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A criterion for filamentation instability of a circularly polarized Alfwavave train propagating along

a strong ambient field in a collisionless plasma is obtained from a transverse modulational analysis
of a generalized kinetic derivative nonlinear Sainger equation. This equation, which retains
Landau damping, results from the Vlasov—Maxwell equations via a long-wave reductive
perturbative expansion. For bi-Maxwellian equilibrium distribution functions, it is shown that a
moderate anisotropy of the electron temperature and/or a moderate ratio of the electron to ion
temperatures can significantly broaden the existence range of this instability, making its occurrence
possible in smallg plasmas. ©2003 American Institute of Physic§DOI: 10.1063/1.1611487

I. INTRODUCTION The question then arises of the influence of the kinetic
effects on Alfven wave filamentation. Retaining these effects
is usually a main difficulty in the description of the large-
scale dynamics of a collisionless plasma, numerical integra-
tion of the Vlasov—Maxwell equations in three space dimen-
develop® which contribute to plasma energization and par—Sions being much beyond the'capabilities of the pre;ent day
computers. It turns out that kinetic effects can be incorpo-

ticle acceleration. It is thus of interest to look for self- rated in a fluid description when considering Alfvevaves
consistent theories to explain the formation of transverse . . .
density inhomogeneities in an initially homogeneous plasma\{v'th typical wavelgngths ”.‘“Ch longer than the lon: Larmor
A mechanism by which linearly polarized obliquely propa- radlus(andlor_the ion inertial Ieng}hand amplitudes small
gating Alfven waves generate transverse gradients througﬁnOUgh for _d|sper5|ve a_md nqnlmear effects to b_e compa-
the formation of pressure balanced structures is discussed p?ble. In this asymp_tot|c regime, some decoupling takes
Vasquez and Hollwe§ The present paper focuses on a pro- ace and the dynamics greatly simplifies. : L
cess by which a circularly polarized parallel propagating dis- When a long-wave reductive perturbat{ve expansion 1s
persive Alfven wave train undergoes a transverse modulap(:“rforme‘j on the Hall-magnetohydrodynamic equatigiat

tional instability that leads to wave energy concentration in9nre kinetic effects a multidimensional derivative nonlin-
field-aligned magnetic filaments. This phenomenon, callef@ Schrdinger equatioiDNLS) is obtained for the trans-
Alfvén wave filamentation, could become relevant in the in-Yerse magnetic field. When dealing with wave trains, the
terpretation of recent CLUSTER observations of currenCOUPIing of the Alfven wave with magnetosonic waves at
tubes in magnetosheath regions close to the bow shoéf(‘“ch larger scalg is relevant. In a'redyctlve perturbative ex-
where quasimonochromatic Alfae ion-cyclotron waves Pansion that retains gnly one longitudinal scale, the magne-
were also identified. tosonic waves enter in the form of average values along the
Alfvén wave filamentation was extensively studied in direction of propagatioﬁl. Absolute filamentation, which in
the context of Hall-magnetohydrodynamics for a polytropicthis long-wave limit occurs fop>1, is reproduced by such a
gas, a description adapted to collisional media but that alsgeneralized DNLS equatiod.
extends to collisionless plasmas with a small provided A similar perturbative analysis can also be performed on
anisotropy pressure effects are not important. In the lattethe Vlasov—Maxwell equations, leading to the kinetic deriva-
case, filamentation instability is convective, in the sense thaive nonlinear Schrdinger equatiofKDNLS). The formula-
a time-stationary wave collapse develops along the directioion suitable for Alfven wave trains was derived in Passot
of propagatior?. Direct numerical integration of the primitive and Sulem® by extending a previous work by Rogistér,
equations being particularly challenging in this regime,limited to localized pulses. The resulting equation turns out
simulations were performed fg@@>1, a case where the insta- to be a slight modification of the DNLS equation, that in-
bility is absolute and develops in time. As usual for weaklycludes the Landau damping. This asymptotic model is the
nonlinear dispersive waves, the transverse dynaigiteer  Starting point of the present paper that is organized as fol-
convective or absolujes governed to leading order by the lows. Section Il recalls the KDNLS system for Alfwavave
two-dimensional nonlinear Schdimger equation for the am- trains. In Sec. Ill, a modulational analysis for a monochro-
plitude of the pump. Quantitative comparisons between thenatic Alfven wave subject to transverse perturbations is per-
theoretical predictions and the results of direct numericaformed, resulting in a two-dimensional nonlinear Sehro
simulations demonstrate the accuracy of this descrigflon. dinger equation with linear damping. Section IV specifies the

