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ABSTRACT Design of tracking controller for quadrotor is an important issue for many engineering
fields such as COVID-19 epidemic prevention, intelligent agriculture, military photography and rescue
nowadays. This study applies the feedback linearized method and linear quadratic regulator (LQR) method
using particle swarm optimization (PSO) to analysis and stabilize the highly nonlinear quadrotor system
without applying any nonlinear function approximator that includes neural network approach and fuzzy
approach. The article proposes a new method based on the firstly proposed convergence rate formula to
achieve the optimal weighting matrices of LQR such that the composite controller can reduce the amplitudes
of system control inputs. Determination of the LQR tuning parameters is conventionally achieved via trial
and error approach. In addition to being very troublesome, it is difficult to find the globally best tuning
matrices with LQR method. This article firstly uses the convergence rate formula of the nonlinear system
as the fitness function of LQR approach by using PSO to take the place of the trial and error method.
The generalities and implications of proposed approach are globally valid, whereas the Jacobian linearized
approach is locally valid due to the Taylor expansion theorem. In addition to these two major achievements,
the significant innovation of the proposed method is to possess ‘“‘simultaneously’” additional performances
including the almost disturbance decoupling, input amplitude reduction, tuning parameter optimization and
globally exponential stability performances. Comparative examples show that the convergence rate with our
proposed optimal controller using the PSO algorithm is larger than the fuzzy method, and better than the
singular perturbation method with high-gain feedback.

INDEX TERMS Almost disturbance decoupling, COVID-19 epidemic prevention, feedback linearized

approach, linear quadratic regulator, particle swarm optimization, quadrotor.

I. INTRODUCTION

The air vehicles can be divided into two types including pro-
peller aircraft and jet aircraft according to the engine propul-
sion method used. Propeller aircraft is a type of fixed-wing
aircraft that uses turboprop or reciprocating engines to pro-
vide power [1], [2]. Early aircrafts are basically propeller air-
crafts. Although jet aircrafts appear later, propeller aircrafts
are still widely used. The propeller aircraft can propel forward
mainly due to two functions. One is the design of the blade
shape, which makes the front and rear air speed difference.
According to Bernoulli’s law, the resulting speed difference
allows the aircraft to gain forward force. The second is
the well-known force and reaction force. Pushing the air
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backward, the aircraft gains forward power. A jet is an aircraft
that uses a jet engine as the source of propulsion [3], [4]. Itis
not same as the traditional propeller aircraft except for the
power system used, and the suitable flight environment is also
different. Propeller aircrafts need to disturb the surrounding
air through the propeller to achieve the purpose of forward
propulsion, so it cannot fly in the high altitude where the
air density is too thin. On the contrary, due to the different
operating principles of the engine, the jet needs to be at
an altitude of 10,000 to 15,000 meters and achieve the best
propulsion efficiency. Some significant control technologies,
such as lift control method [5] and thrust control method [6],
have been used to design robust controllers for propeller
aircrafts. PID approach [7], model reference adaptive con-
trol [8] and backstepping control [8] are applied to address the
controller design problem for jet aircrafts. In the past decades,
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unmanned aerial vehicles have attracted many researches.
This research interest is mainly based on the low cost of
unmanned aerial vehicle and its large-scale industrial applica-
tions in different fields. Among all these drones, quadrotors
are considered the most useful due to their flighting modes
and simple flighting operations. Quadrotors are widely used
in the practical industries including delivery, agriculture, pho-
tography, entertainment and rescue [9], [10]. They can fly
through complicated structures and check dirty underground
tunnel according to their hovering capabilities and maneuver-
ability. Quadrotors have four symmetrical propellers which
can produce great thrust in the vertical direction [11]. They
have vertical take-off, hovering and landing capabilities like a
helicopter. These important functions make them be attractive
for many significant industrial applications, such as cooper-
ative operations, academic research and performing tasks in
harsh environments.

The researches related to the quadrotors are extensive and
many significant approaches, such as model predictive con-
trol [12], [13], sliding mode control [14]-[16] and adaptive
control [1], [4], [17], [18], have been used to design robust
controllers for quadrotors. Reference [19] applied model pre-
dictive control for obtaining a precise trajectory with the
forcible wind gusts. Model predictive control approach is use-
ful based on its optimal tracking characteristics [20]. Compar-
isons between this study and [20] are summarized as follows:
()The existing model predictive control cannot be used to
solve the mismatched disturbance case. In contrast, both this
study and [20] can completely solve it; (ii))The disturbance
effect can be completely cancelled by applying compensation
gain in [20]. On the contrary, this study can only almost
decouple the disturbance effect; (iii)Deriving the observer
gain of [20] needs to solve the complicated differential equa-
tion. In contrast, this study only needs to solve algebraic
equation. Sliding mode control strategy in [21], [22] shows
good robustness to the design of nonlinear system. However,
the chattering behaviour is the serious shortcoming which
may drive the system to be unstable [23]. Adaptive control
approach is usually applied to solve quadrotor system [24].
The shortcoming of adaptive control approach is that the
complex updating rule makes it be not practical [25].

For the control of nonlinear system, some performances
including the reduction of the disturbance, input com-
mand reduction and stability should be simultaneously
solved [26]. To address the compromise between these per-
formances, some effective control methods, such as model
predictive control [27], deep reinforcement learning [28],
multi-objective control [29], backstepping control [30] and
preview control [31], have been applied for nonlinear sys-
tems. However, in the aforementioned researches, a serious
common requirement is that all systems should be approx-
imated to be linear model by using locally Jacobian lin-
earized approach. This requirement may be impractical in
the realistic systems. To get over nonlinear behaviours of
the realistic systems, function approximators, such as neural
network approach [32] and fuzzy logic approach [33], have
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been applied to minimize the desired performance errors [34].
The neural network approach in [35] is suitable for the con-
trol design of nonlinear system and achieves better perfor-
mances. However, it is a supervised learning approach and
needs the system to provide lots of samples. Designing the
controller only uses the current state and seriously limits
its performance for the neural network method. Moreover,
complex coupling structure and computing efforts make the
practical realization of nonlinear function approximators be
not mature. Building fuzzy control rule actually requires
many design experiences and knowledges, and the control
performance is closely decided by the chosen rules [36].

It is obvious to see that the robust tracking control issue
for quadrotors still is a challenging research due to the dif-
ficult stability requirement and disturbances acting on the
quadrotor dynamics. Motivated by the aforementioned diffi-
cult points, we use feedback linearized approach to design
the controller of quadrotor system with the almost distur-
bance decoupling, input amplitude reduction, tuning param-
eter optimization, controllable convergence rate and globally
exponential stability performances and take the place of tra-
ditional LQR trial and error method and Jacobian locally
linearized approach. Researches on the feedback linearized
approach have made important contributions [37]-[39], and
have been widely applied in many engineering applications
including the induction motor drive [37], the interior perma-
nent magnet synchronous motors [38], aerial robots [40] and
the water pumping [41].

The control strategy partially applied in this article is the
linear quadratic regulator (LQR) optimal method. LQR opti-
mal method is an important method to decide the feedback
signal for a linear system or linearized system by optimizing
the quadratic performance cost index. Appropriate selecting
optimal performance cost index, that can achieve the determi-
nation of the vector K, results the optimal control system. The
optimal K value is decided by the calculation of the famous
Riccati equation that needs the input parameters including
a semi-positive definite matrix Q and the positive definite
matrix R. Comparing the LQR optimal control approach with
PID approach yields that LQR has more superior perfor-
mances [42]. LQR optimal control approach has been applied
successfully to many engineering applications. These appli-
cations include the control of DC Motor [43], the magnetic
levitation system [44], the coupled tank system [45] and the
quad-rotor hovering mode [46].

