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ABSTRACT. For a one-dimensional prime ideal in a local Noetherian ring it

is characterized when the symbolic blow-up ring is an algebra of finite type.

More generally, for a filtration of ideals of a local Noetherian ring there is

a necessary and sufficient condition for the corresponding Rees ring to be

a Noetherian ring. Applications concern asymptotic prime divisors and the

analytic spread.

1. Introduction and main results. Let (A, M) denote a local Noetherian

ring. For a prime ideal P of A define S(P) = ©„eZ pWtn Ç A[t], t an indetermi-

nate, the symbolic blow-up ring of P. Here P^ denotes the nth symbolic power

of P. In the case of a regular local ring, R. C. Cowsik asked whether S(P) is an

,4-algebra of finite type or, equivalently, a Noetherian ring; see [H]. This was shown

to be true for some prime ideals defined by monomial curves in affine 3-space by

C. Huneke [H] and S. Eliahou [E]. In general the answer is negative as shown by P.

C. Roberts [Ro] by an example which grows out of M. Nagata's counterexample to

Hubert's fourteenth problem; see [N]. Here we will show a partial positive criterion.

(1.1) THEOREM. Let P denote a one-dimensional prime ideal of an unmixed

(e.g. regular) local ring (A,M). Then S(P) is an A-algebra of finite type if and

only if there is an integer k such that a(P'fc)) < dim A

Here a(I) denotes the analytic spread of an ideal / of a local ring; see [NR] for

the definition. The statement follows from a more general result. To this end let

1 ■ (M) = U„>i / : Mn- Define RM{I) = 0„ez(/n : (M))tn, the Rees ring with

respect to the filtration given by F = {/" : (M)}. In [Si] the author investigated

when Rm(I) is finitely generated resp. integral over R(I) = ©„ez^"in- This is

closely related to the problem when the maximal ideal M is a member of a certain

set of asymptotic prime divisors related to /; see (3.1) and [Si] for the precise

statements. One of our main results here is to determine when Rm{I) is an A-

algebra of finite type.

(1.2) THEOREM. For an ideal I of a local ring (A, M) the following conditions

are equivalent:

(i) Rm{I) ™ a Noetherian ring.
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(ii) There is an integer k such that

a(IkÂ: (M) + p/p) < dim Â/p   for all p e Ass Â.

(iii) M (£A~{I).

Here A denotes the completion of A. For the definition of A(I) see §3. The main

idea of the proof is a criterion for R(F). the Rees ring associated to a filtration

F, to be a Noetherian ring. To this end let R^(F) denote the fcth Veronesean

subring of R{F); see §2 for the precise definitions.

(1.3) THEOREM.   For a filtration F = {/„} of ideals of a local ring (A, M) the

following conditions are equivalent:

(i) R(F) is a Noetherian ring.

(ii) There is an integer k such that R^(F) is a Noetherian ring.

Together with the finiteness result of Rm{J) over R(J) the previous theorem

yields (1.2). Moreover, (1.3) is of some independent interest.

In §2 we shall prove (1.3). §3 contains the proof of (1.2) and its relation to

asymptotic prime divisors. In §4 we consider the applications concerning symbolic

blow-up rings of prime ideals. A characterization corresponding to (1.1) for arbi-

trary prime ideals will appear in [Sa]- There are also applications to monomial

space curves. In the terminology we follow H. Matsumura's textbook [M] and [Si].

2. Noetherian nitrations. Let A denote a commutative Noetherian ring with

F — {In} a filtration of ideals of A, i.e., a family of ideals of A with InIm Q In+m

for all n, m and Iq = A. By R(F) — ®„eZ Intn Ç A[t], t an indeterminate, we

denote the corresponding Rees ring. If R{F) is a Noetherian ring, F is called a

Noetherian filtration.

(2.1) PROPOSITION. F is a Noetherian filtration if and only if there is an

integer k such that In+k = Inlk for all n > k. In this case Ink = {Ik)n for Q-U

n>\.

The proof of (2.1) is well known; see [Re]. It follows from the fact that R(F) is

a Noetherian ring if and only if A is a Noetherian ring and R{F) is an ^4-algebra

of finite type.

For a given filtration F — {/„} and an ideal I of A define FA/1 the filtration

{/„+///} of A/1. In the case of a local ring (A, M) define FA the filtration {InA}

of A, the completion of A. For an integer k > 1 define R^(F), the fcth Veronesean

subring of R(F), i.e.,

R{k)(F) = Qikntkn.

neT

Clearly RW(F) = R{Fk), where the filtration Fk is given by Fk = {Ikn}.  Next

we give another characterization for R{F) to be a Noetherian ring.

