con-

trol design of mobile robots, which can be classified into

two categories, i.e., kinematic control and dynamic con-

trol [5]–[7]. The kinematic control is widely studied and
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many good results have been established with the driving

wheel velocities being the reference commands [8]–[10].

One prominent advantage of this scheme is that it is not

subjected to kinematic model uncertainties, and at the same

time, can be used to represent different mobile robots with

minor geometric parameter perturbations. However, robotic

chassis behaviors are limited due to the fact that the wheel

dynamics are not considered when designing a kinematic

controller [11]. As is well-known, these parts of dynamics

are important since the robot wheels are the means to make

it physically reach the objective positions and orientations.

In the other side, dynamic control approaches are capable of

directly optimizing the driving torques for each wheel such

that better anti-disturbance and tracking performances can

be expected [12]. For instance, an integrated steering and

braking control scheme is presented for automated driving

of a vision-based autonomous vehicle, with a special focus

on attenuating the coupled and nonlinear features [13]; a

cascade motion controller considering actuator dynamics is

designed at kinematic and dynamic level simultaneously,

which guarantees that the nonholonomic mobile robot tracks
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a given trajectory [14]. It is pointed out that most of exist-

ing researches concentrate on two/three-wheel, car-like or

skid-steered mobile robots, and seldom studies pay atten-

tion to a robot platform with redundantly-actuated mecha-

nisms [15], [6]. Meanwhile, wheel-ground interactions are

not taken into account during control implementation. This

is because formulating an accurate dynamic model of an

omnidirectional mobile robot is still a tough work due to

complex conditions of external environments with slippery

terrain or uneven ground.

Among previous related methods, Dai et al. propose a

sliding mode control (SMC) that enables a four-wheel-steer

four-wheel-drive robot to follow the predefined trajecto-

ries [16], [17]. Benefitting from separately regulating each

wheel’s steer angle, the mobility of an SMC-based robot

is improved in narrow spaces [18], [19]. These SMC solu-

tions adopt integer-order (IO) integrator and differentiator

to construct a steering sliding surface. As a result, large

gain for switching elements is employed leading to serious

chattering phenomenon or even fatal damages to the system

hardware. Fractional calculus can be extended to eliminate

the chattering issue caused by SMC switching principle,

especially for the fractional-order (FO) robot systems. It is

stated that natural FO features of robot systems have been

revealed [20]–[22]. In this sense, an adaptive FO sliding

mode control (FOSMC) can help the FRMR to improve its

robustness with respect to steering vibration and external

disturbances. Due to the additional degree-of-freedom and

nonlocality of fractional derivative operators, the FOSMC

design is more flexible and useful for dynamic performance

shaping during trajectory tracking. However, to the best of our

knowledge, the FOSMChas not been applied to dynamic con-

trol of the FRMR. In practice, the strong coupling between the

position and orientation phases makes it difficult to develop a

suitable FO sliding surface which can stabilize the achieved

FRMR.

For a dynamic controller of the FRMR, another challenge

should be noted is that the online adjustment of multiple

driving torques inevitably turns the omnidirectional robot

into an over-actuated system. For this end, the allocation

principle gives a promising way to schedule good velocity-

following performance by formulating an optimization cri-

terion and subsequently deriving applicable control inputs.

Recently, works have been done on over-actuated allocation

solutions, the applications of which include marine platform,

electric vehicle, autonomous underwater vehicle [23]–[25].

Associating with skid-steered mobile robots, Liao et al.

develop amodel-based coordinated adaptive robust controller

to address over-actuated features by adjusting the driving

torques online [9], [26]. However, actuator failure is not

addressed in these allocation solutions. For the FRMR con-

sidered in this paper, independent four-wheel control pro-

vides advantages such as simple mechanical structure and

redundant tire forces. The increased system complexity and

the number of actuators also increase the probability of fault

occurrences. For instance, the motors (actuators) may also be

totally lost, either free-rolling with no power or being locked

in a fixed position that results in frictions between the locked

wheels and the ground. The faults in the wheel motor result

in the performance loss of maneuverability and steering or

even lead to system catastrophic failures [27]. On the other

hand, the dynamic torque optimization brings heavy calcula-

tion burden due to the nonlinearity, non-differentiability and

multiple optima requirements of the FRMR control system.

Consequently, an efficient allocation controller with fault

accommodation capacity is worth exploring to maintain the

tracking control performance of the FRMR.

Bearing the above-mentioned analysis in mind, the aim of

this paper is to explore an effective fault-tolerant dynamic

control (FTDC) for the developed FRMR to keep it functional

even if the actuator fault occurs. The main contributions of

this paper are fourfold: (1) Compared with conventional kine-

matic control designs, the FTDC keeps the steering control

relatively independent of velocity control, and directly gener-

ate the desired driving torques for each wheel to achieve con-

trol satisfaction and over-actuated feasibility for the FRMR,

despite the actuator failures; (2) Instead of exploiting integer

calculus, a novel FOSMCwith fractional-integral sliding sur-

face is presented for accurate steering control with enhanced

abilities of mitigating the chattering phenomenon; (3) An

enhanced artificial bee colony (ABC) is incorporated into the

developed FTDC scheme, which is beneficial for guarantying

the driving torque optimization efficiency; (4) Implemented

on a developed real-time FRMR, comprehensive experiments

substantiate the efficacy and superiority of the proposed

FTDC trajectory tracking method.

