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Filamentation instability of long Alfve ´n waves in warm
collisionless plasmas

T. Passot and P. L. Sulem
CNRS, Observatoire de la Coˆte d’Azur, B.P. 4229, 06304 Nice Cedex 4, France

~Received 30 April 2003; accepted 28 July 2003!

A criterion for filamentation instability of a circularly polarized Alfve´n wave train propagating along
a strong ambient field in a collisionless plasma is obtained from a transverse modulational analysis
of a generalized kinetic derivative nonlinear Schro¨dinger equation. This equation, which retains
Landau damping, results from the Vlasov–Maxwell equations via a long-wave reductive
perturbative expansion. For bi-Maxwellian equilibrium distribution functions, it is shown that a
moderate anisotropy of the electron temperature and/or a moderate ratio of the electron to ion
temperatures can significantly broaden the existence range of this instability, making its occurrence
possible in small-b plasmas. ©2003 American Institute of Physics.@DOI: 10.1063/1.1611487#
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I. INTRODUCTION

Dispersive Alfvén wave turbulence is commonly ob
served in space plasmas, especially in the solar wind,1 the
magnetosheath,2,3 and auroral regions.4,5 In places where the
plasma is transversally structured, kinetic Alfve´n waves can
develop,6 which contribute to plasma energization and p
ticle acceleration. It is thus of interest to look for se
consistent theories to explain the formation of transve
density inhomogeneities in an initially homogeneous plas
A mechanism by which linearly polarized obliquely prop
gating Alfvén waves generate transverse gradients thro
the formation of pressure balanced structures is discusse
Vasquez and Hollweg.7 The present paper focuses on a p
cess by which a circularly polarized parallel propagating d
persive Alfvén wave train undergoes a transverse modu
tional instability that leads to wave energy concentration
field-aligned magnetic filaments. This phenomenon, ca
Alfvén wave filamentation, could become relevant in the
terpretation of recent CLUSTER observations of curr
tubes in magnetosheath regions close to the bow sh
where quasimonochromatic Alfve´n ion-cyclotron waves
were also identified.8

Alfvén wave filamentation was extensively studied
the context of Hall-magnetohydrodynamics for a polytrop
gas, a description adapted to collisional media but that a
extends to collisionless plasmas with a smallb, provided
anisotropy pressure effects are not important. In the la
case, filamentation instability is convective, in the sense
a time-stationary wave collapse develops along the direc
of propagation.9 Direct numerical integration of the primitive
equations being particularly challenging in this regim
simulations were performed forb.1, a case where the insta
bility is absolute and develops in time. As usual for weak
nonlinear dispersive waves, the transverse dynamics~either
convective or absolute! is governed to leading order by th
two-dimensional nonlinear Schro¨dinger equation for the am
plitude of the pump. Quantitative comparisons between
theoretical predictions and the results of direct numer
simulations demonstrate the accuracy of this description10
3911070-664X/2003/10(10)/3914/8/$20.00
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The question then arises of the influence of the kine
effects on Alfvén wave filamentation. Retaining these effec
is usually a main difficulty in the description of the larg
scale dynamics of a collisionless plasma, numerical integ
tion of the Vlasov–Maxwell equations in three space dime
sions being much beyond the capabilities of the present
computers. It turns out that kinetic effects can be incorp
rated in a fluid description when considering Alfve´n waves
with typical wavelengths much longer than the ion Larm
radius ~and/or the ion inertial length! and amplitudes smal
enough for dispersive and nonlinear effects to be com
rable. In this asymptotic regime, some decoupling ta
place and the dynamics greatly simplifies.

When a long-wave reductive perturbative expansion
performed on the Hall-magnetohydrodynamic equations~that
ignore kinetic effects!, a multidimensional derivative nonlin
ear Schro¨dinger equation~DNLS! is obtained for the trans
verse magnetic field. When dealing with wave trains,
coupling of the Alfvén wave with magnetosonic waves
much larger scale is relevant. In a reductive perturbative
pansion that retains only one longitudinal scale, the mag
tosonic waves enter in the form of average values along
direction of propagation.11 Absolute filamentation, which in
this long-wave limit occurs forb.1, is reproduced by such
generalized DNLS equation.12

