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Abstract. From a general definition of nonlinear expectations, viewed as operators preserv-
ing monotonicity and constants, we derive, under rather general assumptions, the notions of
conditional nonlinear expectation and nonlinear martingale. We prove that any such nonlin-
ear martingale can be represented as the solution of a backward stochastic equation, and in
particular admits continuous paths. In other words, it is a g-martingale.

1. Introduction

A (possibly nonlinear) expectation on a probability space (€2, F, P) is a map
E:L*Q,F,P)—> R
which satisfies the following properties:

if X1>X> as., E[Xi1]=E[X2], and
if X1>X, as., E[X1]1=€[X3] & X=X, a.s.

E[c] = ¢, foreach constant c.

In particular, if £[-] is linear, then it becomes a classic expectation under the prob-
ability measure defined by Pg(A) = £[14], A € F. In fact, there is a one-to-one
correspondence between the set of linear expectations and that of o -additive prob-
ability measures on (€2, F). But in the nonlinear case this one-to-one correspon-
dence no longer holds true: a nonlinear expectation can always induce a, generally
non-additive, ‘probability measure’ by P(A) = £[14]. But, in general, a (possibly
non-additive) probability measure can not characterize a nonlinear expectation. For
example, if E is the classical linear expectation defined by the probability measure
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P, and f denotes a strictly increasing continuous function on R such that f(x) = x
whenever 0 < x <1, Ef[X] = f_l(E[f(X)]) defines a non linear expectation
(unless f is a linear mapping). But clearly, any such expectation induces the same
probability measure, that is P itself: P(A) = E[l4] = ET14]. In fact, for each
nonlinear expectation &, f e f(X)]) defines a different nonlinear expectation
associated with the same non-additive probability.

A nonlinear expectation is said to be filtration-consistent under a given filtration
{Ft}i>o0 if, for each r > 0, the corresponding conditional expectation £[ X |F;] of
X under F;, characterized by

5[5[X|f,]1A] —E[X1,4]. VAeF,

exists.

A type of filtration-consistent nonlinear expectations, under a Brownian filtra-
tion, was introduced in [11], under the name “g-expectation” (see Section 2 for
details). These g-expectations can be considered as a nonlinear extension of the
well-known Girsanov transformations. It is a nonlinear mapping, but it preserves
almost all other properties of the classical linear expectations. For more detailed
views on this topic, we refer to [11], [4], [12], or [1] where some special cases are
studied in depth, including the y-independent case, which will turn out to be the
natural setting behind the present work. For applications of g-expectations to utility
theory in economics, we refer to [3]. Note that the original motivation for studying
g-expectations comes from the theory of expected utility, which is fundamentally
important in economics. This theory is seriously challenged by the well-known
Allais paradox and Ellsberg paradox. The notion of non-additive probability, or
capacity, is then introduced to axiomatize the preferences which do not satisfy von
Neumann-Morgenstern’s axioms. Nonlinear expectations are another useful notion
in this setting.

A very interesting problem is: is this notion of g-expectation general enough
to represent all “enough regular” filtration-consistent nonlinear expectations? An-
swering this question is the main objective of the present paper. We will prove in
Section 7 that if for a large enough 1 > 0, a nonlinear expectation £[-] is dominated
by the ‘u|z|-expectation” £#[-] (that is, the g-expectation defined by g(z) = u|z]),
and if £[X + n|F;] = E[X|F;] + n for all F;-measurable n, then, there exists a
unique g such that £[-] is the nonlinear expectation defined by g, still according
to the definition of [11]. Our main tool will be the decomposition theorem for
g-supermartingales proved in [12], developed here along a new version suitable
for continuous £-supermartingales, which we prove in Section 6. Basic definitions
about g-expectations are given in Section 2. Sections 3 and 4 give the general
framework of non-linear expectations, while Section 5 is devoted to martingales
defined under non-linear expectations.

2. Basic notations and results about g-expectations

Let (2, F, P) be a probability space and let (B;);>0, be a d-dimensional standard
Brownian motion on this space such that By = 0. Let (F;);>0 be the filtration
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generated by this Brownian motion:
Fi=0{Bs,s €[0,1]} VN,

where N is the set of all P-null subsets. Let T > 0 be a given number. Without
loss of generality, in this paper, we always work in the space (2, Fr, P), and only
consider processes indexed by ¢ € [0, T'].

L2}-(0, T; E) will denote the space of all E-valued, (F;);<r-adapted processes
¢ such that

T
E/ 1P (s)>ds < oo.
0

We will shorten this notation by putting L%_-(O, T)= L%_-(O, T;R).
We first recall the notion of g-expectations, defined in [11], from which most
basic material of this section is taken . We are given a function g:

glw,t,y,2): QX [O,T]xRde|—> R
satisfying

(i) g(.y.2) € L%(0,T), foreachy € R, z € R%;

(i) g(¢,y,0)=0, foreachy € R;

(iii) 3Co, u > 0 suchthat Vy;, 2 € R, 271,22 € R4,
lg(t, y1,21) — g(t, y2, 22)| < Colyr — y2| + plz1 — z2l.

2.1

For each given X € L2(Q, Fr, P),let (yX(~), X)) € L2}-(0, T: R x Rd) be the
unique solution of the following backward stochastic differential equation (BSDE):

—dyX (1) = g(t, yX (1), ZX ())dt — X (t)dB,,
yX(T) = X.

(We refer to [9] for definitions and basic results about BSDEs; it will be enough
here to remember that, provided that g satisfies (2.1), there is a unique pair (y* (-),
zX(-)) of adapted processes solving the equation above).

Definition 2.1. (g-expectation) The g-expectation Eg[-] : L*(Q,F,P) — R
is defined by
&[X1=y*(0).

