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Summary

This thesis covers the interaction of light with single dibenzanthanthrene
(DBATT) dye molecules. DBATT serves as a model for a quantum-mechanical
two-level system. By means of strong focusing of the incident light and cool-
ing of the dye molecules to temperatures below 2 K, a particularly efficient
light-matter interaction can be realized. This enables the observation of the
nonlinearity inherent to a two-level system, e.g., in the form of saturation of
the fluorescence signal, already with light beams containing only a few pho-
tons per lifetime of the excited molecular state.

If two light beams with different frequencies are sent to a single molecule,
various nonlinear phenomena occur. These processes can be exploited to
coherently manipulate the transmission of a beam focused onto a single
molecule with a second light beam. The occurrent effects, i.e., the AC-Stark
shift, stimulated Rayleigh scattering, and three-photon amplification, are de-
tected in the transmission signal. In addition, four-wave mixing and the
dependence of the excited state population on the phase difference of the
two incident beams are demonstrated by the use of measurements with sub-
nanosecond time resolution. These results show the possible application of
organic dye molecules in the field of quantum information processing, where
nonlinearities on the single photon and single emitter level are sought-after.

Within this work, the experimental and theoretical principles of single
molecule spectroscopy are discussed. Particular attention is turned to the in-
vestigation of the coherent light-matter interaction using transmission mea-
surements. A significant change of this signal via the scattering of a single
molecule requires a strong light-matter coupling. To quantify the efficiency
of this interaction, the maximum possible coupling of a focused beam and
a single emitter is discussed. The data shows that the achieved coupling is
typically 5% of the theoretical maximum.

Subsequently, the interaction of a molecule with two light fields with dif-
ferent frequencies is investigated. The appearing nonlinear effects are de-
scribed qualitatively within the dressed-atom model and quantitatively with
a Fourier ansatz. The experimental techniques are explained in detail and
the measurement results are presented and discussed. Moreover, a possible
application of a single molecule as a few-photon optical switch is outlined.
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In the end, an outlook is given on interesting future investigations in-
cluding nonlinear optics with single-photon pulses and with dipole-coupled
molecules.
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Zusammenfassung

Die vorliegende Dissertation behandelt die Wechselwirkung von Licht mit
einzelnen Dibenzanthanthren (DBATT) Farbstoffmolekülen. DBATT dient
hierbei als Modell für ein quantenmechanisches Zweiniveau-System. Durch
starke Fokussierung des einfallenden Lichts und Kühlung der Farbstoffmo-
leküle auf eine Temperatur unter 2 K kann eine besonders effiziente Licht-
Materie-Wechselwirkung realisiert werden. Diese ermöglicht es bereits mit
einem Lichtstrahl, der nur wenige Photonen pro Lebenszeit des angeregten
Molekülzustandes enthält, die inhärente Nichtlinearität eines Zweiniveau-
Systems, zum Beispiel in Form von Sättigung des Fluoreszenzsignals, zu
beobachten.

Verwendet man zwei Lichtstrahlen mit unterschiedlichen Frequenzen, so
ergeben sich verschiedene nichtlineare Phänomene. Diese Prozesse können
dazu genutzt werden, die Transmission eines Strahls, der auf ein einzelnes
Molekül fokussiert ist, mithilfe eines zweiten Lichtstrahls kohärent zu bee-
influssen. Die hierbei auftretenden Effekte, die AC-Starkverschiebung, stim-
ulierte Rayleigh-Streuung und drei-Photonenverstärkung werden im Trans-
missionssignal nachgewiesen. Durch Messungen mit subnanosekunden
Zeitauflösung wird außerdem Vier-Wellenmischung und die Abhängigkeit
der Population im angeregten Zustand von der relativen Phase der beiden ein-
fallenden Lichtstrahlen demonstriert. Diese Ergebnisse zeigen die Einsatz-
möglichkeit organischer Farbstoffmoleküle im Bereich der Quanteninforma-
tionsverarbeitung, wo Nichtlinearitäten auf dem Niveau einzelner Photonen
und einzelner Emitter benötigt werden.

In dieser Arbeit werden die experimentellen und theoretischen
Grundlagen der Einzelmolekülspektroskopie besprochen. Ein beson-
deres Augenmerk liegt hierbei auf der Untersuchung der kohärenten
Licht-Materie-Wechselwirkung mit Hilfe von Transmissionsmessungen.
Eine signifikante Änderung dieses Signals durch die Streuung eines einzel-
nen Moleküls erfordert eine starke Licht-Materie-Wechselwirkung. Um die
Effizienz dieser Interaktion zu quantifizieren, wird die maximal erreich-
bare Kopplung eines fokussierten Lichtstrahls an einen einzelnen Emitter
erörtert. Dabei zeigt sich, dass die Kopplung im verwendeten System typis-
cherweise bei 5% des theoretischen Maximums liegt.
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Anschließend wird die Wechselwirkung eines Moleküls mit zwei Licht-
feldern unterschiedlicher Frequenz untersucht. Die sich dabei ergebenden
nichtlineare Effekte werden im Rahmen des dressed atom-Modells qualitativ
und mittels eines Fourieransatzes quantitativ beschrieben. Die für den Nach-
weis notwendigen experimentellen Techniken werden ausführlich dargelegt
und die Ergebnisse der Messungen präsentiert und diskutiert. Außerdem
wird eine Möglichkeit aufgezeigt einzelne Moleküle als mit wenigen Photo-
nen aktivierbare, optische Schalter zu verwenden.

Zum Schluss wird ein Ausblick auf interessante, zukünftige Untersuchun-
gen gegeben, wie zum Beispiel nichtlineare Optik mit Einzelphotonen-
Pulsen oder mit dipolgekoppelten Molekülen.
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1 Introduction

Under most circumstances light does not interact with light. Thus, if one
crosses the beams of two flash lights, they do not affect each other. While
this property is a desirable feature for certain applications, e.g., optical data
transmission, there are also fields where one explicitly requires light-light in-
teraction. A prominent example is light-based information processing. To
perform computation with optical bits, it is necessary that one bit can affect
the state of another one. A way of realizing such gate operations would be
switching light by light, just as electric currents are used to switch other elec-
tric currents in common electronic devices. The required interaction can be
achieved via nonlinear optics.

“Nonlinear optics is the study of phenomena that occur as a consequence of
the modification of the optical properties of a material system by the presence
of light” [1]. One of the first experimental demonstrations of such a nonlinear
effect was the observation of saturation in the phosphorescence of fluorescein
in 1941 [2]. As shown in Fig. 1.1, the intensity of the emitted light was not
increasing proportional to the intensity of the excitation light, as would be
expected if the optical properties were independent of the presence of light.
Instead, the absorption decreased, and the power of the emitted light tended
towards a maximum value.

Under normal conditions most materials show a linear optical behavior.
Therefore, the observation of nonlinear effects typically requires high inten-
sities only achievable with laser beams. In this regime, a plethora of phenom-
ena can be explored, which are caused by the nonlinear material response:
The energy of several photons can be combined to create a new wave at the
sum frequency [3]. The opposite process is also possible: The energy of one
photon can be split into two or more photons of lower frequency, which is
known as spontaneous parametric down conversion [4, 5]. Apart from the
generation of new frequencies, intense laser beams can change the refrac-
tive index of a material. This optical Kerr effect causes phenomena like self-
focusing [6] and self-phase modulation [7–9].

These and other nonlinear effects find widespread applications in science
and industry. Sum and difference frequency generation is used to generate
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1 Introduction

Figure 1.1: Observation of saturation in the phosphorescence signal of fluorescein in boric
acid. Reprinted with permission from [2]. Copyright 1941 American Chemical Society.

laser light at wavelengths that are not directly accessible, e.g., most commer-
cial green laser pointers employ a crystal offering a suitable nonlinearity to
convert infrared light at 1064 nm into visible radiation at 532 nm. Sponta-
neous parametric down conversion can be used as a source for entangled
photon pairs [5, 10, 11] and heralded single photons [12] and is thus heav-
ily utilized in quantum information and quantum communication [13]. The
optical Kerr effect is used for the generation of ultra-short laser pulses via
mode-locking [14].

Indeed the laser itself is an example of nonlinear optics: The pump beam
changes the optical properties of the gain medium such that another beam
passing through it is no longer attenuated but instead amplified. Of course,
there are many more nonlinear phenomena and applications which can be
found in standard textbooks [1, 15, 16].

Even though the small cross section of nonlinear processes [1, 16] needs
to be compensated in most experiments with high intensity light fields and
macroscopic samples, there has been some progress in studying nonlinear
optics with nanoscopic samples. For example, second harmonic generation
and two-photon excitation have been observed using organic nano-crystals
[17] or metallic nano-structures [18, 19].

Albeit being on the nano-scale, these samples still contain several hundred
thousand atoms. On the level of single emitters, optical nonlinearities were
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1 Introduction

demonstrated with single organic dye molecules. Amongst other effects, re-
searchers reported the observation of two-photon excitation [20, 21], Rabi
oscillations [22, 23], the AC-Stark shift [24] and the hyper-Raman transition
[25].

While in the aforementioned experiments the sample was reduced to the
most fundamental unit, the light intensities were still far away from the single
photon level. To enter the field of quantum nonlinear optics [26], where sin-
gle photons already cause a significant nonlinear response, the light-matter
coupling efficiency has to be further increased. Besides the fundamental in-
terest in studying nonlinear optics at the single-emitter single-photon limit,
this regime offers promising perspectives for classical and quantum informa-
tion processing. An optical transistor would be more energy efficient than
its electric counterpart if the device could be switched with less than 10 aJ,
corresponding to 30 photons at a wavelength of 600 nm [26, 27]. At the single
photon level, such a transistor could be used to implement conditional gate
operations between two photons in quantum networks [28], which are re-
quired for a universal quantum computer [29]. If the optical transistor offers
a sufficiently high gain [30, 31], i.e., a single control photon can switch a beam
containing many photons, the generation of macroscopic, nonclassical states
of light, e.g., Schrödinger cat states, becomes feasible [32]. Furthermore, the
transistor would enable highly efficient single photon detection, which could
be even nondestructive if the control photon can be retrieved after switching
[33].

Placing a single emitter inside a high finesse cavity is one way of realiz-
ing a sufficiently strong light matter interaction to enter the the regime of
quantum nonlinear optics. The cavity forces each photon to pass the emit-
ter several hundred thousand times, thus compensating the low single pass
interaction probability. Such a single emitter-cavity system can be realized
in a variety of ways. The “classical” approach consists of a single atom which
is trapped or falling through the space between two high reflectivity mirrors
[34, 35]. The cavity can be also a whispering gallery mode resonator, where
light is circulating inside a disc or sphere guided by total internal reflection
[36, 37]. An atom in the vicinity of such a structure can interact strongly with
the light in the resonator [38]. If an artificial atom, like a quantum dot, is
used instead of a real atom, the emitter can be directly integrated into the
cavity by lithographically fabricating both inside the same substrate [39–41].

Taking advantage of the strong light-emitter coupling, several remarkable
nonlinear effects at the single-photon single-emitter scale were observed: the

3



1 Introduction

phase shift of light transmitted through [34] or reflected off a cavity contain-
ing a single emitter [40] was shown to change significantly if none or one
single photon is present inside the cavity. A more recent experiment demon-
strated a variation of the phase shift from zero to 𝜋 depending on whether
one or two photons impinge on the cavity [38]. In a different work, a single
photon could control if a second beam is reflected or transmitted through a
cavity [41]. Besides controlling transmission and phase shift, a single emitter
coupled to a cavity was also used to manipulate the photon statistics of light,
thus turning a coherent input state into a nonclassical state of light [39].

The experiments presented in this thesis adopt a more straight forward ap-
proach towards efficient light-matter interaction. We focus the incident light
as strongly as possible onto a single dibenzanthanthrene (DBATT) molecule
embedded in a naphthalene crystal at liquid helium temperatures. Under
these conditions, DBATT behaves very similar to an ideal two-level system
resulting in a large scattering cross section. The combination of tight focus-
ing with a near perfect two-level system leads to a high interaction probability
of light and emitter without the need for an optical cavity. Thus, we can ob-
serve the onset of a nonlinear response, namely saturation, already for less
than one incident photon per excited state lifetime.

Making use of this large coupling efficiency, we present direct measure-
ments of the coherent, nonlinear interaction of a single molecule with two
laser beams [42]. A strong pump beam with fixed frequency is used to mod-
ify the optical properties of a single molecule. We then detect the altered
response by measuring the transmitted power of a weak probe beam, which
is scanned across the resonance of the molecule. In this way, the single
molecule effectively mediates an interaction of pump and probe. We observe
all features predicted in the so-called Mollow absorption spectrum [43]: The
AC-Stark shift, stimulated Rayleigh scattering and three-photon or hyper-
Raman amplification. These effects can be in principle demonstrated with
only 30 pump photons per lifetime, with the fundamental limit being at 1.5
photons per lifetime. Hence, the “strong” pump beam is only strong in the
sense that it efficiently drives the molecule, but by no means strong in ab-
solute power. Exploiting this nonlinearity, we furthermore demonstrate the
feasibility of optically switching a light beam with just a few pump photons
[42].

This thesis is organized as follows. In chapter 2, we introduce the sys-
tem, DBATT molecules embedded in a naphthalene crystal and the optical
setup. Furthermore, the semi-classical description of the interaction of a
two-level system with a monochromatic electromagnetic field is reviewed
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1 Introduction

and used to model fluorescence and transmission signals. In the last part,
we discuss standard characterization measurements and experiments with
molecule pairs.

Chapter 3 addresses the topic of light-matter coupling efficiency. We begin
by deriving the maximum possible response of a two-level system to an exter-
nal driving field and then compare this to the experimentally achieved values.
In the end, we consider possible ways to increase the coupling efficiency and
also present first experimental results.

In chapter 4, we discuss the nonlinear interaction of a single molecule with
two laser beams. At first, a qualitative explanation of the expected effects
is given using the dressed atom picture. To obtain a quantitative descrip-
tion, we then extend the optical Bloch equations, which were recapitulated
in chapter 2, to the case of a bichromatic excitation field. In the third and
fourth section of this chapter, we introduce the required modifications to
the optical setup, present the experimental results of the transmission mea-
surements and elaborate on possible applications in the field of few-photon
switching. We end this chapter with discussing the measurements of the
time-dependent transmission and fluorescence signals.

Finally, the last chapter gives an outlook on possible future experiments
extending the investigation of nonlinear optics to more complex system, like
dipole-coupled molecules and emitter-nano-particle hybrid systems, and
down to the single photon level.
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2 Single molecule optics

The first optical detection of a single molecule in the solid state dates back
to 1989. William E. Moerner and Lothar Kador measured the power of a
laser beam transmitted through a p-terphenyl crystal doped with pentacene
molecules and cooled to liquid helium temperatures. By using a double-
modulation technique, they were able to observe a faint drop in transmission
when the laser frequency was resonant to the transition of a single pentacene
molecule [44]. One year later Michel Orrit and Jacques Bernard managed to
detect the fluorescence light emitted by a single pentacene molecule [45].

In 1993, Eric Betzig and Robert J. Chichester demonstrated the first mea-
surement of single molecule fluorescence at room temperature [46]. While
they excited the molecules with a scanning near field optical microscope to
reduce the background, a research group led by Richard N. Zare detected
a single molecule with far field optics [47]. This paved the way for super-
resolution fluorescence microscopy, which nowadays finds widespread ap-
plications, especially in biology and biomedical research [48, 49]. In 2014,
William E. Moerner, Eric Betzig and Stefan Hell were awarded with Nobel
Price in Chemistry “for the development of super-resolved fluorescence mi-
croscopy” [50].

In parallel, single dye molecules became due to their sensitivity for the
immediate surrounding an important tool for the investigation of material
properties at the nano-scale [51]. Being not limited by ensemble averaging,
they could provide insight, e.g., into the disorder of aromatic crystals [52] and
Shpol’skii matrices [53].

Stimulated by the favorable photo-physical properties at cryogenic tem-
peratures, in particular a strong and lifetime-limited zero-phonon line and
photo-stability over months, organic dye molecules developed also into a
promising system for quantum optical research. Already in 1992, it was
demonstrated that single molecules emit a stream of single photons by
observing the correlations between fluorescence photons of a pentacene
molecule [54]. In the following, the discovery of photo-induced, reversible
changes of the resonance frequency showed the possibility of optically
switching the state of a molecule [55, 56]. In 1995, quantum jumps between
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2 Single molecule optics

singlet and triplet states were witnessed as short interruptions in the fluo-
rescence signal from a terrylene molecule embedded in a p-terphenyl crystal
[57]. In the same system, coherent interaction of two molecules, mediated
by dipole-dipole coupling and producing sub- and super-radiant entangled
states, was monitored [58]. Subsequently, significant progress in coupling
light and single molecules more efficiently enabled a series of new experi-
ments: the fluorescence triplet as predicted by Mollow [59] was observed for
the first time from a single emitter in the solid state [60] and manipulation
of amplitude [61] and phase [62] of a weak laser beam by a single molecule
was demonstrated. Further advances were also made regarding the use of dye
molecules as light source: The appearance of quantum interferences proved
the indistinguishability of photons emitted by two independent molecules
[63]. Moreover, a single molecule was employed as light source for the spec-
troscopy of another molecule [64] and of a cloud of sodium atoms [65].

Several of these experiments [60–62, 64] investigated the interaction of
excitation light and single molecule, by observing the amplitude or phase of
the transmitted laser power. To induce a notable change of this signal, the
emitter must interact with a significant fraction of the incoming photons.
This requires, on the one hand, proper focusing and mode matching of the
incoming light to the emitter [66] and depends, on the other hand, on the
photo-physical properties of the emitter. While this approach is far more
challenging than detecting the fluorescence signal, it allows additional in-
sight by providing access to the coherent interaction of light with a single
emitter.

This chapter serves as an introduction to the field of single molecule spec-
troscopy. In the first section, the aromatic dye dibenzanthanthrene (DBATT)
and its optical properties are summarized. Furthermore, the addressing of
a single emitter by using a combination of spatial and spectral selectivity is
discussed. In addition, the theoretical description of light-matter interac-
tion using the optical Bloch equations is recapitulated and the notation used
throughout this thesis is introduced. The second section focuses on the ac-
tual experimental realization, including sample preparation, cryostat, and
the optical setup. In the third section, standard single molecules character-
ization measurements, like fluorescence and extinction measurements, are
described, while we discuss the detection of molecule pairs and possible ex-
periments with them in the last section.
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2.1 Basic concepts of single molecule spectroscopy

2.1 Basic concepts of single molecule spectroscopy

2.1.1 Photo-physical properties of dyemolecules in organic
matrices

The electronic ground state 𝑆0 of a typical dye molecule is a singlet state,
where the electrons in the highest occupied molecular orbital are paired to
yield a total spin of zero. Via an optical transition, which is usually in the
range of visible to near infrared light, it can be transferred into one of several
excited states 𝑆𝑛. For the purpose of this thesis, only the first excited state𝑆1 is important, as the other electronic states are sufficiently far away to not
interact with the narrow-band excitation light.

The efficiency of light-matter interaction can be approximated by the ratio
of the scattering cross section to the effective area of the input beam [26].
Within certain limits, a dye molecule can be described as a two-level system
(TLS) with a transition wavelength 𝜆, which has a scattering cross section
of 𝜎0 = 3𝜆2/2𝜋 ≈ 𝜆2/2 for light at its resonance frequency [67]. Diffraction
limits the minimum focal area of the input beam to roughly (𝜆/2)2, compara-
ble to the scattering cross section of a TLS and thus promising a very efficient
interaction.

At ambient conditions however, dye molecules as well as most other emit-
ters in solid-state systems are usually many orders of magnitude away from
this perfect value [68]. The difference is mainly caused by coupling of the
molecule and the host material inducing a large dephasing rate Γ2. This in-
creases the homogeneous linewidth Γhom and reduces the scattering cross
section to 𝜎 = 𝜎0 Γ1Γhom

, (2.1)

with Γ1 being the decay rate of the excited state population. Throughout this
thesis, we assume that dephasing is the only source of line broadening which
means that Γhom = 2Γ2. At room temperature, the factor Γ1/Γhom can be as
small as 10−6 [69]. For certain guest-host combinations, it is possible to re-
duce dephasing to its fundamental limit of Γ2 = Γ1/2 by cooling the sample
to cryogenic temperatures. Under these conditions, the thermal excitation of
vibrations in the host material is suppressed and the scattering cross section
reaches its ideal value 𝜎0.

However, even if we consider only the electronic states 𝑆0 and 𝑆1, a
molecule is still not a true TLS. A usual dye molecule consists of several ten
atoms giving rise to numerous vibrational degrees of freedom which intro-
duce extra energy levels (see Fig. 2.1 a). On top of that, the matrix supports
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2 Single molecule optics
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Figure 2.1: a, Jablonsky diagram of a dye molecule. For simplicity only the first three vibration
states (labeled with 𝜈) are depicted for each electronic level. The arrows indicate the main
transitions. The color coding of the 𝑆1 → 𝑆0 transitions correspond to the colors used in
part b. The dotted lines illustrate the slow transition rate into and out of 𝑇1. b, Simplified
fluorescence spectrum of a typical dye molecule at low temperatures. The zero-phonon lines
(ZPL) are visible as sharp peaks accompanied by wider phonon wings (PW). Adapted from
[71].

a quasi continuum of low energy vibration modes. We account for the in-
fluence of these additional decay channels on the scattering cross section by
replacing Γ1 in Eq. (2.1) with the partial decay rate from 𝑆1 → 𝑆0, Γ𝑆1→𝑆0 .
The scattering cross section of the 𝑆0 → 𝑆1 dipole transition is then given by
[70]: 𝜎𝑆0→𝑆1 = 3𝜆22𝜋 Γ𝑆1→𝑆0Γhom

. (2.2)

The influence of matrix and molecule vibrations can be nicely seen in the
fluorescence spectrum of a dye molecule (see Fig. 2.1 b). The first narrow
peak, the 0-0 zero-phonon line (ZPL), corresponds to the transition from 𝑆1
to 𝑆0 without the excitation of vibrations. Excitation of matrix vibrations,
with frequencies typically in the range of 30-300 GHz [72], leads to the ap-
pearance of a broad phonon wing (PW) next to the ZPL. Intra-molecular vi-
brations have discrete frequencies in the order of 10 THz and a lifetime of
picoseconds [73]. Their excitation leads to a larger red-shift of the emitted
photons, and thus the appearance of ZPLs and PWs at longer wavelengths.
Experimentally, these fluorescence photons are the standard tool for the de-
tection of a single molecule, as they can be easily separated from the exci-
tation light by using optical long-pass filters. The transitions are labeled by
the vibrational quantum numbers of the initial and the final state, e.g., the
transition from 𝑆1,𝜈=0 to 𝑆0,𝜈=2 is called the 0 − 2 transition.
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2.1 Basic concepts of single molecule spectroscopy

The transition probability into a particular vibration state is determined
by the overlap of the initial and final vibration state wave functions [74]. The
coupling to intra molecular vibrations and matrix phonons is characterized
by the Franck-Condon factor, 𝛼FC, and the Debye-Waller factor, 𝛼DW, respec-
tively. 𝛼FC is defined as 𝛼FC = 𝐼0−0𝐼tot

, (2.3)

with 𝐼0−0 being the integrated intensity of the 0 − 0 transition and 𝐼tot the
total intensity emitted by the molecule. The Debye-Waller factor can be cal-
culated from the integrated intensities of the 0-0 ZPL, 𝐼ZPL, and the corre-
sponding phonon wing, 𝐼PW, by𝛼DW = 𝐼ZPL𝐼ZPL + 𝐼PW

. (2.4)

The partial decay rate, Γ𝑆1→𝑆0 , is related to the total decay rate, Γ1, via:Γ𝑆1→𝑆0 = 𝛼FC𝛼DW⏟=𝛼 Γ1. (2.5)

Hence, the scattering cross section is reduced compared to an ideal TLS by a
factor of 𝛼 due to the presence of vibrational states.

Beyond vibrational levels, dye molecules also have additional electronic
states. Besides the already mentioned spin singlet states, there are manifolds
of triplet states 𝑇𝑛, where the total electron spin equals to one. The transition
from a singlet to a triplet state involves a spin flip and is thus dipole-forbidden.
Nevertheless, the molecule can decay from 𝑆1 to 𝑇1 at the small inter system
crossing (ISC) rate. While in the triplet state, the molecule cannot be excited
by light fields resonant with the 0-0 ZPL, until the triplet state population
eventually decays into 𝑆0. As this transition is also dipole-forbidden, the
lifetime of 𝑇1 is typically several orders of magnitude larger than the lifetime
of 𝑆1 [73]. Depending on the ISC rate and the lifetime of 𝑇1, the triplet state
can form a bottleneck severely reducing the interaction of the molecule with
an incident laser field.

The resonance frequency of a dye molecule is very sensitive to the
nano-environment which makes them excellent local probes for strain [75]
or electric fields [76, 77] inside a crystal. Imperfections in the crystal cause
local deviations of these fields from their average value. Hence, even though
the molecules are identical, the resonance frequencies are distributed over
a range called the inhomogeneous broadening (see Fig. 2.2), typically on
the order of 1 THz. At room temperature, this distribution is concealed by
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Figure 2.2: a, Schematic distribution of single molecule resonances (gray) over the inhomo-
geneous broadening (blue curve). Adapted from [78]. b, Fluorescence excitation spectrum of
DBATT in naphthalene. Note that even in the densest region, around 618 nm, the spectrum
consists of single, well-resolved peaks. Courtsey of Benjamin Gmeiner.

the (homogeneously) broadened transition and becomes only visible at low
temperatures, when the linewidth approaches the lifetime limit.

Even at low temperatures, strain and electric fields inside the host material
are not necessarily static. Changes of these fields lead to shifts of the reso-
nance frequencies over time which is known as spectral diffusion. The char-
acteristics can be quite versatile: even within the same sample the behavior
can range from slow drifts over quasi-continuous wandering to sudden fre-
quency jumps. Molecules with resonance frequencies far from the center of
the inhomogeneous broadening have typically a larger probability for spec-
tral diffusion [79].

When choosing a suitable emitter, one has to take all these effects into
account. There are numerous combinations of dye molecules and matrices
that show lifetime-limited transitions at liquid helium temperature [68]. But
the ideal emitter should furthermore have high Debye-Waller and Franck-
Condon factors, a low ISC rate and show no spectral diffusion.

2.1.2 Addressing a single molecule

To perform experiments on a single molecule, we need the ability to selec-
tively excite and collect light from a single emitter. At room temperature this
is done by using microscope objectives with a large numerical aperture, to
achieve a high spatial resolution. The concentration of dye molecules is then
chosen such that less than one molecule is present per focal volume.

