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Abstract

In view of the substantiahumberof existing featuie se-
lectionalgorithms,the needarisesto counton criteria that
enabledo adequatelydecidewhich algorithmto usein cer
tain situations. This work reviews several fundamentahl-
gorithmsfoundin the literature and assessetheir perfor-
mancein a controlled scenario. A scoringmeasue ranks
the algorithmsby taking into accountthe amountof rel-
evance irrelevanceand redundanceon sampledata sets.
Thismeasue computeshe degreeof matding betweerthe
outputgivenby the algorithmandthe knownoptimal solu-
tion. Samplesizeeffectsare alsostudied.

1. Intr oduction

Thefeatureselectionproblemin termsof supervisedn-
ductive learningis: givena setof candidatdeaturesselect
a subsetdefinedby oneof threeapproachesa) the subset
with a specifiedsizethat optimizesan evaluationmeasure,
b) the subsetof smallersizethat satisfiesa certainrestric-
tion on the evaluationmeasureand c) the subsetwith the
bestcommitmentamongits sizeandthevalueof its evalua-
tion measurégeneratase).Thegenericpurposeursueds
theimprovementof theinductive learner eitherin termsof
learningspeedgeneralizatiorcapacityor simplicity of the
representationlt is thenpossibleto understandetterthe
resultsobtainedoy theinducer diminishits volumeof stor
age,reducethe noisegeneratedy irrelevant or redundant
featuresandeliminateuseles&nowledge.

A featureselectionalgorithm (FSA) is a computational
solution that is motivatedby a certaindefinition of rele-
vance However, the relevanceof a feature—asseenfrom
the inductive learningperspectie—may have several defi-
nitions dependingon the objectve thatis looked for. An
irrelevantfeatureis not usefulfor induction,but not all rel-
evantfeaturesarenecessarilysefulfor induction[14].

The FSAscanbeclassifiedaccordingo thekind of out-
putthey yield: (1) thosealgorithmsgiving a (weighed)lin-
earorderof featuresand(2) thosealgorithmsgiving asubset
of theoriginalfeaturesBothtypescanbeseerin anunified
way by notingthatin (2) theweightingis binary.

The work presentedn this paperis centeredin FSAs
tackling the featureselectionproblemof type (2), studied
for mary yearsby thestatistica[18] aswell asthemachine
learning[38] communities.Researchlevelopedwithin the
machindearningareais usuallyfocusedon the proposabf
new algorithms,theoreticallearningresultsof existing al-
gorithmsor empiricalstudiegevaluationsor applications).

In this research several fundamentaklgorithmsfound
in the literatureare studiedto assessheir performancen
a controlledscenario. To this end, a measureo evaluate
FSAsis proposedthat takes into accountthe particulari-
ties of relevance,irrelevanceand redundancen the sam-
ple dataset. This measureomputeshedegreeof matching
betweerthe outputgivenby a FSA andthe known optimal
solution. Samplesize effectsare alsostudied. The results
illustratethestrongdependencentheparticularconditions
of the FSA usedandon the amountof irrelevanceandre-
dundancein the dataset description,relative to the total
numberof features. This shouldpreventthe useof a sin-
gle algorithmevenwhenthereis poorknowledgeavailable
aboutthe structureof the solution.

Thepaperis organizedasfollows: in section? we review
somedifferentapproacheto provide with a formal defini-
tion of relevance.In section3 we seta moreprecisedefini-
tion of the featureselectionproblemand surwey the main
characteristicof a FSA in an unified framavork. Next,
we describesomeof the mostwidespread=SAin machine
learningin termsof this frameawork. The methodologyand
tools usedfor the empirical evaluationare coveredin sec-
tion 5. Finally theexperimentaktudyis describedn section
6 aswell astheresults.Thepaperendswith theconclusions
andthe knowledgegained.



2 Relevanceof a Feature

The purposeof a FSA s to identify relevantfeaturesac-
cordingto a definition of relevance. However, the notion
of relevancein machinelearninghasnot yet beenrigor-
ously definedon a commonagreemen{6]. Let E;, with
1 < i < n, bedomainsof featuresX = {z1,...,z,}; an
instancespacds definedask = E; x. ..x E,,, whereanin-
stancds apointin this space Considerp a probability dis-
tributionon E andT aspaceof labels(e.g.classes)lt is de-
siredto modelor identify anobjectve functionc : E — T
accordingo its relevantfeatures A datasetS composedby
|S| instancesanbe seenastheresultof samplingE under
p atotalof |S| timesandlabellingits elementsisingc.

A primarydefinitionof relevance[9] is the notionof be-
ing “relevantwith respectto an objectve”. It is assumed
hereto bea classificatiorobjectie.

Definition 1 (Relevancewith respectto an objective) A
featue z; € X is relevantto an objectivec if there exist
twoexamplesA, B in theinstancespaceFE sudthat A and
B differ onlyin their assignmento z; andc(A) # ¢(B).

In otherwords,if thereexist two instanceshatcanonly
be classifiedthanksto x;. This definition hasthe incorve-
niencethatthelearningalgorithmcannotnecessarilyleter
mineif afeaturez; is relevantor not,usingonly asampleS
of E. Moreover, if the problemrepresentatiois redundant
(e.g.,somefeaturesarereplicated)jt will neverbethecase
that two instancediffer only in onefeature. A proposal
orientedto solwe this problem[24] includestwo notionsof
relevance,one with respectto a sampleand anotherwith
respecto thedistribution.

Definition 2 (Strongrelevancewith respectto S) A fea-
ture x; € X is strongly relevantto the sampleS if there
exist two examplesA, B € S that only differ in their as-
signmento z; andc(A) # ¢(B).

Thatisto say it is thesameDefinition1, butnow A, B €
S andthedefinitionis with respecto S.

Definition 3 (Strongrelevancewith respectto p) A fea-
ture z; € X is strongly relevantto an objectivec in the
distribution p if there exist two examplesA4, B € E with
p(4) # 0andp(B) # 0 thatonly differ in their assignment
to z; andc(A) # ¢(B).

This definition is the naturalextensionof Definition 2
and, contraryto it, the distribution p is assumedo be
known.

Definition 4 (Weakrelevancewith respectto S) A fea-
ture z; € X is weaklyrelevantto the sampleS if there
existsat leasta proper X' C X (z; € X') whee z; is
stronglyrelevantwith respecto S.

A weaklyrelevantfeaturecanappeawhenasubseton-
tainingat leastonestronglyrelevantfeatureis removed.

Definition 5 (Weakrelevancewith respectto p) A featu-
rex; € X isweaklyrelevantto theobjectivec in thedistri-
butionp if there existsat leasta proper X' ¢ X (z; € X')
wheee z; is strongly relevantwith respecto p.

Thesedefinitionsareimportantto decidewhat features
should be consered and which can be eliminated. The
stronglyrelevantfeaturesare,in theory importantto main-
tainastructuran thedomain,andthey shouldbeconsered
by ary featureselectionalgorithmin orderto avoid the ad-
dition of ambiguityto the sample Weaklyrelevantfeatures
could be importantor not dependingon the otherfeatures
alreadyselectec&ndontheevaluationmeasureéhathasbeen
chosen(accurag, simplicity, consisteng, etc.).

Fromanothepointof view, insteadof focusingin which
featuresare relevant, it is possibleto userelevanceas a
"complexity measure'with respectto the objectve c. In
this casejt will dependnthechoserinducer

Definition 6 (Relevanceasa complexity measure) [9]
Givena data sampleS and an objectivec, definer(S, ¢)
as the smallestnumber of relevant featues to ¢ using
Definition 1 only in S, and suc thatthe error in S is the
leastpossiblefor theinducer

In otherwords,it refersto the smallesinumberof featu-
resrequiredby a specificinducerto reachoptimumperfor
mancen thetaskof modellingc usingS.

Definition 7 (Incrementalusefulness)[13] Givena data
sampleS, alearningalgorithm L, anda subsebf featues
X', thefeatuee z; is incrementallyusefulto L with respect
to X' if theaccuracy of the hypothesithat L producesus-
ing thegroupof featules{z; } U X' is betterthantheaccu-
racyreadedusingonly thesubsebf featuesX’.

