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The problem of finding a single:defective item from an
infinite binomial population is considered when the group-testing
is possible, i.e., when we can test any number of units x
simultaneously and find out if all x are good or if at least
1 of the x defective is present; An optimal procedure is
obtained in the sense that it minimizes the expected number of
tests required to find one defective. Upper and lower bounds are
derived using information theory and the relation of our procedure

to the Huffman algorithm and the corresponding cost is studied.



1. Introduction,

A group-test is a simultaneoﬁs test on a finite number x
of units and we assume that each test has only two possible
outcomes: i) either all the x units are satisfactory or ii) at
least one of the x units is defective (we don't know which one
or how many are defective). Using a binomial formulation we
assume that each unit is defective with known probability p > 0
and satisfactory with probability q = 1 - p and that the units
are independent.

Our goal is simply to fin& a ;inéle defective unit by means
of group-testing. The total numb;} of units (or population size)
is assumed to be countably infinite; this occurs, for example, in
an assembly line production. Thiséprbblem is related to the
binomial group-testing problem §is$ussed in [2] and [3] where
all the units are classified. It ?s interesting to point out that
although the procedure called R1 in [2] is not optimal for all

g-values, a related procedure R61 defined for the problem of

this paper is optimal uniformly in q.



Regarding terminology, a defeétive set is a set of units
known to contain at least one defective unit. If we have no
such set at hand, we say that we have an H-situation.

In section 2 we define a procedure Rél and we prove certain
properties for it in section 3. Uppe; bounds on the expected number
of tests F(m) required to "break up" a defective set of size m
are obtained in section 4. Anotherhprocedure Rél is introduced
in section 5 which is shown to be equivalent to Rél for ¢
close to one. Lower bounds for an§ procedure that finds a single

defective are derived in section 6. Section T contains a discussion

on the optimality of the p:ocedurez Rél and the relation of the

breakup of the defective set under: this procedure to the corresponding

Huffman coding problem.

]
2. Procedure4301 for Known q.

For any procedure R let E{T|R} and F{m|R}, respectively,
denote the expected number of tests required to find one defective

unit if we start with an H-situation and if we start with a defective
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set of size m. If we start with a test on m units and use

the fact that N is large (or infinite), then we obtain
E{T|R}) = 1 + q"E{T|R} + (1-q")F(m|R) (1)

or, equivalently,

1+ (l-qm)F[mlR] . (2)
1- qm

E(T|R} =
For the particular procedure Rél (in which we simply write E(T}

and F(m)), we choose the test group size m for any H-situation

to be such that

(3)
m *
E(T} = min {1+ (1-9 ;F.(m)_ = min { L+ PF m‘“) ,
nbl,a,ooo l-q m1’2,ooo l-q
where, by definition,
* _m .
F(m) = 28) p(a). ()
If we start with a defective set of size m > 2, then the
sample size x (to be taken exclusively from the defective set)
is determined by
x m-x x
fm) o 1+ min [ SRR ¢ (1-)G) (5)

1sx<m 1-q"
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*
or, equivalently using F (m),

F'(m) = i - ?,m + lmgir;n (@F" (mx) + F (x)) (6)

the boundary conditions for this recursion are
*
F(1) =F (1) =0 for all gq. (7

% :
The values of F (m) were computed in Table IVA of [2] for

m = 2(1)16 for all q. For convenience let x = x(q) denote

*
the m-value that attains the minimum in (3) and let E {T) = (1-q")E(T}.

By direct computation we find that the expression in square brackets

in (3) for m =1 is less than that for m =2 when

1-q-¢2>0 (8)

or when q < (,65 - 1)/2 = .618.... Proceeding in a similar manner
we obtain the results given Table 1.

Thus, for example if q = .95 then by Table I we take x = 1k
units for the first test group. If the test is successful they
are all good and we never use them again. Then we take another

group of size 14 and repeat the process. If a test is not successful

_



then by Table IVA of [2] we test 6 of the 14 units and proceed
with F(8) if the 6 are all good or with F(6) if the 6 contain
at least one defective. Using Table I, the value of E{T}
required to find a defective is 5.761.

