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Abstract

In this article we presentan introductionto variousFiltering algorithmsand
someof their applicationsto the world of Quantitative Finance. We shall first
mentionthefundamentalcaseof Gaussiannoiseswhereweobtainthewell-known
KalmanFilter. Becauseof commonnonlinearities,we will bediscussingtheEx-
tendedKalmanFilter (EKF) aswell astheUnscentedKalmanFilter (UKF) similar
to Kushner’s NonlinearFilter. We alsotacklethesubjectof Non-Gaussianfilters
anddescribethe Particle Filtering (PF) algorithm. Lastly, we will apply the fil-
tersto the termstructuremodelof commoditypricesandthestochasticvolatility
model.

1 Filtering

Theconceptof filtering haslongbeenusedin ControlEngineeringandSignalProcess-
ing. Filtering is an iterativeprocessthatenablesus to estimatea model’s parameters
whenthe latter reliesupona largequantityof observableandunobservabledata.The
KalmanFilter is fastandeasyto implement,despitethe lengthandnoisinessof the
inputdata.
Wesupposewehaveatemporaltime-seriesof observabledatazk (e.g. stockprices[17],
[31], interestrates[5], [26], futuresprices[21], [22]) anda modelusingsomeunob-
servabletime-seriesxk (e.g. volatility, correlation,convenienceyield) wheretheindex
k correspondsto thetime-step.Thiswill allow usto constructanalgorithmcontaining
a transitionequationlinking two consecutive unobservablestates,anda measurement
equationrelatingtheobserveddatato thishiddenstate.
Theideais to proceedin two steps:first we estimatethehiddenstatea priori by using
all the informationprior to that time-step. Thenusing this predictedvalue together
with thenew observation,we obtaina conditionala posterioriestimationof thestate.

In what follows we shall first tackle linear and nonlinearequationswith Gaussian
noises.We thenwill extendthis ideato theNon-Gaussiancase.
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Further, we shallprovide a meanto estimatethemodelparametersvia themaximiza-
tion of the likelihoodfunction.

1.1 The Simple and Extended Kalman Filters

1.1.1 Background and Notations

In this sectionwe describeboth the traditionalKalmanFilter usedfor linear systems
andits extensionto nonlinearsystemsknown asthe ExtendedKalmanFilter (EKF).
The latter is basedupona first order linearizationof the transitionandmeasurement
equationsandthereforewould coincidewith the traditionalfilter whenthe equations
arelinear. For adetailedintroduction,see[12] or [30].

Givena dynamicprocessxk following a transitionequation

xk
� f

�
xk � 1 � wk � (1)

wesupposewehaveameasurementzk suchthat

zk
� h

�
xk � uk � (2)

wherewk anduk aretwo mutually-uncorrelatedsequencesof temporally-uncorrelated
Normal random-variableswith zero meansand covariancematricesQk, Rk respec-
tively4. Moreover, wk is uncorrelatedwith xk � 1 anduk uncorrelatedwith xk.
We denotethedimensionof xk asnx, thedimensionof wk asnw andsoon.

We definethea priori processestimateas

x̂ �k � E � xk � (3)

which is theestimationat timestepk � 1 prior to thestepk measurement.
Similarly, wedefinethea posterioriestimate

x̂k
� E � xk � zk � (4)

which is theestimationat timestepk afterthemeasurement.

We alsohave thecorrespondingestimationerrorse �k � xk � x̂ �k andek
� xk � x̂k and

theestimateerrorcovariances
P �

k
� E � e �k e � t

k �
Pk

� E � eket
k � (5)

wherethesuperscriptt correspondsto thetransposeoperator.

In order to evaluatethe above meansand covarianceswe will needthe conditional
4Somepreferto write xk 	 f 
 xk � 1 � wk � 1  . Needlessto say, thetwo notationsareequivalent.
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densitiesp
�
xk � zk � 1 � and p

�
xk � zk � , which aredeterminediteratively via the Time Up-

dateandMeasurementUpdateequations.

TheTimeUpdatestepis basedupontheChapman-Kolmogorov equation

p
�
xk � z1:k � 1 � ��� p

�
xk � xk � 1 � z1:k � 1 � p � xk � 1 � z1:k � 1 � dxk � 1� � p
�
xk � xk � 1 � p � xk � 1 � z1:k � 1 � dxk � 1

(6)

via theMarkov property.

TheMeasurementUpdatestepis basedupontheBayesrule

p
�
xk � z1:k � � p

�
zk � xk � p � xk � z1:k � 1 �

p
�
zk � z1:k � 1 � (7)

with
p
�
zk � z1:k � 1 � � � p

�
zk � xk � p � xk � z1:k � 1 � dxk

A proof of theabove is givenin theappendix.

EKF is basedon the linearizationof the transitionandmeasurementequations,and
usesthe conservation of Normal propertywithin the classof linear functions. We
thereforedefinethe Jacobianmatricesof f with respectto the statevariableand the
systemnoiseasAk andWk respectively; andsimilarly for h, asHk andUk respectively.