The optimal performance cost index of LQR controller
satisfactorily works. However selecting the weighting matri-
ces Q and R is difficult. Some selecting approaches, such as
Kalman’s pole-assignment approach and genetic algorithm
approach, have been investigated in recent researches, but
they have strict drawbacks, such as high computing load
and low convergent rate of optimal solution [47]. Due to the
difficulty of selecting the weighting matrices Q and R, this
article proposes a new approach to efficiently obtain them
based on particle swarm optimization [48] approach under the
guarantee of globally exponential stability. This article has
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firstly proposed the convergence rate formula of the nonlinear
system as the fitness function of LQR approach by using PSO
to take the place of the conventional trial and error method.
Moreover, the generality of the proposed approach is global,
whereas the Jacobian linearized approach is local [49].

In [50], the strict requirement of almost disturbance decou-
pling standards for control systems was addressed to depress
the disturbances on the output, and then many important
related researches have been proposed [51]. However, ref-
erence [50] can only solve the ADD problem for nonlinear
SISO system subject to the global non-Lipschitz nonlinearity
and the nonlinear multiplied disturbance conditions, and then
the ADD cannot be well addressed for the control system:
21(1) = x2 + wi0), () = u+x3w21), Yo = X1 = hol,
where x; and x; denote the states, u and y,; are the input
and output, respectively, wy(z) and w(¢) are the disturbance
terms. On the contrary, above system can be well solved by
the proposed approach in this article.

The significant novelty of this article is to present optimal
controller design for MIMO highly nonlinear quadrotor sys-
tems based on feedback linearized and linear quadratic reg-
ulator approaches using PSO, and simultaneously achieves
the almost disturbance decoupling, input amplitude reduc-
tion, tuning parameter optimization, controllable conver-
gence rate, improved suspension and globally exponential
stability multiple-performances. Major novelties of this arti-
cle are summarized as follows:

(i) This study has firstly proposed the convergence rate
formula of the nonlinear system as the performance cost index
of LQR proc the conventional trial and error approach.

(ii) The quadrotor system is firstly designed by applying
the feedback linearized approach and linear quadratic reg-
ulator using PSO optimization approach that take the place
of using traditional Jacobian linearization method with the
almost disturbance decoupling performance.

(iii)An optimal controller is proposed to achieve the global
exponential stability without solving the Hamilton-Jacobi
equation, that is a complicated partial differential equation
with many calculations and needs to be solved for the
H-infinity control method.

(iv)In this work, the PSO algorithm is applied to select the
optimal weighting matrices Q and R of LQR controller for
quadrotor system.

(v) The article gives a method to select the weighting
matrices Q and R of linear quadratic regulator such that the
composite controller can depress the amplitudes of system
inputs.

(vi)The generalities and implications of this approach
are globally valid, whereas the locally Jacobian linearized
approach is locally valid.

Il. OPTIMAL CONTROLLER DESIGN BASED ON PSO AND
LQR ALGORITHMS
Consider the linear continuous-time system

X = AX + Bu (1
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with the performance cost index

Ty
1= 35 apsapiap+ 5 [ (o5 + i wa)ar @

fo

where Ty denotes the final time and S(Ty) > 0,0 > 0,
R > 0. The main goal of LQR is to find the optimal input
for driving the system states from given initial state so that
the performance cost index is minimized.

Reference [52] applies the Hamilton-Jacobi-Bellman
equation to get the Riccati equation as

S+0+SA+ATS —SBR™'BTSs =0 (3)

and the optimal input is given by

u =—R'BSx )

Selections of the LQR weighting matrices Q and
R are generally determined via trial and error opera-
tion. In addition to being very troublesome, it is dif-
ficult to achieve the best weighting matrices. Up to
now, in terms of processing practical systems, there are
many optimization techniques [53]-[57] on the existing
researches. Some of optimization techniques, such as PSO
algorithm [48], [58], [59], genetic algorithm [60], bees algo-
rithm [61], etc. can be applied to adjust optimal LQR weight-
ing matrices. PSO algorithm belongs to be a population-based
heuristic optimization technique activated by Eberhart and
Kennedy [62]. Compared to other optimization techniques,
PSO algorithm has few elements and is easily implemented.
In the process of the PSO algorithm, potential particle
solutions navigate the problem space by catching the best
available solutions. PSO optimization technique basically
is handled on the approximation value of the position for
the individuals of the swarm to the individual with the best
position of the swarm. The initial population is organized
by a group of particles. According to the performance cost
index, the fitness values of random particles are calculated.
The pbest value is the best fitness value and is determined
for each particle. The gbest value is the best fitness value
ever calculated for all particles in the population, and it is
the global best value for the population. According to these
obtained pbest and gbest values, the velocities of the particles
are determined by (5) and their positions are tuned according
to (6). Equation (5) uses the distance between the particle’s
previous iteration speed, current position, its best experience,
and the best experience of the group to update its velocity,
and then the particle flies to a new position according to (6).

k+1 _ k k k
Vi =Wy +cy-rp- (pbestij — xl-j)
+cy -1y (gbest{‘j - x;‘j) 5)
k+1 _ _k k+1
Xi =X + Vi (6)

where ¢ and ¢, denote learning factors and guide the moving
trajectory of the particle based on its own accumulated expe-
rience and the accumulated experience of the other particles
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in the swarm, respectively. r; and ry are the random factors
located at [0, 1]. w denotes the inertia weighting factor. After
the updating procedure, the performance cost index values of
all particles in the new population are re-calculated.

The PSO algorithm of acquisition process of learning
parameters is shown in Fig. 1 and summarized as follows:

Start

A
Initialization of
each particle

A,
Calculate the current fitness value

of each particle

Update the particle's
velocity and position

Are the termination conditions

|Output the best solution|

A,

End

FIGURE 1. Block diagram for the PSO algorithm of acquisition process of
learning parameters.

(Stepl)Randomly generate m particles, and initialize the
position vector x{‘ and velocity vf‘ of each particle. Set initial
parameters, including the lower limit L; and upper limit Uy
of the search space, learning factor cq, ¢y, minimum and
maximum flight speed Vmin, Vmax, number k of iterations,
maximum number T of iterations, inertia weight w and
convergence accuracy ¢. Choose the current fitness value of
each particle to the partrcle s local optimal value F; k and the
current initial position x of each particle to the local best
position pbestk of the partlcle

(Step 2)Compare the current fitness value of the particle
with the current local best value Flk of the particle. If it is
better than F; k update the individual local best value F; k and
update the local best position pbestk of the particle to the
current location.

(Step 3)Find the best fitness extreme value of the current
population from all particles by min(Fy, Fy, - - - ;). If this
extreme value is better than the current global best extreme
value F gf, update the global best value F gf and update gbest{‘ to
the position of the particle represented by this extreme value.

(Step 4)Use (5) and (6) to update the particle’s velocity and
position, respectively, and increase k to be k+1. If the moving
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distance v ! of the new velocity v !in a certain dimension
of the spatral coordinates is greater than vpax, then update
it t0 Vmax. If vk‘H is less than vy, then update it to vpip.
If the moving dlstance xk‘H of the new position xk‘H ina
certain dimension of the spat1a1 coordinates is greater than
Uy, then update it to Uy. If xl,’f[“ is less than Ly, then update
itto Ly.

(Step 5)If the current iteration number k reaches the preset
maximum number Tyax or the final result is less than the
predetermined convergence accuracy ¢, stop the iteration and
output the best solution.