The remainder of this paper is structured as follows.

Section II gives the preliminaries and problem statement.

The FTDC framework is detailed in Section III, including

FOSMC steering regulation and over-actuated optimization

solution. Extensive experimental verifications are illustrated

in Section IV, respectively. Finally, Section V concludes this

paper.

II. PRELIMINARIES AND PROBLEM STATEMENT

A. PRELIMINARIES

There exists two widely-employed fractional operators:

Caputo fractional operators and Riemann-Liouville (R-L)

fractional operators. It is well-known that R-L fractional oper-

ator has initial value problems, therefore Caputo fractional

definition is used throughout the whole paper, which is more

practical than R-L fractional operator for physical systems.

Definition 1: With an order α ∈ R, Caputo fractional

derivative of a time-dependent function x(t) is given by

C
a D

α
t x(t) =



























1

Ŵ(m− a)

∫ t

0

×
x(m)(τ )

(t − τ )α−m+1
dτ, m− 1 < α < m

dm

dtm
x(t), α = m

(1)
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wherem ∈ N
+ denotes the first integer that is not less than α,

a and t denote the upper limit and lower limit, respectively,

Ŵ() denotes Gamma function defined as

Ŵ(α) =

∫ ∞

0

vα−1e−vdv (2)

In this paper, a simplifiedDα is used to denote Ca D
α
t without

any confusion.

Property 1: For arbitrary fractional orders α, β ∈ R
+,

the following equalities hold

Dα
[

Dβx(t)
]

= Dβ+αx(t) (3)

Dα
[

D−βx(t)
]

= Dα−βx(t) (4)

D−α
[

Dβx(t)
]

= Dβ−αx(t)

−

m
∑

j=1

[

Dβ−jx(t)
]

t=t0

(t − t0)
α−j

Ŵ(1 + a− j)
(5)

where t0 denotes the start time.

Lemma 1: If there exists a continuously differential func-

tion V (x(t)) ∈ R with respect to x(t) such that [28]

α2 ‖x(t)‖a ≤ V (x(t)) ≤ α1 ‖x(t)‖ab (6)

DβV (x(t)) ≤ −α3 ‖x(t)‖ab (7)

where t > 0, 0 < β < 1, α1, α2, α3, a and b are arbitrary

positive constants, then, x(t) is global Mittag-Leffler stable.

B. PROBLEM STATEMENT

As depicted in Figure 1, the kinematic model of an FRMR can

be constructed with two virtual wheels located on the center

line of the main body, namely front wheel and rear wheel. Let

(xt , yt ) and θt denoting the robot position and orientation with

respect to the reference coordinate frame, respectively. Then,

the kinematic dynamics of the FRMR are described by

ẋt = Vl cos θt (8)

ẏt = Vl sin θt (9)

θ̇t =
Vl

Lf + Lr
(tan δf − tan δr ) (10)

where Vl is the longitudinal velocity, Lf and Lr denote the

distances from wheels to the robot centre of gravity (CG)

shown in Figure 1, δf and δr denote steering angles of the

front wheel and rear wheel, respectively.

As shown in Figure 1, an error vector E is defined in the

global coordinate frame based on CG = (xt , yt , θt )
T and

the instantaneous tangent line to the reference point P =

(xr , yr , θr )
T. Aligning with the tangent line to the trajectory

RP atP, we will consider the following kinematic offset angel

θT = tan−1

(

Ty − yt

Tx − xt

)

(11)

Tx = xp + |I| cos θr , Ty = yp + |I| sin θr (12)

where Tx and Ty denote the moving distances of X-axis and

Y-axis at P, respectively, and |I| denotes the vector of unit

magnitude.

FIGURE 1. Kinematic model of the FRMR.

Define an error signal θe determined by θe = θt−θT . Then,

two measurable virtual states x1 =
∫

θedt and x2 = θe are

presented as

ẋ1 = θe = x2 (13)

ẋ2 = θ̇t − θ̇T + d

=
Vl

Lf + Lr
tan δf −

Vl

Lf + Lr
tan δr − θ̇T + d (14)

where d = 1kt (θ̇ − θ̇T ) + d ′ denotes the bounded lumped

unknown parameter uncertainties and external nonlinear dis-

turbances, 1kt represents the uncertainty of the coefficient

and d ′ is the external nonlinear disturbances.

In the other side, the accelerations Aci = [ alc arc γc ]
T of

the developed FRMR is presented as

Aci = [ alc arc γc ]
T

=















1

M − 4md
0 0

0
1

M − 4md
0

0 0
1

Jz







































1 0 −Lh
0 1 Lf
1 0 Lh
0 1 Lf
1 0 Lh
0 1 −Lr
1 0 −Lh
0 1 −Lr

























T

×









R1Fw1
R2Fw2
R3Fw3
R4Fw4









(15)

where Fwi = [Fdi FLi ]
T(i = 1, 2, 3, 4) denotes the force

vector on the four wheels with Fdi and FLi being the resid-

ual drive force and lateral force, respectively, alc, arc and

γc are the longitudinal, lateral and angular accelerations,

respectively, M and Jz are the robot mass and body inertia,

separately,md is themass of each driving unit, Lh denotes half

of the robot width, Ri(i = 1, 2, 3, 4) is the transfer matrices

represented by

Ri =

[

cos δi
sin δi

− sin δi
cos δi

]

(16)
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FIGURE 2. Overall control architecture.

where the steering angles δi(i = 1, 2, 3, 4) of four indepen-

dent wheels are determined by the virtual wheels located in

the robotic body center line, i.e.,

δi = tan−1

(

L1i tan δf

Lf + L2i tan δf

)

(17)

where L11 = L12 = Lf ,L13 = L14 = −Lf ,L21 = L24 =

−Lh,L22 = L23 = Lh.