Dispersive Alfvan wave turbulence is commonly ob-
served in space plasmas, especially in the solar Wittt
magnetosheath® and auroral region$? In places where the
plasma is transversally structured, kinetic Aifvevaves can
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criterion for filamentation instability in the case of bi- a’n, (= (v
Maxwellian equilibrium distribution functions. Section V L,=2m f d

analyzes this criterion in a few typical regimes. The impor- '

tant role played by the electron temperature anisotropy o Uf Uf
and by the ratio of electron to proton temperatures is pointed M, =2mq; f d > 7%, (4)
out. The influence of a second ion species, such as He, is
also considered. Section VI is a brief conclusion that also » (v2\v4
suggests further developments, in particular to situations /\/}ZZernrJ’ d > Tg“
where, as in the solar wind or the magnetosheath, distribu- 0
tion functions may display significant deviations from bi- where the operator
Maxwellians.
Gp| F o )
= vt
' vj=N duy v |UH:)\ ¢
Il. LOW-FREQUENCY ALFVEN WAVE TRAINS includes a Hilbert transforrt; with respect to the longitu-

dinal variable (. Furthermore, the dispersion coefficieéit
that arise Eq(1) scales like the inverse of the ion gyrofre-
Iquency(lts precise form is not needed in the present analy-
sis), while the Alfven wave propagatlon velocity is defined

y A2p @O =((|Bo|%/4m)+pV—p(®). The densityp(® and
the transverse and parallel pressure comporgfitandp(®
at equilibrium are constructed from the velocity distribution
function FO (v, ,u) assumed rotationally invariant about
the direction of the ambient fielBy,x and symmetric rela-
tively to forward and backward velocities along this direc-
tion, thus excluding the presence of equilibrium drifts’

When restricted to spatially localized solutions, the lon-
gitudinally averaged fields are zero, and one recovers the
multidimensional DNLS equation derived by Rogisteand
Pb® Mjglhus and Wyller'® In contrast, when dealing with wave
(0) L . . ,
(0, +(U)dgb} +(7§( o~ (0)) trains, the system also includes the mean figlJ that re-

P sults from the combination

As already mentioned, the dynamics of long-Alfve
waves in a collisionless plasma is isolated by performing a
reductive perturbative expansion on the Vlasov—Maxwel
equations? This yields a closed system for the leading
order transverse magnetic fielb(® and the fluctuating
longitudinal magnetic dlsturbanoéb(l) (two quantities re-
lated by the magnetic field divergenceless condjtian
terms of the stretched longitudinal varialdle €2(x— \t), of
the transverse oneg= 3y and{= €z (relatively to the am-
bient field, and of the slow timer= e*t. Using the complex
notations b(®'=b{?+ib{” and 3, =3,+id,, this system
reads

Bo
_ 01—
2@ P 006b @) (U= (U + S0+ (P pNA)
b(® - - (1) (1)
p(o)&T<U>=C1(%{ <PB_ —<A/C&§A>) 2)\ (0)(<p )= (P (6)
B of various longitudinally averaged quantities, namely the hy-
CZ«AK%A»’ @ drodynamic velocity, the longitudinal induced magnetic field,
5 the normalized magnetic perturbation, and longitudinal and
9oV + 9%t b %} =0. (3)  transverse pressure perturbations. Furthermore, the constants
oo 1 12+188, +582
The notationR{d7 ¢}, where ¢p=pr+i¢p, is a complex 17258, - B, 8(1+28,) ,
field, holds for theltransverspdivergence?, ¢r+ d ¢, . The , @
quantity P = ((BZ/4) +2p{? + K) A refers to the leading or- _ 1 (2+B,)
der perturbation of the perpendicular total presgoragnetic 2 2+8,—B,\8(1+58))

and thermodynamjc It is expressed in terms of the fluctua-
tions of A of the normalized magnetic field amplitude per-
turbationA= (b{*/B,) + (|b!{?|?/2B2) about its longitudinal
mean value(A) (brackets(-) denote averaging over the
variable, while double bracketé )) hold for averaging over
the full spatial domain The above system also involves the
kinetic operator C=N—M?L"t, where £L=3,L,, M Equations(1)—(3) are valid for(normalized wave am-
=3,M,, andN=3 N, originate from the resonance of the plitudesb(f)/Bo that are, at the maximum, of the order of the
wave with the particles of various species$-or each particle square root of the typical ratio of the ion inertial length to the
species of masm,, chargeq, and number density, , one typical wavelength. If the amplitude is smaller, the dynamics
has on the time scaler reduces to that of linear waves with a

involve the ratiog8,=8mp{”/B3 andB, =87p'?/B3 of the
magnetic and parallel or transverse pressure at equilibrium,
respectively.

