
SLAC-PUB-327 
July 1967 

FIELD THEORY OF CHmAL SYMMETRY 

Lowell S. Brown* 

Physics Department, Yale University+ 

New Haven, Connecticut 

and 

Stanford Linear Accelerator Center, Stanford University 

Stanford, California 

ABSTRACT 

An infinite class of chiral invariant pion-nucleon Lagxznge 

functions is discussed. Each member of this class is shown to 

be equivalent, under canonical transformation, to the one in which 

the commutator of the axial current with the meson field is an 

isotopic scalar. If the chiral symmetry is broken in this special 

canonical frame in a manner that ensures the partial conserva- 

tion of the axial current, then the theory is unique. 
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I 

The application of chiral SU(2)@ SU(2) current algebra techniques to processes 

involving the emission and absorption of a large number of soft pions can become 

very cumbersome. Recently, Weinberg1 has pointed out that this computational 

complexity can be reduced by employing an effective Lagrangian’ that is chiral symmetric 

save for a part that yields a partially conserved axial current. Since such an effective 

Lagrangian satisfies all the constraints imposed by current algebra, it may be used in 

lowest order to obtain the kinematical and isotopic spin structure of the current algebra 

results for the behavior of scattering or decay amplitudes when the four momenta of vCarious 

emitted (or absorbed) pions vanish. Higher order corrections cannot alter this structure; 

they canonly produce renormalization of coupling constants. The correct values of the 

coupling constants can be inferred’ from the general structure of the current algebra 

method. 

Weinberg1 obtained an appropriate effective Lagrangian by first performing a 

canonical transformation on the o -model3 and then sending the mass of the unphysical 

a-particle to infinity so that it is removed from the theory. It is the purpose of this note 

to investigate an infinite class of chiral invariant pion-nucleon Lagrange functions of the 

type introduced by Giirsey. 
4 

This class is restricted only in so far as the canonical 

pion field momentum is required to involve the first but no higher derivatives of the 

pion field, with no dependence on the nucleon field. We shall show that in the limit of 

perfect chiral symmetry5 every member of this class is equivalent, under canonical 

transformation, 6 
to the one in which the commutator of the asial charge with the pion 

field is an isotopic spin scalar, a commutation relation characteristic of the a-model. 

Thus, in this limit, the physical scattering amplitudes are uniquely defined, although 

their off-mass-shell values can be altered by canonical transformation. The chiral 

invariance can be broken in only one way if the divergence of the axial current is to 

be proportional to the pion field. The theory is therefore ambiguous essentially only 
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to the extent that this strict PCAC is not maintained. For the most part we shall 

make use of the freedom of canonical transformation and exhibit the theory in its 

simplest form. Nevertheless, its more general structure is also of interest, 

particularly with regard to ils extension to larger chiral transformation groups such 

as SU(3) 6 SU(3). This general structure is outlined in the Appendix. 

We begin by considering a free, massless nucleon Lagrange function7 

It is invariant under not only constant isotopic spin rotations, 

but a constant chiral isotopic spin transformation as well, 

(1) 

(2) 

(3) 

and is thus invariant under a chiral SU(2) @ SU(2) group of transformations. The 

chiral invariance is upset by the addition of a nucleon mass term miu* However, 

it can be restored if the mass constant m is replaced by a function M of the pion 

field 4 a’ 
if the latter transforms appropriately. We shall require that no derivatives 

of the pion field occur in M so that the canonical pion field momenta 7~a O is simply 

related to ao+a. Invariance under isotopic spin rotations and parity conservation 

require that M be a function of Y5 ~“9, so we write 

(4) 
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In order that the Lagrange function be Hermitian, M(z) must be a real function! 

ill@*)* = M(z) . 

Chiral invariance is maintained if the pion field 4 is transformed into a new 

field 4’ which satisfies 

or, within an eigenstate of Y5 with eigenvalue yi = i , 

C The transformation law Eq. (6) in the other eigenstate y& = - i is just the 

Hermitian adjoint of Eq. (7). 1 
The implications of the transformation law Eq. (7) are made clear if we 

define a real, unitary function 

so that 

with 

U(z) = _ 
[ I 
+.Q$ 1’2 = U(-z)-l = u(z*)* , 

M(z) = U(z) H(z2) 

I 

l/2 . 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 
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If this decomposition is inserted into 

we find that H(-#2) is invariant under the chiral transformation 

H(-@2) = H(-$2)2 . .w 

Since only isotopic spin rotatiqn can preserve the length of the meson field that 

can take on arbitrary values, this demands that H is a constant, which by a 

parity convention may be taken to be positive, 

H(-42) = m > 0 . 

Accordingly, 

a+mU(Y5,7-9) e , 
3 

with the chiral transformation property of the meson field depending upon the 

choice of the unitary function U(z) and defined by 

. 
l 7-.v -- 

U(iL*$‘) = e 2 Iv -U(ix*$) e 
-; ,7-k 

. 

03) 

(14) 

The unitary matrix U(i ,7 -9) represents a continuous group of SU(2) 

transformations. The various different choices of the unita.ry function U(z) 

correspond to different parameterizations of this group which are related by 

canonical transformation of the meson field. We may exhibit this by noting that 

(15) 
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the unitary matrix may be written as 

l/2 

U(iz.2) = 
[ 
i - f2Q2g(Q2) 

3 
+ i f L.f g($2), (16) 

where f is a scaling parameter (coupling constant) introduced in order to make 

the function g dimensionless. This arbitrary function defines a canonical 

transformation of the meson field from the old field # to a new field @ by 

@a = 4a g(42) = v tia v+ , 

with 

Thus the entire class of Lagrange functions which we have considered are 

equivalent under canonical transformation to one with 

(17) 

(18) 

(194 

where 

U(iTg@) = ~7 (Q2) + i f z-2 , 

a(O2) = [l - f%?] 1’2 , PW 

and we may restrict the discussion to this standard form, The simplicity of this 

standard form is made clear by the structure of the infinitesimal chiral response 

@--+sp’ = $3 + d (C) @ 

defined by the infinitesimal version of Eq. (15) 

(20) 

namely, 

pQ, a = - f ap2) bv a . 
(21) 
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We may now easily construct a meson Lagrange function that is invariant 

under the chiral transformation (21) in addition to the nsual isotopic spin 

invariance 

We shall write this Lagrange function in first order form so that the correct 

canonical variables are clearly defined. Since 

Pa fi =dv, 

the kinematical term n: a, @a that occurs in this function will be invariant 

if the conjugate field transforms as 

,(‘I ilfl = _ 
a (9 a o(Q2? f dv b ‘:’ 

(22a) 

(22b) 

(231 

Pa) 

(24b) 

We shall restrict the meson Lagrange function to depend at most quadratically on 

the conjugate field nf so that this field is linearly dependent on aflQa. With 

this restriction, and a conventional normalization of the field variables, the 

Lagrange function is uniquely determinecl by the chiral and isotopic spin invariance: 

(25) 
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The fields noa, (pa form a canonically conjugate pair 

@,W 3 l-I,,w 
1 

= i dab b(L-2’) 3 (26) 
it=t’ 

k while the spatial component “a is a dependent field variable. It is defined by 

the action principle as 

- akQa f II; -f2Qa+Db = 0, - 

or 

(27) 

Vector and axial vector current operators can be defined in the usual 

fashion by replacing the constant infinitesimal isotopic spin and chiral transformation 

parameters by space-time functions and computing the response of the total 

Lagrange function to this eixtended variation. We compute in this way 

with 

and 

(28) 

(30) 

The time components of these current operators satisfy local commutation relations 

appropriate to the chiral SU(2) @ SU(2) group. The naive application of the 

canonical commutation relations gives the more general equ.al-.time commutators 

(31a) 
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- i ak ( 6 (L--E’) [ dab Q2 - @a Qb] 1’ 

I 
.t-tr =iE abc Az(x) b (L-2’) I Pa) 

3 t=t, = i Eabc A!$X) b (z-g 

+ i d 

@lb) 

(32b) 

(33) 

(344 

Wb) 

The quantities that involve the spatial gradient are the so-called “Schwinger terms.” 

The structures that we have listed are those that follow from a straightforward 

application of the canonical commutation relations. However, this method yields 

no Schwinger terms that are associated with nucleon field, a result in contradiction 

to general principles, and one that shows that great care must be exercised in 
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handling the bilinear forms that compose the current operator. Therefore, 

our results must be taken only as a heuristic indication of the nature of the 

Schwinger terms. We note that the Schwinger term which occurs in the axial- 

vector commutator AI, $ 1 1 differs’ from that which occurs in the vector 

commutator p:g %I* 

The commutator of the time component of the axial current with the meson 

field operator reproduces the structure of the chiral field alteration Eq. (21). 

1 t-t, = - 6 ab $ u (G2) ib (L-2’) * (35) 

The special canonical frame that we have used simplifies this commutator, for 

in general it also contains terms involving QaQb and is not an isotopic spin scalar. 

This simplicity is reflected in the algebraic closure 
10 

C A;W, $W2)] t=tf = i b (5-z’) Q,Or) . (36) 

If we require that the chiral symmetry is broken in a manner that makes 

the divergence of the axial current proportional to the pion field, and if we also 

require that the commutators of the axial charge with the meson field close in the 

sense illustrated above, then our model remains unique. We obtain this strict 

PCAC if we add to our Lagrange function 

for then the chiral variation of the complete Lagrange function is 

3. 

(37) 

d(c+cfN+-c,+-c,) = - AI;:a,dva+ 5 @a bv, , 
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and the principle of stationary action gives 

The expansion of the symmetry breaking Lagrangian (37) in powers of 

the meson field gives a meson mass term and multiple meson scattering terms 

1 9 1 r) 9 

&B = const. - i p”” @ Cp 
aa - * f” (GaQa)” + . . . . 

(38) 

(39) 

The lowest order meson-meson scattering term which occurs here, together with 

that contained in the chiral symmetric meson Lagrangian (25), yields 

immediately the current algebra result of Weinberg 
11 

for pion scattering 

lengths. These differ from the scattering lengths computed by Schwinger’ 

using an effective Lagrangian method. This discrep<vlcy arises because the 

axial current-meson field commutator in Schwinger’s model is not an isotopic 

spin scalar, and hence the model does not possess the commutator closure 

illustrated in Eqs. (35) and (36). A canonical transformation can be performed 

on this model so that the commutator closure is obtained, but then the PCAC condition 

is destroyed. 
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APPENDIX 

We shall outline here a method which does not employ the special canonical 

frame used in the test. It may prove useful for the extension of the theory to 

larger chiral symmetry groups. This general treatment requires first a 

discussion of the properties-of the matrix U that occurs in the nucleon Lagrange 

function (4). 

The matrix U(i x -8) is not only unitary 

Utiz*$ )+ = U(-iz.2) = U(iz.g)-l , (A. 1) 

but also unimodular 

det U(iz.2) = 1 . (A. 2) 

The latter is easily established by noting that the determinant is invariant under 

isotopic spin rotations, so that ‘pa may be taken to be non-vanishing only for a = 2 

where 

det U(iT2 d2) = det U(iT2@2)T = det U(-iT2$2) 

C 1 
-1 

= det U(iT2$2) , 

which, with U(0) = 1 and continuity in @, implies the unimodularity. If we write, 

to first order, 

U ‘2 (f+d+) -1 [ = l+ibh($) 
I 

Utip$ , 

then the unitarity condition (A. 1) requires that bh is Hermitian, while the first 

order formula 

det 1 + i dh(Q) 1 = 1 + i tr bh($) 
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and the determinantal constraint (A. 2) requires that bh has a vanishing trace. 

Hence 
12 

Since the derivative operation is commutative, 

and 

t 1 ra’ rb 
= 2ic 

abc 7c ’ 

the derivative function dab(+) must satisfy the integrability condition 

Combined infinitesimal isotopic spin rotations of the meson field (22a, b) 

the nucleon field (2) leave the unitary matrix invariant, 

and imply that 

If we use these results to express 

(A. 3) 

(A. 4) 

(Aa 5) 
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in terms of the field d , we learn that the derivative matrix is an isotopic spin 

invariant in the sense that 

We are now in a positidn to determine the nature of the meson field response 

to the infinitesimal version of the chiral transformation defined by Eq. (15). We 

have 

and, employing (A. 3) and (-4,6), secure 

d(‘) $a dab($) = - dub - dv, Eadc$d dcbt$) f 

or 

(A. 9) 

(A. 10) 

The structure of this transformation law can be clarified considerably. To 

this end, we multiply t.he isotopic spin invariance statement (A. 7) and the 

integrability condition (A.4) by appropriate numbers of the inverse derivative 
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matrix d-l(+) to get 

and 

(A. 11) 

The isotopic spin invariance (A. 11) implies that d-l($) may be expanded as 

d;; (9, = dab At$2) + $‘a% B(Q2) + Eabc & c(+2) 9 

while the integrability condition (A. 12) requires that the scalar coefficients 

satisfy 

[A+$J~B] p-l]= 0, 

B [C -I] -[A+$2B] --$ C=O, 

AB+c2-2~-2[~++~~]:7 A = o . 