At low temperatures, the narrow linewidth of the 0-0 transition enables
spectral selection of single molecules in addition to the spatial selection
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2.1 Basic concepts of single molecule spectroscopy

2.3,8.9-dibenzanthanthrene naphthalene
Figure 2.3: Skeletal formulas of the dye molecule dibenzanthanthrene and the matrix con-
stituent naphthalene.

used at room temperature. As mentioned in the previous subsection, the
resonance frequencies are distributed over the inhomogeneous broadening
(Fig. 2.2). Thus, two molecules can still be separated even if they are within
one focal volume, as long as their resonances do not overlap. While the
linewidth is tens of megahertz, the inhomogeneous distribution spans a ter-
ahertz or more. This means that even if thousand molecules are within one
focus, it is still possible to address them individually by using a narrow-band
laser. This is particularly useful if a molecule is required at a specific posi-
tion, e.g., close to a plasmonic nano-structure [80–83]. The high concentra-
tion drastically increases the probability to have a molecule at the desired
position.

2.1.3 DBATT in naphthalene

Most experiments presented in the following were performed on 2.3,8.9-di-
benzanthanthrene (DBATT) molecules embedded in a naphthalene matrix
(see Fig. 2.3). This combination offers a lifetime-limited 0-0 ZPL for tem-
peratures below 4 K. Furthermore, the ISC rate is so low that the triplet state
contribution can be neglected [84]. Figure 2.4 a shows the wavelengths of the
most important optical transitions. The inhomogeneous distribution of the
0-0 ZPLs is peaked around 618.7 nm, which is conveniently accessible with
a dye laser using Sulforhodamine B as gain medium. The frequency of the
0-1 transition is almost exactly 7.7 THz away from the 0-0 transition. Using
that knowledge, it is possible to address the same molecule in 0-0 and 0-1
excitation. The dominant component of the red-shifted fluorescence has a
wavelength of 629 nm.

From the fluorescence emission spectrum shown in Fig. 2.4 b, we can
determine the Debye-Waller and Franck-Condon factors by integrating the
relevant spectral windows. While the exact values differ from molecule to
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2 Single molecule optics

molecule, typically both factors are around 0.7, which means that roughly50% of the light is emitted in the 0-0 ZPL.
The linewidth of a transition can be measured by observing the red-shifted

fluorescence as a function of the excitation laser frequency at low excitation
powers. Figure 2.4 shows such a measurement for the 0-0 (c) and the 0-1
(d) transition. In case of the 0-0 transition, we detect a linewidth of 22 MHz
corresponding to the lifetime limit [84]. The line shape is in perfect agree-
ment with the expected Lorentzian. Due to the much shorter lifetime of the𝑆1,𝜈=1 level, the linewidth of the 0-1 transition is three orders of magnitude
larger. Exciting the molecule via the 0-1 transition allows separating the pho-
tons emitted at the 0-0 transition from the excitation light [65]. This is, for
example, necessary to measure a complete fluorescence spectrum, as the one
presented in Fig. 2.4 b.

While DBATT does not show any bleaching at low temperatures in a vari-
ety of matrices (e.g. n-tetradecane [85], n-hexadecane [86], p-terphenyl [87]
or methyl methacrylate [88]), it is particularly stable inside a naphthalene
matrix. Thus, it displays only very small spectral diffusion, which is espe-
cially important for measurements with long integration times. Figure 2.4 e
shows a time trace of the fluorescence signal that is recorded with the ex-
citation laser intensity being more than 1000 times above saturation. The
molecule does not show any blinking or spectral jumps even at such strong
laser driving. Only a small drift is present leading to a standard deviation of
the fluorescence signal of twice the shot noise limit.

The combination of these properties makes DBATT in naphthalene an at-
tractive system for studying the interaction of light with a single quantum
emitter. Even though it is not a perfect TLS, its strong 0-0 ZPL allows effi-
cient coupling with light. Furthermore, the spectral stability, even at high
excitation powers, enables investigations with strong pump fields and long
integration times, like the ones presented in chapter 4.

2.1.4 Interaction of light with a single molecule

“It is impossible to treat even one atom’s interaction with light exactly” [89].
This statement by Allen and Eberly emphasizes the necessity of approxima-
tions when dealing with light-matter interaction. The usual assumptions are
that only a single transition between two matter states interacts with the in-
coming light, which should be monochromatic with a frequency close to the
resonance. In the case of our experiment, both assumptions are valid. The
most pronounced transition is the 0-0 ZPL. As both involved states have zero
spin, they do not show any splitting due to external magnetic fields. The
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Figure 2.4: a, Jablonsky diagram with the most important energy levels of DBATT in naph-
thalene. The given transition frequencies refer to a molecule in the center of the inhomo-
geneous broadening. b, Fluorescence emission spectrum of a single DBATT molecule. The
pronounced first peak contains around 50% of the total emission and corresponds to the 0-0
ZPL. The inset shows a zoom at the region from 635 nm to 685 nm. Note that the drop at680 nm is caused by an optical filter. Fluorescence excitation spectra for 0-0 (c) and 0-1 (d)
excitation. Please note that the frequency axis of plot c is in MHz while that of plot d is inGHz. The solid line is a Lorentzian fit to the data which includes a linear background for plot
d. e, Fluorescence time trace recorded with the excitation laser at resonance with a power
more than 1000 times above saturation.
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2 Single molecule optics

next closest states are vibrational excitations of the molecule, with an energy
difference corresponding to several hundred thousand linewidths of the 0-0
ZPL. Hence, it is possible to address only the 𝑆0,𝜈=0 → 𝑆1,𝜈=0 transition with
a narrow-band laser. However, the excited state decays with a considerable
probability into vibrationally excited states 𝑆0,𝜈≠0. This red-shifted fluores-
cence amounts in our system to roughly 50% of the emitted light. It leads to
a reduction of the transition dipole moment d by a factor of

√𝛼. For now, we
will assume an ideal TLS and include this effect where necessary in the final
equations.

The interaction of a monochromatic light field Einc and a TLS at the origin𝒪 can be described in a semi-classical theory and within the dipole approxi-
mation using the following Hamiltonian𝐻̂ = ℏ𝜔0𝜎̂†𝜎̂ − ̂d ⋅ Einc (𝒪, 𝑡) . (2.6)

The TLS has a ground state |𝑔⟩ and an excited state |𝑒⟩, which are separated
by an energy difference ℏ𝜔0. 𝜎̂ and 𝜎̂† are the atomic lowering and raising
operators that can be expressed in the basis of the TLS eigenstates as𝜎̂ = |𝑔⟩ ⟨𝑒| and 𝜎̂† = |𝑒⟩ ⟨𝑔| . (2.7)

The atomic dipole operator ̂d can be written in terms of 𝜎̂ and 𝜎̂† aŝd = d (𝜎̂ + 𝜎̂†) , with d = ⟨𝑒| ̂d |𝑔⟩ = ⟨𝑔| ̂d |𝑒⟩ , (2.8)

where the arbitrary phases of |𝑔⟩ and |𝑒⟩ were chosen such that d is real.
Einc (𝒪, 𝑡) is the electric driving field with an angular frequency 𝜔 and an
amplitude Einc (𝒪) at the position of the TLS. Its time dependence is given
by:

Einc (𝒪, 𝑡) = Einc (𝒪)2 (𝑒𝑖𝜔𝑡 + 𝑒−𝑖𝜔𝑡) . (2.9)

By using Eq. (2.8) and (2.9) the Hamiltonian [Eq. (2.6)] can be written as𝐻̂ = ℏ𝜔0𝜎̂†𝜎̂ + ℏΩ2 (𝜎̂𝑒𝑖𝜔𝑡 + 𝜎̂𝑒−𝑖𝜔𝑡 + 𝜎̂†𝑒𝑖𝜔𝑡 + 𝜎̂†𝑒−𝑖𝜔𝑡) , (2.10)

where the Rabi frequency Ω = −dEinc()ℏ was introduced. By changing to a
reference frame rotating at the frequency of the electric field, 𝜔, Eq. (2.10)
becomes ̂𝐻̃ = −ℏΔ𝜎̂†𝜎̂ + ℏΩ2 (𝜎̂ + 𝜎̂† + 𝜎̂𝑒−𝑖2𝜔𝑡 + 𝜎̂†𝑒𝑖2𝜔𝑡)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

interaction part

, (2.11)
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2.1 Basic concepts of single molecule spectroscopy

with Δ = 𝜔 − 𝜔0 being the detuning between incident field and transition
frequency. The tilde denotes the fact that we are in the rotating frame. In

this reference frame, the interaction part of ̂𝐻̃ has components oscillating at2𝜔 and parts that are time independent. In the rotating wave approximation
(RWA), we ignore the fast oscillating terms, as their net contribution has only
an insignificant impact on the system [90]. Nevertheless, on performing this
approximation some physical effects are lost, e.g., the Bloch-Siegert shift [89,
91]. But its influence is negligible in the experiment.

The Hamiltonian after the RWA is given by:̂𝐻̃RWA = −ℏΔ𝜎̂†𝜎̂ + ℏΩ2 (𝜎̂ + 𝜎̂†) . (2.12)

Using Eq. (2.12), it is straight forward to calculate the equations of motion for
the density matrix ̂̃𝜌 in the rotating frame using the von Neumann equation:𝑖ℏ𝜕 ̂̃𝜌𝜕𝑡 = [ ̂𝐻̃, ̂̃𝜌] , with ̂̃𝜌 = ( ̃𝜌𝑒𝑒 ̃𝜌𝑒𝑔̃𝜌𝑔𝑒 ̃𝜌𝑔𝑔 ) . (2.13)

The density matrix ̂𝜌 in the rest frame can then be obtained from ̂̃𝜌 by trans-
forming the latter back into the initial frame. This yields the following rela-
tion between the respective matrix elements:̂𝜌 = ( ̃𝜌𝑒𝑒 ̃𝜌𝑒𝑔𝑒−𝑖𝜔𝑡̃𝜌𝑔𝑒𝑒𝑖𝜔𝑡 ̃𝜌𝑔𝑔 ) . (2.14)

The elements ̃𝜌𝑒𝑒 and ̃𝜌𝑔𝑔 describe the probability of the TLS to be in the
excited or in the ground state, respectively. To interpret the off-diagonal el-
ements ̃𝜌𝑒𝑔 = ̃𝜌⋆𝑔𝑒, it is useful to look at the expectation value of the dipole
operator:⟨ ̂d⟩ = dTr ( ̂𝜌 (𝜎̂ + 𝜎̂†)) = d (Re ( ̃𝜌𝑔𝑒) 𝑐𝑜𝑠 (𝜔𝑡) − Im ( ̃𝜌𝑔𝑒) 𝑠𝑖𝑛 (𝜔𝑡)) .

(2.15)
Hence, the real and imaginary parts of ̃𝜌eg are related to the in-phase and
in-quadrature parts of the dipole moment, respectively [90].

Before writing down the differential equations from Eq. (2.13) explicitly, it
is convenient to introduce the Bloch vector x. Its components 𝑢, 𝑣 and 𝑤
describe the real and imaginary parts of ̃𝜌ge and the population inversion,
i.e., the difference between the population in the excited and in the ground
state:
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x = ⎛⎜⎝ 𝑢𝑣𝑤 ⎞⎟⎠ ,
𝑢 = 12 ( ̃𝜌𝑔𝑒 + ̃𝜌𝑒𝑔) , (2.16)𝑣 = 12𝑖 ( ̃𝜌𝑔𝑒 − ̃𝜌𝑒𝑔) , (2.17)𝑤 = 12 ( ̃𝜌𝑒𝑒 − ̃𝜌𝑔𝑔) . (2.18)

Using a classical field for this calculation omits spontaneous decay, which is
a result of the coupling to the vacuum field [70]. Thus, it is necessary to add
this effect by introducing a decay rate Γ1 for the excited state and Γ2 for the
dipole moment. The resulting set of coupled first order linear differential
equations, known as optical Bloch equations, is given by [89, 90]:𝑢̇ = Δ𝑣 − Γ2𝑢, (2.19)̇𝑣 = −Δ𝑢 − Ω𝑤 − Γ2𝑣, (2.20)𝑤̇ = Ω𝑣 − Γ1𝑤 − Γ1/2. (2.21)

Many spectroscopic observations can be described by looking at their steady-
state solution, i.e., 𝑢̇ = ̇𝑣 = 𝑤̇ = 0. Those solutions are:𝑢st = ΔΩ2 (Δ2 + Ω2 Γ2Γ1 + Γ22) = ΔΓ12ΩΓ2 𝑆𝑆 + 1, (2.22)𝑣st = Γ2Ω2 (Δ2 + Ω2 Γ2Γ1 + Γ22) = Γ12Ω 𝑆𝑆 + 1, (2.23)𝑤st = Γ2Ω22Γ1 (Δ2 + Ω2 Γ2Γ1 + Γ22) − 12 = 12 𝑆𝑆 + 1 − 12. (2.24)

Where we introduced the saturation parameter:𝑆 = Ω2 Γ2Γ1Δ2 + Γ22 . (2.25)

It is a measure for the driving strength of the incident light field and allows
comparison of excitation intensities in different systems. It scales quadrat-
ically with the Rabi frequency and hence linearly with the intensity of the
incident field. In the experiment, we often deal with the case of a lifetime-
limited emitter, i.e., Γ2 = Γ1/2, and resonant excitation, i.e., Δ = 0. In that
case, Eq. (2.25) simplifies to:
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𝑆 = 2Ω2Γ21 . (2.26)

2.1.5 Fluorescence

Upon excitation, a molecule emits photons at a rate 𝑅fluo proportional to the
population in the excited state 𝜌ee:𝑅fluo = Γ1𝜌ee = Γ1 𝑆𝑆 + 1 12. (2.27)

The equation shows that the rate of emitted photons is limited to Γ1/2 for a
single emitter. This behavior is an immediate consequence of the two discrete
energy levels. If the system is in the upper state, it cannot be excited anymore
and needs a time of 1/Γ1 to relax into the ground state. Hence, the lifetime of
the excited state becomes a bottleneck for light emission that cannot be over-
come by increasing the pump power. To obtain more light from the emitter
one needs to change its decay rate. Following Fermi’s Golden rule, this re-
quires a change of the local density of states, e.g., by using an optical antenna
[81, 92] or by placing the emitter inside a cavity [93, 94]. Note that the factor12 in Eq. (2.27) follows from the resonant pumping scheme and can be over-
come for emitters with a suitable multi-level scheme. For dye molecules, it
is possible to excite into a short lived vibrational level of the excited state. In
that way, it is possible to bring the whole population into the excited state,
thus increasing the maximum emission rate by a factor of two.

If one considers the emission rate as function of the detuning Δ, one can
see from Eq. (2.24) that the dependence is given by a Lorentzian with a full
width at half maximum (FWHM) of:ΓFWHM = 2√Ω2 Γ2Γ1 + Γ22 =Δ=0 2Γ2√𝑆 + 1. (2.28)

In case of a very weak driving field, the linewidth is given by 2Γ2, which is
equal to Γ1 in the absence of pure dephasing. For stronger excitation, power
broadening leads to an increase of the linewidth. Both features, saturation
of the emitted fluorescence light as well as line broadening, can be exper-
imentally observed (see Fig. (2.5)). From both curves, one can determine a
relation between incident laser power and Rabi frequency. We define the sat-
uration power 𝑃𝑆 as the power of the incident field required to drive a TLS
on resonance with a saturation parameter of 𝑆 = 1 (i.e., Ω = Γ1/√2). In
chapter 3, we use 𝑃𝑆 as a figure of merit to describe the coupling efficiency
between light and emitter.
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Figure 2.5: Saturation measurement of a single molecule. For excitation powers distributed
over five orders of magnitude, fluorescence excitation spectra are recorded. From these, we
extract the peak fluorescence count rate (a) and the linewidth (b). The black squares are
measured values and the red lines show a simultaneous fit of Eq. (2.27) and (2.28) to the
data. The power is corrected for the transmission of the elements inside the cryostat and thus
corresponds to the excitation power at the sample. The fit yields a saturation power of 208 pW
or 5 photons per lifetime.

One interesting feature of TLS emission is the fact that two photons are
never emitted at the same time. This purely quantum mechanical phe-
nomenon is known as anti-bunching. It can be qualitatively understood from
a heuristic point of view: After the emission of a photon the TLS is in the
ground state. From there it needs some time to be re-excited and to decay
under the emission of another photon. Hence, it is impossible for the TLS to
directly emit two photons. For commonly used dye molecules this time delay
is in the range of nanoseconds.

The second order correlation function 𝑔(2) (𝜏) can be used to describe this
behavior. It specifies the probability to detect a photon at a time 𝑡+𝜏 under the
condition that a photon has been detected at time 𝑡. In the case of resonant
excitation and a lifetime-limited emitter, i.e., Δ = 0 and Γ2 = Γ1/2, it is
given by [95]:𝑔(2) (𝜏) = 1 − (𝑐𝑜𝑠 (𝜇𝜏) + 3Γ14𝜇 𝑠𝑖𝑛 (𝜇𝜏)) 𝑒−3Γ1𝜏/4, (2.29)

with 𝜇 = √Ω2 − Γ2116 .
The shape of the correlation function is mainly determined by the ratio of

the Rabi frequency Ω and decay rate Γ1 (see Fig. 2.6 a). In the case of smallΩ, 𝑔(2) (𝜏) is monotonically increasing from 0 to 1. When Ω is increased,
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Figure 2.6: a, Theory curves of the second order correlation function for different Rabi fre-
quencies. b, Measurement of the second order correlation function of the fluorescence light
of a single DBATT molecule. The red curve is a fit to the data yielding 𝑔(2) (0) = 0.03. No
background was subtracted.

Rabi oscillations start to appear and the slope around zero time delay in-
creases. Finally, several oscillation periods become visible at high driving
strengths. Measuring this correlation function is the most direct proof for a
single-photon emitter. Figure 2.6 b displays such a measurement on the flu-
orescence of a single DBATT molecule embedded in a n-tetradecane matrix.
In that case, Ω is chosen such that a small onset of the first Rabi oscillation is
visible.

2.1.6 Extinction

The presence of an emitter in a tight focus can lead to a reduction of the trans-
mitted excitation light which is called extinction. It has two contributions:
elastic scattering and absorption by the emitter. A perfect TLS has no absorp-
tion, hence, extinction is only caused by interference of the excitation field
with that scattered by the emitter in this situation. In case of a molecule,
however, red-shifted fluorescence acts as a loss channel, leading to an extinc-
tion signal that is a combination of scattering and absorption. In contrast
to the fluorescence signal, extinction is sensitive to the phase relation of the
involved fields. This method thus probes the coherent interaction of an emit-
ter and the incident light. Indeed, the first signal from a single molecule was
detected by observing the extinction signal, although somewhat indirect by
using a double-modulation lock-in detection [44].

The impact of a single emitter on the amplitude [60, 71] and phase [62, 96]
of the excitation light is described in detail in previous works. However, as it
provides the basis for the description of the coherent, nonlinear interaction
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of a single molecule and two laser beams (see chapter 4), the derivation of
the extinction signal is repeated in the following paragraphs.

In a standard extinction measurement, the excitation light is focused onto
a single molecule and the transmitted light is observed with a photodetector.
The transmitted field Etrans is the sum of the incident field Einc and the field
scattered off the molecule ̂Escat. Thus, we can write the intensity 𝐼trans (r) at
a position r in the detection plane as𝐼trans (r) /2𝜖0𝑐 = ⟨(E−

inc (r, 𝑡) + E−
scat (r, 𝑡)) (E+

inc (r, 𝑡) + E+
scat (r, 𝑡))⟩= ⟨E−

inc (r, 𝑡)E+
inc (r, 𝑡)⟩ + ⟨E−

scat (r, 𝑡)E+
scat (r, 𝑡)⟩ +⟨2Re (E+

inc (r, 𝑡)E−
scat (r, 𝑡))⟩ , (2.30)

where we split the fields in positive and negative frequency parts according
to:

E (r, 𝑡) = E− (r, 𝑡) + E+ (r, 𝑡)
with E− (r, 𝑡) = E (r)2 𝑒𝑖𝜔𝑡 and E+ (r, 𝑡) = E− (r, 𝑡)† . (2.31)

The angled brackets denote the quantum mechanical expectation value and
time average. The first and second terms in Eq. (2.30) refer to the intensity of
excitation and scattered light, respectively. The third term contains the inter-
ference of the two fields. The detected signal 𝑃trans is obtained by integrating
the transmitted intensity 𝐼trans over the detection solid angle 𝐴det:𝑃trans = ∫𝐴det

𝐼trans (r) d𝐴. (2.32)

For the evaluation of Eq. (2.32), a knowledge of the spatial distribution of the
incident and scattered field is required. We describe the spatial variation of
the excitation field with a mode function g(r) that describes amplitude and
polarization of the incident field at any position r [71]. Using that, we write

E−
inc (r, 𝑡) = g (r) 𝐸inc(𝒪)𝑒𝑖𝜔𝑡, (2.33)

with 𝐸inc(𝒪) = |Einc (𝒪)|. The function g(r) contains all information about
propagation of the incident field through the optical system. It depends on
the focusing optics and the sample geometry.

The scattered field of a TLS in the far field is given by [70]:̂E−
scat (r, 𝑡) = 𝑘2 |d|4𝜋𝜖0 ( r|r| × d|d|) × r|r| 𝑒−𝑖𝑘|r||r| 𝜎̂† (𝑡) , (2.34)
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2.1 Basic concepts of single molecule spectroscopy

with the wave number 𝑘 = 𝜔/𝑐. Equation (2.34) can be transformed into a
more convenient form by using the Einstein A coefficient, which is equal to
the decay rate [70] Γ1 = |d|2 𝑘33𝜋𝜖0ℏ , (2.35)

and the definition of the Rabi frequency for the case Einc (𝒪) ||d. As only
the elastically scattered light can interfere with the excitation light, we have
to consider the effect of the Franck-Condon and Debye-Waller factors. They
reduce the dipole moment of the molecule by

√𝛼 = √𝛼DW𝛼FC. The resulting
expression for the scattered field iŝE−

scat (r, 𝑡) = −𝛼𝐸inc (𝒪) Γ1Ω 34 ( r|r| × d|d|) × r|r| 𝑒−𝑖𝑘𝑟𝑘 |r|⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
f (r) 𝜎̂† (𝑡) , (2.36)

where a similar mode function f (r) can be introduced to describe amplitude
and polarization.

By using Eqs. (2.30), (2.33) and (2.36), we can write Eq. (2.32) as𝑃trans = 2𝑐𝜖0𝐸2
inc (𝒪) (∫𝐴det

|g (r)|2 d𝐴+ 𝛼2 Γ21Ω2 ⟨𝜎̂† (𝑡) 𝜎̂ (𝑡)⟩ ∫𝐴det

|f (r)|2 d𝐴
− 2𝛼Γ1Ω Re (⟨𝜎̂† (𝑡) 𝑒−𝑖𝜔𝑡⟩ ∫𝐴det

f (r)g⋆ (r) d𝐴)) .
(2.37)

Usually, we are not interested in the absolute transmitted power, but rather in
the relative change caused by the molecule. Hence, we normalize Eq. (2.37)
with the detected excitation power:𝑃0 = 2𝑐𝜖0𝐸2

inc (𝒪) ∫𝐴det

|g (r)|2 d𝐴. (2.38)

This yields the transmission:𝑇 = 𝑃trans𝑃0 = 1 + 𝜂mol
Γ21Ω2 ⟨𝜎̂† (𝑡) 𝜎̂ (𝑡)⟩ − 2Γ1Ω Re (−𝑖𝜂𝑒𝑖𝜙 ⟨𝜎̂† (𝑡) 𝑒−𝑖𝜔𝑡⟩) .

(2.39)
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Here, we introduced two efficiency factors:𝜂mol = 𝛼2 ∫𝐴det
|f (r)|2 d𝐴∫𝐴det
|g (r)|2 d𝐴 and (2.40)

𝜂 = 𝑖𝑒−𝑖𝜙𝛼∫𝐴det
f (r)g⋆ (r) d𝐴∫𝐴det

|g (r)|2 d𝐴 . (2.41)

Both factors depend on the spatial distribution of incident and scattered
fields. The factor 𝜂mol is proportional to the collection efficiency for the light
emitted by the molecule, while 𝜂 describes the mode overlap of excitation and
scattered light. Furthermore, they include the influence of the branching ra-
tio to the vibrational states and are normalized by the collection efficiency of
the incident light. If the molecule is perfectly in focus, a −𝜋/2 Gouy phase
shift is accumulated in the far field between the focused excitation and the
scattered field1. In the experiment, a small offset between focus and molecule
can cause a deviation 𝜙 from the ideal −𝜋/2 phase shift. We account for that
with the factor 𝑖𝑒−𝑖𝜙 in Eq. (2.41) which ensures that 𝜂 is a positive, real num-
ber.

If the excitation field has the mode of a directional dipole wave, 𝜂mol = 𝜂2
[96]. Even though we are not using such a dipolar wave for the excitation
in our experiment, the difference between a directional dipole mode and a
focused plane wave only becomes visible for focusing optics with opening
angles larger than 55° [66]. For our experiment this angle is just 33°, which
justifies the approximation 𝜂mol ≈ 𝜂2.

If the molecule is in the steady state, we can replace the expectation values
with the respective density matrix elements and obtain ⟨𝜎̂† (𝑡) 𝜎̂ (𝑡)⟩ = 𝜌ee
and ⟨𝜎̂† (𝑡) 𝑒−𝑖𝜔𝑡⟩= ̃𝜌ge. Using that and the aforementioned approximation, we can write
Eq. (2.39) as [96]: 𝑇 = 1 + 𝜂2 Γ21Ω2 𝜌ee − 2𝜂Γ1Ω Im ( ̃𝜌ge𝑒𝑖𝜙) . (2.42)

The values of 𝜂mol and 𝜂 can be calculated analytically for special cases, like
a plane wave focused onto a dipole in free space [66, 97]. They reach their
maximum value for a directional dipole wave incident from an opening an-
gle of 90°, i.e., the excitation light is focused from a full half space onto the
molecule. In that case, 𝜂 = 𝛼 and 𝜂mol = 𝛼2. For a true TLS, we have 𝛼 = 1

1 See [96] for a discussion of the origin of this phase shift in case of limited detection angles.
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Figure 2.7: a, Transmission as a function of probe laser detuning for different Rabi frequencies
in the case of 𝜂 = 1. From an initial dip that almost goes down to zero the extinction signal
becomes less and less visible. b, Transmission at zero detuning as a function of the Rabi
frequency.

and hence 𝜂 = 𝜂mol = 1. Figure 2.7 displays extinction curves for different
incident powers in this regime. For weak excitation, the transmission signal
drops to 0 and all incoming light is reflected by the emitter. With increasing
excitation intensity, the visibility of the extinction dip decreases as more light
is scattered incoherently and thus cannot interfere with the incident beam.