Definition 2.2. (conditional g-expectation) The conditional g-expectation of X
with respect to F; is defined by

EXIF] = y* ).
If t < T is a stopping time, we define similarly
ElXI1F] = y¥ (o).

g-expectations and conditional g-expectations are in general not linear. However,
they meet the following basic properties of usual expectations (see [11] for proofs):
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Proposition 2.1.
(i) (preserving of constants): For each constant c, E;[c] = ¢;
(ii) (monotonicity): If X1 > X2 a.s., then Eg[X1] > E[Xa];
(iii) (strict monotonicity): If X1 > X3 a.s., and P(X| > X3) > 0, then

ElX1] > E[Xo].
Proposition 2.2.
(i) If X is Fi-measurable, then E,[X|F;] = X;
(ii) For all stopping times T ando < T, &, [Eg[X|}“t]|}“a] = & X|Frnol;
(iii) If X1 > Xz a.s., thenE[X1|F;] = Eg[ X2l F]; if, moreover, P(X1 > X3) > 0,

ﬂwnP(QJXﬂfﬂ:>£ﬂXﬂfﬂ)>(k
(iv) Foreach B € F;, E,[15X|F;] = 15EG[X|F].

Proposition 2.3. £,[X|F;] is the unique random variable 1 in L2(Q, Fy, P) such
that

Eg1aX] = Ellan] forall A e F;. 2.2)

Definition 2.3. (g-martingales) A process (Y;)o<t<r such that E [Ytz] < 00 for
all t is a g-martingale (resp. g-supermartingale, g-submartingale) iff

gg[yllfs] =Y, (resp. <Yy, >Ys), Vs=<t=<T.
In the following proposition, || - ||, denotes the norm of L? (2, Fr, P).

Proposition 2.4. Let g(w,t,y,2) : @ x[0,T] x R x RY+— R be a given func-
tion satisfying (2.1). Then for every € such that 0 < & < 1, there exists a constant
C, such that, for every X,

1€ [X]] = Cell Xl14e (2.3)

Proof. This result comes from Girsanov’s Theorem. Indeed, if we write ;[ X] as
the initial value of the solution of a BSDE, it comes

T T
EIXI=Yy=X +/ g(s, Yy, Zg)ds —/ Z.dB;
0 0
T
=X —/ Z,dW;
0
where we have set

! ’ Y,Z
m:-/gﬁi—ﬁm+&. (2.4)
0 Zs

(with the convention 0/0 = 0, (2.4) makes sense thanks to (2.1).)
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By Girsanov’s Theorem, W is then a Q-Brownian motion, where Q is the
probability mesure on (€2, Fr) defined by

2
T g(s.Ys.Zs T
L o efo o2 gps— 1 ds

T dp

8(s. Y. Zs)
Zs

Then, as L is in every L? (1 < p < o0), Holder’s inequality yields

1E¢[X]] = [Eg(X)]
= |E(LX)]|
= L0 e 1 X e

whence the claim. O

We shall often have to assume that

g does not depend on y. 2.5)

The importance of this special setting follows from the following lemma, which
is proven in [1], subsection 4.2:

Lemma 2.1. Let g(w,1,y,z) : @ x [0, T] x R x RY — R be a given function
satisfying (2.1). Then

EX +nlFil = EIXIF]+n, VneLl*Q,F, P) 2.6)
if and only if g satisfies (2.5)

We will always write in the sequel £#[X] = £ [X]for g = plz| and E74[X] =
E,[X] for g = —p|z|. Note that

VC >0, EHICX|F]=CENM[XI|F] 2.7)

and
YC <0, EMCX|F]=—-CEH[-X|F).

Next lemma will be useful later.

Lemma 2.2. We have forall @ > 0 and X € Lz(Q, Fr, P),
E[e" X7 = e T EX)
Proof. By definition,
T T
EMIX|F] = X—l—/ W Zslds —/ ZdBs.
t t

Ito’s formula gives

T T T
EMX|F = X2+/ 2u5“[X|]—"S]|ZS|ds—2/ 5”[X|]—'S]stBs—/ Z2ds.
t t

t
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Taking expectations, we deduce that

T T
E[ex17 2] = £+ [ EpetixiENZ s - [ B2

t t

T
< E[X?] + 12 / E[ e 1x17, P |ds
t

(because of 2ab < a® + b?). The claim follows then immediately from Gronwall’s
inequality. O

Next Proposition of Doob-Meyer’s type is taken from [12].

Proposition 2.5. Assume that g satisfies (2.1) and (2.5), and that (Y;) is a right-
continuous g-supermartingale on [0, T'] such that E[sup, .t Y,z] < 0. Then there
exists a unique pair (M, A) of processes such that -
M is a g-martingale;
A is an increasing cadlag process;

Yl:Ml_A[9 VIE[O, T].

More specifically, Y is the unique solution of the BSDE

T T
Yt=YT+f oG, Zs)ds+(AT—A,>—f ZedB;, 1€0,T].
t t

We end this Section by giving an appropriate version of a downcrossing in-
equality given in [5] as Theorem 6.

Proposition 2.6. Let g satisfy (2.1) and (Yy) be a g-supermartingale on [0, T]. Let
0=t <ty <---<t, =T, and a < b be two constants. Then the number
DS[Y, n] of downcrossings of [a, b] by {X,j Jo<j<n Satisfies

1

—da

5*/*[1)3[1/, n]] < ——E"[Yonb— Y7 b

Remark 2.1. Contrarily to Theorem 6 in [5], we need not assume that Y is posi-
tive: indeed, as g(-, v, 0) = 0, one checks easily that the proof given in [5] can be
carried over for every g-supermartingale.

Remark 2.2. This proposition allows us to prove, by classical means, that a

g-supermartingale (Y;) admits a cadlag modification if and only if the mapping t —
&, (Yy) is right-continuous. More details on this topic will be given in Lemma 5.2.

3. Filtration-consistent nonlinear expectations

We now turn to the main object of this paper.
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Definition 3.1. A nonlinear expectation is a functional:
E[1: L*(Q, Fr, P)—> R

which satisfies the following properties:
(i) Strict monotonicity:

if X1>X> as., E[Xi1]1=E&[X2], and
if X1>=X, as., EX11=€[X2] << Xi=X> a.s.