This definitionis speciallynaturalin FSAsthatsearchn
the featuresubsetspacein anincrementalway, addingor
removing featuredo a currentsolution. It is alsorelatedto
a traditionalunderstandingf relevancein the philosophy
literature[21].

Definition 8 (Entropicrelevance) [55] Denoting the
(Shannongntopy by H (z) andthe mutualinformationby
I(z;y) = H(z) — H(z|y) (the differenceof entropyin z
geneatedby theknowled@ of y), the entropic relevanceof
z toy is definedasr(z;y) = I(x;y)/H(y).

Let X be the original setof featuesand let C' be the
objectiveseenas a featue, a set X' C X is suficient
if I(X";C) = I(X,C) (i.e, if it preserveghe learning
information). For a suficient set X', it turns out that



r(X';C) = r(X,C). Themostfavorablesetis that suf-
ficientsetX’' C X for which H(X') is smaller Thisim-
pliesthatr(C; X') is greater In short,theaim s to have
r(C; X'") andr(X’; C) jointly maximized.

To make thesedefinitionsmoreclear, we borraw [9] an
examplethatconsiderconceptexpressibleasdisjunctions
of featureqe.g.,xz; V z3 V z7), assuminghatthelearning
algorithmhasaccesgo thefollowing 5 examples:

100000000000000000000000000000
111111111100000000000000000000
000000000011111111110000000000
0000000000000000000011111111112
000000000000000000000000000000 -

+ + + +

The relevant featuresusing Definition 1 dependon the
actual (unknownn) objective, althoughary consistentdis-
junction mustinclude the first feature. Using Definitions
2, 3,4 and5 it canbe concludedhatz; (bothwith regard
to S andto p) is stronglyrelevantandthe restof features
areweakly relevant. Using Definition 6 it is simply stated
thattherearethreerelevantfeatureqr(S, ¢) = 3), because
thisis the minimumnumberof featuredeadingto a consis-
tentdisjunction. Notice that the featuresare not specified
(e.9.,z1 V z11 V z21). Definition 7 depend®on theinducer
As anexample,given X' = {1, z»}, a setof alreadyse-
lectedfeatureshoneof zs . .. x19 would be incrementally
useful,andary of z;; ...x39 would. Definition 8 requires
thecomputatiorof thecorrespondingnutualentropiesNo-
tice this is the only definition that considergelevancein a
guantitatve way.

3 Algorithms for Feature Selection

A FSA shouldbe seenasa computationabpproacto a
definitionof relevance althoughin mary casesheprevious
definitionsarefollowedin a someavhatloosesense.

3.1 Feature SelectionDefinition

Let X be the original set of features,with cardinality
|X| = n. Thecontinuoudfeatureselectionproblemrefers
to the assignmenof weightsw; to eachfeaturex; € X in
sucha way that the order correspondingo its theoretical
relevanceis presered. The binary featureselectionprob-
lem refersto the assignmenof binaryweights. This canbe
carriedout directly (like mary FSAsin machinelearning
[2, 13, 22)), or filtering the outputof the continuousprob-
lem solution(see§6.2).

Theseare quite different problemsreflecting different
designobjectives. In the continuouscaseoneis interested
in keepingall the featuresbut in usingthem differentially

in thelearningprocess.Onthe contrary in the binary case
oneis interestedn keepingjust a subsebf thefeaturesand
usingthemequallyin thelearningprocess.
Thefeatureselectiomproblemcanbe seenasa searchin
a hypothesispace(setof possiblesolutions). In the case
of the binary problem,the numberof potentialsubsetgso
evaluateis 2™. In this case a generaldefinitionis [29]:

Definition 9 (Feature Selection) Let J(X') bean evalua-
tion measue to be optimized(sayto maximize)definedas
J: X' C X = R Theselectionof a featule subsetanbe
seerunderthreeconsideations:

e Set|X'| =m < n. Find X’ C X, suhthatJJ(X') is
maximum.

e SetavalueJ,, thisis, theminimumJJ thatis goingto
betolerated.Findthe X’ C X with smaller| X’|, such
that J(X') > J,.

¢ Find a compomiseamongminimizing|X'| and maxi-
mizingJ(X') (geneal case).

Notice that, with thesedefinitions,an optimal subsef
featureds notnecessarilyinique.

3.2 Characterization of FSAs

There exist in the literature several considerationgo
characterizefeature selectionalgorithms[9, 19, 32. In
view of themit is possibleto describethis characterization
asasearchproblemin thehypothesispaceasfollows:

Search Organization. General strategy with which the
spaceof hypothesisis explored. This stratgy is in
relationto the portion of hypothesisxploredwith re-
spectto theirtotal number

Generation of Successors Mechanismby which possible
variants(successocandidatesdf the currenthypothe-
sisareproposed.

Evaluation Measure. Functionby which successocandi-
datesareevaluated allowing to compae differenthy-
pothesigo guidethe searclprocess.

3.2.1 Search Organization

A searchalgorithmis responsibldor driving thefeaturese-
lection procesausinga specificstratgy. Eachstatein the
searchspacespecifiesa weightingws, . . . , w,, of the pos-
sible featuresof X, with |X| = n. In the binary case,
w; € {0,1}, whereasn the continuouscasew; € [0,1].

Notice we are statingthat relevanceshouldbe upperand
lower bounded. Also in the binary casea partial order <

existsin the searchspacewith S; < Sy if S; C S, (see



Fig. 1), whereasn the continuouscaseS; < S: if, for all
i, w;(S1) < w;(S2) holds(seeFig. 2).

In general,a searchproceduresxaminesonly a part of
the searchspace. When a specificstatehasto be visited,
thealgorithmusegtheinformationof the previously visited
statesandeventuallyheuristicknowledgeaboutnon-visited
ones.

Being L a (labeled)list of weighedsubsetof features
(i.e. states) L. maintainsthe (ordered)currentlist of solu-
tions. Thelabelsindicatethe value of the evaluationmea-
sure. We considerthreetypesof search:exponential,se-
guentialandrandom.Most sequentiablgorithmsarechar
acterizedvy |L| = 1, whereasxponentialandrandomones
typically use|L| > 1.

Figure 1. States in the binary search space
involving 4 features. A black square repre-
sents the inclusion of a feature in the state
and a white square represents its exclusion.
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Figure 2. A path of states in the contin u-
ous search space involving 4 features. Rele-
vances are represented as a degree of filling.

Exponential Search: It correspondgo algorithmsthat
carry out searchesvhosecostis O(2™). The exhaustve
searchis an optimal search,in the sensethat the bestso-
lution is guaranteed.An optimal searchneednot be ex-
haustve; for example,if an evaluationmeasuregs mono-
tonicaBRANCH AND BOUND [42] algorithmis optimal. A
measureJ is monotonicif for any two subsetsSy, S» and
S; C S, thenJ(Sy) > J(S2). Anotherexamplewould be
an A* searchwith anadmissibleheuristic[44].

SequentialSearch: This sortof searchselectsoneamong
all the successorto the currentstate. This is donein an
iterative mannerandoncethe stateis selectedt is not pos-
sibleto go back. Althoughthereis no explicit backtracking

the numberof suchstepsmustbe limited by O(n) in order
to qualify asa sequentiakearch.The compleity is deter

minedtaking into accountthe numberk of evaluatedsub-
setdn eachstatechange Thecostof thissearchs therefore
polynomialO(n*+1). Consequentlthesemethodsdo not
guarante@noptimalresult,sincetheoptimalsolutioncould
bein aregion of the searctspacehatis not visited.

Random Search: Theideaunderlyingthis type of search
is to useits randomness$o avoid the algorithmto stayon

alocal minimumandto allow temporarilymoving to other
stateswith worsesolutions. Theseare anytimealgorithms
[32] andcangive severaloptimal subset@ssolution.