(2.2) PROOF OF (1.3). First note that (i)=>(ii) holds for every integer k > 1

as easily seen. In order to show (ii)=>(i) we may assume A a complete local ring

as follows by (2.1). For the proof of the statement it is enough to show that

R := R(F) is a finitely generated module over S := R^k\F). In the first step

let A be a (complete) domain. We have the inclusion S Ç R which is in fact an

integral extension. As a complete local domain A is a Nagata ring; see [M, p. 234].
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Therefore, S as an ^4-algebra of finite type is also a Nagata domain; see [M, p. 240].

Furthermore, the quotient field of A[t, i_1] is a finite extension of the quotient field

of S. Hence, the integral closure of 5 in >l[í,í_1] is a finitely generated S-module.

In particular, R is a finitely generated S-module.

In the second step assume, Ass A = {p}, i.e., the zero ideal of A is a primary

ideal. Put r = min{n gN:p"= 0}. We prove the claim by an induction on r. The

case r = 1 was shown in the first step. Let r > 1. Then P := ©nGZ(p D In)tn is a

prime ideal of R with

O:P = 0(O:pn/„)<n
n€1

as easily seen. Next consider the short exact sequence of S-modules O —» O : P —»

R —► R/O : P —» O. Furthermore we have the following isomorphisms:

R/O : P S R(FA/0 : p)

and

S/0:PnS = Rw{FA/0:p).

Since Ass(A/0 : p) = {pA/O : p} and min{n € Z : pn Q O : p} < ,r the

induction hypothesis yields that R/O : P is a finitely generated S-module. On

the other hand, O : p is a torsion-free module of finite rank over A/p as easily

seen. Therefore we may imbed O : P into a finite direct sum of R/P = R(FA/p)

which is a finitely generated module over S/PflS = R^(FA/p) by the induction

hypothesis. Therefore O : P and R/O : P are finitely generated S-modules. So, R

is also finitely generated over S by the above short exact sequence.

In the final step let Ass A = {pi,..., ps} and O = q\ n ■ ■ • CI qs a reduced primary

decomposition of the zero ideal in A. By the second step of the proof

R/Qi = R(FA/qi),        Q% := 0(9i n In)tn,

is a finitely generated module over

S/QtnS = Rw{FA/qi),        i = l,...,s.

Therefore R/Qi, i = 1,..., s, is a finitely generated S-module. Since

0 = Q1n-nQs

there is an injection
3

0^R->@R/Qi
i=i

which proves that R is a finitely generated S-module as required.

3. Asymptotic prime divisors. For an ideal / of a local ring (A, M) let

us consider the filtration F = {In : (M)}, where / : (M) is defined as in the

first section. Put Rm(F) '•— R[F). Then Rm(F) is a ring extension of R(I) =

0neZ Intn, the ordinary Rees ring with respect to /. In [Si] it was shown when

Rm{F) is finitely generated resp. integral over R(I). As the main point of this

section we want to characterize when Rm(P) is a Noetherian ring. To this end

recall some notations.  Let A(I) denote the well-defined set AssA/In for large n.
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Put

A'(I) = f]{A{J) :In QJ g [In)a for some n e N},

j

where Ia denotes the integral closure of I.

(3.1) PROPOSITION. For an ideal I of (A, M) the following conditions are

equivalent:

(i) Rm(I) is a finitely generated graded R(I)-module.

(ii) a(IA + p/p) < dim A/p for all p e Ass A

(iii) M<$A'(I).

Here A denotes the completion of A. The analytic spread a(I) of I is defined

by a{I) = dimÄ(/)/MÄ(/); see [NR]. For the proof of (3.1), see [Si, (6.4)].

For our purposes here we call a prime ideal P2/a sticky prime divisor of / if

P e A(Ik : (P)) for all large k. The set of sticky prime divisors of / is denoted

by A~(I). Clearly A~(I) Q A(I) and A~(I) is a finite set. Note that P <£ A~{I) for a

minimal prime divisor P3/.

(3.2) PROOF OF (1.2). In order to show (i)=»(iii) note that by (2.1) there is an

integer k such that

Ikn : (M) = {Ik : (M))n    for all n > 1.