(ii) preserving of constants:
Elcl =c¢, foreach constant c.
Lemma3.1. Lett < T and ny, 12 € L*(Q, F;, P). If
Elmlal = Emlal, VA€ F,

then
2 =n1, a.s. 3.1

Proof. We choose A = {n; > mp} € F;. Since (n; — m2)14 > 0and E[n14] =
E[na14], it follows that n;14 = 12l a.s. Thus n, > n; a.s. With the same ar-
gument we can prove that n; > n, a.s. It follows that (3.1) holds. The proof is
complete. O

Definition 3.2. For the given filtration (F;)o<;<T, a nonlinear expectation is called
F-consistent expectation(or F-expectation) if for each X € L*(Q, Fr, P) and for
eacht € [0, T] there exists a random variable n € LZ(Q, Fi, P), such that

E[X14]1 =Enlal, VAeF.

From Lemma 3.1 above, such an n is uniquely defined. We denote it by n =
E[X|F:]. E[X|F:] is called the conditional F-expectation of X under F;. It is
characterized by

E[X14] = 5[8[X|]—}]1A], VA € F. (3.2)
Remark that, if f is a continuous, strictly increasing function on R such that
f0)=0,EX]= f! (E [f(X )]) defines an F-expectation. Indeed, it is readily
seen that E[X|F] := £~ (E[ f(X)|f,]) satisfies (3.2).
The following lemma is obvious:

Lemma 3.2. Letg(w,t,y,z): Q2x[0, T]xRx R? +—> Rbe afunction satisfying
(2.1), then the related g-expectation E,[-] is an F-expectation.
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Lemma 3.3. We have, for each0 <s <t < T,
S[S[le-"t]u-}] — EIX|F] as. 3.3)
In particular,
E[E[XLE]] — £[X]. (3.4)
Proof. Foreach A € F; we have A € F;. Thus
e[efEXIFNF 1] = [ exI714]
= E[X14]
- €[€[X|fs]1A]

It follows from Lemma 3.1 that (3.3) holds.
(3.4) follows then easily from the fact that Fy is the trivial o-algebra (since
By = 0). O

Lemma 3.4. We have a.s.
EIX141F] = EIX|F 114, VA€ F. 3.5)
Proof. For each B € F;, we have
S[S[XIAU-',]]B] — E[X1415]
= £[eXI1F N ans |
= e[ [E1XIF 1Al ]
O

Lemma 3.5. Forany X, ¢ € LX(Q, Fr, P) and foreacht € [0,T]and A € F;
we have
E[X1a + 1 sc|F] = EMX|F A + E[C|1F ] 4c

Proof. According to Lemma 3.4 above,

€[X1A+C1AC|.E] :g X1A+§1Ac|ft]1A +€[X1A+C1AC|.E]1AC
(X1 +C1gc)1alF ]+ EMX T4 + 81 40) 1 4| F]
X14|F: 1+ E[L1 jc|F]
X|Filla + EC|1Fe 1] 4c.

Il
™ M M

[
[
[
[

d

Lemma 3.6. Forany X, Y € LZ(Q, Fr, P), if X <Y a.s., then we have for each
te[0,T],
EIX|F] < EY|F] as.

If moreover E[X|F;] = E[Y|F] a.s.forsomet >0, then X =Y a.s.
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Proof. Define X, = E[X|F;] and Y; = E[Y|F;], and let A € F;. Because of the
monotonicity of £, we have

EXilp) =EX 1) < EX 1) =EX 14).
Now, take A = {X; > Y;}. If P(A) > 0, the strict monotonicity of £ implies that
E(Xi1y) > EXily).

Comparing the two above inequalities, we conclude that P(A) = 0.
At last, assume that E[X|F;] = E[Y|F;] a.s. for somet > 0. Then £[X] =
E[Y] and it follows again from the strict monotonicity of £ that X = Y a.s. O

4. £H-dominated JF-expectations

From now on, we will somewhat restrict the scope of our study. Recall that we have
defined E#[X] = Eg[X] for g = pulz| and ETH[X] = E[X] for g = —pz].

We will study now F-expectations dominated by £, for some large enough
n > 0, according to the following

Definition 4.1. (£*-domination) Given u > 0, we say that an F-expectation £ is
dominated by E* if

EIX + 1] — E[X] < EMnl, VX, n € LX(Q, Fr, P) 4.1)

Remark 4.1. For any g satisfying (2.1) and (2.5), the associated g-expectation is
dominated by EM*, where  is the Lipschitz constant in (2.1).

Lemma 4.1. If £ is dominated by E* for some u > 0, then
E7M < EIX +nl — E1X1 < £l 4.2)
Proof. 1t is a simple consequence of
EMmIF] = =EM[=nlF:].
|

Lemma 4.2. If€ is dominated by E* for some . > 0, then E[-] s, forall e €10, 1],
a continuous operator on L'Y¢(Q, Fr, P) in the following sense:

3C >0, [ElE]1-El&]l < ClE — &g, VEL & € LX(Q, Fr, P). (4.3)

Proof. The claim follows easily from Lemma 4.1 above and Proposition 2.4. O

Remark 4.2. Note that Lemma 4.2 provides easy examples of F-expectations that
are not j-dominated : just take E[X] = f_1<E[f(X)]) with f(x) = x3 and

& = 1/2 for instance.
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Until the end of the paper, we will deal with F-expectations £[-] also satisfying
the following condition:

EX +nlF)=EXIFl+n, VX eL*Q,Fr,P) and nel*Q,F, P)

“4.4)
Recall that, when £[-] is a g-expectation, (4.4) means that g satisfies (2.5). The
meaning of this condition is obvious: the nonlinearity depends only on the risks.
We observe also that an expectation Eg[-] under a Girsanov transformation iP

satisfies this assumption.

Our first result connected to (4.4) will consist in deducing ‘€*-domination at
time ¢’ from (4.1). This will be correctly stated and proved in Lemma 4.4, but we
need first to introduce some new notation.