3.2.2 Generationof Successors

Up to five differentoperatorsanbe consideredo generate
asuccessofor eachstate:Forward, Badkward, Compound,
Weighting andRandom

All of the operatorsact by modifying in someway the
weightsw; of the featuresz;, with w; € R (in the case
of the weightingoperator),or w; € {0,1} (in the caseof
the restof operators). In the following descriptionsit is
assumedhattheevaluationmeasure’ is to be maximized.

Forward: This operatoraddsfeaturesto the currentsolu-
tion X', amongthosethat have not beenselectedyet. In
eachstep, the featurethat makes J be greateris addedto
the solution. Startingwith X’ = @, the forward stepcon-
sistsof:

X':=X"U{z; € X\ X'| J(X"U{x;}) isbigger (1)

The stoppingcriterion canbe: | X’| = n' (if n’ hasbeen
fixedin adwance),the valueof J hasnot increasedn the
last j steps,or it surpasses prefixed value .Jy. The cost
of the operatoris O(n). Themaindisadwantagds thatit is
not possibleto have in consideratiorcertainbasicinterac-
tionsamongfeatures.For example,if x,, z, aresuchthat
J({z1,22}) > J({z1}), J({x=2}), neitherz; andz, could
beselectedin spiteof beingvery useful.

Backward: This operatorremovesfeaturesfrom the cur
rentsolution X', amongthosethathave not beenremoved
yet. In eachstep,thefeaturethatmakes.J be greateris re-
movedfrom thesolution. Startingwith X’ = X, theback-
ward stepconsistof:

X':= X"\ {z; € X' | J(X"\ {=;}) isbigger (2)

The stoppingcriterion canbe: | X’| = n', the valueof J
hasnotincreasedn thelastj stepsor it falls belov a pre-
fixedvalue Jy. This operatoremediessomeproblemsal-
thoughtherestill will be mary hiddeninteractiong(in the
senseof beingunobtainable).The costis O(n), although
in practiceit demandamore computationthanits forward
counterparf27].



Both operatorqforward andbackward) canbe general-
ized selecting at eachstep,subsetf £ elementsX” and
selectingheonemakingJ(X'UX") or J(X'\ X") bigger,
respectiely. Thecostof the operatotis thenO(n*).

Compound: Theideaof thistacticis simple:apply f con-
secutve forwardstepsand b consecutie backwardones.If
f > bthenetresultis a forward operatoy otherwiseit is
a backwardone. An interestingapproacthis to performthe
forward or the backward steps,dependingon the respec-
tive valuesof J. This allows to discover new interactions
amongfeatures.An interesting‘backtrackingmechanism”
is obtained,althoughother stoppingconditionsshouldbe
establishedf f = b. Forexamplefor f = b =1, if z; is
addedandz; is removed, this could be undonein the fol-
lowing steps.A possiblestoppingcriterionis z; = z;. In
sequentiaFSA,theconditionf # b assures maximumof
n stepswith atotal costO (n/+t+1).

Weighting: In theweightingoperatorsthe searchspaceis
continuousandall of the featuresare presentin the solu-
tion to a certaindegree. A successostateis a statewith
a differentweighting. This is typically doneby iteratively
samplingthe availablesetof instances.

Random: This groupincludesthoseoperatorghatcanpo-

tentially generateany other statein a singlestep. Therest
of operatorscan also have randomcomponentsput they

arerestrictedto somecriterion of "advance"in the number
of featuresor in improving themeasure/ ateachstep.

3.2.3 Evaluation Measures

There are several approachedo evaluate the goodness
J(X') of afeaturesubsetX’. It is clearto obsenethatthe
relevanceof a featureis solely a function of this measure
andnotacharacteristiof thefeatureitself. Anotherimpor-
tantconsideratioris thefactthattherangeandscaleof .J are
immaterial. Whatcountsis thattherelativevaluesassigned
to differentsubsetgeflecttheir greateror lesserrelevance
to the objective function. Among the reviewed measures
the probabilisticandthe interclassdistancestogetherwith
consisteny, aremeasuresf classseparability Further the
interclasdistanceconsisteny, entrofy andestimationof
the probability of errormay not requirethe explicit model-
ing of probability distributions.

LetJ : X' C X — R beanevaluationmeasurdo be
maximizedwhereX' is a (weighed)featuresubset.

Probability of error: Providedthe ultimategoalis to build
aclassifierableof correctlylabellinginstancegeneratedy
thesameprobabilitydistribution, minimizingthe (bayesian)
probabilityof error P, of the classifierseemgo bethemost
naturalchoice.Thereforeijt is alsoa clearchoicefor J.
Let# € R™ representhe unlabelednstancesand2 =
{w1, ... ,wn} asetof labels(classes)sothatc : R* — .

Suchprobabilityis definedas[18]:
Po= [L-mxPaiidb@is @

wherep(Z) = Y%, p(Z|w;)P(w;) is the (unconditional)
probability distribution of theinstancesand P(w;|Z) is the
a posterioriprobability of w; beingtheclassof Z.

Since the class-conditionaldensitiesare usually un-
known, they caneitherbe explicitly modeled(usingpara-
metricor non-parametrienethods)pr implicitly via thede-
signof aclassifiethatbuildstherespectie decisionbound-
ariesbetweenthe classeq18]. Someof theseclassifiers,
like the one-nearest-neighboule, have a directrelationto
theprobabilityof error.

Theuseof (an estimateP, of) this probabilityby means
of the constructiorof a classifier usinga sampledatasetis
the baseof the wrapper methodg26]. Provided the clas-
sifier hasbeenbuilt usingonly a subsetX’ ¢ X of the
featureswe have:

R +
P o=1- 1S1E
|STE|

sothatJ = 1 — P, beingSrr atestdatasampleandSy.,,
the subsebf Str wherethe classifierperformedcorrectly
(againusingonly a partialdescriptionX’).

The estimationP, may requirethe use of more elabo-
ratemethodghanasimpleholdoutprocedurdcrossvalida-
tion, bootstrapping)n orderto yield a morereliablevalue.
Divergence: Thesemeasuresomputea probabilisticdis-

tanceor divergenceamongtheclass-conditiongbrobability
densitiep(Z|w;), usingthegeneraformula:

(4)

J= / Fp(Elwn), p(@lw)|dE (5)

To qualify asa valid measurethe function f mustbe such
that the value of J satisfiesthe following conditions: (a)
J >0, (b) J = 0 only whenthep(Z|w;) areequaland(c) J
is maximumwhenthey arenon-overlapping.If thefeatures
usedin asolutionX’ C X aregoodones,the divergence
amongheconditionalprobabilitieswill besignificant.Poor
featureswill resultin very similar probabilities.Someclas-
sicalchoicesare[18]:

Chernof
f(a,b) = a®b' %, s € [0,1] andthenJcpe = —InJ (6)
Bhattadaryya
f(a,b) = VabandthenJpp, = —InJ 7)
Kullback-Liebler
f(a,b) = (a—b)(Ina —Inbd) andthenJgr =J (8)



Kolmaogorov
f(a,b) =|a— bl andthenJk o, = J 9)
Matusita
f(a,b) = (va — vb)? andthenJyos = VJ  (10)
Patrick-Fisher
f(a,b) = (a —b)? andthenJpr =VJ  (11)

Thesemeasuresatisfythe previous conditionsandcan
be usedin a weighedform, taking into accountthe prior
classprobabilities P(w;) so that f[p(Z|w1), p(ZF|w2)] be-
comesf[p(F|w1 ) P(w1), p(Z|lw2) P(w2)]. They canalsobe
relatedto P, in theform of upperboundq18, 7].

Dependence: Thesemeasureguantify how strongly two
featuresare associatedvith one anotherin the sensethat
knowing the valueof oneit is possibleto predictthe value
of the other In the contet of featureselectiona featureis
betterevaluatedthebetterit predictstheclass.Thecorrela-
tion coeficientis a classicameasurehatstill findsapplica-
tion[22]. A someavhatdifferentapproachs to estimatethe
divergencebetweenthe class-conditionahndthe uncondi-
tionaldensities Any unweighedrobabilisticdistancemea-
suresenesthis purpose.Specifically we have measuresf
theform f[p(Z|w;), p(Z)],i = 1, 2.