For any integer x let qx,x#l denote the (unique) root

in the unit interval of
x x+1
l‘q "q =0, (9)

so that 4,1 = 0, Q.0 = .618...,.etc. Then we make the
Conjecture:
For all q in the interval [qx-l,x’ qx,x+1] the integer x
which is the root of (9) achieves the minimum in (3) and the

* . N
value of E (T} in this interval is given by
* X x-28 : .
B (T) = (Le)(1-q") + a°7%P, (10)
where o = o(x) and B = B(x) are uniquely defined by

x=2"+p (0<B<2%) (11)



This conjecture is essentialiy a conjecture that the last
dividing point for F:(x) before q = 1 (see TableIVA in [2])
is less than the corresponding di;iding point qx~1,x between
x - 1 and x; these q-values are given in Table VII (H-situétion)
in [2]. If this inequality holdsbthen we can use equation (23)
in [2] (given also in (5.5) below) to show that for q in the
interval [qx-l,x’ qx,x+1] the minimum in (3) above is attained
at m = x; this is carried out in‘section 3. Furthermore we can
then substitute (23) of [2] into (3) and we‘easily obtain (10).
This conjecture has been verified by the computations in Table I
for x = 2(1)15.

3. A Property of F(m).

In this section we wish to sﬁow that if we start with F(m)
the next group test size x willEalways be at most m/2; this
is related to the discussion in Section VI and in particular to
(21) in [2]. To show this we fir%t prove with the help of lemma 1

below that F(m) is a nondecreasing function of m for any q.

r 0
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We first note from (2.4) that the inequality F(m) < F(m+l)

is equivalent to
Fi(m) < Fr(mel) - oF(m). (12)

This is proved by noting that

m+-1 io1 * %
0< iz_‘Jl ¢ T{F(ml) - F(m)} = F (m1) - F (m) - ¢F(m).  (13)

For the F(m+l)-situation we use y to denote a possible
size for the next group test.

Lemma 1:

1f F(1) <F(2) < ... <F(m) and y < (ml)/2 then, for
the F(m+l)-situation, y is prefgrab;e to m+ 1-y.

Proof:

Consider the quantity in braces on the right side of (5) with

Xx =y and x =m+ 1 -y and denote these by F. and F,,

1 2

respectively. Then after algebraic simplification we obtain

1~ :
7y - 5y = L) (p(ainey) - ). (1)
-q



Since 1 <y < (m+l)/2 it follows from the hypothesis that
the last factor in (14) is nonnegative and this proves lemma 1.
Theorem 1:

For all q and any m > 2

F(m) < F(ml). _ (15)
Proof:
Since 0 = F(1) < F(2) = 1, it suffices to show by induction

that if F(1) <F(2) < ... <F(m) then F(m) < F(m+l). From
(4) and (5) we have

m

F*(m) = 1_pq.. + Min (€F (mx) + F(x)) (16)

lsx<m/2

since by lemma 1 we can restrict x to at most m/2. Using (12)
. : *

with m replaced by m - x, we replace F (m-x) by an upper

bound and obtain

1
F*(m) < l—-—l)iml - ¢"F(m) + Min {qu*(m+1-x) + F*(x)
l<x<m/2
+ QO {F(m) - F(m-x) - 1}} | (17)
-8 -
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We now consider separately the cases for m odd and m even.

Case 1: m = 2n

We note that [-;—1] = [mg 1] where [x] is the largest integer
< x. Furthermore, since 1 <x Sg we have x <2n - x and,
by hypothesis, F(x) < F(2n-x). Then by (5) for any x with

1<x<n

F(2n) < 1 + PF(x) + (1-P)F(2n-x) < 1 + F(2n-x), (18)

where O <P < 1. Hence the expression in braces in (17) is
nonpositive and can be dropped. This gives the inequality

m+1
* -

{@F (mr1x) + F (x)] - q"F(n)

+ Min
19:%—1

Fi(ml) - ¢F(m) . (19)

which, by (12), is what we need to prove (15).