In case of our experiment, the complex geometry prevents us from know-
ing g (r) and f (r) exactly. Thus, we cannot calculate 𝜂 and use it as a fitting
parameter. We estimate its value to be around 0.05, which corresponds to a10% dip in the transmitted intensity. This has two main reasons. First, the
dipole moment of a DBATT molecule is reduced by the Debye-Waller and
Franck-Condon factor to

√𝛼d, which puts an upper limit to the maximum
possible 𝜂 of roughly 0.5. Furthermore, we do not focus a dipole wave onto the
molecule and the opening angle of our focusing optics is 33°. Both reduce the
mode overlap and thus the extinction signal. Assuming a linearly polarized
plane wave, focused onto a TLS with a dipole moment parallel to the polar-
ization of the incident wave, we can use the formulas given in Refs. [66, 98]
to calculate 𝜂. Within this simplified model, the limited numerical aperture
of the focusing optics leads to 𝜂 = 0.22, or if we include the branching ratio
of the molecule, 𝜂 = 0.11. In section 3.2, we compare the predictions from
this model with measurement results and discuss the reasons for deviations
between experiment and theory.
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2 Single molecule optics

2.2 Experimental implementation

The experimental implementation of an efficient interaction between a light
field and a molecule is a technological challenge. A tunable narrow-band
laser needs to be tightly focused onto a thin, DBATT-doped naphthalene
crystal. This crystal is cooled down to less than 2 K in a Helium bath cryostat.
Transmission and reflection signals are then detected by single photon count-
ing modules (SPCM), a sensitive CCD camera or a spectrometer, depending
on the kind of measurement.

This section introduces the necessary experimental techniques. The origin
of this setup dates back more than 15 years and was used in the meantime
for several doctoral studies [71, 96, 99–101], and the reader is referred to the
aforementioned theses for more details.

2.2.1 Optical setup

The setup is distributed over two floated optical tables. Both tables are
housed with black plastic sliding windows shielding the detectors from am-
bient light. A filter fan unit, placed above the table, provides a steady flow
of filtered air leading to an almost dust free environment on the table. The
airflow on the table with the laser system is temperature stabilized to ±0.1 K
reducing possible drifts of the laser cavity.

The light source is a Coherent 899-29 ring dye laser with an autoscan unit.
To have tunable emission covering the range of the 0-0 and 0-1 excitation, as
well as the red-shifted fluorescence, i.e., 609 nm - 629 nm, the laser is operated
with Sulforhodamine B (Sigma Aldrich) as gain medium. The dye solution
is prepared according to the manual. The solvent, ethylene glycol, is hygro-
scopic which leads to an increasing concentration of water in the solution
over time which affects the viscosity. Furthermore, the dye slowly bleaches
from irradiation with the 532 nm pump light. Both effects lead to a degrada-
tion of the dye solution, necessitating a dye exchange every other month.

The laser can continuously scan the output frequency over 30 GHz within250 ms. For larger scans, the autoscan unit with a built-in wavelength meter
automatically adjusts the frequency selective elements inside the laser cavity
such that the next 30 GHz window has some overlap with the previous one.
This stitching technique enables scans over several terahertz with a mega-
hertz resolution. Nowadays, dye lasers have been mostly replaced with more
user friendly diode lasers. However, the spectral range of our experiment is
still not covered by other laser systems.
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Figure 2.8: a, Measurement of the laser frequency shift over 100 s with a frequency-stabilized
invar cavity. b, Histogram of the frequency jitter with a Gaussian fit (red line). The fit has a
FWHM of 4 MHz. If the same analysis is done for a time frame of 1 s the FWHM reduces to2 MHz.

The specification for the laser linewidth is 1 MHz. We measured the fre-
quency jitter by monitoring the transmission through a home-built optical
cavity. To suppress thermal drifts of the cavity transmission frequency, the
cavity length was stabilized using a frequency-stabilized Helium-Neon laser.
Figure 2.8 shows the change of the laser frequency over 100 s. The FWHM of
the distribution is 4 MHz. Within one second, which is the usual time frame
of most of the measurements, the jitter amounts to 2 MHz which is well below
the linewidth of DBATT in naphthalene.

Figure 2.9 shows a schematic of the optical setup. Light from the ring dye
laser passes a neutral density filter, is focused onto an acousto-optical mod-
ulator (AOM), and the first diffraction order is coupled into a polarization-
maintaining, single-mode fiber. A half-wave plate is used to match the po-
larization of the light with the fast or slow axis of the optical fiber. The AOM
is part of a feedback system that suppresses fluctuations of the laser power.
The amplitude of the radio frequency (rf) field driving the AOM is adjusted
by a home-built PID control-loop feedback that receives its reference signal
from a photodiode measuring the laser power on the experiment table. The
intensity of the light in the first diffraction order follows the changes of the
rf amplitude. The neutral density filter is used to adjust the optical power to
reach the optimal working point of the feedback system. After this feedback
loop, the remaining power fluctuations are ≤ 0.4% and a Fourier transform
does not show any dominant features between 0 Hz and 500 Hz.

The single-mode fiber guides the light to the second optical table where a
cryostat is mounted. A 10x objective is used to recollimate the beam after the
fiber. The resulting beam diameter is larger than the aperture of the focus-
ing asphere inside the cryostat to benefit from the entire numerical aperture
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Figure 2.9: Schematics of the experimental setup: the upper part shows the laser table which
is temperature stabilized to ±0.1 K. The lower part displays the experiment, with sample,
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(NA) of the lens. After that, a polarizer ensures well-defined linear polariza-
tion, and a beam splitter reflects a small fraction of the light onto the reference
photodiode for the PID feedback system. Two sets of motorized neutral den-
sity filters control the excitation intensity. Subsequently, the combination of
a half-wave plate and a Berek compensator (BC) is used to match the polar-
ization of the excitation beam to the dipole orientation of the molecule. The
advantage of a BC compared to a quarter-wave plate is its ability to compen-
sate birefringence independently of the input polarization. Hence, once the
BC is adjusted, the polarization can be turned by rotating the half-wave plate
without introducing ellipticity.

We direct the light reflected from a beam-splitter, containing 3% of the
incident power, onto a pair of galvanometric scanning mirrors. A telecentric
lens pair creates an image of the scanning mirror plane in the back focal plane
of the focusing aspheric lens inside the cryostat. A tilt of the scanning mirrors
thus changes the beam angle in the back focal plane of the aspheric lens,
leading to a lateral displacement of the focal spot on the sample.

The transmitted light is recollimated by a second aspheric lens and can be
measured with a CCD camera (Andor Luca) or a SPCM (Perkin Elmer). Light
scattered backwards, including a part of the light emitted by the molecule,
is recollimated by the first aspheric lens and detected with a SPCM (Perkin
Elmer), a CCD camera (Hamamatsu Orca), or a fiber coupled grating spec-
trometer (Andor Shamrock). Motorized flip mirrors (Newport) are used to
switch between different measurement modes. In both detection paths - re-
flection and transmission - different optical interference filters are used to
either suppress the excitation light and detect the red-shifted fluorescence,
or to select only the 0-0 ZPL contribution.

2.2.2 Cryostat

The sample and the focusing optics are mounted inside a liquid helium (LHe)
cooled cryostat. It is equipped with two tanks connected via a cold needle
valve. The upper tank (UT) can be refilled automatically from a helium de-
war, while the lower tank (LT) is filled through the needle valve. The average
LHe consumption is 250 L per week and the amount of evaporated helium is
monitored with a gas meter. This serves as an indicator for insulation prob-
lems of the cryostat which would lead to an increased evaporation rate.

The cryostat has four thermal shields, two are at room temperature, one is
in thermal contact with the UT, and the innermost is in thermal contact with
the LT and the sample chamber. The cooling of the sample is furthermore
mediated by a small amount of Helium, serving as exchange gas inside the
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sample chamber at a pressure below 1 mbar. The space between the thermal
shields is evacuated to 5 × 10−6 mbar using a turbo pump (Pfeiffer Vacuum).

During experiments, the pressure inside the LT is reduced to around20 mbar by pumping with a rotary vane pump (Sogevac SV40) to reach tem-
peratures below 4 K. Under these conditions, the helium in the LT becomes
super-fluid and the temperature of the base plate inside the cryostat reaches1.4 K. Another temperature sensor, which is mounted on the sample insert
and thus closer to the sample position (see Fig. 2.10 b), measures typically a
value around 2 K. This offset is probably caused by the larger cooling power
at the base plate, which is in direct thermal contact to the LT, whereas the
cooling of the sample insert is only mediated by the exchange gas.

In between measurements, the LT is kept at normal pressure and the ex-
change gas stays inside the sample chamber to ensure proper cooling of the
naphthalene crystal. Using this storage procedure, DBATT molecules show
no bleaching or any other photo-instability and thus, it is possible to work
with the same DBATT molecule over months. Even after a temporary increase
of the temperature to 60 K, the DBATT molecules keep their resonance fre-
quency.

Every once a while, the connection from UT to LT is obstructed, probably
by frozen hydrogen or nitrogen. In these cases, the automated refilling is
stopped and both tanks are repeatedly filled with warm helium gas and evac-
uated again until their connection is clear. During this process, the sample
temperature rises by several ten degrees Kelvin but usually stays below the
critical value of 60 K.

The sample chamber consists of a copper base plate that is permanently
inside the cryostat and a sample insert (see Fig. 2.10) that can be removed
by using a load lock system without opening the cryostat. Two homebuilt
piezo scanners, based on the slip stick principle [99], are mounted on the
base plate. They are used to position the focusing and recollimation aspheric
lenses (both A.W.I. Industries, NA = 0.55) at the correct distance to the
sample. A landing platform ensures correct alignment of the sample insert.
Furthermore, there are two germanium and two Pt-100 temperature sensors
on this plate. More details about the base plate and the transfer system can
be found in [71].

A new sample insert was designed and constructed for the experiments
performed in this thesis (Fig. 2.10 b). Three piezo sliders (Attocube) allow
sample movement in every direction. The sample holder attached to the
scanners is made of 1 mm thick aluminum. The sample itself sits in a 10 x10 mm cutout and is held in place with a thin aluminum band.
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Figure 2.10: a, Picture of the base plate inside the cryostat with two aspheric lenses mounted
on piezo scanners and the sample insert on its landing platform. Note that the sample insert
shown here is the old version before the change to commercial piezo scanners. b, Picture of
the new sample insert with three piezo scanners.

Placing the focusing optics inside the cryostat minimizes the distance be-
tween aspheric lens and sample, thus maximizing the possible NA. However,
most commercial microscope objectives severely degrade at low tempera-
tures, due to different thermal expansion of their elements. To circumvent
this, we focus the light with a single aspheric lens. This comes with the draw-
back of various aberrations associated with a single aspheric lens. Most no-
table is the chromatic aberration, leading to different focal lengths for light
at the 0-0 ZPL (619 nm), and the red-shifted fluorescence. Hence, imaging
a molecule on the CCD camera results in a point spread function noticeably
larger than the diffraction limit.

To further increase the NA of the focusing optics, a solid immersion lens
(SIL) (A.W.I. Industries) [102] made of cubic zirconia is attached directly to
the sample. The high refractive index of cubic zirconia (2.15 at a wavelength
of 619 nm [103]) decreases the focus diameter and magnifies the image. How-
ever, the SIL introduces aberrations for objects that are not precisely on the
optical axis, which become more severe with increasing distance. This limits
the field of view to ±20 μm around the center. Furthermore, the SIL enables a
more efficient collection of the light scattered by the molecule by preventing
total internal reflection at the naphthalene interface and changing the emis-
sion pattern of the DBATT molecules such that they dominantly emit into
the SIL (see Fig. 2.11). A more detailed discussion follows in section 3.3.

Most SILs deviate from the perfect hemispherical shape [96]. While in-
terferometric measurements show that the mean radius of curvature is very
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Figure 2.11: Emission pattern of a DBATT molecule at 50 nm distance to the SIL-naphthalene
interface and with a dipole moment parallel to the interface. The black dashed line indicates
the collection angle of the aspheric lens. a, Polar plot of the emission pattern. Here, the red
line on the right hand side of the cover glass depicts the pattern in vacuum after propagation
through the cover glass-vacuum interface. b, Plot of the same emission pattern in a Cartesian
coordinate system. Please note that the calculation of the emission pattern just takes the
SIL-naphthalene interface into account. The propagation through the cover glass-vacuum
interface is done using the Fresnel equations.

close to the specified 1.5 mm, the curved surface typically deviates up to200 nm from the ideal shape, giving rise to small aberrations (see Fig. 2.12).
Furthermore, the flat side is usually around 30 μm too far away from the
curved side (labeled as 𝑑 in Fig. 2.13). Due to the small working distance of
the aspheric lens of 1.6 mm, this can result in aspheric lens and SIL touching
each other before the flat side of the SIL, with the sample, enters the focus.

To avoid this problem, we further polish the flat side of the SILs until the
thickness is correct to within a few micrometer. Afterwards, the SILs are char-
acterized in a room temperature setup by imaging 200 nm fluorescent beads
(Life Technologies) spin coated on the flat side of the SIL.

Inside the cryostat, the relative alignment of aspheric lens and SIL is crucial
for achieving a diffraction-limited focus. First, coarse alignment is done by
centering the SIL via visual inspection. Further fine adjustment is performed
by monitoring the laser light reflected from the SIL. Two different reflections
can be seen: one originates from the light reflected from the curved surface
of the SIL (blue line in Fig. 2.13) and the other one from the light scattered
off the flat side (red line in Fig. 2.13). For a perfect SIL, both reflections are
focused onto the camera at the same time. However, the residual thickness𝑑 of the bottom layer shifts one reflection out of focus. Hence, the position
of the aspheric lens must be adjusted to switch from situation a, where the
curved surface reflection is focused onto the camera, to situation b, where the
flat surface is in focus. Note that due to diffraction at the SIL air interface, the
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Figure 2.12: Interferometric measurement of the curved surface of two different SILs. The
plot displays the deviation from the ideal hemispherical shape. The SIL in b shows a small
astigmatism, while the SIL in a has no distinct aberration. Courtesy of Klaus Mantel.
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Figure 2.13: Schematic of the beam path through an imperfect SIL. The dotted horizontal line
indicates the bottom of a perfect half-sphere (labeled as 1)), while the actual bottom of the SIL
is labeled as 2) with 𝑑 being the offset between the two planes. The dashed black line shows
the position of the focus of the asphere in absence of the SIL. The solid blue line shows the
propagation of a beam reflected from the curved surface of the SIL, while the dotted blue line
shows the propagation through the SIL. The red line represents the imaging of a spot at the
bottom of the SIL. a, The focus of the aspheric lens is in plane 1). b, The focus of the aspheric
lens is adjusted such that the laser light is focused into plane 2).
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Figure 2.14: Drift of a molecule over 90 days. The dots represent the measured positions and
the lines are just a guide to the eye. Note that the measurements are not evenly distributed
across the timespan. The color indicates the time that has elapsed since the first measurement.

necessary movement of the aspheric lens exceeds the thickness of the bottom
layer. By superposing the reflections from the two sides of the sample, proper
lateral alignment of the SIL can be ensured.

2.2.3 Mechanical stability

Vibrations and drift lead to a lateral displacement of the focal spot decreas-
ing the light-molecule coupling efficiency. Thus, the mechanical stability of
the setup is crucial for the measurements. We estimate the vibration ampli-
tude by comparing the noise of the transmitted laser power when the beam
is focused on a flat region of the naphthalene crystal and directly on a crystal
defect. In the latter case, small position variations lead to a five-fold increase
of the noise. We convert the noise signal to a spatial vibration amplitude
by comparison to the change of transmission when raster-scanning the focal
spot across the defect region. In this manner, we deduce a vibration ampli-
tude of 5 nm within 100 ms.

On the time scale of hours and more, drifts become dominant. Figure 2.14
shows the trace of one molecule over a timespan of 90 days. The maximum
change in position is less than 1.5 μm. Even after 30 days, the molecule was
found within 70 nm of its former position. As long as the temperature in
the cryostat stays below 5 K typical drifts over 24 hours are in the range of100 nm. This small drift rate enables continuous measurements over several
hours without re-adjusting the position of the focal spot.

It is difficult to determine the origin of drifts and vibrations. One possibil-
ity concerns the galvanometric mirrors used for laser scanning. A position
change of 10 nm on the sample corresponds to an angle variation of 7 μrad,
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which could be explained by the typical jitter of a galvanometer with ana-
log servo drive. Further vibration sources are the vacuum pumps connected
to the isolation vacuum and the lower helium tank, respectively. Although
these are placed 5 m away, their vibration might couple via the tubing to the
cryostat causing a displacement of the sample. The long term drift could be
caused by small temperature variations outside the cryostat, which affect the
optical alignment and in particular the tilt of the galvanometric mirrors.

2.2.4 Sample preparation

The sample consists of a thin naphthalene crystal doped with DBATT and
enclosed between a SIL and a fused silica cover glass. The DBATT/naph-
thalene mixture is prepared by adding a small grain of DBATT (Institut
für PAH-Forschung) to several 100 mg of high purity naphthalene (Sigma
Aldrich). The balances available in our laboratories are not able to reliably
weigh amounts of less than 100 μg, hence no concentration can be given. The
mixture is heated to 80 ∘C to melt the naphthalene and shaken to ensure a
homogeneous mixture. From this so-called stock solution, several different
dilutions in the range of 1:10 to 1:1000 are made and tested until the desired
concentration of molecules is reached.

The first samples were prepared by putting a small flake of the DBATT-
naphthalene mixture between a SIL and a cover glass. Subsequent melting of
the naphthalene on a hot plate resulted in a thin, liquid film between SIL and
cover glass. When the sample was removed from the hot plate, the naphtha-
lene solidified within a few seconds. While this method is quick and easy to
implement, it yields crystals of uncontrolled thickness, usually in the range
of several μm.

To have more control over the sample properties, a new technique was
developed. Via optical lithography and subsequent reactive ion etching, a500 μm wide channel is prepared in a 500 μm thick fused silica cover glass
(see Fig. 2.15 a). The channel depth can be controlled via the etching pa-
rameters and was 220 nm for the experiments presented in the next chapter.
A thoroughly cleaned SIL is placed directly on top of the channel. The po-
sitioning is done on an inverted microscope to ensure that the center of the
SIL coincides with the middle of the channel. Smooth surfaces enable optical
contact of SIL and cover glass, effectively joining the two by van-der-Waals
forces [104]. In this way, the SIL creates a confined nano-channel for the
crystal. The SIL is secured in its position with an aluminum band to prevent
detachment during cool down.
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2 Single molecule optics

Subsequently, a millimeter-sized piece of a DBATT in naphthalene mix-
ture is placed on the cover glass, next to the SIL and the whole sample is
heated by a Peltier element until the naphthalene melts. The liquid naph-
thalene is drawn into the channel by capillary forces [105]. The inverted mi-
croscope enables monitoring of the filling process. Once the channel is filled,
the Peltier element is switched off and the naphthalene solidifies within less
than a minute. Sometimes this process has to be repeated several times un-
til the center region is covered with a homogeneous crystal. Figure 2.15 b
shows a microscope image of a filled channel. The dark upper left corner
shows the channel boarder which is not covered with the naphthalene crys-
tal. The channel itself is covered with crystals of varying grain sizes. The
DBATT molecules tend to accumulate at defects like grain boundaries. The
DBATT molecules within one grain have mostly the same dipole orientation.

At ambient temperatures naphthalene has a high gas pressure, leading to
a large evaporation rate. The confined geometry of the channel, reduces
that problem. Nevertheless, we usually cool down the sample in the cryo-
stat within a few hours after the preparation to prevent evaporation.

2.3 Single molecule characterizationmeasurements

Several measurements are performed routinely on a single molecule to char-
acterize its properties. They can be separated into spectral, spatial, and wide-
field measurements. The first two types are performed in the confocal mode:
the excitation laser is focused to a single spot on the sample and the light
emitted from that point is detected with a SPCM or a spectrometer. This
technique allows the acquisition of spectral and spatial information about
a single molecule. On the other hand, it is possible to investigate a larger
region of the sample by using wide-field illumination. In that case, informa-
tion about several molecules can be acquired at the same time by imaging
the sample onto a sensitive CCD camera. However, this comes at the cost
of longer integration times, and analysis of the coherent interaction of light
and molecule is difficult in this configuration [96]. Hence, wide-field mea-
surements are the first step of sample characterization, while more detailed
measurements are taken in the confocal mode on a single molecules.

2.3.1 Wide-field illumination

Wide-field illumination in combination with detection on a CCD camera in-
vestigates a large area of the sample at the same time. Within a few hours, the
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Figure 2.15: a, Drawing of a nano-channel inside a fused silica cover glass with attached solid
immersion lens (SIL). b, Microscope image of a channel filled with DBATT in naphthalene.
Recorded with transmitted light and cross polarization. See text for details. Courtesy of Ben-
jamin Gmeiner.

basic information of hundreds of molecules can be obtained. From this list, a
molecule at the desired position and frequency can be chosen. Especially for
future experiments that might require two dipole-coupled molecules [58, 96,
100], or molecules in the proximity of a nano-structure [80–83], this method
becomes increasingly important.

The illumination is changed from confocal to wide-field by adding an ad-
ditional lens in the excitation path. This lens focuses the laser beam into
the back focal plane of the aspheric lens, which then collimates the beam
(Fig. 2.16). The SIL focuses the beam again, but to a far smaller extent than
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Figure 2.16: Propagation of the excitation beam (red) and the light coming from the sample
(yellow) in the case of wide-field illumination.

without the wide-field lens. This leads to the illumination of a region with a20 μm diameter on the sample.
The emitted fluorescence light is imaged onto a CCD camera (Hamamatsu

Orca R2). Scanning of the laser frequency and acquisition of camera images
is synchronized by trigger pulses from the data acquisition card (National
Instruments) which at the same time controls the laser scanning. The camera
is operated in the “synchronous readout” mode, where the exposure of an
image starts with one trigger pulse and stops with the next one, which at the
same time starts the exposure of a new image. The typical integration time
for one frame is 100 ms and the excitation frequency is changed in steps of10 MHz.

A laser frequency scan results in a video of several thousand camera frames,
where one can identify different molecules. The synchronization with the
laser scan allows the assignment of an excitation frequency to each frame.
From the evaluation of these videos, linewidth, transition frequency, and po-
sition of all excited molecules can be obtained.

The evaluation is done with a Matlab script which is sketched in Fig. 2.17
and described in the following. First, a background is subtracted from each
frame and the positions of all local maxima with a signal-to-noise ratio (SNR)
above a certain threshold (typically 2 - 5) is recorded. The center of these
spots is determined by fitting a two-dimensional Gaussian profile. This re-
sults in a preliminary list of positions and frequencies of molecules.

Since a molecule typically appears in several frequency frames, these events
are connected in the next step. For each element in the preliminary list, a
fluorescence excitation spectrum covering a range of ±500 MHz is obtained
by combining the data of several frames before and after the initial frame.
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Figure 2.17: Schematics of the steps within the localization algorithm: A local maximum is
found in a frame after background subtraction. By integrating the region around this peak for
several frames, a fluorescence excitation spectrum is obtained. A fit to that spectrum yields
the center frequency and the linewidth of the molecule. Finally, a sum image is generated by
combining all frames within half a linewidth of the center frequency. From that image, the
position of the molecule is deduced by fitting a two dimensional Gaussian.

In each of these frames an area of ±3 times the standard deviation of the
two-dimensional Gaussian fit is integrated. A Lorentzian is fitted to the re-
sulting spectrum. Finally, all frames recorded at frequencies within half a
linewidth of the molecular resonance are summed up to get an image of the
molecule with a better SNR. Another two-dimensional Gaussian is fitted to
the sum image and the resulting information, including the position, center
frequency, and linewidth, is stored. Moreover, an “exclusion cube” is defined:
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Figure 2.18: Distribution of the localization precision for 200 molecules.

All further events on the preliminary list that are spatially within three stan-
dard deviations and spectrally within half a linewidth of this molecule are
assumed to belong to the same molecule and thus neglected to avoid multi-
ple occurrences. After this, a manual post selection step might be necessary
to remove molecules that showed strong blinking or fast spectral diffusion
and thus appeared at several disconnected frequencies.

Each position on the CCD chip can be mapped to a tilt of the galvanometric
scanning mirrors that is required to address the corresponding location on
the sample in confocal mode. The tilt obtained by this method usually places
the focus within 200 nm of the desired spot, which is sufficient to quickly
center the focus on the respective molecule. The error results mainly from an
imperfect calibration of the coordinate transformation from the CCD chip to
the scanning mirror tilt. The localization precision is much higher.

The experiment operates in a regime where error contributions due to pixel
size and background are negligible. In that case, the localization accuracy can
be estimated by 𝜎 ≈ 𝜎Gauss/√𝑁, where 𝜎2

Gauss is the variance of the Gaussian
fit and 𝑁 is the number of detected photons [96]. As DBATT molecules do not
bleach at low temperatures, in principle localization to an arbitrary precision
should be possible by integrating for a long time. In practice, the precision
is limited by the mechanical stability of the setup. As has been discussed in
subsection 2.2.3, the drift is typically in the range of 100 nm over 24 hours.
Figure 2.18 shows the standard deviation on the position for 200 molecules
using the covariance matrix of the Gaussian fit. It ranges from 4-30 nm with
a mean value of 12 nm.

40



2.3 Single molecule characterization measurements

Frequency detuning (MHz)
-100 0 100 200

0.96

0.98

1.00

Tr
an

sm
iss

io
n

Fl
uo

re
sc

en
ce

(k
cp

s)

-200 -100 0 100 200
0

2

4

6

8

10

Frequency detuning (MHz)

22 MHz

a b

Figure 2.19: a, Fluorescence excitation measurement. b, Extinction measurement on a single
molecule. The red line is a fit to the data.

2.3.2 Spectral characterization

By scanning either the frequency of the excitation laser or by analyzing
the fluorescence light with a spectrometer spectral information about the
molecule can be obtained. In a fluorescence excitation measurement, the
laser frequency is swept across the resonance of a molecule and the emitted
red-shifted fluorescence light is detected with a SPCM as shown in Fig. 2.19 a.
By fitting a Lorentzian function (Eq. (2.27)) to the result, one can determine
the linewidth and the center frequency. If furthermore several scans at dif-
ferent excitation powers are performed, a saturation curve can be extracted
from the peak count rates and the broadening of the linewidth (see Fig. 2.5).
The deduced saturation power is a figure of merit for the coupling efficiency
as will be described in more detail in chapter 3.

At the same time, the extinction signal (Fig. 2.19 b) can be measured in the
transmission channel. In that case, a narrow band-pass filter is used to block
any red-shifted light that is collected in the transmission path. As explained
in subsection 2.1.6, the interference of the transmitted laser light and light
scattered from the molecule leads to a drop in the transmitted power. De-
pending on the detection solid angle, the exact position of the focus, and the
polarization of the laser beam, the shape can vary from Lorentz-shaped dips
and dispersive signals to a peaked spectral feature [60, 71, 106].

2.3.3 Spatial characterization

For a spatial measurement, the position of the focus is scanned across the
sample by tilting the galvanometric mirrors, while the excitation frequency is
kept at a fixed value - typically the resonance frequency of a molecule. The de-
tected signal can be either the emitted fluorescence or the transmitted power.
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Figure 2.20: Laser raster scan of a single molecule. a, Measured 2d fluorescence map as the
focal spot is scanned across the position of the molecule. b, 2d Gaussian fit to the measure-
ment in a. c and d show line cuts in x and y direction respectively, where the solid red line is
Gaussian fit. The FWHM of the focal spot is 300 nm in 𝑥 and 330 nm in 𝑦 direction.