Here is a more detailed explanation as follows. The random
factors r; and r, are used to maintain the diversity of group
movement directions. ¢ can bring the particle closer to its
own historical best point, so it is also called the cognitive
learning factor. ¢, can make the particle approach the best
point in the history of the group, so it is also called the
social learning factor. Generally speaking, ¢ and ¢, are set
to two. When the inertial weight w is large (w > 1.2), PSO
algorithm tends to explore new areas on a large scale. At this
time, PSO algorithm is a global search method. When the
inertial weight w is small (w < 0.8), PSO algorithm tends
to find the best value in a local area, and PSO algorithm is
a local search method at this time. Therefore, if the inertia
weight is linearly decreased in the iterative calculation pro-
cess, the PSO algorithm has a good global search ability at
the beginning, and can quickly locate the area close to the
best solution in the entire domain. In the later stage, it has a
good local search ability to accurately obtain the best global
solution. The general literature suggests that decreasing from
0.9 to 0.4 is the best choice. The linearly decreased formula
is given by

W = Wyart — [Wstart — Wend) /Tmax] X 1 @)

where n is the current number of iterations, T, denotes
the maximum number of iterations, wg,+ is the initial inertia
weight and w,,g is inertia weight of termination.

Ill. FEEDBACK LINEARIZED AND LINEAR QUADRATIC
REGULATOR USING PSO COMPOSITE CONTROLLER
DESIGN

In this article, we consider the general nonlinear system with
disturbances to construct a composite feedback linearized and
LQR controller using PSO with almost disturbance decou-
pling, input amplitude reduction, tuning parameter optimiza-
tion, controllable convergence rate, improved suspension and
globally exponential stability multi-performances:

[561 )'Cn]T
= [h® - a®]
+ [§1o?) §mo?)] [ulo?) um(ﬁ?)]T

P
£33 ) ®
j=1
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i.e.,

- . - P .
X(1) = fFXO)+ = gXO)u + Zﬁj (6) (10

j=1
() = ho(X(1)) (11)

where X(1) = [x1(t) x2(t) - - - x(1)]7 is the system
state vector, u = [ujuz---uy]’ denotes the con-
trol vector, ?0 = [y,,lyaz-'-yom]T denotes the desired
output vector, aj* denotes the adjoint constant vector,

5 = [91(t) 6‘2(t)~-~9p(t)]T is the disturbances vector,
Fo= e sl 2 g = [@18 Gn| andh, =

[forhon - - - hom]?  are infinitely continuous vector fields.
Define the nominal system to be

X(t) = fX(1) + gX (1) (12)
Volt) = ho(X(1) (13)
and has the vector relative degree {ry1,7o2, ", Fom)

[63], [64]:
<i> the following equation holds:

L LK hyi(X) =0 (14)
8j f

forall 1 <i,j <m,k < ry; — 1, where the operator L is the
Lie derivative.
<ii> The m x m matrix

Lo, L ot (X) « - Ly LI ™ hy1 (X)

81°-f ‘f
A= : : (15)
Lgleromil om(X) e Lgml‘;omilhom(x)

is a nonsingular matrix. The desired tracking signals yf] >
1 < i < m and its first r,; derivatives are bounded as:

i (roi)

i (n i .
H [yi)d’ Yoa vt Yod ]H <B,, 1<i=m

where Bf) ; are positive constants and the distribution

G =span{g;. 82, » &m} (16)

has involutive property. Therefore, reference [63] had

exploited the fact that the function
¢ R — K" (17)

described as

&

[El : r{;z] E[¢ll ..-¢£ni]T
N T
[Lﬁhmoo e Liﬂf‘lhoxm} (18)
f f

oX(0) = () k=ro+ 1, ro+2,--.n (19
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and satisfying

Lopr(X (@) =0, k=ro+1,ro+2,---,n,1<j<m (20)
is a bijective and infinitely continuous function.

The above bijective and infinitely continuous function will
convert the full nonlinear quadrotor system into a controllable
system including the partially nonlinear subsystem (19) and
the partially linear subsystem (18). Parameters §,” ~and 7y
denote the state variables of the partially linear subsystem
and partially nonlinear subsystem, respectively. In order to
achieve the tracking performance, define

o
=g -y 1)
. .. . T
d=leehel, ]| e (22)
e_;izaf—le;i, i=1,2, - mj=1,2, 1y (23)
— — _ T
d = [e’l e’2~--e’r0i(t)] c o (24)
- T
EE[ele e—m] € R (25)
- T
E=[&1& &) (26)
N T
1= [Nry41 Nrps2 - M) (27)
NN T
o, M) = [Lrdry+1 Lrdry+2 - Lo
T
= [pr,,-i—l ,Or0+2 ,On] (28)
0
0
Al = : (29)
1
_0‘1 _“2 _0‘3 T
1
B =[00- Wl,lgigm (30)

where ai, aé, cee aﬁm, are adjustable constants such that Af;
are Hurwitz matrices and P* > 0 are the solutions of the
Lyapunov equation described as.

ANTP 4+ PAL = - (31)
Vinax(P') = the maximum eigenvalue of P’ (32)
Vinin(P) = the minimum eigenvalue of P’ (33)

Viax = M | Vi (P, Vi (P, -, Vina(P")|
(34)

Viin = min [ Vain(P), VP2, -+, Vaia (P}
(35)

Assumption 1: Exists a positive number My, such that the
following condition holds, for > 0, n € R " andé € Mo

where p,,,(t, 7, 8) = p(&, 7).

Pron(ts 1.2 = Bon(t, 71, 0)| = Maon (I21)— 36)
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To analysis precisely the controller design of quadrotor
system, let

uaj = L L2 hoi(X) (37)
tei = L hi(X) (38)
el =ale +ab e2 + 4 arme’rm (39)

and give two definitions as follow [65]:

Definition 1: Consider a nonlinear system x = f (¢, x, u)
with an input u, where x is state vector, ayy = —0.0578 —
0.0578 (—x12 + x22 — x32) , is infinitely continuous and X,
u are Lipschitz. This system is input-to-state stable if exists
a K-class function 8 and KL-class function y such that

o] = (] 1)

n=<t=<t

mw”) (40)

Definition 2: The almost disturbance decoupling perfor-

mance is achievable with noise input 6, for a control
system, if the following conditions hold:
<i> The control system is input-to-state stable with noise
input 0 noise
<ii> The desired output tracking errors satisfy the follow-
ing conditions:
b= to)

yoilt) = 31,0 = B (HA
B33 ( sup

to<t<t

\/,BT 5m)ise(f)H> (41)
and
t

[ [0 =3, 0] ax
o
1
+/,333 (‘
fo

where 1o is initial time, X (fg) denotes the initial state, B2, and
Baa are positive constants, 811 is a KL-class function, and
B33, Bss are K -class functions.

We immediately propose significant contribution for
simultaneously satisfying the almost disturbance decoupling,
controllable convergence rate, selecting parameter optimiza-
tion, the input amplitude reduction and globally exponential
stability multi-performances as follows.