Inter classdistance: Thesemeasuresre basedon the as-
sumptionthatinstance®f adifferentclassaredistantin the

instancespacelt is enoughthento definea metricbetween
classesnduseit asmeasure:

i N

N
1
D(wi,wj) = + Z Z d(@(ik1)> T(ks))  (12)
NzNJ k1 ko=ki+1

J=3 Pw) Y Pj)Dwiw;)  (13)
i=1 j=i+1

beingz; ;) theinstancej of classw;, and N; thenumberof
instance®f theclassw;. Themostusualdistances belong
to the Euclideanfamily. Thesemeasureslo not requirethe
modelingof any densityfunction, but their relationto the
probabilityof errorcanbeveryloose.

Information or Uncertainty: Similarly to theprobabilistic
dependenceye may obsene Z andcomputethe a posteri-
ori probabilitiesP(w;|Z) to determinehow muchinforma-
tion on the classof # hasbeengained,with respecto its
prior probability If all the classedecomeroughly equally
probable thenthe informationgainis minimal andthe un-
certainty(entrogy) is maximum.

Many measuresan then be derived that make use of
p(Z) andthe set{P(w;|%),i = 1,...,n}. Forinstance,
usingShannors entropy, we have:

JSha = — /p(i"’) Z P(w;|Z)loga P(w;|T)dE  (14)

i=1

Measureslerivedfrom generalizationsf Shannors en-
tropy —asRenyis entropy andthe entropy of degreea— are
discussedn [7].

Entropy canalsobe usedwithoutknowledgeof theden-
sities as is donein the induction of decisiontrees[46],
wheretheinformationgain is typically computedndepen-
dently for eachfeaturein the inductionprocess.Also, the
notion of entrogy-basedrelevanceis heuristicallyusedin
[65] asJ(X') = r(C; X') (seeDefinition 8).
Consistency: An inconsistencyn X’ and.S is definedas
two instancesn S thatareequalwhenconsideringpnly the
featuresn X' andthatbelongto differentclassesTheaim
is thusto find theminimumsubsebf featuredeadingto zero
inconsistencieft]. Theinconsistencgountof aninstance
A € Sisdefinedas[32]:

ICx:/(A) = X'(A) — mkaxX,'C(A) (15)

where X'(A) is the numberof instancesn S equalto A
usingonly the featuresn X' and X, (A) is the numberof
instancesn S of classk equalto A usingonly thefeatures
in X'. Theinconsistencyateof afeaturesubsetn asample
S is then:

_ TaesI0x(4)

ITR(X") (16)
S|
Thisis amonotonicmeasurein thesense
X1 C Xy = IR(Xl) > IR(XZ)
A possibleevaluationmeasurds then J(X') = m.

Thismeasurésin [0, 1] andcanbeevaluatedn O(]S]) time
usingahashtable[32].

3.3 General Schemedor Feature Selection

Therelationshipbetweera FSA andtheinducerchosen
to evaluatethe usefulnes®f the featureselectionprocess
cantake threemainforms: embeddedilter andwrapper.

Embedded Scheme: The inducer hasits own FSA (ei-
ther explicit or implicit). The methodsto inducelogical
conjunctions[5456] provideanexampleof thisembedding.
Othertraditionalmachinelearningtoolslik e decisiontrees
or artificial neuralnetworksareincludedin thisscheme[3B

Filter Scheme:If thefeatureselectionprocessakesplace
beforethe inductionstep,the formercanbe seenasafilter



of non-usefufeaturesrior to induction.In agenerakense
it canbe seemasa particularcaseof theembeddedcheme
in which featureselectionis usedasa pre-processingThe
filter schemesareindependentf theinductionalgorithm.

Wrapper Scheme:In this schemeaherelationships taken
the otherway around:it is the FSA that usesthe learning
algorithmas a subroutine[24]. The generalargumentin
favor of thisschemas to equalthebiasof boththeFSAand
the learningalgorithmthat will be usedlater on to assess
the goodnes®f the solution. The maindisadwantageis the
computationaburdenthatcomedrom callingtheinduction
algorithmto evaluateeachsubsebf consideredeatures.

3.4 General Algorithm for Feature Selection

An abstractlgorithmfor featureselectiorthatshavsin
aunifiedform thebehaior of ary FSAis depictedn Fig. 3.

In particular beingL a (weighed)ist of weighedsubsets
of featureq(i.e. states)L. maintainghe orderedsetof solu-
tionsin course.Exponentialalgorithmsaretypically char
acterizedby |L| > 1 (exampleswould be BRANCH AND
BOUND [42] or A* [44]). Thepresencén thelist is afunc-
tion of the evaluationmeasureand definesthe expansion
order Heuristicsearchalgorithmsalsomaintainthislist (of
opennodes)andtheweightingis thevalueof the heuristic.
RandonsearchmethodsasEvolutionaryAlgorithms|[5] are
characterizedy |L| > 1 (thelist is the populationandthe
weightingis thefitnessvalueof theindividuals).Sequential
algorithmsmaintain|L| = 1, thoughthereare exceptions
(e.g.,a bidirectionalalgorithm [19] would use|L| = 2).
Thesecondveighting(onthefeatureof eachsolutionsub-
set) allows to include the two typesof FSA accordingto
their outcome(see81).

The initial list L is in generalbuilt out of the original
setof featuresandthe algorithm maintainsthe bestsolu-
tion at all times (Solution). At eachstep,a FSA with a
givensearchorganizationmanipulateghe list in a specific
way andcallsits mechanisnfor the generatiorof succes-
sorswhichin turnusesJ. Theresultis anupdatedist and
theeventualupdateof the bestsolutionfoundsofar. Notice
thatthedatasampleS is considereglobalto thealgorithm.

3.5 Spaceof Characteristicsof a FSA

All FSA canberepresenteth a spaceof characteristics
accordingo thecriteriaof: searclorganizationOr g), gen-
erationof successastate{GS) andevaluationmeasureé])
(Fig. 4), in accordancevith the descriptionin §3.2. This
space<Or g, GS, J> encompassebe whole spectrunof
possibilitiesfor a FSA. New proposaldor evaluationmea-
sureg(not expressibleasa combinationof the alreadyexis-
tent)would extendthe vertical axis.

Input:
S — data sample with features X,|X|=n
J — evaluation measure to be maximized
GS — successor generation operator
Output:
Solution — (weighed) feature subset

L:= Start_Point(X);
Solution := { best of L according to J};
repeat
L:= Search_Strategy (L,GS(J),X);
X' := { best of L according to J};
if J(X') > J(Solution) or (J(X') = J(Solution)
and |X'| < |Solution|)
then Solution := X';
until Stop(J,L)

Figure 3. General Feature
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Figure 4. Characterization of a FSA.

Notice that the searchorganizationand the generation
of successostatesare coordinatesvhoseelementsare, in
principle, exclusive of eachother, in the sensethat a cer
tainFSAwill useonly onecombinatiororganization/gener
ation. We thenspealof ahybrid FSAwhenit requiresnore
thanapointin thesamecoordinatdo becharacterizedT his
is unusualin the literature,althoughrecentworks seemto
pointin thisdirection[16, 8].

On the contrary it is very feasibleto combineseveral
evaluationmeasure@ asingleFSA. Moreover, a measure
could be regardedasbelongingto morethanonecategory
(e.g.thedivergencedependencandinformationmeasures
arevery interrelated). In this vain, the vertical axis cate-



gorizationshouldbe regardedasconceptualthatis to say
whatis measureanorethanhow it is measured).

Non-classicaalgorithms(in the context of featureselec-
tion), canalsobelocatedin this space For example evolu-
tionary approachesvith fithess.J correspondo <random
random any> andartificial neuralnetworksto <sequential
weighting accuracy>. An extensve bibliographicalrevi-
sionof FSAsis shavn in Tablel.