A similar perturbative analysis can also be performed
the Vlasov–Maxwell equations, leading to the kinetic deriv
tive nonlinear Schro¨dinger equation~KDNLS!. The formula-
tion suitable for Alfvén wave trains was derived in Pass
and Sulem14 by extending a previous work by Rogister,15

limited to localized pulses. The resulting equation turns
to be a slight modification of the DNLS equation, that i
cludes the Landau damping. This asymptotic model is
starting point of the present paper that is organized as
lows. Section II recalls the KDNLS system for Alfve´n wave
trains. In Sec. III, a modulational analysis for a monoch
matic Alfvén wave subject to transverse perturbations is p
formed, resulting in a two-dimensional nonlinear Schr¨-
dinger equation with linear damping. Section IV specifies
4 © 2003 American Institute of Physics
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3915Phys. Plasmas, Vol. 10, No. 10, October 2003 Filamentation instability of long Alfvén waves . . .
criterion for filamentation instability in the case of b
Maxwellian equilibrium distribution functions. Section
analyzes this criterion in a few typical regimes. The imp
tant role played by the electron temperature anisotr
and by the ratio of electron to proton temperatures is poin
out. The influence of a second ion species, such as H
also considered. Section VI is a brief conclusion that a
suggests further developments, in particular to situati
where, as in the solar wind or the magnetosheath, distr
tion functions may display significant deviations from b
Maxwellians.

II. LOW-FREQUENCY ALFVÉ N WAVE TRAINS

As already mentioned, the dynamics of long-Alfve´n
waves in a collisionless plasma is isolated by performin
reductive perturbative expansion on the Vlasov–Maxw
equations.14 This yields a closed system for the leadin
order transverse magnetic fieldeb'

(0) and the fluctuating
longitudinal magnetic disturbancee2bi

(1) ~two quantities re-
lated by the magnetic field divergenceless condition!, in
terms of the stretched longitudinal variablej5e2(x2lt), of
the transverse onesh5e3y andz5e3z ~relatively to the am-
bient field!, and of the slow timet5e4t. Using the complex
notations b'

(0)5by
(0)1 ibz

(0) and ]'5]h1 i ]z , this system
reads

~]t1^U&]j!b'
~0!1]jS P̃b'

~0!

2lr~0!D
2

B0

2lr~0!
]'P̃1 id]jjb'

~0!50, ~1!

r~0!]t^U&5C1S RH ]'
* K P̃

b'
~0!

B0
L J 2^ÃK]jÃ& D

2C2^̂ ÃK]jÃ&&, ~2!

]jb̃i
~1!1R$]'

* b'
~0!%50. ~3!

The notationR$]'
* f%, where f5fR1 if I is a complex

field, holds for the~transverse! divergence]hfR1]zf I . The
quantityP̃5((B0

2/4p)12p'
(0)1K)Ã refers to the leading or

der perturbation of the perpendicular total pressure~magnetic
and thermodynamic!. It is expressed in terms of the fluctua
tions of Ã of the normalized magnetic field amplitude pe
turbationA5(bi

(1)/B0)1(ub'
(0)u2/2B0

2) about its longitudinal
mean valuê A& ~brackets^•& denote averaging over thej
variable, while double brackets^̂ •&& hold for averaging over
the full spatial domain!. The above system also involves th
kinetic operator K5N2M2L21, where L5( rLr , M
5( rMr , andN5( rNr originate from the resonance of th
wave with the particles of various speciesr. For each particle
species of massmr , chargeqr and number densitynr , one
has
Downloaded 20 Oct 2005 to 193.52.173.207. Redistribution subject to AIP
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Lr52p
qr

2nr

mr
E

0

`

dS v'
2

2 DGr ,

Mr52pqrnrE
0

`

dS v'
2

2 D v'
2

2
Gr , ~4!

Nr52pmrnrE
0

`

dS v'
2

2 D v'
4

4
Gr ,

where the operator

Gr5PE 1

v i2l

]Fr
~0!

]v i
dv i1p

]Fr
~0!