Based on the kinematic offset model and accelerations

formulations of the FRMR, the objective of this paper is to

derive the steering anger, i.e., δi(i = 1, 2, 3, 4), and torque

control law for the FRMR, referred as an FTDC law. In this

way, the actuator failure issue, wheel-ground interactions and

wheel dynamics can be properly addressed to keep the FRMR

functional and enhance its robustness achieving satisfactory

trajectory tracking performance.

III. FAULT-TOLERANT DYNAMIC CONTROL

Aim at obtaining an accurate trajectory tracking, we present

an FTDCon the basis of the kinematic and dynamicmodels of

the developed FRMR. As demonstrated in Figure 2, the over-

all architecture employs a two-level control framework con-

sisting of: (1) a high-level module that determines the desired

steering angle so that the instantaneous turning can be derived

with guaranteed accuracy; (2) a lower-level module, which

accommodates the over-actuated problem by allocating the

desired accelerations with optimal torque reference for each

wheel to force the developed FRMR to follow the desired

velocities precisely.

A. KINEMATIC STEERING REGULATIONS

Differing from the traditional IO relating methods [29], a new

FO sliding surface is presented in this paper to enhance the

steering convergence and stability

s = σ1θe(t) + σ2D
α−1θe(t) (18)

where σ1 ∈ R
+ and σ2 ∈ R

+ denote user-defined pos-

itive coefficients, α ∈ (0, 1) represents the order of inte-

gral operation. It is pointed out that the steady-state error

and steering chattering of the resulting robot system can

be effectively mitigated by the additional fractional-integral

term with pre-defined order α and coefficients σi(i = 1, 2),

as indicated by the following results.

Theorem 1: Suppose the lumped parameter uncertainties

and external disturbances are bounded such that |d | < dd
where dd is a positive constant. The FRMR steering offset

model demonstrated by (13) is asymptotically converged if

the virtual steering angers δf and δr are regulated adaptively

by applying

δf = −δr

= − tan−1

(

(

σ1θ̇T −σ2D
αθe(t)−ξ1s−ξ2sign(s)

) (

Lf +Lr
)

2σ1Vl

)

(19)

where ξ1 ∈ R
+ and ξ2 ∈ R

+ are switching coefficients and

sign(s) is the symbolic function.

Proof: By using (18), we can design the FOSMC system

UFSMC expressed as (20), which combines an equivalent

control law Ueq designed as (21) and a hitting control law

Uhit designed as (22), i.e.,

UFSMC = Ueq + Uhit (20)

Ueq =

(

θ̇T −
σ2D

αθe(t)

σ1

)

Lf + Lr

Vl
(21)

Uhit = −
Lf + Lr

σ1Vl
(ξ1s+ ξ2sign(s)) (22)

Suppose that the control input is determined by

tan δf − tan δr = UFSMC , we get

tan δf − tan δr =

(

θ̇T −
σ2D

αθe(t)

σ1

)

Lf + Lr

Vl

−
Lf + Lr

σ1Vl
(ξ1s+ ξ2sign(s)) (23)

Differentiating (18) in time-domain yields

ṡ = σ1θ̇e(t) + σ2D
αθe(t)

= σ1
(

λ
(

tan δf − tan δr
)

− θ̇T + d
)

+ σ2D
αθe(t) (24)

The combination of (20) and (24) results in

ṡ = σ1
(

λ
(

Ueq + Uhit
)

− θ̇T + d
)

+ σ2D
αθe(t)

= σ1λ

(

θ̇Tλ−1 −
σ2λ

−1Dαθe(t)

σ1
−

ξ1s+ ξ2sign(s)

σ1λ

)

− σ1θ̇T + σ1d + σ2D
αθe(t)

= σ1

(

−
σ2D

αθe(t)

σ1
− (σ1)

−1 (ξ1s+ ξ2sign(s)) + d

)

+ σ2D
αθe(t)

= σ1d − ξ1s− ξ2sign(s) (25)

where λ = Vl(Lf + Lr )
−1 is a defined intermediate variable.

Then, we choose a Lyapunov function candidate as

V = 0.5s2 (26)

By applying (25) and (26), we have

V̇ = s× ṡ

157912 VOLUME 7, 2019
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= s× (−ξ2sign(s) + σ1d − ξ1s)

= −ξ2 |s| + σ1ds− ξ1s
2 (27)

Thus, if the uncertainties are bounded and the inequality

ξ2/σ1 > dd ⇒ ξ2 > σ1 |d | ⇒ ξ2/σ1 > |d | (28)

is satisfied, the following formulation holds

V̇ ≤ − (ξ2 − σ1dd ) |s| (29)

From (29), it is concluded that V̇ < 0 holds, and thus the

Lyapunov stability of the closed-loop mobile system is guar-

anteed, i.e., the reaching condition of sliding mode controller

is satisfied. Here completes the proof.