Moreaccurately, for every row i andcolumn j we have

Ai j
� ∂fi � ∂x j

�
x̂k � 1 � 0� , Wi j

� ∂fi � ∂w j
�
x̂k � 1 � 0� , Hi j

� ∂hi � ∂x j
�
x̂ �k � 0� , Ui j

� ∂hi � ∂u j
�
x̂ �k � 0�

Needlessto sayfor a linearsystem,thefunctionmatricesareequalto theseJacobians.
This is thecasefor thesimpleKalmanFilter.

1.1.2 The Algorithm

Theactualalgorithmcouldbeimplementedasfollows:

(1) Initialization of x0 andP0

For k in 1 ����� N
(2) Time Update (Prediction)equations

x̂ �k � f
�
x̂k � 1 � 0� (8)

and
P �

k
� AkPk � 1At

k � WkQk � 1Wt
k (9)
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(3-a) Innovation : We define
ẑ �k � h

�
x̂ �k � 0�

and
νk

� zk � ẑ �k
astheinnovationprocess.
(3-b) Measurement Update (Filtering)equations

x̂k
� x̂ �k � Kkνk (10)

and
Pk

� �
I � KkHk � P �

k (11)

with
Kk

� P �
k Ht

k
�
HkP �

k Ht
k � UkRkUt

k � � 1 (12)

andI theIdentitymatrix.

The above Kalman gain Kk correspondsto the meanof the conditionaldistribution
of xk upontheobservationzk or equivalently, thematrix thatwouldminimizethemean
squareerrorPk within theclassof linear estimators.
This interpretationis baseduponthefollowing observation. Having x a Normally dis-
tributed random-variablewith a meanmx andvariancePxx, andz anotherNormally
distributedrandom-variablewith a meanmz andvariancePzz, andhaving Pzx

� Pxz the
covariancebetweenx andz, theconditionaldistributionof x � z is alsoNormalwith

mx � z � mx � K
�
z � mz�

with
K � PxzP

� 1
zz

whichcorrespondsto ourKalmangain.

1.1.3 Parameter Estimation

For aparameter-setΨ in themodel,thecalibrationcouldbecarriedoutvia aMaximum
Likelihood Estimator(MLE) or in caseof conditionally Gaussianstatevariables,a
Quasi-MaximumLikelihood(QML) algorithm.
To do this we needto maximize∏N

k� 1 p
�
zk � z1:k � 1 � , andgiventheNormalform of this

probability density function, taking the logarithm, changingthe signsand ignoring
constantterms,this wouldbeequivalentto minimizing over theparameter-setΨ

L1:N
� N

∑
k� 1

ln
�
Pzkzk � � zk � mzk

Pzkzk

(13)
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For theKF or EKF we have
mzk

� ẑ �k
and

Pzkzk
� HkP �

k Ht
k � UkRkUt

k

1.2 The Unscented Kalman Filter and Kushner’s Nonlinear Filter

1.2.1 Background and Notations

RecentlyJulier andUhlmann[18] proposeda new extensionof the KalmanFilter to
Nonlinearsystems,different from the EKF. The new methodcalled the Unscented
KalmanFilter (UKF) will calculatethe meanto a higherorderof accuracy than the
EKF, andthecovarianceto thesameorderof accuracy.
Unlike the EKF, this methoddoesnot requireany Jacobiancalculationsinceit does
not approximatethenonlinearfunctionsof theprocessandtheobservation. Indeedit
usesthe true nonlinearmodelsbut approximatesthe distribution of the staterandom
variablexk (aswell asthe observationzk) with a Normaldistribution by applyingan
UnscentedTransformationto it.
In orderto beableto applythisGaussianapproximation(unlesswehavexk

� f
�
xk � 1 � �

wk andzk
� h

�
xk � � uk, i.e. unlesstheequationsarelinear in noise)we will needto

augmentthe statespaceby concatenatingthe noisesto it. This augmentedstatewill
havea dimensionna

� nx � nw � nu.

1.2.2 The Algorithm

TheUKF algorithmcouldbewritten in thefollowing way:

(1-a) Initialization : Similarly to the EKF, we start with an initial choicefor the
statevectorx̂0

� E � x0 � andits covariancematrix P0
� E � � x0 � x̂0 � � x0 � x̂0 � t � .

We alsodefinetheweightsW � m�i andW � c�i as

W � m�0
� λ

na � λ

and

W � c�0
� λ

na � λ � �
1 � α2 � β �

andfor i � 1 ����� 2na

W � m�i
� W � c�i

� 1
2
�
na � λ � (14)

wherethescalingparametersα, β, κ andλ � α2 � na � κ � � na will bechosenfor tuning.

