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Abstract

In this article we presentan introductionto variousFiltering algorithmsand
someof their applicationsto the world of Quantitatve Finance. We shall first
mentionthefundamentataseof Gaussiamoisesvherewe obtainthewell-known
KalmanFilter. Becauseof commonnonlinearitieswe will be discussinghe Ex-
tendedKalmanFilter (EKF) aswell astheUnscentealmanFilter (UKF) similar
to Kushners NonlinearFilter. We alsotacklethe subjectof Non-Gaussiaffilters
and describethe Particle Filtering (PF) algorithm. Lastly, we will apply the fil-
tersto the term structuremodelof commoditypricesandthe stochastiovolatility
model.

1 Filtering

Theconcepf filtering haslong beenusedin ControlEngineeringandSignalProcess-
ing. Filtering is aniterative procesghat enablesusto estimatea models parameters
whenthe latter reliesupona large quantity of obsenableand unobserabledata. The
KalmanFilter is fastand easyto implement,despitethe lengthand noisinessof the
inputdata.

We supposeve have atemporakime-serieof obsenabledatazy (e.g. stockprices[17],
[31], interestrates[5], [26], futuresprices[21], [22]) anda modelusingsomeunob-
senabletime-seriex (e.g. volatility, correlation,convenienceyield) wheretheindex
k correspondso thetime-step.Thiswill allow usto constructanalgorithmcontaining
atransitionequationlinking two consecutre unobserablestatesanda measurement
equatiorrelatingthe obseneddatato this hiddenstate.

Theideais to proceedn two steps:first we estimatehe hiddenstatea priori by using
all the information prior to that time-step. Then using this predictedvalue together
with the new obsenation,we obtaina conditionala posterioriestimationof the state.

In what follows we shall first tackle linear and nonlinearequationswith Gaussian
noises.Wethenwill extendthisideato theNon-Gaussiagase.
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Further we shall provide a meanto estimatethe modelparametersia the maximiza-
tion of thelikelihoodfunction.

1.1 The Simpleand Extended Kalman Filters
1.1.1 Background and Notations

In this sectionwe describeboth the traditional KalmanFilter usedfor linear systems
andits extensionto nonlinearsystemsknown asthe ExtendedKalmanFilter (EKF).
The latteris basedupona first orderlinearizationof the transitionand measurement
equationsandthereforewould coincidewith the traditionalfilter whenthe equations
arelinear. For adetailedintroduction,see[12] or [30].

Givenadynamicprocess following atransitionequation
Xk = f(Xk—1,Wk) 1)
we supposeave have ameasuremertt, suchthat
z = (X, Uk) 2)

wherewy anduy aretwo mutually-uncorrelatedequencesf temporally-uncorrelated
Normal random-ariableswith zero meansand covariancematricesQy, Rk respec-
tively*. Moreover, wy is uncorrelatedvith x,_1 anduy uncorrelatedvith x.

We denotethedimensionof xx asny, thedimensionof wy asn,, andsoon.

We definethea priori proces®stimateas
i = E[xd] ®3)

whichis the estimationattime stepk — 1 prior to the stepk measurement.
Similarly, we definethe a posterioriestimate

)?k = E[Xk|2k] (4)
whichis the estimationat time stepk afterthe measurement.

We alsohave the correspondingestimationerrorse, = xx — X, andec = Xk — X and
the estimatesrrorcovariances

_ _ _t
P =Ele. € ]
Px = E[ex€}] ®)
wherethe superscript correspondso thetranspos@perator

In orderto evaluatethe abore meansand covarianceswe will needthe conditional

4Somepreferto write x = f(xk—1,Wk—1). Needlesgo say thetwo notationsareequialent.
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densitiesp(xk|zk—1) and p(xk|z), which are determinedteratively via the Time Up-
dateandMeasurement/pdateequations.