Theorem 2: The steering regulation law (19) drives the

system to converge to switching manifold in finite time.

Proof: Since the hitting law is determined by (22), when

s ≥ 0, the switching manifold becomes

ṡ = −
Lf + Lr

σ1Vl
(ξ1s+ ξ2) (30)

From (30), we can get the convergence time as

t = t0 −
σ1Vlξ1

Lf + Lr
ln

ξ2

ξ1s(t0) + ξ2
(31)

where t0 is the initial time and s(t0) is the initial state.

Likewise, when s < 0, one can obtain that

t = t0 −
σ1Vlξ1

Lf + Lr
ln

ξ2

−ξ1s(t0) + ξ2
(32)

Thus, if the following inequality with respect to time

t ≥ t0 −
σ1Vlξ1

Lf + Lr
ln

ξ2

ξ1 |s(t0)| + ξ2
(33)

is satisfied, the resulted systemwill converge to the switching

manifold in finite time at any initial state. Here completes the

proof.

Theorem 3: The steering error will asymptotically slide to

zero under the proposed steering control scheme, i.e., when

the sliding mode occurs, the states can converge to the refer-

ence points fast and stably.

Proof: When the sliding mode occurs, i.e., s = 0,

we conclude

Dα−1θe(t) = −σ1σ
−1
2 θe(t) (34)

Based on property 1, taking the fractional differential

of (34) with order (1 − α) yields

D1−αDα−1θe(t) = D1−α
(

−σ1σ
−1
2 θe(t)

)

(35)

For α = n, where n is an integer, the operation Dαx(t)

gives the same result of IO integration and differentiation, and

specially for α = 0, we may obtainD0x(t) = x(t) [30]. Thus,

one can obtain

D1−αθe(t) = −σ−1
1 σ2θe(t), 0 < α < 1 (36)

Selecting a Lyapunov function candidate in the form of

V = ‖θe(t)‖, its derivative along the trajectory (36) is

achieved as

D(1−α)V = D(1−α) ‖θe(t)‖ (37)

Then, as studied in [31], one can conclude that the follow-

ing inequality D(1−α) ‖θe(t)‖ ≤ sign(θe(t))D
(1−α)θe(t), and

further we get

D(1−α) ‖θe(t)‖ ≤ sign(θe(t))D
(1−α)θe(t)

= −σ−1
1 σ2sign(θe(t))θe(t)

= −σ−1
1 σ2 ‖θe(t)‖ (38)

Then, we may conclude that

V + σ−1
1 σ2D

υV ≤ 0 (39)

From Lemma 1, ‖θe(t)‖ = 0 is globally Mittag-Leffler

stable. Therefore, the error signal θe(t) decays towards 0,

i.e., ‖θe(t)‖ → 0(t → +∞), therefore it is known that

the steering control system is asymptotically stable, and the

resulting orientation can converge to the reference fast and

stably. Here completes the proof.

In this paper, the symmetric constraint δf = −δr is used

in this paper, which implies that the turning radius of the

vehicle can be reduced up to 35% by using four-wheel sym-

metric steering system without crossing the practical limi-

tations [32]. Note that the repeated switching of the sliding

surface raises chattering and the gains of the hitting law, that

is, ξ1 and ξ2, determines the chattering intensity. However,

a balance need to be made between the dynamic tracking and

chattering elimination, and the system robustness cannot be

guaranteed. The slope coefficients of the switching surfaces

are regulated adaptively by using the elements of fuzzy logic

rules and then achieving the suitable hitting gains. To be

more specific, the sliding surfaces s and its differential are

the inputs, and ξi(i = 1, 2) is chosen as the output. We con-

struct the fuzzy sets as {Negative Big, Negative Small, Zero,

Positive Small, Positive Big}. Then, the type of fuzzy rules is

determined by ‘‘IF-THEN’’ using the following form:

R(j) : IF s is F
j
s and ṡ is F

j
ṡ THEN ξi is F

j
ξi

where F
j
s and F

j
ṡ comprise the set of s and ṡ, respectively, and

F
j
ξi
is the output of the j th fuzzy rule.

The aggregate fuzzy output sets for the defuzzification

process is converted to precise variables, which is derived by

the singleton fuzzifier and center average defuzzifier as

output(ξi) =

m
∑

j=1

(

γ iξiµF
j
i

(x)
)

m
∑

j=1

µ
F
j
i

(x)

= H
T
ξi
χξi (x) (40)

where µ
F
j
i

(xi) is the Gaussian membership function of lin-

guistic variable xi,m and n denote the number of fuzzy rules,

Hξi = [γ 1
ξi
, γ 2

ξi
, . . . , γmξi ]

T, γ i
ξ ′
i
is the mean value of µ

F
j
i

(xi),

χξi (x) = [χ1
ξi
(x), χ2

ξi
(x), . . . , χm

ξi
(x)]T denotes the vector of

VOLUME 7, 2019 157913
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the height of the membership functions of output(ξi), and

χ
j
ξi
(x) is defined as

χ
j
ξi
(x) =

µ
F
j
i

(x)

m
∑

j=1

µ
F
j
i

(x)

(41)

By using the above fuzzy logic system, the control gain

can be scheduled online via the fuzzy rules according to the

variety of slding surface and its differential.