For k in 1 ����� N
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(1-b) State Space Augmentation : As mentionedearlier, we concatenatethe state
vectorwith thesystemnoiseandtheobservationnoise,andcreateanaugmentedstate
vectorfor eachtime-step

xa
k � 1

���� xk � 1

wk � 1

uk � 1

��
andtherefore

x̂a
k � 1

� E � xa
k � 1 � zk � � �� x̂k � 1

0
0

��
and

Pa
k � 1

� �� Pk � 1 Pxw
�
k � 1 � k � 1� 0

Pxw
�
k � 1 � k � 1� Pww

�
k � 1 � k � 1� 0

0 0 Puu
�
k � 1 � k � 1� ��

(1-c) The Unscented Transformation : Following this, in orderto usethe Normal
approximation,we needto constructthecorrespondingSigmaPoints throughtheUn-
scentedTransformation:

χa
k � 1

�
0� � x̂a

k � 1

For i � 1 ����� na

χa
k � 1

�
i � � x̂a

k � 1 � ��� �
na � λ � Pa

k � 1 � i
andfor i � na � 1 ����� 2na

χa
k � 1

�
i � � x̂a

k � 1 � ��� �
na � λ � Pa

k � 1 � i � na (15)

wheretheabovesubscriptsi andi � na correspondto the ith andi � nth
a columnsof the

square-rootmatrix5.
(2) Time Update equationsare

χk � k � 1
�
i � � f

�
χx

k � 1
�
i � � χw

k � 1
�
i ��� (16)

for i � 0 ����� 2na � 1 and

x̂ �k � 2na

∑
i � 0

W � m�i χk � k � 1
�
i � (17)

and

P �
k

� 2na

∑
i � 0

W � c�i

�
χk � k � 1

�
i � � x̂ �k � � χk � k � 1

�
i � � x̂ �k � t (18)

Thesuperscriptsx andw correspondto thestateandsystem-noiseportionsof theaug-
mentedstaterespectively.

5Thesquare-rootcanbecomputedvia aCholesky factorizationcombinedwith aSingularValueDecom-
position.See[27] for details.
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(3-a) Innovation : We define

Zk � k � 1
�
i � � h

�
χk � k � 1

�
i �!� χu

k � 1
�
i �"� (19)

and

ẑ �k � 2na

∑
i � 0

W � m�i Zk � k � 1
�
i � (20)

andasbefore
νk

� zk � ẑ �k
(3-b) Measurement Update

Pzkzk
� 2na

∑
i � 0

W � c�i

�
Zk � k � 1

�
i � � ẑ �k � � Zk � k � 1

�
i � � ẑ �k � t

and

Pxkzk
� 2na

∑
i � 0

W � c�i

�
χk � k � 1

�
i � � x̂ �k � � Zk � k � 1

�
i � � ẑ �k � t (21)

whichgivesustheKalmanGain

Kk
� PxkzkP � 1

zkzk

andwe haveaspreviously
x̂k

� x̂ �k � Kkνk (22)

aswell as
Pk

� P �
k � KkPzkzkKt

k (23)

whichcompletestheMeasurementUpdateEquations.

1.2.3 Parameter Estimation

Themaximizationof thelikelihoodcouldbedoneexactlyasin (13) takingẑ �k andPzkzk

definedasabove.

1.2.4 Analogy with Kushner’s Nonlinear Filter

It wouldbeinterestingto comparethisalgorithmto Kushner’sNonlinearFilter6 (NLF)
basedon anapproximationof theconditionaldistribution [19], [20]. In this approach,
the authorssuggestusing a Normal approximationto the densitiesp

�
xk � zk � 1 � and

p
�
xk � zk � . They thenusethe fact thata Normaldistribution is entirelydeterminedvia

its first two moments,which reducesthecalculationsconsiderably.
They finally rewrite themomentcalculationequations(3), (4) and(5) usingtheabove

6This analogybetweenKushner’s NLF andtheUKF hasbeenstudiedin [16].
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p
�
xk � zk � 1 � andp

�
xk � zk � , aftercalculatingtheseconditionaldensitiesvia thetime and

measurementupdateequations(6) and(7). All integralscouldbeevaluatedvia Gaus-
sianQuadratures7.

Notethatwhenh
�
x � u� is stronglynonlinear, theGaussHermiteintegrationis not effi-

cient for evaluatingthemomentsof themeasurementupdateequation,sincethe term
p
�
zk � xk � containstheexponentzk � h

�
xk � . The iterative methodsbasedon the ideaof

importancesamplingproposedin [19],[20] correctthisproblemat thepriceof astrong
increasein computationtime. As suggestedin [16], oneway to avoid this integration
wouldbeto maketheadditionalhypothesisthatxk � h � xk �#� z1:k � 1 is Gaussian.

When nx
� 1 and λ � 2, the numeric integration in the UKF will correspondto a

Gauss-HermiteQuadratureof order3. However in theUKF we cantunethefilter and
reducethehighertermerrorsvia thepreviouslymentionedparametersα andβ.

As the Kushnerpaperindicates,having an N-dimensionalNormal random-variable
X �%$ �

m � P � with m andP thecorrespondingmeanandcovariance,for a polynomial
G of degree2M � 1 wecanwrite

E � G �
X �&� � 1�

2π � N
2 � P � 12 �

RN
G
�
y � exp �'� �

y � m � tP � 1 � y � m �
2 � dy

which is equalto

E � G �
X �(� � M

∑
i1 � 1

����� M

∑
iN � 1

wi1 ����� wiNG
�
m �*) Pζ �

whereζt �,+ ζi1 ����� ζiN - is thevectorof theGauss-Hermiterootsof orderM and
wi1 ����� wiN arethecorrespondingweights.
Notethatevenif bothKushner’sNLF andUKF useGaussianQuadratures,UKF only
uses2N � 1 sigmapoints,while NLF needsMN pointsfor thecomputationof theinte-
grals.