The Time Updatestepis baseduponthe Chapman-kImogoros equation

P(Xk|Z1k-1) = / P(Xk|Xk—-1,Z1:k—1) P(Xk—1|Z1:k—1) AXk—1

(6)
=/D(XkIXk—l)p(Xk—1|21:k—1)ka—1
via the Markov property
The MeasuementJpdatestepis baseduponthe Bayesrule
Z|Xk) p(Xk|Z1 k-
P(e[Z14) = P(ZlXk) P(Xk| Z1k-1) @

P(z|Z1k-1)
with

P(zk|Z1k-1) :/p(zk|xk) P(Xk| Z1:k—1)dXk
A proof of theaboveis givenin theappendix.
EKF is basedon the linearizationof the transitionand measuremen¢quationsand
usesthe conseration of Normal propertywithin the classof linear functions. We

thereforedefinethe Jacobianmatricesof f with respectto the statevariableandthe
systemnoiseasAk andWy respectiely; andsimilarly for h, asHyg andUy respectiely.

More accuratelyfor every row i andcolumnj we have

Ajj =0fi/an()A(k_1,O) » Wi =0fi/aWj()A(k_1,0) » Hij =0hi/an()A([,O) » Ui =6hi/6uj(§([,0)

Needlesdo sayfor alinearsystemthefunctionmatricesareequalto theseJacobians.
Thisis the casefor the simpleKalmanFilter.

1.1.2 TheAlgorithm
Theactualalgorithmcouldbeimplementedasfollows:
(1) Initialization of xo andPg
Forkin 1...N
(2) Time Update (Prediction)equations
% = f(%1,0) (8)

and
P = AkPic 1AL+ WiQi- 1 Wi 9)
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(3-a) Innovation : We define

2 =h(%,0)
and

Vg = Zx — 2;

astheinnovationprocess.
(3-b) Measurement Update (Filtering) equations

Xk = )A(E + Kgvk (10)

and
Py = (| —Kka)PE (11)

with
K= P Hi (HkP Hi + UkReUj) ™ (12)

andl| the Identity matrix.

The above Kalman gain K correspondgo the meanof the conditionaldistribution
of xx uponthe obsenationzy or equivalently, thematrix thatwould minimizethemean
squareerror Py within the classof linear estimatos.

This interpretatioris baseduponthe following obsenation. Having x a Normally dis-
tributed random-ariablewith a meanmy and varianceP,x, and z anotherNormally
distributedrandom-wariablewith a meanm, andvarianceP,;, andhaving P,x = P the
covariancebetweerx andz, the conditionaldistribution of x|z is alsoNormalwith

My, = M+ K(z—my)

with
K = PPt

which correspond$o our Kalmangain.

1.1.3 Parameter Estimation

ForaparametesetW¥ in themodel,thecalibrationcouldbecarriedoutviaaMaximum
Likelihood Estimator(MLE) or in caseof conditionally Gaussiarstatevariables,a
Quasi-MaximumLik elihood(QML) algorithm.

To do this we needto maximize|'|E:1 p(z|z1x-1), andgiventhe Normalform of this
probability density function, taking the logarithm, changingthe signsand ignoring
constanterms,this would be equivalentto minimizing over the parametessetW

N Z— My,
1:N kZl ( zkzk) szzk ( )
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For theKF or EKF we have
My =2
and
Paa = HkPy Hi + UkRk Ui

1.2 TheUnscented Kalman Filter and Kushner’s Nonlinear Filter
1.2.1 Background and Notations

RecentlyJulierand Uhlmann[18] proposeda new extensionof the KalmanFilter to
Nonlinear systems different from the EKF. The new methodcalled the Unscented
KalmanFilter (UKF) will calculatethe meanto a higherorderof accurag thanthe
EKF, andthe covarianceto the sameorderof accurag.

Unlike the EKF, this methoddoesnot requireary Jacobiancalculationsinceit does
not approximatethe nonlinearfunctionsof the processandthe obsenation. Indeedit
usesthe true nonlinearmodelsbut approximateghe distribution of the staterandom
variablexy (aswell asthe obsenation zy) with a Normal distribution by applyingan
Unscentedransformatiorto it.

In orderto beableto applythis Gaussiampproximatior{unlessve have xx = f(xk—1) +
wg andzx = h(xk) + uy, i.e. unlessthe equationsarelinearin noise)we will needto
augmenthe statespaceby concatenatinghe noisesto it. This augmentedtatewill
have adimensiomng = ny + ny + Ng.

1.2.2 TheAlgorithm

The UKF algorithmcouldbewritten in thefollowing way:

(1-a) Initialization : Similarly to the EKF, we startwith aninitial choicefor the
statevectorko = E[xg] andits covariancematrix Po = E[(Xo — Xo) (X0 — Xo)'].