Case 2: m=2n + 1

Clearly we can write x < (m+.:1)/2 under the Min sign in
(17) since the minimum is attainec{ for some x < m/2. If the

expression in braces in (17) is nonpositive, then the proof is



the same as Case 1., We now consider 2 subcases

Case 2A: F(2n+l) - F(n) - 1 > 0 and for F(2n+2) the optimal
integer x < n. Since n + 1 does not minimize qu*(m+1-x) + F*(x)
and the expression in braces in (17) is positive, it follows that
the minimum in (17) must be attained for some x < n. For
x < n, by (18) the expression in braces is nonpositive and the
same proof goes through,

Case 2B: F(2n+l) - F(n) - 1 >0 and for F(2n+2) the

optiﬁal integer x =n + 1. Clearly
F(2ni2) = 1 + F(n+l) (20)

Moreover for some P(O <P < 1) if we take x =n and use the

hypothesis
F(2n+1) < 1 + PF(n+l) + (1-P)F(n) < 1 + F(n+l). (21)
From (20) and (21) we get the desired result

F(2n+l) < F(2n+2), (22)

which completes the proof of the theorem.

- 10 -

L

[

r

[‘4‘ i

—

-



Corollary:

Starting with any defective set of size m > 2, the optimal
x for the size of the next group test is at most [m/2].

Since the hypothesis of the lemma above is now proved, the

conclusion that =x is preferable to m - x 1is equivalent to this

corollary.

4, Upper Bounds on F(m) under Procedure Rél'

In this section we describe useful bounds that hold only
for procedure Rél; later in section 6 we describe general lower
bounds on F(m) that hold for any group-testing procedure,

Lemma 2:

1f vy = y(m) 1is defined by oVl < < oY, then
F(m) <. . (23)

Proof:

Add "fictitious" good units to the "real" units so that the
total is 2Y. Then, by taking x = m/2 = 2Y-1 in (5), we

obtain for m = 2Y

- 11 -



F2¥) < 1+ r(2¥h). (24)

Repeating this inequality and using the fact that F(2) =1,

we obtain
F(2') <v-1+F(2) =v. (25)

We impose the condition that no test should be carried out on
fictitious units alone. Sincg this can only reduce the number
of tests, it follows that vy is still an upper bound and this
proves the lemma,.

The above bound does not depend on q. It is possible to
obtain an improved upper bound on F(m) that depends on q.

For this purpose we write m in its binary expansion form

+ ... +2 83 (26)

where r, > , > . > r, >0 and s >0 are integers. Let

1 S
yi = 2 and X) =m - Y3 let Yo = 2 and x_ = Xy = Yo etc.;

2

r
at the last step Vg = o 8 .and X, = 0. Using the right side

of (5) with x = x, instead of taking the minimum,we obtain an

-12 -
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upper bound for F(m). Similarly with m replaced by m - ¥y

we use the right side of (5) with x = X, to get an upper bound

for F(m-yl). Repeating this and using Lemma 2, we obtain

1
F(m) < ——(1—°‘— F(y,) + =3 F(x,)
q

g h) (1— ) (1
<1+ T, q - qm q 1+ q F(y )
-q
(27)

1 - qx2 -]
+ = Fxp)
1 -gq
. X y.
1 i
S - ql+riq (1-a %)) .
1l - q i=1

<1+

L 2

For example, if m =21 we have 21 =2 + 2 + 20 so that

]

1=5:Y2=1hx2=1,y3=1 and x_ = 0, Then

s=3,y1=16,x 3

the last term vanishes and we obtain

1 20 16
F(e1) £ 3+ — 7 la(i-a") + °(1-¢4"°) J. (28)
-q
For q - 1 this leads to the upper bound L4 + % for all gq,

which is less than the result vy =5 obtained by Lemma.h.l.

5. Procedure R'1

o1 for

In this section we discuss an alternate procedure R

- 13 -



the H-situation that is based on information theory; this procedure
is used in [2] and [3] as an alternate procedure for classifying
all the units in a binomial sample. When starting with a defective

set of any size m > 2 the new procedure is defined

1
R>1

exactly the same as procedure R' By the computation in Table I

o1°
and the theorem below, it follows that these 2 procedures are
identical for q < .9563 (correspoﬁding to x < 15) an& also
for q sufficiently close to one; it is conjectured that they
are identical for all q, but this has not been proved.