For a given ¢ € L*(Q2, Fr, P), we consider the mapping &[] defined by

EIX]=EIX +¢1—El¢l: LX(Q, Fr, P) —> R. (4.5)

Lemma 4.3. [fE[-]is an F-expectation satisfying (4.1) and (4.4), then the mapping
Ec[-1is also an F-expectation satisfying (4.1) and (4.4). Its conditional expectation
under F; is

EX|Fi] = EIX + ¢ Fe] = EE|F]. (4.6)

Proof . 1t is easily seen that £ [-] is a nonlinear expectation.

We now prove that the notion £ [X|F;] defined in (4.6) is actually the condi-
tional F-expectation induced by & [-] under F;.

Indeed, put G(X, ¢, F;) = E[X + ¢|F:]1 — E[¢|F;]. We want to show that, for
all A € F;, E(G(X, ¢, Fi)la) = E(X14). Computations give:

EIGWX. ¢, F)l = E[EIX +1F - ELIF 1 +¢|F] ~ €] by B.4)
= E[EX +¢|F) - eI FI+ eI F| - €T (by (44)

zgkw+UEﬂ—6m
= E[X +¢]— £z,

Thus we have
ENG(X, 8, F)l =& X], VX. 4.7

Now for each A € F;, we have,
G(X14,¢8, F) = E[X1a+ 514+ ¢ gelF] = ECF]
=EMX + )14 + ¢1clF] = EMCIF]
= E[X 4+ ¢|F:la + EL|Fi]l go — E[C1F]
= EIX + ¢ F] = ECIFD1a
=G(X, ¢, F)la.
From this with (4.7) it follows that £ [ X|F;] satisfies (3.2):

ENG(X, ¢, Flal = &[G (X4, &, F)l = E[X1al, VA€ F.
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Thus &[] is an F-expectation with & [-|F;] given by (4.6).
We now check that (4.1) is satisfied. For each X, n € L>(Q2, Fr, P),

E X+l = &[X] = (EX +n+¢]-E[5]) — (EIX +¢] = £ED
=CX+n+]-EX+¢]

Since &[] satisfies (4.1), &[] satisfies
Ec[X +n] = &I[X] < E*n].
Finally, let € L2(Q, Fi, P); since &[] satisfies property (4.4), thus

X +nlF] =EIX +C|F] = LI F I+

Thus &[] also satisfies property (4.4). The proof is complete. a

Lemma 4.4. Let £[-] be an F-expectation satisfying (4.1) and (4.4). Then, for each
t < T, we have a.s.

ETMX|F] < EIX|F) < EXIX|F. VX € LX(Q, Fr. P).
This lemma is a simple consequence of the following one, whose proof is inspired
by [1].

Lemma 4.5. Let £([-] and &[] be two F-expectations satisfying (4.1) and (4.4).
If
EIX] < &IX], VX € LX(Q, Fr, P),

then a.s. and for all t,

EX|F] < &IX|FR), VX € LY (Q, Fr, P).
Proof. Indeed, forall Y € Lz(]-'T), we have by (4.4)

aly -awiFl] =alaly - amFpng]]

=alaizl - a7
= £,[0] = 0.

On the other hand,
aly -awir] < &y —aviz]
= &[ely - amiFIA]]

Thus
s|elyIF] - alyIFl| = 0. V¥ e L2(Fp).
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Now, for a fixed X € L*>(Fr), we set n = &[X|Fi] — E1[X]|F]. Since

<0y = <&l XI1F] — 1< &1 [ X1 F]
= &[ X1 <0 Fr] = E1[X 1 <o) Fe ],

we have then
&nly<o] =0.

Butsince n1{;<0y < 0, itfollows from the strict monotonicity of & [-]that n1(;, <o) =
0 a.s. Thus
HIX|IF] = &[X|IF]1=0 as.

The proof is complete. O

Lemma 4.6. If € meets (4.1) and (4.4), there exists a positive constant C such that,
forall X and n in LZ(Q, Fr, P), and for all t > 0,

elewx +niF1 - exiFm] < Clnll 2.
Proof. Indeed, Lemmas 4.3 and 4.4 above imply that
£|ex +niF) - EX| 7| = €[ extni A |
= e[ermim]
< &r[ermim] = &t = Clnl .
(Last equality coming from Lemma 4.2) g
5. F-Martingales

Henceforth, we will always assume that £ is an F-expectation satisfying (4.1) for
some u > 0, and (4.4) as well.

Definition 5.1. A process (X;):e[0,1] € LZ}-(O, T) is called an E-martingale (resp.
E-supermartingale, -submartingale) if for each0 <s <t < T

Xy = E[Xi|Fs), (resp. = E[X(|Fs], < EIXi|Fs))

Lemma 5.1. An E*-supermartingale (&) is both an E-supermartingale and £~ -
supermartingale. An E~"-submartingale (&) is both an £- and EM*-submartingale.
An E-martingale (&) is an E~*-supermartingale and an E*-submartingale.

Proof. It comes simply from the fact that, foreach0 <s <t < T,
ETMENF] < EL&|Fs] < EVI&|F).

|
We will now prove through two lemmas that every £-martingale admits con-
tinuous paths.
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Lemma 5.2. Foreach X € L>(Q, Fr, P) the process E[X|F], t € [0, T] admits
a unique modification with a.s. cadlag paths.

Proof. We can deduce from Lemma 5.1 that the process E[ X |F;], t € [0, T], is an
&~ H-supermartingale. Hence we can apply the downcrossing inequality recalled in
Proposition 2.6.

This dowcrossing equality tells us that E[X|F;], t € [0, T] has P-a.s. finitely
many downcrossings of every interval [a, b] with rational a < b. By classical
methods, this imply the almost sure existence of left and right limits for the paths
of £[X|F.].

Define now Y; = li{r{l E[X|Fs], whose existence a.s. has just been proved.

$€QN[0,T]

Taking A in F;, we have that
Yila = li{n E[X|Fs]La,

5€QM[0,T]

the above limit being taken in L2. From Lemma 4.2, it follows that

ElV,14]= lim 5[5[X|J—}]1A].
s\t

$€QN[0,T]
E}

]—",H

But

elexim] = | eeximn]

-y 1A5[5[X|}"s]

= 5:1A€[X|]-}]].