Moreaccurately, for aQuadrature-orderM andanN-dimensional(possiblyaugmented)
variable,thesigma-pointsaredefinedfor j � 1 ����� N andi j

� 1 ����� M as

χa
k � 1

�
i1 � ����� � iN � � x̂a

k � 1 � �
Pa

k � 1ζ
�
i1 � ����� � iN �

wherethis square-rootcorrespondsto theCholesky factorization.
Similarly to theUKF, we havetheTime Updateequations

χk � k � 1
�
i1 � ����� � iN � � f + χx

k � 1
�
i1 � ����� � iN � � χw

k � 1
�
i1 � ����� � iN � -

but now

x̂ �k � M

∑
i1 � 1

����� M

∑
iN � 1

wi1 ����� wiN χk � k � 1
�
i1 � ����� � iN �

7A descriptionof theGaussianQuadraturecouldbefoundin [27].
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and

P �
k

� M

∑
i1 � 1

����� M

∑
iN � 1

wi1 ����� wiN

�
χk � k � 1

�
i1 � ����� � iN � � x̂ �k � � χk � k � 1

�
i1 � ����� � iN � � x̂ �k � t

andsimilarly for themeasurementupdateequations.

1.3 The Non-Gaussian Case: The Particle Filter

It is possibleto generalizethealgorithmfor thefundamentalGaussiancaseto oneap-
plicableto any distribution. Thebasicideais to find the probability densityfunction
correspondingto a hiddenstatexk at time stepk givenall the observationsz1:k up to
thattime.

1.3.1 Background and Notations

In this approach,we useMarkov-ChainMonte-Carlosimulationsinsteadof usinga
Gaussianapproximationfor

�
xk � zk � asthe Kalmanor KushnerFilters do. A detailed

descriptionis givenin [10].

Theideais basedon the ImportanceSamplingtechnique:
We cancalculateanexpectedvalue

E � f � xk �(� �.� f
�
xk � p � xk � z1:k � dxk (24)

by usinga known andsimpleproposaldistributionq
� � .

Moreprecisely, it is possibleto write

E � f � xk �(� � � f
�
xk � p

�
xk � z1:k �

q
�
xk � z1:k � q

�
xk � z1:k � dxk

whichcouldbealsowrittenas

E � f � xk �(� � � f
�
xk � wk

�
xk �

p
�
z1:k � q

�
xk � z1:k � dxk (25)

with

wk
�
xk � � p

�
z1:k � xk � p � xk �
q
�
xk � z1:k �

definedasthefiltering non-normalizedweightasstepk.

We thereforehave

E � f � xk �(� � Eq � wk
�
xk � f

�
xk �(�

Eq � wk
�
xk �(� � Eq � w̃k

�
xk � f

�
xk �(� (26)
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with

w̃k
�
xk � � wk

�
xk �

Eq � wk
�
xk �(�

definedasthefiltering normalizedweightasstepk.

UsingMonte-Carlosamplingfrom the distribution q
�
xk � z1:k � we canwrite in thedis-

creteframework:

E � f � xk �(�0/ Nsims

∑
i � 1

w̃k
�
x � i �k � f

�
x � i �k � (27)

with again

w̃k
�
x � i �k � � wk

�
x � i �k �

∑Nsims
j � 1 wk

�
x � j �k �

Now supposingthatour proposaldistribution q
� � satisfiestheMarkov property, it can

beshown thatwk verifiestherecursive identity

w � i �k
� w � i �k � 1

p
�
zk � x � i �k � p � x � i �k � x � i �k � 1 �
q
�
x � i �k � x � i �k � 1 � z1:k � (28)

whichcompletestheSequentialImportanceSamplingalgorithm.It is importantto note
thatthis meansthatthestatexk cannotdependon futureobservations,i.e. wearedeal-
ing with Filtering andnot Smoothing8.

Onemajor issuewith this algorithmis that the varianceof theweightsincreasesran-
domly over time. In orderto solve this problem,wecoulduseaResamplingalgorithm
whichwouldmapourunequallyweightedxk’s to anew setof equallyweightedsample
points.Differentmethodshavebeensuggestedfor this9.

Needlessto say, the choiceof the proposaldistribution is crucial. Many suggestus-
ing

q
�
xk � xk � 1 � z1:k � � p

�
xk � xk � 1 �

sinceit will giveusa simpleweightidentity

w � i �k
� w � i �k � 1p

�
zk � x � i �k �

However this choiceof the proposaldistribution doesnot take into accountour most
recentobservationzk at all andthereforecouldbecomeinefficient.
Hencethe ideaof usinga GaussianApproximationfor theproposal,andin particular
anapproximationbasedon theKalmanFilter, in orderto incorporatetheobservations.
We thereforewill have

q
�
xk � xk � 1 � z1:k � �1$ �

x̂k � Pk � (29)
8See[12] for anexplanationonSmoothing.
9Seefor instance[4] or [29] for details.