We alsodefinetheweightsw™ andw' as

w" na}-\i-)\
and N
0 = oy T (=)
andfori=1...2n,
W =W = s (1)

wherethescalingparameters, B, k andA = a?(ng + k) — na Will bechoserfor tuning.

Forkin 1...N
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(1-b) State Space Augmentation : As mentionedearlier we concatenate¢he state
vectorwith the systemnoiseandthe obsenationnoise,andcreateanaugmentedtate

vectorfor eachtime-step
Xk-1
Xg1= [ Wk-1 ]
Uk-1

andtherefore .
Xk—1
K1 = E[Xg_1]zd] = 0
and
Pr_1 Pxw(k—1]k—1) 0
Pi_,=| Pu(k=1k—=1) Pyw(k—1k-1) 0
0 0 Puu(k— 1]k —1)

(1-¢) The Unscented Transformation : Following this, in orderto usethe Normal
approximationwe needto constructthe correspondingsigmaPoints throughthe Un-
scentedlransformation:

Xk_1(0) = %§_4
Fori=1...ny
Xk_1 (D) = RE_1 4 (1/ (Na+A)PE_y);i

andfori=ng+1...2n,
Xie1() = XE_1 — (1/ (Na+ N)PE_1)i—n, (15)
wherethe above subscripts andi — n, correspondo theit" andi — nil" columnsof the

square-roomatrix®.
(2) Time Update equationsare

Xigk—1(1) = F(Xk1. (1) Xi1 (1)) (16)
fori =0...2ny+1and
2,
X = _ZJWi(m)ka—l(i) 17)
and o
P = _;vvi“) (Xigk1(0) = 50) Otk (1) = %) (18)

The superscriptx andw correspondo the stateandsystem-nois@ortionsof theaug-
mentedstaterespectiely.

5Thesquare-rootanbe computedvia a Cholesly factorizationcombinedwith a SingularValueDecom-
position.See[27] for details.
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(3-a) Innovation : We define

Zgk—1(1) = h(Xk=2(1), Xk_1(1)) (19)
and
W2y 400 (20)
Zg =% W Zpk i
k i; i |
andasbefore
Vg = Zk — 2;

(3-b) Measurement Update

2ny
Pac = 3 W @10 = 5) @20 - %)

and ,
Na
Puc = _Z)vvi“) (Ko (1) = %) (Zigeen () — 2 ) (21)
1=
which givesusthe KalmanGain
Kk = PyaPaz,
andwe have aspreviously
Xk = X + Ky (22)
aswell as
Pk = P — KiPya K (23)

which completegshe Measuremenit/pdateEquations.

1.2.3 Parameter Estimation

Themaximizationof thelik elihoodcouldbedoneexactly asin (13) takingz, andP;,z,
definedasabove.

1.2.4 Analogy with Kushner’s Nonlinear Filter

It would beinterestingo comparethis algorithmto Kushners NonlinearFilter® (NLF)
basedon anapproximatiorof the conditionaldistribution [19], [20]. In this approach,
the authorssuggestusing a Normal approximationto the densitiesp(xx|zx—1) and
p(xk|zk). They thenusethe factthata Normaldistribution is entirely determinedvia
its first two momentswhich reduceghe calculationsconsiderably

They finally rewrite the momentcalculationequationg3), (4) and(5) usingtheabove

6This analogybetweerKushners NLF andthe UKF hasbeenstudiedin [16].
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p(xk|zk—1) and p(xx|zx), after calculatingtheseconditionaldensitiesvia the time and
measuremenipdateequationg6) and(7). All integralscouldbe evaluatedvia Gaus-
sianQuadrature$

Notethatwhenh(x,u) is stronglynonlinear the GaussHermiteintegrationis not effi-
cientfor evaluatingthe momentsof the measuremenipdateequation sincethe term
p(z|xx) containsthe exponentz, — h(x). Theiterative methodsbasedon theideaof
importancesamplingproposedn [19],[20] correctthis problemattheprice of astrong
increasdén computatiortime. As suggestedh [16], oneway to avoid this integration
would beto make the additionalhypothesighatxy, h(x)|z1 k-1 is Gaussian.

Whenny = 1 and A = 2, the numericintegrationin the UKF will correspondo a
Gauss-Hermit®uadratureof order3. Howeverin the UKF we cantunethefilter and
reducethe highertermerrorsvia the previously mentionedparameterst andp3.