These equations possess a solution only if C = 1, or C = 2 with A = B = 0. 

The latter case must be excluded, for it gives a singular matrix d 
-l(o) l 

Hence C = 1 and 

p& zz - 

a 6 V, AW2) - $a dVb$, W+2) 3 

with 

2 
C 
A(d2) + $2B(+2)] + A(Q2) = A(c,2) B(q2) - 1 . 

d$a 

(Aa 13) 

(A. 14a) 

(A. 14b) 

(A. 14~) 

(A. 15) 

(A. 16) 
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We turn now to the construction of a first order meson Lagrange function. 

Since 

(A. 17) 

the kinematical term $a, 4a that occurs in this function will be invariant if the 

P conjugate field fla obeys the chiral transformation law 

f)# = +tjv 
b a’, (‘) 

-E - 
a bca 

1 

rr; . 

One can verify, with the aid of the integrability condition (A. l2), that the 

quadratic structure 

a symmetrical, positive-definite matrix, is a chiral invariant. Accordingly, 

using a conventional normalization of the field strengths, the chiral invariant 

meson Lagrangian is given by 
13 

(A. 18) 

(A. 19) 

The vector and axial vector current operators are identified by the response 

Eq. (28) of the complete Lagrange function to isotopic spin rotations and chiral 

transformations whose infinitesimal parameters are extended to space-time 

functions. We find 

(A. 20) 

(A. 21) 
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In order to verify that the time components of these operators indeed generate 

a spatially local group of chiral SU(2) @ SU(2) transformations, we couple 

the currents to external, classical gauge fields Bt and Wi: 

It is a simple matter to verify that under an isotopic spin rotation 

(A. 22) 

A moderately lengthly calculation that makes use of (A. 11) and (A. 12) gives the 

chiral transformation properties 

(A. 23) 

a(‘) AP = - C&C dub V$ 
a 

f) vp = - cabc dub A: . 
a 

Hence 

- B Ap CabcbUb-B ’ 
Pa c pa ‘c ‘abc “b 

(A. 24a) 

(A. 24b) 

(A. 25a) 

(A. 25b) 

- W VP cabcd”b - W AP tz 
Pa c pa c abc 

dv,, 
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and the principle of stationary action gives the divergence conditions 

E c1 
abc ‘?/lb vf- ‘abc B,ub Ac ’ 

iTflAf = - Eabc WC,b A: - Eabc Bpb v,” . 

These divergence conditions imply 
14 

3 t*, 
=ifz abc v;tx) 6 (x-;‘, P 

1 t=t’ = ir abc A; 6) b (L-2’) 9 

A;tx’) 
I t-t’ 

= i6 abc v;tx) b t~-~:‘) 3 

(A. 26a) 

(A. 26b) 

(A. 27a) 

(A. 27b) 

(A. 27~) 

the local chiral SU(2) 0 SU(2) commutation relations. 

The commutator of the time component of the axial current with the meson 

field reproduces the chiral meson field trcansformation, 

=- 6, A(02) + +adb Bkb2) 
i 

id (E-5’). (A.281 

It is not diffkult to shcw that the validity of the Jacobi identity applied to 

pt [ Ai’ %]I 
is equivalent to the constraint (A. 16). This double commutator 

is generally a complex structure involvin, u various isotopic spin values. However, 

if we require that B = 0, the axial vector-meson field commutator is an isotopic 
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scalar, and the double commutator closes back to the meson field. With B = 0 

the constraint (A.16) requires that 

A(& = $ [ 1 1 - f2p2 
l/2 (A. 29) 

and we recover precisely the special canonical frame used in the text. This ii 

made explicit if we use {A, 3) to construct the unitary matrix U. We may 

“integrate along a straight line” using 

& U(irfA) = i +adab ($‘A) Tb u(iz’@) 

= &$A)-’ i x.9 U(izfA) , (A. 30) 

to obtain immediately 

l/2 

U(i7*q5) = -+i7-.9f . (A. 31) 
CYN 
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