The response of the molecule depends on the Rabi frequency Ω, which is pro-
portional to the scalar product of the dipole moment and the electric field
at the position of the molecule. Taking advantage of this fact, we can use
the molecule as polarization sensitive, point-like probe to sample the electric
field of the laser beam.

In the limit of low excitation power, the rate of emitted fluorescence pho-
tons follows 𝑅 ∝ Ω2 (cf. Eq. (2.27) in the limit 𝑆 ≪ 1). In this regime, the
detected fluorescence signal is proportional to the intensity of the laser field.
Thus, an intensity map of the excitation beam can be obtained by raster scan-
ning it across the position of the molecule. From this map, one can deduce
and optimize the quality of the focus and precisely determine the position of
the molecule on the sample. Figure 2.20 shows such a scan.

When a beam is tightly focused using high-NA optics, the polarization in
the focus is no longer equal to the polarization state of the input beam. A
beam that is, e.g., linearly polarized in 𝑥-direction, has also 𝑦- and 𝑧-polarized
components in the focus [107] (see Fig. 2.21 a for the choice of the coordinate
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2.3 Single molecule characterization measurements

system). These different components coexist on a small length scale of typi-
cally less than 500 nm. Thus, a nanoscopic probe is necessary to reconstruct
the polarization distribution [108]. A single molecule can serve as such a
probe, as it is sensitive to the polarization of the incident light. If the polar-
ization is rotated, e.g., with a half-wave plate, one can obtain a polarization-
resolved intensity map of the focus. However, acquisition of quantitative in-
formation would require precise knowledge of the orientation of the dipole
moment, which is currently not available. Yet, this information is in principle
accessible, e.g., by back focal plane or defocused imaging [109].

Figure 2.21 b and c show a laser raster scan with two different polarizations
of the excitation light. In b, the laser beam is linearly polarized parallel to the
projection of the molecular dipole moment on the 𝑥-𝑦-plane, which yields an
intensity distribution similar to Fig. 2.20. For scan c, the input polarization
is rotated by 90°. Hence, the dominant polarization component is perpen-
dicular to the dipole moment and cannot excite the molecule. Thus, weaker
components that are caused by the tight focusing become visible. The next
strongest component is polarized in 𝑧-direction.

Parts d and e depict the expected intensity distribution if a Gaussian
beam with a wavelength of 619 nm, polarized in 𝑥-direction is focused us-
ing a lens with an NA of 0.55, like the aspheric lens inside the cryostat. The𝑥-polarized component |𝐸𝑥|2(d) reproduces the circular shape of the mea-
surement shown in b. As the theoretical calculation does not include the SIL,
the spot size of the theory plot is roughly twice as large. The intensity distri-
bution of the 𝑧-polarized part |𝐸𝑧|2 (e) shows the same double-lobe structure
that we see in c. This demonstrates that we indeed observe excitation via a
new polarization component in the focus. If the input polarization had a sig-
nificant degree of ellipticity, we would instead again measure a circular shape
like in b. The two lobes in c are rotated around the origin, because the po-
larization of the incident beam is not parallel to the 𝑥-axis. No traces of the𝑦-polarized component are visible, because its intensity is 100 weaker than
the 𝑧-component. The intensity of the theory plots is normalized to the peak
intensity of |𝐸𝑥|2.

By comparing the measurement with the theoretical expectations, we can
estimate the out-of-plane angle 𝜃 of the molecular dipole moment d [110].
After correction for background counts, the observed peak fluorescence is13.7 times higher if the incident beam polarization is parallel to the projec-
tion of the dipole moment on the 𝑥-𝑦-plane. The expected intensity of the𝑥-polarized component is 23 times higher than the peak value of |𝐸𝑧|2. As
the measurements are taken in the weak excitation limit, the fluorescence
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Figure 2.21: a, Coordinate system: 𝑧 is the beam-propagation direction and the tilt of the
molecular dipole moment out of the 𝑥-𝑦-plane is labeled 𝜃. b and c, Laser raster scan of single
molecule with the polarization of the excitation beam oriented parallel to the molecular dipole
moment (b), and rotated by 90° (c). Note that the color bars differ by a factor of 10 for b and
c. d and e, Calculated intensity map of the polarization component in 𝑥- (d) and 𝑧-direction
(e) for a Gaussian input beam with polarization in 𝑥-direction. Theory plots by courtesy of
Peter Banzer.
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count rate is proportional to |Ed|2. Thus, we can write𝑑2𝑥 |𝐸𝑥|2 = 13.7𝑑2𝑧 |𝐸𝑧|2 (2.43)|𝐸𝑥|2 = 23 |𝐸𝑧|2 (2.44)⇒ 𝑑𝑧 = 1.3𝑑𝑥, (2.45)

where 𝑑𝑥 and 𝑑𝑧 are the dipole moment components in 𝑥- and 𝑧-direction.
The relation of 𝑑𝑥 and 𝑑𝑧 given in Eq. (2.45) corresponds to an angle of 𝜃 ≈52°.

This estimate is a strong indication for a significant rotation of the molec-
ular dipole moment out of the 𝑥-𝑦 (sample) plane. Unfortunately, simi-
lar measurements were not performed with other molecules, thus we can-
not conclude anything about the general out-of-plane orientation of DBATT
molecules in a naphthalene matrix. However, this method is an interesting
option for the routine determination of 𝜃, as no changes to the experimen-
tal setup are necessary, in contrast, e.g., to back focal plane imaging. For a
more precise estimation of 𝜃, the field distribution in the focus should be cal-
culated taking the SIL into account or directly measured with a nanoscopic
probe [108].

2.4 Molecule pairs

Having established control of a single molecule, one can start to build up
small ensembles of several emitters. The first step along that line is the in-
vestigation of molecule pairs. If two emitters have a spacing of less than a
transition wavelength, they can interact via dipole-dipole coupling. The pair
then forms a coupled system, with new eigenstates (see Fig. 2.22 a), which
are coherent superpositions of ground and excited states of the individual
emitters. The new eigenstates are [100]:|𝑈⟩ = |𝑒𝑒⟩ , (2.46)|𝐽⟩ = 𝑠𝑖𝑛 𝜙 |𝑒𝑔⟩ + 𝑐𝑜𝑠 𝜙 |𝑔𝑒⟩ , (2.47)|𝐼⟩ = 𝑐𝑜𝑠 𝜙 |𝑒𝑔⟩ − 𝑠𝑖𝑛 𝜙 |𝑔𝑒⟩ , (2.48)|𝐺⟩ = |𝑔𝑔⟩ , (2.49)

where the mixing angle 𝜙 depends on the coupling strength and the relative
detuning of the two emitters. When recording a fluorescence excitation spec-
trum of such a coupled system, one of the interesting features is the appear-
ance of a third peak in between the transition from |𝐺⟩ → |𝐼⟩ and |𝐺⟩ → |𝐽⟩.
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Figure 2.22: a, Level scheme of two dipole-dipole coupled emitters. The arrows indicate the
possible transitions. b, Spatio-spectral molecule pair map. Each point indicates the distance
and relative detuning of a molecule pair.

It is caused by a two-photon excitation, which transfers the system directly
from the ground state |𝐺⟩ into the doubly excited state |𝑈⟩. This transition
has a quadratic intensity dependence and was indeed observed for two cou-
pled terrylene molecules [58].

However, it is very unlikely that two molecules are close enough in space
and transition frequency that they show significant dipole-dipole coupling.
Thus, a large number of molecules has to be checked to maximize the chances
of finding such a pair. To that end, we use wide-field illumination combined
with CCD camera detection, as described in subsection 2.3.1.

From that data, we generated maps that show molecule pairs as a function
of their spectral and spatial distance (see Fig. 2.22 b). We then investigated
the pairs with a distance of less than 200 nm and a frequency difference below5 GHz closer in confocal mode. In particular, we were looking for the emer-
gence of the two-photon transition peak. Even though we investigated more
than 2800 molecules, giving rise to 45 potential pairs, we could not identify
dipole-coupled molecule pairs. Often the “pair” turned out to be just a single
molecule undergoing frequency jumps, which thus appeared at two different
frequencies. In the few cases, where the pair was actually formed by two sta-
ble molecules, we could not see any sign of the two-photon peak. As we can
only determine the distance in the sample plane, it is possible that the two
molecules were sitting at different depths inside the nano-channel.

The obvious way of improving the likelihood for close molecule pairs is
increasing the concentration of DBATT inside naphthalene or reducing the
channel depth. Another approach could be the use of chemically linked
molecule pairs [111], where the covalent bond ensures that the molecules are
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Figure 2.23: a, DC-Stark shift of a molecular resonance. The solid red line is a second order
polynomial fit. b, Image of a sample with micro electrodes. The lines connect molecules that
can be brought into resonance, by adjusting the tuning voltages.

close to each other. Although the bond could have a negative impact on the
photo-physical properties.

But also molecule pairs not showing dipole-dipole coupling could yield
interesting effects. The emission of two molecules within one diffraction-
limited volume is directed into the same spatial mode and can show inter-
ference if they are driven coherently. For large ensembles of emitters with an
inhomogeneous frequency distribution, this interference reduces the emis-
sion decay time, a phenomenon called optical free induction decay [89, 112].
If instead just a few emitters are present, we could observe a beating of the
single photon emission occurring when the driving field is switched off.

For these investigations, the ability to tune molecule pairs into and out of
resonance is important, as it can be used to control the coupling strength, in
the case of dipole-dipole coupled molecules, and the beating frequency, in
case of free induction decay. One way of achieving this, is the application of
static electric fields to shift the transition frequency via the DC-Stark effect
[113]. To alter the relative detuning of two molecules, we require different
electric fields at their respective positions. For this reason, we structured gold
electrodes with sharp tips (see Fig. 2.23 b) inside the nano-channel, which
generate a highly inhomogeneous electric field distribution.

Figure 2.23 a shows the resonance frequency shift of a single DBATT
molecule as a function of the voltage applied to one of the electrodes, while
the other three are grounded. A maximum shift of −12 GHz is achieved at200 V. The observed Stark shift depends linearly and quadratically on the
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voltage, with both components being of almost of equal strength at the high-
est applied voltage. In contrast to our findings, Ref. [113] reports an almost
exclusively quadratic Stark shift for DBATT in naphthalene. This discrepancy
could be caused by the confined geometry of the crystal inside the nano-
channel, leading to a non-inversion-symmetric insertion site for DBATT in
the naphthalene crystal, which would in turn result in a linear Stark shift
component.

To investigate the tuning ability, we recorded the Stark shift of many
molecules in parallel, using wide-field illumination. In Fig. 2.23 b, molecules
whose resonance frequency cross in the available voltage range are connected
by red lines. In particular, there are many occurrences of molecules sepa-
rated by several micrometers that can be tuned into resonance by applying
a voltage to the gold electrodes. Furthermore, we observed a relative shift
of 90 MHz of two molecules that were only separated by 300 nm, providing
evidence that the electrodes generate fields with significant inhomogeneities
on a sub-micrometer scale.
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When light passes a single emitter usually only a small fraction of the inci-
dent photons are scattered, even if the beam is resonant to the emitter. How-
ever, the observation of coherent light-matter interaction, e.g., by measuring
the transmitted power (see subsection 2.1.6), requires efficient coupling as
only then the signal changes significantly. For this purpose, one approach
is placing the emitter inside a high-finesse optical cavity. Trapped between
two high-reflectivity mirrors, the photons pass the emitter several hundred-
thousand times thus compensating the low single-pass interaction probabil-
ity [114]. Yet, the experimental realization of such a cavity is very challenging
and hence several experiments, including this work, try to achieve large cou-
pling efficiencies by just using tight focusing [60, 115–117].

The evident question of how efficiently focused light can interact with a
single emitter is addressed in this chapter. We begin by discussing the maxi-
mum possible response of a TLS to an external driving field of given strength.
The result is that a minimum incident rate of a quarter photon per lifetime1

is required to excite the emitter with a saturation parameter of 𝑆 = 1. In
the second section, we compare this benchmark with experimentally mea-
sured values, and investigate the relation of extinction signal and coupling
efficiency. In the last section, we consider possible approaches to increasing
the coupling efficiency. Furthermore, we present first results in this direction
from experiments with a gallium phosphide SIL and gold micro-mirrors.

3.1 Definition

The coupling efficiency connects the incident power, or equivalently the in-
cident photon rate, to the response of the molecule. By comparing the exper-
imentally achieved value to the theoretically possible maximum, we define a
coupling efficiency.

The response of the molecule to an electric field can be described by the
Rabi frequency or the saturation parameter, which in turn are functions of

1 As explained later on, this is valid for focusing from a 2𝜋 solid angle. In case of focusing
from the full 4𝜋 solid angle, the necessary photon rate drops to 1/8 photon per lifetime.
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a b

Figure 3.1: a, Focusing light from the full 4𝜋 solid angle onto a TLS. The incident light (black
arrows) and the scattered light (red arrows) interfere in every direction. b, Focusing light
from a solid angle of less than 2𝜋 onto a TLS. Interference of incident light and scattered light
happens only in forward direction.

the electric field amplitude 𝐸inc (𝒪) at the position of the molecule. For sim-
plicity, we assume that Einc (𝒪) is parallel to the molecular dipole moment d.
The incident power 𝑃inc that is necessary to achieve a certain 𝐸inc (𝒪) depends
on the spatial mode of the input field and the focusing optics. It is intuitive
that the incident light drives the molecule most efficiently if 𝐸inc (𝒪) is max-
imized for a fixed 𝑃inc. The relation of 𝑃inc and 𝐸inc (𝒪) can be described by
the normalized energy density 𝐹,𝐹 = 𝜖0𝐸2

inc (𝒪)4𝑃inc
= 𝜖0Ω2ℏ24𝑃inc |d|2 , (3.1)

which has been calculated for several different field distributions [118].
An arbitrary input field can be described in terms of a multipole expansion

around the position 𝒪 of the molecule. From that expansion, only the dipole
terms give a non-zero electric field at 𝒪. Thus, 𝐹 reaches its maximum value
if the incident field is completely composed of an electric dipole field. As a
dipole radiates into every direction, this requires the incident field to come
from a full 4𝜋 solid angle (see Fig. 3.1 a). In that case, the normalized energy
density is given by [119]: 𝐹max = 𝑘23𝜋𝑐. (3.2)

An alternative understanding of 𝐹 can be gained by looking at the scatter-
ing efficiency, i.e., the ratio of the scattered and incident power [66]𝒦 = 𝑃scat/𝑃inc, (3.3)
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which is related to 𝐹. The power scattered by a TLS is given by𝑃scat = 12ℏ𝜔0Γ1 𝑆𝑆 + 1 ≈ ℏ𝜔0 Ω2Γ1 , (3.4)

where the approximation is valid in the weak excitation limit, i.e., 𝑆 ≪ 1 and
for resonant excitation. With Eqs. (3.1) and (3.4), we can express 𝒦 in terms
of 𝐹: 𝒦 = 4𝜔0 |d|2Γ1𝜖0ℏ 𝐹 . (3.5)

By inserting 𝐹max in Eq. (3.5) and using Eq. (2.35), we can calculate the max-
imum possible value for 𝒦, which yields 𝒦max = 4 and agrees with the rig-
orous calculation presented in Ref. [97]. At first glance, this result seems to
violate energy conservation, as it indicates that the TLS scatters four times
the incident power. However, this maximum value is only achieved for an
incident field coming from a solid angle of 4𝜋, which means that scattered
and incident fields interfere in every direction (see Fig. 3.1 a). A detector in-
tegrating a solid angle of 4𝜋 would measure an outgoing power equal to 𝑃inc,
in agreement with energy conservation [97].

In practice, only few experimental approaches aim at exciting a TLS with a
wave coming from (almost) the full 4𝜋 solid angle [117]. The more common
approach is to focus a light field from a solid angle of 2𝜋 or less (see Fig. 3.1 b).
In that case, a maximum value of 𝒦 = 2 is achieved for the excitation with
a directional dipole wave [66, 97]. As before, the scattered power is larger
than the incident power, seemingly violating the law of energy conservation.
But again, interference solves this contradiction: half of the scattered power
propagates in the same direction as the incident beam and both fields inter-
fere destructively as their relative phase difference is equal to 𝜋. Hence, no
power is detected in forward direction corresponding to a perfect extinction
measurement, as described in subsection 2.1.6, with an efficiency parame-
ter 𝜂 = 1. The other half of the scattered light is going backwards leading
effectively to the reflection of the incoming beam by a single emitter [66].

In principle, we could employ 𝒦 as figure of merit to quantify the photon-
molecule coupling efficiency. But the value of 𝒦 depends on the absolute
incident power as the emission rate of a TLS saturates with increasing excita-
tion. Hence, even though the focusing of the incident beam is still optimal,
the scattering efficiency might not achieve the maximum value. One way to
circumvent this behavior would be to specify the scattering efficiency always
in the weak excitation regime. We use a different approach and define a cou-
pling efficiency 𝜉 which is independent of the absolute excitation. To that

51



3 Photon-molecule coupling efficiency

end, we compare the incident power required to excite the molecule with a
given saturation parameter 𝑆 in the ideal case, 𝑃ideal (𝑆), with the experimen-
tally determined value, 𝑃exp (𝑆).

Knowing the maximum value of 𝒦, we can use Eqs. (3.3) and (3.4) to ex-
press the Rabi frequency, as well as the saturation parameter, in terms of the
incident photon rate 𝑅inc = 𝑃inc/ℏ𝜔0. As focusing from a 2𝜋 solid angle is far
more common than 4𝜋 excitation, we consider 𝒦 = 2 as the ideal case and
obtain: Ωideal = √2Γ1𝑅inc, (3.6)𝑆ideal = 4Γ1𝑅inc4Δ2 + Γ21 . (3.7)

The Rabi frequency scales with the square root and the saturation parameter
linearly with the incoming photon number and thus also with the incident
power. To achieve a saturation parameter of 𝑆 = 1 at zero detuning, corre-
sponding to Ω = Γ1/√2, we need a photon rate 𝑅inc = Γ1/4, i.e., a quarter
photon per lifetime. This result is valid for a coherent input state. If instead
non-classical light, like photon number states or squeezed light, is used to
excite the TLS, the driving strength and thus also the coupling efficiency de-
pends furthermore on the photon statistics of the excitation field [120]. But
this is beyond the scope of this work.

Using Eq. (3.7) and assuming resonant excitation, we can write:𝑃ideal (𝑆) = 𝑆ℏ𝜔0 Γ14 . (3.8)

To account for imperfect coupling, we replace the factor ℏ𝜔0Γ1/4 in Eq. (3.8)
with 𝑃𝑆, which is the power necessary to drive the molecule with a satura-
tion parameter of 𝑆 = 1 in the experiment. Hence, we obtain the following
expression for 𝑃exp (𝑆): 𝑃exp (𝑆) = 𝑆𝑃𝑆. (3.9)

Now, we combine Eqs. (3.8) and (3.9) to define the coupling efficiency 𝜉 as:𝜉 = 𝑃ideal (𝑆)𝑃exp (𝑆) = ℏ𝜔0Γ14𝑃𝑆 . (3.10)

Equation (3.10) is independent of the absolute incident power because𝑃ideal (𝑆) and 𝑃exp (𝑆) both dependent linearly on the saturation parameter.
Furthermore, 𝜉 is completely defined by 𝑃𝑆, which is a quantity that can be
easily determined experimentally with a saturation measurement [121] as dis-
cussed in the next section.
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The parameter 𝜉 characterizes how efficiently the excitation beam drives
the TLS. As mentioned in the beginning of this section, only the dipole com-
ponents of the incident field can drive the molecule. Hence, 𝜉 depends on the
mode overlap of the focused beam and the dipolar emission of the TLS [97].
In this respect, 𝜉 is comparable to the 𝛽-factor which characterizes the cou-
pling of an emitter to an one-dimensional waveguide structure [105, 122, 123].
While 𝜉 depends on the mode overlap of the excitation beam and the TLS
emission, 𝛽 is given by the overlap of the emission and the waveguide mode.
The maximum value of 𝛽 = 1 is achieved if all light from the emitter is col-
lected into the waveguide. The maximum value of the coupling efficiency 𝜉
for a 2𝜋 focusing angle, 𝜉 = 1, is achieved by exciting with a directional dipole
wave [66]. In the uncommon situation of 4𝜋 illumination, a value of 𝜉 = 2
can be realized with an electric dipole wave excitation [97].

With Eqs. (3.3), (3.4), (3.9), and (3.10) it is possible to connect scattering
and coupling efficiency: 𝒦 = 2 𝜉 Γ214Δ2+Γ21𝜉𝑃expℏ𝜔0 4Γ14Δ2+Γ21 + 1. (3.11)

In contrast to 𝜉, 𝒦 depends not only on the mode of the incident beam but
also on the detuning Δ and the absolute incoming power. In the weak exci-
tation limit and for a resonant beam, Eq. (3.11) simplifies to 𝒦 = 2𝜉.

3.2 Measurement

To quantify the experimental coupling efficiency we need to determine 𝑃𝑆.
As described in subsection (2.3.2), this is done by measuring linewidth and
peak fluorescence for different excitation powers (see Fig. 2.5).

Using Eq. (3.9), we can rewrite Eqs. (2.27) and (2.28) and obtain:𝑅fluo = 𝑅max
𝑃inc/𝑃𝑆1 + 𝑃inc/𝑃𝑆 (3.12)ΓFWHM = 2Γ2√𝑃inc/𝑃𝑆 + 1. (3.13)

The saturation power 𝑃𝑆 is determined by fitting Eqs. (3.12) and (3.13) simul-
taneously to the measured values. The maximum fluorescence count rate𝑅max and the linewidth in the weak excitation limit 2Γ2 are additional fitting
parameters.

The incident power is measured in front of the cryostat. To obtain the
excitation power at the sample, we determine the absorption by the optical
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Figure 3.2: Transmission of the optical components inside the cryostat. From the initial power61% is left, after passing through the four cryostat windows, the aspheric lens, and the solid
immersion lens.
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Figure 3.3: a, Distribution of saturation powers and coupling efficiencies for different DBATT
molecules. b, Measured extinction values in the weak excitation limit as a function of the
saturation power and coupling efficiency. The red line is a plot of Eq. (3.17)

.

elements inside the cryostat (see Fig. 3.2). The transmission through the SIL
is calculated using the Fresnel equations for a dielectric interface. The losses
at the aspheric lens are mainly caused by clipping, as the incident beam over-
fills the aperture of the lens. In total, 61% of the power in front of the cryostat
reaches the sample.

Figure 3.3 shows a histogram of the experimentally measured values of 𝑃𝑆
for 23 different DBATT molecules. For each molecule focus and polarization
of the incident beam are optimized. The values range from 150 pW to 3.4 nW,
with the median at 400 pW. The theoretical limit for an ideal TLS with a nat-
ural linewidth of 22 MHz, like DBATT in naphthalene, is 11 pW. Hence, our
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Figure 3.4: The excitation beam is focused using optics with an opening angle 𝛽 onto a single
molecule. Its dipole moment is tilted out of the sample plane by an angle 𝜃.

best values correspond to a coupling efficiency of 𝜉 = 7%. However com-
pared to an ideal TLS, the scattering cross section of the 0-0 ZPL is reduced
by a factor of 𝛼 = 0.5, due to additional decay channels of the excited state.
Thus, we can optically drive with up to 14% of the maximal possible efficiency
for DBATT in naphthalene.

The main factor preventing even higher coupling efficiencies is the opening
angle 𝛽 of the focusing optics (see Fig. 3.4), which is 33° in the experiment.
Without considering the SIL, the coupling efficiency for a dipole in the sam-
ple plane (𝜃 = 0) is reduced four times compared to an opening angle of90°. For a dipole moment tilted out of plane, the efficiency reduction is even
higher.

Furthermore, the quality of focusing is decreased by aberrations. Ray trac-
ing simulations of the aspheric lens and the SIL show spherical aberrations.
They lead to a pronounced ring around the central maximum of the focus, as
can be nicely seen from the raster scan image of a single molecule in Fig. 2.20.
The intensity of the ring is up to ten times larger than the expected value for
a diffraction limited Airy pattern. If the molecule is not directly on the opti-
cal axis, the SIL introduces additionally an astigmatism that further degrades
the quality of the focus and thus also the coupling efficiency.

Varying out-of-plane orientation of the dipole moment can lead to a spread
of saturation powers from molecule to molecule. While we account for dif-
ferent in-plane orientations by rotating the polarization of the incident beam
in each case, the out-of-plane component cannot be optimized. Neglecting
the small electric field component inside the focus which is parallel to the
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optical axis (see subsection 2.3.3), the coupling efficiency scales with the out-
of-plane tilt 𝜃 as 𝑐𝑜𝑠2 (𝜃). Using 𝜃 = 52°, as estimated in subsection 2.3.3, this
factor amounts to 0.38.

Besides the dipole orientation, also the product of Debye-Waller and
Franck-Condon factor varies from molecule to molecule. We observe val-
ues between 0.3 and 0.6, which can explain a change in saturation power by
a factor of two.

It seems intuitive that the coupling efficiency 𝜉 should be connected to the
extinction signal, and hence to the efficiency parameter 𝜂 which was defined
in Eq. (2.42). If all incident laser light is collected in transmission, it is pos-
sible to calculate the relative size of the extinction dip 𝑉 from the coupling
efficiency [98]:𝑉 = (1 − 𝛼𝜁) Γ12𝑃inc

𝑆𝑆 + 1 = (1 − 𝛼𝜁) 2𝜉 11 + 𝑃inc/𝑃𝑆 . (3.14)

Here, 𝜁 is the collection efficiency of the light emitted by the molecule. The
requirement that all incident light should be collected in transmission im-
poses a lower limit on 𝜁. For a given coupling efficiency 𝜉, there is a mini-
mum opening angle 𝛽 of the focusing optics necessary. To collect all trans-
mitted laser light, the detector must cover at least the same solid angle. As
the molecule emits in all directions, this means that with rising 𝜉 also 𝜁 has to
increase. In particular, in the case of perfect coupling, where 𝜉 = 𝛼 = 1, the
excitation light must be focused from a 2𝜋 solid angle. Hence, the detection
solid angle must also be 2𝜋, and thus half of the light emitted by the molecule
is detected, i.e., 𝜁 = 0.5. If we evaluate Eq. (3.14) under these conditions and
in the weak excitation limit (𝑃inc ≪ 𝑃𝑆), we get 𝑉 = 1 corresponding to an
extinction of 100%.

By comparing Eqs. (2.42) and (3.14), we can derive a relation between 𝜉 and𝜂: 2𝜂 1𝑆 + 1 − 𝜂2 1𝑆 + 1 = (1 − 𝛼𝜁) 2𝜉 1𝑆 + 1 (3.15)⇒ 𝜂 = 1 − √1 − (1 − 𝛼𝜁) 2𝜉. (3.16)

We discarded the non-physical solution, which would result in 𝜂 > 1. Equa-
tion (3.16) always has a real solution as (1 − 𝛼𝜁) 2𝜉 < 1. As Eq. (3.14) depends
on the collection efficiency 𝜁 of the light emitted by the molecule, the relation
of 𝜉 and 𝜂 is as well a function of 𝜁. In the special case 𝜁 = 𝜉/2𝛼, Eq. (3.16)
simplifies to 𝜂 = 𝜉.