As the Kushnerpaperindicates,having an N-dimensionalNormal random-ariable
X = A(m,P) with m andP the correspondingneanandcovariancefor a polynomial
G of degree2M — 1 we canwrite

__ 1 _(y-m)'Py—m)
EIGOX)) = o o G0 5 ldy

whichis equalto

E[G(X)] = % Wi, G(M +V/PY)

||M§

wherelt = ( Gy, - Gy ) is the vectorof the Gauss-Hermiteootsof orderM and
wi, ...w;,, arethecorrespondingveights.

Notethatevenif bothKushners NLF andUKF useGaussiarQuadratureslJJKF only
use2N + 1 sigmapoints,while NLF needsMN pointsfor the computatiorof theinte-
grals.

Moreaccuratelyfor aQuadrature-ordevl andanN-dimensiona(possiblyaugmented)
variable the sigma-pointsiredefinedfor j = 1...N andij = 1...M as

Xék‘_l(ila ey iN) = f(ék‘_l + Pék‘_lz(il, ey iN)

wherethis square-rootorrespondso the Cholesky factorization.
Similarly to the UKF, we have the Time Updateequations

Xkjk—1 (|1= -l )_f(Xk— ( ,iN),XKV_l(ij_,...,iN))

but now
M M
K=Y e ) Wi Wiy Xigk—1(i1, - iN)
i1=1 iy=1

A descriptionof the GaussiarQuadratureould befoundin [27].
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and

Wiy - Wiy (Xigk=1 (115 -+ IN) = X ) (Xik—=1 (i1, -+, IN) =X} )

i1=1 in=1

_U
=~
I
IZE
iMz=

andsimilarly for the measuremenipdateequations.

1.3 TheNon-Gaussian Case: The Particle Filter

It is possibleto generalizehe algorithmfor thefundamentatsaussiarcaseto oneap-
plicableto ary distribution. The basicideais to find the probability densityfunction
correspondingo a hiddenstatexy at time stepk givenall the obsenationsz; « up to
thattime.

1.3.1 Background and Notations

In this approachwe use Markov-Chain Monte-Carlosimulationsinsteadof usinga
Gaussiarapproximationfor (xx|z,) asthe Kalmanor KushnerFiltersdo. A detailed
descriptionis givenin [10].

Theideais basednthe ImportanceSamplingtechnique:
We cancalculatean expectedvalue

E[f (% / (%) PO 224 (24)
by usinga known andsimpleproposaldistribution q().
More preciselyit is possibleto write
/ f(x (Xk|21 1) X

which couldbealsowritten as

/ % (| zox) dxic (25)
with
Wi (%) = %
definedasthefiltering non-normalizedveightasstepk.
We thereforehave
E[f (x0] = SMOOTOOL _ e g 0 ) 6

Eq[wk ()]
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with . W)
T B (4]

definedasthefiltering normalizedweightasstepk.

Using Monte-Carlosamplingfrom the distribution q(X«|z1k) we canwrite in the dis-
creteframework:

aWMzZMWMWB (27)

with again

Now supposinghatour proposaldistribution q() satisfieshe Markov property it can
be shovn thatwy verifiestherecursve identity

(i) (i) 14 (1)
i i) P(ZX ) P0G 1%Z1)
o = w7 e (28)
q(xk |Xk—1azl:k)
whichcompleteshe SequentialmportanceSamplingalgorithm. It isimportantto note
thatthis meanghatthe statex, cannotdepencbn future obsenations,i.e. we aredeal-

ing with Filtering andnot Smoothing.

Onemajorissuewith this algorithmis thatthe varianceof the weightsincreasesan-
domly overtime. In orderto solve this problem,we could usea Resamplinglgorithm
whichwould mapour unequallyweightedx,’sto anew setof equallyweightedsample
points. Differentmethodshave beensuggestedor this®.