It follows that a.s. Y; = E[X|F;].

Now it is again classical to prove, using the existence of left and right limits,
that the process Y defined above is a cadlag modification of E[X|F;], ¢ € [0, T],
and the lemma is proved. O

While this result shows that any £-martingale admits cadlag paths, next one
will show that these paths are indeed continuous ones.

Lemma 5.3. For each X € L*(Q, Fr, P), let
y() = EIX|F].
Then there exists a pair (g(-), z(-)) € L%_-(O, T; R x Rd) with
lg(D)] < ulz(@)] (5.1
such that
T T
y(it) =X +/ g(s)ds —/ z(s)dB;. 5.2)
' t

In particular, y admits a.s. continuous paths.
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Furthermore, take X' € L*(2, Fr, P), put y'(t) = E[X'|F;], and let (g'(-),
7() € L%_—(O, T: R x R?) be the corresponding pair. Then we have

1g(1) — &' (D] < plz(r) —2'(1)] (5.3)
Proof. Since
y@) =E&[X|F], 0=<t=<T,

is an £-martingale, and since it is cadlag, it is a right-continous £#-submartingale
(resp. £ H-supermartingale) and we know from the g-supermartingale decom-
position theorem (Proposition 2.5) that there exist (z#, A*) and (z7#, A7) in
L%([0, T]; R x RY) with A* and A™* cadlag and increasing such that A*(0) = 0,
A7) =0and

T T
y(@) = y(T) +/ plz"()lds — AM(T) + A*(1) —/ 2" (s)dB.
t t

T T
y() = y(T) —/ plz H($)lds + A7H(T) — A7) —/ z " (s)dBs.
t

t

Hence,
(@) =71,

—plZh ()| + dAM () = )z (0))dt — dATF (),

whence
2u|z*(0)|dt = dA* (1) + dATH ().

It follows that A* and A™* are both absolutely continuous and we can write:
dA*(t) = a*@®)dt, dATH*(@) =a " (t)dt
with
0=<da"(n), 0=a™™®.

We also have
a(t) +a ") =2pnl" (1)),

so, if we define
z(t) = 74 (1)
g(t) = plz()| —a* (@),
we get (5.2) and (5.1).
Now, we prove (5.3). We have
y(1) =y (1) = EX|F] - EX'| Fi]
=E[X — X'+ X'|F] - E[X|Fi]
=Ex[X — X'|Fi]
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Recall (Lemma 4.3 in Section 4) that Ex/[-] is another F-expectation satisfying
(4.1) and (4.4). Thus there also exists a pair (g(-), Z(-)) € L%([0, T1; R x RY) with

18] = plz(1)] (5.4

such that the Ex/-martingale y(r) — y’(¢) satisfies

T T
yo) -y =X-X +/ g(s)ds — / Z(s)dB;.
t t

On the other hand, we have

T T
yo) =y =X-X +/ [g(s) — &' (s)lds — / [z(s) — 2'(s)]dBs.
t t
It follows then that

gy=gm —g'(n, and Z(1)=z() -7 Q).

This with (5.4) yields (5.3). The proof is complete. O

Let us note the following easy consequence of Lemma 5.3 :

Lemma 5.4. Let E[-] be an F-expectation satisfying (4.1) and (4.4). Then for each
X e LX(Q, Fr, P)andg € L%_-(O, T) theprocessE[X—i—ftT g(s)ds|F:],t € [0, T]
is a.s. continuous.

Proof. Indeed, we can write

T T t
E1X + / ¢($)ds|F] = E1X + / g(s)ds — / ¢(5)ds|F]
t 0 0

T '
=E[X + / g(s)ds|Fi] — / g(s)ds
0 0
because of (4.4). The claim follows then easily from Lemma 5.3. O

To end this section, it is useful to remark that, by the same way as in Lemma
5.2, we can prove the following optimal sampling theorem for £-martingales (resp.
supermartingales, submartingales):

Lemma 5.5. Let the process X be an £-martingales (resp. supermartingale, sub-
martingale), and let o and T be two stopping times such that o < t a.s. Then

E[X: | Fsl=Xo (resp. <,>).
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6. £-Supermartingale decompositions

Here again, £ denotes an F-expectation satisfying (4.1) for some u > 0, and (4.4)
as well.
Let a function f be given

flw,t,y) : 2x[0,T] X R— R
satisfying, for some constant C; > 0,

{(i) fC,y) e L%_-(O, T), foreachy € R;

@) 1y — Fy) < Cilyt — yal. ¥yio yoe R OD

For a given terminal data X € LZ(Q, Fr, P), we consider the following type of
equation:

T
Y1) =E[X +/ f(s, Y(s)ds|F] (6.2)
t

Theorem 6.1. We assume (6.1). Then there exists a unique process Y (-) solution
of (6.2). Moreover, Y (-) admits continuous paths.

The proof of this theorem is based on the following lemma.

Lemma 6.1. Define a mapping ©(y(-)) : L%_-(O, T)+— L_27_-(O, T) by

T
200 =[x+ [ fiy6dsiF |
t
Then we have for all t:
2 2 ,u*T ! 2
E[10 0100 = 2 OF | = R T = nE[ [ 1n1(5) = yat)Pats |
t
Proof. Let Yi(6) = @ () (1), Y2() = ®(32())(1): then
T T
no -0 =[x+ [ enenasiz] =[x+ [ fomenasiz],
t t

Using Lemma 4.4, basic properties of £/ (including its monotonicity) and (2.7),
we get

T
10 - v = [ [ 17606 - £z
t

T
v‘gu[_/ [f(s, y1(s)) — f(s, yz(S))]dsLE]‘
t
T
< 5"“/ Lf (s, y1(5)) — £ s, yz(s))]ds‘u-“t]
t
T
< Eﬂ[f ILf (s, y1(s)) — f (s, yz(s))]|ds|]:t]
t

T
< clel‘[/ lyi(s) — yg(s)lds|]-",] because of (2.7)
t
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Using Lemma 2.2, it follows that

T
E[n0) - n0P] = GE[e 1 19 - o)idsiFP]
t
T
=l 0| / yi(s) - Y2(S)|dS]2
t

2 ,u’T ! 2

= R T = 0E[ [ 1) = naPas |
t

This concludes the proof of the Lemma. O

Back to the proof of the Theorem, we deduce from the previous lemma that
T s T
£ [ [me - raoPlds = e T o[ [ ns) - yaoPas]
t t

Now, choose n > 0 such that Clze“zTn2 < 1: @ induces a contraction mapping
from L2}-(T — n, T) into itself, which therefore admits a fixed point. This fixed
point is a solution of (6.2) on [T — n, T].