lll. FILAMENTATION INSTABILITY
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dispersion relatiom = 5k2. A richer dynamics can neverthe- o 1
less take place on a longer time scale, on which the large- (AKdJA)=— TKZ(ML o*1?). (14
scale modulation of &circularly polarizedl monochromatic 2Bg/K|

Alfvén wave can, in some insta_nces, lead to instabiliti_es a”‘i‘furthermore,

to the onset of a nonlinear regime. In order to describe the (
transverse instability of such a wave, one introduces the slow Ap
transverse variableg= ez andZ= e{ together with a slow Wt l*h=—(R{y* Ayt)=— B
time T= €27, associated with this effect, and write that, to

leading orderb(®= ey(Y,z, T)e! ¢ with the disper- ©One has

sion relationw = 6k?. As demonstrated in the context of the N
HaII-mag_netohydrodynamms, the succession of a redu_ctl\_/e a(U)y= —Z&T(C1|¢|2+ C2(<|¢|2>>). (16)
perturbative expansion and of a modulational analysis is 0

equivalent to first performing a modulational analysis on th

primitive equations and then take the long wave likit0 At follows that

in the resulting envelope equatioh¥ Taking such a limit N

implies the amplitude of the pump to be reduced accordingly, ~ (U)= —5 (Cy|#|?+ Co{{| h12)— C1|ho|*— Co{{| thol ),

in order to keep the nonlinear effects negligible on the time Bo

scale of the wave period. 17)

It follows from the above asymptotics that, still to lead- where ¢, denotes the initial amplitude of the pump wave.
ing order, b{"= ?R{i/ko* ye! ¢~ and P=2€2R{(P,  When substituting in Eq(9), one gets a nonlinear Schro
+iP,)ia* ye!KEm e with  Py=(1/2kBy)(B3/4m+2p{”  dinger equation
+K;) and P,=K,/2|k|B,, where we wrote K=K,
+KyH,. It follows that

0)
orlwl). (19

0

H H K\ 2 2 2
© '3T¢+(X+|V)Al¢_§(cl|'ﬂ| +Col{| /“) — Cal ol
3LP:(P1+iP2)iAL‘//ei(k§7wT)+('")eii(kgim), (8) 0
_ 2\ oy
where the dots hold for a slowly varying quantity that need Cofll gl D ¥=0. (18

not to be explicited. As a consequence, the modulation of thevhere both the diffraction coefficient
pump amplitude is governed by the nonlinear Sdiiger

2
; v K
equation, Y= | 148+ —— (19
4k\ p<0)02
. Bo . A
i g+ 2@ (P1+iP)A, y—k(U)y=0, ®  and the damping coefficient
that includes a linear diffusive term associated with the Lan- K>

dau damping, in addition to the diffraction and to the poten- - 4|k|xp'@ (20)

tial (U) to be determined in terms @f, by means of Eq(2). .

Note that in the case of transverse modulation of a longe affected by the wave-particle resonance. Here, we used
pump wave, diffraction and damping originate from the the standard notation = Bg/4mp'® for the squared Alfue
transverse pressure gradient, and that the nonlinear couplifgve velocity. Note that for an initial condition in the form
are only due to the mean fields that it is essential to rétain. Of an infinitesimally perturbed plane wave, the contribution

In order to evaluatéU), one compute@b(f)) and of the.initial conditions_ ir_1 Eq.(18) reduces to_a constant
potential that can be eliminated by a phase shift of the solu-

R (PDO)V} = — Pyl a* 4|2+ R{i(Py+iP,) y* A, 4} tion. It is also of interest to notice that the nonlocality in the
(20 KDNLS equation induced by the wave-particle resonances
does not survive at the level of the amplitude equations be-