Theorem 1. Exists a Lyapunov function V,,, : R >
R for transformed nonlinear subsystem such that three con-

< i Bss <‘;eO )

N 2
Broise ()| )dr “2)

ditions hold for all 7 € %" "*:
(a)
Dnont ‘ﬁ < Vaon(1) < @non2 | 1|+ @nont
Onon2 > 0 (43)
(b)
ViVaon + (V- Vaon)" Praon(t. 1, 0) < =8atx Vuon ().

ay >0 (44)
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(©)

H Vﬁ Vion|| < @non

Then the LQR optimal problem using PSO algorithm with
almost disturbance decoupling, controllable convergence
rate, selecting parameter optimization and the input ampli-
tude reduction multi-performances is achievable by the fol-
lowing input

Al =0 @49)

=AY ~up 4+ u, + vigr) (46)
N ~ N T
VIOR = [ VigRl -+ VigRm ] 47)
Iy
J = 5/ (el Qe'+(vLgri) R(VLQRi)) dt,
0]
0>0,R>0 (48)
By, =[0---01]enex! (49)

(e'AR) S + 5" (e T Ap)
—Si(e" "B, R (" 'B,,)'S + 0 =0 (50)
K =R\ 'B,)S" = [Kii -+ Kiny; |,
i=1,2,---,m (51)
Kl =max {Ki, Kp, -, Ky, } i=1,2,---,m (52)

max
—~

T
up = [up1 upy -~ - upp )
= [ L% hgy LRy -

f f
T
uy = [le Uy - uvm]
i (roi) g*”"'ai [L;)hgi(;() - yéd]

Uyi = Yy4
T—rgi i |71 v i (D
—& oy tho,-(X)—y —

F L2 hom ]T (53)

—e 7l (L7 R0 = v, (54)
N — — — T
vigri = —K'e'= —[Kir -+ Kir,; ] [6’1 e e’ra,]
= —Kje} — Kpey — - - Kl,mT, =12,
(55)

and the output tracking errors can be depressed by tuning the
factor NN; > 1:

o= i)
i = s = 22 o @
Hip = — |: Woon3Mnon ] (58)
V2k(E)Wnont Vi
. Ko™ B;P‘
Hy = eVE - ]/zvmin(P])
KM glon=l f?rToum
IRV AN
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2
1 12
) wer ol 7]
18/ 1562 Vanin(P1)
2 2
31\ k@ ez 1P
(%) s )
/28 Vinin(P™)

1
ag(e) = Hu+ o - [(H“4_ eyt 4H122] - (60)
N = 20a,(¢) (61)

_om+1 1\

n=" (o, o) @
N, = min {a)1 k ég)v;m} 63)

oL (e)=

£
rm( Lr()l lh ) ro[( er ]ht)l>
0X

(64)

(E)%qbro—&—l) 5? v (3%¢r0+1) 5;
%(8) = : : (65)

9 ok s ok
<3§¢n> q1 (a§¢n> qp

where H possesses positive definite property and the contin-
uous function k(g) : RT — NT satisfies lirr(l) k(¢) = 0and
e—>

I s = )

Moreover, the convergence rate formula of the output track-
ing error is firstly given to be

NN,
(67)
Amax
with the globally exponential stability, where
k *
Amax = Max | Wpon2, Zdex (68)

and the output tracking error of control system (8) is expo-
nentially attracted into a ball B, r = NN—AI,Z

Proof. Based on the (14)~(16), the function ¢ defined
as (18)~(20) is a bijective and infinitely continuous function

and then one can apply it to yield the following partially linear
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and partially nonlinear transformations

-1 ohyt | = N b ok
X j=1
p
0hyt _x
=s£+2( =q; |6 (69)
j=1 \ 0X
AL hyy | - g
1 f 0 —_ 3k
b1 =—— g Ut 40
0X j=1
P aLr"lizhol %
=&+ (%qj 6 (70)
j=1 0X
él 8¢)rlul dX
n gx dt
AL hy | - ol
S — 2 f+g u—l—Zq;@]
0X j=1

= L;’flhol +L§1L;ﬂ_lhol u+---

+L, L}’;"lhol U

oL/~ lh 1.
+Z< - q}‘)e (71

(72)

Il
e
N3
+
]~
S
(o3
2|
><L§
sl
—
il
S—

p
=g+ 4 0)

aLrum hom .

Jj=1
Ly,
om | —

)4
=T\ g+ g (6)
aX j=1

N Jr:’mho +L4 Lo homu]““"

5
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+L L Vg upy,

Em f
aLr"’” hgm ok
+Z ——q, | (9) (74)
X
Ak | - N
n=—|\f+g u—}-Zq] ('91)
0X j=1
0Pk
=g+ <Tq7> Ch) (75)
j=1 \ 0X
Since
uci(€,7) = L;”hm-(X(t» (76)
uay = L L' X)), 1 <ij<m (77)
f
Pu(E. ) = L?gok(X),k =ro+1Lr,4+2,---,n (78)

the dynamic equations of control system (8) can be described
with new transformed states as

=g+ 2 (L) 5 )
i=12,- ’rol—l (79)
érlol = ucl(g ﬁ) + Md]](g ﬁ)ul + ...

+ Z ( rol 1 ) 61* (ej) (80)

+ ugim(§, ﬁ)um

Elm z+l + Z ( Ll 1hum) q; (ej)v
i=1,2,~-~,r(,m—1 81)
E™ = Uem(E. 1) + g1 (€, ity + -+~

Yom

‘H'tdmm(g ﬁ)”m

+Z( 7 “Ih m> 4 (8) (82)
= N 0 - ok
T = pe(E, )+ Z <T¢k<X>> q; (9),
j=1

0X
k=ro,+1,---,n (83)
Yoi = £, 1<i<m (84)

In this study, the desired inputs are constructed by the vir-

N To o om r
tual input up = [L?lhol L?Zhoz L; hom] , part input

U, = [uvl W) -+ Uy ]T and the LQR part input VLQR using
PSO, and are mainly combined to simultaneously achieve
almost disturbance decoupling performance, input amplitude
reduction performance and controllable convergent rate per-
formance, respectively. From (55)(76) and (77), the hybrid
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control can be described as
u :A_l{—ﬁb+ﬁv+§LQR} (85)

Substituting (85) into (80) and (82), the dynamic equations of
system (8) can be derived as:

&7 ro 1 0o - o[ &
52 0 0 1 0--- 0 gl
s’l'oi O 0 1 E;m.
’Eut _ O O O L ;01 -

()
0
+ :| ”vt+VLQR1

+| =1 (86)
£ () @
[flro+1 nn(t)]
= [,Or[,+1 /On]T
+ i <;; ¢’ro+1> (5,* (@))
j=1
P 9 T
> (5%) (4 @) ©»
j=1
Yoi = &} (88)

Stabilization and tracking problems are significant subjects
for nonlinear control theory. Tracking problem is generally
more complex than stabilization problem for nonlinear con-
trol systems. In order to convert the tracking problem to stabi-
lization problem, we apply parameters e}, e]’:, e, e to track the

desired signals y'V.™". Applying (21)(23)(24)(29) and (55)
converts (86)~(88) to be

=50, 5 1015 ) 9
e; = AQZ + Erui (8rm;LQRi> + ¢é (5> o
e o1
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Applying the linear quadratic regulator approach with PSO
algorithm obtains

- - - T
VIOR = [ VLoR1 *** VLORMm ] 92)
IR — - T
VLORi = —K'e’ = — [ lrw] [ ll "m]
- ileli - Kl2ez : Krm Toi®
i=12,---,m (93)
B, =[0---01]enex! 94)
K' =R Y 'B,,)S" = [Kit -~ Kiryy ],
i=12,---,m 95)
Ki ., =max {Kii,Kio, -+ Kir,} . i=1,2,-+-,m (96)
with the performance cost index
Iy
1 —T — T ro—
J = 3 (e‘ Qe'+(VLori) R(VLQRi)) dt 7
fo
and the algebraic Riccati equation
(e'AR)" S + 5" (e 7 Ap)
_Si(grgi—lgrO[)R—l(Ei’oi—lérm)TSi + Q =0 (98)

For the new dynamic equations, a composite Lyapunov
functionV . (E, ﬁ) is constructed to be sum of Lyapunov

functions V,,,,(17) and W () for nonlinear subsystem and
linear subsystem, respectively [66],

Veon (277 = Vaon(i) + k(@)W @ (99)
where W (e) is defined to be
WeE) = w! (e_l) do W () (100)
and
L 1) = _,i L i
w (e)_ze Ple (101)

Using (21)(36)(43)(44) and (45) yields the derivative of the
composite Lyapunov function

VC om

= [vtvm (Vo) ﬁ]
+§ <e%>TP1 el + (e_l)TPl (e_1> T
o\T .
+ <e_’”) P 4 ()" P <e_m)}
= [v, Vion + (V-Vion) (Buontt. .2+ 6 (5))}
+ {216—8 (E)T |:P1 (Al) + (Ai)TP‘}e_lJr o
e @) [P )+ ) P
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IA

IA

IA

{6

T P
+ |:k8ral—lBr01pleleQRl

(o) =]

T o
+ot ks’om_lBraume’"VLQR'"] }

T_ -
[Vt Vnon + (Vﬁ\v}’l()n> pn()n(t7 n’ e)

+ H vﬁ2 Vion H‘f’ﬁ H H @ H]
[ 1]
AN

bt o] 17 1)

T 1
B, P

+ ke !