That is, M ^ A(Ik : (M)) for a large k and M ^ A(I) by the definition.

Next we prove (iii)=>(ii). By the assumption there is an integer k such that

M i A(Ik : (M)). Put J = Ik : (M). Then Jn : (M) = J" for all large n.

Therefore Rm(J) is a finitely generated module over R(J). Hence the conclusion

follows by virtue of (3.1). In order to complete the proof let us show (ii)=>(i). By

(3.1) we see that Rm{J) is finitely generated over R(J), where J = Ik : (M). Now

it is easy to see that

Jn : (M) = Ikn : (M)    for all n > 1.

Therefore, we have an isomorphism Rm(J) = RM (I). Because Rm{J) is finitely

generated over R(J) it is a Noetherian ring. Thus, R(M'(I) is also a Noetherian

ring. Therefore, (1.3) yields that Rm(F) itself is a Noetherian ring as required.

While a(I) = a(Ik) for all k > 1 it is noteworthy to say that a(I : (M)) /

a(Ik : (M)) for some k as follows by the example (4.3)(1).

A particular case of the equivalence of (i) and (ii) in (1.2) has been shown by A.

Ooishi in [O].

(3.3) EXAMPLE. Let K denote an infinite field. Take 3 m-elements of K which

are independent over K and denote them by at, &¡, c2, i — 1,...,m. Then let

U = [o-iV-biX, alz-clx) and / = f\7Li h m ^ = K[x,y,z]^xy¡zy It was shown by

M. Nagata in [N] that if m is a square > 16, then Rm(F) is not Noetherian, i.e.,

a(Ik : (M)) = 3 for all k > 1.

4. Symbolic blow-up rings. For a prime ideal F of a commutative ring A

put PW = PnAP n A, n > 1, the nth symbolic power of P. Clearly F = {P(">}

defines a filtration of ideals of A. We define S(P) := R{F) the symbolic blow-up

ring with respect to P.  In the case A is a regular local ring R. C. Cowsik asked
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whether S(P) is an Aalgebra of finite type. This was answered in the negative by

P. C. Roberts in [Ro]. He used Nagata's example (see (3.3)) in order to construct

a prime ideal P in K[x, 2/,^](x,v,2) such that S(P) is not Noetherian. Related to

our investigations we prove the following criterion.

(4.1) COROLLARY. LetP denote a one-dimensional prime ideal of a local ring

(AM).   Then the following conditions are equivalent:

(i) S(P) is an A-algebra of finite type.

(ii) There is an integer k such that

a(PwÂ + p/p) < dimÂ/p   for all p € AssÂ

(iii) Â(P) = 0.

PROOF. Because P is a one-dimensional prime ideal it follows P^ = Pn : (M)

for all n > 1 and A~(P) Q {M}. Hence RM{P) = S{P) and (1.2) yields the
statement.

In general, condition (ii) of (4.1) is not easy to control. Under some additional

assumptions about the ring it simplifies as indicated in (1.1).

(4.2) PROOF OF (l.l). In the case A is an unmixed local ring we have dim^4 =

dim A/p for all p € Ass A Furthermore, for an ideal of a local ring it is known that

a(IÂ + p/p) < a(I)    for all p€ Ass Â

with the equality for at least one of them; see [NR]. Hence, (1.1) follows by (4.1).

(4.3) REMARKS. (1) Let A be as in (3.3). Let P denote the prime ideal with

the generic point x = t3, y = í4, z = t5. Then it was shown by C. Huneke in [H],

resp. S. Eliahou in [E], that S(P) is a Noetherian ring. In fact one can show that

a(p(2') = 2. So the claim follows by (1.1). For an application of (1.1) to the case

of prime ideals defined by monomial curves in affine 3-space see [Sa], where S(P)

is shown to be a Noetherian ring for a large class of P.

(2) Let A as above and P the prime ideal constructed by P. C. Roberts in [Ro].

Then S(P) is not Noetherian and therefore a(P(fe)) = 3 for all k > 1.

(3) Related to a generalization of Hilbert's fourteenth problem given by O.

Zariski, in [Re] D. Rees showed that S(P) is not a Noetherian ring for P the

prime ideal of a nontorsion point of an elliptic curve in the projective plane. Let

A denote the local ring at the origin of the coordinate ring of this curve. Then

dirndl = 2 and a(P^) = 1 if and only if P^ is a principal ideal because A is a

normal ring. But this cannot be true since P corresponds to a nontorsion point.
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