Since cause of the quasi-monochromatic character of the pump.
, Bg ' . . Whgn pzerturbing Iigearly a plane wave solutiah
7| yl*— O R{i(P1+iPo)y* A, ¢}=0, (1D = e (WBYCI+CIIYA™ iy the form y=yo(1+a+i ),
P with harmonic disturbancea and ¢ of wavenumbeiK and
one gets frequency(, one easily gets the dispersion relation
* /D (0)\\ — * 2 )\p(O) 2 . 2 |¢0|2 2 2
R{d}(Pb")}=—Polat y|*+ B a7l (12) Q=ivk?2 \[2Ckn K2 x K4, (21)
0
In addition For bi-Maxwellian equilibrium distributionsy is always
~ b i , negativé8 and we conclude that transver@s filamentation
A= B_:%(ﬁai z,//e'(kf‘”)] (13)  instability of a quasimonochromatic plane Alfvevave oc-
0 0 curs whenykAC,<0 or, assuming the plasma stable with
and respect to the fire-hose instabilitye., C;>0),
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(0)

= K 02t (0)
Xe=1HBL+ 550 (22 Ly=—n; quW(Cr), M;=—-n"q; (0)
pUa Iir Tir
(25)
Defining v, =K, /p®v4, we also note that the instability No——2 (O)ZW
growth rate is governed by both the amplitude of the pump r n -|-<0> (),
and the ratiov, /x, . The spectral range of the instability is "
in particular broadened when, /x,. is decreased. where
¢ -2 \/*
_ —c, /2
IV. THE CASE OF BI-MAXWELLIAN EQUILIBRIUM e = ‘/_zﬂpf {—c, dé+ Cre T e, (26
DISTRIBUTIONS
or?®

It is possible to give a simple explicit formula for the
guantity y, and provide a simple instability criterion when
the equilibrium distribution functions of the different particle W(c,)= 1_Cre*(cr2/2>f e<§2/2>dg+ \/Ecrecrzlz’]—(g,
species are assumed bi-Maxwellian in the form, 2

(27)
1 mr3/2 This function is related to the plasma response funcfion
FlO= 7 o1 used in Snydeet al?! by W(X)=R(X//2). In the follow-
(2m)* LTy ing, we replace all the operators by complex numijasing
m m the fact thatH2=—7). For example, we denote by, the
xexp{ ( (ro) 2+ ﬁﬁ)] (23 complex number obtained by replacing in E87) the Hil-
2T 2T bert transform by the imaginary numbietOne has
We furthermore consider a plasma constituted of electrons | nye’ Wt (1+ZX) Wt X_ZZW 28
(indexed by the subscri) and of two positively charged N (0) P T e 7 al (28)
A ) | g THD e a
ion species, namely, protori;idexed byp) and a species
N : i
(e.g., HE™) of chargeZe, indexed bya. As usual.e is the M= —né,o)e(ap)/vp—(l+ZX)aeWe+XZaaWa), (29)

unit positive charge.

It is then useful to introduce a few additional notations N 2n(°)T(°)(a§Wp+(1+ZX)a§TeW

that will be extensively used in the following: Ip
m,/m8 mass patrticle ratios; +XaaTaWa)' (30)
X n(o)/n( )| ratio of « particle to proton number den-
sities; Moreover,
=TO/T(?), temperature anisotropy factor of the par-
ticles of species; pi” =TV (1+(1+ZX) 76+ X1,), (31
m=T{IT), ratio of the parallel temperature of the
particles of species to that of the protons; PP =nP T (@, + (1+ZX)aeTe +Xa,7,). (32)
Uthr= \/T‘(‘?j/m,, thermal velocity of the particles of spe-
ciesr; Noting that
UA= BO/\/477p(Uj, Alfvén speed;
N2=02+(p2p©@) — (p{¥7p(®), squared Alfve wave pOvE o= NI TNA+(1+ZX) et Xpt ) (33
propagation velocity;
¢,=Muvy, , Alfvén wave propagation velocity normal- and
ized by the thermal velocity of particles of species )
Bip=8mp{2)/B}, ratio of the parallel proton equilibrium p(o))\zzi N ﬂnp (p(m pl®) (34)
pressure to magnetic pressure; 8w <0> ‘p
B, =8=p{?/B3, ratio of the total perpendicular equilib-
rium pressure to magnetic pressure; with B,,=n{T(P(87/BJ), we can express
B=T /mpvf\, squared ratio of ion acoustic velocity to
Alfvén speed. - 2+ Bip(ap— 1+ (1+ZX) 7e(a.— 1) + X7,(a,— 1))
Quasineutrality provides the relation Cp Bip(1+ (L+ZX) pet Xpny) '
(35)
ng’=ny+Zn=np(1+ZX). @) addition, c3= (pe/ 7e)C5 andci=(u,/7,)c5. We finally

obtain the parameter, governing the filamentation instabil-
It is easily checkelf that ity in the form
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which also rewrites8= re/cf). Alpha particles are assumed
a to be absentX=0). Noting that in this asymptoticsV,
~—1/c; and We~1+i/(7/2)c,, we find