] vz

T
+ .-+ kgrum_l Broum

[ [veonn]
T N
|:Vtvnon + (Vﬁ Vnon) pnon(tv m, 0):|

T_ N
- (Vﬁ Vnon) pnon(ts n, 0)

T_ - _
+ (Vﬁ Vnon) Pronlt, 1, €)

9 el o] -5 [
R & [ Vina (Pl) Vinax (P")
81k2 |
viger [t 121+ 160+
81k _
350 o] 1em e + 8191\
e Al [ PO
ket B, P[] K [
_8aan0n +a)n0n3 ‘ﬁ” Mnon ||Z|| +a)non3 )ﬁH H(ﬁn || H@H
a0l N el R
EPE ATy %
81k 2
Tt e H¢f H "1 el + 18 HQH
T —12
Khcke™ "B, P! [T
—1 =T —12
+ K ke B, P e |

(s 3 (2 o) ) ()

Wnon3M,
1 (—ﬁ:j" bon )FW
nonl min
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2 2
skt P
‘("V;;ax 18 1/Ztcz‘zvmin(Pl)

T
1 ro1—1 1
Kloe™ " |B, P

1 Vimin(P1)
2 2
L sk 0P
€ Vihax 18 l/zgzvmin(Pl)

Khoe™ ™! ?BZ;IPI
L) Vinin(P)
~ [V Vion VAW |H [ k"””] mtl He” (102)
ie.
Veom < me(H)Vwm—k—HBH (103)

where Vpin(H) is the minimum eigenvalue of the matrix H.
From (60), we get

Viin(H) = 20 (104)
Applying Vpin(H) = 2a; into (103) yields
. m + 1
Veom < —205Veom + ——— H H
< _NN; (M + ||e||2) 2 HGH (105)
Let
_ a7 AT |
e=[el o] =[el ek, | elm e (106
Hence
m + 1
Voo <=8 [+ e+ [l ) + 25~ 6]
(107)

Then

t

t
[ o<V

fo 0]

(108)

It is easy to similarly derive that

t

/ (3o —yidm)zdr

fo

V, I/ 1 -2

non (f0) 1+ /HQH dt, 2<i<m (109)
NN, 18NN,

fo
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so that third almost disturbance decoupling condition (42) is
satisfied. From (105), we obtain

Veon < —NNz(]io_,mz 2) mtl HGH (110)

where

(111)

22
Vouroat| = 16017+l

‘

Applying the input-to-state stable theorem [65] yields the
input-to-state stability for the desired control system for first
almost disturbance decoupling condition (40). Moreover, it is
easy to get

512 ~|I? 512 ~I1?
Bain (1212 + 7] ) = Vion = Aman (1212 + 7]

(112)
ie.
N 2 N 2
Amin (‘ Yo—total ) < Vion < Amax (‘ Yo—total ) (113)
where Amm = min {®noni. %V:ﬁn} and Apyx =

max {wnon2, 5V, }. Combining (62), (105) and (113) gets

2 Y max
NN,
Veom < — Veom + N1 (114)
max
Then,
_ NNy AmaxV
Veom(t) < Veom(to)e Am‘fx (t=to) + &1’ t>1 (115)

NN,

which achieves

2Vion(to) — 2A 2AmaxN1
=]z [ e [l
min min 2

(116)
It is easy to similarly derive that
i 2Vnon(t0) - N 2 ~(t—to)
yoilt) =30, 0| = |2 g
¢ kvrtnn
2AmaxN
Zomel o <i<m (117)
kV*. NNy’

min

So that second almost disturbance decoupling condition (41)
is verified and then three strict almost disturbance decoupling
conditions are simultaneously proved. Moreover, from(117),
we have firstly proposed the convergence rate formula of
output tracking errors to be NN, / 2 Amax- We can adjust NN»
to increase the convergence rate of the output tracking errors.
Finally, we will verify that the ball B, is a global attractor
for the output tracking errors of the control system Eq. (8).
Using (62)(105) and (111) yields

2) + N; (118)

Y o—total

Vcom < —NN, (‘
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> r, we get V,wn < 0 and then any ball

For ‘ yoftoml
described by

e _ 12
5= {[5] v+ i <]

is a global final attractor for the output tracking errors of the
control system (8). Furthermore, applying (113) and (115)
gets

(119)

Amale

)
Veom(®) < Veom(to)e  Bmax + NN

r=1

and

2

—~

Y o—total

Amin ‘

_ NNy AmaxV1
Vv <V f0)e  Bmax (1—19) + Zmaxttl
non = non( 0) NN,

Amaxlvl
NN,

IA

NNy

N 2 .,
y 0—tomz(lo)H ¢ A (110)

A

(120)

A max

Consequently, we get

" 2 Amax || 2 _ M,
‘yoftotal Er y(,,wml(to)H e~ Bmax (10)
min
N1 An:
L Zmae o)y
NN2 Amin

Hence we can conclude that the ball B, is a global attractor
for the output tracking errors of the control system (8) with
globally exponential stability.

To systematically design input of achieving multi-
performances with the almost disturbance decoupling, con-
trollable convergence rate, selecting parameter optimization,
the input amplitude reduction and globally exponential sta-
bility, an effective algorithm of designing key factors for
Theorem 1 is shown in Fig. 2 and summarized as follows:

(Step 1)For the desired outputs A1, - - - , hom, calculate the
vector relative degree 7,1, - - - , Fom Of the dynamic equation.

(Step 2)Build a bijective and infinitely continuous function
¢ to meet (17).

(Step 3)Adjust factors ozim. according to (29) and (31), and
find the solutions P’ > 0 of the Lyapunov equation, so that
the matrices A’ are Hurwitz matrices via MATLAB.

(Step 4)Construct the Lyapunov function to satisfy the con-
ditions (36)(43)~(45) of the transformed partially nonlinear
subsystem. If the system possesses full relative degree, i.e.
ro1 + -+ + rom = n, then this step will be neglected and go
to the next step.

(Step 5)According to (56)~(65), design factors Kfnax, Kir,;s
k, a5 (¢), e appropriately by LQR optimization approach
using PSO algorithm to achieve NN, > 1. Moreover, from the
convergence rate formula (60)(61)(63)(67) and (68), we can
achieve LQR optimal weighting matrices Q and R using PSO
algorithm to increase NN, and then increase the convergence
rate.

(Step 6)The desired input can be designed by (46).
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Calculate vector relative degree
V-5t

ol> an

Design the diffeomorphism ¢}—>

‘Chooseparameters r, 1<i<m, ‘

Design the Lyapunov function
from Eqs.(36)(43)(44)(45)

Design the desired feedback linearization
optimization control from Eq.(46)

Using appropriate ODE function simulates
the system output trajectories

End

FIGURE 2. Block diagram for the effective algorithm of designing the
controller.