Let us denote it by Y.

Now, for t < T — n, we define the mapping

T

T—n
YOOI =E[X+ [ [, ¥(s)ds + f f (s, y(s)dslF ]
t

T—n

Putting X' = X + fTT,n f(s, Y(s))ds, we can write the same computations as in
Lemma 6.1 to deduce

T—n
E[100i)0-020007] = R T -g-n[ [ n(s)-nao)Pds].
t

It suffices then to write down again the above reasonning to conclude the exis-
tence of a solution of (6.2) ont € [T —2n, T — n].

Since n is fixed, by iterating this method we conclude the existence of a solution
of (6.2) on the whole interval [0, T].

We just have now to prove the uniqueness of the solution of (6.2). So, let Y
and Y, be two solutions. Lemma 6.1 gives then

N T
e[ - o] < G TTE[ [T ne) - v kas]

t

and Gronwall’s inequality shows then that Y1 = Y» a.s.
At last, Lemma 5.4 proves that the solution of (6.2) admits continuous paths,
and the proof is complete. a



18 E. Coquet et al.

Theorem 6.2. (Comparison Theorem). Let Y be the solution of (6.2) and let Y’
be the solution of

T
Y'(1) = EX’ +/ [f (s, Y () + ¢ ()]ds|Fi]
t

where X' € L*(Q, Fr, P)and ¢ € L%(0,T). If
X'>X, ¢@)=0, dP xdt-ae., (6.3)

then we have
Y (t)>Y(), dP xdt-ae. (6.4)
(6.4) becomes equality if and only if (6.3) become equalities.
Proof. We begin with the case ¢ () = 0. For each § > 0, we define
0 =inf{t >0;Y'(t) <Y(t) -8} AT.

It is clear that if, for all § > 0, Tla = T a.s., then (6.4) holds. Now if for some § > 0
we have
P(A%) >0,

where
A=) <T)e Fy,
we then can define
T =inf{t > ¥ Y'(t) > Y (1)}.

Since Y(T) = X' > X = Y(T),thus u» < T and 1,5Y'(12) = 1Y (r2). It
follows that, for ¢ € [rf, 77], we have

1Y) =E[14Y(m2) +/ ’ 15 f (s, 146Y (5))ds|F]
t
and
1)
1Y (1) = E[1 45 Y (12) +/ 15 f(s, 145Y'(5))ds|F]
t

But, according to Theorem 6.1, the solutions of the above equations must coin-
cide. This implies that Y’(tf)lAs = Y(rf) 145 a.s., which contradicts the assump-
tion P(A%) > 0.

In order to prove the general case ¢(s) > 0, we define forn = 1,2,3,---,
Y™ (.) to be the solution of

T T
YO =€ [[X’+ [, ewasi+ [ e Y“”(s))dsm]
= t

iT (i+ DT
fort € I:l_’ul;
n n

and YO (T) = X'.
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Note that, due to (4.4), we can write

G+ DT 40T G401
YO ) = € |:[Y(”)<ZT)+/ ¢(s)ds]+/ Fs, Y™ (s))dslf,:| ,
ir t

n

T (i+ DT
fort € [l—,u[
n n

Fort € [(n—1)T/n, T1, Y™ (¢) coincides with the solution of (6.2) with termi-
T

T
nal data X’—i—ﬁ o ¢ (s)ds and generator f. Since X/+/; o o(s)ds > X' > X,

it follows from the first part of the proof that Y M)y > Y(r) as soon as ¢ € [(n —
1)T/n, T[. In particular, Y(”)<W) > Y(@) Then following the same
way as above, we prove that Y™ (1) > Y(t)assoonast € [(n—2) T/n, m—1)T/nl,
and an obvious iteration gives Y "V () > Y (¢) for all ¢ € [0, T].

In order to prove that Y'(z) > Y (¢), it is now sufficient to show the convergence

of the sequence (Y ™) to ¥’. A computation analogous to the proof of Lemma 6.1
iT (+DT

shows that, for fixed ¢ € [l— u[ and an appropriate constant C,
n n

t

T 2
E[|Y(”)(t) _ Y’(t)|2] < CE[/ 6 (5)|ds + C; / 1Y (s) — Y’(s)|ds] .
iT t

n

But

t T 2
([, elas+cy [ 1@ - visas]

o t

! 2 T
= 2[/T |¢(s)|ds] + 2C12(T — t)/ 1Y (s) — Y'(s)2ds.
0 :
Using now Schwarz’s inequality we deduce that, for all ¢ € [0, T[,
(n) 72 T r )
E[Iy?w - v'oP] = 20— E[ [ 1#0)Pds]
n 0

T
+2CC12TE[/ |Y<”>(s)—Y’(s)|2ds]. (6.5)

t

Gronwall’s Lemma applied to (6.5) shows then that E [l Y™ @) —Y'(t) |2] — 0,
and finally Y'(z) > Y (¢).

Finally, we investigate possible equality in (6.4).
If Y(¢) = Y'(¢), the continuity of both ¥ and Y’ shows that X = X’ a.s. Then
from Y (0) = Y’(0), i.e.

T T T
S[X +/ fGs, Y(s))ds] - 5[X +/ £ (s, Y(s))ds +/ ¢(s)ds]
0 0 0
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it follows from the strict monotonicity of £ that fOT ¢(s)ds = 0, whence ¢ = 0
dt x dP a.e. and the end of the proof. O

Our next result generalizes the decomposition theorem for g-supermartingales
proved in [12] to continuous £-supermartingales. The proof uses mainly arguments
from [12].