Needlesdo say the choiceof the proposaldistribution is crucial. Many suggests-

ing
(X Xk—1,Z1:%) = P(Xk|Xk-1)

sinceit will give usasimpleweightidentity

w) = p(adx)

However this choiceof the proposaldistribution doesnot take into accountour most
recentobsenationz at all andthereforecould becomenefficient.
Hencetheideaof usinga GaussiarApproximationfor the proposal andin particular
anapproximatiorbasedn the KalmankFilter, in orderto incorporatehe obsenations.
We thereforewill have

A% |Xk—1,Z1:%) = N (R, Pk) (29)

8Seg[12] for anexplanationon Smoothing.
9Seefor instancd4] or [29] for details.
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usingthe samenotationsasin the sectionon the KalmanFilter. Suchfilters aresome-
timesreferredto asthe ExtendedParticle Filter (EPF)andthe UnscentedParticle Filter
(UPF).See[14] for a detaileddescriptionof thesealgorithms.

1.3.2 TheAlgorithm

Giventheabove frameawork, thealgorithmfor anExtendedr UnscentedParticle Filter
couldbeimplementedn thefollowing way:

(1) For time stepk = 0 choosexg andPy > 0.
Fori suchthatl < i < Nsjmstake

X((JI) =Xo+ Poz(i)

wherez!) is a standardsaussiarsimulatednumber
Also take P(()') =Py andwg) = 1/Nsims
Whilel<k<N

(2) For eachsimulation-inde i

% = KF(4)y)

with PS) theassociate@ posteriorierrorcovariancematrix.
(KF couldbe eitherthe EKF or the UKF)
(3) For eachi betweenl andNsjms

%0 = 50 4 /R0 Z0

whereagainz() is astandardsaussiarsimulatechumber
(4) Calculatethe associatedveightsfor eachi

) ) A1)y sl) (3 (0)
OB p(2k|i(g))2()Xk L)
q(xk |Xk—1’zl:k)

with q() theNormaldensitywith meanf(f(i) andvariancePlﬁi).
(5) Normalizetheweights _
W
Nsims [
2i=1 W(kl)
(6) Resamplehe pointsf(f(i) andgetxf(i) andreselwi((i) = Wi((i) = 1/Nsims
(7) Increment k, Go backto step(2) andStop attheendof theWhileloop.
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1.3.3 Parameter Estimation

As in the previous section,in orderto estimatethe parametessetW we canusean

ML Estimator However sincethe particlefilter doesnot necessarilyassumesaussian
noise,thelikelihoodfunctionto be maximizedhasa more generalform thanthe one

usedin previoussections.

Giventhelikelihoodat stepk

Ik = p(z|z1k-1) = / (2| %) P(Xk|Z1:x—1) Xk

thetotal likelihoodis the productof the I ’s abose andthereforethe log-likelihoodto
bemaximizedis

z

In(Lan) =) In(lk) (30)
1

=
Il

Now Ik couldbewritten as

P(Xzik-1)
I _/ Zi| X X[ Xk—1, 22k ) dXk
« P(Zx) Xk|Xk—1,Zlk) -, 2110)

andgiventhatby constructiortheis) 'saredistributedaccordingo q(), consideringhe

resettingof WS) to a constantl/Nsims during the resamplingstep,we canapproximate
I with

whichwill provide uswith aninterpretatiorof thelikelihoodasthetotal weight
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3 Stochastic Volatility Models

In this section,we apply the differentfilters to a few stochastiovolatility modelsin-

cludingthe Heston the GARCH andthe 3/2 models.To testthe performancef each
filter, we usefive yearsof S&P500time-series.

The ideaof applyingthe KalmanFilter to Stochasticvolatility modelsgoesbackto

Hanwey, Ruiz & Shephard13], wherethe authorsattemptto determinethe systempa-
rameterssia a QML Estimator This approachastheobviousadvantageof simplicity,

howeverit doesnotaccountfor the nonlinearitiesandnon-Gaussianitiesf the system.
More recently Pitt & Shephard10] suggestedhe useof Auxiliary Particle Filters to

overcomesomeof thesedifficulties. An alternatve methodbasedupon the Fourier
transformhasbeenpresentedn [7].

3.1 The State Space Model

Let usfirst presenthe state-spacéorm of the stochastiosolatility models:

3.1.1 TheHeston Mode€

Let us study the EulerdiscretizedHeston[15] StochasticVolatility modelin a risk-
neutralframenork®

1
InS = InSc1 + (rk— évk)At—}-\/\/_k\/EBk_l (31)
Vi = Vi1 + (W= BV 1)At + &\ 1 VALZ (32)

where S, is the stock price at time-stepk, At the time interval, ri the risk-free rate
of interest(possiblynettedby a dividend-yield), v, the stockvarianceand By, Zyx two
sequencesf temporally-uncorrelate@aussiamandom-wariablesvith a mutualcorre-
lation p. The modelrisk-neutralparametesetis thereforeW = (w,6,&,p).