IV. COMPOSITE FEEDBACK LINEARIZIED LQR
CONTROLLER DESIGN USING PSO FOR

A QUADROTOR

The quadrotor is a great platform for industrial applications as
it is complex nonlinear control system. The motions along x,
y axes are obtained by pitch and roll rotations for a quadrotor,
respectively as shown as Fig. 1. The complete mathematical
model of a quadrotor will be derived by Newton-Euler theo-
rem with the following assumptions [67]:

(i)The aerodynamic forces and moments are assumed to be
neglected.

(i1))The propellers and the quadrotor have rigid and sym-
metrical characteristics.

(iii)The thrust force and drag torque are proportional to
the square of propeller’s speed with thrust and drag factors,
respectively.

(iv)The gravity center of the quadrotor is set to be the origin
of the vehicle frame.

Define the vehicle-1 frame to be positively rotated by the
yaw angle ¢ from the vehicle frame, and then the rotation
matrix from the vehicle frame to the vehicle-1 frame is
derived as

cos Y sinyy 0
W (y)=| —sinyy cosyr O (122)
0 0 1

The vehicle-2 frame is obtained by rotating positively the
vehicle-1 frame with the pitch angle 6, and then the rotation
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FIGURE 3. The inertial frame (earth frame) and vehicle frame for a
quadrotor.

matrix from the vehicle-1 frame to the vehicle-2 frame is
given by

cosf 0 —sinf
R2@=| 0 1 0 (123)
sind 0 cos o

Let the body frame be obtained by rotating the vehicle-
2 frame in right-handed rotation by the roll angle ¢, and then
the rotation matrix from the vehicle-2 frame to the body frame
is formulated by

1 0 0
R, (@)=]0 cos¢p sing (124)
0 —sing cos¢

Then the complete rotation matrix from the vehicle frame to
the body frame is summarized by

R (¢,6,v)
=%, (9) W2 O) R (v)

1 0 0 cosf 0 —sind
=10 cos¢ sin ¢ 0 1 0
0 —sing cos¢ sinf 0 cosf
cos ¥ sinyy 0
x| —sinyy  cosy O
0 0 1
clcyr cOsyr —s6
= | s¢sOcy —copsyr  spsOsy + chpcyr  s¢pco
cpsOcyr + spsyyr cpsOsyr — spcyr cpch
(125)

where s and ¢ operators denote s = sin and ¢ = cos functions,
respectively.

To achieve good control performance of a quadrotor,
the kinematics and the dynamic equations of the quadrotor are
derived as follows. The linear velocities (x, y, z) are inertial
frame quantities, whereas (u, v, ) are body frame quantities.
Then the rotation relationship between both quantities is
related by

X u u u
yl=mt|v =@ | v | =" | v
F4 1) 1) 1)

cOcyfr spsOcyr — cosyr cosOcyr + spsir u

= | cOsY spsOsyr + cocyr cpsOsyr — spcyr v

—s6 s@co cpch w
(126)
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The angle velocities (p, g, r) are expressed in body frame,
whereas the roll angle velocity ¢, pitch angle velocity 6, yaw
angle velocity v are defined in the vehile-2 frame, the vehile-
1 frame and the vehicle frame, respectively. Consider ¢, é, w
to be small and then

1 0 O
Rn@) =R =R'Gr=[0 1 0] (127
0 0 1
Hence
p
q
r
@ 10
=90 | 0 | + 930 | 6
0 0
) 0 © 0
R @MTOR @) | 0 | =10 | +%%p) | 6
" 0 0
0 1 0 —s0 q:J_
R @MTO) | 0 | =] 0 cp spch 6 | (128)
v 0 —s¢ cpco /s
ie.
% 1 sin(p) tan(@) cos(p)tan(®) | [ p ]
6 =10 cos(p) — sin(g) g | (129
v 0 sin(p) sec(@) cos(g) sec(0) r|

Let v and a be the velocity vector and acceleration vector,
respectively. Since the Newton’s second law only holds in
inertial frame, using the Newton’s second law yields the
translational motion as

dv

f:ma:md—ti

(130)
where d / dt; denotes the time derivative in the inertial frame,

m is the mass of the quadrotor and ? denotes the external
force. Applying the Coriolis equation yields

- dv (d? ~ A>
f:m—:m —+Cl)l'XV

131
dt; dty, (131)

where ; denotes the angular velocity of the airframe in
inertial frame and x is the cross product vector operator.

Since f and o; are used in the body frame, we will express
the Coriolis equation in the body frame with wp, = [p g r ]T,

fr= [fxfny]T,andCbz[uva)]T to be

- dvp <d$b R A>
szm—zm — 4+ wp X Vp

dt; dty
u p u
=m vIi+]lg | x|V (132)
10) r 1)
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ie.
7 v — g fx/m
v|=|po—ru|+ ﬁ/m (133)
w qu — pv fz/m

Let » and « be the angular velocity vector and angular
acceleration vector, respectively. Since the Newton’s second
law only holds in inertial frame, using the Newton’s second
law yields the rotational motion as
T=Ja Jda) dh (134)
T=Jd=J—= —
dt; dt;
where J denotes the inertia of the quadrotor, 7 = Jow is the
angular moment and T denotes the external torque. Consider
the quadrotor to be symmetric about three axes, the mutual

inertias are Jyy, = Jy; = Jy; = 0 and then the inertia is
expressed by
Je 0 0
J=(0 J O (135)
o 0

Applying the Coriolis equation yields

. dw do . dJw) -
T=J =J|—twixo|= + w; X (Jw)

d_ti dty
(136)

ie.
¢ dh _di + @i xh (137)
T=—=—+wX
dy ~ dy,
Since T and w; are applied in the body frame, we will express
the Coriolis equation in the body frame with @), = [ pqr ]T,
N T - T T
Tp = [r(p T ‘L’w] and hy =J [p q r] = [pr qJy rJZ]
= Jwp to be

_ dhy dhy . | PP | P
tb:T:d—+a)bxhb: qly |+ q | x| aJy
fi T rJ; r rJ;
(138)
i.e.
quy —J; 1
Jx Jx
I,’ J, —J Ty
qg|=|pr s I (139)
. Jy y
r Jy = Jy i
pPq 7. J,

Assume the aerodynamic forces and moments to be
neglected. Fig. 4 shows the top view of the quadrotor.
As shown in Fig. 5, four driving motors will produce forces
Fy, Fp, Fyr, F; and torques tr, 7p, Tr, T;. The total force F

applied on the quadrotor is denoted as
F=F+Fy+Fr+F (140)
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Back (F,.1,)

FIGURE 4. The top view of the quadrotor.

Yaw y

FIGURE 5. The forces and torques diagram of the quadrotor.

The gravity force acting on the quadrotor in the vehicle frame
is given by

(141)

Since vj in (132) is expressed in the body frame, we will
rewrite (141) in the body frame to be

b fx Y 0
fe=|h|=90f,—1]0
| fz F

clcyr cOsyr —s6 0

= | spsOcyr — cosyr spsOsyr + cocyr spch 0

| cpsOcyr + spsyr cpsOsy — spcy coct mg

0
-0
F
—mg sin 6 0
= | mgsinpcosf | — [ O (142)
mg cos ¢ cos 6 F
Substituting (120) to (133) obtains
u rv—qw —gso 0
v |=| pwo—ru|+| gspcd | — 0 (143)
w qu — pv gepch F/m
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Assuming that ¢ and 6 are small reduces (129) to be

@ 1 0 Offp D
6 =10 1 0f|q|l=]q (144)
v 0 0 1 r r
Combining (139) and (144) yields
o Jy —J; T
.. J. 7
¢ P J. = Jy Th
il L 5 )
Jx - Jy 'C_¢
pq 7. J,
Differentiating (126) gives
X cOcr spsOcyr — cosyr cosOcyr + spsyr || i
V |=| cOsy¥ spsOsyr + cocyr cpsOsyr — spcyr v
Z —s6 spch cpch 1)
(146)