To compare the predictions of Eq. (3.14) with our experiment, we determine
the collection efficiency of molecule light in the transmission path to be 𝜁 =
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aspheric
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sample aspheric
lens

excita�on
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33%

Figure 3.5: Beam path of the laser light through the optical elements inside the cryostat. The
incident beam has a Gaussian intensity distribution. 90% of the beam is within the clear
aperture of the first aspheric lens. Due to diffraction at the elements of the sample (SIL,
naphthalene crystal, fused silica cover glass) the beam covers the full 2𝜋 solid angle after
the sample. The dashed lines indicate the critical rays that are still collected by the second
asphere. 33% of the light that is within the clear aperture of the first aspheric lens is enclosed
by these rays.0.01. We can thus approximate (1 − 𝛼𝜁) ≈ 1. If we furthermore assume weak
excitation, we end up with a simplified form of Eq. (3.14):𝑉 = 2𝜉. (3.17)

Figure 3.3 b shows measured extinction values as a function of the sat-
uration power 𝑃𝑆 (bottom axis) or coupling efficiency (top axis). There is
a tendency to higher extinction values as the coupling efficiency increases.
However, the spread of extinction values is large and Eq. (3.17) does not fit
the data very well. A possible explanation is that we do not collect all inci-
dent laser light in transmission as can be seen in Fig. 3.5. Even though the
aspheric lenses used for focusing and recollimation are identical, the sample
breaks the symmetry of focusing and collimation. The high refractive index
of the SIL causes strong diffraction at the SIL-naphthalene interface. After
the sample, the excitation beam covers the full 2𝜋 solid angle, while the open-
ing angle of the aspheric lens is just 33°. Thus, only 33% of the transmitted
laser light is collected in transmission2, which violates the requirements of
Eq. (3.14). A direct consequence of that is the prediction of an extinction dip

2 The equality of the numerical values for the opening angle and the collection efficiency is
a just a coincidence.
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larger than one, for 𝜉 > 0.5, according to Eq. (3.17), which is clearly not phys-
ically correct. Instead, interference of incident and scattered light occurs
outside the collection angle, which leads to a difference between predicted
and measured values [71].

Equation (3.14) shows that an extinction measurement can in principle be
used to determine the coupling efficiency of excitation light and a single emit-
ter. However, this is only possible if the collection efficiency of the light emit-
ted by the molecule is known and, more importantly, all incident laser light
is collected in transmission. The latter condition is not fulfilled in the exper-
iment, and the results depicted in Fig. 3.3 b show that there is no one-to-one
correspondence between the extinction signal and the coupling efficiency.
Thus, we employ the saturation measurement as a more robust method to
determine the light matter coupling efficiency.

3.3 Improving the coupling efficiency

Efficient light-matter interaction is of great importance to achieve single
photon-single emitter coupling on a level sufficient for quantum informa-
tion processing [26]. The comparison of our experimental results with the
theoretically possible values in the previous section has shown that there is
still room for improvements. Shaping of the input mode and increasing the
maximum focusing angle 𝛽 are the two most obvious possibilities.

With a larger opening angle of the focus optics, the coupling efficiency
could be increased up to 𝜉 = 0.425 (0.85 for a perfect dipole) if one considers
a DBATT molecule with dipole parallel to the sample plane and 𝛽 = 90°. If
that is combined with a properly shaped input mode, the coupling efficiency
reaches 𝜉 = 0.5 (1 for a perfect dipole) for an arbitrary dipole orientation
[66]. State of the art commercial objectives offer opening angles of up to72°. However, these microscope objectives are usually not compatible with
cryogenic temperatures. Objectives specified for the use at low temperatures
are commercially available with opening angles of 55° (e.g., Attocube, LT-
APO/VISIR/0.82). With such optics, a coupling efficiency of 𝜉 ≈ 0.25 (0.5
for a perfect dipole) would be feasible [66].

These calculations assume a dipole in vacuum. In the experiment, how-
ever, the molecule is located close to an interface between two dielectric me-
dia, which greatly influences the emission pattern as depicted in Fig. 3.6. We
extend the calculation of coupling efficiencies to this more general case by
using the argumentation of Ref. [97]: Only the part of the incoming wave
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Figure 3.6: Dipole emission pattern in vacuum (black line) and at a dielectric interface (red
line). The half-spaces with different media are indicated by (i) and (ii). In case of the black
lines (i) and (ii) are vacuum, while for the red lines (i) is cubic zirconia and (ii) is naphthalene.
In the latter case, the dipole is inside the naphthalene, 50 nm away from the interface. The
dashed lines mark the collection angle covered by the aspheric lens. In a, the dipole moment
is parallel to the interface, while it is perpendicular in b. The displayed patterns are integrated
over a 2𝜋 rotation around the 0° axis. In b, the red case is truncated.

overlapping with field emitted by the dipole can excite the system. This over-
lap is, of course, optimized if the incoming wave is equal to the emitted wave
but with reversed propagation direction. If the incoming field is truncated
to a limited solid angle, the optimized overlap is given by the fraction of light
emitted into this solid angle. Hence, there is a direct correspondence be-
tween collection and excitation efficiency 𝜉. As we used the maximum pos-
sible excitation for light incident from a 2𝜋 solid angle for the definition of 𝜉
in Eq. (3.10), 𝜉 is equal to twice the collection efficiency. The maximum value
was so far 𝜉 = 1, as at most 50% of the emitted light can be collected from a
dipole in vacuum within a 2𝜋 solid angle. At a dielectric interface, however,
it is possible to collect more than half of the emitted light. In particular, it is
attainable with a properly designed multilayer structure, to direct more than99% of the emission into a solid angle, which can be covered by commercial
high-NA microscope objectives [124, 125]. This would lead almost to the per-
fect coupling efficiency of 𝜉 = 2 for a properly shaped incident beam and a
perfect emitter.

Returning to Fig. 3.6, we can see how the dielectric interface affects the cou-
pling efficiency. The dipole emits predominantly into the medium of lager
refractive index [126]3. The amount of light collected by the aspheric lens

3 The formulas presented in the appendix of Ref. [126] for the calculation of the dipole emis-
sion patterns are not fully correct. Using the principles described in that paper and the
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is reduced from 11% to 4%, for a dipole parallel to the interface, and from2% to 0.3%, for a perpendicular dipole moment if the molecule is embed-
ded in naphthalene instead of vacuum. Following the correspondence prin-
ciple described in the previous paragraph, the maximum possible 𝜉 is thus
reduced from 0.22 to 0.08 and from 0.04 to 0.006 for the respective dipole
orientations. By interfacing naphthalene to a material with larger refractive
index, the dipole emission can be directed more towards the collection an-
gle, as shown by the red lines in Fig. 3.6 for cubic zirconia. In that case, the
coupling efficiency can reach 0.42 and 0.15, for parallel and perpendicular
dipoles, respectively.

The coupling efficiency can be increased even more if instead of cubic zir-
conia another material with higher refractive index is employed. In the fol-
lowing subsection, we show first experimental data, where a gallium phos-
phide SIL with a refractive index of 3.33 [128] is used to increase the fraction
of collected photons. In the second subsection, we demonstrate how a spher-
ical micro-mirror can increase the light-matter coupling efficiency.

3.3.1 Gallium phosphide SIL

Gallium phosphide (GaP) is an indirect band-gap semiconductor, which is
transparent in the visible for light with a wavelength longer than 554 nm. Its
high refractive index, 𝑛 = 3.33 at 619 nm, makes it a highly attractive SIL
material [128].

Figure 3.7 shows how the dipole emission pattern is changed from cubic zir-
conia (black) to GaP (red). For either dipole orientation, the emission maxi-
mum occurs at smaller angles, as the critical angle for total internal reflection
at the SIL-naphthalene interface, is reduced from 47° to 28°. Parts c and d
show that this greatly improves the collection efficiency as 28°, in contrast to47°, lies within the solid angle covered by the aspheric lens. Depending on
the distance between molecule and interface, and the dipole orientation, the
collection efficiency can reach almost 45% for a parallel dipole 50 nm from
the interface, and even 65% for a dipole perpendicular to the interface at a
distance of 120 nm.

The interface also influences the decay rate of the molecule (dashed curves
in c andd), which can be enhanced more than five times for dipoles very close
to the interface. However, this additional emission occurs predominantly in
directions larger than the critical angle, which are not covered by the aspheric

expressions for the fields at dielectric interfaces (see, e.g., Ref. [127]), the correct formulas
can be calculated.
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Figure 3.7: Comparison of cubic zirconia (black lines) and GaP SIL (red lines). a and b, Emis-
sion pattern of a dipole 50 nm away from the interface. The dipole orientation is indicated
by the arrow and the dashed lines show the collection angle of the aspheric lens. c, The solid
lines show the collection efficiency of the light emitted by a dipole parallel to the interface as a
function of the dipole-interface distance. The dashed lines, which are projected on the right-
hand axis, display the enhancement of the decay rate, normalized to the vacuum value. The
vertical dashed line, denotes the 50 nm distance used for calculating the emission patterns
in a and b. d, same as c, but for a perpendicular dipole.

lens, leading to a reduction of the collection and thus also the coupling effi-
ciency.

GaP is a rather soft material and produces toxic gas during polishing [96].
Thus, it is very challenging to manufacture GaP optics and our SILs (A.W.I.)
are consequently not of very high quality. In particular, their surface is very
rough. Atomic force microscopy of the flat side and interferometric measure-
ments of the curved side revealed irregularities of several 100 nm. Besides the
negative impact on focusing and imaging quality, this prevents usage of thin
channels, as it is impossible to get the SIL into optical contact with the cover
glass. Additional polishing does not yield any improvements, as even the
finest polishing emulsion causes deep scratches inside the soft GaP.

61



3 Photon-molecule coupling efficiency

-300 -150 0 150 300
-300

-150

0

150

300

x (nm)

y
(n

m
)

0.0

0.2

0.4

0.6

0.8

1.0

-300 -150 0 150 300
-300

-150

0

150

300

y
(n

m
)

x (nm)

216 nm

334 nm

a b

Fl
uo

re
sc

en
ce

(n
or

m
.)

Figure 3.8: Laser raster scan image of the fluorescence signal of a single molecule using a GaP
SIL. a shows the data, while b is a two dimensional Gaussian fit to a. The ellipse labels the half
maximum position. The FWHM along short and long axis is 216 and 334 nm, respectively.

Despite the low quality of the GaP SILs, we prepared a sample to investigate
the collection efficiency. We placed a small flake of DBATT in naphthalene
between a cover glass and a GaP SIL, and pressed the SIL against the cover
glass with a thin aluminum band. Subsequent melting and re-solidifying of
the naphthalene lead to a crystal of undefined thickness, covering the whole
field of view. Optical alignment of the GaP SIL is more difficult than of the
cubic zirconia SIL for two reasons: Firstly, the curved side of the GaP SIL is
anti-reflection coated. Hence, we could not use the curved side reflection to
center the SIL on the optical axis, as described in subsection 2.2.2. Instead,
we optimized the lateral position of the SIL by monitoring the shape of the
laser focus. Secondly, GaP is more sensitive to misalignment due to its larger
refractive index.

Figure 3.8 displays a laser scan image of a single molecule through a GaP
SIL. The focal spot is clearly elliptic, which is probably caused by a small lat-
eral deviation from the optical axis introducing an astigmatism. While the
FWHM of the large axis is comparable to the values achieved with a cubic
zirconia SIL, the short axis has a FWHM of only 216 nm - very close to the
theoretical limit of 196 nm. This demonstrates that the focal spot could be
decreased by about one third with a GaP SIL, and how critical proper align-
ment and working close to the optical axis is. With a GaP SIL, the total in-
ternal reflection angle is within the aperture covered by the aspheric lens.
Hence, we realize the maximum possible NA inside naphthalene of 1.58. Us-
ing a different SIL material with an even higher refractive index, or a lens with
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Figure 3.9: Saturation measurement of a single DBATT molecule, using a GaP instead of a
cubic zirconia SIL. a, Peak fluorescence count rate in kilo counts per second (kcps). b, Tran-
sition linewidth for different excitation power. The solid red line is a simultaneous fit to the
data of a and b. The excitation power is corrected for the transmission of the elements inside
the cryostat and thus corresponds to the excitation power at the sample. A background linear
in the incident power, is removed from the count rate to account for off-resonant excitation of
other molecules. The fit yields a saturation power of 507 pW or 11.4 photons per lifetime.

larger NA would thus not decrease the size of the focal spot any further, but
could still improve coupling and collection efficiency.

We performed a saturation measurement (see Fig. 3.9) to deduce coupling
and collection efficiencies. As mentioned earlier, the curved side of the GaP
SIL is anti-reflection coated, thus we assume that the transmission of this in-
terface is 100%. But at the GaP-naphthalene interface, we lose around 13%
due to reflection4. Together with the transmission losses at the cryostat win-
dows and the aspheric lens (compare Fig. 3.2) we end up with a correction
factor for the incident power of 0.61. The fit yields a coupling efficiency of
roughly 2%, which is within the range of efficiencies measured with cubic
zirconia SILs. The maximum count rate, is 4.4 Mcps and thus about three
times larger than the rates we typically measure with cubic zirconia SILs. This
increase can be well explained by the improvement in collection efficiency,
which ranges between a factor of 1.6 and 5.7 depending on the dipole orien-
tation. The fluorescence rate was corrected for the nonlinearity of the SPCM
at high count rates, assuming a dead-time of 45 ns [71]. Furthermore, we re-
moved a background linear in the incident power caused by the off-resonant
excitation of other molecules.

4 As the sample is thick, we assume that there is negligible excitation of the molecule via
evanescent fields.
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Experimental determination of the collection efficiency requires a careful
characterization of the optical losses on the way from the sample to the de-
tector, which amount to 44%. The detection efficiency of the SPCM module
is 65% according to the data sheet. As the Franck-Condon factor was not
measured for this molecule, we assume 𝛼FC = 0.6 corresponding to smallest
values we measured for DBATT in naphthalene, to establish a lower bound
for the collection efficiency. The maximum possible count rate of red-shifted
photons is thus:𝑅red = 0.5 ⋅ 2𝜋 ⋅ 22.4 MHz⏟⏟⏟⏟⏟⏟⏟⏟⏟

Maximum emission rate
⋅ (1 − 0.6)⏟

fraction of red-shifted photons

⋅0.56 ⋅ 0.65 = 10.2 MHz.
Comparison of 𝑅red with the measured fluorescence rate, yields a collection
efficiency of 43%. As the linewidth in the weak excitation limit is not broad-
ened compared to the value measured in bulk naphthalene and the sample is
thick, we conjecture that the molecule is several 100 nm away from the inter-
face. At that distance, such a high collection efficiency can be only explained
with a perpendicular dipole orientation (see Fig. 3.7 d). This orientation
could also explain the weak coupling of the incident field to the molecule:
The emission pattern of a perpendicular dipole has two sharp peaks (see
Fig. 3.7 b) and hence the overlap with Gaussian input beam is very small.

These measurements show that a GaP SIL has the potential to significantly
increase the light-matter coupling efficiency. But to make full use of the bene-
fits, higher quality SILs are required, such that samples of well-defined thick-
ness can be made to exploit the collection efficiency peak between 50 and120 nm. Furthermore, proper shaping of the incident field, e.g., with a spatial
light modulator, is necessary, to match the dipole emission pattern. If these
conditions are fulfilled, coupling efficiencies exceeding 𝜉 = 0.6 (assuming𝛼 ≈ 0.5) should become possible.

3.3.2 Spherical mirror

Even with a GaP SIL, a significant fraction of the light is emitted into the
host crystal and thus not collected. To remedy that problem, we fabricated a
sample with spherical micro-mirrors. If a molecule is in the center of such a
mirror, the emitted light that would be lost without the mirror is reflected
into the excitation direction and can be collected. At the same time, the
excitation beam is reflected by the mirror and refocused onto the molecule.
Hence, we expect a significant improvement of the coupling efficiency.

Figure 3.10 a shows a schematic of the fabrication process. First, a
polystyrene film is prepared on a teflon substrate. Subsequently, silica
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Figure 3.10: a, Fabrication of the micro-mirrors. b, Laser raster scan image of several mirrors
on the sample. The encircled mirror is shown again in Fig. 3.11

spheres with a 3 μm diameter are dispersed on the polystyrene by drop-
casting an aqueous solution. The concentration is adjusted such that no
multi-layers of silica spheres form after evaporation of the water. In the next
step, the substrate is heated to 200 ∘C, which softens the polystyrene, and the
silica beads start sinking into the film. Every minute we measure how far the
spheres have migrated into the polystyrene with an atomic force microscope.
The heating is stopped when the spheres are half embedded. Afterwards, the
silica beads are removed by dipping the sample into hydrofluoric acid for one
minute. In the last step, a 100 nm thick gold layer is evaporated on top of the
sample. The result are many sparsely scattered micro-mirrors, which have
their center approximately in the crystal plane (see Fig. 3.10 b).

A small droplet of a DBATT in n-tetradecane solution5 was cast on the
mirrors, and the cubic zirconia SIL placed on top and fixed mechanically with
a thin plastic band.

Inside the cryostat, we searched for molecules close to the center of a
micro-mirror. Figure 3.11 a shows a laser scan image of a DBATT molecule230 nm away from the mirror center (indicated by the black circle). The po-
sition of the latter can be nicely determined by measuring the laser power
reflected of the sample. As the laser is incident on the center of the mir-
ror, the reflected laser light is refocused and collimated by the aspheric lens.
Thus, the center appears as region of increased reflectivity (see Fig. 3.11 b).

To investigate the impact of the micro-mirror on the coupling efficiency, we
determined the saturation power of the molecule as shown in Fig. 3.11. Fitting
the theoretical model to the data displayed in Fig. 3.12 yields a saturation

5 The properties of DBATT in n-tetradecane and DBATT in naphthalene are very similar.
See, e.g., Ref. [96] for details.
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Figure 3.11: Laser raster scan images of the fluorescence of single molecule (a) and the reflec-
tion of a spherical micro-mirror (b). The black circle shows the position of the mirror focus in
both images. The molecule is 230 nm away from the focus center. Please note that the lateral
dimensions differ for a and b.

power of just 81 pW, corresponding to only 1.9 photons per lifetime. Hence,
the coupling efficiency is 13% - an improvement of almost a factor of two
compared to the values we achieve without mirror (see Fig. 3.3).

Owing to the large coupling efficiency, we can also nicely observe the coher-
ent interaction of incident light and molecule. As the curved mirror obstructs
the transmission path, we cannot perform a usual extinction measurement
but instead monitor the reflected laser power, when the excitation beam is
focused at the molecule [96]. Hereby, an iris is used in the detection path to
suppress light that is not scattered directly from mirror or molecule. The ori-
gin of the signal shown in Fig. 3.13 is similar to the mechanism which causes
extinction: Laser light that is reflected off the sample interferes destructively
with light coherently scattered by the molecule [96]. The result is a drop in
reflected power of almost 40% induced by a single molecule.

A natural extension of this work would be the combination of mirror and
GaP SIL. In principle, this should enable excitation from almost the full 4𝜋
solid angle - similar to the experiment envisioned in Ref. [129].

Another promising approach is the implementation of the dielectric an-
tenna structure presented in Ref. [125]. Using standard optical lithography, it
should be possible to fabricate such a structure inside a nano-channel. When
using a GaP SIL as topmost layer, the collection efficiency should be close to
unity, even with the limited NA of our aspheric lens. Consequently, we could
achieve, with a correctly shaped incident beam, coupling efficiencies around𝜉 = 1, limited only by the branching ratio of the 0-0 ZPL.
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Figure 3.12: Saturation measurement of a single DBATT molecule in a n-tetradecane matrix
in front of a spherical micro-mirror. a, Peak fluorescence count rate in kilo counts per second
(kcps). b, Transition linewidth for different excitation powers. The solid red line is a simulta-
neous fit to the data of a and b. The excitation power is corrected for the transmission of the
elements inside the cryostat and thus corresponds to the excitation power at the sample. The
fit yields a saturation power of 81 pW.
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Figure 3.13: Reflected laser power with the incident beam focus placed on a single molecule.
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4 Nonlinear optics with a single molecule

A single molecule responds intrinsically in a nonlinear fashion to the inten-
sity of an incident laser beam. As described in chapter 2, the population in
the excited state and thus the rate of emitted photons approaches a maxi-
mum value that cannot be overcome by increasing the pump power further.
This phenomenon, known as saturation, has its origin in the properties of a
TLS: once the molecule is in the excited state it cannot be excited any fur-
ther. Only after relaxation to the ground state, via stimulated or spontaneous
emission, an incident photon can again transfer the molecule into the excited
state. The measurements presented in chapter 3 demonstrate that we can en-
ter this nonlinear regime already at very weak excitation powers of less than
one photon per excited state lifetime owing to the efficient coupling of light
and molecule.

This nonlinear response can be exploited to mediate an interaction of two
light fields. The transmission signal of a weak beam shows extinction when
its frequency coincides with the resonance of the molecule. If a second in-
tense light field saturates the molecule, this extinction signal will be reduced
or even disappears completely. In that way, the strong beam can be used to
control the transmission of another light field. If furthermore, both beams
have different frequencies, we observe nontrivial nonlinear effects beyond
saturation: an AC-Stark shift of the molecular resonance frequency and en-
ergy transfer from one beam to the other via stimulated Rayleigh scattering
or three-photon amplification.

While the nonlinear interaction of two near resonant beams with a TLS
was already studied in the 1970s, it required large ensembles of atoms in the
gas phase to yield a measurable signal [130–132]. Later on, experiments were
performed on a single molecule [24, 25, 84], where the nonlinear interaction
was demonstrated by analyzing changes in the fluorescence signal caused by
the presence of the pump beam. A coherent observation of the transmitted
probe beam intensity was made with a single quantum dot [133, 134], albeit
the efficiency was very weak such that lock-in techniques were required to
extract the signal from the noise floor.

In this chapter, we demonstrate optical control of the probe transmission
spectrum by using a pump beam with a power of only a few tens of nano-watt.
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4 Nonlinear optics with a single molecule

Notably, the pump can switch the transmission of the probe beam on or off,
and the signal variation is large enough that it can be measured without the
need of noise suppressing techniques. Such nonlinear interaction of weak
fields, which would ideally contain only single photons, is of particular in-
terest to the field of quantum information processing [26]. Furthermore, we
report the observation of the time resolved fluorescence signal, illustrating
the coherent driving of the excited state population.

In the first section of this chapter, we employ the dressed atom picture to
provide a qualitative understanding of the physical effects occurring, when
two beams interact with a TLS. In the next section, we extend the opti-
cal Bloch equations from subsection 2.1.4 to the situation of two excitation
beams. We use the resulting equations to derive the steady-state transmis-
sion and fluorescence signals as well as the time-dependent excited state pop-
ulation. In the third and forth sections, we present the experimental results
on the pump beam controlled transmission spectra and discuss a potential
application of a single molecule as a few-photon switch, respectively. In the
last section we show time-dependent measurements of the transmission and
fluorescence signals.

4.1 Probing a dressed two-level system

Investigating the nonlinear interaction of a strong pump and a weak probe
beam with a single molecule requires efficient coupling of both beams to the
emitter. To that end, they should have frequencies close to the resonance of
the molecule. While the pump beam with frequency 𝜔pmp is kept at a fixed
detuning Δ = 𝜔pmp − 𝜔0, the frequency of the probe beam 𝜔prb is scanned
across the resonance to interrogate the properties of the combined pump
beam-molecule system.

A convenient way to visualize the impact of a strong pump beam on the re-
sponse of a TLS is the dressed state picture [90]. In this approach, we assume
that the TLS is coupled to a single laser mode, populated with a number of
pump photons 𝑁, which is distributed around an average value ⟨𝑁⟩, with a
width of Δ𝑁. The states |𝑔⟩ and |𝑒⟩ (see Fig. 4.1 a) of the TLS and the num-
ber of photons in the laser mode are combined to form an infinite ladder
of energy states. If 𝜔pmp is close to the resonance frequency 𝜔0, the state|𝑔, 𝑁 + 1⟩, where the TLS is in the ground state and 𝑁 + 1 photons are in
the laser mode, and state |𝑒, 𝑁⟩, where the TLS is in the excited state and𝑁 photons populate the laser mode, are nearly degenerate (see Fig. 4.1 b).
Via absorption and stimulated emission of pump laser photons, the system
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4.1 Probing a dressed two-level system

a b c

Figure 4.1: a, Level scheme of the TLS. b, Four energy levels out of the infinite ladder of states
of TLS and pump photons in the uncoupled basis. c, The same four levels in the dressed state
picture. The arrows indicate the possible dipole transitions. The colors label transitions at𝜔pmp − Ω′

pmp (red), 𝜔pmp (green) and 𝜔pmp + Ω′
pmp (blue).

can be transferred between these two states, which are thus no eigenstates
of the Hamiltonian describing the system. The coupling strength of the two
states is proportional to

√𝑁 + 1. In the limit of high laser mode occupation,⟨𝑁⟩ ≫ Δ𝑁 and thus the coupling strength is almost constant over a range
of Δ𝑁 around the average photon number. The eigenstates of the combined
pump beam and TLS system are [90]:

|1 (𝑁)⟩ = 𝑠𝑖𝑛 𝜃 |𝑔, 𝑁 + 1⟩ + 𝑐𝑜𝑠 𝜃 |𝑒, 𝑁⟩ , and (4.1)|2 (𝑁)⟩ = 𝑐𝑜𝑠 𝜃 |𝑔, 𝑁 + 1⟩ − 𝑠𝑖𝑛 𝜃 |𝑒, 𝑁⟩ , (4.2)

with 𝑡𝑎𝑛 2𝜃 = −ΩpmpΔ ; 0 ≤ 2𝜃 < 𝜋,
and Ωpmp is the pump field Rabi frequency. The coupled states are coherent
superpositions of the TLS ground and excited states. Depending on Ωpmp/Δ,
the state |1 (𝑁)⟩ has either more characteristics of the ground or of the excited
state, while the opposite is true for |2 (𝑁)⟩. The two states |1 (𝑁)⟩ and |2 (𝑁)⟩
have an energy splitting given by the generalized pump Rabi frequency:Ω′

pmp = √Δ2 + Ω2
pmp. (4.3)

Figure 4.1 c depicts the energy levels of the dressed states and the allowed
dipole transitions between the respective levels.