[ Algorithm [SO[GS] J | Ref |
ABB E|B Consisteng [33]
B&B E|B Consisteng [42]
BDS S |F/B Accuray [19]
BEAM E|F ary [1]
BFF E|F Distance 57

BoBRO E|B Distance 10
BSE S |F/B|Information/Accurag | [13
CARDIE E | F |Information/Accurag| [12
CFS E|F Dependence 22
DTM S| B Information [11]
Focus/-2 | E| F Consisteng [2]
GA R|R Accuray [53]
K2-AS S | F | Probability/Accurag | [50]
KOLLER S| B Information 27
LVF R|R Consisteng 34
LVI R|R Consisteng 36
[RVANY R| R Accuray 35
MDLM E|B Informacion 49
MIFES-1 | E| B Consisteng 43
OBLIVION | E | B | Distance/Accurac | [30
POE-ACC | S| F Dependence [41]
PQSS S|C Accuray [19]
PRESET S|W Dependence [39]
QBB R/E|R/B Consisteng [16]
RACE S |F/B| Probability/Accurag | [40
RC S| B Accuray 20
RELIEF R | W Distance 25
RGSS R |F/B Accuray 19
RMHC-PF1| R | R | Distance/Accurac | [51
SA R| R Accuray 19
SBG S| B ary [18]
SBS S| B Distance [37]
SBS-W S|B Accuray [18]
SBS-SLASH| S | B Accuray [13]
SCHLIMMER| E | F Consisteng 47
SEGEN S| F Distance 48
SFG S| F ary 18
SFFS E|C ary 45
SFBS E|C ary 45
WINNOW | S | W Consisteng 31
W-SBG S| B Accuray 26
W-SFG S| F Accuray [26]

Table 1. Space of Characteristics of some
FSA. Key: SO = Search Organization (E = Ex-
ponential, S = Sequential, R = Random), GS =
Generation of Successor s (F = Forward, B =
Backward, C = Compound, W = Weighting, R
= Random), J = Evaluation Measure.

4 Description of fundamental FSAs

In this sectionseveral of the currentlymostwidespread
FSA in machinelearningare briefly describedand com-
mentedon. In the following let us assumeagainthat the
evaluationmeasureés to be maximized.

4.1 LVF Algorithm

LVF (LAs VEGAS FILTER) [34] (<random,random,
any>) repeatedl\generatesandomfeaturesubsetsndthen
computegheir evaluationmeasurelt wasoriginally imple-
mentedwith consisteng of the sampleasevaluationmea-
sure.Thealgorithmis describedn Fig. 5.

Input:
max — the maximum number of iterations
J — evaluation measure
S(X) — a sample S described by X, |X|=n
Output:
L — all equivalent solutions found
L =] /] L storesequallygoodsets
Best 1= X /1 Initialize bestsolution
Jo 1= J(S(X)) [/ minimumallowedvalueofJ
repeat mazx times
X' 1= Random_SubSet(Best) // |X'| < |Best|
if J(S(X'))>Jo then
if |X'| <|Best| then
Best := X'
L = [X'] /1 Lisreinitialized
else if |X'| =|Best| then
L := append(L,X")
end
end
end
end

Figure 5. LVF (Las Vegas Filter Algorithm).

LVW (LasVegasWrapper)[35] is awrapperalgorithm
thatuses VF to generateandidatesubsetandaccurag of
aninducerastheevaluationmeasure.

4.2 LVI Algorithm

LVI (LASVEGASINCREMENTAL) [36] (<randomfan-
dom, consistency) is basedon the groundsthat it is not
necessaryo usethe whole sampleS in orderto evaluate
themeasure/. Thealgorithmdepartd§rom a portion.Sy of
S; if LvF finds a sufficiently goodsolutionin Sy thenLvi
halts. Otherwisethe setof samplesn S \ S, making So
inconsistents addedo Sy, this new portionis handedover
to LVF andthe processds iterated. Actually the evaluation
measureouldbeary. Thealgorithmis describedn Fig. 6.



Input:
max — the maximum number of
J — evaluation measure
S(X) — a sample S described by X,|X|=n

iterations

p — initial percentage
Output:
X' — solution found
So := portion(S,p) // Initial portion
S1 = S\ So /1 Testset
Jo 1= J(S(X)) /1 MinimumallowedvalueofJ
repeat forever
X' 1= LVF (maz,J,So(X))
if J(S(X'))>Jo then stop
else
C = { elements in S; with low
contribution to J using X'}
So 1= SouC
S1 = 51\0
end
end

Figure 6. LVI
Algorithm).

(Las Vegas Incremental

Intuitively, the portion canbe neithertoo small nor too
big. If it is too small,afterthefirst iterationmary inconsis-
tencieswill be found andaddedto the currentsubsample,
which will hencebe very similarto S. If it is too big, the
computationasarzingswill be modest.The authorssuggest
p = 10% or avalueproportionato the numberof features.

4.3 Relief Algorithm

RELIEF [25] (<random,weighting distance*) chooses
randomlyan instanceA of S and determinests near hit
andits nearmissin relationto S. Theformeris theclosest
instanceto A amongall theinstancesn the sameclassof
A. The latter is the closestinstanceto A amongall the
instancesn a differentclass. Theunderlyingideais thata
featureis morerelevantto A themoreit separategl andits
nearmiss,andtheleastit separatest andits nearhit. The
resultis a weighedversionof the original featureset. The
basicalgorithmis describedn Fig. 7.

An improvedversion[28] is proposedRELIEF-F) where
the k moresimilar instancesre selectedbelongingto the
sameor differentclass respectrely) andtheir averagesre
computed.

Input:

p — sampling percentage

d — distance measure

S(X) — a sample S described by X,|X|=n
Output:

W — array of feature weights

initialize W[] to zero
do p|S| times
A := Random_lnstance (S)
App = Near—Hit (A4,5)
Anm = Near—Miss (A,S)
for each i€ [l.n] do
Wi = Wi +di(A, Apm) — di(A, Ann)
end
end

Figure 7. RELIEF Algorithm.

4.4 SFG/SBGAlgorithms

SFG (SEQUENTIAL FORWARD GENERATION) (<se-
guential,forward, any>) iteratively addsfeaturesto a ini-
tial subset,in sucha way thatimprovesa given measure
J takinginto accountthosefeaturesalreadypresentn the
solution. Additionally, an orderedlist can also be ob-
tained. SBG (SEQUENTIAL BACKWARD GENERATION)
(<sequentialpadkward, any>) is thebackwardcounterpart.
Thealgorithmsarejointly describedn Fig. 8.

Input:
S(X) — a sample S described by X,|X|=mn
J — evaluation measure

Output:
X' — solution found

X' :=0 //forward
X':=X //bakwad
repeat
z' = argmaz{J(S(X'U{z})) |z € X \ X'} //forward
z' = argmaz{J(S(X'\ {z}))|z € X'} //bakwad
X' :=X"U{z'} //forward
X' =X\ {z'} !/bakwad
until no improvement in J in last j steps
or X'=X //forwad
or X'=0 //badkwad

Figure 8. SBG/SFG ﬁSequentiaI Backward

[Forwar d Generation Algorithms).

The algorithmsw-srFG andw-sBG (w for wrapper) use
theaccurag of anexternalinducerasevaluationmeasure.



4.5 SFFSAlgorithm

SFFS (SEQUENTIAL FLOATING FORWARD SEARCH)
[45] (<exponentialcompoundany>) is anexponentialcost
algorithmthatoperatesn asequentiaflavor. In eachselec-
tion stepsFrs performsa forward stepfollowed by a vari-
ablenumber(possiblynull) of backward ones.In essence,
afeatureis first unconditionallyaddedandthenfeaturesare
removedaslongasthegeneratedubsetsrethebestamong
their respectie size. The algorithmis so-calledbecausét
hasthe characteristiof floatingarounda potentiallygood
solution of the specifiedsize (seeFig. 9). The backward
counterparperformsa backward stepfollowed by a vari-
ablenumber(possiblynull) of forwardones.