Filtering in Finance 11

usingthesamenotationsasin thesectionon theKalmanFilter. Suchfilters aresome-
timesreferredto astheExtendedParticleFilter (EPF)andtheUnscentedParticleFilter
(UPF).See[14] for a detaileddescriptionof thesealgorithms.

1.3.2 The Algorithm

Giventheaboveframework, thealgorithmfor anExtendedor UnscentedParticleFilter
couldbeimplementedin thefollowing way:

(1) For timestepk � 0 choosex0 andP0 2 0.
For i suchthat1 3 i 3 Nsims take

x � i �0
� x0 �14 P0Z � i �

whereZ � i � is a standardGaussiansimulatednumber.
Also take P � i �0

� P0 andw � i �0
� 1 � Nsims

While 1 3 k 3 N
(2) For eachsimulation-index i

x̂ � i �k
� KF

�
x � i �k � 1 �

with P � i �k theassociateda posteriorierrorcovariancematrix.
(KF couldbeeithertheEKF or theUKF)
(3) For eachi between1 andNsims

x̃ � i �k
� x̂ � i �k � �

P � i �k Z � i �
whereagainZ � i � is astandardGaussiansimulatednumber.
(4) Calculatetheassociatedweightsfor eachi

w � i �k
� w � i �k � 1

p
�
zk � x̃ � i �k � p � x̃ � i �k � x � i �k � 1 �
q
�
x̃ � i �k � x � i �k � 1 � z1:k �

with q
� � theNormaldensitywith meanx̂ � i �k andvarianceP � i �k .

(5) Normalizetheweights

w̃ � i �k
� w � i �k

∑Nsims
i � 1 w � i �k

(6) Resamplethepointsx̃ � i �k andgetx � i �k andresetw � i �k
� w̃ � i �k

� 1 � Nsims.
(7) Increment k, Gobackto step(2) andStop at theendof theWhile loop.
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1.3.3 Parameter Estimation

As in the previous section,in order to estimatethe parameter-setΨ we can usean
ML Estimator. Howeversincetheparticlefilter doesnot necessarilyassumeGaussian
noise,the likelihoodfunction to bemaximizedhasa moregeneralform thanthe one
usedin previoussections.
Giventhelikelihoodat stepk

lk � p
�
zk � z1:k � 1 � � � p

�
zk � xk � p � xk � z1:k � 1 � dxk

the total likelihoodis theproductof the lk’s above andthereforethe log-likelihoodto
bemaximizedis

ln
�
L1:N � � N

∑
k� 1

ln
�
lk � (30)

Now lk couldbewrittenas

lk
� � p

�
zk � xk � p

�
xk � z1:k � 1 �

q
�
xk � xk � 1 � z1:k � q

�
xk � xk � 1 � z1:k � dxk

andgiventhatby constructionthex̃ � i �k ’saredistributedaccordingto q
� � , consideringthe

resettingof w � i �k to a constant1� Nsimsduringtheresamplingstep,we canapproximate
lk with

l̃k � Nsims

∑
i � 1

w � i �k

whichwill provideuswith aninterpretationof thelikelihoodasthetotal weight.
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3 Stochastic Volatility Models

In this section,we apply the differentfilters to a few stochasticvolatility modelsin-
cludingtheHeston,theGARCH andthe3� 2 models.To testtheperformanceof each
filter, weusefiveyearsof S&P500time-series.
The ideaof applying the KalmanFilter to StochasticVolatility modelsgoesbackto
Harvey, Ruiz & Shephard[13], wheretheauthorsattemptto determinethesystempa-
rametersvia aQML Estimator. Thisapproachhastheobviousadvantageof simplicity,
howeverit doesnotaccountfor thenonlinearitiesandnon-Gaussianitiesof thesystem.
More recently, Pitt & Shephard[10] suggestedtheuseof Auxiliary ParticleFilters to
overcomesomeof thesedifficulties. An alternative methodbasedupon the Fourier
transformhasbeenpresentedin [7].

3.1 The State Space Model

Let usfirst presentthestate-spaceform of thestochasticvolatility models:

3.1.1 The Heston Model

Let us study the Euler-discretizedHeston[15] StochasticVolatility model in a risk-
neutralframework15

lnSk
� lnSk � 1 � �

rk � 1
2

vk � ∆t � ) vk ) ∆tBk � 1 (31)

vk
� vk � 1 � �

ω � θvk � 1 � ∆t � ξ ) vk � 1 ) ∆tZk � 1 (32)

whereSk is the stockprice at time-stepk, ∆t the time interval, rk the risk-free rate
of interest(possiblynettedby a dividend-yield),vk thestockvarianceandBk, Zk two
sequencesof temporally-uncorrelatedGaussianrandom-variableswith amutualcorre-
lation ρ. Themodelrisk-neutralparameter-setis thereforeΨ � �

ω � θ � ξ � ρ � .
Consideringvk asthehiddenstateandlnSk5 1 astheobservation,we cansubtractfrom
both sidesof the transitionequationxk

