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Abstract

In view of thesubstantialnumberof existing feature se-
lectionalgorithms,theneedarisesto countoncriteria that
enablesto adequatelydecidewhich algorithmto usein cer-
tain situations.Thiswork reviewsseveral fundamentalal-
gorithmsfoundin the literature and assessestheir perfor-
mancein a controlled scenario. A scoringmeasure ranks
the algorithmsby taking into accountthe amountof rel-
evance, irrelevanceand redundanceon sampledata sets.
Thismeasurecomputesthedegreeof matchingbetweenthe
outputgivenby thealgorithmandtheknownoptimalsolu-
tion. Samplesizeeffectsarealsostudied.

1. Intr oduction

Thefeatureselectionproblemin termsof supervisedin-
ductive learningis: givena setof candidatefeaturesselect
a subsetdefinedby oneof threeapproaches:a) the subset
with a specifiedsizethatoptimizesanevaluationmeasure,
b) the subsetof smallersizethat satisfiesa certainrestric-
tion on the evaluationmeasureandc) the subsetwith the
bestcommitmentamongits sizeandthevalueof its evalua-
tion measure(generalcase).Thegenericpurposepursuedis
theimprovementof theinductive learner, eitherin termsof
learningspeed,generalizationcapacityor simplicity of the
representation.It is thenpossibleto understandbetterthe
resultsobtainedby theinducer, diminishits volumeof stor-
age,reducethe noisegeneratedby irrelevantor redundant
featuresandeliminateuselessknowledge.

A featureselectionalgorithm(FSA) is a computational
solution that is motivatedby a certaindefinition of rele-
vance. However, the relevanceof a feature–asseenfrom
the inductive learningperspective–may have several defi-
nitions dependingon the objective that is looked for. An
irrelevantfeatureis not usefulfor induction,but not all rel-
evantfeaturesarenecessarilyusefulfor induction[14].

TheFSAscanbeclassifiedaccordingto thekind of out-
put they yield: (1) thosealgorithmsgiving a (weighed)lin-
earorderof featuresand(2) thosealgorithmsgivingasubset
of theoriginal features.Bothtypescanbeseenin anunified
wayby notingthatin (2) theweightingis binary.

The work presentedin this paperis centeredin FSAs
tackling the featureselectionproblemof type (2), studied
for many yearsby thestatistical[18] aswell asthemachine
learning[38] communities.Researchdevelopedwithin the
machinelearningareais usuallyfocusedontheproposalof
new algorithms,theoreticallearningresultsof existing al-
gorithmsor empiricalstudies(evaluationsor applications).

In this research,several fundamentalalgorithmsfound
in the literaturearestudiedto assesstheir performancein
a controlledscenario. To this end, a measureto evaluate
FSAs is proposedthat takes into accountthe particulari-
ties of relevance,irrelevanceandredundanceon the sam-
pledataset.Thismeasurecomputesthedegreeof matching
betweentheoutputgivenby a FSA andtheknown optimal
solution. Samplesizeeffectsarealsostudied.The results
illustratethestrongdependenceontheparticularconditions
of the FSA usedandon the amountof irrelevanceandre-
dundancein the dataset description,relative to the total
numberof features.This shouldprevent the useof a sin-
gle algorithmevenwhenthereis poorknowledgeavailable
aboutthestructureof thesolution.

Thepaperis organizedasfollows: in section2 wereview
somedifferentapproachesto provide with a formal defini-
tion of relevance.In section3 weseta moreprecisedefini-
tion of the featureselectionproblemandsurvey the main
characteristicsof a FSA in an unified framework. Next,
we describesomeof themostwidespreadFSA in machine
learningin termsof this framework. Themethodologyand
tools usedfor the empiricalevaluationarecoveredin sec-
tion5. Finally theexperimentalstudyis describedin section
6 aswell astheresults.Thepaperendswith theconclusions
andtheknowledgegained.
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2 Relevanceof a Feature

Thepurposeof a FSA is to identify relevantfeaturesac-
cordingto a definition of relevance. However, the notion
of relevancein machinelearninghasnot yet beenrigor-
ously definedon a commonagreement[6]. Let

���
, with�������	�

, bedomainsof features
���
�������������������� ; an
instancespaceis definedas

� � � ����������� � � , whereanin-
stanceis a point in this space.Consider a probabilitydis-
tributionon

�
and! aspaceof labels(e.g.classes).It is de-

siredto modelor identify anobjective function "$# �&% !
accordingto its relevantfeatures.A dataset ' composedby( ' ( instancescanbeseenastheresultof sampling

�
under a totalof

( ' ( timesandlabellingits elementsusing " .
A primarydefinitionof relevance[9] is thenotionof be-

ing “relevant with respectto an objective”. It is assumed
hereto beaclassificationobjective.

Definition 1 (Relevancewith respectto an objective) A
feature � �*) 
 is relevant to an objective " if there exist
twoexamples+ , , in theinstancespace

�
such that + and, differ only in their assignmentto � � and ".-/+1032�4"5-�,60 .

In otherwords,if thereexist two instancesthatcanonly
beclassifiedthanksto � � . This definitionhasthe inconve-
niencethatthelearningalgorithmcannotnecessarilydeter-
mineif afeature� � is relevantor not,usingonly asample'
of
�

. Moreover, if theproblemrepresentationis redundant
(e.g.,somefeaturesarereplicated),it will neverbethecase
that two instancesdiffer only in one feature. A proposal
orientedto solve this problem[24] includestwo notionsof
relevance,one with respectto a sampleandanotherwith
respectto thedistribution.

Definition 2 (Strongrelevancewith respectto S) A fea-
ture � �*) 
 is strongly relevant to the sample' if there
exist two examples+$�7, ) ' that only differ in their as-
signmentto � � and "5-�+1012�	"5-/,�0 .

Thatis to say, it is thesameDefinition1,but now +8�7, )' andthedefinitionis with respectto ' .

Definition 3 (Strongrelevancewith respectto p) A fea-
ture � �9) 
 is strongly relevant to an objective " in the
distribution  if there exist two examples+8�7, ):�

with ;-/+<012�4= and  >-/,6032�?= thatonlydiffer in their assignment
to � � and "5-/+<0<2�	"5-/,�0 .

This definition is the naturalextensionof Definition 2
and, contrary to it, the distribution  is assumedto be
known.

Definition 4 (Weakrelevancewith respectto S) A fea-
ture � � ) 
 is weaklyrelevant to the sample ' if there
existsat least a proper 
A@�BC
 ( � �9) 
D@ ) where � � is
stronglyrelevantwith respectto ' .

A weaklyrelevantfeaturecanappearwhenasubsetcon-
tainingat leastonestronglyrelevantfeatureis removed.

Definition 5 (Weakrelevancewith respectto p) A featu-
re � � ) 
 is weaklyrelevantto theobjective" in thedistri-
bution  if there existsat leasta proper 
A@EBF
 ( � � ) 
A@ )
where � � is stronglyrelevantwith respectto  .

Thesedefinitionsareimportantto decidewhat features
shouldbe conserved and which can be eliminated. The
stronglyrelevantfeaturesare,in theory, importantto main-
tainastructurein thedomain,andthey shouldbeconserved
by any featureselectionalgorithmin orderto avoid thead-
dition of ambiguityto thesample.Weaklyrelevantfeatures
could be importantor not dependingon the otherfeatures
alreadyselectedandontheevaluationmeasurethathasbeen
chosen(accuracy, simplicity, consistency, etc.).

Fromanotherpointof view, insteadof focusingin which
featuresare relevant, it is possibleto userelevanceas a
"complexity measure"with respectto the objective " . In
thiscase,it will dependon thechoseninducer.

Definition 6 (Relevanceasa complexity measure) [9]
Givena data sample' and an objective " , define GH-�'I�J"�0
as the smallestnumber of relevant features to " using
Definition 1 only in ' , and such that the error in ' is the
leastpossiblefor theinducer.

In otherwords,it refersto thesmallestnumberof featu-
resrequiredby a specificinducerto reachoptimumperfor-
mancein thetaskof modelling " using ' .

Definition 7 (Incr ementalusefulness)[13] Given a data
sample' , a learningalgorithm K , anda subsetof features
A@ , thefeature � � is incrementallyusefulto K with respect
to 
A@ if theaccuracyof thehypothesisthat K producesus-
ing thegroupof features 
�� � �MLN
 @ is betterthantheaccu-
racyreachedusingonly thesubsetof features 
A@ .

Thisdefinitionis speciallynaturalin FSAsthatsearchin
the featuresubsetspacein an incrementalway, addingor
removing featuresto a currentsolution. It is alsorelatedto
a traditionalunderstandingof relevancein the philosophy
literature[21].

Definition 8 (Entr opic relevance) [55] Denoting the
(Shannon)entropyby OP-/��0 andthemutualinformationbyQ -/�ER7SH0��TOP-U��0WVXOY-U� ( S�0 (the differenceof entropy in �
generatedby theknowledgeof S ), theentropic relevanceof� to S is definedas GZ-/�ER7SH0M� Q -U�;R�S�07[5OP-US�0 .