Considerings asthehiddenstateandInS..; asthe obsenation,we cansubtractfrom
both sidesof the transitionequationxx = f(xx_1,Wk—1), a multiple of the quantity
h(Xk—1,Uk—1) — Z—1 Which is equalto zero. This would allow usto eliminatethe cor-
relationbetweerthe systemandthe measuremerroises.

Indeed;f the systemequationis

1
Vk = Vk—1+ (00— Bv_1) At +E\/Vk_1\/EZk_1 —p&[INS—1+ (rk— EVk_l)At —I—\/Vk_l\/EBk_l —1ng]

posingfor every k
. 1
= > (Zk— PBy)
vi1-p
15The sameexact methodologycould be usedin a nonrisk-neutralsetting. We aresupposingve have a
smalltime-stepAt in orderto beableto applythe Girsane theorem.
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wewill have asexpectedZ, uncorrelatedwith B, and

Xk = Vi = Vi1 + [w— pErk—(e——pE)vk_l]At—i-pEIn +E\/1 P2\ /Vi_ WAtZ 1

(33)
andthe measuremergquationwould be

Z =InSq1 = InS+ (r— %Vk)At+\/\/_k\/EBk (34)

3.1.2 Other Stochastic Volatility Models

It is easyto generalizethe above statespacemodelto other stochastiovolatility ap-
proachesindeedwe couldreplace(32) with

Vk = Vk—1 + (00— Bvi_1)At + EVE_l\/EZk—l (35)

wherep = 1/2 would naturallycorrespondo the Heston(Square-Rootjnodel,p=1
to the GARCH diffusion-limit model,and p = 3/2 to the 3/2 model. Thesemodels
have all beendescribecandanalyzedn [23].

The new statetransitionequatiorwould thereforebecome

S

S )+&/1—pAE_

(36)

1
Vi = Vi1 + [w— pErkvE_f — ( pEvk_ )vk_ ] At+pEv 2In(

wherethe samechoiceof statespacexx = v is made.

3.1.3 Robustnessand Stability

In this state-spacérmulation,we only needto choosea valuefor vy which couldbe
setto thehistoric-wvolatility over a periodprecedingourtime-seriesldeally, thechoice
of vp shouldnot affect theresultsenormouslyi.e. we shouldhave a robustsystem.

Aswesaw in theprevioussection the systenstability greatlydependonthemeasure-
mentnoise.Howeverin this casethe systemmoiseis preciselyy/Atvy, andthereforewe
do not have a directcontrol on this issue. Neverthelessve could addanindependent
Normalmeasurementoisewith a givenvarianceR

1
Z = InS1 = INSc+ (r— Evk)At+\/v_k\/EBk+R/\4<

whichwould allow usto tunethefilter?®.

16An alternatre approachwould consistin choosinga volatility proxy such as f(InS,InS.1) =
InS1 — InS and ignoring the stock-drift term, given that At = o(/At). We would thereforewrite

=In(|f(InS,InS1)|) = E[In([f(InS;, InS, 1) + LInvic + & with S the sameprocessas§ but with a
volatility of one andgy correspondingo the measurememoise.See[2] for details.

VAZ 4
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3.2 TheFilters

We cannow applythe Gaussiarandthe Particle Filtersto our problem:

3.2.1 Gaussian Filters

For the EKF we will have

S

1 1
1 p-3 \\P2 p-3
Ac=1— |pErk(p 2)v +6- ZDE(D+2)VK1]At+(P 5)PEVi In(&_)
and
Wk=¢ szk 1\/_

aswell as 1

Hk:_éAt
and

Uk = ViVt

The sametime updateandmeasuremenipdateequationsould be usedwith the UKF
or KushnersNLF.