4.6 FocusAlgorithm

ThebasicFocus [2] (<exponential forward, consisten-
cy>) algorithmstartsevaluatingeachsingletonfeatureset,
theneachsetof two featuresandso forth. It haltswhen-
ever a sufficiently consistensolutionis found. The basic
algorithmis describedn Fig. 10.

The Focus-2 [3] algorithm introducesthe conceptof
conflict betweenpositive and negative examplesto prune
thesearch.

4.7 B&B Algorithm

B&B (BRANCH & BOUND) [42] (<exponential,badk-
ward, any monotoni¢) is an optimal searchalgorithm.
Givenathreshold3 (specifiedby theuser) thesearchstops
ateachnodetheevaluationof whichis lowerthang, sothat
efferentbranchesrepruned.

ABB (AUTOMATIC BRANCH & BOUND) [33] (<expo-
nential,backward, any monotoni¢) is a variantof B& B in
which the thresholdis automaticallyset. This algorithmis
describedn Fig. 11.

4.8 QBB Algorithm

QBB (Quick BRANCH AND BOUND) [16] (<random/-
exponential,random/bakward, consistency) is a hybrid
algorithmcomposedf LvF andABB (see84.1and §4.7).
The basicideaconsistsof using LVF to find good starting
pointsfor ABB. It is expectedthatABB canexplorethere-
mainingsearctspaceefficiently. Thealgorithmis described
in Fig. 12. The authors[16] reportedthat Qes canbe, in
generalmoreefficientthanLvF, FOcus andABB in terms
of averageexecutiontime andselectedsolution.

5 Empirical Evaluation of FSAs

Thefirst questiorarisingin relationto afeatureselection
experimentaddesignis: whatarethe aspectshatwe would
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Input:
S(X) — a sample S described by X,|X|=mn
J — evaluation measure
d — desired size of the solution
D — maximum deviation allowed with
respect to d
Output:
solution of size d+ D

Apply a step
of SFG using
ST

STCP

and return

%

ki=kl >
4

no

Conditionally
exclude a feature
Put the feund applying Exclude the
excluded astep of SBG feature
feature back| using 53407 permanently

&

this the best
subset of k-1

no

Figure 9. SFFS Sequential Floating Forward
Search Algorithm. The set X, denotes the
current solution of size k.

like to evaluateof a FSA solutionin a givendataset? In

this studywe decidedo evaluateFSA performancevith re-

spectto four particularities:relevance,irrelevance,redun-
danceand samplesize. To this end, several fundamental
FSAsarestudiedto assessheir performanceon synthetic
datasetswith known relevantfeatures. Thensampledata
setsof differentsizesare corruptedwith irrelevant and/or
redundantfeatures. The experimentsare designedto test
theendulanceof differentFSAs(e.g.,behaiour againsthe

rationumberof-irrelevantvs. numberof-relevantfeatures).



Input:
S(X) — a sample S described by X,|X|=n
J — evaluation measure (consistency)
Jo — minimum allowed value of J
Output:
X' — solution found

for i€[l..n] do
for each X' c X, with |X'|=1i do
if J(S(X'))>Jo then stop
end
end

Figure 10. Focus Algorithm.

Input:
S(X) — a sample S described by X,|X|=n
J — evaluation measure ( monotonic)
Output:
L — all equivalent solutions found
procedure ABB (S(X): list
of set)
for each z in X do
enqueue (@, X \ {z}) // remweafeatueatatime
end
while not empty (Q) do
X' := dequeue(Q)
/1 X' is legitimateif it is nota subsebf a prunedstate
if legitimate(X') and J(S(X')) > Jo then
L' := append(L’,X’)
ABB(S(X"),L")

sample; var L':

end
end
end
begin
Q=10 /1 Queueof pendingstates
L' :=[X] /1 List of solutions

Jo := J(S(X)) /I Minimumallowedvalueof .J
ABB (S(X),L’) // Initial call to ABB

k:= smallest size of a subset in L'
L:= set of elements of L' of size k
end

Figure 11. ABB (Automatic Branc h and Bound
Algorithm).

5.1 Particularities to be evaluated

Relevance: Differentfamiliesof problemsaregeneratetby
varyingthenumberof relevantfeaturesVg. Thesearefea-
turesthat, by constructionhave aninfluenceon the output
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Input:
max — the maximum number of iterations
J — monotonic evaluation measure
S(X) — a sample S described by X,|X|=n

Output:
L — all equivalent solutions found
L. ABB =[]
L.LVF := LVF (maz,J, S(X))
for each X' € L.LVF do

L_ABB :=
end
k :
L

concat (L_ABB,ABB(S(X"),J))

smallest size of a subset in L_ABB
set of elements of L_.ABB of size k

Figure 12. QBB (Quick Branch and Bound
Algorithm).

andwhoserole cannot be assumedby therest(i.e.,thereis
noredundance).

Irr elevance: Irrelevantfeaturesaredefinedasthosefeatu-
resnothaving ary influenceontheoutput,andwhosevalues
aregeneratecht randomfor eachexample. For a problem
with Ng relevant features differentnumbersof irrelevant
featuresN; areaddedto the correspondinglatasets(thus
providing with severalsubproblem$or eachchoiceof Ng).

Redundance: In theseexperiments,a redundancesxists
wheneer a featurecan take the role of another(perhaps
the simplestway to modelredundance).This is obtained
by choosinga relevant featurerandomlyandreplicatingit

in the dataset. For a problemwith Ny relevant features,
differentnumbersf redundanfeaturesNg: areaddedn a
way analogougo thegeneratiorof irrelevantfeatures.

Sample Size: It refersto the numberof instanceqS| of
a datasampleS. In theseexperiments,|S| is definedas
|S| = akNrc, wherea is a constantk is a multiplying
factor Ny is thetotalnumberof feature{ Ng + Ny + Ng:)
andc is the numberof classeof the problem. Note this
meanghatthe samplesizewill dependinearly onthetotal
numberof features.

5.2 Evaluation of Performance

Thescote criterionexpresseshedegreeto whichasolu-
tion obtainedby a FSA matcheghe correctsolution. This
criterionbeharesasa similarity s(z,y) : X x X — [0,1]
in theclassicakensd15], satisfying:

L s(z,y)=1l<=z=y

2. s(z,y) = s(y, )



wheres(z,y) > s(z,z) indicatesthaty is moresimilar to
z thanz.

Let usdenoteby X thetotal setof featurespartitioned
inX = XgpU XU Xg, beingXg, X;, X the subsets
of relevant,irrelevantandredundanfeaturesof X, respec-
tively andcall X* C X theideal solution. Let us denote
by A the featuresubsetselectedby a FSA. Theideais to
checkhow muchA and X* havein common.Let usdefine
Ar = XgrNA Ar = XN AandAr = Xg NA. In
generalwe have A7 = X1 N A (hereaftefl’ standsor a
subindexin {R, I, R'}). Sincenecessarilyd C X, wehave
A=ArUAr U Agr. Thescoe Sx(A) : P(X) — [0,1]
will fulfill thefollowing conditions:

e Sx(A)=0<= A=X;
e Sx(A)=1<= A=X*

¢ Sx(A) > Sx(A') indicatesthat.4 is moresimilar to
X*thanA'.

Thescoreis definedin termsof the similarity in thatfor
al A C X,S8x(A) = s(A,X*). This scoringmeasure
will alsobe parameterizedsothatit canpondereachtype
of divergence(in relevance,jrrelevanceandredundanceo
the optimal solution. The setof parameterss expresseds
a= {aR,oq,aR/} with ar > 0and>  ar = 1.

Intuiti ve Description
Thecriterion Sx (A) penalizeghreesituations:

1. Therearerelevantfeaturedackingin A (the solution

isincomplete).

. Therearemorethanenoughrelevantfeaturesn A (the
solutionis redundant).

. Therearesomeirrelevantfeaturesn 4 (thesolutionis
incorrect).

An order of importanceand a weight will be assigned
(viathear parameters)p eachof thesesituations.