� f
�
xk � 1 � wk � 1 � , a multiple of the quantity

h
�
xk � 1 � uk � 1 � � zk � 1 which is equalto zero.This would allow usto eliminatethecor-

relationbetweenthesystemandthemeasurementnoises.
Indeed,if thesystemequationis

vk
� vk � 1 � �

ω � θvk � 1 � ∆t � ξ ) vk � 1 ) ∆tZk � 1 � ρξ � lnSk � 1 � �
rk � 1

2
vk � 1 � ∆t � ) vk � 1 ) ∆tBk � 1 � lnSk �

posingfor everyk

Z̃k
� 14 1 � ρ2

�
Zk � ρBk �

15Thesameexactmethodologycouldbeusedin a nonrisk-neutralsetting.We aresupposingwe have a
smalltime-step∆t in orderto beableto applytheGirsanov theorem.
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wewill haveasexpectedZ̃k uncorrelatedwith Bk and

xk
� vk

� vk � 1 � � ω � ρξrk � �
θ � 1

2
ρξ � vk � 1 � ∆t � ρξln

� Sk

Sk � 1
� � ξ

�
1 � ρ2 ) vk � 1 ) ∆tZ̃k � 1

(33)
andthemeasurementequationwouldbe

zk
� lnSk5 1

� lnSk � �
rk � 1

2
vk � ∆t � ) vk ) ∆tBk (34)

3.1.2 Other Stochastic Volatility Models

It is easyto generalizethe above statespacemodel to otherstochasticvolatility ap-
proaches.Indeedwe couldreplace(32)with

vk
� vk � 1 � �

ω � θvk � 1 � ∆t � ξvp
k � 1 ) ∆tZk � 1 (35)

wherep � 1� 2 would naturallycorrespondto theHeston(Square-Root)model,p � 1
to the GARCH diffusion-limit model,and p � 3� 2 to the 3 � 2 model. Thesemodels
haveall beendescribedandanalyzedin [23].
Thenew statetransitionequationwould thereforebecome

vk
� vk � 1 �76 ω � ρξrkv

p � 1
2

k � 1 �98 θ � 1
2

ρξv
p � 1

2
k � 1 : vk � 1 ; ∆t � ρξv

p � 1
2

k � 1 ln
� Sk

Sk � 1
� � ξ

�
1 � ρ2vp

k � 1 ) ∆tZ̃k � 1

(36)
wherethesamechoiceof statespacexk

� vk is made.

3.1.3 Robustness and Stability

In this state-spaceformulation,we only needto choosea valuefor v0 which couldbe
setto thehistoric-volatility overaperiodprecedingour time-series.Ideally, thechoice
of v0 shouldnot affect theresultsenormously, i.e. weshouldhavea robustsystem.

As wesaw in theprevioussection,thesystemstabilitygreatlydependsonthemeasure-
mentnoise.Howeverin thiscasethesystemnoiseis precisely) ∆tvk, andthereforewe
do not have a directcontrolon this issue.Neverthelesswe couldaddan independent
Normalmeasurementnoisewith a givenvarianceR

zk
� lnSk5 1

� lnSk � �
rk � 1

2
vk � ∆t � ) vk ) ∆tBk � RWk

whichwould allow usto tunethefilter16.

16An alternative approachwould consist in choosinga volatility proxy such as f 
 lnSk � lnSk < 1 =	
lnSk < 1 > lnSk and ignoring the stock-drift term, given that ∆t 	 o 
@? ∆t  . We would thereforewrite
zk 	 ln 
BA f 
 lnSk � lnSk < 1  A C	 E D ln 
EA f 
 lnSFk � lnSFk < 1  A @G(H 1

2 lnvk H εk with SFt thesameprocessasSt but with a
volatility of one, andεk correspondingto themeasurementnoise.See[2] for details.
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3.2 The Filters

We cannow applytheGaussianandtheParticleFiltersto ourproblem:

3.2.1 Gaussian Filters

For theEKF we will have

Ak
� 1 � 6 ρξrk

�
p � 1

2 � vp � 3
2

k � 1 � θ � 1
2

ρξ
�
p � 1

2 � vp � 1
2

k � 1 ; ∆t � �
p � 1

2 � ρξv
p � 3

2
k � 1 ln

� Sk

Sk � 1
�

and

Wk
� ξ

�
1 � ρ2vp

k � 1 ) ∆t

aswell as

Hk
� � 1

2
∆t

and
Uk

� ) vk ) ∆t

Thesametimeupdateandmeasurementupdateequationscouldbeusedwith theUKF
or Kushner’sNLF.