3.2.2 ParticleFilters

We could alsoapply the Particle Filtering algorithmto our problem. Using the same
notationsasin sectionl.3.2andcalling

2
nixm.s) = —— ep(-"52)

theNormaldensitywith meanm andstandardleviation s, we will have

XL 20 =0 (%m0 s= /el

aswell as
i 1 i
p(zd%”) =n (zk,m 21+ (- ixp)m,s:\@m)
and - _
PO L) = (s =8/1- 24 PV
with

my =X, + [03 PER(X) )P~ — (9——95( O yp- > X&] Mt+pE) P2 (21— 7o)
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andasbeforewe have
(i) _ (D) p(zd% ) PR X 1)
Wi = Wier™— i 0
q(xk |Xk_17zlik)

which providesuswith whatwe needfor thefilter implementation.

3.3 Parameter Estimation and Back-Testing

For the GaussiartMLE we will needto minimize
2

K v
367’ = | _k
o@8.50)= 3 F) + 1

with vy = z — 2 andFy = HgP, H} + UkU}.

For the Particle MLE, aspreviously mentionedwe needto maximize

N Nsims (M)
In w,
sin(5w)

By maximizingthe above likelihoodfunctions,we will find the optimal parametesset
W= (&,6,&,p). This calibrationprocedurecould thenbe usedfor pricing of deriva-
tivesinstrumentr forecastingvolatility.

We could performa back-testingorocessn the following way. Choosingan original
parametesset

W* =(0.02,0.5,0.05,—-0.5)
and using a Monte-Carlosimulation,we generatean artificial time-series. We take
S =1000USD, v = 0.04,rx = 0.027andAt = 1. Notethatwe aretakinga large At
in orderto have meaningfulerrors.Thetime-seriess generatedia theabovetransition
equation(32) andthe usuallog-normalmeasuremergquation.
We find thefollowing optimall” parametesets:

Wekr = (0.0363350.9286320.036008, —1.000000)
Yuke = (0.0331040.8489840.033263, —0.983985)
Wepr = (0.0193570.500021 0.033354, —0.581794)
Yyupe = (0.0194800.4893750.047030, —0.229242)
which shows the betterperformanceof the Particle Filters. However, it shouldbere-

mindedthatthe Particle Filtersarealsomorecomputation-intensie thanthe Gaussian
ones.

17In this section,all optimizationsweremadevia the Direction-Setalgorithmasdescribedn [27]. The
precisionwassetto 1.0e-6.
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3.4 Application to the S& P500 I ndex

The above filters were appliedto five yearsof S&P500time-serieg1996to 2001)in
[17] andthefiltering errorswereconsideredor the Hestonmodel,the GARCH model
andthe3/2 model.Daily index close-pricesvereusedfor this purpouseandthetime
interval wassetto At = 1/252. The appropriaterisk-free rate was appliedand was
adjustedby theindex dividendyield atthetime of the measurement.

As in the previous section,the performancecould be measuredsia the MPE andthe
RMSE.We could alsoreferto figures5 to 11 for a visualinterpretatiorof the perfor-
mancemeasurements.

MPEEKF_Hegon = 35820k— 05 RMEEKF—HGSOH = 18322%- 05
MPEekr—carch =2.78438—05 RMSEgkr-carcH = 1.42428— 05
MPEcye_3 — 2.6322%— 05 RMSEgyr_3 = 1.74766—05
MPEUkF-Heson =3.0000e—05 RMSEykF—Hegon= 191280 — 05
MPEykF—garcH =2.9927%—05 RMSEykr_carcH = 2.5813%e— 05
MPEjye_3 = 2.8227%—05 RMSE ¢ _3 = 15577%—05
MPEEPF_Hegon = 27010$_ 05 RMEEPF_Hegon = 13453Q_ 05
MPEepr—carcH = 2.48733%—-05 RMSEgpr_carcH =4.9933%— 06
MPEgpr_3 = 2.26462— 05 RMSE¢p_3 = 2.5864%— 06
MPEyPF—Heson =2.04006—05 RMSEypF—_Hegon=2.74818—06
MPEUpF—garcH = 2.63036@—05 RMSEypr_garcH = 8.4403%k— 07
MPEjpr_3 —1.7385%—05 RMSEpp_3 = 4.09918— 06

Two immediateobsenationscanbemade:Ontheonehandthe ParticleFiltershave
abetterperformancehanthe Gaussiarones which reconfirmsvhatonewould antici-
pate.Onthe otherhandfor mostof the Filters,the 3/2 modelseemso outperformthe
Hestonmodel,whichis in line with thefindingsof Engle& Ishida[11].