]v i
U

v i5l

Hj ~5!

includes a Hilbert transformHj with respect to the longitu-
dinal variablej. Furthermore, the dispersion coefficientd
that arise Eq.~1! scales like the inverse of the ion gyrofre
quency~its precise form is not needed in the present ana
sis!, while the Alfvén wave propagation velocityl is defined
by l2r (0)5((uB0u2/4p)1p'

(0)2pi
(0)). The densityr (0) and

the transverse and parallel pressure componentsp'
(0) andpi

(0)

at equilibrium are constructed from the velocity distributio
function F (0)(v' ,v i) assumed rotationally invariant abou
the direction of the ambient fieldB0x̂ and symmetric rela-
tively to forward and backward velocities along this dire
tion, thus excluding the presence of equilibrium drifts.16,17

When restricted to spatially localized solutions, the lo
gitudinally averaged fields are zero, and one recovers
multidimensional DNLS equation derived by Rogister15 and
Mjølhus and Wyller.18 In contrast, when dealing with wav
trains, the system also includes the mean field^U& that re-
sults from the combination

^U&5^ui
~1!&1

l

2B0
^bi

~1!&1
1

lr~0!
~pi

~0!2p'
~0!!^A&

1
1

2lr~0!
~ ^p'

~1!&2^pi
~1!& ! ~6!

of various longitudinally averaged quantities, namely the h
drodynamic velocity, the longitudinal induced magnetic fie
the normalized magnetic perturbation, and longitudinal a
transverse pressure perturbations. Furthermore, the cons

C15
1

21b'2b i
S 12118b'15b'

2

8~11b'!
D ,

~7!

C25
1

21b'2b i
S ~21b'!2

8~11b'! D
involve the ratiosb i58ppi

(0)/B0
2 andb'58pp'

(0)/B0
2 of the

magnetic and parallel or transverse pressure at equilibri
respectively.

III. FILAMENTATION INSTABILITY

Equations~1!–~3! are valid for ~normalized! wave am-
plitudesb'

(0)/B0 that are, at the maximum, of the order of th
square root of the typical ratio of the ion inertial length to t
typical wavelength. If the amplitude is smaller, the dynam
on the time scalet reduces to that of linear waves with
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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dispersion relationv5dk2. A richer dynamics can neverthe
less take place on a longer time scale, on which the la
scale modulation of a~circularly polarized! monochromatic
Alfvén wave can, in some instances, lead to instabilities
to the onset of a nonlinear regime. In order to describe
transverse instability of such a wave, one introduces the s
transverse variablesY5eh andZ5ez together with a slow
time T5e2t, associated with this effect, and write that,
leading order,b'

(0)5ec(Y,Z,T)ei (kj2vt), with the disper-
sion relationv5dk2. As demonstrated in the context of th
Hall-magnetohydrodynamics, the succession of a reduc
perturbative expansion and of a modulational analysis
equivalent to first performing a modulational analysis on
primitive equations and then take the long wave limitk→0
in the resulting envelope equations.9,12 Taking such a limit
implies the amplitude of the pump to be reduced accordin
in order to keep the nonlinear effects negligible on the ti
scale of the wave period.

It follows from the above asymptotics that, still to lea
ing order, bi

(1)5e2R$ i /k]'
* cei (kj2vt)% and P̃52e2R$(P1

1 iP2) i ]'
* cei (kj2vt)% with P15(1/2kB0)(B0

2/4p12p'
(0)

1K1) and P25K2/2ukuB0 , where we wrote K5K1

1K2Hj . It follows that

]'P̃5~P11 iP2!iD'cei ~kj2vt!1~¯ !e2 i ~kj2vt!, ~8!

where the dots hold for a slowly varying quantity that ne
not to be explicited. As a consequence, the modulation of
pump amplitude is governed by the nonlinear Schro¨dinger
equation,

i ]Tc1
B0

2lr~0!
~P11 iP2!D'c2k^U&c50, ~9!

that includes a linear diffusive term associated with the L
dau damping, in addition to the diffraction and to the pote
tial ^U& to be determined in terms ofc, by means of Eq.~2!.

Note that in the case of transverse modulation of a lo
pump wave, diffraction and damping originate from t
transverse pressure gradient, and that the nonlinear cou
are only due to the mean fields that it is essential to retai13

In order to evaluatêU&, one computeŝP̃b'
(0)& and

R$]'
* ^P̃b'

~0!&%52P2u]'
* cu21R$ i ~P11 iP2!c* D'c%.

~10!

Since

]Tucu22
B0

lr~0!
R$ i ~P11 iP2!c* D'c%50, ~11!

one gets

R$]'
* ^P̃b'

~0!&%52P2u]'
* cu21

lr~0!

B0
]Tucu2. ~12!

In addition

Ã5
bi

B0
5RH i

kB0
]'
* cei ~kj2vt!J ~13!

and
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^ÃK]jÃ&52
1

2B0
2uku

K2^u]'c* u2&. ~14!