For the H-situation we take a sample of size x where

x 1is the integer that maximizes
X X X
-{q"Llogyq" + (1-q")log,(1-q")}. (29)
The dividing point qx,x+1 between x and x + 1 is shown

in [2] to be the unique real root (in the unit interval) of

1_qx_qx+1=o. (30)

For the case of a defective set of size m the recursion (5)

and the boundary condition (7) are again used.

-1k -



Theorem 2:
For q close to 1, the procedures Rél‘ and R
equivalent,

Proof:

0l

are

1
'

We need only prove the equivalence for the H-situation since

the two procedures are defined to be equivalent for the case of

a defective set of size m > 2. For procedure R61

the dividing

point between x and x + 1 is determined by the root of

1+ pF*(x) 1+ pF*(x+1)

1 - qx 1 - qx+1

or, equivalently,
X, ¥ +1. %
Q" = (1-4)F (x+1) - (1-¢ )F (x).
For q close to 1 we have by (23) of [2] that

P (x) = o(1-4%) + ¢ 2P (1-¢%P),

where o = o(x) and B = B(x) are defined in (11).

in (32), we obtain

- 15 -
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pq = (1-qx)(1—qx+1)(a(x+1) - a(x)} + (l-qx){qx+1'26(x+1)-qx+l}

_ (1_qx+1){qx-25(x)- qx] . (34)

To simplify this we consider two cases according as x + 1 is
not or is a power of 2.
Case 1: o(x+l) = ax)

Then B(x+l) = 1 + B(x) and (34) becomes
P = (1-gF) (2RO L_mHly (g oLy (&R (%) _gx, (35)

and, after simplification, this reduces to 1 - qx - qx+1 = 0,

which gives rise to exactly the same dividing point between x
and x + 1 as for procedure Rél'

Case 2: o(x+l) = 1 + a(x)

Then B(x) = EQ(X)- 1, B(x+1) = 0 and hence
x - 28(x) = po(xtl)_ 2{2“(3)- 1} = 1. (36)

Hence (34) becomes

pa* = (1-4%)(1-¢*1) - (1-"1)(q-a¥) = p(1-¢*1) (37)

-16-
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and this again reduces to 1 - qx - qx+1 = 0. Since the dividing

point is the same as for procedure R2.1’ the procedures are
identical for q sufficiently close to 1,

6. Lower Bounds on F(m|R) and E{T|R} for any procedure R.

A lower bound on F(mlR) for any procedure that accomplishes
the goal of finding a single defective is obtained from information
theory. The total entropy associated with a defective set of
size m is

i-1 m

1 -
d = loge( _T-%—) . (38)
l1-g4 Pq

o
L s
=)

This entropy (or uncertainty) is reduced to zero in F(m|R) tests.

Since the maximum reduction per test is one, it follows that

m pqi-l 1 - qm
F(m|R) > 2 - 1og2( I ) . (39)
i=11 -4 Pq
and after algebraic simplification
1 1 m
F(u|R) > 5 1(p) - —— 1(1-q"), (40)
. 1l -¢q

where I(p) =1p log, % +q 1og2-3-'1- + It is easily shown by

- 17 -



differentiation that I(p)/p is strictly decreasing in p and,
gince p> 1 - q, the lower bound in (40) is positive.

We can also obtain a lower bound on E{TIR] for any procedure
that finds a single defective; we actually obtain 2 lower bounds
and show that the one that makes use of (40) and is based on
procedure Rél is the better one.

Using the same argument as above with the disjoint, exhaustive

set of probabilities pql-l (i=1, 2,...) we easily obtain

- i-1 i-1 1
E{T[R} > - T pq logpa = S I(p) . (41)
i=1

The result (40) can be applied to F(m) in (3) to yield

another lower bound on E{T} for procedure We obtain

'
ROl'

E (T} = nin {

— + F(m)}
m=1,2,... 1“'q .