3.5 Conclusion

UsingtheGaussiaror ParticleFilteringtechniquesit is possibleo estimatahestochas-
tic volatility parametergrom the underlyingassettime-seriesijn the risk-neutralor
real-world context.

As expectedwe obseneanimprovementwhenParticle Filtersareused.Whatis more,
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EKF errors for different SV Models
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Figure5: Comparisorof EKF Filtering errorsfor Heston GARCH and3/2 Models.
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Figure6: Comparisorof UKF Filtering errorsfor Heston GARCHand3/2 Models.
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3/2 model errors for different Filters
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Figure11: Comparisorof Filtering errorsfor the 3/2 Model.

giventhetestscarriedoutonthe S&P500datait seemghat,despitets vastpopularity,
the Hestonmodeldoesnot performaswell asthe 3/2 representation.

This suggestdurther researchon otherexisting modelssuchas JumpDiffusion [25],
VarianceGammg24] or CGMY [9]. Clearly, becausef the non-Gaussianitpf these
models the Particle Filtering techniquewill needto beappliedto them'8.

Finally it would beinstructive to comparetherisk-neutralparametessetobtainedirom
the above time-serieshasedapproachesto the parametesetresultingfrom a cross-
sectionalapproactusingoptionsmarket pricesat a givenpointin time'®. Inconsistent
parameterdetweernthe two approachesvould signaleitherarbitrageopportunitiesn
themarket, or a misspecificatiorin the testedmodef®.

187 studyon Filtering andLévy processehasrecentlybeendonein [6].
Thisideais exploredin [1] in aNon-parametridashion.
20This comparisorsupposeshatthe Girsane theoremis applicableto the testedmodel.
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4 Summary

In this article, we presentanintroductionto variousfiltering algorithms:the Kalman
filter, the ExtendedFilter, aswell asthe UnscentedKalman Filter (UKF) similar to
Kushners Nonlinearfilter. We alsotacklethe subjectof Non-Gaussiaffilters andde-
scribethe Particle Filtering (PF) algorithm.

We thenapplythefilters to a term structuremodelof commodityprices.Our mainre-
sultsarethefollowing: Firstly, theapproximationintroducedn the Extendedilter has
aninfluenceon the modelperformancesSecondlythe estimationresultsaresensitve
to the systemmatrix containingthe errorsof the measuremergquation. Thirdly, the
approximatiormadein the extendedfilter is not a realissueuntil the modelbecomes
highly nonlinear In thatcase pthernonlinearfilters suchasthosedescribedn section
1.2maybeused.

Lastly, the applicationof thefilters to stochastiosolatility modelsshows thatthe Par-
ticle Filters performbetterthanthe Gaussiarones howeverthey arealsomoreexpen-
sive. Whatis more,giventhetestscarriedoutonthe S&P500datait seemghat,despite
its vastpopularity the Hestonmodeldoesnot performaswell asthe 3/2 representa-
tion. This suggestdurtherresearcton otherexisting modelssuchasJumpDiffusion,
VarianceGammaor CGMY. Clearly, becaus®f the non-Gaussianitpf thesemodels,
the Particle Filtering techniquewill needto beappliedto them.
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Appendix
The Measurement)pdateequations

P(Zc|xx) P(Xk|Z1:k—1)
P(z|z1:x-1)

P(Xk|z1k) =
wherethe denominatomp(z|z; x—1) couldbewritten as

P(az1x-1) = [ P(@cbs) POxclzzsc1) o
andcorrespondso the LikelihoodFunctionfor thetime-stepk.

Indeedusingthe Bayesrule andthe Markov property we have

P(Z1k| %) P(Xk)
pP(z1x)
P(Zc, Z1:k—1]Xk) P(Xk)
P(Z, Z1k-1)
_ P(Z|Z1x—1, %) P(Z1:—1]%) P(Xk)
B P(Zk|z1:x-1) P(Z1:k—1)
_ P(&Z11-1, %) POK|Z1k-1) P(Zk-1) P(X)

p(xk|zl:k) =

P(z|z1:x-1) P(Z1k-1) P(X)

_ P(&x0) P(|Z1x-1) .

P(Z|Z1:k—1)

Notethat p(xx|z) is proportinalto

exp (- 52~ k) R Hae =)

underthe hypothesiof additve measuremernioises.

34
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