3.2.2 Particle Filters

We couldalsoapply the Particle Filtering algorithmto our problem. Using the same
notationsasin section1.3.2andcalling

n
�
x � m � s � � 1) 2πs

exp
� � �

x � m � 2
2s2 �

theNormaldensitywith meanm andstandarddeviation s, we will have

q
�
x̃ � i �k � x � i �k � 1 � z1:k � � n 8 x̃ � i �k � m � x̂ � i �k � s � �

P � i �k :
aswell as

p
�
zk � x̃ � i �k � � n 8 zk � m � zk � 1 � �

rk � 1
2

x̃ � i �k � ∆t � s � �
x̃ � i �k ) ∆t :

and

p
�
x̃ � i �k � x � i �k � 1 � � n 8 x̃ � i �k � mx � s � ξ

�
1 � ρ2

�
x � i �k � 1 � p ) ∆t :

with

mx
� x � i �k � 1 � 6 ω � ρξrk

�
x � i �k � 1 � p � 1

2 � 8 θ � 1
2

ρξ
�
x � i �k � 1 � p � 1

2 : x � i �k � 1 ; ∆t � ρξ
�
x � i �k � 1 � p � 1

2
�
zk � 1 � zk � 2 �
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andasbeforewe have

w � i �k
� w � i �k � 1

p
�
zk � x̃ � i �k � p � x̃ � i �k � x � i �k � 1 �
q
�
x̃ � i �k � x � i �k � 1 � z1:k �

whichprovidesuswith whatweneedfor thefilter implementation.

3.3 Parameter Estimation and Back-Testing

For theGaussianMLE wewill needto minimize

φ
�
ω � θ � ξ � ρ � � K

∑
k � 1

� ln � Fk � � ν2
k

Fk
�

with νk
� zk � ẑ �k andFk

� HkP �
k Ht

k � UkUt
k.

For theParticleMLE, aspreviouslymentioned,weneedto maximize

N

∑
k� 1

ln I Nsims

∑
i � 1

w � i �k J
By maximizingtheabove likelihoodfunctions,we will find theoptimalparameter-set
Ψ̂ � �

ω̂ � θ̂ � ξ̂ � ρ̂ � . This calibrationprocedurecould thenbe usedfor pricing of deriva-
tivesinstrumentsor forecastingvolatility.

We couldperforma back-testingprocessin the following way. Choosingan original
parameter-set

Ψ K � �
0 � 02� 0 � 5 � 0 � 05� � 0 � 5�

andusing a Monte-Carlosimulation,we generatean artificial time-series.We take
S0

� 1000USD,v0
� 0 � 04, rk

� 0 � 027and∆t � 1. Notethatwe aretakinga large∆t
in orderto havemeaningfulerrors.Thetime-seriesis generatedvia theabovetransition
equation(32)andtheusuallog-normalmeasurementequation.
We find thefollowing optimal17 parameter-sets:

Ψ̂EKF
� �

0 � 036335� 0 � 928632� 0 � 036008 � � 1 � 000000�
Ψ̂UKF

� �
0 � 033104� 0 � 848984� 0 � 033263 � � 0 � 983985�

Ψ̂EPF
� �

0 � 019357� 0 � 500021� 0 � 033354 � � 0 � 581794�
Ψ̂UPF

� �
0 � 019480� 0 � 489375� 0 � 047030 � � 0 � 229242�

which shows thebetterperformanceof theParticleFilters. However, it shouldbere-
mindedthattheParticleFiltersarealsomorecomputation-intensivethantheGaussian
ones.

17In this section,all optimizationsweremadevia theDirection-Setalgorithmasdescribedin [27]. The
precisionwassetto 1.0e-6.
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3.4 Application to the S&P500 Index

Theabove filters wereappliedto five yearsof S&P500time-series(1996to 2001)in
[17] andthefiltering errorswereconsideredfor theHestonmodel,theGARCHmodel
andthe3� 2 model.Daily index close-priceswereusedfor this purpouse,andthetime
interval wasset to ∆t � 1 � 252. The appropriaterisk-free ratewasappliedandwas
adjustedby theindex dividendyield at thetimeof themeasurement.

As in the previoussection,the performancecould be measuredvia the MPE andthe
RMSE.We couldalsorefer to figures5 to 11 for a visual interpretationof theperfor-
mancemeasurements.

MPEEKF � Heston
� 3 � 58207e � 05 RMSEEKF � Heston

� 1 � 83223e � 05

MPEEKF � GARCH
� 2 � 78438e � 05 RMSEEKF � GARCH

� 1 � 42428e � 05

MPEEKF � 3
2

� 2 � 63227e � 05 RMSEEKF � 3
2

� 1 � 74760e � 05

MPEUKF � Heston
� 3 � 00000e � 05 RMSEUKF � Heston

� 1 � 91280e � 05

MPEUKF � GARCH
� 2 � 99275e � 05 RMSEUKF � GARCH

� 2 � 58131e � 05

MPEUKF � 3
2

� 2 � 82279e � 05 RMSEUKF � 3
2

� 1 � 55777e � 05

MPEEPF � Heston
� 2 � 70104e � 05 RMSEEPF � Heston

� 1 � 34534e � 05

MPEEPF � GARCH
� 2 � 48733e � 05 RMSEEPF � GARCH

� 4 � 99337e � 06

MPEEPF � 3
2

� 2 � 26462e � 05 RMSEEPF � 3
2

� 2 � 58645e � 06

MPEUPF � Heston
� 2 � 04000e � 05 RMSEUPF � Heston

� 2 � 74818e � 06

MPEUPF � GARCH
� 2 � 63036e � 05 RMSEUPF � GARCH

� 8 � 44030e � 07

MPEUPF � 3
2

� 1 � 73857e � 05 RMSEUPF � 3
2

� 4 � 09918e � 06

Two immediateobservationscanbemade:OntheonehandtheParticleFiltershave
abetterperformancethantheGaussianones,which reconfirmswhatonewouldantici-
pate.On theotherhandfor mostof theFilters,the3 � 2 modelseemsto outperformthe
Hestonmodel,which is in line with thefindingsof Engle& Ishida[11].