1(p) + min (LEI(-D) (h2)

>
m=1,2,... 1-q"

Wi

Since I(p) has a maximum of one, it follows that I(l-qm) <1
and hence the lower bound in (42) is at least as large as that

in (41). Since these lower bounds are generally not attainable,

- 18 -



it should not be assumed that there exist procedures R with
E{T|R} between the right members of (41) and (42). 1In fact the
construction of the procedure Rél leads us to assert that the
right side of (42) is also a lower bound for any procedure R that
finds a single defective; this point is also discussed below in
connection with optimality properties.

T. Optimality Discussion.

For the case of the so-called F(m)-situation we have used
the principle of "baékward optimization" to define the procedure
Rél‘ For this subproblem with the given value of q this
proceéure Rél is therefore optimal regardless of the value of
m that we start with., Thus we have a cost function E{T|m} for
each value of m, For the H-situation what we do under procedure
R(')l is simply to find the m-value that minimizes this cost

function. Thus R is an'optimal procedure for the overall

01l
problem of finding a single defective. This explains why the

right side of (42) must be an improved lower bound for all

procedures that find a single defective.

-19 -



In this connection we should'point out that another lower
bound for F(m) is obtained from a consideration of the cost of
the Huffman code when we have m states of nature with probabilities
proportional to pqi-l(i =1, 2,..., m). The relation of the
Huffman code to the group-testing procedure is described in [3]
(see section 1) and the Huffman algorithm is given in [1]. The
discussion in [3] indicates that for F(m) the Huffman algorithm
of adding the two smallest probabilities, reordering the resulting
set, adding the two smallest again, reordering again, etc. will
yield exactly the same F(m)-values as we obtain for the procedure
Rél‘ This result has been verified for small values of m, but
has not been proved in general, If true, it provides an alternate
way of computing F(m) for procedure Rél for any particular
values of q and for all values of m; for m = 2(1)16 the
results are given in [2]. The details for obtaining the value of
F(m), which is the same as the Huffman cost, are described at the

end of section 12 in [3] and we need only give a brief illustration

of this. Suppose, for example m =5 and q = .9 so that the'

- 20 -
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5 states of nature have probabilities proportional to

(43)

{Pqi-l(i = 1, 2’ 3’ )'l', 5)] = {-1) '09’ '081’ ’0729’ '06561]

The Huffman algorithm yields

Col. 1 Col. 2  Col.3  Col.h  Col.5
—,23851
40951
-, 171
~.13851
P = .1 )

pq = .09

pq2 = .081}

pq> = .0729

pqh = 06561 B

The Huffman cost is obtained by summing the four numbers
appearing in columns 2 through 5 and dividing by 1 - q5 = .L0951;
this gives a Huffman cost of .95753/.40951 = 2.33823. The

polynomial ratio corresponding to :this calculation is

S(-¢°) + a(1-q°) + {q3(1-q2)+g} + {43(1-¢%)+q(1-¢")+p)
1-gq

= p(2 + 2q + 2¢° + 3¢> # 3qh)/(1-q5), (4k)

- 21 -



which agrees with the result for F(m) for q = .90 obtainable
from Table IV Aof [2]. Since the Huffman cost represents a lower
bound for the expected number of tests, this shows that our procedure

for breaking up the set of 5 defectives is optimal,

- 22 -



Table 1

for q-values in

x £ (1)
the interval
1 1 {o, .6180]
2 2 - ¢ [.6180, .7549]
3 2 +q - 2q5 [.7549, .8192]
L 3 - eqh [.8192, .8567]
5 3+ - 30 [.8567, .8813]
6 3+ q2 - 3q [.8813, .8087]
7 3+q-3q [.8987, .9116]
8 b - 35 [.9116, .9216]
9 b+ ql - kg [.9216, .9296]
10 4 4 q6 - hqlo [.9296, .9361]
11 b+ g - bt [.9361, .9415]
12 b+ gt - bq2 [.9415, .9460]
13 b+ q3 - bet3 [.9460, .9499]
1k b+ q® - bt [.9499, .9533]
15 b+ q - bq'd [.9533, .9563]
Remark:
Under the conjecture in Section 2 the general result for all
x 1is

E(T) = (L) (1-a%) + ¢~ 2P

and the appropriate dividing pointé for these polynomials are

given in Table VII of [2] for x

1(1)100.

- 23 -
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