1

o — RN MPLTY
14
~ 2 i
~—Tdg| 1+i \[ce>

a
~— -y
02040608 1 12141618 2 -
1+i ECe
4 b x| 1+ - . (37
)] 2| p— 1+i\/;ce))
0"‘\[/”- Even thoughc.<1, the electron damping terms have been
2] T retained to avoid the singularity #8=1. Note that(using
[ He<1)
-_4_
. 2B
-6 Bip=~ (38)

T[1+B(1-a.)]

It follows that whena.>1, can vary from 0 to infinit
FIG. 1. Variations ofy, (solid line) and v, (dashed lingas a function of hile 8 is limited t tﬁ '8”130 _1y_1 hich mak Y
Byp for an equilibrium state with isotropic ion and electron temperatures'/ '€ s limited to the rang¢0,(ae ) ], which mal €s
(a,=1, a,=1), and no alpha-particleX0). In panel(a), ions and elec- the use ofg,, as the independent variable preferable in the

trons have the same equilibrium temperaturg=(1), while in panelb), the ~ general case. In the present regime, the paramgtebe-
ratio of the electron temperature to that of the protons.is 8. Negative  comes
values fory, imply filamentation instability.

02040608 | 121416 18 2

X*:1+:8\|p(ap+(1+Zx)ae7'e+xaa7a) X*=1+$1aiae) 1-asr 1+i \/gce)
Bip _
W%(/\/—MZC b, (36)
p Ip . ar
with £, M, and\ defined in Eqs(28)—(30). As previously 1+i \/;ce)
mentioned, instability occurs fo, <O. x| 1+ - ;o (39
2| B—| 1+i \@ce) )
V. FILAMENTATION CRITERION IN A FEW TYPICAL
REGIMES which reduces to
The parameter space being very large, the behavior of 1
the functiony, cannot be simply summarized. We shall here (40

X« =7 _n
) e 1-
focus on a few examples that illustrate the variations of the B

instability range with the medium parameters, in particularwhen the electron temperature is isotropig€1) and the
with the electron to proton temperature ratio and the electroelectron Landau damping neglectarl€0). The usual fluid
temperature anisotropy. limit is thus recovered provideg is correctly interpreted
Figure Xa) displays the coefficientg, andv, as func- In this limit, filamentation instability takes place f@g>1 or
tions of B, for a proton—electron plasma with equal tem- equivalently forg,,>2/7,.
peratures §,=a.=1, 7,=1, X=0). In this casey, is al- Let us now consider the influence of the electron tem-
ways positive and no filamentation takes place. In Fi§)),1 perature anisotropy, for a finite and fixed value of the
a similar plot is shown withr,=8, showing that increasing electron to ion temperature ratig=8. Comparing Figs. (b)
the electron temperature with respect to that of the protonand Za), we note that whera, is taken moderately larger
leads to the apparition of a small range of valueggffor  than unity[in Fig. 2(b), a,=1.8], filamentation instability
which y, <0 and filamentation occurs. This observationexists in a wider range of values gf with a larger growth
suggests to consider the limi,>1 of a plasma with hot rate. In this case, the ratia, / x, tends to 0.45 ag,, tends
electrons and cold protons. We further assume that thep infinity (it is to be noted that the limit value of this ratio
Alfvén speedv,=Bg/\47p©® satisfies vfhyp<v,§<vt2h'e, does not vary monotonically with, but is, for example,
which implies (n./mp)<B<(T./T,) and corresponds to equal to 0.12 whem.=20). Whena, is further increased,
adiabatic protons and isothermal electrons. Hgreefers to  filamentation can disappegas in Fig. Zb), wherea,=2.5]
the squared ratio of the ion acoustic to the Alivepeed and reappeafas in Fig. Zc), wherea,=4.5]. In the latter
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1214 16 1.8 2

02 04 06 0.8 1

02040608 1 12141618 2

c

-8

-10 1

002040608 1 12141618 2

FIG. 2. Same as Fig. 1 whea,=1, 7,=8, andX=0, for different anisot-
ropy degree of the equilibrium electron temperatieg= 1.8 in panel(a),
a.=2.5 in panel(b), anda.=4.5 in panel(c)]. In the latter case, filamen-
tation instabilbity occurs fo3>0.028.

case, filamentation instability exists fg#,,>0.028, to be
compared with the value 1 obtained in the fluid limit.