3.5 Conclusion

UsingtheGaussianorParticleFilteringtechniques,it ispossibletoestimatethestochas-
tic volatility parametersfrom the underlyingassettime-series,in the risk-neutralor
real-world context.
As expected,weobserveanimprovementwhenParticleFiltersareused.Whatis more,
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Figure5: Comparisonof EKF Filteringerrorsfor Heston,GARCHand3� 2 Models.
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Figure6: Comparisonof UKF Filtering errorsfor Heston,GARCHand3� 2 Models.
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Figure8: Comparisonof UPFFiltering errorsfor Heston,GARCHand3 � 2 Models.
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giventhetestscarriedouton theS&P500datait seemsthat,despiteits vastpopularity,
theHestonmodeldoesnot performaswell asthe3� 2 representation.
This suggestsfurther researchon otherexisting modelssuchasJumpDiffusion [25],
VarianceGamma[24] or CGMY [9]. Clearly, becauseof thenon-Gaussianityof these
models,theParticleFiltering techniquewill needto beappliedto them18.
Finally it wouldbeinstructiveto comparetherisk-neutralparameter-setobtainedfrom
the above time-seriesbasedapproaches,to the parameter-setresultingfrom a cross-
sectionalapproachusingoptionsmarketpricesat a givenpoint in time19. Inconsistent
parametersbetweenthetwo approacheswould signaleitherarbitrageopportunitiesin
themarket,or a misspecificationin thetestedmodel20.

18A studyonFiltering andLévyprocesseshasrecentlybeendonein [6].
19This ideais exploredin [1] in aNon-parametricfashion.
20This comparisonsupposesthattheGirsanov theoremis applicableto thetestedmodel.
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4 Summary

In this article,we presentan introductionto variousfiltering algorithms:the Kalman
filter, the ExtendedFilter, aswell as the UnscentedKalmanFilter (UKF) similar to
Kushner’sNonlinearfilter. We alsotacklethesubjectof Non-Gaussianfilters andde-
scribetheParticleFiltering (PF)algorithm.
We thenapplythefilters to a termstructuremodelof commodityprices.Our mainre-
sultsarethefollowing: Firstly, theapproximationintroducedin theExtendedfilter has
aninfluenceon themodelperformances.Secondly, theestimationresultsaresensitive
to thesystemmatrix containingthe errorsof themeasurementequation.Thirdly, the
approximationmadein theextendedfilter is not a real issueuntil themodelbecomes
highly nonlinear. In thatcase,othernonlinearfilters suchasthosedescribedin section
1.2maybeused.
Lastly, theapplicationof thefilters to stochasticvolatility modelsshows that thePar-
ticle FiltersperformbetterthantheGaussianones,however they arealsomoreexpen-
sive. Whatis more,giventhetestscarriedoutontheS&P500datait seemsthat,despite
its vastpopularity, theHestonmodeldoesnot performaswell asthe 3 � 2 representa-
tion. This suggestsfurtherresearchon otherexisting modelssuchasJumpDiffusion,
VarianceGammaor CGMY. Clearly, becauseof thenon-Gaussianityof thesemodels,
theParticleFiltering techniquewill needto beappliedto them.
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Appendix

TheMeasurementUpdateequationis

p
�
xk � z1:k � � p

�
zk � xk � p � xk � z1:k � 1 �

p
�
zk � z1:k � 1 �

wherethedenominatorp
�
zk � z1:k � 1 � couldbewrittenas

p
�
zk � z1:k � 1 � � � p

�
zk � xk � p � xk � z1:k � 1 � dxk

andcorrespondsto theLikelihoodFunctionfor thetime-stepk.

IndeedusingtheBayesrule andtheMarkov property, wehave

p
�
xk � z1:k � � p

�
z1:k � xk � p � xk �

p
�
z1:k �� p

�
zk � z1:k � 1 � xk � p � xk �

p
�
zk � z1:k � 1 �� p

�
zk � z1:k � 1 � xk � p � z1:k � 1 � xk � p � xk �

p
�
zk � z1:k � 1 � p � z1:k � 1 �� p

�
zk � z1:k � 1 � xk � p � xk � z1:k � 1 � p � z1:k � 1 � p � xk �

p
�
zk � z1:k � 1 � p � z1:k � 1 � p � xk �� p

�
zk � xk � p � xk � z1:k � 1 �

p
�
zk � z1:k � 1 � N

Notethat p
�
xk � zk � is proportinalto

exp 8O� 1
2

�
zk � h

�
xk �"� tR� 1

k

�
zk � h

�
xk �"� :

underthehypothesisof additivemeasurementnoises.
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