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Functional completeness of a relational language is the ability to express linear 
recursive queries. We present such a language that also has the property of 
relational completeness (relational algebra is, in fact, embedded in it). The tran-
sitive closure of a binary relation is carried out by means of the projection 
function and its inverse. 

INTRODUCTION 

As stated by Ioannidis and Wong (1987), relational algebra does not have 
functional completeness, because of the impossibility of expressing transitive 
closure by means of its operators. 

Our aim is to show the foundations of a new query language that has 
relational completeness (meaning that relational algebra is, in fact, embed-
ded in it) and also functional completeness (meaning that it allows for the 
expression of the transitive closure of a binary relation and thus the expres-
sion of linear recursive inferences). 



PREVIOUS DEFINITIONS 

Reiations 

Let U — {Au A2, . . . , An} be an attribute set (universe). 
Let dom(^4;) be the domain of A¡ (i 1 , 2 , . . . , n) 
We cali a relation scheme any element of the power set P(U). 
Let T be the set of all universal tupies 

T = dom(Ai)x ...x dom (An) 

The set of all universal reiations is the power set P(T). 

Projection Functions 

We have adapted definitions given by Dugundji (1966), taking into account 
that, since reiations are equivalent under column permutations, here "pro-
jection on /-component" means "projection on /-attribute." 

Projection functions are the foliowing: 

pi: T dom (Ai), in such a way that V t e T, pi(t) = valué of 

attribute Ai in t. 

py: T -» dom(Ai) x dom(Aj), in such a way that V t e T , 

pij(t) = pair of valúes of Ai and Aj in t. 

and so on (for three or more indexes). 

7Cí: P( T ) P(dom(Ai)), in such a way that 

V re P( T )f TCi(r) = {pi(t) | te r} 

7Cíj: P( T ) P(dom(Ai) x dom (A¡)) in such a way that 

V re P( T ), Tci(r) = {pij(t) Ite r) 

and so on (for three or more indexes). 

Inverse functions are defined as follows: 

rcr1: P(dom(Ai)) -> P ( T ) 

V s e P(dom (Ai)); rcr1 (s) = (t e T |pi(t) e s } 

Ttij'1: P(dom(Ai) x dom(Aj)) P ( T ) 

V u e P(dom (Ai) x dom(Aj)), m y l (u) = {t e T | py(t) e u } 

and so on for three or more indexes. 



PROPERTIES OF PROJECTION FUNCTIONS 

The foliowing properties may easily be stated: 

a) V r G P(dom(Ai)), 7ti"1 (r) = dom(Ai) x dom(A2) x ... x 
x dom (Ai-1) x r x dom(Ai+i) x ... x dom(An) 

b) V r G P(dom(Ai) x dom( Aj)) 
1 (r) = rx dom(Ai) x ... x dom (Am) x dom (Ai+i) x ... x 

dom (Aj-i) x dom(Aj+i) x x ... x dom(An) 

From this, it is easy to show that: 

r | x| s = 7tijic (7ty-1 (r) m t j k ' 1 (s)) 

If r e P(dom04,) X dom(^)) and 5 G P(dom(,4¿) X d o m ^ ) ) 

r X s = 7cyki (tcíj- 1 Cr) n 7cki_1(s)) 

c) V r e P( T ), r s r c r 1 7ii(r) 

d) V s G P(dom(Ai)) 

TCi 711"1 (s) = S 

e) 7Ci is a monotonic operator: 

V r e P ( T ) , V s e P ( T ) , i f r £ s , then jci(r) &7Ci(s) 

f) rcr1 is a monotonic operator: 

V r G P (dom(Ai)), V s G P (dom(Ai)) if r s. s, then 

kí-H s) 

g) V n G P(dom(Ai)); ri x r2 x ... x r n = rcr^ri) N ... n %nl{rn) 

h) V r G P(dom(Ai)). V s e P(dom(Ai)) 

nrl (r u s) = TU-1 (r) u Krl(s) 

1 (r-s) = 7Ti-1 (r) - 7 i f 1 (s ) 

i) V r G P( T ), V s G P( T ) 

7ci(r u s) = 7i¡(r) u tcí(s) 

7ti(r - s ) ZD 7Ti(r) - 7ti(s) 



A LANGUAGE THAT HAS FUNCTIONAL COMPLETENESS 

Our query language is constituted by well-formed expressions based on the 
foliowing operators: 