The dressed TLS can be investigated by measuring the transmission spec-
trum of a weak probe beam. To gain a qualitative understanding of this signal,
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Pump frequency detuning

0

Figure 4.2: Position of the dressed state energy levels and their steady state population for
varying pump detuning Δ. The line thickness indicates the steady state population of the
various levels. The states to the left and to the right indicate the asymptotic behavior of the
dressed states for large positive and negative detunings, respectively. The colors indicate the
transitions at 𝜔pmp − Ω′

pmp (red), 𝜔pmp (green) and 𝜔pmp + Ω′
pmp (blue). Figure adapted from

[135].

it is instructive to look at the steady-state population 𝜋 of the dressed states
given by [90]: 𝜋st1 = 𝑠𝑖𝑛4 𝜃𝑐𝑜𝑠4 𝜃 + 𝑠𝑖𝑛4 𝜃 and (4.4)𝜋st2 = 𝑐𝑜𝑠4 𝜃𝑐𝑜𝑠4 𝜃 + 𝑠𝑖𝑛4 𝜃. (4.5)

Figure 4.2 shows the dressed state population as a function of the pump
detuning Δ. The four levels are connected via three different transition fre-
quencies, 𝜔pmp ± Ω′ and 𝜔pmp that can be studied by tuning the probe beam
to the respective frequency.

The transition at 𝜔pmp−Ω′ (red) connects the levels |1 (𝑁 − 1)⟩ and |2 (𝑁)⟩.
If the pump detuning Δ > 0 (right hand side of Fig. 4.2), the population in
the lower state is larger than the population in the upper state. The weak
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4.1 Probing a dressed two-level system

probe beam excites the system and the transmitted signal shows extinction.
But the maximum attenuation, which occurs at 𝜔0 without the pump beam,
appears now at a frequency of 𝜔pmp − Ω′, which is known as the AC-Stark
effect or light shift.

If Δ < 0 (left hand side of Fig. 4.2), however, the population in the up-
per state is larger than the population in the lower state. The weak probe
beam will thus experience amplification via stimulated emission from state|2 (𝑁)⟩ to |1 (𝑁 − 1)⟩. In the asymptotic limit of large pump detuning, this
corresponds to the transition from |𝑔, 𝑁 + 1⟩ to |𝑒, 𝑁 − 1⟩, i.e., the number of
pump photons is reduced by two, while the TLS is transfered from the ground
into the excited state. Hence, there are in total three photons involved in this
process: the absorption of two pump photons and the stimulated emission
of one probe photon. This process is known as “three-photon amplification”
[136] or “hyper-Raman transition” [135, 137].

If we look at the 𝜔pmp +Ω′ transition (blue), the opposite is true: the probe
beam experiences attenuation due to the AC-Stark shift of the resonance forΔ < 0 and three-photon amplification for Δ > 0.

The interpretation of the transition at 𝜔pmp (green) is more involved. It
couples the state |2 (𝑁 − 1)⟩ with |2 (𝑁)⟩ and |1 (𝑁 − 1)⟩ with |1 (𝑁)⟩, re-
spectively. Independently of the detuning Δ, the populations in the lower
and upper state are equal. From the simple population difference argument
used before, one would thus expect that the probe beam is not affected at
all at this frequency. If we consider the asymptotic limit, the two transitions
at 𝜔pmp connect the states |𝑔, 𝑁⟩ with |𝑔, 𝑁 + 1⟩ and |𝑒, 𝑁 − 1⟩ with |𝑒, 𝑁⟩,
respectively. The change in the number of pump photons suggests that, as in
the three-photon amplification case, a combination of pump and probe pho-
tons is involved. Indeed, during this “stimulated Rayleigh scattering” pro-
cess, energy is transfered from pump to probe beam and vice versa [131]. The
effect has its origin in the interference of different two and four photon tran-
sitions and is discussed in detail in Ref. [138]. It results in a dispersive feature
centered around the pump beam frequency 𝜔pmp that can either lead to am-
plification or attenuation of the probe beam.

Figure 4.3 a shows the probe beam transmission spectrum as a function
of the pump-probe detuning 𝛿 = 𝜔prb − 𝜔pmp, in the case of Δ > 0. The
three processes mentioned in the previous paragraphs can be nicely seen: an
absorptive feature at 𝛿 = −Ω′

pmp (red area), a dispersive region around 𝛿 = 0
(green area) and amplification for 𝛿 = Ω′

pmp.
If Δ ≈ 0, the populations of all dressed states are equal (see central re-

gion of Fig. 4.2). Hence, it is no longer clear whether the transitions at
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Figure 4.3: Theory curve of the probe beam transmission spectra. Parameters are Ωpmp = 5Γ1,Ωprb = 0.1Γ1 and Δ = 4Γ1 (a) or Δ = 0 (b). The vertical solid blue and dotted black lines
indicate the transition frequency of the unperturbed molecule and the pump beam frequency,
respectively.
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Figure 4.4: Dressed state picture in the case of Δ = 0. The population of all states is equal.
The color coding indicates the frequency of the probe beam: 𝜔pmp − Ω′

pmp (red), 𝜔pmp (green)
and 𝜔pmp + Ω′

pmp (blue).𝜔pmp ±Ω′
pmp show absorption or amplification. As visualized in Fig. 4.4, both

processes occur at the same time and add up coherently, resulting in a com-
plex probe beam transmission line shape as displayed in Fig. 4.3 b. There are
two dispersive features (red and blue) which reach a transmission equal to 1
at 𝛿 = ±Ωpmp. In between, the probe beam is amplified, except for a small
window around 𝛿 = 0.

As the detuning Δ is varied from zero, the dressed states no longer have
the same steady-state population (see Fig. 4.2). The processes starting from
the states with increasing population become more likely and thus, the trans-
mission spectrum becomes less symmetric. Eventually, three-photon ampli-
fication, stimulated Rayleigh scattering, and AC-Stark shift are clearly visible.
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4.2 Two beams interacting with a TLS

4.2 Two beams interacting with a TLS

In the previous section, we investigated how a strong pump beam affects a
TLS, but we did not yet include any perturbation caused by the probe beam.
Here, we present a quantitative description of the interaction of two near
resonant beams with a TLS by extending the derivation from subsection 2.1.4
with a second frequency in the excitation field. This case was first theoreti-
cally studied by Mollow in 1972 [43]. There, he calculated the transmission
spectrum of a weak probe beam, incident on a TLS driven by a strong reso-
nant pump beam. He realized that it is possible in this situation to transfer
energy from pump to probe beam, thus amplifying the weaker beam with-
out inverting the TLS population. Later on, these studies were expanded for
an off-resonant pump beam, and experiments on ensembles in the gas phase
confirmed the theoretical predictions [130, 139]. Even lasers were realized
using the stimulated Raman scattering or the three-photon amplification as
gain process [140].

In Mollow’s approach the probe field is treated as a weak perturbation
of the pump-driven TLS. Thus, it is only valid if the probe Rabi frequencyΩprb ≪ Γ1. While this is the case for the transmission measurements pre-
sented in this work, the condition is not fulfilled for the time-dependent flu-
orescence measurements, where strong oscillations of the excited state pop-
ulation occur if pump and probe beams are equally strong.

To have a single framework that can describe all experiments presented in
this chapter, we follow the approach given in Refs. [84, 132]. Here, the den-
sity matrix equations of motion are solved by using a Fourier expansion. By
including sufficiently high orders of this expansion, the description of strong
probe fields is possible.

The derivation starts with the Hamiltonian from Eq. (2.6), but this time
the electric field at the position of the TLS is given by:

Einc (𝒪, 𝑡) = Epmp (𝒪)2 (𝑒𝑖𝜔pmp𝑡 + 𝑒−𝑖𝜔pmp𝑡) + Eprb (𝒪)2 (𝑒𝑖𝜔prb𝑡 + 𝑒−𝑖𝜔prb𝑡) .
(4.6)

The incident electric field has two components: The pump field with fre-
quency 𝜔pmp and amplitude Epmp (𝒪), and the probe field with frequency𝜔prb and amplitude Eprb (𝒪), respectively. We omitted the possibility of a
relative phase between the two components. This does not affect generality
as it is always possible for 𝜔pmp ≠ 𝜔prb to find a time 𝑡0 at which the two
fields are in phase. Unless considering the transient response of the system,
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4 Nonlinear optics with a single molecule

occurring directly after the light field is switched on, we can shift the time
origin to 𝑡0 and ignore the relative phase [132].

Inserting Eq. (4.6) into Eq. (2.6) yields the new Hamiltonian𝐻̂ = ℏ𝜔0𝜎̂†𝜎̂ + ℏΩpmp2 (𝜎̂𝑒𝑖𝜔pmp𝑡 + 𝜎̂𝑒−𝑖𝜔pmp𝑡 + 𝜎̂†𝑒𝑖𝜔pmp𝑡 + 𝜎̂†𝑒−𝑖𝜔pmp𝑡)+ ℏΩprb2 (𝜎̂𝑒𝑖𝜔prb𝑡 + 𝜎̂𝑒−𝑖𝜔prb𝑡 + 𝜎̂†𝑒𝑖𝜔prb𝑡 + 𝜎̂†𝑒−𝑖𝜔prb𝑡) , (4.7)

with pump and probe Rabi frequencies Ωpmp/prb = −d ⋅ Epmp/prb (𝒪) /ℏ.
There are two interaction terms in Eq. (4.7), one for each frequency com-
ponent in the excitation field.

Next, the reference frame is changed to one rotating at 𝜔pmp. Accordingly,
Eq. (4.7) becomes:̂𝐻̃ = − ℏΔ𝜎̂†𝜎̂+ ℏΩpmp2 (𝜎̂ + 𝜎̂† + 𝜎̂𝑒−𝑖2𝜔pmp𝑡 + 𝜎̂†𝑒𝑖2𝜔pmp𝑡)+ ℏΩprb2 (𝜎̂𝑒𝑖𝛿𝑡 + 𝜎̂†𝑒−𝑖𝛿𝑡 + 𝜎̂𝑒−𝑖(𝜔pmp+𝜔prb)𝑡 + 𝜎̂†𝑒𝑖(𝜔pmp+𝜔prb)𝑡) ,

(4.8)

with Δ = 𝜔pmp − 𝜔0 and 𝛿 = 𝜔prb − 𝜔pmp.
Performing the RWA removes the terms rapidly oscillating at 2𝜔pmp and𝜔pmp + 𝜔prb. Within this approximation, Eq. (4.8) is given by:̂𝐻̃RWA = −ℏΔ𝜎̂†𝜎̂ + ℏΩpmp2 (𝜎̂ + 𝜎̂†) + ℏΩprb2 (𝜎̂𝑒𝑖𝛿𝑡 + 𝜎̂†𝑒−𝑖𝛿𝑡) . (4.9)

The interaction term still has an explicit time dependence that remains even
after the RWA. Using Eq. (4.9) we calculate the equations of motion for the
density matrix ̂̃𝜌: ̇̂̃𝜌 = 𝑖ℏ [ ̂̃𝜌, ̂𝐻̃RWA] ,̇̃𝜌ee = 𝑖2 ( ̃𝜌eg (Ωpmp + Ωprb𝑒𝑖𝛿𝑡) − ̃𝜌ge (Ωpmp + Ωprb𝑒−𝑖𝛿𝑡)) , (4.10)̇̃𝜌eg = 𝑖2 ( ̃𝜌ee (Ωpmp + Ωprb𝑒−𝑖𝛿𝑡) + ̃𝜌egℏΔ − ̃𝜌gg (Ωpmp + Ωprb𝑒−𝑖𝛿𝑡)) ,

(4.11)̇̃𝜌ge = ̇̃𝜌∗
ge, ̇̃𝜌gg = − ̇̃𝜌 ̃ee.
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4.2 Two beams interacting with a TLS

Spontaneous decay is included by adding the decay rates Γ1 and Γ2 to the
equations of motion. Using the Bloch vector x = (𝑢, 𝑣, 𝑤), we can express
Eqs. (4.10) and (4.11) in form of a single matrix equation [84]:̇x = (𝐴 + Ωprb2 𝑒𝑖𝛿𝑡𝐵 + Ωprb2 𝑒−𝑖𝛿𝑡𝐵∗)x + y, (4.12)

with 𝐴 = ⎛⎜⎝ −Γ2 Δ 0−Δ −Γ2 −Ωpmp0 Ωpmp −Γ1 ⎞⎟⎠ , 𝐵 = ⎛⎜⎝ 0 0 −𝑖0 0 −1𝑖 1 0 ⎞⎟⎠ ,
y = ⎛⎜⎜⎝ 00−Γ12 ⎞⎟⎟⎠ .

This equation can be solved with a Fourier ansatz for the Bloch vector com-
ponents:

x = ∞∑𝑛=−∞x𝑛𝑒𝑖𝑛𝛿𝑡, with x𝑛 = ⎛⎜⎝ 𝑢𝑛𝑣𝑛𝑤𝑛 ⎞⎟⎠ . (4.13)

Inserting Eq. (4.13) into Eq. (4.12) results in a recursive relation for the Fourier
coefficients x𝑛 − y𝛿𝑛0 = (𝐴 − 𝑖𝑛𝛿)x𝑛 + 𝐵x𝑛−1 + 𝐵∗x𝑛+1, (4.14)

with 𝛿𝑛0 being the Kronecker delta.
With Eq. (4.13) it is possible to define a Fourier series for the time-

dependent density matrix elements:̃𝜌ee (𝑡) = ∞∑𝑛=−∞ ̃𝜌ee,𝑛𝑒𝑖𝑛𝛿𝑡, with 𝜌ee,𝑛 = 𝑤𝑛 + 12𝛿𝑛0, (4.15)̃𝜌ge (𝑡) = ∞∑𝑛=−∞ ̃𝜌ge,𝑛𝑒𝑖𝑛𝛿𝑡, with ̃𝜌ge,𝑛 = 𝑢𝑛 + 𝑖𝑣𝑛. (4.16)

In the following two subsections, we use these density matrix elements to
calculate the probe beam transmission and the time-dependent fluorescence
signal. They are determined by the infinite set of coupled linear equations
given in Eq. (4.14). To obtain a numerical solution the set must be truncated
[96]. Figure 4.5 depicts the change of the transmission and the fluorescence
signal as a function of the truncation order for typical experimental param-
eters. In case of the transmission signal, the weak probe power leads to a
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Figure 4.5: Relative change of the transmission signal (a) and the time-dependent fluores-
cence signal (b) with increasing truncation order. Depicted is the maximum change over the
relevant frequency (a) or time scale (b). The calculations use parameters as they occur in the
experiment. a, Γ2 = Γ1/2, Ωpmp = 2Γ1, Ωprb = 0.25Γ1 and Δ = Γ1. b Γ2 = Γ1/2,Ωpmp = 7Γ1, Ωprb = 7Γ1, Δ = 0 and 𝛿 = Γ1.

quick convergence of the Fourier series. The relative change decreases expo-
nentially with the truncation order until the numerical precision becomes
the limiting factor. Already truncation at the second order yields sufficient
precision to describe our measurements. To be on the safe side, we include
contributions up to the 10th order.

The time-dependent fluorescence signal has a much slower convergence
behavior. The main reason is the drastically increased probe Rabi frequencyΩprb = 7Γ1, which is necessary to observe a strong modulation of the excited
state population. Until the 10th order, the relative change is almost constant
and only then the result starts converging. Truncation around the 20th order
would suffice for an accurate measurement description. But again, to be on
the safe side, we include contributions up to the 50th order.

4.2.1 Fluorescence

The formula describing the emission rate of fluorescence photons 𝑅 is given
in Eq. (2.27). Using Eq. (4.15), it is also possible to calculate the time-
dependent emission rate:𝑅 (𝑡) = Γ1 ̃𝜌ee (𝑡) = Γ1 𝑛=∞∑𝑛=−∞ ̃𝜌ee,𝑛𝑒𝑖𝑛𝛿𝑡. (4.17)

In the majority of cases, the signal is integrated over a time spanning from10 ms to several seconds. This is much longer than even the slowest oscilla-
tion period (2𝜋/𝛿) of 𝑅 (𝑡), which is typically a micro-second or less. Thus,
contributions of all oscillating components are averaged out and the sum in
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Figure 4.6: Excited state population for different pump Rabi frequencies Ωpmp as indicated in
the plots. In a the pump beam is on resonance (Δ = 0), while in b the pump beam is detuned
by Δ = 2Γ1 from the resonance frequency. The remaining parameters are Γ2 = Γ1/2 andΩprb = 0.5Γ1. The vertical blue lines indicate the position of the unperturbed resonance
frequency and the dotted vertical line shows the pump frequency.

Eq. (4.17) reduces to a single element:𝑅avg = ⟨𝑅 (𝑡)⟩ = Γ1 ̃𝜌ee,0. (4.18)

The impact of the pump beam on the average excited state population,
which is directly proportional to the fluorescence signal, can be seen in
Fig. 4.6. In a, the pump beam is in resonance with the TLS, causing an in-
crease in the overall fluorescence rate with growing Ωpmp. Moreover, dips
appear in the fluorescence signal for certain pump-probe detunings. This
seems at first counterintuitive - the addition of a second driving field lowers
the population in the excited state. It can be understood by considering the
interference between pump and probe fields. Equation (4.6) describes the
incident beam as two fields of fixed amplitude and different frequencies. An
equivalent description would be that of a field at a single frequency but with
a modulated amplitude [132]. This modulation leads to a periodic change of
the strength at which the TLS is driven. Due to saturation, the increase of the
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4 Nonlinear optics with a single molecule

excited state population ̃𝜌ee during constructive interference of the two fields
is less pronounced than the decrease of the excited state population during
destructive interference. This results, on average, in a decrease of ̃𝜌ee, which
is most pronounced if 𝛿 = ±Ωpmp [24].

Two different effects can be observed for an off-resonant pump beam
(Fig. 4.6 b). For increasing Ωpmp the peak of the excited state population is
moved away from the pump frequency due to the AC-Stark shift. The second
effect is an increase in the excited state population if the resonance condi-
tion for the three-photon amplification (𝛿 = Ω′

pmp) is fulfilled. In that case,
the TLS can be transfered into the excited state via the absorption of two
pump photons and the stimulated emission of one probe photon. Indeed,
this increase in fluorescence was measured using two laser beams and a sin-
gle molecule [25].

Besides the time-averaged fluorescence signal, we can also investigate the
dynamics of the system at the time scale of the pump-probe beating fre-
quency 𝛿. To that end, all terms of Eq. (4.17) have to be considered. As the
excited state population is a real number, its Fourier components are related
to each other via ̃𝜌ee,n = ̃𝜌⋆

ee,-n. (4.19)

Using that relation, we can rewrite Eq. (4.17):𝑅 (𝑡) = Γ1 ( ̃𝜌ee,0 + ∞∑𝑛=1 2 ∣ ̃𝜌ee,n∣ 𝑐𝑜𝑠 (𝑛𝛿𝑡 + 𝜙𝑛)) (4.20)

with ̃𝜌ee,n = ∣ ̃𝜌ee,n∣ 𝑒𝑖𝜙𝑛 .
The time-dependent fluorescence is a periodic signal with components os-
cillating at different harmonics of 𝛿. The signal is particularly interesting if
pump and probe driving strengths are equal. In that case, the resulting field
is 100% amplitude modulated, and thus the driving strength changes signif-
icantly within one pump-probe beating period [132].

Figure 4.7 shows the excited state population for Ωpmp = Ωprb = 5Γ1. In
the time-averaged excited state population (a), one can see multiple reso-
nances. The minima occur for 𝛿 ≈ 1.2Ωpmp/𝑛, with 𝑛 being an integer [84].
This phenomenon is called subharmonic Rabi resonances and has been ob-
served for a cloud of atoms [132] and for single molecules [25].

The occurrence of subharmonic resonances is closely related to the evolu-
tion of the excited state population during a beating period. Figure 4.7 b-d
show that evolution for three different values of the pump-probe detuning 𝛿.
In plots b and c the large detunings of 𝛿 = 4Γ1 and 𝛿 = 3Γ1 lead to a fast
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Figure 4.7: Time-averaged and time-dependent excited state population for Ωpmp = Ωprb =5Γ1 and Δ = 0. a, Time-averaged excited state population as a function of pump-probe
frequency detuning 𝛿. The colored vertical lines indicate the frequency of the probe beam in
plots b - d. b - d, Time-dependent excited state population. The pump frequency is fixed atΔ = 0, while the probe frequency has different values as indicated in each plot. The bottom
horizontal axes show time while the upper horizontal axes mark the beating phase 𝛿 ⋅ 𝑡. The
turquoise stripes indicate the lifetime.

change of the effective Rabi frequency driving the TLS. Starting from destruc-
tive interference of pump and probe fields, the Rabi frequency reaches sig-
nificant values on a timescale much shorter than the lifetime, causing the ex-
cited state population to undergo Rabi oscillations. Depending on the phase
of the Rabi oscillation, when pump and probe fields interfere destructively,
the average excited state population will show a minimum or a maximum
[84]. Figure 4.7 b shows the situation for a maximum of the time-averaged
excited state population (green line in a). The Rabi oscillation has a maxi-
mum at a beating phase of 0.3, just before destructive interference of pump
and probe beam diminishes the driving strength. At the same beating phase
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4 Nonlinear optics with a single molecule

the Rabi oscillation shown in c has a minimum, leading also to a minimum
in the time-averaged excited state population (red line in a). In part d the
Rabi frequency changes slowly compared to the lifetime of the TLS due to
the small pump-probe detuning. Thus, the excited state population is satu-
rated without the occurrence of significant Rabi oscillations.

4.2.2 Transmission

The derivation of the transmission signal follows the same approach as in the
monochromatic case (see subsection 2.1.6), with the additional complication
that two beams are involved. In the experiment, these two beams are not
in the same spatial mode that we can separate them in the detection path.
Analog to Eq. (2.33), we define two functions gpmp (r) and gprb (r) to describe
the spatial variations of pump and probe fields. Using these, we write the
incident field as:

E−
inc (r, 𝑡) = gpmp (r) 𝐸pmp(𝒪)𝑒𝑖𝜔pmp𝑡 + gprb (r) 𝐸prb(𝒪)𝑒𝑖𝜔prb𝑡, (4.21)

where 𝐸pmp/prb (𝒪) is the projection of pump/probe field at the origin, onto
the dipole moment d of the TLS. The transmitted intensity 𝐼trans can be writ-
ten along the lines of Eq. (2.30), but now the density matrix elements are
time-dependent:

𝐼trans/2𝜖0𝑐 =𝐸2
prb (𝒪) (Ω2

pmpΩ2
prb

∣gpmp (r)∣2 + ∣gprb (r)∣2 + 𝛼2 |f (r)|2 Γ21Ω2
prb

⟨𝜌ee (𝑡)⟩+ 2ΩpmpΩprb
Re (g∗

pmp (r)gprb (r) ⟨𝑒𝑖𝛿𝑡⟩)− 2𝛼ΩpmpΓ1Ω2
prb

Re (g∗
pmp (r) f (r) ⟨𝜌ge (𝑡) 𝑒−𝑖𝜔pmp𝑡⟩)

−2𝛼 Γ1Ωprb
Re (g∗

prb (r) f (r) ⟨𝜌ge (𝑡) 𝑒−𝑖𝜔prb𝑡⟩)) . (4.22)

We used the fact that Ωpmp/prb = −𝑑𝐸pmp/prb (𝒪) /ℏ, and thus𝐸pmp (𝒪) /𝐸prb (𝒪0) = Ωpmp/Ωprb.
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4.2 Two beams interacting with a TLS

The first three terms describe the intensities of pump field, probe field, and of
the light scattered by the molecule, respectively. The three remaining terms
account for the interference of pump and probe beams, pump beam and the
scattered light, and probe beam and the scattered light.

Except for the first two summands, all terms show an explicit oscillatory
time dependence. The dominant oscillation frequency is determined by the
pump-probe detuning 𝛿, which is in the range of 1 − 100 MHz for typical
measurements. As the experimental transmission signal is very weak (only
around one million photons per second) integration times of milliseconds
and longer are required to record the transmitted power with a sufficient
signal-to-noise ratio. Using a specialized detection scheme, it is neverthe-
less possible to resolve such timescales. In section 4.5, we present such a
measurement to demonstrate the occurrence of four-wave mixing.

The time averages in Eq. (4.22) can be calculated with the help of Eqs. (4.15)
and (4.16):

⟨𝜌ee (𝑡)⟩ = ⟨∑ ̃𝜌ee,𝑛𝑒𝑖𝑛𝛿𝑡⟩ = ̃𝜌ee,0, (4.23)⟨𝜌ge (𝑡) 𝑒−𝑖𝜔pmp𝑡⟩ = ⟨∑ ̃𝜌ge,𝑛𝑒𝑖𝑛𝛿𝑡⟩ = ̃𝜌ge,0, (4.24)⟨𝜌ge (𝑡) 𝑒−𝑖𝜔prb𝑡⟩ = ⟨∑ ̃𝜌ge,𝑛𝑒𝑖(𝑛−1)𝛿𝑡⟩ = ̃𝜌ge,1. (4.25)

Accordingly, Eq. (4.22) simplifies to𝐼trans/2𝜖0𝑐 = 𝐸2
prb (𝒪) (Ω2

pmpΩ2
prb

∣gpmp (r)∣2 + ∣gprb (r)∣2 + 𝛼2 |f (r)|2 Γ21Ω2
prb

̃𝜌ee,0− 2𝛼ΩpmpΓ1Ω2
prb

Re (g∗
pmp (r) f (r) ̃𝜌ge,0)

−2𝛼 Γ1Ωprb
Re (g∗

prb (r) f (r) ̃𝜌ge,1)) . (4.26)

To obtain the transmitted power 𝑃trans, Eq. (4.26) has to be integrated over
the detection solid angle 𝐴det. We are only interested in variations of the
probe beam transmission. To that end, we spatially separate the two beams
in the experiment, to measure only the probe power. This corresponds to
gpmp (r) = 0 over the full detection angle. In practice, this condition is not
completely fulfilled. Hence, we include the contribution of residual pump
light in the theoretical treatment.
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4 Nonlinear optics with a single molecule

To calculate the relative change in transmission, it is necessary to define a
reference power 𝑃0. In case of monochromatic excitation, this is the trans-
mitted power of the incident field far from resonance. Now, however, we have
to include the interaction of pump beam and TLS, which is occurring even
when the probe beam is far detuned. The pump excites the TLS, leading to
extinction and the emission of light by the molecule into the detection solid
angle. While the contribution of pump beam extinction can be eliminated
by perfect spatial separation of the two beams, scattered pump light is al-
ways present in the detection solid angle. Taking these effects into account,
we write the reference power:

𝑃0 =2𝜖0𝑐𝐸2
prb (𝒪) ∫𝐴det

(Ω2
pmpΩ2
prb

∣gpmp (r)∣2 + ∣gprb (r)∣2
+𝛼2 |f (r)|2 Γ21Ω2

prb
̃𝜌(pmp)
ee − 2𝛼ΩpmpΓ1Ω2

prb
Re (g∗

pmp (r) f (r) ̃𝜌(pmp)
ge )) d𝐴=2𝜖0𝑐𝐸2

prb (𝒪) 𝐴0. (4.27)

Here, ̃𝜌(pmp)
ge and ̃𝜌(pmp)

ee refer to the respective density matrix elements in
the absence of the probe beam. Using Eq. (4.27), we can write down the
normalized transmission:

𝑇 =2𝜖0𝑐 ∫𝐴det
𝐼transd𝐴𝑃0=𝑇0 (1 + 𝑇pmp

Ω2
pmpΩ2
prb

+ 𝜂mol
Γ21Ω2

prb
̃𝜌ee,0 − 2𝜂pmp

ΩpmpΓ1Ω2
prb

Im (𝑒−𝑖𝜙pmp ̃𝜌ge,0)
−2𝜂prb

Γ1Ωprb
Im (𝑒−𝑖𝜙prb ̃𝜌ge,1)) . (4.28)
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The spatial dependence of the fields is included in the following factors:

𝑇0 = ∫𝐴det
∣gprb (r)∣2 d𝐴𝐴0 (4.29)

𝑇pmp = ∫𝐴det
∣gpmp (r)∣2 d𝐴∫𝐴det
∣gprb (r)∣2 d𝐴 (4.30)

𝜂mol = 𝛼2 ∫𝐴det
|f (r)|2 d𝐴∫𝐴det

∣gprb (r)∣2 d𝐴 (4.31)

𝜂pmp = 𝑖𝑒−𝑖𝜙pmp𝛼∫𝐴det
g∗

pmp (r) f (r) d𝐴∫𝐴det
∣gprb (r)∣2 d𝐴 (4.32)

𝜂prb = 𝑖𝑒−𝑖𝜙prb𝛼∫𝐴det
g∗

prb (r) f (r) d𝐴∫𝐴det
∣gprb (r)∣2 d𝐴 (4.33)

Parameters 𝑇pmp and 𝜂mol describe the normalized collection efficiencies of
the pump beam and the light scattered by the molecule, respectively. 𝜂pmp/prb
characterize the normalized mode overlap of the pump and probe beams with
the light scattered from the molecule integrated over the detection solid an-
gle. As in the monochromatic case, we define 𝜂pmp/prb with a factor of 𝑖 to
account for the Gouy phase shift and 𝑒−𝑖𝜙pmp/prb to account for any offset from
the perfect 𝜋/2 Gouy phase.