Formal Description

Theprecedenpoint(3.) is simpleto model:if sufficesto
checkwhether|.4r| > 0, being.4 the solutionof the FSA.
Relevanceandredundanceare strongly relatedgiven that,
in this context, a featureis redundanbr not dependingon
whatotherrelevantfeaturesarepresentin A.

Notice thenthat the optimal solution X is not unique,
though all them should be equally valid for the scoe.
To this end, the featuresare broken down in equivalence
classeswhereelementf the sameclassareredundanto
eachother (i.e., ary optimal solution mustcompriseonly
onefeatureof eachequivalenceclass).

Being A a featureset, we definea binary relation be-
tweentwo featuresz;,z; € A as:z; ~ z; < z; and
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x; representhe sameinformation. Clearly ~ is anequv-
alencerelation. Let A~ bethe quotientsetof .4 under~,
A~ ={[z] | = € A}, ary optimalsolution.A* will satisfy:

1. |A*| = | Xg|
2. V[.’IJZ] € A~ ZElCL'j S [.’L‘z] 1x; € A*
We denoteby A* anyof thesesolutions.

Construction of the score

In the presentcase,the setto be split in equivalence
classess formedby all the relevantfeatureqredundanor
not) choserby a FSA. We definethen:

A% = (Ag U Ag)™

(equivalenceclassesin which the relevant featues chosenby a
FSAare split)

Xg=XrUXpg)~
(equivalencelassesn which theoriginal setof featuesis split)

Let AW X7 = {[zi] € X7 |I[z;] € AR : [x;] C [wi]}
anddefine for () quotientset:

> (2l -1)
[z]€eQ

Theideais to expressthe quotientbetweerthe number
of redundanfeatureschoserby the FSA andthe numberit
couldhave chosengiventherelevantfeaturegresenin its
solution. In the precedenhotation thisis written (provided
thedenominatois notnull):

F(AR)
F(AR W XE)

Let usfinally build thesco, formedby threeterms:rel-
evance jrrelevanceandredundanceDefining:

F(Q)

| Az AR i 4~ ~
I=1-7, R= 7 with A} = (AgU AR
X Xpp "0 AR = (AR O AR
B {0 o if F(Az W Xg)=0
= ,
X (1 - F(AEL*B"E)) otherwise

forary A C X thescoreis definedasSx(A) = arR +
OR! R’ + Oé]I.

Restrictionson the ar

We canestablishnow the desiredrestrictionson the be-
havior of thescore.Fromthe moreto thelesssevere:there
arerelevant featureslacking, thereare irrelevant features,
andthereis redundang in the solution. Thisis reflectedn
thefollowing conditionsonthe ay:



1. Choosinganirrelevantfeatureis betterthanmissinga
- (67
relevantone.‘yj';—| > X0
2. Choosinga redundanfeatureis betterthan choosing
anirrelevantone: r$-

ap!
X1 > X

We alsodefinear = 0 if |[Xp| = 0. Notice thatthe
denominatorgreimportantfor, asan example,expressing
thefactthatit is notthesamechoosinganirrelevantfeature
whentherewere only two that whentherewere three(in
thelattercasethereis anirrelevantfeaturethatcould have
beenchosenwhenit wasnot).

Practical Considerations

In orderto translatethe previousinequalitiesinto work-
ableconditions,a parametet € (0, 1] canbeintroducedto
expresstheexactrelationbetweerthear. Letar = 3.
Thefollowing two equationsave to be satisfied:

Brap = ap, Bror = ap

for suitablechosenvaluesof g and ;. In this work we
take Br = €/2 andf; = 2¢/3. This meanghat, at equal
|Ag|, |Arl, |Ar|, ag is atleasttwice moreimportantthan
ay (becausef the e/2) anda; is at leastone and a half
timesmoreimportantthana g . Specifically the minimum
valuesareattainedor € = 1 (i.e.,ar countstwice ay). For
€ < 1 thedifferencesvidenproportionallyto thepointthat,
for e ~ 0, only ag R will countontheoverallscore.

6 Experimental Evaluation

In this sectionwe detail the experimentalmethodology
and quantify the various parametersof the experiments.
Thebasicideaconsistoon generatingsampledatasetswith
known particularitiegsyntheticfunctionsf) andhandthem
overto thedifferentFSAsto obtaineda hypothesisH. The
divergencebetweenthe definedfunction and the obtained
hypothesiswill be evaluatedby the scoee criterion. This
experimentadesignis illustratedin Fig. 13.

Sample
Size

Irrelevance
Redundance

[Data Set described]
only by the 4
necessary relevant
features of f

y Featu':e H
Selection
Algorithm

\4

Score(f,H)

T

Figure 13. FlowChart of Experimental Design.
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6.1 Description of the FSAsused

The ten FSAs usedin the experimentswere: E-SFG,
QBB, LVF, LVI, C-SBG, RELIEF, SFBG, SFFG, W-SBG, and
W-SFG (seeTable 2). The algorithmse-sFG, W-SFG are
versionsof SFG usingentropy andthe accurag of a C4.5
inducer respectiely. The algorithmsc-sBG, w-SBG are
versionsof SBG using consisteng andthe accurag of a
C4.5inducer respectrely. During the courseof the experi-
mentsthealgorithmsrocus, B& B, ABB andLvw wereput
asidedueto their unafordableconsumptiorof resources.

Algorithm Search Generation of Evaluation
Organization Succesors Measure
LVF Random Random Consisteng
LVI Random Random Consisteng
QBB |Random/ExporjRandom/Backard| Consisteng
RELIEF Random Weighting Distance
C-SBG Sequential Backward Consisteng
E-SFG Sequential Forward Entropy
SFBG Exponential Compound Consisteng
SFFG Exponential Compound Consisteng
W-SBG Sequential Backward Accurag(C4.5)
W-SFG Sequential Forward Accurag(C4.5)

Table 2. FSAs used in the experiments.

6.2 Modifications to the FSA

For purposesf comparisonsomemodificationswere
performedto the FSAs, without affecting the nucleusof
eachalgorithm. Onthe otherhand,afiltering criterionwas
establishedo binarize the outputsof the algorithmsthat
givealineal orderof features.

Resource: We considerthatall the FSAsshouldhave ap-
proximatelythe sameopportunitiedo competejn whatre-
gardsthe computationaresources.This meansthe expo-
nential algorithmscan be finishedbeforeits natural stop-
ping condition. In our case this only happengo the QBB

algorithm, which may be forcedto give the bestsolution
obtaineduntil that moment. For the caseof Lv1, it should
be pointedoutthatonly 50% (on average)of the datasetis
sampledsothatdoubleresourcesireassigned.

Filtering Criterion: SinceRELIEF andE-SFG give asout-
put anorderedist of featuresr; accordingto their weight
wy;, afiltering criterionis necessaryo transformthis solu-
tion to a subsebdf featuresTheproceduraisedhereis sim-
ple: sincethe interestis in determininga good cut point,
first thosew; further than two variancesfrom the mean
are discarded(that is to say with very high or very low
weights). Thendefines; = w; + w;—; ando; = Y7_, s;.
Theobjectieis to searchfor thefeaturezr; suchthat:



ogn—Jj

1- iS maximum.

on N

Thecut pointis thensetbetween:; andz; 1.

6.3 Implementationsof Data Families

A total of twelve families of datasetswere generated
studying three different problemsand four instancesof
each,by varying the numberof relevantfeaturesNg. Let
z1,...,T, betherelevant featuresof a problemf. The
selectecproblemsare:

Parity: Thisistheclassidbinaryproblemof parityn, where
theoutputis f(z1,--- ,z,) = 1if thenumberof z; = 1is
oddandf(z1,--- ,z,) = 0 otherwise.

Disjunction: A disjunctie task,with f(z1,--- ,2,) =1
if (x1 A ANxp)V (Brgp1 A--- Axp), Withn' = ndiv2
if n is evenandn' = (ndiv2) + 1if n is odd.