Let 
 be the original set of featuresand let \ be the
objectiveseenas a feature, a set 
D@]B^
 is sufficient
if
Q -/
A@/R_\`0a� Q -U
]�_\`0 (i.e., if it preservesthe learning

information). For a sufficient set 
A@ , it turns out that
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GZ-/
A@�RJ\`0b�cGH-U
]�_\`0 . Themost favorableset is that suf-
ficient set 
D@dB�
 for which OP-/
A@e0 is smaller. This im-
plies that GH-�\�R7
A@f0 is greater. In short, theaim is to haveGZ-g\�R�
A@e0 and GH-U
A@�RJ\`0 jointly maximized.

To make thesedefinitionsmoreclear, we borrow [9] an
examplethatconsidersconceptsexpressibleasdisjunctions
of features(e.g., � �Mh �ji h �jk ), assumingthat thelearning
algorithmhasaccessto thefollowing 5 examples:

100000000000000000000000000000 +
111111111100000000000000000000 +
000000000011111111110000000000 +
000000000000000000001111111111 +
000000000000000000000000000000 -

The relevant featuresusingDefinition 1 dependon the
actual (unknown) objective, althoughany consistentdis-
junction must include the first feature. Using Definitions
2, 3, 4 and5 it canbeconcludedthat ��� (bothwith regard
to ' andto  ) is stronglyrelevant andthe restof features
areweakly relevant. UsingDefinition 6 it is simply stated
thattherearethreerelevantfeatures-/GH-�'I�J"�0l�	mn0 , because
this is theminimumnumberof featuresleadingto aconsis-
tent disjunction. Notice that the featuresarenot specified
(e.g., � �Ih � �7�oh ��p � ). Definition7 dependson theinducer.
As anexample,given 
A@q�r
�� � �7�jp.� , a setof alreadyse-
lectedfeatures,noneof �jis������� �ut would be incrementally
useful,andany of ���7�>�����7� i t would. Definition 8 requires
thecomputationof thecorrespondingmutualentropies.No-
tice this is theonly definition thatconsidersrelevancein a
quantitativeway.

3 Algorithms for Feature Selection

A FSA shouldbeseenasa computationalapproachto a
definitionof relevance,althoughin many casestheprevious
definitionsarefollowedin a somewhatloosesense.

3.1 FeatureSelectionDefinition

Let 
 be the original set of features,with cardinality( 
 ( � � . Thecontinuousfeatureselectionproblemrefers
to theassignmentof weights v � to eachfeature� � ) 
 in
sucha way that the ordercorrespondingto its theoretical
relevanceis preserved. The binary featureselectionprob-
lemrefersto theassignmentof binaryweights.Thiscanbe
carriedout directly (like many FSAs in machinelearning
[2, 13, 22]), or filtering theoutputof thecontinuousprob-
lemsolution(see§6.2).

Theseare quite different problemsreflecting different
designobjectives. In thecontinuouscase,oneis interested
in keepingall the featuresbut in usingthemdifferentially

in the learningprocess.On thecontrary, in thebinarycase
oneis interestedin keepingjustasubsetof thefeaturesand
usingthemequallyin thelearningprocess.

Thefeatureselectionproblemcanbeseenasa searchin
a hypothesisspace(setof possiblesolutions). In the case
of the binary problem,the numberof potentialsubsetsto
evaluateis w � . In thiscase,a generaldefinitionis [29]:

Definition 9 (FeatureSelection) Let xo-U
A@e0 bean evalua-
tion measure to be optimized(sayto maximize)definedasxy#n
A@Ez{
 %}|

. Theselectionof a feature subsetcanbe
seenunderthreeconsiderations:~ Set

( 
D@ ( ����� � . Find 
A@;B4
 , such that xs-/
A@e0 is
maximum.~ Seta value xZ� , this is, theminimum x that is goingto
betolerated.Find the 
A@�z{
 with smaller

( 
A@ ( , such
that xo-U
A@e0���xn� .~ Find a compromiseamongminimizing

( 
A@ ( andmaxi-
mizing xo-/
A@�0 (general case).

Notice that,with thesedefinitions,anoptimalsubsetof
featuresis notnecessarilyunique.

3.2 Characterization of FSAs

There exist in the literature several considerationsto
characterizefeatureselectionalgorithms[9, 19, 32]. In
view of themit is possibleto describethis characterization
asasearchproblemin thehypothesisspaceasfollows:

Search Organization. General strategy with which the
spaceof hypothesisis explored. This strategy is in
relationto theportionof hypothesisexploredwith re-
spectto their totalnumber.

Generationof Successors.Mechanismby which possible
variants(successorcandidates)of thecurrenthypothe-
sisareproposed.

Evaluation Measure. Functionby whichsuccessorcandi-
datesareevaluated,allowing to compare differenthy-
pothesisto guidethesearchprocess.

3.2.1 Search Organization

A searchalgorithmis responsiblefor driving thefeaturese-
lection processusinga specificstrategy. Eachstatein the
searchspacespecifiesa weighting v � ����������v � of the pos-
sible featuresof 
 , with

( 
 ( � �
. In the binary case,v � ) 
�=�� � � , whereasin the continuouscasev � )�� =�� ��� .

Notice we are statingthat relevanceshouldbe upperand
lower bounded.Also in the binary casea partial order �
exists in the searchspace,with 'E����' p if ';��B�' p (see
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Fig. 1), whereasin thecontinuouscase'E����' p if, for all�
, v � -�';��0 � v � -�' p 0 holds(seeFig. 2).

In general,a searchprocedureexaminesonly a part of
the searchspace.Whena specificstatehasto be visited,
thealgorithmusestheinformationof thepreviouslyvisited
statesandeventuallyheuristicknowledgeaboutnon-visited
ones.

Being � a (labeled)list of weighedsubsetsof features
(i.e. states),� maintainsthe (ordered)currentlist of solu-
tions. The labelsindicatethevalueof theevaluationmea-
sure. We considerthreetypesof search:exponential,se-
quentialandrandom.Most sequentialalgorithmsarechar-
acterizedby

( ��( � � , whereasexponentialandrandomones
typically use

( ��( � � .

Figure 1. States in the binar y search space
involving 4 features. A black square repre-
sents the inc lusion of a feature in the state
and a white square represents its exclusion.

Figure 2. A path of states in the contin u-
ous search space involving 4 features. Rele-
vances are represented as a degree of filling.

Exponential Search: It correspondsto algorithms that
carry out searcheswhosecost is ��-�w � 0 . The exhaustive
searchis an optimal search,in the sensethat the bestso-
lution is guaranteed.An optimal searchneednot be ex-
haustive; for example,if an evaluationmeasureis mono-
tonica BRANCH AND BOUND [42] algorithmis optimal.A
measurex is monotonicif for any two subsets' � �J'�p and' � z?'�p , then xo-g' � 0l�	xo-�'�p�0 . Anotherexamplewouldbe
an +3� searchwith anadmissibleheuristic[44].

SequentialSearch: This sortof searchselectsoneamong
all the successorsto the currentstate. This is donein an
iterative mannerandoncethestateis selectedit is not pos-
sibleto goback.Althoughthereis noexplicit backtracking

thenumberof suchstepsmustbelimited by ��- � 0 in order
to qualify asa sequentialsearch.Thecomplexity is deter-
minedtaking into accountthe number � of evaluatedsub-
setsin eachstatechange.Thecostof thissearchis therefore
polynomial ��- �E��� � 0 . Consequently, thesemethodsdo not
guaranteeanoptimalresult,sincetheoptimalsolutioncould
bein a regionof thesearchspacethatis notvisited.

Random Search: The ideaunderlyingthis type of search
is to useits randomnessto avoid the algorithmto stayon
a local minimumandto allow temporarilymoving to other
stateswith worsesolutions.Theseareanytimealgorithms
[32] andcangiveseveraloptimalsubsetsassolution.

3.2.2 Generationof Successors

Up to fivedifferentoperatorscanbeconsideredto generate
asuccessorfor eachstate:Forward, Backward, Compound,
Weighting, andRandom.

All of the operatorsact by modifying in someway the
weights v � of the features� � , with v � )�| (in the case
of the weightingoperator),or v � ) 
�=�� � � (in the caseof
the rest of operators). In the following descriptions,it is
assumedthattheevaluationmeasurex is to bemaximized.

Forward: This operatoraddsfeaturesto the currentsolu-
tion 
D@ , amongthosethat have not beenselectedyet. In
eachstep,the featurethat makes x be greateris addedto
the solution. Startingwith 
A@M��� , the forward stepcon-
sistsof:


 @ #��?
 @ L]
�� �I) 
��M
 @ ( xs-/
 @ LA
�� � ��0 is bigger� (1)

The stoppingcriterion canbe:
( 
A@ ( � � @ (if

� @ hasbeen
fixed in advance),the valueof x hasnot increasedin the
last � steps,or it surpassesa prefixed value x t . The cost
of theoperatoris ��- � 0 . Themaindisadvantageis that it is
not possibleto have in considerationcertainbasicinterac-
tionsamongfeatures.For example,if � � �7�jp aresuchthatxo-u
�� � �7�jp.��0o ¡xo-u
�� � ��0���xo-u
���p5��0 , neither� � and �jp could
beselected,in spiteof beingveryuseful.