Furthermore,

^̂ u]'
* cu2&&52 ^̂ R$c* Dc%&&52

lr~0!

B0
]T^̂ ucu2&&. ~15!

One has

]T^U&5
l

B0
2

]T~C1ucu21C2^̂ ucu2&&!. ~16!

It follows that

^U&5
l

B0
2 ~C1ucu21C2^̂ ucu2&&2C1uc0u22C2^̂ uc0u2&&!,

~17!

wherec0 denotes the initial amplitude of the pump wav
When substituting in Eq.~9!, one gets a nonlinear Schro¨-
dinger equation

i ]Tc1~x1 in!D'c2
kl

B0
2 ~C1ucu21C2^̂ ucu2&&2C1uc0u2

2C2^̂ uc0u2&&!c50, ~18!

where both the diffraction coefficient

x5
vA

2

4kl S 11b'1
K1

r~0!vA
2 D ~19!

and the damping coefficient

n5
K2

4ukulr~0!
~20!

are affected by the wave-particle resonance. Here, we u
the standard notationvA

25B0
2/4pr (0) for the squared Alfve´n

wave velocity. Note that for an initial condition in the form
of an infinitesimally perturbed plane wave, the contributi
of the initial conditions in Eq.~18! reduces to a constan
potential that can be eliminated by a phase shift of the so
tion. It is also of interest to notice that the nonlocality in th
KDNLS equation induced by the wave-particle resonan
does not survive at the level of the amplitude equations
cause of the quasi-monochromatic character of the pump

When perturbing linearly a plane wave solutionc0

5C0e2 i (kl/B0
2)(C11C2)uC0u2t in the form c5c0(11a1 iw),

with harmonic disturbancesa and w of wavenumberK and
frequencyV, one easily gets the dispersion relation

V5 inK26A2C1xkl
uc0u2

B0
2

K21x2K4. ~21!

For bi-Maxwellian equilibrium distributions,n is always
negative18 and we conclude that transverse~or filamentation!
instability of a quasimonochromatic plane Alfve´n wave oc-
curs whenxklC1,0 or, assuming the plasma stable wi
respect to the fire-hose instability~i.e., C1.0),
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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x* [11b'1
K1

r~0!vA
2
,0. ~22!

Defining n* 5K2 /r (0)vA
2, we also note that the instabilit

growth rate is governed by both the amplitude of the pu
and the ration* /x* . The spectral range of the instability
in particular broadened whenn* /x* is decreased.

IV. THE CASE OF BI-MAXWELLIAN EQUILIBRIUM
DISTRIBUTIONS

It is possible to give a simple explicit formula for th
quantity x* and provide a simple instability criterion whe
the equilibrium distribution functions of the different partic
species are assumed bi-Maxwellian in the form,

Fr
~0!5

1

~2p!3/2

mr
3/2

T'r
~0!Tir

~0!1/2

3expH 2S mr

2Tir
~0!

v i
21

mr

2T'r
~0!

v'
2 D J . ~23!

We furthermore consider a plasma constituted of electr
~indexed by the subscripte! and of two positively charged
ion species, namely, protons~indexed byp! and a species
~e.g., He21) of chargeZe, indexed bya. As usual,e is the
unit positive charge.

It is then useful to introduce a few additional notatio
that will be extensively used in the following:

m r5mr /mp , mass particle ratios;
X5na

(0)/np
(0) , ratio of a particle to proton number den

sities;
ar5T'r

(0)/Tir
(0) , temperature anisotropy factor of the pa

ticles of speciesr;
t r5Tir

(0)/Tip
(0) , ratio of the parallel temperature of th

particles of speciesr to that of the protons;
v th,r5ATir

(0)/mr , thermal velocity of the particles of spe
cies r;

vA5B0 /A4pr (0), Alfvén speed;
l25vA

21(p'
(0)/r (0))2(pi

(0)/r (0)), squared Alfve´n wave
propagation velocity;

cr5l/v th,r , Alfvén wave propagation velocity norma
ized by the thermal velocity of particles of speciesr;

b ip58ppip
(0)/B0

2, ratio of the parallel proton equilibrium
pressure to magnetic pressure;

b'58pp'
(0)/B0

2, ratio of the total perpendicular equilib
rium pressure to magnetic pressure;

b5Te /mpvA
2, squared ratio of ion acoustic velocity t

Alfvén speed.
Quasineutrality provides the relation

ne
~0!5np

~0!1Zna
~0!5np

~0!~11ZX!. ~24!