For the proposed FOSMC method, the IO case is still

applicable. The following results demonstrate the advantages

of the proposed FOSMC in terms of the chattering alleviation

and control convergence. When the sliding mode occurs,

we have

θe(t) = E1−α,1(t)θe(0) (42)

where E1−α,β (t) =
∑∞

k=0 (σ
−1
1 σ2t

(1−α)k/Ŵ((1 − α)k + β)))

is the state transfer function [33].

Specially, the state transfer function of IO sliding surface,

namely, 1 − α = 1, is determined by

E1,1(t) =
∑∞

k=0

−σ−1
1 σ2t

k

Ŵ(k + 1)

=
∑∞

k=0

−σ−1
1 σ2t

k

k!
= exp(−σ−1

1 σ2t) (43)

The decaying type of FO system is different from the IO

system. As illustrated in [34], we may get

E1−α,1(t) =
∑∞

k=0

−σ−1
1 σ2t

(1−α)k

Ŵ ((1 − α)k + 1)
≈
(−σ−1

1 σ2)t
α−1

Ŵ(α)

(44)

As shown in Figure 3, it can be seen that the state θe(t)

of FO system decays towards zero like t−α and IO system

decays towards zero like exp(−σ−1
1 σ2t). It proves that the

energy transfer is slower with FO sliding surface than that

with its IO counterpart. Thus, the inevitable chattering can

be mitigated significantly by utilizing the proposed FOSMC

steering control method.

B. OVER-ACTUATION SOLUTION

The considered actuator failure is that some motors totally

lose power or are stuck which will introduce additional frac-

tions. In this paper, this type of actuator failure for one motor

is modelled as

F ′
di(t) = ηi(t)Fdi(t) + (1 − ηi(t)) ūi(t), t > ti (45)

where i denotes the number of the hub-motor, ti is the occur-

ring time instant, ūi(t) is the friction value that is unknown

but constant, and ηi(t) is the failure pattern index defined as

ηi(t) =

{

0 if the ith motor fails

1 otherwise
(46)

Note that ηi(t) = 0, ūi(t) = 0 implies that the motor

loses its power but can residual rotate freely; ηi(t) = 0,

FIGURE 3. Sliding model motion with FO or IO sliding surface.

ūi(t) 6= 0 means that the motor is stuck that introduces a

additional friction ūi(t) and counter electromotive force.

In this paper, the robot is considered to be functional in

steering control due to that the tuning angler and the tuning

torque is usually considered to be relatively small. As demon-

strated in [16], the lateral force FLi has a linear relationship

with the slip angle αi with [− 5o 5o ], so that we obtain

FLi = kLiFNiαi, otherwise FLi = 5sign(αi)kLiFNi, where kLi
and FNi are the lateral slip coefficient and vertical load at each

wheel, separately. From the kinematic states and geometry

relationship of the wheel dynamics, one can derive that

αi = βi − δi = tan−1

(

υYV + liω

υXV + Liω

)

− δi (47)

where βi denotes the side slip angle indicating the direction

of wheel actual velocity υωi, υYV , υXV and ω denote the

longitudinal velocity, lateral velocity and angular velocity,

respectively, and l1 = l2 = lf , l3 = l4 = −lf , L2 = L3 = Lh,

L1 = L4 = −Lh.

As for the residual drive force Fdi, it is assumed to be linear

with the longitudinal slip λi, and the slop of this linear rela-

tionship depends on the vertical load FNi and the longitudinal

slip coefficient kli, i.e.,

Fdi = kliFNiλi =
kliFNi (Rωωi − υωi)

max {Rωωi, υωi}
(48)

where Rω denotes the wheel radius, υωi denotes the actual

longitudinal velocity at the wheel center determined by

υω1 =
[

Vl − Lh� Vr + Lf �
] [

cos δ1 sin δ1
]T

(49)

υω2 =
[

Vl + Lh� Vr + Lf �
] [

cos δ2 sin δ2
]T

(50)

υω3 =
[

Vl + Lh� Vr − Lr�
] [

cos δ3 sin δ3
]T

(51)

υω4 =
[

Vl − Lh� Vr − Lr�
] [

cos δ4 sin δ4
]T

(52)

For each wheel, ωi(i = 1, 2, 3, 4) can be obtained by the

integration of ω̇i

Jwω̇i = Ti − Rw
[

cos δi sin δi
] [

Fdi Fri
]T

(53)

Fri = FNikri (54)
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where Jw denotes the wheel inertia, Ti is the wheel torque, Rw
denotes the wheel radius and kri denotes the rolling resistance

coefficient.

As the controlled robot is an over-actuated mobile robot,

construct the following objective function

J (Fwi) = min
Fwi

µ1(A
d
ci − A

f
ci)

2 + µ2 ‖Fwi‖
2 + µ3 ‖1Fwi‖

2

(55)

where1Fwi denotes the driving torque increment,Adci andA
f
ci

denote the desired acceleration deriving from optimizing Fwi
and acceleration feedback, respectively, µi(i = 1, 2, 3, 4) is

the predefined weighting factor.

To find the most suitable force vector, we adopt the ABC

algorithm to enhance the optimation efficiency [35], [36].