Backward: This operatorremovesfeaturesfrom the cur-
rentsolution 
A@ , amongthosethathave not beenremoved
yet. In eachstep,thefeaturethatmakes x begreateris re-
movedfrom thesolution.Startingwith 
D@���
 , theback-
ward stepconsistsof:


 @ #¢�4
 @ �d
�� �s) 
 @ ( xo-U
 @ �d
�� � ��0 is bigger� (2)

The stoppingcriterion canbe:
( 
D@ ( � � @ , the valueof x

hasnot increasedin thelast � steps,or it falls below a pre-
fixedvalue x t . This operatorremediessomeproblemsal-
thoughtherestill will be many hiddeninteractions(in the
senseof beingunobtainable).The cost is ��- � 0 , although
in practiceit demandsmorecomputationthan its forward
counterpart[27].
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Both operators(forwardandbackward)canbegeneral-
izedselecting,at eachstep,subsetsof � elements
A@ @ and
selectingtheonemaking xo-U
D@gL�
A@ @f0 or xo-U
A@u�Z
A@ @�0 bigger,
respectively. Thecostof theoperatoris then ��- � � 0 .
Compound: Theideaof this tacticis simple:apply £ con-
secutive forwardstepsand ¤ consecutivebackwardones.If£¦¥T¤ the net result is a forward operator, otherwiseit is
a backwardone. An interestingapproachis to performthe
forward or the backward steps,dependingon the respec-
tive valuesof x . This allows to discover new interactions
amongfeatures.An interesting“backtrackingmechanism”
is obtained,althoughotherstoppingconditionsshouldbe
establishedif £a�&¤ . For example,for £a�&¤$� � , if � � is
addedand �H§ is removed,this couldbe undonein the fol-
lowing steps.A possiblestoppingcriterion is � � �¨� § . In
sequentialFSA,thecondition £P2�4¤ assuresa maximumof�

steps,with a totalcost ��- �E©��Eªg� � 0 .
Weighting: In theweightingoperators,thesearchspaceis
continuous,andall of the featuresarepresentin the solu-
tion to a certaindegree. A successorstateis a statewith
a differentweighting. This is typically doneby iteratively
samplingtheavailablesetof instances.

Random: This groupincludesthoseoperatorsthatcanpo-
tentially generateanyother statein a singlestep.Therest
of operatorscan also have randomcomponents,but they
arerestrictedto somecriterionof "advance"in thenumber
of featuresor in improving themeasurex ateachstep.

3.2.3 Evaluation Measures

There are several approachesto evaluate the goodnessxs-/
A@«0 of a featuresubset
A@ . It is clearto observe thatthe
relevanceof a featureis solely a function of this measure
andnotacharacteristicof thefeatureitself. Anotherimpor-
tantconsiderationis thefactthattherangeandscaleof x are
immaterial.Whatcountsis thattherelativevaluesassigned
to differentsubsetsreflecttheir greateror lesserrelevance
to the objective function. Among the reviewed measures
theprobabilisticandthe interclassdistances,togetherwith
consistency, aremeasuresof classseparability. Further, the
interclassdistance,consistency, entropy andestimationsof
theprobabilityof errormaynot requiretheexplicit model-
ing of probabilitydistributions.

Let x�#�
D@lz¨
 %¬|
be an evaluationmeasureto be

maximized,where
D@ is a (weighed)featuresubset.

Probability of error: Providedtheultimategoalis to build
aclassifierableof correctlylabellinginstancesgeneratedby
thesameprobabilitydistribution,minimizingthe(bayesian)
probabilityof error ­I® of theclassifierseemsto bethemost
naturalchoice.Therefore,it is alsoa clearchoicefor x .

Let ¯� )°| � representtheunlabeledinstances,and ±¦�
�²s�����������³²I´$� a setof labels(classes),sothat "<# | � % ± .

Suchprobabilityis definedas[18]:

­ ® � µ � � Vy¶�·5¸� ­*-U² � ( ¯��0 �  ;-�¯��0³¹�¯� (3)

where  >-�¯��0���º ´�«» �  ;-�¯� ( ² � 0³­*-f² � 0 is the (unconditional)
probabilitydistributionof theinstances,and ­*-f² � ( ¯��0 is the
a posterioriprobabilityof ² � beingtheclassof ¯� .

Since the class-conditionaldensitiesare usually un-
known, they caneitherbe explicitly modeled(usingpara-
metricor non-parametricmethods)or implicitly via thede-
signof aclassifierthatbuildstherespectivedecisionbound-
ariesbetweenthe classes[18]. Someof theseclassifiers,
like theone-nearest-neighborrule, have a direct relationto
theprobabilityof error.

Theuseof (anestimate ¼­I® of) this probabilityby means
of theconstructionof a classifier, usinga sampledataset,is
the baseof the wrappermethods[26]. Provided the clas-
sifier hasbeenbuilt using only a subset
A@*B�
 of the
features,wehave:

¼­ ® � � V ( ' �½j¾ (( ' ½j¾ ( (4)

sothat x]� � V¿¼­ ® , being ' ½j¾ atestdatasample,and ' �½j¾
thesubsetof ' ½�¾ wheretheclassifierperformedcorrectly
(againusingonly apartialdescription
A@ ).

The estimation ¼­ ® may requirethe useof moreelabo-
ratemethodsthanasimpleholdoutprocedure(crossvalida-
tion, bootstrapping)in orderto yield a morereliablevalue.
Divergence: Thesemeasurescomputea probabilisticdis-

tanceor divergenceamongtheclass-conditionalprobability
densities ;-�¯� ( ² � 0 , usingthegeneralformula:

x�� µ £ �  ;-�¯� ( ²s��0��/ >-�¯� ( ² p 0 � ¹>¯� (5)

To qualify asa valid measure,thefunction £ mustbesuch
that the valueof x satisfiesthe following conditions: (a)xD�F= , (b) xA�?= only whenthe  >-�¯� ( ² � 0 areequaland(c) x
is maximumwhenthey arenon-overlapping.If thefeatures
usedin a solution 
 @ B¨
 aregoodones,the divergence
amongtheconditionalprobabilitieswill besignificant.Poor
featureswill resultin verysimilarprobabilities.Someclas-
sicalchoicesare[18]:

Chernoff

£I-�Àj�_¤�0o�?ÀHÁ�¤ �_Â Á��jÃ )°� =Ä� ��� andthen xÆÅ>Ç ® �:V�È�É3x (6)

Bhattacharyya

£I-/À��J¤�0I��Ê ÀH¤ andthen xÆËIÇ�Ì3�¦V9È�É3x (7)

Kullback-Liebler

£I-/À��J¤�0o�:-/À6V°¤�0�-UÈ�É�À$VyÈ�Éd¤�0 andthen xÆÍlÎ���x (8)
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Kolmogorov

£I-�Àj�_¤�0s� ( À$Va¤ ( andthen x Í���Ï ��x (9)

Matusita

£I-�À��J¤�0s�Ð- Ê À8VPÊ ¤�0 p andthen xnÑ Ì_Ò � Ê x (10)

Patrick-Fisher

£I-/À��J¤�0o��-/À6Va¤�0 p andthen xÆÓ�ÔP��Ê x (11)

Thesemeasuressatisfythepreviousconditionsandcan
be usedin a weighedform, taking into accountthe prior
classprobabilities ­*-U² � 0 so that £ �  ;-�¯� ( ²o��0��/ ;-�¯� ( ² p 0 � be-
comes£ �  ;-�¯� ( ²o��0�­*-f²s��0��� ;-�¯� ( ² p 0�­*-f² p 0 � . They canalsobe
relatedto ­ ® in theform of upper-bounds[18, 7].

Dependence:Thesemeasuresquantify how strongly two
featuresareassociatedwith oneanother, in the sensethat
knowing thevalueof oneit is possibleto predictthevalue
of theother. In thecontext of featureselection,a featureis
betterevaluatedthebetterit predictstheclass.Thecorrela-
tion coefficientis aclassicalmeasurethatstill findsapplica-
tion [22]. A somewhatdifferentapproachis to estimatethe
divergencebetweentheclass-conditionalandtheuncondi-
tionaldensities.Any unweighedprobabilisticdistancemea-
sureservesthis purpose.Specifically, we have measuresof
theform £ �  ;-�¯� ( ² � 0��/ >-�¯��0 � � � � � �JwH�
Inter classdistance: Thesemeasuresarebasedon the as-
sumptionthatinstancesof adifferentclassaredistantin the
instancespace.It is enoughthento defineametricbetween
classesanduseit asmeasure:

Õ -U² � �³²�§�0o� �Ö � Ö §Y×>ØÙ ��Ú ×;ÛÙ�_Ü » ��Ú�� � ¹j-/��Ý �/Þ ��Ú³ß ����Ý § Þ �_ÜJß 0 (12)

x�� ´Ù �«» � ­*-U² � 0
´Ù

§ »�� � � ­*-U²�§�0 Õ -f² � ��²�§�0 (13)

being �EÝ �UÞ § ß theinstance� of class² � , and
Ö6�

thenumberof
instancesof theclass² � . Themostusualdistances¹ belong
to theEuclideanfamily. Thesemeasuresdo not requirethe
modelingof any densityfunction, but their relationto the
probabilityof errorcanbevery loose.