Neglecting the Coriolis terms p, g, r and substituting (143)
into (146) give

X cOcyr spsdcyr — cosyr cpsOcyr + spsyr
V| = | cOsyr spsOsy + cocyr cpsOsyr — spcyr
Z —s6 spch cpch

—gs6 0 0

gspcd | — 0 =0

gepch F / m g

cpsOcyr + spsyr
— | cosOsyr — spcyr
coct

(F/m)

From (143) and (147), the simplified model of the quadrotor
is given by

(147)

Jy—=J; 1
= i 148
Y =gqr 7 7. (148)
JZ — Jx Ty
0= + = 149
pr 7 7, (149)
. Jx — Jy Ty
=pg— + — 150
¥ = pq 7. 7. (150)

X = (—cos@sinf cos ¥ — sin¢ sin ) (F/m) (151)
¥ = (—cosgsinf siny + sing cos ) (F /m) (152)
Z=g— (cospcost) (F/m) (153)

Let the state and input variables of the quadrotor be the
following quantities:
x [x1 x2 x3 x4 x5 X6 X7 X5 X0 X10 xn_xlz]T x| =
0, % =@, x3 =0,x4 =0,x5 =Y, x6 =V, x7 =2,X3 =
2,X9 =X, X10 =X, X11 =y, Xi2 =y, u1 =F,up = 14, u3 =
79 and ugy = Ty

Therefore, the state-space mathematical model with real
physical values can be represented as

X =

)Zjl = X2 (154)
% = —20.52x4x6 + 1001y (155)
X3 = X4 (156)
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X4 = 19.07x2x6 + 92.59u3 (157)
Xs = X¢ (158)
X6 = —0.0037x2x4 + 4.629u4 (159)
X7 =x3+ 6 (160)
xg = +9.8 — 0.556(cos x1)(cos x3)uj + 6 (161)
)2?9 = X10 (162)
X10 = —0.556 [(cos x1)(sinx3)(cos x5) + (sinxq)(sin xs)] u;
(163)
X1 = x12 (164)
X12 = —0.556 [(cos x1)(sinx3)(sinxs) — (sinxq)(cos xs)] u;
(165)
Yol = X9 + X10 = ho1 (166)
Yoo = X1 +X2 = he (167)
Vo3 = X3 + X4 = ho3 (168)
Yo4 = X5+ X6 = ho4 (169)

where 6 = sint, 8 = sint denote to be disturbances. The
initial values of the states are set to be

X0)=[7/607/60x/4001 —0.1021051]
(170)

Now we will show how to explicitly build the almost dis-
turbance decoupling controller that tracks the desired signals
y; J= ygd = yg = yﬁd = 0 and attenuates the disturbance’s
effect on the output terminal. Let’s arbitrarily choose « 11 =
o =} =af =0.02,A! =A2 =43 =A4A = -0.02,
P B P T Vi = Vi = 25. The
optimal LQR weighting parameters Q and R are performed
using PSO algorithm. Let the fitness function for LQR be
the inverse of the convergence rate factor N with N, = 1
and Apmax = 387. The parameter values determined for the
optimization are given in Table 1. The weighting parameters
Q, R and the gain K calculated for the LQR controller after
optimization are given Q = 6, R = 1 for ¢ = 0.006 and then
the solution of algebraic Riccati equation is K = 0.803. The
fitness value for each iteration using PSO algorithm is plotted
in Fig. 6.

TABLE 1. PSO optimazation parameters.

Parameter values Definitions

¢ =2c=2 Learning factors
0=0.6 Inertial weighting factor
T, =50 Iteration number

Size =10 particle size

Velocity max =4 particle maximum velocity

Velocity min =—-4
Fun_Ub=0.6
Fun Lb=0.1

particle minimum velocity

particle maximum position

particle minimum position
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FIGURE 6. The fitness value for each iteration using PSO algorithm.

From Theorem 1, the desired almost disturbance decou-
pling controller is given by

VLOR1
w=A" —up+u, + | LR (171)
VLOR3
VLOR®
VLOR1
= —0.803 (x9 + x10) (172)
VLOR2
— —0.803 (x] +x2) (173)
VLOR3
= —0.803 (x3 + x1) (174)
VLOR4
— —0.803 (x5 + x) (175)

045 ((cogxl)(siqx3)(cosx5)) o o o

+(sinx;)(sin xs)
A= 0 100 0 0
0 0 926 0
0 0 0 463
(176)
[ —&7"(0.02) (x9 + x10)
N —71(0.02) (x1 + x2)
E em10.02) (v 4 1) (177)
| —e71(0.02) (x5 + x6)
i x10
~ | x2—20.52x4x
U = x4 + 19.07x2x6 (178)
| X6 — 0.0037xpx4
—1.786
w = [ 10— &7 (0.02) (39 + x10)
Ay
—0.803 (xo + x10)] (179)
uy = 0.01 [—xz +20.52x406 — £~ (0.02) (x; + x2)

—0.803 (x1 +x2)] (180)
uz = 0.0108 [—x4 — 19.07x2x6 — £~ (0.02) (x3 + x4)
—0.803 (x3 + x4)] (181)
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uy = 0.216 [—x6 +0.0037xpx4 — £~ (0.02) (x5 + x6)
—0.803 (x5 + x¢)] (182)
A1 = (cosx1)(sinx3)(cos x5) + (sinxy)(sinxs) (183)
According to the well defined assumption of the vector rel-

ative degree, it has been shown [63] that the diffeomorphism
function ¢ : N" — NR” can be chosen as

=8l =0l =L, (x) =x9 +x10,  (184)
f

£, =8 =0 =L0hp(X) = x1 + 12, (185)
f

E3 =& =¢f sL;hoz.(f) =x3 + x4, (186)

E,=& =9l = L;m@) = x5 + X6, (187)

In (184)~(187), there are four transformed variables due to
the vector relative degree of the system (154)~(169). How-
ever, the transformed quadrotor system is not full linear and
then we will design additional eight variables. Since the dis-
tributions of g,(x), g,(x), g3(x), g4(x) are involutive [64],
the desired eight variables can be chosen according to the con-
dition LA gok (x(1)) = 0. Then we can choose the following

eight transformed nonlinear variables:

N5 = ¢5 = X9 (188)
N6 = @6 = X9 (139)
n = ¢ =x (190)
g = g = X1 (191)
N9 = @9 =x3 (192)
no = @10 = X3 (193)
N = @11 = X5 (194)
N2 = @12 = x5 (195)

The designed continuous diffeomorphism function trans-
forms the original nonlinear quadrotor system into an equiva-
lent controllable system, including the transformed nonlinear
subsystem and the transformed linear subsystem. These vari-
ables éll, 512, 513, Ef and ns ~ nz denote the state variables
of the transformed linear subsystem and nonlinear subsystem,
respectively.