The ABC algorithm simulates the foraging behavior of bees

for multimodal and multi-dimensional numerical optimiza-

tion problems. This algorithm has numerous advantages of

few parameters and strong search capability, which makes

it has received large amounts of attention recently. For the

traditional ABC, a greedy selection mechanism is applied

between the individual xij and new individual vij, i.e., vij =

xij + rand(0, 1)(xij − xkj), where i = 1, 2 . . . , SN , SN is the

total number of population, j is uniformly distributed random

inter numbers representing the index of each component.

In traditional ABC, it should be mentioned that a neighbor

of a current individual is selected completely randomly by

a current individual to perform the global optimal solution

searching of the further iterations. This emplies that effi-

ciency and convergence of the optimization process will be

affected since the optimization search is a random search

to some extent. Moreover, the achieved solution can easily

getting trapped in local monima. As studied in [37], to address

this problem, we pick a relatively rational neighbor for the

current individual by taking the neighbor information into

fully consideration. For this end, we offer the following

attractive force Fik of the individual xk attracting the current

individual xi

Fjk = G
fitj · fitk

r2jk + ε
(56)

where j = 1, . . . , SN ,G is the pre-defined attractive force

coefficient, rik = ‖xi − xk‖2 denotes the Euclidian distance

between xj and xk , ε is a small constant, fitj denotes the

indicator-based fitness function determined by

fitj = exp(−J (Fwi)j) (57)

where J (Fwi)j is the cost function value of the solution Fwi,

which is defined as (55).

Moreover, to choose an individual as a neighbor is associ-

ated to the attractive force between the current individual and

the the neighbor individual. Moreover, for the next iteration,

a neighbor individual k can be selected by a current individual

i under a probability pjk

pjk =
Fjk

∑SN
n=1 Fjn

(58)

The enhanced ABC optimization algorithm related to our

over-actuated solution is depicted in Algorithm 1. In this

way, the optimal driving torques can be obtained for each

wheel such that the FRMR can reaching the desired position

and orientation.

Algorithm 1 Improved ABC Algorithm

Input: the force vector Fwi

Output: over-actuated objective function J (Fwi)

// Initialization

1: Initialize a popution of SN individuals randomly

2:Specifythe related parameters: limit,G, ε, α, β, traili
// the employed bees phase

3: while NotExceedMaxIterations do

4: for each i ∈ [1, SN ] do

5: Obtain a new solution v and evaluate its qualty

6: if J (v) ≤ J (xi) then

7: Replace xi with v and set traili = 1

8: else

9: Set traili = traili + 1

10: end if

11: end for

// the onlooker bees phase

12: for each i ∈ [1, SN ] do

13: Calculate all the probability pik using (58), k ∈

[1, SN ] and k 6= i

14: r = rand(0,1)

15: Find the first j that pi1 + pi2 + .. + pij ≥ r

16: Compute a new solution v and evaluate its qualty

17: if J (v) ≤ J (xi) then

18: Replace xi with v and set traili = 1

19: else

20: Set traili = traili + 1

21: end if

22: end for

// the scout bees phase

23: for i ∈ [1, SN ] do

24: if trials ≥ limit then

25: Replaces xi with a newly produced individual v

26: Set trails = 1

27: end if

28: end for

29: record the best solution obtained so far

30: end while

The optimized motor drive forces are the desired residual

forces for four wheels. In this paper, we consider the rolling

resistance and inertia effects to determine the driving torque

Ti(t) applied at individual wheels, which implies

Ti(t) = ngKtζgUi(t), i = 1, 2, . . . , 4 (59)

where Ui(t) denotes the generated current, Kt and ng denote

the torque constant and gear ratio, respectively, and ζg is the

transmission efficiency between the servomotor and gearbox.

To maintain the desired forces on each wheel, proportion
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integration controller is applied, which has the advantages of

simple structure and easy implementation. However, a pro-

portion integration controller with static parameters cannot

achieve a satisfactory control performance. This is because

there exist many unknown disturbances such as friction force,

time-varying inertia and elastic deformation, which will miti-

gate the performance of the wheel system. In practice, during

the recursive process, the integration cannot achieve tracking

capabilities and good static error elimination simultaneously.

When the tracking error is small, the PI controller should

strengthen the integration factor using a big coefficient to

mitigate the static error which may often lead to overshoot

or even integration saturation and vice versa. Considering

that, we change the traditional proportional-integral con-

troller using an adaptive-scheduled integration rate as

U ′
i (t) = ki

{

t−1
∑

i=0

e(i) + f [e(t)]e(t)

}

T (60)

where T denotes the control period, e(t) denotes the force

error between the desired force and force feedback, and

f [e(t)] denotes the coefficient function determined by

f [e(t)] =















1 |e(t)| ≤ B
A− |e(t)| + B

A
B < |e(t)| ≤ A+ B

0 |e(t)| > A+ B

(61)

where A ∈ R
+ and B ∈ R

+ denote pre-selected constants.

Finally, the input signal for torque control is derived as

Ui(t) = kpe(t) + ki

{

t−1
∑

i=0

e(i) + f [e(t)]e(t)

}

T (62)

In practice, the limited mechanical properties and satu-

ration nonlinearities of FRMR actuation systems restrict its

tracking performance. Meanwhile, higher overshoot, longer

regulation time and deteriorative system stability may result

from the magnitude constraints. In this paper, the anti-

windup approximation of the input signals can be incor-

porated into the dynamic control framework to further

tackle the input saturation issue and enhance the robustness

simultaneously [38].