Inf ormation or Uncertainty: Similarly to theprobabilistic
dependence,we mayobserve ¯� andcomputethea posteri-
ori probabilities­*-f² � ( ¯��0 to determinehow muchinforma-
tion on the classof ¯� hasbeengained,with respectto its
prior probability. If all theclassesbecomeroughlyequally
probable,thentheinformationgainis minimal andtheun-
certainty(entropy) is maximum.

Many measurescan then be derived that make useof ;-�¯��0 and the set 
�­*-U² � ( ¯��0�� � � � ��������� � � . For instance,
usingShannon’sentropy, wehave:

xnàZÇ�Ì<��V µ  ;-�¯��0 ´Ù �«» � ­*-U² � ( ¯��0³á/â�ã p ­*-f² � ( ¯��0�¹>¯� (14)

Measuresderivedfrom generalizationsof Shannon’sen-
tropy –asRenyi’sentropyandtheentropy of degree ä – are
discussedin [7].

Entropy canalsobeusedwithoutknowledgeof theden-
sities as is done in the induction of decisiontrees[46],
wherethe informationgain is typically computedindepen-
dently for eachfeaturein the inductionprocess.Also, the
notion of entropy-basedrelevanceis heuristicallyusedin
[55] as xs-/
A@e0o�?GH-�\�R7
A@f0 (seeDefinition8).

Consistency: An inconsistencyin 
A@ and ' is definedas
two instancesin ' thatareequalwhenconsideringonly the
featuresin 
 @ andthatbelongto differentclasses.Theaim
is thustofind theminimumsubsetof featuresleadingtozero
inconsistencies[4]. The inconsistencycountof an instance+ ) ' is definedas[32]:Q \MåWæ7-/+10o�4
 @ -/+<0IVD¶*·5¸� 
 @� -/+<0 (15)

where 
 @ -/+<0 is the numberof instancesin ' equalto +
usingonly the featuresin 
A@ and 
A@� -/+<0 is thenumberof
instancesin ' of class� equalto + usingonly thefeatures
in 
A@ . Theinconsistencyrateof afeaturesubsetin asample' is then: QÆç -U
 @ 0o� º4è>é à Q \�åWæ�-�+10( ' ( (16)

This is a monotonicmeasure,in thesense


 � BY
*pdê Qnç -U
 � 0�� Qnç -/
*p�0
A possibleevaluationmeasureis then xs-/
A@e0�� �ë_ì Ý åWæ ß/� � .
Thismeasureis in

� =�� ��� andcanbeevaluatedin ��- ( ' ( 0 time
usingahashtable[32].

3.3 GeneralSchemesfor FeatureSelection

Therelationshipbetweena FSA andtheinducerchosen
to evaluatethe usefulnessof the featureselectionprocess
cantake threemainforms:embedded, filter andwrapper.

Embedded Scheme: The inducer has its own FSA (ei-
ther explicit or implicit). The methodsto inducelogical
conjunctions[54, 56] provideanexampleof thisembedding.
Othertraditionalmachinelearningtools like decisiontrees
or artificialneuralnetworksareincludedin thisscheme[38].

Filter Scheme:If thefeatureselectionprocesstakesplace
beforetheinductionstep,theformercanbeseenasa filter
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of non-usefulfeaturesprior to induction.In a generalsense
it canbeseenasa particularcaseof theembeddedscheme
in which featureselectionis usedasa pre-processing.The
filter schemesareindependentof theinductionalgorithm.

Wrapper Scheme:In thisschemetherelationshipis taken
the otherway around: it is the FSA that usesthe learning
algorithmas a subroutine[24]. The generalargumentin
favor of thisschemeis to equalthebiasof boththeFSAand
the learningalgorithmthat will be usedlater on to assess
thegoodnessof thesolution.Themaindisadvantageis the
computationalburdenthatcomesfrom callingtheinduction
algorithmto evaluateeachsubsetof consideredfeatures.

3.4 GeneralAlgorithm for FeatureSelection

An abstractalgorithmfor featureselectionthatshows in
aunifiedform thebehavior of any FSAis depictedin Fig.3.

In particular, being � a(weighed)list of weighedsubsets
of features(i.e. states),� maintainstheorderedsetof solu-
tions in course.Exponentialalgorithmsaretypically char-
acterizedby

( � ( � �
(exampleswould be BRANCH AND

BOUND [42] or +<� [44]). Thepresencein thelist is a func-
tion of the evaluationmeasureand definesthe expansion
order. Heuristicsearchalgorithmsalsomaintainthis list (of
opennodes),andtheweightingis thevalueof theheuristic.
RandomsearchmethodsasEvolutionaryAlgorithms[5] are
characterizedby

( � ( � � (the list is thepopulationandthe
weightingis thefitnessvalueof theindividuals).Sequential
algorithmsmaintain

( � ( � �
, thoughthereareexceptions

(e.g., a bidirectionalalgorithm[19] would use
( � ( �íw ).

Thesecondweighting(onthefeaturesof eachsolutionsub-
set) allows to include the two typesof FSA accordingto
theiroutcome(see§1).

The initial list K is in generalbuilt out of the original
set of featuresand the algorithmmaintainsthe bestsolu-
tion at all times ( 'sâ�áUî�ï � â � ). At eachstep,a FSA with a
givensearchorganizationmanipulatesthe list in a specific
way andcalls its mechanismfor the generationof succes-
sorswhich in turn usesx . Theresultis anupdatedlist and
theeventualupdateof thebestsolutionfoundsofar. Notice
thatthedatasample' is consideredglobalto thealgorithm.

3.5 Spaceof Characteristicsof a FSA

All FSA canberepresentedin a spaceof characteristics
accordingto thecriteriaof: searchorganization(Org), gen-
erationof successorstates(GS) andevaluationmeasures(J)
(Fig. 4), in accordancewith the descriptionin §3.2. This
space� Org, GS, J ¥ encompassesthewholespectrumof
possibilitiesfor a FSA. New proposalsfor evaluationmea-
sures(notexpressibleasa combinationof thealreadyexis-
tent)wouldextendtheverticalaxis.

I nput :ðòñ
dat a sampl e wi th f eat u r es ó�ô�õ ó�õ�öa÷ø ñ
ev al uat i on measure t o be maxi mi zedùlð�ñ

successor gener at i on oper at or
Output :ð�ú�û�ünýgþ/ú ÷ ñ

( wei ghed ) f eat ur e subsetÿ�� ö St ar t _Poi nt ( ó ) ;ð�ú�û�üný þUú ÷ � ö { best of
ÿ

accor di ng t o
ø

} ;
r epeatÿ�� ö Sear ch_St r at egy (

ÿ ô ùlð�� ø�� ô³ó ) ;ó�� � ö { best of
ÿ

accor di ng t o
ø

} ;
i f
ø � ó � �
	°ø �/ð�ú�û«üný þUú ÷ � or

� ø � ó � � ö ø �/ð�ú�û�üÆý þUú ÷ �
and õ ó � õ��Xõ ð�ú�û�üÆý þUú ÷Eõ �

t hen
ð�ú�û�ünýgþUú ÷ � ö°ó
� ;

u n t i l Stop (
ø ô ÿ )

Figure 3. General Algorithm for Feature
Selection.

�
Search

Organization

�Evaluation Measure

������ �
Generationof
Successors

Distance
Dependence
Information
Consistency
Accuracy
Divergence

RandomSequentialExponential

Forward
Backward

Compound
Weighting

Random

Figure 4. Characterization of a FSA.

Notice that the searchorganizationand the generation
of successorstatesarecoordinateswhoseelementsare,in
principle, exclusive of eachother, in the sensethat a cer-
tainFSAwill useonly onecombinationorganization/gener-
ation.Wethenspeakof ahybridFSAwhenit requiresmore
thanapointin thesamecoordinateto becharacterized.This
is unusualin the literature,althoughrecentworksseemto
point in thisdirection[16, 8].

On the contrary, it is very feasibleto combineseveral
evaluationmeasuresin a singleFSA. Moreover, a measure
couldbe regardedasbelongingto morethanonecategory
(e.g.,thedivergence,dependenceandinformationmeasures
arevery interrelated). In this vain, the vertical axis cate-
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gorizationshouldberegardedasconceptual(that is to say,
whatis measuredmorethanhow it is measured).

Non-classicalalgorithms(in thecontext of featureselec-
tion), canalsobelocatedin thisspace.For example,evolu-
tionary approacheswith fitness x correspondto <random,
random, any> andartificial neuralnetworksto <sequential,
weighting, accuracy>. An extensive bibliographicalrevi-
sionof FSAsis shown in Table1.

Algorithm SO GS J Ref.