The complicated behavior observed above fQr8,
simplifies whenr, is of order unity. In this case, a qualitative
argument can be presented. In the absencer @farticles
(X=0) and for a parametes,, of order unity or larger, one
easily sees thatV,~1, and that both the real and imaginary
parts of\V, are of order unity. The dominant contribution to
the real pariK, of the complex number associated with the
kinetic operatorC, comes from\ and one thus concludes,
using (30) and (36), that x, becomes negative whe#,,
exceeds a critical valug. , providedag> 1. The existence of
such a critical value for8 is illustrated in Fig. 8a) that
displaysyx, andv, as a function ofg, for a,=1.8, 7,=1
and X=0. Similar graphs are shown in Fig(l8 for param-
eters typical of the solar wint, a,=3.25, a,=1.27, a,
=3.25, 7.=5.5, 7,=4, X=0.1, u,=4, andZ=2. In this
regime, filamentation takes place f6f,>0.315.

The value ofB. decreases when, increasesa, being
fixed at a value of order unity, or with,, when 7, is of
order one. This variation gB.. as function ofa, and 7, are
respectively illustrated in Fig.(d) (with 7.=1) and in Fig.
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—20 - —
12 14 16 1.8 2

02 04 06 08 1
FIG. 3. Same as Fig. 1 with, in pané), a,=1, 7,=1, X=0, anda,
=1.8 (corresponding to isotropic proton and anisotropic electron equilib-
rium temperaturgs and in panel(b) a,=3.25, a,=1.27, a,=3.25, 7
=55,7,=4,X=0.1, u,=4, andZ=2 (corresponding to anisotropic tem-
peratures for all species, with hotter electrons and alpha-particles whose
number density is 10% that of the protons

4(b) (with a,=1.5) both assuming,= 1. Finally, we show
in Fig. 5@ the variation ofg. as a function ofa, (for a,

=1.5, 7.=3, andX=0) and in Fig. %b) its variation as a
function of X (with a,.=1.5,a,=1, and7,=3). Proton an-

6]
5]
4]
3
2]

1.5

a
2 25 3 35 4
b
1 15 2 25 3 35 4
FIG. 4. Variation of the critical valugd, for the onset of filamentation
instability vs the equilibrium electron temperature anisotrepyfor a,

=1, 7.=1, X=0 (panel a and vs the ratio of the electron to proton equi-
librium parallel temperature, for a,=1, a,=1.5,X=0 (panel b.
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1.4 perature ratio is largéa case where ion acoustic waves are
] a only weakly dampeg and when perpendiculaelectron
1.3
pressure is enlarged.
1.2 Several questions deserve further studies. It is in particu-
114 lar important to investigate the role of deviations from bi-
1 Maxwellian equilibrium distributions, as in many space plas-
0.9 mas such deviations are quite significant and were shown for
0.8 example to have a significant effect on the mirror instability
071 threshold?® Transverse instabilities seem to be of interest in
1 12 14 16 1.8 2 22 2.4 2.6 28 3 the context of auroral plasmas for whighis very small. In
that situation, filamentation is expected to develop in a con-
0.65 1 b vective regimé. The analysis performed in this paper is not
appropriate for this situation and one should rather start from
0.6 the Hall Landau-fluid model derived elsewhéf&>The non-
0551 linear development of the instability is also interesting to
investigate. In situations we have considered, the ratio
0.57 v, x4 is never really small so that Landau damping is ex-
0.451 pected to arrest wave collapse quite early, making the enve-
lope description valid throughout the evolution. A quantita-
0.41 . . . . tive estimate of the saturation level in terms of the strength

0 01 02 03 04 05 of the Landau damping requires a parametric study of Eq.

FIG. 5. Variation of, as a function of the anisotropy degree of the proton (18), that is currently underway. Finally the question arises
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