GMonks: This problemis a generalizatiorof the classic
monksproblemd52]. In its original version threeindepen-
dentproblemswereappliedon setsof n = 6 featureghat
take valuesof a discrete finite andunorderedset(nominal
features). Here we have groupedthe three problemsin a
singleonecomputedon ead sggmentof 6 features.Let n

be multiple of 6, £ = ndiv6 andb = 6(k' — 1) + 1, for

1 < k' < k. Letusdenotefor “1” thefirstvalueof afeature,
for “2” thesecondegtc. The problemsarethe following:

1. Pl:(zp =xpy1) VTppa =1
2. P2 :twoormorex; = linzp---Tpys
3. P3: (xp4a = 3Azpy3 = 1)V (Tppa # 3N Zpt1 # 2)

For eachseggment,the booleancondition P2 A —(P1 A
P3) is checled. If this conditionis satisfiedfor s or more
segmentswith s = n, div 2 (beingns the numberof seg-
ments)thefunctionGmonkss 1; otherwiseijt is O.

6.4 Experimental Setup

The experimentaveredividedin threegroups.Thefirst
grouprefersto therelationshipbetweerirrelevancevs. rel-
evance. The secondrefersto the relationshipbetweenre-
dundancevs. relevance. The last grouprefersto sample
size. Eachgroup usesthreefamilies of problems(Parity,
Disjunctionand GMonkg with four differentinstancedor
eachproblem,varyingthenumberof relevantfeaturesvVg.

Relevance: ThedifferentnumbersNg vary for eachprob-
lem, asfollows: {4, 8, 16, 32} (for Parity), {5, 10,15, 20}
(for Disjunction) and{6, 12,18,24} (for GMonks.
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Irr elevance: In theseexperiments,we have Ny running
from O to 2 timesthevalueof Ng, in intervalsof 0.2 (that
is, elevendifferentexperimentf irrelevancefor eachiVg).

Redundance:Similarly to the generatiorof irrelevantfea-
tures,we have Ng: runningfrom 0 to 2 timesthe valueof
Ng, inintervalsof 0.2.

SampleSize: Giventheformula|S| = akNrc (see§5.1),
differentproblemsweregeneratedonsideringk € {0.25,
0.5,0.75,1.0,1.25,1.75,2.0}, Ny = Nr + N1 + Ng,
¢ = 2 anda = 20. Thevaluesof Ny andNgx werefixedas
N[ = NRI = NRdiUZ.

6.5 Results

Due to spacereasonspnly a sampleof the resultsare
presentedin Fig. 14. In all the plots,eachpoint represents
the averageof 10 independentunswith differentrandom
datasamples.The Figs. 14(a)and(b) areexamplesof ir-
relevancevs. relevancefor four instanceof the problems,
(c) and (d) are examplesof redundancess. relevanceand
(e) and(f) areexamplesof samplesizeexperiments.In all
casesthehorizontalaxisrepresenttheratiosbetweerthese
particularitiesas explainedabove. The vertical axisrepre-
sentsheaverageresultsgivenby the scorecriterion.

e In Fig. 14(a)thec-sBG algorithmshowvsatfirstagood
performancebut clearly as the irrelevanceratio in-
creasesit falls dramatically(belown the 0.5 level from
Nj = Npg on). Notethatfor Ny = 4 performanceas
alwaysperfect(the plot is ontop of the graphic).

In contrastjn Fig. 14(b)theREL I EF algorithmpresents
very similar and fairly good resultsfor the four in-
stance®f theproblem,beingalmostinsensitve to the
total numberof features.

In relationto redundancess. relevance,in Fig. 14(c)
theLVvF algorithmpresentsvery goodandstableper
formancefor thedifferentprobleminstance®f Parity.

In 14(d) we obsene that QBB tendsto a poor general
performancén theDisjunctionproblemwhenthetotal
numberof featuresncreases.

Theplotsin Figs. 14(e)and(f) shav additionalinter-

estingresultsbecauseve canappreciateahe curseof

dimensionalityeffect [23]. In thesefigures,LvI and
W-SFG presenfanincreasinglypoor performancdsee
thefigurefrom top to bottom)with the numberof fea-
turesprovidedthenumberof exampleds increasingn

alinearway. However, in generalaslongasmoreex-

amplesareaddedperformancas better(seethefigure
from left to right).



A summaryof the resultsis displayedin Fig. 15 for
thetenalgorithms allowing for acomparisoracrossll the
sampledatasetsvith respectto eachstudiedparticularity
Specifically Figs.15(a),(c) and(d) shav theaveragescore
of eachalgorithmfor irrelevance,redundancend sample
size,respectrely. Moreover, Figs. 15(b), (d) and(f) show
the sameaverageweighedby Ng, in suchaway thatmore
weightis assignedo moredifficult problems.

In eachgraphictherearetwo keys: the key to the left
shavsthealgorithmsorderecby total averageperformance,
from top to bottom. The key to the right shaws the algo-
rithmsorderedby averageperformancen thelastabscissa
value,alsofrom top to bottom. In otherwords,the left list
is toppedby the algorithmthatwins on average while the
right list is toppedby the algorithmthat endson the lead.
Thisis alsousefulto helpreadingthe graphics.

e Fig.15(a)shavsthatrReLIEF endsupontheleadof the
irrelevancevs. relevanceproblemswhile sFFG shows
thebestaverageperformanceThealgorithmw-SFG is
alsowell positioned.

Fig. 15(c) shaws thatthe algorithmsLvF andLv1 to-
getherwith c-sBG aretheoverallbest.In fact,thereis
abunchof algorithmsthatalsoincludesthe two float-
ing and@BB shawving a closeperformance Note how
RELIEF andthewrappes arevery poorperformers.

Fig. 15(e)shaws thatthe wrapperalgorithmsseemto
be ableto extractthe mostof the datawhenthereis a
shortageof it. Surprisingly the backward wrapperis
just fairly positionedon average. The forward float-
ing algorithmis againquite goodon averagetogether
with c-sBG. However, all of the algorithmsare quite
closeand shav the samekind of dependengto the
data.Notethegenerapoorperformancef e-SFG, due
to the factthatit is the only algorithmthat computes
its evaluationmeasurgentroyy in this case)indepen-
dentlyfor eachfeature.

The weighedversionsof the graphicsdo not seemto
alter the picture very much. A closerlook reveals
thatthe differencedetweeralgorithmshave widened.
Very interestingis the changefor RELIEF, that takes
the lead both on irrelevanceand samplesize, but not
onredundance.

7 Conclusions

Thetaskof afeatureselectioralgorithm(FSA)is to pro-
vide with a computationabkolutionto the featureselection
problemmotivatedby acertaindefinitionof relevance This
algorithmshouldbereliableandefficient. Themary FSAs
proposedn the literaturearebasedon quite differentprin-
ciples(asthe evaluationmeasureused,the preciseway to
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explore the searchspace etc) andlooselyfollow different
definitionsof relevance.

In this work a way to evaluateFSAs was proposedn
orderto understandheir generalbehaiour on the partic-
ularities of relevance,irrelevance,redundang andsample
size of syntheticdatasets. To achieve this goal, a set of
controlledexperimentaisingartificially generatedlatasets
weredesignedandcarriedout. The setof optimalsolutions
is then comparedwith the outputgiven by the FSAs (the
obtainedhypotheses)To this end,a scoringmeasurevas
definedto expressthe degreeof approximatiorof the FSA
solutionto the real solution. The final outcomeof the ex-
perimentsanbeseerasanillustrative steptowardsgaining
usefulknowledgethatenablego decidewhich algorithmto
usein certainsituations.

In thisvein, it is shavn the differentbehaiour of the al-
gorithmsto differentdataparticularitiesandthusthedanger
in relyingin a singlealgorithm.This pointsin thedirection
of usingnew hybrid algorithmsor combinationghereoffor
amorereliableassessmemtf featurerelevance.

As future actiities, this work canbe extendedin mary
waysto carryup richerevaluationssuchasconsideringea-
turesstronglycorrelatedwith theclassor with oneanother
noisein the datasets,otherkinds of data(e.g.,continuous
data),missingvalues,andthe useof combinedevaluation
measures.
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Figure 14. Some results of the experiments.
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