IV. EXPERIMENTAL VERIFICATION

A. EXPERIMENTAL SETUP

To demonstrate the effectiveness and applicability of the

proposed FTDC-based method, a real-time implementation

of the control strategy is developed for the FRMR for the pur-

pose of performing locomotion andmanipulation in industrial

manufacturing. Figure 4 demonstrates the main components

of the developed FRMR system, which mainly consists of

a cooperative manipulator, industrial camera, laser, electric

cabinet and four active steer-drive omnidirectional wheels.

The on-board industrial computer uses Intel(R) Core (TM)

i-74510U processor with a specification of 2.59 GHz and 8G

RAM. For the developed FRMR, we can access the torque

of the four-wheels directly during the control procedure.

FIGURE 4. The prototype of the developed FRMR.

The parameters of the FRMR are set as M = 1000 kg,

Jz = 60 kgm2,md = 2.352 kgm2, Lf = 0.48m, Lr = 0.48m,

Lh = 0.56m, Jw = 2.352 kgm2,Rw = 0.28m. The robot

reduction ratio of the driving axis and steering axis are 7.6 and

60, respectively. The sampling interval is 100 ms. The max

steering angle and max torque of the driving motors are 60◦

and 50 Nm, respectively.

To implement the proposed FTDCmethod, the correspond-

ing parameters are set as ξ1 = 1.25, ξ2 = 4.75, α = 0.9,

kri = 0.2, ξ = 1, µ = 0.001, ε = 0.3. For compari-

son, we adopt the traditional kinematic PID control scheme,

which calculates the generate control input as velocity terms.

Specifically, the parameters of PID controller are determined

by Kp = 1.6, KI = 0.65 and KD = 0.1.

B. EXPERIMENTAL RESULTS

In order to validate the applicability of the proposed

control scheme, the driving torque is optimized and the

FRMR is required to follow reference trajectories. Spe-

cially, the following three cases are considered to verify

the torque optimization efficiency and fault accommodation

capacity.

1) CASE 1) TORQUE OPTIMIZATION:

The efficiency comparison is carried out usingMatlab 2019 in

industrial computer. The related parameters are set as SN =

200, G = 9.8, ε = 0.01. Figure 5 depicts the running

iterations based on the traditional ABC algorithm and the

enhanced ABC algorithm. It is clear that the iteration num-

ber required for torque optimization is significantly reduced

under the enhanced ABC algorithm. As can be seen from

Figure 5, the enhanced algorithm can achieve the optimal

results within 19 repeated trails while the traditional one

needs more than 40 iterations searching for the global opti-

mum. The elapsed time of the traditional ABC is 0.0564 s

while after improvement, the required time is reduced to

0.0175 s. This is because that we modify the conventional

random search by using an attractive force to drive the cur-

rent individual to approach the best solution. It is concluded
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FIGURE 5. Evaluation of enhanced ABC algorithm.

FIGURE 6. Tracking responses of the developed FRMR in case 2.

that compared with traditional ABC, our enhanced ABC

requires less computation time and guarantees optimization

efficiency.

2) CASE 2) NORMAL TRAJECTORY PERFORMANCE:

In this case, all the actuators are assumed to be functional

during the operational process, which can demonstrate

the trajectory tracking performance with respect to steer-

ing scheduling and acceleration regulation. The tracking

responses and corresponding tracking errors are shown

in Figure 6 and Figure 7, respectively. It should be noted that

in Figure 7, the norm value of the tracking errors is deter-

mined by
√

x2e + y2e + θ2e . As we can see from these results,

the FRMR eventually approached the reference trajectory

with asymptotic convergence. Moreover, using the proposed

FO FTDC scheme, the FRMR is able to mitigate the tracking

errors, i.e., xe, ye, and θe, as comparing to the traditional PID

kinematic control and IOSMC scheme. Figure 8 shows the

results of the sliding surfaces of IOSMC and the proposed

FO sliding surface. It is clear that by utilizing the fractional

calculus to construct a sliding surface, the chattering is alle-

viated significantly, which is useful to enhance the dynamic

regulation of the steering angle, thereby achieving smooth

trajectory tracking.

To demonstrate the superiors of the proposed method more

clearly, we have the performance indexes of the tracking error

in terms of the statistics information and integral squared

FIGURE 7. Tracking errors of the developed FRMR in case 2.

FIGURE 8. The sliding surfaces in case 2.

FIGURE 9. Statistics index of the tracking errors in case 2.

error. The mentioned results are presented in Figure 9 and

Figure 10, which show that the new- developed method is

capable of obtaining satisfactory performance. As shown

in Figure 9, our method makes the tracking error with a

smaller vibration around zero, and moreover the average

values of these three errors are closer to zero. It is concluded

from Figure 10 that under the proposed method the ISE of

xe, ye, and θe are 9.6428 %, 68.4655 %, and 60.9880 %

of that under the traditional PID method, respectively. This

indicates the effectiveness of our method in a comprehensive

way.