In the ideal case of perfect pump suppression, we get 𝑇pmp = 𝜂pmp = 0.
This greatly simplifies Eq. (4.28) and leads to𝑇ideal = 𝑇0 (1 + 𝜂mol

Γ21Ω2
prb

̃𝜌ee,0 − 2𝜂prb
Γ1Ωprb

Im (𝑒𝑖𝜙prb ̃𝜌ge,1)) , (4.34)

which is very similar to the expression for a single beam given in Eq. (2.42).
Using Eq. (4.34), we can calculate the transmission of a weak probe beam in

the presence of the strong pump beam. Figure 4.8 a shows this signal in case
of a resonant pump beam. For small Ωpmp, the signal is the usual extinction
dip (compare Fig. 2.19). As Ωpmp increases, the dip becomes wider and less
pronounced due to saturation of the optical transition. At Ωpmp ≈ Γ1, new
features arise for a pump-probe detuning 𝛿 ≈ ±Ωpmp. For Ωpmp > 1.6Γ1,
these features become peaks with a transmission larger than one, i.e., the
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Figure 4.8: Probe beam transmission for varying pump Rabi frequencies for resonant pump
(𝛿 = 0). a, Normalized probe beam transmission as a function of the pump-probe detuning 𝛿.
The vertical blue line labels the resonance frequency of the TLS. b, Contour plot of the probe
beam transmission. The color scale and contour lines are chosen to show only the regime of
amplification. The colored horizontal lines indicate the pump Rabi frequency of the respec-
tive lines in a. The calculation is done in the case of perfect coupling and complete pump
beam suppression, i.e., 𝜂prb = 𝜂mol = 1 and 𝑇pmp = 𝜂pmp = 0. The remaining parameters are
chosen as in Fig 4.6, i.e., the TLS is lifetime-limited (Γ2 = Γ1/2) and Ωprb = 0.5Γ1.

presence of the pumped TLS amplifies the probe beam, even though the TLS
does not show population inversion (see Fig. 4.6 a). The necessary energy
for this process is supplied by the pump beam which faces increased absorp-
tion when the probe beam is amplified [43]. As Ωpmp is increased further, the
magnitude of the amplification becomes less but occurs over a larger pump-
probe detuning range. This behavior can be nicely seen in Fig. 4.8 b, which
shows the amplification of the probe beam in a 2D contour plot. The maxi-
mum amplification of 1.5% is achieved for Ωpmp ≈ 2.6Γ1 and 𝛿 ≈ ±1.4Γ1.

The probe beam amplification becomes more pronounced if the pump
beam is not exactly on resonance. This situation is depicted in Fig. 4.9. Part
a shows the evolution of the probe transmission signal for increasing Ωpmp
at a fixed detuning of Δ = 4Γ1. With growing pump Rabi frequency, the
extinction dip moves further away from the pump frequency due to the AC-
Stark effect. An amplification feature emerges at 𝛿 = Ω′

pmp, with a maximum
amplification of 4.5% for Ωpmp = 8Γ1.

For each Ωpmp there is a specific detuning Δ that optimizes the probe beam
amplification. This can be seen in Fig. 4.9 b: For increasing pump Rabi fre-
quency the optimal detuning grows linearly, while the maximum amplifica-
tion quickly saturates.

The maximum probe beam amplification is also a function of the probe
Rabi frequency. For large Ωprb, the probe beam significantly perturbs the
TLS, leading to a situation where pump as well as probe beam dress the TLS.
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Figure 4.9: Probe beam transmission for an off-resonant pump beam of varying strength. a,
Probe beam transmission for a fixed pump detuning Δ = 4Γ1. The solid blue and dotted
black vertical lines indicate the frequency of the unperturbed resonance and of the pump
beam, respectively. The arrow points in the direction of increasing Ωpmp. b, Maximum achiev-
able amplification and the optimal pump detuning as a function of Ωpmp. The calculation is
done for the ideal case, i.e., 𝜂prb = 𝜂mol = 1, 𝑇pmp = 𝜂pmp = 0, and Γ2 = Γ1/2. The Rabi fre-
quency of the probe beam is fixed at Ωprb = 0.5Γ1, while the pump Rabi frequency is varied
in steps of 2Γ1 from 0 to 16Γ1.

New processes like the previously mentioned subharmonic Rabi resonances
emerge and the probe beam amplification is decreased.

Another situation occurs if Ωprb is small. Even in absence of the probe
beam, the TLS is excited by the pump beam and scatters light into the de-
tection solid angle. If Ωprb ≪ Γ1 the light coming from the TLS dominates
the transmitted signal, concealing the amplitude changes of the probe beam.
However, it is possible to suppress the contribution of fluorescence by imple-
menting a narrow-band spectral filter. The emission spectrum of the strongly
pumped TLS consists mainly of the incoherent Mollow triplet, which has a
central peak at 𝜔pmp and two sidebands at ±Ω′

pmp with linewidths of approxi-
mately Γ1 [59]. In addition, there is the coherently scattered pump and probe
light that maintains the linewidth of the initial fields. If the linewidth of
pump and probe fields is much smaller than Γ1, it is possible to strongly sup-
press the incoherent scattering in the transmitted signal with a narrow-band
filter, which rejects all light not at the probe frequency. If 𝜔pmp ≠ 𝜔prb, this
spectral filter also removes the coherently scattered pump field.

We include this filter in Eq. (4.34) by replacing ̃𝜌ee,0, which is proportional

to the total emission rate, with ∣ ̃𝜌ge,1∣2, which accounts only for coherently
scattered light with frequency 𝜔prb [71]. In this situation, we have 𝑇0 = 1, as
the filter also suppresses light at 𝜔pmp. Including these changes in Eq. (4.34),
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Figure 4.10: a, Probe beam transmission without (black) and with (red) narrow spectral fil-
tering. The vertical dotted black and solid blue lines indicate the pump and TLS resonance
frequency, respectively. Ωprb = 0.1Γ1, Ωpmp = 4Γ1 and Δ = 1.2Γ1. b, Maximum achiev-
able probe beam transmission for Ωprb = 0.001, 0.5, 1 and 2Γ1. The arrow points in the
direction of increasing Ωprb. Δ is optimized to yield the highest transmission.

we can write the spectrally filtered transmission:𝑇filtered = 1 + 𝜂mol
Γ21Ω2

prb
∣ ̃𝜌ge,1∣2 − 2𝜂prb

Γ1Ωprb
Im (𝑒𝑖𝜙prb ̃𝜌ge,1) . (4.35)

Figure 4.10 a shows the impact of filtering on the transmitted signal. With-
out the filter (black curve), the weak probe beam is only a minor part of the
transmitted signal. Hence, the features of the transmission spectrum are
almost completely obscured by light emitted from the TLS. Once the inco-
herent background is removed, the relative amplitude changes increase 50
times (red line). In either case, a transmission of one corresponds to vastly
different transmitted powers: With spectral filter it is just the amount of de-
tected probe light for 𝜔prb far of resonance, while without spectral filter there
is additionally the power emitted by the pump beam driven TLS.

However, spectral filtering is only important for very large coupling effi-
ciencies and detection solid angles. In that case, the power necessary to
achieve a certain probe Rabi frequency is minimized, while the amount of
detected scattered light in the transmission path is maximized. In the exper-
iment, the collection of light emitted by the molecule is negligible compared
to the transmitted probe power.

Figure 4.10 b depicts the maximum achievable probe beam transmission
for different probe Rabi frequencies with narrow spectral filtering. For smallΩprb, the amplification saturates for Ωpmp ≥ 3Γ1 and reaches a maximum
value of 9.5%. As Ωprb is increased, saturation starts at a higher pump Rabi
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Figure 4.11: Schematic of the double-pass arrangement. The black arrows indicate the propa-
gation direction of the beam. 𝜆/2: half-wave plate, 𝜆/4: quarter-wave plate, PBS: polarizing
beam splitter, AOM: acousto-optical modulator. See text for details.

frequency and the maximum amplification is reduced. Hence, it is beneficial
for the experiments to operate at low Ωprb.

4.3 Transmissionmeasurements

4.3.1 Modifications to the setup

Investigating the interaction of a probe beam with a single strongly pumped
molecule requires three major components. First, we need a molecule that
is stable, even if driven at high pump rates. Second, the pump and probe
laser beams with different frequencies should couple efficiently to the same
molecule. And third, we need to separate pump and probe beams after the
interaction in order to measure the transmitted power of the latter one.

In the second chapter, we showed that DBATT molecules in a naphthalene
matrix fulfill the first requirement as they are very photo-stable. To obtain
two laser beams with different frequencies, we use two AOMs (AAOptoelec-
tronic) in a double-pass configuration [84]. Figure 4.11 shows a schematic
of the experimental implementation. Light from the ring dye laser is divided
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4 Nonlinear optics with a single molecule

with a polarizing beam splitter (PBS) into two beams, each going to one AOM.
The half-wave plate is used to adjust the intensity in these two arms. The next
PBS is oriented such that all light coming from the laser is reflected and then
focused into the AOM. The recollimated beam passes a quarter-wave plate
and is reflected from a mirror under normal incidence. Hence, the light goes
again through the quarter-wave plate and the AOM. Passing the quarter-wave
plate twice leads to a polarization rotation of 90°. The light is now transmit-
ted through the PBS and coupled into a single-mode optical fiber.

Light diffracted by an AOM experiences a frequency shift. For the first
diffraction order, this shift is given by the frequency of the ultrasonic wave
generating the refractive index grating inside the AOM medium. By adjusting
the amplitude and frequency of this wave, it is possible to tune the intensity
and frequency shift of the diffracted beam, respectively. The double-pass
arrangement increases the frequency shift by a factor of two and cancels the
change in the diffraction angle when the frequency of the ultrasonic wave is
tuned. The latter is necessary to couple the beam efficiently into the single-
mode fiber afterwards.

The frequency shift of the pump beam is kept fixed at 400 MHz, while the
probe beam shift is varied from 315 to 535 MHz using home-built electronics
(components from Mini-Circuits) leading to a possible pump-probe detun-
ing 𝛿/2𝜋 of −85 to 135 MHz. The range is limited by the decreasing diffraction
efficiency of the AOM away from its center frequency and imperfect align-
ment of the double-pass arrangement causing residual angle changes of the
first diffraction order. The intensity of each diffracted beam is kept constant
with a PID feedback loop.

Figure 4.12 displays a schematic of the optical setup. The probe beam fol-
lows the normal excitation path, described in subsection 2.2.1. The pump
beam however, is guided along a different way into the cryostat. After leaving
the optical fiber, a high NA objective focuses the beam into the back focal
plane of the second lens of the telecentric system. Objective and lens form a
telescope leading to a small pump beam diameter. A polarizer ensures perfect
linear polarization and a beam splitter reflects part of the beam onto a pho-
todiode to obtain the reference signal for the intensity stabilization. A sub-
sequent neutral density filter adjusts the pump power to the required level.
Using a 50:50 pellicle beam splitter, the pump beam is merged with the probe
beam and directed into the cryostat. The advantage of a pellicle beam split-
ter is the absence of a displacement of the transmitted probe beam, when the
pellicle is added or removed. However, its reflectivity is highly polarization
dependent. Thus, the half-wave plate adjusting the pump beam polarization
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Figure 4.12: Optical paths of pump (yellow) and probe (red) beam. See text for a detailed
explanation. BS: beam splitter, ND filter: neutral density filter, BC: Berek compensator, 𝜆/2:
half-wave plate, 𝜆/4: quarter-wave plate, SPCM: single photon counting module.

is placed behind the pellicle. Any changes induced in the probe beam po-
larization are compensated with the Berek compensator and the probe beam
half-wave plate.

In contrast to the probe, the pump beam is aligned close to the edge of
the optics, which ensures that the aspheric lens inside the cryostat focuses
the pump onto the sample under a high incidence angle. The large refrac-
tive index of the SIL leads to further diffraction of the pump beam out of the
collection angle covered by the second aspheric lens (see Fig. 4.13 a). This
technique achieves spatial separation of the pump and probe beams. Unfor-
tunately, this also compromises the pump beam coupling efficiency.

Owing to its imperfect focusing, the pump light illuminates an extended
sample region and faces scattering at crystal defects leading to residual
amounts of pump light in the probe beam behind the cryostat. To further
reduce the amount of pump light in the transmitted signal, it is focused onto
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Figure 4.13: a, Spatial filtering of the pump beam. The dashed line indicates the collection
solid angle. b, Polarization of pump and probe beam, orientation of the molecular dipole
moment d and the polarizer. 𝜃 is the angle between probe field and dipole moment.

a pinhole blocking light not coming from the probe beam focal volume. Ad-
ditionally, the pump light polarization is set at 45° angle to the dipole orienta-
tion such that it can be filtered out by a polarizer at −45° angle (see Fig. 4.13b).
The quarter-wave plate in front of the polarizer is used to compensate the
ellipticity of the pump beam, which can be introduced by the optical ele-
ments inside the cryostat. Red-shifted fluorescence in the transmitted signal
is blocked with an optical band-pass filter (Semrock).

The contribution of the residual pump light is quantified by 𝑇pmp as de-
fined in Eq. (4.30). It corresponds to the ratio of pump to probe power in
the transmitted signal if both beams drive the molecule with the same Rabi
frequency, i.e., Ωpmp = Ωprb. We typically achieve a value of 𝑇pmp ≈ 1/80.

The polarizer can furthermore be used to increase the visibility of the inter-
ference between probe and light scattered off the molecule, thus emphasizing
the nonlinear effects. In analogy, the visibility of an interference pattern be-
hind a double slit is maximized if the intensities originating from both slits
are equal. Figure 4.14 a shows this effect exemplary for the probe beam ex-
tinction. If the probe beam polarization is parallel to the dipole moment of
the molecule, the fluorescence signal is maximized and the polarizer attenu-
ates both light fields by the same amount, leading to an extinction signal of5%. If the probe beam polarization angle 𝜃 is increased, the amount of light
scattered by the molecule is reduced due to a decreasing coupling efficiency.
However, as Fig. 4.14 b shows, the amount of probe light transmitted through
the polarizer (blue line) is decreased far more, leading to an increase in the
ratio of molecule to probe light after the polarizer (red line). As the probe
light typically dominates in the transmission signal, this makes both intensi-
ties more equal and thus increases the visibility of the extinction signal up to18% at 𝜃 = 45°. However, as at the same time the absolute transmitted power
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Figure 4.14: Effect of the probe beam polarization on the transmitted power and the scattered
light. a, Fluorescence (black squares) and extinction (red circles, right hand y-axis) as a func-
tion of the probe beam polarization angle 𝜃. The solid lines are fits of the theoretical model
to the data. b, Amount of probe light (blue) and light emitted by the molecule (black) that
is transmitted through the polarizer. The red curve shows the change of their ratio and is
projected on the right hand axis. All three curves are normalized to 1 for 𝜃 = 0.

is decreased, there is a trade off between size of the effect and necessary in-
tegration time.

If the probe beam polarization angle is increased further, the ratio of the
scattered to transmitted probe power reduces and so does the extinction sig-
nal. After a minimum at 𝜃 = 90°, where there is no coupling between probe
light and molecule, the extinction signal slowly recovers again.

For the experiment, it is favorable to choose a probe beam polarization
angle 𝜃 slightly below 45°, which leads to an extinction signal of around 10%,
while still giving a large enough count rate to measure a signal change of 0.1%
within one second integration time.

4.3.2 Measurement and evaluation sequence

In a typical experiment, probe beam transmission spectra are recorded for
various settings of the pump Rabi frequency Ωpmp and the pump-molecule
detuning Δ. First, the pump Rabi frequency is determined from the power
broadening of the fluorescence excitation spectrum, which is directly related
to Ωpmp via Eq. (2.28).

In a next step, the pump beam is scanned across the molecule to deter-
mine its center frequency so that the pump-molecule detuning can be set
exactly. The probe beam transmission is very sensitive even to small changes
of Δ, which can occur due to laser frequency drifts or spectral diffusion of
the molecular resonance. In order to account for these variations, the probe
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Figure 4.15: Probe beam transmission signal if no molecule is present. Interference of probe
and residual pump light leads to a dip around 𝛿 = 0. The red line is a Lorentz curve fitted to
the data.

beam is first tuned within one second across the resonance and Δ is read-
justed afterwards. These two steps are repeated several hundred times until
an integration time of typically one second per frequency pixel is obtained.

The resulting transmission signal is corrected for residual probe intensity
fluctuations, by normalizing it with the reference photodiode signal, which
is also used for intensity stabilization. Afterwards, the expected probe trans-
mission, described by Eq. (4.28), is fitted to the measured data. To reduce the
number of parameters, we make the following simplifications: We assume
that pump and probe beams have the same spatial mode over the detection
angle, but the pump field strength is reduced by a factor √𝑇pmp:

gpmp (r) ≈ gprb (r) √𝑇pmp. (4.36)

This approximation is justified, since the transmitted light is spatially filtered
using a pinhole. Thus, residual pump light that remains after the pinhole
should be in the same mode as the probe beam. From Eq. (4.36) it also follows
that the deviation from the ideal 𝜋/2 Gouy phase shift is equal for pump and
probe, i.e., 𝜙pmp = 𝜙prb. Accordingly, we obtain the relation:𝜂pmp = √𝑇pmp𝜂prb. (4.37)

Additionally, we identify 𝜂mol = 𝜂2
prb, which we already used in the single

beam case, treated in subsection 2.1.6.
Figure 4.15 shows the destructive interference of pump and probe beams

occurring on the detector around 𝛿 ≈ 0 if no molecule is present. The dip is
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Figure 4.16: Probe beam transmission with (red) and without correction (black) for residual
pump light. The solid lines are a fit to the data. a, weak pump beam case with Ωpmp ≈ 4Ωprb
and Δ = 5 MHz. b, strong pump beam case with Ωpmp ≈ 13Ωprb and Δ = −14 MHz.

well described by a Lorentzian curve with a FWHM of 6 MHz, corresponding
to roughly twice the laser linewidth. We divide the probe beam transmission
signal by the normalized Lorentzian curve to remove this artifact.

In total, this leaves us with the following parameters:

• The natural linewidth Γ1 and the dephasing rate Γ2. While the natural
linewidth is known from literature, the dephasing rate can determined
via fluorescence excitation scans at weak power. Both are fixed values
for the fit.

• The relative suppression of the pump beam 𝑇pmp. This is determined
by measuring the transmitted pump and probe powers at a given Rabi
frequency and is kept at a fixed value.

• Pump and probe Rabi frequencies Ωpmp/prb and the pump-molecule
detuning Δ are initially set to the experimental target values, but they
are then treated as free parameters to allow for a small offset.

• The mode overlap of probe and molecular light 𝜂prb and the deviation
from the ideal Gouy phase shift 𝜙prb are as well free fit parameters.

• The magnitude of the correction for the destructive pump-probe inter-
ference shown in Fig. 4.15.

Using these six free parameters, it is possible to fit the theoretical model to
the data.

As mentioned earlier, we typically achieve a pump beam suppression𝑇pmp ≈ 1/80. However, we perform measurements where Ωpmp is more
than ten times larger than Ωprobe. As incident and transmitted power depend
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quadratically on the Rabi frequency, this means that the ratio of the detected
pump to probe power can be 1 ∶ 1 or even worse. This results in a signifi-
cant influence of the residual pump light on the measured signal. To remove
this unwanted contribution, we first fit the theory curve of Eq. (4.28), which
accounts also for transmitted pump light. Using the optimized parameters,
we calculate the changes caused by the residual pump light and correct the
signal by subtracting the pump beam contribution.

Figure 4.16 shows the impact of that correction for relatively low (a) and
high pump power (b). In both cases the shape is barely affected, but the
magnitude of the signal variation increases.

4.3.3 Experimental results

In order for the experimental results to be comparable, all measurements
were performed with the same DBATT molecule. It showed a linewidth ofΓ1/2𝜋 = 20 MHz and exceptionally high photo-stability, which was required
as the measurement time for a single transmission spectrum easily exceeded
one hour. This made the mediocre coupling efficiency of only 3% acceptable.

The most relevant parameters that determine the transmission spectrum
are the pump-molecule detuning Δ and the pump Rabi frequency Ωpmp. We
present first the evaluation of the transmission signal with increasing Ωpmp
for two fixed values of Δ. Afterwards, the pump Rabi frequency is kept fixed,
while the pump-molecule detuning is varied. All measurements are cor-
rected for the pump-probe interference around 𝛿 = 0 and for residual pump
light, as described in the previous subsection. The probe beam power is var-
ied between Ωprb/2𝜋 = 2 − 6 MHz, i.e., it is always much smaller than Γ1.

Figure 4.17 displays the evolution of the probe beam transmission spec-
trum, as the Rabi frequency of the resonant pump beam is increased from 0
- 57 MHz. Without the pump beam (a), we observe the usual extinction dip.
As the pump beam is turned on, the extinction dip becomes shallower due to
saturation of the 𝑆0 → 𝑆1 transition. In addition, sidebands emerge already
for Ωpmp < Γ1 (b), forming the precursor of the Mollow absorption spec-
trum. As Ωpmp is increased further, two dispersive features arise (c) with a
transmission equal to 1 at a pump-probe detuning 𝛿 ≈ ±Ωpmp. Moreover, the
signal shows a transmission exceeding 1, corresponding to amplification of
the weak probe beam. As explained in section 4.1, this demonstrates energy
transfer from the pump to the probe beam, mediated by the molecule.

In part d, the dispersive wings become even wider, causing probe beam
amplification over a frequency range of roughly 50 MHz with a peak value of
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0.5%. The asymmetry of the transmission signal is caused by a small pump-
molecule detuning of just −2 MHz, emphasizing the importance of main-
taining a stable pump-molecule detuning throughout the measurement. At
such large pump Rabi frequencies, the residually collected pump light starts
to outweigh the probe beam power in the transmission signal. Furthermore,
theory predicts weaker modulations of the probe beam transmission (see
Fig. 4.8) for a resonant pump beam. Thus, we we did not continue these
measurements beyond Ωpmp/2𝜋 ≈ 60 MHz, corresponding to a saturation
parameter of 𝑆 = 16.

Figure 4.18 shows the evolution of the probe beam transmission with in-
creasing Ωpmp, in case of a pump-molecule detuning of Δ/2𝜋 ≈ 6 MHz. With
the pump beam turned on, the frequency of minimum transmission is shifted
due to the AC-Stark effect. As before, increasing saturation of the molecule
decreases the size of the extinction dip. At the same time, a dispersive feature
emerges around 𝛿 ≈ 0, as can be nicely seen in the green region of part c. It is
caused by stimulated Rayleigh scattering, which leads to an energy transfer
between pump and probe beam. In the blue region of part c, the probe beam
is amplified via a three-photon transition by up to 0.3%.

The measurement at the highest Rabi frequency (d) is again at the edge of
the feasible parameter space. At such high pump powers, the contribution
of the residual pump light is almost four times stronger than the collected
probe light. The signal is furthermore, strongly affected by a deviation from
the ideal Gouy phase shift, which significantly distorts the probe beam trans-
mission, e.g., it is removing the three-photon amplification signal around𝛿/2𝜋 = 50 MHz. The combination of these two effects renders measure-
ments at even higher pump Rabi frequencies impossible. Nevertheless, the
data is perfectly reproduced by the theoretical model.

We now focus on the situation, where Δ is varied while Ωpmp is kept con-
stant. In Fig. 4.19, the pump Rabi frequency Ωpmp/2𝜋 ≈ 17 MHz. As indi-
cated by the blue line, which marks the transition frequency of the unper-
turbed molecule, the pump-molecule detuning Δ/2𝜋 is varied from 10 MHz
in a to −5 MHz in d. Each step corresponds just to a quarter of the transi-
tion linewidth and nevertheless changes the probe transmission spectrum
significantly. In a and b, the AC-Stark effect causes a shift of the minimum
transmission to lower frequencies, while in part d the changing sign of Δ
leads to a shift to higher frequencies.

Figure 4.20 shows a similar evolution of the transmission signal, but this
time at a larger pump Rabi frequency of Ωpmp/2𝜋 ≈ 37 MHz and over a
slightly extended pump-molecule detuning range of 13 MHz in a to −10 MHz
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4 Nonlinear optics with a single molecule

in e. Besides the changing AC-Stark shift, here also stimulated Rayleigh scat-
tering and three-photon amplification are affected.

Similar to the AC-Stark effect, stimulated Rayleigh scattering changes its
behavior with the sign of the pump-molecule detuning. If Δ > 0 (a and b),
the probe beam is amplified via this process in a region with 𝛿 < 0. As the
pump-molecule detuning becomes negative (d and e), the dispersive shape
of the stimulated Rayleigh scattering is flipped and the probe beam is now
amplified at positive pump-probe detuning.

The three-photon amplification is affected in two ways by the pump-
molecule detuning. From a to b, the amplification is shifted to a slightly
lower frequency, and, at the same time, the maximum amplification increases
marginally from 0.25% to 0.28%. This is in perfect agreement with the pre-
diction of a particular pump-molecule detuning which optimizes the probe
beam amplification, as shown earlier in Fig. 4.9. The same behavior is re-
peated for negative pump-molecule detuning (d and e). Amplification oc-
curs now at a negative pump-probe detuning and has a maximum value of0.30% in d and slightly smaller value of 0.26% in e.