Theorem 6.3. (Decomposition theorem for £-supermartingales) Let £[-] be an
F-expectation satisfying (4.1) and (4.4), and let (Y;) be a related continuous & -su-
permartingale with

E[ sup |Y(1)*] < 0.
t€l0,T]

Then there exists an A(-) € LZ}-(O, T; R) such that A(-) is continuous and increas-
ing with A(0) = 0, and such that Y (t) + A(t) is an E-martingale.

Proof. Forn > 1, we define y(-), solution of the following BSDE:

T
y (1) = E[Y(T) + / n(Y(s) — y™(s))ds|F]
t

We have then the following
Lemma 6.2. We have, for eacht andn > 1,
Y(t) = y™ ().

Proof. For § > 0 and a given integer n, let us define

o™ =inf{t; yYP@) > Y()+ S AT.

If P(cr""S < T) = O for all n and &, then the proof is done. If it is not the case, then
there exist § > 0 and a positive integer n such that P(¢”% < T) > 0. We can then
define the following stopping times

0 =inf{r > o™%; Y1) < Y(0)).

It is clear that 0% < ™% < T. Because of Theorem 6.1, Y (1) — y™ (¢) is contin-
uous, hence we have

() y" (@) = Y(0"°) + 8 on (o™ < T}; (6.6)
(i) y (") < ¥ (")

But since (Y (s) — y"™(s)) < 0 on [¢"?, %], by monotonicity of &,

rn.8

y M™% = Ely™W (%) + / 5 n(Y (s) — y™(s))ds|Fons]

< EYW @) Fpns]
< E[Y (") | Fyns]
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Finally, since Y is an £-supermartingale, Lemma 5.5 gives us that
Y(0™?) = y™ (™).

Butas P(c™% < T) > 0, this is contrary to (6.6). The proof is complete. O

Lemma 6.2 with Theorem 6.2 above imply that y () monotonically converges
to some Y0() < Y(-). Indeed, writing ¢ (¢) = Y (¢) — y(”+1)(t) > ( shows that
(y(") (+)) is an increasing sequence of functions.

t
Observe then that y™ (r) + / n(Y(s) — y(")(s))ds is an £-martingale. By

0
Lemma 5.3, there exists (g(”), z(”)) € L%_-(O, T: R x Rd) with

g™ )| < pulz™ )|, n=12,---, (6.7)

such that

t T
y ™ (1) + /0 n(Y (s) — y™(s)ds = y"(T) + /0 n(Y(s) — y™(s))ds

T T
+ / g™ (s)ds — / 2™ (s)dB;,
t

t

hence, as y™ (T) = Y(T),

T T
yP @) =Y (1) + / (g™ (s) +n(Y (s) — y™(s))lds — f 7" (s)dBs. (6.8)
t t
(5.3) also tells us that
18" () — g™ ) < ulz™(s) — ™), n,m=1,2,--- (6.9
Let us denote, foreachn =1,2, ---,
t
AWty =n / (Y (s) — y™(s))ds
0

A™ is a continuous increasing process such that A (0) = 0.

We are now going to identify the limit of y(.). To this end, we shall use the
following lemma:

Lemma 6.3. There exists a constant C which is independent of n such that

T
(i) E / 1zM(s)2ds < C; (i) E[AY)*1<C. (6.10)
0
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Proof. From (6.8) and (6.7), we have
T T
AM(T) = y™(0) — y"(T) - f g™ (s)ds + f 2" (s)dB,
0 0

T T
< YO+ Iy (D) + / |z (s)lds + | [ 2™ (5)dBy|.
0 0
Since y(V (1) < y™ (1) < Y(¢) for all £, we have |y™ ()| < [y V(@) + Y ().
Thus there exists a constant C, independent of 7, such that

E[ sup [y ®)*] <C. (6.11)

0<t<T

It follows readily that there exist two constants C and C3, independent of 7, such
that

T
EIA™(T> < Ci + CQE/ 120 (s)|?ds. (6.12)
0

On the other hand, Itd’s formula applied to |y (-)|? gives:

T
E[ly™ ()1 = E[Y(D)|* + E / 2y (s)g™ (s) — 1z (s)*1dss
0
T
+2E / Yy (9)d A (s)
0

T
< ElY(D) + E / 2uly® ()12 (5)] — 12 () P1ds
0

+2E[A™(T) sup |y™(s)],

0<s<T
whence, using that, for positive a, b and ¢, 2ab < ¢ a2 + b2 /& (noting also that
Elly™ ()1 > 0 1), we get
T T X
E/ Iz(n)(s)|2ds < EIY(T)|2+E/ [Zuzly(”)(s)|2+ E|Z(n)(S)|2:|ds
0 0

+2[E sup |y (s)P1V2EIA™ ()12,

0<s<T

and using the same inequality with ¢ = 4C>,
T T
E / 12 (s)1%ds < 2E|Y(T)|* + 4u*E / ly™ (s))%ds
0 0

1
+8C1[E sup |y("><s)|21+E[Em(”)(mz]

0<s<T

T
< 2E|Y(D)|? + 4*E / Iy (s)|*ds
0

C 1 r
+8CIE sup [y ()1 + —— + -E / 12 (s)|%ds,
0<s<T 2C, 2 0

because of (6.12).
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Finally, it comes
T T
E / 2 (s)Pds < 4E|Y (D) + 8> / OIS
0 0

C
+16CH[E  sup |y(">(s>|21+c—‘,
2

0<s<T

and it is sufficient to note that, thanks to (6.11), the constant

T
C
SUP{4E|Y(T)|2+8/L2E/ |y(n)(s)|2ds~|—16C2[E sup |y(n)(s)|2]+c_1}<oo
n 0 X

0<s<T

to conclude that (6.10)—(i) and then (using (6.12)), (6.10)—(ii) hold true. The lemma
is proved. O

With the help of Lemma 6.3 above we can now end the proof of the Decompo-
sition Theorem.
Note first that (6.10)—(i) with (6.7) also implies

T
E / 18" (s)%ds < u*C.
0
(6.10)—(i1) obviously implies that

Yy S Y(), ae.,as.