Figure 11 and Figure 12 show the steering angles and opti-

mization driving torques on each wheel, respectively, which

yields the final trajectory responses above.
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FIGURE 10. ISE of the tracking errors in case 2.

FIGURE 11. Steering angles in case 2.

FIGURE 12. Optimized driving torques in case 2.

3) CASE 3) FAULT-TOLERANT PERFORMANCE:

Thewheel of number 3 lost its power is considered in this case

to evaluate the robustness of the proposed method against

actuator failure. The desired trajectory is shown in Figure 13,

which is conducted in an uneven ground to supply more

disturbances to test the tracking performance. Since the tra-

ditional kinematic PID control scheme is not applicable in

the presence of actuator failure, we adopt the IOSMC for

comparison in this case similarly as case 2.

The experimental results for the fault-tolerant tracking are

shown in Figure 13 and Figure 14. Figure 14 is the result of

the corresponding tracking errors in which the robot started

initial posture errors of 0 m, 0.5 m, 0.4 rad for xe, ye, and

θe, respectively. Although there are forward and backward

FIGURE 13. Tracking responses of the developed FRMR in case 3.

FIGURE 14. Tracking errors of the developed FRMR in case 3.

fluctuations initially in the X-Y directions, all the three pos-

ture states converged to desired trajectory. Under the pro-

posed FTDC method, the tracking errors are much smaller as

compared to IOSMC method. Specially, as a profile of inde-

pendently steering regulation, θe is mitigated significantly

using the proposed FTDC method. Likewise, we present the

norm of the tracking errors determined by
√

x2e + y2e + θ2e
in Figure 14, from which we may conclude that our method is

of the capacity of enhancing the system dynamic performance

comprehensively. It is confined that the proposed FTDC is

successful used for the purpose of trajectory tracking of the

FRMR in the presence of actuator failure with guaranteed

system robustness.

For the designed coupled sliding surfaces, the vibration

tendencies are denoted in Figure 15. It is obvious that the

sliding surfaces approach zero under the SMC scheme, and

some chattering can be found during the sharp tuning of

the desired trajectory. With the FO sliding surface, we may

mitigate the magnitudes of sliding motions to achieve an

acceptable level quickly. Thus, the resulted FRMR system

can obtain satisfactory tracking performance.

To be more succinct, we have drawn the performance

indexes of the tracking errors with respect to the statistics

information and ISE, as shown in Figure 16 and Figure 17,

respectively. Compared with the traditional IOSMC scheme,

the tracking errors can be significantly reduced by the pro-

posed switched fractional-integral FTDC control scheme.
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FIGURE 15. The sliding surfaces in case 3.

FIGURE 16. Statistics index of the tracking errors in case 3.

FIGURE 17. ISE of the tracking errors in case 3.

Taking the ISE for example, by using our proposed method,

the ISEs of xe, ye, and θe end up by 54.7619 %, 29.9214

% and 37.9549 %, respectively. This demonstrates that the

proposed FO control scheme is beneficial for reducing the

tracking error in all the phases due to the additional degree-

of-freedom.

Figure 18 and Figure 19 show the steering angles and opti-

mized driving torques of the functional wheels, respectively.

It should be mentioned that, in this case, wheel number 3 is

assumed to be in fault state with only the ability to roll-freely,

which implies it cannot supply power for driving forward or

backwards. Thus, comparing with Figure 11, we can see that

in this case the control input of T3 keeps zero during thewhole

operation. Using our proposed FTDC, both the IOSMC or

FIGURE 18. Steering angles in case 3.

FIGURE 19. Optimized driving torques in case 3.

FOSMC can optimize the torques of the remaining-working

wheels to stabilize the FRMR to the desired trajectory. It is

shown that the proposed method is robust to the actuator

failure, which is more practical than traditional kinematic

control schemes that are not useful in such a case.

V. CONCLUSION

In this paper, an FTDC-based dynamic controller had been

developed to achieve a robust trajectory tracking of the

FRMR with possible actuator failure. Unlike conventional

kinematic control, the proposed FTDC-tuned method takes

the wheel-ground interactions and wheel dynamics into con-

sideration. The major contributions of this paper lie in a

tracking control scheme for the FRMR with fault-tolerant

ability to asymptotically stabilize to the desired trajectory.

Incorporating fractional calculus into the construction of the

sliding surface, the practical FTDC method is potential to

independently and accurately enhance the regulation of steer-

ing angles. It was shown that, by applying the improved

ABC algorithm to optimize the driving torques, the controller

behavior of FRMR is robust against over-actuated and actua-

tor failure issues. The proposed method was implemented on

a home-developed FRMR system. The experimental compar-

ative results with conventional kinematic PID control method

and IOSMC scheme show the superiority of our approach

in tracking capability and robustness in the presence of

wheel-ground interactions and actuator failure.
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Future work can be done on the switching control of

the FRMR to accommodate its multiple allocations of kine-

matic modes, such as diagonal move steer mode, Ackerman

mode, skid mode and zero-radius steer mode. By configur-

ing these modes adaptively depending on the desired tra-

jectories and state feedback, the FRMR is able to enhance

its capacities of locomotion and manipulation in confined

spaces. An autonomous smooth switching mechanismwill be

focused on to determine the optimal mode, which provides a

promising way to achieve improved tracking performance as

the FRMR goes further into various applications.
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