According to the general Lyapunov theorem, we define the
composite Lyapunov function V., (e, n) to be a weighted
sum of V,,,,(n) and W (e) for the transformed nonlinear sub-
system and the transformed linear subsystem, respectively:

Vean (8.7)
= Vion(n) + k(e)W(e)
_ non(n)+k(e)(W‘( )+W2( )+W3 (e3)) (196)

where W ( ) satisfies
wi (e’) = e Pl (197)
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N
il

Vnon(ﬁ) = ’7% +o 4+ 77%27 Wnonl

N 12
=< Vaon(n) < Wnom2 ‘UH s

(198)

Wpon1 = 1, wpomz =1
- = a1 N ) 2
Pnon(t, 1, €) = [61 —nN5€ —Neey—MnN7ep—1ng

— — — T
e?—ﬁt) e? — 110 6? — e? - 7712]

(199)
R o R R 2
‘ Ionon(t’ n, e) — pnon(ta n, O)H
2 2 2 2
=2 ()" + () () + ()]
< Myon (l121]) , Myon = /2 (200)
9| = 205200+ 20
_ 2 2 2 —-
= 2\/’75+776+"'+7712 = Wpon3 )WH,
Wnond = 2 (201)

VtVnon + (vﬁ V)Tznon(tv ﬁs 0)

=—2(+nd+ o +uh) = -0 (i),
ay =1 (202)
Note that the function V,,,,(77) = n% +- 7]122 in (200)(201)
and (202) is a well-known Lyapunov function for transformed
e —T .—

nonlinear subsystem [66]. The function W* e? = %e‘ Piet
in (197) is the Lyapunov function for transformed linear
subsystem and then combine the Lyapunov functions V,,,
and W to build the composite Lyapunov function for overall

transformed system. It can be proved that the related condi-
tions of Theorem 1 hold if ¢ = 0.006, k = 400./¢,r| = ry =

rs =ry = 1,05 = 1.00058, Hi; =2, N = 1.99884, B,, =
By, = By; = By, = 1, K11 = K21 = K31 = K41 = —0.803,

N, = 1, Hp = 213—8(,/%4—%—%),1112 =

i.l(ﬂ' Hence the almost disturbance decoupling controllers
Y
will drive the tracking errors of the closed-loop system to zero
by Theorem 1. The tracking errors of the quadrotor system
with LQR (epsion=0.006) using PSO are depicted in Fig. 7.
Applying the feedback linearization controller with the opti-
mal control LQR using PSO can indeed make the tracking
errors be zero and satisfy the conditions of almost disturbance
decoupling performance. From Fig. 8 ~ Fig. 11, a significant
conclusion can be drawn that the control input amplitude with
LQR is smaller than that without LQR. From (47) and (49),
Fig. 12~ Fig. 15 show that the convergent rates with smaller
epsion value is better than a larger epsion value. Observing
Fig. 16 and Fig. 19 shows that the convergence rate with
optimal controller using PSO algorithm is larger than the con-
ventional trial and error method with non-optimal controller.
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FIGURE 7. The output tracking errors using PSO (epsion=0.006).
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FIGURE 8. The designed controller u1 with/without LQR controller
(epsion=0.006).

V. COMPARATIVE EXAMPLES TO EXISTING
APPROACHES

In order to show the superiority of the proposed con-
troller, this section will compare the performances with other
existing techniques, such as famous fuzzy controller [68],
and the singular perturbation method with high-gain feed-
back [51] shown as follows.

The block diagram of the fuzzy control is shown in Fig. 20.
In general, the tracking error e(¢) and its time derivative e(t)
are utilized as the input fuzzy variables of the IF-THEN
control rules and the output is the control variable wug;y.
To make it easier to compute, the membership functions of the
linguistic terms for e(t), é(t) and u.y are all chosen to be the
triangular shape functions. We define seven linguistic terms:
PB(Positive big), PM(Positive medium), PS(Positive small),
ZE(Zero), NS(Negative small), NM(Negative medium) and
NB(Negative big), for each fuzzy variable as shown
in Fig. 21~ Fig. 23. Fuzzy control rule table for u, is
shown in Table 2. The rule base is heuristically built by the
standard Macvicar-Whelan rule base for usual servo control
systems. The Mamdani method is used for fuzzy inference.
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FIGURE 9. The designed controller u2 with/without LQR controller
(epsion=0.006).
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FIGURE 10. The designed controller u3 with/without LQR controller
(epsion=0.006).
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FIGURE 11. The designed controller u4 with/without LQR controller
(epsion=0.006).

The defuzzification of the output set membership value is
obtained by the centroid method.

In what follows, simulations of the fuzzy controller for
the quadrotor system are shown. Tracking error responses for
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FIGURE 12. The output tracking error for h1 with larger/smaller epsion.
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FIGURE 13. The output tracking error for h2 with larger/smaller epsion.
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FIGURE 14. The output tracking error for h3 with larger/smaller epsion.

outputs hl to h4 with the help of fuzzy toolbox for matlab,
respectively are given in Fig. 24~ Fig. 27.

Observing Fig. 24~ Fig. 27 shows that the convergence
rate with our proposed optimal controller using the PSO
algorithm is larger than the conventional fuzzy controller.
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FIGURE 16. The output tracking errors with optimal/non-optimal Q and R
using PSO algorithm (epsion=0.006).

TABLE 2. Fuzzy control rule base.

e(t)
Uy

NB NM NS ZE PS PM PB

NB PB PB PB PB PM PS ZE

NM PB PB PB PM PS ZE NS
NS PB PB PM PS ZE NS NM

e(t) ZE PB PM PS ZE NS NM NB
PS PM PS ZE NS NM NB NB

PM PS ZE NS NM NB NB NB

PB ZE NS NM NB NB NB NB

Next, we will compare proposed approach with the sin-
gular perturbation method under high-gain feedback [50]
to show that the performance of proposed design is better
than it.

Reference [51] had shown that the almost disturbance
decoupling performance cannot be achieved for the following
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FIGURE 17. The output tracking errors with optimal/non-optimal Q and R
using PSO algorithm (epsion=0.006).
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FIGURE 18. The output tracking errors with optimal/non-optimal Q and R
using PSO algorithm (epsion=0.006).

nonlinear systems:

x| _ [ x 0 wi(?)
o] =[5 [] e L] e
Y1) = x1(1) := h(X(1)) (204)

where u, 1y, denote the input and output, respectively,
wi(t) = wy(t) = 0.1sint are disturbances and the desired
tracking signal is sin ¢. The sufficient criterion in [50] requires
that the nonlinearity multiplied by the disturbance satisfies
the structural triangle criterion. It will be easy to calculate
the following items:Lho1 = ho1 = x1,dhyt = [10],

L1h01 = xz,Lq;Llhol = xg and d (quLflhOI) = [O 3x§].

f !
Hence the sufficient criterion of [51] is not satisfied, since

d (Lq;LJ}h()l) ¢ span{dh,1}. Then the almost disturbance
decoupling performance is not achieved for this system.
On the contrary, this performance can be easily achieved
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defined by

via the proposed approach in this study. Applying the sim-

ilar effective algorithm shown in Figure 2, the tracking u=(100/9) (x—cos ) — (10000/81) (x; — sin7) — sinr

problem with almost disturbance decoupling performance (205)
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The output trajectory of feedback-controlled system for
Eq. (203) is shown in Figure 28.

VI. CONCLUSION

The novel COVID-19 virus continues to spread. In this inci-
dent, agricultural spraying quadrotors are expected to develop
cross-domain applications. The important mission stimulates
us to design the stabilizing controller of the highly nonlin-
ear quadrotor system by combining the feedback linearized
method and LQR method using PSO. Because disturbance
has a critical impact on quadrotor, this study adopts stricter
almost disturbance decoupling requirement, i.e., in addition
to the absolute value condition and integration condition of
the tracking error, it must also meet the strict requirement of
the input-to-state stable condition.

This article “firstly” proposes the convergence rate for-
mula of the nonlinear system and uses it as the fitness function
of LQR approach by using PSO to take the place of the
trial and error method for traditional LQR method. More-
over, the significant innovation of the proposed method is
to own “‘simultaneously” additional performances including

VOLUME 9, 2021

the input amplitude reduction, tuning parameter optimiza-
tion and globally exponential stability performances. Two
comparative examples verify the fact that the convergence
rate with our proposed controller is larger than the fuzzy
controller, and better than the singular perturbation method
with high-gain feedback. Because of the pivotal importance
of quadrotor and the research results of this study, in the
future, we will develop toward quadrotor with loading and
formation execution tasks.
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