From Theorem 2.1 in [12], it follows that we can write Y under the form
T T
Y(t) =Y (T) —i—/ g(®)ds + A(T) — A(t) — / z(s)dBy
t t

for some (g, z) € L2}-(0, T; R X Rd) and an increasing process A. From the result
in the first part of the same Theorem 2.1 in [12], we have that moreover

z(”)(-) — z(-), strongly in L%_—(O, T).
But (6.9) gives then
g™ - g(), strongly in L.2¢(0, 7).
And finally, (6.8) gives
AM (1) —> A(t), strongly in L>(Q, Fr, P).
Thanks to Lemma 4.6, we can pass to the L2-limit in both sides of
YW (@) = EY(T) + A(T) = AV )| 7).

It follows that
Y(t) =EY(T)+ A(T) — A()| F].

Thus Y (¢) + A(t) = E[Y(T) + A(T)|F;] is an E-martingale (because of (4.4)).
Since A is increasing, the theorem is proved. O
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7. Inverse problem: an JF-expectation is a g-expectation

We are now ready to state our main result, that is to identify any JF-expectation to
a g-expectation, provided that (4.1) and (4.4) hold.

Theorem 7.1. We assume that an F-expectation E[-] satisfies (4.1) and (4.4) for
some j1 > 0. Then there exists a unique function g = g(t,z) : 2 x [0, T] x R?
satisfying (2.1) and (2.5) such that

E[X]1=&lX], VX e L*(Q, Fr, P).

In particular, every £-martingale is continuous a.s.
Moreover, we have |g(t, z)| < ul|z| forallt € [0, T].

Proof. For each given z € R?, we consider the following forward equation

dY*(t) = —u|z|dt + zdB;,
Y<(0) =0.

We have E[sup, ¢ 71 |Y* (1)|?] < oo. It is also clear that Y< is an EH-martingale,
thus an £[-]-supermartingale. Indeed, we can write Y?(¢) = E#[Y*(T)|F;]. From
Theorem 6.3, we know the existence of an increasing process A*(-) with A*(0) =0
and E[A?(T)?] < oo, such that

Yit) = EYN(T) + AXN(T) — A* (D) F].

Or

Y1)+ A*(t) = EIYN(T) + AX(T)H|F]1, te€[0,T].
Then, from Lemma 5.3, there exists (g(z, -), Z*(:)) € LZ}-(O, T; R x Rd) with
lg(z, )| < w|Z*(t)| such that

T T
Y1) + AX(1) = YA(T) + AX(T) + / 2(z, 5)ds — / Z%(s)dB,.
t

t

We also have )
1g(z, 1) — g, D) < plZ*(t) — Z* (1)|. (7.1)

But on the other hand, since
T T
Y¥(t) = Y¥(T) +/ wl|zlds —/ zdBy,
t t
it follows that
t
A%(t) = plzlt — / g(z, s)ds
0
Z:(t) =z
In particular, (7.1) becomes

lg(z, 1) — g2, )| < plz = 2. (1.2)
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Moreover,
t t
Ye(t) + A%(t) = Y(r) + A%(r) —/ g(z,s)ds +/ zdB;, 0=<r=<t=<T,
r r

and Y*(¢) + A%(¢) is an £-martingale. But with the assumption (4.4) one has, for
eachze RYandr <t

t t
5[—/ g(z,S)dSJr/ 2dBs|Fr] = E[Y* (1) + A*(t) — (Y*(r) + A*(r)|F],

ie.
t t
8[—/ g(z,8)ds +/ zdBs|F,1=0 0<r<t<T (7.3)
r r
Now let {A,-};V: | be a F.-measurable partition of €2 (i.e., A; are disjoint, F,-mea-

surable and UA; = Q) and let z; € RY i =1,2,.--, N. From Lemma 3.5, and
the fact that g(0, s) = 0, it follows that

t N t N
5[—/ g(ZZilA,«,S)dS+/ ZZilA[stu:r]
r i=1

=1

N ' t
— ey 1y, (— / g(zi. 5)ds + / z,»de> 7]
i=1 r r

N p ;
ZlAif[—/ g(Zi,s)der/ zidBs| F;]
i=1 r r

0

(because of (7.3)). In other words, for each simple function 5 € L3(Q, Fp, P),
t t
El— / g(n, s)ds + / ndBs|F,] = 0.
r r

From this, the continuity of £[-] in L? given by (4.3) and the fact that g is Lipschitz
in z, it follows that the above equality holds for n(-) € L2}-(0, T; Rd) :

t t
5[—/ g(n(S),S)dS+/ n(S)stlfr] =0. (1.4)

r

We just have to prove now that
EI[X]1=E[X], VX e L*(Q, Fr, P).
To this end we first solve the following BSDE

—dy(s) = g(t, z(s))ds — z(s)dBs,
y(T) = X.
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Since g is Lipschitz in z, there exists a unique solution (y(+), z(+)) € LZ}-(O, T; R x
R?). By the definition of g-expectation,

E[X] = y(0).

On the other hand, using (7.4), one finds
T

T
glX] =5[y(0)—f g(Z(S),S)dS+/ z(s)dBy]
0 0

T T
= y(0) + 5[—/ g(z(s), s)ds —i—/ 2(s8)dBy]
0 0

— 3(0) = &IX].
It follows that this g-expectation &,[-] coincides with £[-]. As the uniqueness of g
readily follows from [2], the proof is complete. O

Remark 7.1. In this paper we have limited ourselves to treat the situation where
the filtration is generated by a Brownian motion. A natural question is whether our
nonlinear supermartingale decomposition approach can be applied to more general
situations. A general positive answer seems unlikely, due to the lack of compari-
son theorem for BSDE’s driven by discontinuous processes. However some partial
positive answers may be possible, but anyway some further efforts and techniques
will be required to overcome new difficulties due to non linearity and jumps.
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