Set unión 
Set intersection 
Set difference 
Projection (ir) 
Inverse projection (7r-1) 
Composition of functions (inr~l) 

Some well-formed expressions of the language: 

7C i 7Cj"1 (r), r e P(dom(Aj)) 

7ti Kj-1 7tj 1 (r), r e P(dom(Ai)) 

7Ci~1 (r) n TCj"1 (s), r e P(dom(Ai)), s e P(dom(Aj)) 

RELATIONAL COMPLETENESS OF THE LANGUAGE 

As stated by Codd (1972), a base for a complete relational algebra is consti-
tuted by set unión, set difference, Cartesian product, selection, and projec-
tion. From foregoing sections on properties and language, for establishing 
the relational completeness of the language we need only demónstrate that 
selection may be expressed in it. 

Let s be a (perhaps nonuniversal) relation defined on attributes {A, B, 
C}. The folio wing may easily be shown: 

G(s) = s n 7C123 TCT1 ({a}) 
A=a 

G(s) = s n 71123 7U2"1 ((ab)) 
A=aAB=b 

G (r) = (s n 7ri23 7U-1 ({a})) u (s n 7ti23 7i2"1({b})) 
A=avB=b 

G (s) = s n 7U23(s - n r 1 ({a))) 

CJ (s) = S n 71123 7T3"1 (r) 
c>l 

being r = {x e dom(c) x > 1 ) 



EXPRESSION OF RECURSIVE QUERIES IN THE LANGUAGE 

When posing recursive queries we suppose that all domains of the attributes 
involved in the query are the same: 

dom(Ai) = ... = dom (An) = D 

Ttr1 

From the fact that, for any /, y, we have: 

m rcj-1 

P(dom(Aj)) > P(dom(Ai)) 

The following result may be stated for recursive inferences: 

P ( D T ) tcí 7tj-l 

and ( ^ t / 1 ) " is a well-formed expression of the language [that it is not the 
case if dom^,) ^ dom(;4y)]. 

Let us have the following relation: 

B 

b c d dom(A) = dom(B) = dom(C) 
b d c (we suppose the attributes 
c e b ordered from left to right) 
c e d 
d a b 
e a d 

Let s = {b, c}. If we want to compute all the 21 ancestors of 5, we have the 
following sequence: 



7C2 t u - 1 ({b,c}) = {c,d,e} 

(712 711-1)2 ({b.c}) = 7T2 7T1-1 ({c.d.e}) = {e.a} 

(7C2 7C1-1)3 ({b.c}) = 7C2 7C1"1 ({e.a}) = {a} 

(7C2 711-1)4 ({b.c}) = 7T2 7C1-1 ({a}) = 0 

with 721({6, C}) - {c, rf, e} U {e, a} U {a} = {a, c, d, e}. 

In general, Ak
0{s) is the set of k-order ij ancestors of 5"; that is, 

A k i j (s) = (7Ci7tj~i)k (s), we have : 

Inij (s) = A 1 y (s) u A2ij (s) u ... u An ij (s) 

After some simple algebraic transformations, we may state that I¿J(s) is 
the least fíx point of the equation: I¡¡{s) = ^(s1) U A)j(I^~\s)), whose 
solution may be posed as the iterative problem: 

inij (s) = Aiy (s) u Al y (In_ i y (s)) 

I1!! (s) = Al i j (s) 

Taking into account the results of Ioannidis and Wong (1987), we may 
conclude that this problem pertains to the class of recursivity limited by N, 

N depending, in general, on the extensión of the initial relation r. 

COMPUTING /&(s) 

Coming from: 

P i j (s) = Alij (s) 

iny (s) = Aly ( s ) u A l i j (in-li, (s)) 

and taking into account that f0(s) — /¡¡(s) if I"j(s) = /""'(s), we propose the 
foliowing (nonoptimistic) algorithm for computing I0{s): 

X: =7ti7C-lj (s) 

Y: = X 
DO UNTIL Z = Y 

Z: = Y 

Y: = XuTtiTt-ij (Y) 



The transformation in a relational algebra program is straightforward, 
because the only operator that does not belong to relational algebra is ir~ l, 
but it can easily be shown that it may be calculated as the unión of several 
sections. 

CONCLUDING REMARKS 

We have shown that the language FC provides for the expression of linear 
recursive queries. We plan to continué this work by doing the following: 

Optimize the algorithm shown in the last section 
Implement the language (perhaps on SQL) 

Extend the language for expressing recursive queries of higher order. 
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