It is easily checked19 that
Downloaded 20 Oct 2005 to 193.52.173.207. Redistribution subject to AIP
p

s

Lr52nr
~0!qr

2 1

Tir
~0!

W~cr !, Mr52nr
~0!qr

T'r
~0!

Tir
~0!

W~cr !,

~25!

Nr522nr
~0!

T'r
~0!2

Tir
~0!

W~cr !,

where

W~cr !5
1

A2p
PE ze2z2/2

z2cr
dz1Ap

2
cre

2cr
2/2Hj , ~26!

or20

W~cr !512cre
2~cr

2/2!E e~z2/2!dz1Ap

2
cre

2cr
2/2Hj .

~27!

This function is related to the plasma response functionR
used in Snyderet al.21 by W(X)5R(X/A2). In the follow-
ing, we replace all the operators by complex numbers~using
the fact thatH252I). For example, we denote byWr the
complex number obtained by replacing in Eq.~27! the Hil-
bert transform by the imaginary numberi. One has

L52
np

~0!e2

Tip
~0! S Wp1

~11ZX!

te
We1

XZ2

ta
WaD , ~28!

M52np
~0!e~apWp2~11ZX!aeWe1XZaaWa!, ~29!

N522np
~0!Tip

~0!~ap
2Wp1~11ZX!ae

2teWe

1Xaa
2taWa!. ~30!

Moreover,

pi
~0!5np

~0!Tip
~0!~11~11ZX!te1Xta!, ~31!

p'
~0!5np

~0!Tip
~0!~ap1~11ZX!aete1Xaata!. ~32!

Noting that

r~0!v th,p
2 5np

~0!Tip
~0!~11~11ZX!me1Xma! ~33!

and

r~0!l25
B0

2

8p S 21
b ip

np
~0!Tip

~0!
~p'

~0!2pi
~0!!D ~34!

with b ip5np
(0)Tip

(0)(8p/B0
2), we can express

cp
25

21b ip~ap211~11ZX!te~ae21!1Xta~aa21!!

b ip~11~11ZX!me1Xma!
.

~35!

In addition,ce
25(me /te)cp

2 andca
25(ma /ta)cp

2. We finally
obtain the parameterx* governing the filamentation instabil
ity in the form
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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x* 511b ip~ap1~11ZX!aete1Xaata!

1
b ip

2np
~0!Tip

~0!
R~N2M2L21!, ~36!

with L, M, andN defined in Eqs.~28!–~30!. As previously
mentioned, instability occurs forx* ,0.

V. FILAMENTATION CRITERION IN A FEW TYPICAL
REGIMES

The parameter space being very large, the behavio
the functionx* cannot be simply summarized. We shall he
focus on a few examples that illustrate the variations of
instability range with the medium parameters, in particu
with the electron to proton temperature ratio and the elec
temperature anisotropy.

Figure 1~a! displays the coefficientsx* andn* as func-
tions of b ip for a proton–electron plasma with equal tem
peratures (ap5ae51, te51, X50). In this case,x* is al-
ways positive and no filamentation takes place. In Fig. 1~b!,
a similar plot is shown withte58, showing that increasing
the electron temperature with respect to that of the prot
leads to the apparition of a small range of values ofb ip for
which x* ,0 and filamentation occurs. This observati
suggests to consider the limitte@1 of a plasma with hot
electrons and cold protons. We further assume that
Alfvén speedvA5B0 /A4pr (0) satisfies v th,p

2 !vA
2!v th,e

2 ,
which implies (me /mp)!b!(Te /Tp) and corresponds to
adiabatic protons and isothermal electrons. Here,b refers to
the squared ratio of the ion acoustic to the Alfve´n speed

FIG. 1. Variations ofx* ~solid line! andn* ~dashed line! as a function of
b ip for an equilibrium state with isotropic ion and electron temperatu
(ap51, ae51), and no alpha-particles (X50). In panel~a!, ions and elec-
trons have the same equilibrium temperature (te51), while in panel~b!, the
ratio of the electron temperature to that of the protons iste58. Negative
values forx* imply filamentation instability.
Downloaded 20 Oct 2005 to 193.52.173.207. Redistribution subject to AIP
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e
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e

which also rewritesb5te /cp
2. Alpha particles are assume

to be absent (X50). Noting that in this asymptotics,Wp

'21/cp
2 andWe'11 iA(p/2)ce , we find

1

2np
~0!Tip

~0!
R~N2M2L21!