ABB E B Consistency [33]
B& B E B Consistency [42]
BDS S F/B Accuracy [19]
BEAM E F any [1]
BFF E F Distance [57]

BOBRO E B Distance [10]
BSE S F/B Information/Accuracy [13]

CARDIE E F Information/Accuracy [12]
CFS E F Dependence [22]
DTM S B Information [11]

FOCUS/-2 E F Consistency [2]
GA R R Accuracy [53]

K2-AS S F Probability/Accuracy [50]
KOLLER S B Information [27]

LVF R R Consistency [34]
LVI R R Consistency [36]

LVW R R Accuracy [35]
MDLM E B Informacion [49]

MIFES-1 E B Consistency [43]
OBLIVION E B Distance/Accuracy [30]
POE-ACC S F Dependence [41]

PQSS S C Accuracy [19]
PRESET S W Dependence [39]
QBB R/E R/B Consistency [16]
RACE S F/B Probability/Accuracy [40]
RC S B Accuracy [20]

RELIEF R W Distance [25]
RGSS R F/B Accuracy [19]

RMHC-PF1 R R Distance/Accuracy [51]
SA R R Accuracy [19]

SBG S B any [18]
SBS S B Distance [37]

SBS-W S B Accuracy [18]
SBS-SLASH S B Accuracy [13]
SCHLIMMER E F Consistency [47]

SEGEN S F Distance [48]
SFG S F any [18]
SFFS E C any [45]
SFBS E C any [45]

WINNOW S W Consistency [31]
W-SBG S B Accuracy [26]
W-SFG S F Accuracy [26]

Table 1. Space of Characteristics of some
FSA. Key: SO = Search Organization (E = Ex-
ponential, S = Sequential, R = Random), GS =
Generation of Successor s (F = Forwar d, B =
Backward, C = Compound, W = Weighting, R
= Random), J = Evaluation Measure .

4 Description of fundamental FSAs

In this sectionseveralof thecurrentlymostwidespread
FSA in machinelearningare briefly describedand com-
mentedon. In the following let us assumeagainthat the
evaluationmeasureis to bemaximized.

4.1 LVF Algorithm

LVF (LAS VEGAS FILTER) [34] (<random,random,
any>) repeatedlygeneratesrandomfeaturesubsetsandthen
computestheirevaluationmeasure.It wasoriginally imple-
mentedwith consistency of the sampleasevaluationmea-
sure.Thealgorithmis describedin Fig. 5.

I nput :����� ñ t he maximum number of i t er at i o n sø ñ
ev al uat i on measureð�� ó � ñ a sampl e

ð
descr i bed by ó , õ ó�õ�ö°÷

Output :ÿ ñ
al l equi v al ent so l u t i ons f oundÿ

: = [ ] / / L storesequallygoodsets����� ý
: = ó / / Initialize bestsolutionø��

: =
ø �/ð�� ó ��� / / minimumallowedvalueof J

r epeat ����� t i mesó�� : = Random_SubSet (
����� ý

) / / õ ó
� õ� {õ ����� ý õ
i f
ø �/ð!� ó � ���
	°ø�� t hen

i f õ ó � õ��Xõ ���"� ý õ t hen����� ý
: = ó
�ÿ

: = [ ó�� ] / / L is reinitialized
el se i f õ ó
� õ�ö4õ ����� ý õ t henÿ

: = append (
ÿ ôuó�� )

end
end

end
end

Figure 5. LVF (Las Vegas Filter Algorithm).

LVW (LasVegasWrapper)[35] is a wrapperalgorithm
thatusesLVF to generatecandidatesubsetsandaccuracy of
aninducerastheevaluationmeasure.

4.2 LVI Algorithm

LVI (LAS VEGAS INCREMENTAL) [36] (<random,ran-
dom, consistency>) is basedon the groundsthat it is not
necessaryto usethe whole sample' in order to evaluate
themeasurex . Thealgorithmdepartsfrom a portion ' t of' ; if LVF finds a sufficiently goodsolutionin ' t thenLVI

halts. Otherwisethe setof samplesin 'P�`' t making ' t
inconsistentis addedto ' t , thisnew portionis handedover
to LVF andtheprocessis iterated.Actually theevaluation
measurecouldbeany. Thealgorithmis describedin Fig. 6.
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I nput :����� ñ t he maximum number of i t er at i o n sø ñ
ev al uat i on measureð!� ó � ñ a sampl e

ð
descr i bed by ó�ô�õ ó�õ�öP÷# ñ i n i t i a l per cent age

Output :ó
� ñ so l ut i on f oundð �
: = por t i on (

ð ô # ) / / Initial portionð%$
: =

ð�&oð �
/ / Testsetø �

: =
ø �/ð�� ó ��� / / Minimumallowedvalueof J

r epeat f or everó � : = LVF ( ����� ô ø ô ð � � ó � )
i f
ø �/ð�� ó � ���
	aø�� t hen st op

el se '
: = { el ements i n

ð $
wi th l ow

cont r i bu t i on t o
ø

usi ng ó�� }ð �
: =

ð �)( 'ð $
: =

ð $ & '
end

end

Figure 6. LVI (Las Vegas Incremental
Algorithm).

Intuitively, the portioncanbe neithertoo small nor too
big. If it is toosmall,afterthefirst iterationmany inconsis-
tencieswill be found andaddedto the currentsubsample,
which will hencebe very similar to ' . If it is too big, the
computationalsavingswill bemodest.Theauthorssuggest � � =+* or a valueproportionalto thenumberof features.

4.3 Relief Algorithm

RELIEF [25] (<random,weighting, distance>) chooses
randomlyan instance+ of ' and determinesits near hit
andits nearmissin relationto ' . Theformeris theclosest
instanceto + amongall the instancesin the sameclassof+ . The latter is the closestinstanceto + amongall the
instancesin a differentclass.Theunderlyingideais thata
featureis morerelevantto + themoreit separates+ andits
nearmiss,andtheleastit separates+ andits nearhit. The
resultis a weighedversionof theoriginal featureset. The
basicalgorithmis describedin Fig. 7.

An improvedversion[28] is proposed(RELIEF-F) where
the � moresimilar instancesareselected(belongingto the
sameor differentclass,respectively) andtheir averagesare
computed.

I nput :# ñ sampl i ng per cent age, ñ
di st ance measureð�� ó � ñ a sampl e

ð
descr i bed by ó�ô�õ ó�õ�ö°÷

Output :- ñ
ar r ay of f eat u r e wei ght s

i n i t i a l i z e
-

[ ] t o zero
do # õ ð õ t i mes.

: = Random_I nstance
�/ð �.0/21

: = Near
ñ

Hi t
� . ô ð �. /43

: = Near
ñ

M i ss
� . ô ð �

f or each
þ6587:9";:; ÷=< do- 7 þ < : =
- 7 þ <�> ,�? � . ô . /43 � ñ ,�? � . ô .0/21 �

end
end

Figure 7. RELIEF Algorithm.

4.4 SFG/SBGAlgorithms

SFG (SEQUENTIAL FORWARD GENERATION) (<se-
quential, forward, any>) iteratively addsfeaturesto a ini-
tial subset,in sucha way that improvesa given measurex taking into accountthosefeaturesalreadypresentin the
solution. Additionally, an orderedlist can also be ob-
tained. SBG (SEQUENTIAL BACKWARD GENERATION)
(<sequential,backward,any>) is thebackwardcounterpart.
Thealgorithmsarejointly describedin Fig. 8.

I nput :ð�� ó � ñ a sampl e
ð

descr i bed by ó�ô�õ ó�õ�ö°÷ø ñ
ev al uat i on measure

Output :ó�� ñ sol u t i on f ound

ó � � öA@ / / forwardó � � ö°ó / / backward
r epeat� � � ö ��BDC������FE ø �/ð!� ó�� ( EG�FH ��� õ � 5 ó & ó
� H / / forward� � � ö ��BDC������FE ø �/ð!� ó � & ED�IH ��� õ � 5 ó � H / / backwardó � � öPó � ( ED� � H / / forwardó
� � öPó
� & EG� � H / / backward
u n t i l no i mprovement i n

ø
i n l ast J st eps

or ó
��ö°ó / / forward
or ó
��öA@ / / backward

Figure 8. SBG/SFG (Sequential Backward
/Forwar d Generation Algorithms).

ThealgorithmsW-SFG andW-SBG (w for wrapper) use
theaccuracy of anexternalinducerasevaluationmeasure.
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4.5 SFFSAlgorithm

SFFS (SEQUENTIAL FLOATING FORWARD SEARCH)
[45] (<exponential,compound,any>) is anexponentialcost
algorithmthatoperatesin asequentialflavor. In eachselec-
tion stepSFFS performsa forwardstepfollowedby a vari-
ablenumber(possiblynull) of backwardones.In essence,
afeatureis first unconditionallyaddedandthenfeaturesare
removedaslongasthegeneratedsubsetsarethebestamong
their respective size. Thealgorithmis so-calledbecauseit
hasthecharacteristicof floatingarounda potentiallygood
solutionof the specifiedsize(seeFig. 9). The backward
counterpartperformsa backward stepfollowed by a vari-
ablenumber(possiblynull) of forwardones.

4.6 FocusAlgorithm

ThebasicFOCUS [2] (<exponential,forward, consisten-
cy>) algorithmstartsevaluatingeachsingletonfeatureset,
theneachsetof two featuresandso forth. It haltswhen-
ever a sufficiently consistentsolutionis found. The basic
algorithmis describedin Fig. 10.

The FOCUS-2 [3] algorithm introducesthe conceptof
conflict betweenpositive and negative examplesto prune
thesearch.