Figures 4.17 to 4.20 demonstrate how the pump beam controls the probe
transmission spectrum via a nonlinear interaction with a single molecule. In
a linear regime, all plots would display the same curve, as the interaction
of probe and molecule would be not affected by the pump beam. Instead,
the nonlinear response of a single molecule leads to all features predicted by
the dressed state model - AC-Stark shift, stimulated Rayleigh scattering and
three-photon amplification. Over a wide parameter range, the measured data
are well described by our theoretical model.

4.4 Few-photon optical switching

The measurements show that the interaction of two light beams does not re-
quire high optical power or bulk nonlinear crystals. Two faint beams tightly
focused onto a single molecule can already yield significant effects. The key
component is our high coupling efficiency, which becomes evident when we
compare our results to previous ensemble measurements. In case of the
experiments presented in Ref. [139], around 1010 atoms were necessary to
achieve 38-fold amplification of the probe beam using the same nonlinear
process. This corresponds to an amplification of approximately 4×10−10 per
atom. We report a value of 0.3% using a single molecule, which is about seven
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4.4 Few-photon optical switching

orders of magnitude larger. This dramatic increase is enabled by tight focus-
ing, a strong lifetime-limited transition, and incident fields with frequencies
close to the molecular resonance.

This result paves the way towards cavity-free nonlinear optics with single
emitters and weak light fields of only few photons per lifetime. Even though
the molecule used in this chapter shows only a coupling efficiency of 3%,
which is further reduced to 2% taking the probe beam polarization into ac-
count, this still means that just 1.6 probe photons per lifetime are present
during the measurements of Fig. 4.17 to Fig. 4.20.

The spatial separation of pump and probe beams requires a different op-
tical path for both beams. Owing to its small beam diameter, the coupling
efficiency of the pump beam is roughly ten times lower. Thus, around 960
pump photons per lifetime were necessary to observe the probe beam trans-
mission spectrum of Fig. 4.18 c. While the spatial separation is a convenient
method, it is not the only way to differentiate pump and probe beam in the
transmission signal. Another feasible, but experimentally more challeng-
ing, technique is the use of a narrow-band optical cavity to spectrally sep-
arate pump and probe beam. In that case, pump and probe can share the
same spatial mode and can, hence, be coupled equally efficiently to the sin-
gle molecule. If we, moreover, assume a coupling efficiency of 5%, which is
routinely achieved, then the number of pump photons reduces from 960 to32 photons per lifetime. By further increasing the NA of the focusing optics
and using a directional dipole mode to excite the molecule [66], it should be
possible to increase the coupling efficiency to ∼ 50%, which is then only lim-
ited by the Debye-Waller and Franck-Condon factors of the molecule. At this
coupling efficiency, the number of required pump photons would be reduced
to as few as 3 photons per lifetime.

A possible application of such a strong nonlinearity, would be the switch-
ing of a weak beam with few photons, which is an important technology for
optical quantum and classical information processing [26]. Indeed, our sys-
tem enables such an interaction [42]. The green curve in Fig. 4.21 a shows the
probe beam transmission in the absence of a pump beam. For this measure-
ment, the mode overlap of the light scattered by the molecule and the probe
beam on the detector is increased by using a single-mode fiber to collect the
transmitted light. This leads to an extinction dip of 30%. Furthermore, the
precise spatial selection of the optical fiber enhances the relative pump beam
suppression to more than 200. These improvements come at the expense of
a reduced count rate, as all light not matching the mode of the fiber is not
collected.
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Figure 4.21: a, Probe beam transmission signal without (green) and with (blue) pump light
at Δ/2𝜋 = 18 MHz and Ωpmp/2𝜋 = 50 MHz. The switching contrast is shown by the
red curve, which employs the axis on the right-hand side. The solid lines are fits to the
data. b, as in a, but for perfect coupling. The pump beam parameters for the blue curve
are Ωpmp/2𝜋 = 30 MHz and Δ/2𝜋 = 10 MHz. The vertical solid blue and dotted black
lines indicate the frequency of the unperturbed transition and the pump beam, respectively.
c, Switching contrast with pump beam parameters as in b, but variable probe Rabi frequency.
From [42] with changes.

When the pump beam is turned on (Ωpmp/2𝜋 = 50 MHz, Δ/2𝜋 =18 MHz), the transmission of the probe beam is greatly increased as shown by
the blue curve. In this fashion, the pump beam can switch the transmission of
the probe beam. We define a switching contrast as 𝑇on/𝑇off to quantify this
behavior. Here, 𝑇on and 𝑇off denote the transmitted probe power with the
pump beam turned on and off, respectively. We reach a maximum switch-
ing contrast of 1.5 corresponding to 1.8 dB at the resonance frequency of the
unperturbed molecule, as shown by the red curve in Fig. 4.21 a.

If we assume perfect coupling, combined with the detection through a
narrow-band cavity to remove the pump beam and incoherent fluorescence
from the molecule, we arrive at the situation shown in part b. With a pump
Rabi frequency of only 30 MHz and Ωprb/2𝜋 = 5 MHz, corresponding to just
above 1 pump photon per excited state lifetime, we obtain a switching con-
trast of 80 or 19 dB.
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Figure 4.22: Schematic of a single molecule optical router. See text for explanation. filter:
narrow-band spectral filter.

An interesting feature of our single molecule switch is the fact that it has
two output ports: If the pump beam is turned off, the probe beam is reflected
by the molecule [66]. While if the pump is switched on, the probe beam is
transmitted. Figure 4.22 depicts how this property could be used to construct
a single molecule optical router. Pump and probe light is focused onto a
molecule after passing an optical circulator. The circulator directs light that
is reflected by the molecule into output port 2, while the transmitted light
arrives in output port 1. Narrow spectral filters remove the pump light in the
output modes. Using such a setup enables a weak pump beam to control the
direction of another beam [141].

The switching contrast is a function of the probe beam Rabi frequency, as
depicted in Fig. 4.21 c. This behavior is mainly caused by the reduced extinc-
tion signal for large Ωprb (compare Fig. 2.7). A switching contrast above 10
is only observed for Ωprb/2𝜋 < 10 MHz = Γ1/2. This corresponds to a 1/8
photon per lifetime. However, the equivalent absolute power is a function of
the excited state lifetime. It can be decreased by placing the molecule inside
a micro-cavity [142] or close to a plasmonic nano-structure [81]. In that way,
the usable input power can be adjusted to match the specific needs.

4.5 Time-dependentmeasurements

4.5.1 Setupmodifications and measurement technique

Monitoring an optical signal that changes at a rate of 100 MHz (corresponding
to a period of 10 ns) is usually not a problem, as state of the art photodiodes
can even resolve frequencies of more than 10 GHz. The challenge in our case,
is the weak power of the transmitted beam. It consists of only one million
photons per second, meaning that on average only every 100th oscillation cy-
cle contains a photon. Observation of such faint light beams requires the use
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Figure 4.23: Working principle of the time-dependent measurements. a, Reference signal.
b, The reference signal of a is converted into a series of pulses. c, Pulses generated by the
detection of single photons. Δ𝑡 marks the time delay between a photon pulse and the next
reference pulse. Plots a - c share a common time axis. d, Histogram of time delays Δ𝑡.

of sensitive single photon counting modules. Their time resolution, however,
is limited by the so-called dead time, which renders the detector unrespon-
sive to light for roughly 50 ns after the registration of a photon. Thus, it is not
possible to directly resolve variations on a nanosecond scale.

To circumvent this problem, we take advantage of the signal periodicity.
By measuring the arrival time of each photon relative to a reference with the
same oscillation period and fixed phase relation, we can reconstruct the time
evolution of the original signal [96].

The working principle of this method is depicted in Fig. 4.23. A reference
signal (a) is converted into a series of pulses (b). The weak signal, whose
time dependence should be measured, is detected with a SPCM. The arrival of
each photon generates a short electric pulse (c). Instead of just counting the
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4.5 Time-dependent measurements

number of pulses within a certain integration time, the delay Δ𝑡 between the
photon arrival and the next reference pulse is recorded. Using the measured
time delays, a histogram can be created that reflects the time dependence of
the weak signal (d).

Figure 4.24 a shows how the reference is obtained for the transmission
measurement. Before the two beams enter the cryostat, a part of pump (yel-
low) and probe beams (red) is split off and superposed on a fast and sensitive
linear-mode avalanche photodiode (Menlo Systems). In the ideal case, the
resulting beating signal has a fixed phase relation to the relative phase of
pump and probe fields at the position of the molecule. However, refractive
index fluctuations, e.g., due to temperature or air pressure changes within the
interferometer (blue shaded area), can cause a variation of the optical path
difference for pump and probe. This leads to a modification of the phase re-
lation and hence to a blurring of the time-dependent signal. To reduce the
impact of these fluctuations, the size of the interferometer should be mini-
mized. Experimental constraints lead to rather large interferometer arms of
around 1 m and the resulting phase jitter is approximately 15°.

For the time-resolved excited state population measurements, the jitter
can be vastly reduced. In that case, it is not necessary to separate pump and
probe beams after the cryostat because the signal is the red-shifted fluores-
cence of the molecule. Hence, pump and probe can share the same optical
path, rendering their relative phase insensitive to refractive index fluctua-
tions. To ensure perfect mode overlap, pump and probe beams are coupled
to single-mode optical fibers, which are combined at a fiber-coupled beam
splitter (see Fig. 4.24 b). One output port is used as reference signal, while
the light in the other port is sent into the cryostat. The fluorescence signal is
separated from the excitation light with a long-pass filter and detected using
a SPCM.

The time difference between the photon arrival and the reference signal
is measured with a time-correlated single photon counting (TCSPC) system
(Picoquant). To convert the reference beating into a series of pulses, in accor-
dance with the TCSPC system requirements, the beating signal is amplified
(Mini-Circuits) and then employed as trigger for a time delay and pulse gen-
erator (Stanford Research Systems). Whenever the beating signal crosses a
specific threshold with a positive slope, a short rectangular pulse is generated.
If this is done for every cycle of the reference oscillation, the maximum mea-
surable time delay is limited to one beating period. To record several cycles of
the signal, the pulse generator is configured to ensure a minimum time delay
between subsequent reference pulses of 2 μs. Hence, depending on the exact
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4.5 Time-dependent measurements

value of the pump-probe detuning, between 1 and 200 periods of the beating
signal are skipped until the next reference pulse is generated.

The pulse generated by the SPCM after the detection of a photon consti-
tutes the start signal for the TCSPC system, while the pulse deduced from the
reference beating stops the time measurement. Hence, the TCSPC system
measures the delay between the photon arrival and the next reference pulse.
If the photon count rate is much smaller than the rate of reference pulses,
one can use a histogram of the time delays to describe the time evolution of
the weak signal. The time resolution is limited by the timing uncertainty of
the SPCM, which is caused by a variation of the time delay between the ab-
sorption of a photon and the generation of the output pulse. This so-called
transient time spread is around 0.6 ns [71], more than ten times below the
shortest oscillation period we want to observe.

4.5.2 Experimental results

We present first the time-dependent probe transmission signal and after-
wards the excited state population of a single molecule.

Four-wavemixing

Figure 4.25 a shows the time-resolved transmission signal for 200 different
values of the pump-probe detuning 𝛿. At each detuning, we observe a peri-
odic beating with a frequency given by 𝛿. It can be nicely seen in part b, where
a cross section of the time dependent transmission signal for a pump-probe
detuning of 50 MHz is depicted. The beating is caused by the interference
of residual pump light with the transmitted probe field. As the pump-probe
detuning is changed, the periodicity of the beating signal is altered as well.
This leads to the pattern visible in a.

To analyze the signal in more detail we perform a Fourier transform of the
time-dependent transmission signal as depicted in c and d. The color code
shows the magnitude of the respective frequency component. The dominant
feature, labeled as (i), occurs directly at the pump-probe frequency detuning.

More interesting is a second weaker feature at twice the pump-probe de-
tuning, labeled as (ii). The mere existence of this signal indicates a nonlinear
interaction of pump and probe beam, as it requires a light field with a new
frequency. This new frequency can only originate from the light coherently
scattered by the molecule. With Eq. (2.34) we can write the expectation value
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Figure 4.25: Time-dependent transmission signal. a, Transmission signal in time space. b,
Transmission signal at a pump-probe detuning of 𝛿/2𝜋 = 50 MHz, as indicated by the dashed
vertical line in a. c, Fourier transform of the time-dependent transmission signal shown in
a. The color code uses a logarithmic scale. d, Fourier transform of the transmission signal
at a pump-probe detuning of 𝛿/2𝜋 = 50 MHz, as indicated by the dashed vertical line in c.
The experimental parameters are: Ωpmp/2𝜋 = 51 MHz, Ωprb/2𝜋 = 8 MHz and Δ/2𝜋 =18 MHz.

of the scattered field as:⟨ ̂E−
scat (r, 𝑡)⟩ ∝ ⟨𝜎̂†(𝑡)⟩ = ∞∑𝑛=−∞ ̃𝜌ge,𝑛𝑒𝑖(𝜔pmp+𝑛𝛿)𝑡, (4.38)

where we used Eq. (4.16) in the second step. As can be seen from Eq. (4.38),⟨ ̂E−
scat (r, 𝑡)⟩ is a superposition of light fields of frequency 𝜔pmp + 𝑛𝛿, with an

amplitude given by ∣ ̃𝜌ge,𝑛∣.
Only four of the frequency components could explain the additional beat-

ing signal. The components with 𝜔pmp − 𝛿 or 𝜔pmp + 3𝛿 could interfere with
the probe beam, or the components with 𝜔pmp ± 2𝛿 could interfere with the
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Figure 4.26: a, Amplitude of different frequency components in the field emitted by the
molecule. The vertical blue and black lines indicate the frequencies of the unperturbed
molecular resonance and of the pump beam, respectively. The parameters are equal to those
of Fig. 4.25. b, Level scheme of the four-wave mixing process leading to a new field with
frequency 𝜔prb − 2𝛿.

pump beam, to cause a beating signal at 2𝛿. Figure 4.26 a shows the am-
plitude of the respective frequency components. As ∣ ̃𝜌eg,𝑛∣ = ∣ ̃𝜌eg,−𝑛∣, it is
sufficient to plot three curves. Besides a narrow frequency window around
the unperturbed molecular resonance, the absolute value of ̃𝜌eg,1 dominates,
which corresponds to the amplitude of the oscillation at 𝜔pmp −𝛿 = 𝜔prb −2𝛿.
A wave at this frequency is generated during the degenerate four-wave mix-
ing process depicted in b: Two pump photons are absorbed and the probe
beam stimulates the emission of a photon at 𝜔prb, while a photon at 𝜔prb − 2𝛿
is spontaneously emitted [1].

As the pump-probe detuning becomes larger than 70 MHz, the beating at2𝛿 disappears. Moreover, a reference measurement with pump and probe
frequencies far away from the resonance shows no beating at this frequency.
Both observations indicate that the four-wave mixing process is indeed en-
abled by the narrow resonance of a single molecule and not an unknown
nonlinear effect, e.g., of the naphthalene matrix or the detector.

Evolution of the excited-state population

While the time evolution of the transmitted signal reveals the dynamics of the
driven molecular dipole, we can use the fluorescence signal to study the time
dependence of the excited-state population. The measurement technique
is the same as for the transmission signal, but this time the start of a time
measurement is triggered by the detection of a fluorescence photon.
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Figure 4.27: Time-dependent excited state population. a, Sketch of the electric field time
evolution. b - d, Fluorescence signal of a single molecule as a function of the beating phase𝛿 ⋅ 𝑡 (top, blue axis) and time (bottom axis). The pump-probe detuning is varied from b
- d as indicated by the label. The blue stripes show the lifetime of the excited state. The
red solid lines are fits of Eq. (4.2.1) to the data. The data has been corrected for background
fluorescence. Figure from [42] with minor changes.

The dynamics of the excited-state population is governed by the interfer-
ence of pump and probe fields at the position of the molecule as shown in
Fig. 4.27 a. When both fields interfere destructively the molecule is only
weakly driven, while half a beating period later constructive interference
leads to a strong excitation of the molecule. The contrast between weak and
strong driving is most pronounced if pump and probe Rabi frequencies are
equal. For the measurements shown in Fig. 4.27 b-d, the experimental pa-
rameters are thus Ωpmp = Ωprb = 2𝜋 ⋅ 140 MHz. For each measurement, the
pump beam is on resonance, i.e., Δ = 0, while the pump-probe detuning 𝛿
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4.5 Time-dependent measurements

is set to a specific value. For better comparison, the fluorescence evolution is
plotted as a function of the beating phase 𝛿 ⋅ 𝑡 (blue axis). On this scale, the
positions of the constructive and destructive interference are independent of
the pump-probe frequency difference. A second axis also shows time for each
case (bottom, black axis) to visualize the different time scales involved.

In parts b and c, the effective Rabi frequency quickly rises to significant
values on a time scale much shorter than the excited state lifetime due to
the large pump-probe detuning. This causes the excited-state population
to undergo Rabi oscillations. As the driving strength changes throughout
the beating period, the oscillations are chirped. Their frequency is highest
when pump and probe fields are in phase and decreases as destructive in-
terference sets in. The amplitude of the Rabi oscillation is largest when the
driving starts after destructive interference and is subsequently damped due
to spontaneous emission.

In plot d, the total field increases only slowly and, hence, no Rabi oscilla-
tions are observable. As soon as the excitation field saturates the molecule,
the excited state population does not change any more and the fluorescence
signal stays constant for most of the beating period. Only around complete
destructive interference of pump and probe beams, spontaneous decay leads
to a drop of the excited state population.

The high intensities of the pump and probe beams lead to the excitation
of off-resonant molecules in the focal volume, contributing to a background
which is accounted for by a term linear in the intensity of the incident field.
By fitting this extended model to the measured data, we can deduce the
amount of background fluorescence and correct the measured data accord-
ingly.

Here, we showed the time-dependent response of the excited state popula-
tion. As the molecule is continuously driven by the pump and probe beams,
it is all the time in a quasi-steady-state. The changing population is caused
by interference of pump and probe, which lead effectively to excitation of the
molecule with an ever changing Rabi frequency.

New compelling features arise, when considering pulsed pump and probe
excitation. The usage of pulses allows the observation of the transient fea-
tures, occurring directly after switching on the driving fields. In contrast to
continuous-wave excitation, the molecule always starts in the ground state
when the pulses impinge on the molecule. The sudden appearance of the
pump beam transfers the molecule into an entangled superposition of differ-
ent dressed states [143].
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4 Nonlinear optics with a single molecule

It was shown that the excited state population depends in that case on the
relative phase between pump and probe pulses [143]. A similar dependence
should also exist for the transmitted probe power. The phase between pump
and probe pulse, thus, adds an additional degree of freedom to control the
dynamics of the molecule and the interaction of pump and probe. As these
effects disappear within one excited state lifetime, sub-nanosecond pulses
are required for the investigation. At the same time, the pulses must not be
too short, to still allow spectral selection of a single molecule. Hence, a pulse
duration of a few 100 ps would be ideal and also accessible in the required
wavelength range by using a pulsed dye laser.
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5 Outlook

In this work, we demonstrated few-photon nonlinear optics with a single
molecule, enabled by the efficient coupling between excitation light and
emitter. We also presented potential applications of this large nonlinearity
in terms of a single molecule optical router. In the last part of this thesis, we
discuss possible future experimental and theoretical investigations.

Having established control over a single molecule, a natural extension of
our work is to study nonlinear optics with “small ensembles”. Using wide-
field illumination, we can acquire position and resonance frequency of many
molecules in parallel. Thus, it should be possible to identify molecules close
to plasmonic nano-structures or pairs of dipole-coupled molecules. Indeed,
there are theoretical investigations of the response of a metal nano-particle
quantum dot hybrid system [144, 145] and of dipole-coupled atoms [146] to a
bichromatic driving field. These studies can be readily expanded to organic
dye molecules and predict novel spectral features in absorption as well as in
emission. In the latter case, one remarkable property is the appearance of a
new gain feature at moderate pump levels of Ωpmp ≈ 2Γ1 in a spectral region
where there is only attenuation for a single emitter. Indeed, it can be shown
that the origin of this new peak is the dipole-dipole coupling [146]. In case of
the hybrid system, there are two distinct regimes, depending on the distance
of emitter and metal nano-particle. If this distance is larger than a critical
value of around 15 nm, the pump field experiences plasmonic enhancement
corresponding to a driving of the emitter with an increased Ωpmp. But if the
distance is below the critical value, fundamentally different effects occur. In
particular, the probe beam experiences pronounced gain in a narrow spectral
region around zero pump-probe detuning [144].

Another major task is to bridge the remaining gap to a perfect coupling
efficiency. Different possible methods have been pointed out in section 3.3,
namely usage of a Gallium phosphide solid immersion lens, a spherical mir-
ror to refocus the light onto the molecule, and an optical antenna structure
[125]. While all three approaches demonstrate methods to funnel the light
very efficiently to the molecule, the possible coupling is still limited by the
Debye-Waller and Franck-Condon factors of the molecule. This puts an up-
per bound of roughly 50% onto the coupling efficiency.
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5 Outlook

To overcome this constraint, we need to optimize the fluorescence branch-
ing ratio. This can be achieved by using a cavity that is in resonance with the
ZPL. The presence of the cavity modifies the local density of states, leading
to a Purcell enhancement of the decay rate of the resonant transition [147]. A
Purcell factor 𝐹𝑃 of 100 would increase the fraction of the emission into the
ZPL from 50% to more than 99% [148]. The Purcell factor is determined by
the quality factor 𝑄 and the mode volume 𝑉 of the cavity, and the transition
wavelength 𝜆. It is given by [147]:𝐹𝑃 = 3𝜆34𝜋 𝑄𝑉 . (5.1)

It is evident from Eq. (5.1) that the Purcell enhancement is optimal for a cavity
with small mode volume and large quality factor. However, combining these
two properties is a big technological challenge and so far no cavity is operating
in the high-Q low-V limit [142]. What remains is the optimization of one of
the two values, while keeping the other one in a moderate regime.

A large quality factor leads to very narrow resonance lines which are not
ideal for the combination with solid-state emitters for two main reasons:
Firstly, the linewidth of the emitter should be smaller than the resonance
of the cavity to achieve an optimal Purcell factor. Secondly, the transition
frequencies of solid state emitters are spread over the inhomogeneous distri-
bution which is typically much broader than the resonance of a high-Q cavity.
Hence, the cavity would have to be tuned differently for each emitter [142].

Better suited for the combination with solid-state emitters is the approach
of a low-Q cavity with a very small mode volume. The low quality factor
resolves the problems connected with a narrow cavity resonance, while the
small mode volume could still lead to a significant Purcell enhancement.
Achieving a mode volume close to the fundamental limit of (𝜆/2)3 requires
the mirrors to be separated by less than a micro-meter. One possible realiza-
tion of such a micro-cavities, is the combination of a high numerical aperture,
micron-sized curved mirror with a flat distributed Bragg reflector as second
cavity mirror [142]. By placing a thin dye-doped crystal in such a cavity, one
could potentially achieve a near optimal coupling efficiency.

Such a significantly improved coupling efficiency would open the door to
light-matter interaction at its most fundamental level, where single photons
interact with a single emitter. A theoretical study by Kochan and Carmichael
[120] predicted that the transmission signal depends in this regime on the
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probe beam

pump beam

?
Figure 5.1: Schematic of the fundamental interaction of two photons with a single molecule.

photon statistics of the incident light. Yet, the observation requires a cou-
pling efficiency of greater than 80%. Otherwise, “the [photon] statistics-
dependent features are swamped by the flux of photons which [...] pass out-
side the absorption cross section” [120].

The calculations in Ref. [120] are limited to a single beam with narrow
linewidth. An intriguing question is how the nonlinear interaction of two
beams would change if both beams contained only a single photon, as de-
picted in Fig. 5.1. The theoretical treatment presented in this work uses co-
herent states for the pump and probe beams. Even if we ignored the predic-
tions by Kochan and Carmichael and assumed that incident single photons
would behave like a weak coherent beam of same power, our calculations are
still only valid for an excitation field with a narrow linewidth.

This is very different from a photon that is emitted by a single molecule,
whose linewidth and temporal shape would be determined by the optical
transition. A study by Stobińska and coworkers [149] has shown that the
interaction of a single photon and a single emitter largely depends on the
spectral and temporal shape of the photon. Given the appropriate shape, a
single photon can, e.g., perfectly excite a single emitter.

If we imagine a single pump photon with this shape, the molecule would
be transfered into the excited state and could amplify the probe beam via
stimulated emission. In this case, the probe beam would double in power -
a much stronger amplification than it is possible via the three photon pro-
cess presented in chapter 4. But what happens if the probe photon arrives,
while the pump photon is still exciting the molecule? How does the shape of
the probe photon influence this process. What happens if pump and probe
photons have different temporal shapes? For now, answering these questions
remains an open task for future works dealing with nonlinear optics on the
ultimate quantum level.
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This thesis examines the interaction of light with single dibenzanthanthrene (DBATT) 

dye molecules. DBATT serves as a model for a quantum-mechanical two-level system. 

By means of strong focusing of the incident light and cooling of the dye molecules to 

temperatures below 2 K, a particularly efficient light-matter interaction can be realized. 

This enables observation of the nonlinearity inherent to a two-level system, e.g., in the 

form of saturation of the fluorescence signal with light beams containing only a few 

photons per lifetime of the excited molecular state.

Various nonlinear phenomena arise when two light beams of different frequency are 

sent to a single molecule. These processes can be exploited to coherently manipulate 

the transmission of a beam focused onto a single molecule via a second light 

beam. The occurrent effects, i.e., the AC-Stark shift, stimulated Rayleigh scattering, 

and three-photon amplification, are detected in the transmitted signal. In addition,  

four-wave mixing and the dependence of the excited state population on the phase  

difference of the two incident beams are demonstrated by the use of measurements 

with subnanosecond time resolution. These results show the possible application of  

organic dye molecules in the field of quantum information processing where nonlinearities 

on the single photon and single emitter level are highly sought-after.

In this work, the experimental and theoretical principles of single molecule spectroscopy  

are discussed. Particular attention is placed on the investigation of the coherent  

light-matter interaction using transmission measurements. A significant change in this 

transmitted signal, via the scattering of a single molecule, requires a strong light-matter 

coupling. To quantify the efficiency of this interaction, the maximum possible coupling 

of a focused beam and a single emitter is discussed. The results presented herein 

show that the achieved coupling is typically 5% of the theoretical maximum. Thus, the  

interaction of a molecule with two light fields with different frequencies is investigated. 

The nonlinear effects that arise are described qualitatively within the dressed-atom 

model and quantitatively with a Fourier ansatz. The experimental techniques are  

explained in detail and the measurement results are presented and discussed.

   ISBN 978-3-96147-023-5
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