'2teae
2S 11 iAp

2
ceD

3S 11

S 11 iAp

2
ceD

2S b2S 11 iAp

2
ceD D D . ~37!

Even thoughce!1, the electron damping terms have be
retained to avoid the singularity atb51. Note that~using
me!1)

b ip'
2b

te@11b~12ae!#
. ~38!

It follows that whenae.1, b ip can vary from 0 to infinity
while b is limited to the range@0,(ae21)21#, which makes
the use ofb ip as the independent variable preferable in t
general case. In the present regime, the parameterx* be-
comes

x* 511
2bae

11b~12ae! S 12aeRS S 11 iAp

2
ceD

3S 11

S 11 iAp

2
ceD

2S b2S 11 iAp

2
ceD D D D D , ~39!

which reduces to

x* 5
1

12b
~40!

when the electron temperature is isotropic (ae51) and the
electron Landau damping neglected (ce50). The usual fluid
limit is thus recovered providedb is correctly interpreted.22

In this limit, filamentation instability takes place forb.1 or
equivalently forb ip.2/te .

Let us now consider the influence of the electron te
perature anisotropyae for a finite and fixed value of the
electron to ion temperature ratiote58. Comparing Figs. 1~b!
and 2~a!, we note that whenae is taken moderately large
than unity @in Fig. 2~b!, ae51.8], filamentation instability
exists in a wider range of values ofb, with a larger growth
rate. In this case, the ration* /x* tends to 0.45 asb ip tends
to infinity ~it is to be noted that the limit value of this rati
does not vary monotonically withte but is, for example,
equal to 0.12 whente520). Whenae is further increased,
filamentation can disappear@as in Fig. 2~b!, whereae52.5]
and reappear@as in Fig. 2~c!, whereae54.5]. In the latter

s

 license or copyright, see http://pop.aip.org/pop/copyright.jsp



e

ry
to
he
,

-

lib-

-
hose

i-
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case, filamentation instability exists forb ip.0.028, to be
compared with the value 1 obtained in the fluid limit.

The complicated behavior observed above forte58,
simplifies whente is of order unity. In this case, a qualitativ
argument can be presented. In the absence ofa particles
(X50) and for a parameterb ip of order unity or larger, one
easily sees thatWe'1, and that both the real and imagina
parts ofWp are of order unity. The dominant contribution
the real partK1 of the complex number associated with t
kinetic operatorK, comes fromN and one thus concludes
using ~30! and ~36!, that x* becomes negative whenb ip

exceeds a critical valuebc , providedae.1. The existence of
such a critical value forb is illustrated in Fig. 3~a! that
displaysx* andn* as a function ofb ip for ae51.8, te51
andX50. Similar graphs are shown in Fig. 3~b! for param-
eters typical of the solar wind,17 ap53.25, ae51.27, aa

53.25, te55.5, ta54, X50.1, ma54, and Z52. In this
regime, filamentation takes place forb ip.0.315.

The value ofbc decreases whente increases,ae being
fixed at a value of order unity, or withae , when te is of
order one. This variation ofbc as function ofae andte are
respectively illustrated in Fig. 4~a! ~with te51) and in Fig.

FIG. 2. Same as Fig. 1 whenap51, te58, andX50, for different anisot-
ropy degree of the equilibrium electron temperature@ae51.8 in panel~a!,
ae52.5 in panel~b!, andae54.5 in panel~c!#. In the latter case, filamen
tation instabilbity occurs forb.0.028.
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4~b! ~with ae51.5) both assumingap51. Finally, we show
in Fig. 5~a! the variation ofbc as a function ofap ~for ae

51.5, te53, andX50) and in Fig. 5~b! its variation as a
function of X ~with ae51.5, ap51, andte53). Proton an-

FIG. 3. Same as Fig. 1 with, in panel~a!, ap51, te51, X50, and ae

51.8 ~corresponding to isotropic proton and anisotropic electron equi
rium temperatures!, and in panel~b! ap53.25, ae51.27, aa53.25, te

55.5, ta54, X50.1, ma54, andZ52 ~corresponding to anisotropic tem
peratures for all species, with hotter electrons and alpha-particles w
number density is 10% that of the protons!.