4.7 B&B Algorithm

B& B (BRANCH & BOUND) [42] (<exponential,back-
ward, any monotonic>) is an optimal searchalgorithm.
GivenathresholdK (specifiedby theuser),thesearchstops
ateachnodetheevaluationof whichis lowerthan K , sothat
efferentbranchesarepruned.

ABB (AUTOMATIC BRANCH & BOUND) [33] (<expo-
nential,backward, anymonotonic>) is a variantof B& B in
which the thresholdis automaticallyset. This algorithmis
describedin Fig. 11.

4.8 QBB Algorithm

QBB (QUICK BRANCH AND BOUND) [16] (<random/-
exponential,random/backward, consistency>) is a hybrid
algorithmcomposedof LVF and ABB (see§4.1and§4.7).
The basicideaconsistsof using LVF to find goodstarting
pointsfor ABB. It is expectedthat ABB canexplorethere-
mainingsearchspaceefficiently. Thealgorithmis described
in Fig. 12. The authors[16] reportedthat QBB canbe, in
general,moreefficient thanLVF, FOCUS andABB in terms
of averageexecutiontimeandselectedsolution.

5 Empirical Evaluation of FSAs

Thefirst questionarisingin relationto afeatureselection
experimentaldesignis: whataretheaspectsthatwe would

I nput :ð�� ó � ñ a sampl e
ð

descr i bed by ó�ô�õ ó�õ�ö°÷ø ñ
ev al uat i on measure, ñ
desi r ed si ze of t he sol ut i onL ñ
maximum dev i at i on al l owed wi th

r espect t o
,

Output :
so l u t i on of si ze

,NM L

Figure 9. SFFS Sequential Floating Forwar d
Search Algorithm. The set 
 � denotes the
current solution of size � .

like to evaluateof a FSA solutionin a given dataset? In
thisstudywedecidedto evaluateFSAperformancewith re-
spectto four particularities:relevance,irrelevance,redun-
danceand samplesize. To this end, several fundamental
FSAsarestudiedto assesstheir performanceon synthetic
datasetswith known relevant features.Thensampledata
setsof differentsizesarecorruptedwith irrelevant and/or
redundantfeatures. The experimentsaredesignedto test
theenduranceof differentFSAs(e.g.,behaviouragainstthe
rationumber-of-irrelevantvs. number-of-relevantfeatures).
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I nput :ð!� ó � ñ a sampl e
ð

descr i bed by ó�ô�õ ó�õ�öP÷ø ñ
ev al uat i on measure ( consi st ency )ø � ñ
minimum al l owed val ue of

ø
Output :ó � ñ so l ut i on f ound

f or
þ6587:9";:; ÷=< do

f or each ó ��O ó , w i th õ ó � õ�ö þ do
i f
ø �/ð�� ó � ���
	°ø�� t hen st op

end
end

Figure 10. FOCUS Algorithm.

I nput :ð!� ó � ñ a sampl e
ð

descr i bed by ó�ô�õ ó�õ�öP÷ø ñ
ev al uat i on measure ( monotoni c )

Output :ÿ ñ
al l equi v al ent so l u t i ons f ound

pr ocedur e ABB (
ð�� ó � : sampl e ; var

ÿ � : l i s t
of set )

f or each � i n ó do
enqueue ( P3ôuó & ED�FH ) / / removea feature at a time

end
wh i l e not empty ( P ) doó
� � ö dequeue ( P )

/ / ó � is legitimateif it is not a subsetof a prunedstate
i f l eg i t i mat e ( ó � ) and

ø �/ð�� ó � ����	°ø�� t henÿ � � ö append (
ÿ �/ôuó
� )

ABB(
ð�� ó � � ô ÿ � )

end
end

end

begi nP � öA@ / / Queueof pendingstatesÿ � � ö 7 ó�< / / List of solutionsø � � ö ø �/ð!� ó ��� / / Minimumallowedvalueof
ø

ABB
�/ð�� ó � ô ÿ � � / / Initial call to ABBQ � ö smal l est si ze of a subset i n

ÿ �ÿR� ö set of el ements of
ÿ � of si ze

Q
end

Figure 11. ABB (Automatic Branc h and Bound
Algorithm).

5.1 Particularities to beevaluated

Relevance:Differentfamiliesof problemsaregeneratedby
varyingthenumberof relevantfeatures

Ö ì . Thesearefea-
turesthat,by construction,have aninfluenceon theoutput

I nput :����� ñ t he maximum number of i t er at i o n sø ñ
monotoni c ev al uat i on measureð�� ó � ñ a sampl e

ð
descr i bed by ó�ô�õ ó�õ�ö°÷

Output :ÿ ñ
al l equi v al ent so l u t i ons f oundÿ . ���
: = [ ]ÿ ÿ)SUT
: = LVF ( ����� ô ø ô ð�� ó � )

f or each ó � 5 ÿ ÿ
SUT doÿ . ���
: = concat (

ÿ . ��� ô . ��� �/ð�� ó � � ô ø�� )
endQ

: = smal l est si ze of a subset i n
ÿ . ���ÿ

: = set of el ements of
ÿ . ���

of si ze
Q

Figure 12. QBB (Quic k Branc h and Bound
Algorithm).

andwhoserolecannotbeassumedby therest(i.e., thereis
no redundance).

Irr elevance: Irrelevantfeaturesaredefinedasthosefeatu-
resnothavingany influenceontheoutput,andwhosevalues
aregeneratedat randomfor eachexample. For a problem
with

Ö ì relevant features,differentnumbersof irrelevant
features

Ö ë areaddedto the correspondingdatasets(thus
providingwith severalsubproblemsfor eachchoiceof

Ö ì ).

Redundance: In theseexperiments,a redundanceexists
whenever a featurecan take the role of another(perhaps
the simplestway to model redundance).This is obtained
by choosinga relevant featurerandomlyandreplicatingit
in the dataset. For a problemwith

Ö ì relevant features,
differentnumbersof redundantfeatures

Ö ì æ areaddedin a
wayanalogousto thegenerationof irrelevantfeatures.

SampleSize: It refersto the numberof instances
( ' ( of

a datasample ' . In theseexperiments,
( ' ( is definedas( ' ( ��äI� Ö ½ " , where ä is a constant,� is a multiplying

factor,
Ö ½ is thetotalnumberof features(

Ö ìWV Ö ëXV Ö ì æ )
and " is the numberof classesof the problem. Note this
meansthatthesamplesizewill dependlinearlyon thetotal
numberof features.

5.2 Evaluation of Performance

Thescorecriterionexpressesthedegreeto whichasolu-
tion obtainedby a FSA matchesthecorrectsolution. This
criterionbehavesasa similarity Ãn-U�;��S�03#�
}�]
 % � =�� ���
in theclassicalsense[15], satisfying:

1. Ãn-U�;��S�0o� ��Y ê��b�4S
2. Ãn-U�;��S�0o�	Ãn-/S��7��0
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where Ãn-U�;��S�0`¥ÐÃn-U�;�[ZZ0 indicatesthat S is moresimilar to� than Z .
Let usdenoteby 
 the total setof features,partitioned

in 
 ��
 ì L]
 ë L]
 ì æ , being 
 ì �7
 ë �7
 ì æ the subsets
of relevant,irrelevantandredundantfeaturesof 
 , respec-
tively andcall 
y��z�
 the ideal solution. Let us denote
by \ the featuresubsetselectedby a FSA. The ideais to
checkhow much \ and 
y� have in common.Let usdefine\ ì �&
 ì�] \ , \ ë ��
 ëU] \ and \ ì æl�&
 ì æ ] \ . In
general,we have \ ½ �¨
 ½^] \ (hereafter! standsfor a
subindex in 
 ç � Q � ç @f� ). Sincenecessarily\�zX
 , wehave\&�_\ ì L^\ ë L^\ ì æ . Thescore '�å�-`\801#H­*-U
y0 % � =�� ���
will fulfill thefollowing conditions:~ '�å�-`\80q�4= Y êa\:�?
 ë~ '�å�-`\80q� ��Y êa\:�?
y�~ '�å�-`\80<¥¦'�å6-b\ @ 0 indicatesthat \ is moresimilar to
y� than \8@ .

Thescoreis definedin termsof thesimilarity in thatfor
all \¬z�
]�_'�å6-b\80A�¡Ãn-`\*�7
y��0 . This scoringmeasure
will alsobeparameterized,so that it canpondereachtype
of divergence(in relevance,irrelevanceandredundance)to
theoptimalsolution. Thesetof parametersis expressedasäD�¦
�ä ì �Jä ë �7ä ì æ � with ä ½ �F= and º ä ½ � � .
Intuiti veDescription
Thecriterion '�å�-`\80 penalizesthreesituations:

1. Therearerelevant featureslacking in \ (the solution
is incomplete).

2. Therearemorethanenoughrelevantfeaturesin \ (the
solutionis redundant).

3. Therearesomeirrelevantfeaturesin \ (thesolutionis
incorrect).

An orderof importanceanda weight will be assigned
(via the ä ½ parameters),to eachof thesesituations.

Formal Description
Theprecedentpoint(3.) is simpleto model:if sufficesto

checkwhether
( \ ë ( ¥�= , being \ thesolutionof theFSA.

Relevanceandredundancearestronglyrelatedgiven that,
in this context, a featureis redundantor not dependingon
whatotherrelevantfeaturesarepresentin \ .

Notice thenthat theoptimal solution 
 � is not unique,
though all them should be equally valid for the score.
To this end, the featuresarebroken down in equivalence
classes, whereelementsof thesameclassareredundantto
eachother (i.e., any optimal solutionmustcompriseonly
onefeatureof eachequivalenceclass).

Being \ a featureset, we definea binary relation be-
tweentwo features� � ����§ ) \ as: � ��c ��§ Y ê � � and

�H§ representthesameinformation. Clearly
c

is anequiv-
alencerelation. Let \�d be thequotientsetof \ under

c
,\Wda�¦
 � � � ( � ) \�� , any optimalsolution \�� will satisfy:

1.
( \6� ( � ( 
 ì (

2. e � � � � ) \WdX#gfZ� § )°� � � � #5� § ) \6�
We denoteby \6� anyof thesesolutions.

Construction of the score
In the presentcase,the set to be split in equivalence

classesis formedby all therelevant features(redundantor
not)chosenby a FSA.We definethen:

\ dì ��-b\ ì Lh\ ì æ 0 d
(equivalenceclassesin which the relevant features chosenby a
FSAare split)


 dì �:-U
 ì Lb
 ì æ 0 d
(equivalenceclassesin which theoriginal setof featuresis split)

Let \Wdìji 
Rdì ��
 � � � � ) 
Rdì ( f � � § � ) \Wdì # � � § � z � � � � �
anddefine,for k quotientset:l -bk$0o� Ùm nDo é�p - ( � ( V � 0

The ideais to expressthequotientbetweenthenumber
of redundantfeatureschosenby theFSA andthenumberit
couldhavechosen,giventherelevantfeaturespresentin its
solution.In theprecedentnotation,this is written(provided
thedenominatoris notnull):l -b\Wdì 0l -b\ dì i 
 dì 0

Let usfinally build thescore, formedby threeterms:rel-
evance,irrelevanceandredundance.Defining:

Q � � V ( \ ë (( 
 ë ( � ç � ( \ dì (( 
 ì ( � with \ dì �:-b\ ì LW\ ì æg0 d
ç @ � q = if

l -`\Wdì i 
Rdì 0o�	=�r å!s æ rXt � V Ô Ývu�ws ßÔ Ývu ws%x å ws ßDy otherwisez
for any \|{~} thescoreis definedas �%���`�������
�
����)�%�b���g���
�2� .
Restrictionson the �)�

We canestablishnow thedesiredrestrictionson thebe-
havior of thescore.Fromthemoreto thelesssevere: there
are relevant featureslacking, thereare irrelevant features,
andthereis redundancy in thesolution.This is reflectedin
thefollowing conditionson the � � :
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1. Choosinganirrelevantfeatureis betterthanmissinga
relevantone: ���� � � �)� ���� � � �

2. Choosinga redundantfeatureis betterthanchoosing
anirrelevantone: �g�� � � �X� � � �� � � � �

We alsodefine �
���|� if � }��0�j�|� . Notice that the
denominatorsareimportantfor, asanexample,expressing
thefactthatit is not thesamechoosinganirrelevantfeature
whentherewereonly two that when therewere three(in
thelattercase,thereis anirrelevantfeaturethatcouldhave
beenchosenwhenit wasnot).

Practical Considerations
In orderto translatethepreviousinequalitiesinto work-

ableconditions,a parameter���A�`�I�" D¡ canbeintroducedto
expresstheexactrelationbetweenthe � � . Let � � �¢�g£� ¤ £ � .Thefollowing two equationshave to besatisfied:

¥ � � � �¦� � � ¥ � � � �§� � �
for suitablechosenvaluesof

¥ � and
¥ � . In this work we

take
¥ � ���D¨�© and

¥ � �ª©��G¨�« . This meansthat,at equal� ¬ � �­�4� ¬ � �­�4� ¬ � �®� , � � is at leasttwice moreimportantthan� � (becauseof the �D¨�© ) and � � is at leastoneanda half
timesmoreimportantthan �
�%� . Specifically, theminimum
valuesareattainedfor �N�_  (i.e., �)� countstwice �
� ). For�°¯±  thedifferenceswidenproportionallyto thepoint that,
for �N²§� , only �
�!� will counton theoverallscore.

6 Experimental Evaluation

In this sectionwe detail the experimentalmethodology
and quantify the various parametersof the experiments.
Thebasicideaconsistsongeneratingsampledatasetswith
knownparticularities(syntheticfunctions³ ) andhandthem
over to thedifferentFSAsto obtaineda hypothesiś . The
divergencebetweenthe definedfunction andthe obtained
hypothesiswill be evaluatedby the score criterion. This
experimentaldesignis illustratedin Fig. 13.

µ ¶ ¶ ·¹¸ ·¹º¼»v½`¾¹·¿G·vÀ`Á¼½¼À`»v½`¾¹·
Â"»¹Ã »�ÄÅ·¹ÃbÀ¼·¹Æ:¾v¶ Ç È¼·¹ÀÉ ½¼¸ Ê4È`Ê4Ã Ë`·½`·¹¾v·¹ÆÌÆÌ»Í¶ Ê4¶ ·¹¸ ·¹º¼»v½`ÃÎ ·¹»¹Ã Á`¶ ·¹Æ É ÎÐÏ Ñ

·¹»¹Ã Á¼¶ ·ÄÅ·v¸ ·¹¾¹Ã Ç É ½Ò ¸ Ó É ¶ Ç Ã Ë¼Ô ÕÖ
ÄÅ»¹Ô�×¼¸ ·ÄÅÇ Ø¹·

ÄÅ¾ É ¶ ·¹Ù Î Ú Û"Ü

Figure 13. FlowChar t of Experimental Design.

6.1 Description of the FSAsused

The ten FSAs usedin the experimentswere : E-SFG,
QBB, LVF, LVI, C-SBG, RELIEF, SFBG, SFFG, W-SBG, and
W-SFG (seeTable 2). The algorithmsE-SFG, W-SFG are
versionsof SFG usingentropy andthe accuracy of a C4.5
inducer, respectively. The algorithmsC-SBG, W-SBG are
versionsof SBG using consistency and the accuracy of a
C4.5inducer, respectively. During thecourseof theexperi-
mentsthealgorithmsFOCUS, B& B, ABB andLVW wereput
asidedueto theirunaffordableconsumptionof resources.

Algorithm Search Generationof Evaluation
Organization Succesors Measure

LVF Random Random Consistency
LVI Random Random Consistency
QBB Random/Expon.Random/Backward Consistency

RELIEF Random Weighting Distance
C-SBG Sequential Backward Consistency
E-SFG Sequential Forward Entropy
SFBG Exponential Compound Consistency
SFFG Exponential Compound Consistency

W-SBG Sequential Backward Accuracy(C4.5)
W-SFG Sequential Forward Accuracy(C4.5)

Table 2. FSAs used in the experiments.

6.2 Modifications to the FSA

For purposesof comparison,somemodificationswere
performedto the FSAs, without affecting the nucleusof
eachalgorithm.On theotherhand,a filtering criterionwas
establishedto binarize the outputsof the algorithmsthat
givea linealorderof features.

Resource: We considerthat all the FSAsshouldhave ap-
proximatelythesameopportunitiesto compete,in whatre-
gardsthe computationalresources.This meansthe expo-
nentialalgorithmscan be finishedbeforeits naturalstop-
ping condition. In our case,this only happensto the QBB

algorithm,which may be forced to give the bestsolution
obtaineduntil that moment.For the caseof LVI, it should
bepointedout thatonly 50%(on average)of thedatasetis
sampled,sothatdoubleresourcesareassigned.

Filtering Criterion: SinceRELIEF andE-SFG give asout-
put anorderedlist of featuresÝ�Þ accordingto their weightß Þ , a filtering criterion is necessaryto transformthis solu-
tion to asubsetof features.Theprocedureusedhereis sim-
ple: sincethe interestis in determininga goodcut point,
first those ß Þ further than two variancesfrom the mean
are discarded(that is to say, with very high or very low
weights).Thendefine à4Þá� ß Þâ� ß Þ¼ãXä and å=æ��èç æ Þ¹éXê à4Þ .
Theobjectiveis to searchfor thefeatureÝIæ suchthat:
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 °ë å+æåFì�í ëïîí
is maximum.

Thecut point is thensetbetweenÝIæ and Ý=æ[ð
ä .
6.3 Implementationsof Data Families

A total of twelve families of datasetswere generated
studying three different problemsand four instancesof
each,by varying the numberof relevant featuresñW� . LetÝâä2�"z�z"zX�òÝ ì be the relevant featuresof a problem ³ . The
selectedproblemsare:

Parity: Thisis theclassicbinaryproblemof parity í , where
theoutputis ³��`Ý ä ��ó�ó"ó%�òÝ�ìF�0�~  if thenumberof Ý Þ �~  is
oddand ³��¼Ý%ä2��ó"ó�óX�[Ý ì �á�§� otherwise.

Disjunction: A disjunctive task,with ³��¼Ýâä���ó"ó�ó%�[Ý ì �W�ô 
if �¼Ý ä!õ ó"ó�ó õ Ýöì � �%÷R�¼Ýöì �¹ð
ä�õ ó"ó�ó õ ÝöìF� , with í ��� íùøgúÅû ©if í is evenand í �ö�è� íùøgúüû ©��6�¦  if í is odd.

GMonks: This problemis a generalizationof the classic
monksproblems[52]. In its originalversion,threeindepen-
dentproblemswereappliedon setsof í �þý featuresthat
take valuesof a discrete,finite andunorderedset(nominal
features). Herewe have groupedthe threeproblemsin a
singleonecomputedon each segmentof 6 features.Let íbemultiple of 6, ÿ�� íùø�úÅû ý and ��� ýF�bÿI�%ë§ 2���   , for �� ÿ=��� ÿ . Letusdenotefor “1” thefirst valueof afeature,
for “2” thesecond,etc.Theproblemsarethefollowing:

1. �
 ��F�¼Ý��0�¦Ý	�üð)ä"�X÷ Ý��üð�
 �è 
2. ��©�� two or more Ý Þ �   in Ý � ó"ó�óÐÝ �bð
�
3. �ù«��F�¼Ý��bð�
 �¦« õ Ý��bð
���  2�g÷��`Ý	�üð�
���§« õ Ý	�üð)ä���±©��
For eachsegment,thebooleancondition ��© õ�� ���
  õ

�ù«g� is checked. If this conditionis satisfiedfor à or more
segmentswith à^� í � øgúÅû © (being í � the numberof seg-
ments)thefunctionGmonksis 1; otherwise,it is 0.

6.4 Experimental Setup

Theexperimentsweredividedin threegroups.Thefirst
grouprefersto therelationshipbetweenirrelevancevs. rel-
evance. The secondrefersto the relationshipbetweenre-
dundancevs. relevance. The last grouprefersto sample
size. Eachgroupusesthreefamiliesof problems(Parity,
DisjunctionandGMonks) with four differentinstancesfor
eachproblem,varyingthenumberof relevantfeaturesñW� .

Relevance: Thedifferentnumbersñ � vary for eachprob-
lem,asfollows: {4, 8, 16,32} (for Parity), {5, 10,15,20}
(for Disjunction) and{6, 12,18,24} (for GMonks).

Irr elevance: In theseexperiments,we have ñW� running
from 0 to 2 timesthevalueof ñW� , in intervalsof 0.2 (that
is,elevendifferentexperimentsof irrelevancefor eachñ � ).

Redundance:Similarly to thegenerationof irrelevantfea-
tures,we have ñ��%� runningfrom 0 to 2 timesthevalueofñW� , in intervalsof 0.2.

SampleSize: Giventheformula � ���I� ��ÿ=ñ ��� (see§5.1),
differentproblemsweregeneratedconsideringÿ ��� 0.25,
0.5, 0.75,1.0, 1.25,1.75,2.0� , ñW�è� ñ � �±ñ � �§ñ �%� ,
� �¦© and �R�±©�� . Thevaluesof ñ � and ñ �%� werefixedasñ � �¦ñ �%� �§ñ � ø�úÅû © .
6.5 Results

Due to spacereasons,only a sampleof the resultsare
presented,in Fig. 14. In all theplots,eachpoint represents
the averageof 10 independentrunswith differentrandom
datasamples.TheFigs. 14(a)and(b) areexamplesof ir-
relevancevs. relevancefor four instancesof theproblems,
(c) and(d) areexamplesof redundancevs. relevanceand
(e) and(f) areexamplesof samplesizeexperiments.In all
cases,thehorizontalaxisrepresentstheratiosbetweenthese
particularitiesasexplainedabove. Theverticalaxis repre-
sentstheaverageresultsgivenby thescorecriterion.

� In Fig. 14(a)theC-SBG algorithmshowsatfirst agood
performancebut clearly as the irrelevanceratio in-
creases,it falls dramatically(below the0.5 level fromñW�
�èñ�� on). Notethat for ñW�¦��� performanceis
alwaysperfect(theplot is on topof thegraphic).

� In contrast,in Fig.14(b)theRELIEF algorithmpresents
very similar and fairly good resultsfor the four in-
stancesof theproblem,beingalmostinsensitive to the
totalnumberof features.

� In relationto redundancevs. relevance,in Fig. 14(c)
theLVF algorithmpresentsaverygoodandstableper-
formancefor thedifferentprobleminstancesof Parity.

� In 14(d)we observe that QBB tendsto a poorgeneral
performancein theDisjunctionproblemwhenthetotal
numberof featuresincreases.

� Theplots in Figs.14(e)and(f) show additionalinter-
estingresultsbecausewe canappreciatethe curseof
dimensionalityeffect [23]. In thesefigures,LVI and
W-SFG presentan increasinglypoorperformance(see
thefigurefrom top to bottom)with thenumberof fea-
turesprovidedthenumberof examplesis increasingin
a linearway. However, in general,aslongasmoreex-
amplesareaddedperformanceis better(seethefigure
from left to right).
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A summaryof the resultsis displayedin Fig. 15 for
thetenalgorithms,allowing for a comparisonacrossall the
sampledatasetswith respectto eachstudiedparticularity.
Specifically, Figs.15(a),(c) and(d) show theaveragescore
of eachalgorithmfor irrelevance,redundanceandsample
size,respectively. Moreover, Figs. 15(b),(d) and(f) show
thesameaverageweighedby ñ � , in sucha way thatmore
weightis assignedto moredifficult problems.

In eachgraphictherearetwo keys: the key to the left
showsthealgorithmsorderedby totalaverageperformance,
from top to bottom. The key to the right shows the algo-
rithmsorderedby averageperformanceon the last abscissa
value,alsofrom top to bottom. In otherwords,the left list
is toppedby thealgorithmthatwins on average,while the
right list is toppedby the algorithmthat endson the lead.
This is alsousefulto helpreadingthegraphics.

� Fig.15(a)showsthatRELIEF endsupontheleadof the
irrelevancevs. relevanceproblems,while SFFG shows
thebestaverageperformance.ThealgorithmW-SFG is
alsowell positioned.

� Fig. 15(c) shows that the algorithmsLVF and LVI to-
getherwith C-SBG aretheoverallbest.In fact,thereis
a bunchof algorithmsthatalsoincludesthetwo float-
ing andQBB showing a closeperformance.Notehow
RELIEF andthewrappersareverypoorperformers.

� Fig. 15(e)shows that thewrapperalgorithmsseemto
beableto extract themostof thedatawhenthereis a
shortageof it. Surprisingly, the backwardwrapperis
just fairly positionedon average. The forward float-
ing algorithmis againquitegoodon average,together
with C-SBG. However, all of thealgorithmsarequite
closeand show the samekind of dependency to the
data.Notethegeneralpoorperformanceof E-SFG, due
to the fact that it is the only algorithmthat computes
its evaluationmeasure(entropy in this case)indepen-
dentlyfor eachfeature.

� Theweighedversionsof the graphicsdo not seemto
alter the picture very much. A closer look reveals
thatthedifferencesbetweenalgorithmshavewidened.
Very interestingis the changefor RELIEF, that takes
the leadboth on irrelevanceandsamplesize,but not
onredundance.

7 Conclusions

Thetaskof afeatureselectionalgorithm(FSA)is to pro-
vide with a computationalsolutionto the featureselection
problemmotivatedby acertaindefinitionof relevance. This
algorithmshouldbereliableandefficient. Themany FSAs
proposedin theliteraturearebasedon quitedifferentprin-
ciples(asthe evaluationmeasureused,the preciseway to

explore the searchspace,etc) andlooselyfollow different
definitionsof relevance.

In this work a way to evaluateFSAs was proposedin
order to understandtheir generalbehaviour on the partic-
ularitiesof relevance,irrelevance,redundancy andsample
size of syntheticdatasets. To achieve this goal, a set of
controlledexperimentsusingartificially generateddatasets
weredesignedandcarriedout. Thesetof optimalsolutions
is then comparedwith the outputgiven by the FSAs(the
obtainedhypotheses).To this end,a scoringmeasurewas
definedto expressthedegreeof approximationof theFSA
solutionto the real solution. The final outcomeof the ex-
perimentscanbeseenasanillustrativesteptowardsgaining
usefulknowledgethatenablesto decidewhichalgorithmto
usein certainsituations.

In thisvein, it is shown thedifferentbehaviour of theal-
gorithmsto differentdataparticularitiesandthusthedanger
in relying in a singlealgorithm.Thispointsin thedirection
of usingnew hybridalgorithmsor combinationsthereoffor
amorereliableassessmentof featurerelevance.

As futureactivities, this work canbeextendedin many
waysto carryupricherevaluationssuchasconsideringfea-
turesstronglycorrelatedwith theclassor with oneanother,
noisein thedatasets,otherkindsof data(e.g.,continuous
data),missingvalues,andthe useof combinedevaluation
measures.
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Figure 14. Some results of the experiments.
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Figure 15. Results ordered by total average performance on the data sets (left inset) and by end
performance (right inset). Figs. (b), (d) and (f) are weighed versions of (a), (c) and (e), respectivel y.
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