FIG. 4. Variation of the critical valuebc for the onset of filamentation
instability vs the equilibrium electron temperature anisotropyae for ap

51, te51, X50 ~panel a! and vs the ratio of the electron to proton equ
librium parallel temperaturete for ap51, ae51.5, X50 ~panel b!.
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isotropy tends to inhibit filamentation, while the presence
alpha-particles broadens the instability criterion, at least
the considered case. An opposite trend has been observ
the situation of Fig. 2~c!.

VI. CONCLUSION

In this paper we have shown that a circularly polariz
quasimonochromatic Alfve´n wave propagating along an am
bient magnetic field in a collisionless plasma can be sub
to a filamentation instability, provided temperature ratios
in appropriate parameter ranges. The analysis is perfor
on a KDNLS equation systematically derived from t
Vlasov–Maxwell equations under the assumptions that
Alfvén wave amplitude is sufficiently small and its wav
length long compared to the ion inertial length. For pure
transverse large-scale modulation, the wave amplitude
shown to obey a two-dimensional nonlinear Schro¨dinger
equation with an extra linear dissipative term originati
from the Landau damping. Absolute filamentation instabil
which is investigated under the assumption of bi-Maxwell
equilibrium distribution functions, usually exists forb larger
than a critical value that, in some instances, can be sig
cantly smaller than one. The range of existence of the in
bility is in general enlarged as the ratio of electron to i
temperatures and/or the electron temperature anisotropy
increased. This behavior can be physically understood
noting that filamentation involves the coupling of the Alfve´n
waves with perpendicular gradients of perpendicular pres
fluctuations with finite parallel wavenumber@term propor-
tional to ]'P̃ in Eq. ~1!#. It is thus not surprising that the
instability is strengthened when the electron to proton te

FIG. 5. Variation ofbc as a function of the anisotropy degree of the prot
equilibrium temperatureap for ae51.5, te53, X50 ~panel a! and as a
function of the relative alpha-particle number density, measured byX for
ap51, te53, ae51.5 ~panel b!.
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perature ratio is large~a case where ion acoustic waves a
only weakly damped!, and when perpendicular~electron!
pressure is enlarged.

Several questions deserve further studies. It is in part
lar important to investigate the role of deviations from b
Maxwellian equilibrium distributions, as in many space pla
mas such deviations are quite significant and were shown
example to have a significant effect on the mirror instabil
threshold.23 Transverse instabilities seem to be of interest
the context of auroral plasmas for whichb is very small. In
that situation, filamentation is expected to develop in a c
vective regime.9 The analysis performed in this paper is n
appropriate for this situation and one should rather start fr
the Hall Landau-fluid model derived elsewhere.24,25The non-
linear development of the instability is also interesting
investigate. In situations we have considered, the ra
n* /x* is never really small so that Landau damping is e
pected to arrest wave collapse quite early, making the en
lope description valid throughout the evolution. A quantit
tive estimate of the saturation level in terms of the stren
of the Landau damping requires a parametric study of
~18!, that is currently underway. Finally the question aris
of the persistence of the filamentation instability in the
gime of Alfvén wave turbulence. Direct simulations of th
Hall Landau-fluid model24 can provide a convenient frame
work to address this issue.
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19T. Flå, E. Mjølhus, and J. Wyller, Phys. Scr.40, 219 ~1989!.
20S. Ischimaru,Basic Principles of Plasma Physics: A Statistical Approac,

Frontiers in Physics~Benjamin, New York, 1973!.
21P. B. Snyder, G. W. Hammett, and W. Dorland, Phys. Plasmas4, 3974

~1997!.
22M. V. Medvedev and P. H. Diamond, Phys. Plasmas3, 863 ~1996!.
Downloaded 20 Oct 2005 to 193.52.173.207. Redistribution subject to AIP
23O. A. Pokhotelov, R. A. Treuman, R. Z. Sagdeev, M. A. Balikhin, O.
Onishchenko, V. P. Pavlenko, and I. Sandberg, J. Geophys. Res.107, 1312
~2002!.

24T. Passot and P. L. Sulem, Phys. Plasmas10, 3906~2003!.
25T. Passot and P. L. Sulem, ‘‘A fluid description for Landau damping

dispersive MHD waves,’’ Nonlin. Processes Geophys.~submitted!.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp


