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W e  p re s e n t  a  n e w  a lg o rith m  b a s e d  u p o n  n e tw o rk  f low s fo r  find in g  a ll m in im u m  

s iz e  se p a ra tin g  v e rte x  se ts  in  a n  u n d ire c te d  g rap h . T h e  se q u e n tia l im p le m e n ta tio n  o f  o u r  

a lg o ri th m  ru n s  in  ® ( m m (m a x (M n k ,k n m m in (k ,'In ) ) ,m Q x (M n ,k 2n 3)))  = 0 ( 2 kn 3) t im e, 

w h e re  M  is  th e  n u m b e r o f  m in im u m  s iz e  se p ara tin g  v e rte x  se ts  T h e  p a ra lle l im p le m e n ta -
i 6

tio n  ru n s  e ith e r  in  0  (& logn) d e te rm in is tic  tim e  u s in g  © (M 2n 2 +  k n N a ) = O  ( 4 * - ^ - )

C R C W  P R A M  p ro c e sso rs  o r  in  0  ( lo  g 2n )  ra n d o m iz e d  tim e
. 6

k 2 

u s in g

© (M 2/*2 +  k n 2N a )  =  O  (4* A r )  p ro c e sso rs  o n  a  C R C W  P R A M , w h ere  n  is  th e  n u m b e r o f
k

v e rtic e s  in  th e  g ra p h  a n d  k  is  th e  c o n n e c tiv ity  o f  th e  g ra p h , a n d  N a  is  th e  n u m b e r  o f  p ro 

c e sso rs  n e e d e d  fo r  p a ra lle l m a tr ix  m u ltip lic a tio n .

1 .  I n t r o d u c t i o n

C o n n e c tiv ity  is  o n e  o f  the  fu n d a m e n ta l g ra p h  p ro p e rtie s , a n d  th e re  h a s  b e e n  a  c o n s id e ra b le  a m o u n t o f  w o rk  o n  

a lg o rith m s  a n d  s tru c tu ra l a sp ec ts  o f  th is  p ro p e rty . A p p lic a tio n s  o f  th is  p ro b le m  a rise  in  o p e ra tio n  re se a rc h  fo r  

sc h e d u lin g  p ro b le m s , n e tw o rk  a n a ly s is  in  e le c tr ic a l  e n g in e e rin g  a n d  m an y  o th e r  re a l- life  p ro b le m . T h e  m o st d ire c t 

a p p lic a tio n  o f  th is  p ro b le m  is  fo r  th e  re l ia b ility  o f  n e tw o rk s  [B a ,B a P r,B u ,C o ,R aC o ,R o ].

T h e re  a re  w e l l-k n o w n  se q u en tia l lin e a r- tim e  a lg o rith m s  fo r  d e te rm in in g  v e rte x  c o n n e c tiv ity  a n d  b ic o n n e c 

t iv ity  (se e  e .g ., [ E v l] ) ,  a s  w e ll a s  tr ic o n n e c tiv ity  [H o T a ,M iR a 2 ]. T h e se  a lg o rith m s  u se  e ith e r  d e p th -f irs t search  te c h 

n iq u e  [E v l ,H o T a ,T a ]  o r  e a r-d e c o m p o s itio n  te c h n iq u e  [W h ,L o ,M aS c V i,M iR a  1 ]. T h e  b e s t  d e te rm in is tic  seq u e n tia l 

a lg o rith m  fo r  te s tin g  g ra p h  4 -c o n n e c tiv ity  h a s  tim e  c o m p le x ity  O  ( n 2) [K a n R a l]  a n d  b a s e d  u p o n  e a r-d e c o m p o s itio n

T h i s  r e s e a r c h  w a s  s u p p o r t e d  b y  t h e  S e m i c o n d u c t o r  R e s e a r c h  C o r p o r a t i o n  u n d e r  8 7 - D P - 1 0 9 .
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tec h n iq u e . T h e re  is  a  se q u en tia l O  ( m a x ( k ,n >/2) k m n >/2) t im e  a lg o rith m  fo r  d e te rm in in g  th e  c o n n e c tiv ity  o f  a  g rap h  

w h ich  is b a se d  u p o n  n e tw o rk  f low  [E v T a ,E v 2 ,G a ,G iS o ]. W e  a lso  n o te  th e re  a re  so m e  ra n d o m iz e d  a lg o rith m s  fo r  

te s tin g  ¿ -c o n n e c tiv ity  fo r  ¿  > 3 [ B e X J J L o W i] ;  th e  ru n n in g  tim e s o f  th e se  a lg o rith m s  a re  O  ( n 512 +  n k 512)  [L iL o W i], 

a n d  0  ( n 3/2m )  [B eX ],

E f f ic ie n t p a ra lle l a lg o rith m s  h a v e  b e e n  d e s ig n e d  fo r  d e te rm in in g  g ra p h  c o n n e c tiv ity  fo r  sm a ll k .  C lea rly , 

th e re  a re  N C  a lg o rith m s  fo r  te s tin g  g rap h  ¿ -c o n n e c tiv ity  fo r  a n y  f ixed  k .  S im p ly , re m o v e  a ll ¿  v e r te x  su b se ts  o f  the  

g rap h  a n d  te s t fo r g rap h  c o n n e c tiv ity . T h e  b e s t p a ra l le l a lg o rith m s  fo r  g ra p h  ¿ -c o n n e c tiv ity  fo r  ¿  =  1 ,2  a re  the  

e ff ic ie n t 0  ( lo g n )  p a ra lle l tim e  a lg o rith m s  u s in g  0  ( jn + n )  p ro c e sso rs  o n  C R C W  P R A M  [S h V i.T a V i] , fo r  ¿  =  3 a n  

0  ( lo g n )  p a ra lle l tim e  a lg o rith m  u s in g  0  ( (m + n ) lo g n )  C R C W  P R A M  p ro c e sso rs  [M iR a2 ,R aV i]  a n d  fo r  ¿  =  4  an  

0  ( lo g 2n )  p a ra l le l  tim e  a lg o rith m  u s in g  0  ( n 2) C R C W  P R A M  p ro c e sso rs  [K a n R a l] .  T h e re  a re  n o  e ff ic ie n t d e te r 

m in is tic  p a ra l le l  a lg o rith m  fo r  d e te rm in in g  th e  c o n n e c tiv ity  o f  a  g ra p h  fo r  g e n e ra l k.

T h e  o th e r  q u e s tio n  w h ich  o fte n  ra is e d  w ith  c o n n e c tiv ity  is  to  f in d  a ll m in im u m  s iz e  se p a ra tin g  v e rte x  se ts . 

T h is  id e a  lies  in  th e  h e a rt o f  th e  a lg o rith m s  fo r  d e te rm in in g  g rap h  ¿ -c o n n e c tiv ity  fo r  ¿  =  1 ,2 ,3 ,4 . T h e  a lg o rith m s  fo r  

g rap h  (o n e )-c o n n e c tiv ity , b ic o n n e c tiv ity , tr ic o n n e c tiv ity  a n d  4 -c o n n e c tiv i ty  f in d  a ll a r tic u la tio n  p o in ts , se p ara tin g  

p a ir s , se p a ra tin g  tr ip le ts  o f  a  g ra p h  in  o rd e r  to  d e te rm in e  th a t  a  g ra p h  d o e s  n o t  h a v e  a  h ig h e r  c o n n e c tiv ity . T h e  

n u m b e r  o f  se p ara tin g  ¿ -se ts  in  a  ¿ -c o n n e c te d  g ra p h  is  0 ( n 2) fo r  a n y  f ix e d  ¿  [K a l,K a 2 ],  F u r th e rm o re , th e re  is  a n  

0  (n )  re p re se n ta tio n  fo r  se p ara tin g  p a irs  in  a  b ic o n n e c te d  g rap h  [K an R a2 ] a n d  th e re  is  a n  O  ( k 2n )  c o m p a c t re p re se n 

ta tio n  fo r  se p ara tin g  ¿ -s e ts  in  a  ¿ -c o n n e c te d  g ra p h  [K a2].

W e  p re se n t  a n  a lg o rith m  fo r  f in d in g  a ll  m in im u m  s iz e  v e rte x  se p a ra tin g  se ts  fo r  g e n e ra l k .  T h e  re s t o f  th is  

p a p e r  is  o rg a n iz e d  a s  fo llo w s . S ec tio n  2  g iv e s  g rap h -th e o re tic  d e fin itio n s. In  se c tio n  3 w e  d e s c rib e  th e  p a ra lle l 

m o d e l o f  c o m p u ta tio n  w e  u se . S e c tio n  4  p re s e n ts  th e  se q u e n tia l a lg o rith m  fo r  f in d in g  a ll m in im u m  s iz e  se p ara tin g  

v e rte x  se ts  o f  a  g ra p h  a lo n g  w ith  its  tim e  c o m p le x ity  a n a ly sis . F in a lly , se c tio n  5 p re s e n ts  a  p a ra lle l  a lg o rith m  fo r  

th is  p ro b le m .

2 .  G r a p h - t h e o r e t i c a l  d e f in i t i o n s

A n  u n d ire c te d  g ra p h  G  = (V ,E )  c o n s is ts  o f  a  v e r te x  se t V  a n d  a n  e d g e  se t E  c o n ta in in g  u n o rd e re d  p a ir s  o f  d is 

t in c t e le m e n ts  fro m  V . A  p a th  P  in  G  is  a  se q u e n c e  o f  v e rtic e s  < v 0 , • • • ,v*>  su c h  th a t  (v i_l ,v i) e E , i = 1, • • • ,k .  T h e  

p a th  P  c o n ta in s  th e  v e rtic e s  v 0 , • • • ,v* a n d  th e  e d g e s  (v q .v j ), • • • ,(v*_l t v*) a n d  h a s e n d p o in ts  v 0 , v*, a n d  in te rn a l
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v e rtic e s  v l t  • • • ,v*_ i. T h e  p a th  P  is  a  s im p le  p a th  i f  v 0 , • • • ,v k. i  a re  d is tin c t a n d  v lf  • • • ,v* a re  d i s t in c t  P  is a  s im 

p le  c y c le  i f  it  is  a  s im p le  p a th  a n d  v 0=v*. A  s in g le  v e rte x  is  a  tr iv ia l p a th  w ith  n o  e d g e s. W e  d e n o te  b y  IP  I , th e  

n u m b e r o f  v e rtic e s  c o n ta in e d  in  p a th  P .

L e t  P = < v 0, • • • ,v^_! >  b e  a  s im p le  p a th . T h e  p a th  P ( v i ,v ; ) ,0 < z j< £ - 1  is  th e  s im p le  p a th  c o n n e c tin g  V; a n d  v;- 

in  P ,  i .e ., th e  p a th  < v i ,v,-+1, • • • , V ; > ,  i f  i < j  o r  th e  p a th  < vy-,vy+1, • • • ,v ,> ,  i f  j  < i. A n a lo g o u s ly , P  [v,-,v;] c o n s is ts  o f  

th e  p a th  se g m e n ts  o b ta in e d  w h e n  th e  e d g e s  a n d  in te rn a l v e r tic e s  o f  P  (vf,vy)  a re  d e le te d  fro m  P .

L e t G = (V ,E )  b e  an  u n d ire c te d  g ra p h  a n d  le t  V '^ V .  A  g rap h  G '= (V ',E ' )  is  a  su b g ra p h  o f  G  i f  

¿ s 'c E p tK v .- .v ^ lV i.V y e  V*}. T h e  su b g ra p h  o f  G  in d u c e d  b y  V  is  th e  g ra p h  G " = (V ',E " )  w h e re  £ " = £  

{ (V , » V ; ) I V |- , V ; € V ' } .

A n  u n d ire c te d  g ra p h  G = ( V \£ )  is  c o n n e c te d  i f  th e re  e x is ts  a  p a th  b e tw e e n  e v e ry  p a ir  o f  v e r tic e s  in  V. F o r  a  

g ra p h  G  th a t  is n o t c o n n e c te d , a  c o n n e c te d  c o m p o n e n t  o f  G  is a n  in d u c e d  su b g ra p h  o f  G  w h ic h  is m a x im a lly  c o n 

n e c ted .

A  v e rte x  v  e  V  is  a n  a r tic u la tio n  p o in t  (a .p .)  o f  a  c o n n e c te d  u n d ire c te d  g ra p h  G  =(Vr,P )  i f  th e  su b g ra p h  in d u c e d  

b y  V - { v ]  is  n o t  c o n n e c te d . G  is  b ic o n n e c te d  i f  it  c o n ta in s  n o  a r tic u la tio n  p o in t.

L e t  G = (V ,E )  b e  a  b ic o n n e c te d  u n d ire c te d  g rap h . A  p a ir  o f  v e r tic e s  v 1,v 2e  V  is  a  se p a ra tin g  p a ir  fo r  G  i f  the  

in d u c e d  su b g ra p h  o n  Vr- { v 1,v 2 } is  n o t  c o n n e c te d . G  is  tr ic o n n e c te d  i f  it  c o n ta in s  n o  se p a ra tin g  pair.

A  tr ip le t  (v j  ,v 2 ,v 3) o f  u n o rd e re d  d is tin c t v e rtice s  in  V  is  a  se p ara tin g  tr ip le t  o f  a  tr ic o n n e c te d  g ra p h  i f  th e  s u b 

g rap h  in d u c e d  b y  V - [ v i  , v 2,v 3 } is  n o t co n n e c te d . G  is  fo u r -c o n n e c te d  i f  it  c o n ta in s  n o  se p a ra tin g  trip le ts .

In  g e n e ra l, u n d ire c te d  g rap h  is  ¿ -c o n n e c te d  i f  a n d  o n ly  i f  b e tw e e n  e v e ry  p a ir  o f  v e r tic e s  th e re  a re  k  v e rte x  

d is jo in t p a th s , o r  a lte rn a t iv e ly , re m o v a l o f  a n y  ¿ - 1  v e rtic es  le a v e s  a  g rap h  c o n n e c te d  [E v]. T h e  e q u iv a le n c e  o f  

th ese  tw o  d e fin itio n s is  th e  w e ll-k n o w n  M e n g er  th eo rem  [M e].

L e t  G = (V ,E )  b e  a  ¿ -c o n n e c te d  u n d ire c te d  g rap h . A  s e t  V '  o f  u n o rd e re d  d is tin c t  ¿  v e rtic es  o f  G  is  a  s e p ara tin g  

¿ -s e t i f  th e  in d u c e d  su b g ra p h  o n  V - V '  is  n o t c on n e c te d .

3 .  P a r a l l e l  m o d e l  o f  c o m p u t a t i o n

T h e  p a ra lle l m o d e l o f  c o m p u ta tio n  th a t  w e  w ill b e  u s in g  is  the  P R A M  m o d e l, w h ic h  c o n s is ts  o f  se v era l 

in d e p e n d e n t se q u e n tia l p ro ce sso rs , e ac h  w ith  its  o w n  p r iv a te  m e m o ry , c o m m u n ic a tin g  w ith  o n e  a n o th e r  th ro u g h  a



4

g lo b a l m em ory . In  o n e  u n i t  o f  tim e , e a ch  p ro c e sso r  c an  re a d  o n e  g lo b al o r  lo ca l m e m o ry , e x e c u te  a  s in g le  R A M  

o p e ra tio n , a n d  w ri te  in to  o n e  g lo b a l o r  lo c a l m e m o ry  lo ca tion .

P R A M s a re  c la ss if ied  a c c o rd in g  to  re s tr ic tio n s  o n  g lo b al m em o ry  a c ce ss . A n  E R E W  P R A M  is a  P R A M  fo r  

w h ic h  s im u lta n e o u s  a c ce ss  to  a n y  m e m o ry  lo c a tio n  b y  d iffe re n t p ro c e s so rs  is  fo rb id d e n  fo r  b o th  re a d in g  a n d  w r it 

ing . In  a  C R E W  P R A M  s im u lta n e o u s  re a d s  a re  a llo w e d  b u t n o  s im u lta n e o u s  w rite s . A  C R C W  P R A M  a llo w s  s im u l 

ta n e o u s  re a d s  a n d  w rite s . In  th is  c a se  w e  h a v e  to  sp e c ify  h o w  to  re so lv e  w rite  c o n flic ts . W e  w ill u s e  th e  A R B I 

T R A R Y  m o d e l in  w h ic h  a n y  o n e  p ro c e ss o r  p a rtic ip a tin g  in  a  c o n c u rre n t w r ite  m a y  su c c e e d , a n d  th e  a lg o rith m  

sh o u ld  w o rk  c o rre c tly  re g a rd le ss  o f  w h ic h  o n e  su c ce e d s . O f  th e  th re e  P R A M  m o d e ls  w e  h a v e  lis te d , th e  E R E W  

m o d e l is  th e  m o s t re s tr ic tiv e , a n d  th e  A R B IT R A R Y  C R C W  m o d e l is  th e  m o s t p o w e rfu l. I t  is  n o t d iff ic u lt to  see  th a t 

a n y  a lg o rith m  fo r  th e  A R B IT R A R Y  C R C W  P R A M  th a t  ru n s  in  p a ra l le l tim e  T  u s in g  P  p ro c e s so rs  c a n  b e  s im u la te d  

b y  a n  E R E W  P R A M  (a n d  h e n c e  b y  a  C R E W  P R A M ) in  p a ra l le l tim e  T lo g P  u s in g  th e  sa m e  n u m b e r  o f  p ro ce sso rs , 

P .

L e t S  b e  a  p ro b le m  w h ic h , o n  a n  in p u t o f  s iz e  n ,  c a n  b e  so lv e d  o n  a  P R A M  b y  a  p a ra l le l  a lg o r ith m  in  p a ra lle l 

tim e  t ( n )  w ith  p i n )  p ro c e sso rs . T h e  q u a n tity  w (n )= t  i n ) - p in )  re p re se n ts  th e  w o r k  d o n e  b y  th e  p a ra l le l a lg o rith m . 

A n y  P R A M  a lg o rith m  th a t  p e rfo rm s  w o rk  w i n )  c an  b e  c o n v e rte d  in to  a  se q u en tia l a lg o rith m  ru n n in g  in  tim e  w i n )  

b y  h a v in g  a  s in g le  p ro c e ss o r  s im u la te  e a c h  p a ra lle l s te p  o f  th e  P R A M  in  p i n )  t im e  u n its . M o re  g e n e ra lly , a  P R A M  

a lg o rith m  th a t  ru n s  in  p a ra lle l tim e  t i n )  w ith  p i n )  p ro c e sso rs  a lso  re p re se n ts  a  P R A M  a lg o rith m  p e rfo rm in g  

O  (w  in ) )  w o rk  fo r  a n y  p ro c e sso r  c o u n t P  < p in ) .

D e fin e  p o ly \o g ( n ) = { jO  ( log * n ). L e t  S  b e  a  p ro b le m  fo r  w h ich  c u rre n tly  th e  b e s t  se q u e n tia l a lg o rith m  ru n s  in 

*>o

tim e  T i n ) .  A  P R A M  a lg o rith m  A  fo r  S , ru n n in g  in  p a ra lle l tim e  t i n )  w ith  p  (n )  p ro c e s so rs  is  e ffic ie n t  i f

a )  t (n )= p o ly \o g (n ) \  a n d

b ) th e  w o rk  w  (n )= p  (n )- t (n )  is  T  (n )-p o ly  lo g in ) .

A n  e ff ic ie n t p a ra lle l a lg o rith m  is  o n e  th a t a c h iev e s a  h igh  d e g re e  o f  p a ra lle lism  a n d  c o m e s  to  w ith in  a  p o ly  log  

fa c to r  o f  o p tim a l sp ee d -u p . A  m a jo r  g o a l in  th e  d e s ig n  o f  p a ra lle l a lg o rith m s  is to  f in d  e ff ic ie n t a lg o ri th m s  w ith  t i n ) 

a s  sm a ll a s  p o ss ib le . T h e  s im u la tio n s  b e tw e e n  th e  v ario us  P R A M  m o d e ls  m a k e  th e  n o tio n  o f  a n  e ff ic ie n t a lg o rith m  

in v a ria n t w ith  re s p e c t to  th e  p a rtic u la r  P R A M  m o d e l u sed . F o r  m o re  o n  th e  P R A M  m o d e l a n d  P R A M  a lg o rith m s , 

see  [K a rR a ].
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4 . S e q u e n t ia l  a lg o r i th m

In  th is  se c tio n  w e  d e sc rib e  a  se q u en tia l a lg o rith m  fo r  find in g  a ll m in im u m  s iz e  se p a ra tin g  v e rte x  se ts  in  a n  

u n d ire c te d  g ra p h  G  =  ( V ,E ). N o te  th a t  th e  n u m b e r o f  se p ara tin g  ¿ -se ts  in  a n  u n d ire c te d  ¿ -c o n n e c te d  g rap h  is

0(2kf-) [Ka2],
¿

F ir s t,  w e  f in d  th e  c o n n e c tiv i ty  ¿  o f  G  u s in g  n e tw o rk  f lo w s  [E v T a ,G a ,G iS o ]. T h e  tim e  c o m p le x ity  o f  th is  a lg o 

r ith m  is  O  (m a x (k ,n '/2)k m n  ’A). N e x t, w e  ta k e  a  su b se t o f  v e rtic e s  X  o f  G  o f  s iz e  ¿  a n d  f in d  a ll m in im u m  s iz e  se p a ra t 

ing  v e rte x  se ts  (o f  s iz e  k )  b e tw e e n  p a irs  o f  th e  fo rm  (x ,v ) , w h e re  x e X  a n d  v e  V . N o te  th e  fo llo w in g  s im p le  o b se rv a 

t io n .

O b s e r v a t io n  1 : L e t  x e X  a n d  v e  V. A ssu m e  th a t  w e  h a v e  fo u n d  a ll ¿ -se ts  se p a ra tin g  x  a n d  v in  G . T h e n  w e  c an  

a d d  e d g e  (x ,v )  to  E  w i th o u t c h a n g in g  (ad d in g  o r  d e le tin g )  a n y  o th e r  se p a ra tin g  ¿ -se ts  o f  G .

P ro o f:  T h is  is b e c a u se  fo r  a n y  o th e r  se p ara tin g  ¿ -s e t  7 , w h ic h  d o e s n o t se p a ra te  x  a n d  v , x  a n d  v c a n  n o t  b e lo n g  to  

tw o  d iffe re n t  c o m p o n e n ts  o f  th e  g rap h  in d u c e d  b y  V - Y .

□

W e  re p e a t  th is  p ro c e s s  fo r  e v e ry  x e X  a n d  e v e ry  v e  V. D u rin g  th is  p ro c e s s  w e  a d d  a t  m o s t  k n  e d g e s  to  E .  A t 

th e  e n d  o f  th is  p ro c e s s  e v e ry  v e rte x  x e X  is  c o n n e c te d  b y  a n  e d g e  to  e v e ry  v e rte x  v e  V . N o w , i f  th e re  is  se p ara tin g  

¿ -s e t  Y  in  th is  g ra p h , th e n  Y  =X. S o , w e  c h e c k  i f  X  is  a  se p a ra tin g  ¿ -se t o f  G . E v e ry  m in im u m  s iz e  se p a ra tin g  v e rte x  

se t o f  G  is o b ta in e d  b y  th is  c o m p u ta tio n .

W e  n o te  th a t  fo r  a  g iv e n  x e X  w e  o n ly  n e e d  to  c o n d u c t th is  p ro c e d u re  fo r  th e se  v e rtic e s  v e V  w h ic h  a re  n o t  

a d ja c e n t to  x .  H e n c e , fo r  o u r  a lg o rith m  w e  c h o o se  X  to  b e  a  se t o f  ¿  v e rtic e s  o f  G  o f  m a x im u m  d eg re es .

A lg o rith m

1. F in d  th e  c o n n e c tiv ity  ¿  o f  G . (v e rtic e s  o f  G  a re  n u m b e re d  fro m  v ^ , • • • ,v„).

2 . F i n d ¿  v e rtic e s  w ith  th e  la rg e s t d e g re e s  ( x l t  • • • ,x k).

C h e c k  i f  th e se  ¿  v e rtic e s  fo rm  a  se p a ra tin g  ¿ -s e t  o f  G

(L e t  G  b e  th e  d ire c te d  g rap h  w h ic h  w e  g e t  f ro m  G  b y  a p p ly in g  th e  E v e n -T a rja n  re d u c tio n  (se e  b e lo w ))
!

D o  i  =  1 • • • ¿
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D o  j =  1 • • • n

3. I f  V j*xi a n d  Vj is  n o t a d ja c e n t to  x t th e n

4 . C o m p u te  a  m a x im u m  flow  <}) in  G  fro m  x t to  v j 

I f  I <J> I =  k  th en

(F in d  a ll  ¿ -se ts  se p ara tin g  x x a n d  vy- a s  fo llo w s :)

5. C o n s tru c t  the  re s id u a l g ra p h  G ^  o f  G  w ith  re s p e c t to  th e  m a x im u m  flow  (J)

6 . S h rin k  th e  s tro n g ly  c o n n e c te d  c o m p o n e n ts  o f  G ^

7. F in d  a ll  e d g e  c u ts e ts  (c lo s e d  se ts ) o f  th e  re su l tin g  a cy c lic  n e tw o rk  

F o r  e a ch  e d g e  c u ts e t  f in d  th e  c o rre sp o n d in g  se p a ra tin g  ¿ -s e t  o f  G

8. A d d  e d g e  (x i tv j)  to  G . 

e n d d o

e n d d o

T h e  re su lts  in  P ic a rd  a n d  Q u e y ra n n e  [P iQ u] e s ta b lish  the  c o rre c tn ess  o f  s tep s  5 -7  fo r  f in d in g  a ll se p a ra tin g  k-  

se ts. L e t  /  b e  a n y  m a x im u m  flow  in  a  n e tw o rk  N .  T h e  su b se t C  o f  v e rtic e s  o f  N  is  a  c lo s e d  se t  i f  a n d  o n ly  i f  fo r  

e v e ry  v e rte x  v e  C  a ll o f  its  p re d e c e sso rs  a re  a lso  m em b e rs  o f  C  in  N .

L e m m a  1 : [P iQ u] A  c u t  (S ,S )  s e p a ra tin g  s  f ro m  t in  N  is a  m in im u m  c u t i f  a n d  o n ly  i f  S  is  a  c lo s e d  se t o f  N  c o n ta in 

ing  s  b u t  n o t  t.

L e t  R  b e  th e  re s id u a l g rap h  o f  N  w ith  re sp e c t to  th e  m a x im u m  flow  / .  L e t  C  b e  a  s tro n g ly  c o n n e c te d  c o m 

p o n e n t o f  R  a n d  v g  C . T h e n  b a s e d  u p on  th is  L e m m a  i f  v g  S  th en  C  is a lso  m e m b e r  o f  S.

O b s e r v a t io n  2 : T h e re  is  o n e -to -o n e  c o rre s p o n d e n c e  b e tw e e n  th e  m in c u ts  o f  G  a n d  th e  c lo se d  se ts  o f  N .

£

D e f in i tio n s : L e t  N  b e  th e  re s id u a l n e tw o rk  o f  G  w ith  re sp e c t to  a  m a x im u m  flow . S h rin k  its  s tro n g ly  c o n n e cte d  

c o m p o n e n ts  in to  s in g le  v e rtice s . L e t  L  b e  th e  re su ltin g  a c y clic  n e tw o rk . (W e  w ill u se  L st to  e m p h a s iz e  th e  fa c t the  

m a x im u m  flow  is tak e n  b e tw e e n  s "  a n d  f ) .

T h e o r e m  1: [P iQ u ,B a P r]  T h e  re su ltin g  a c y c lic  n e tw o rk  L  is the  sa m e  fo r  an y  m a x im u m  flow .
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B ased  u p o n  th e  ab o v e  T heo rem  1 a n d  L e m m a  1 th e  p ro b le m  o f  find in g  a ll s - t  m in c u ts  in  L  is re d u c e d  to  the  

p ro b le m  o f  f in d in g  a ll c lo s e d  sets  in  L  w h ic h  w e  g e t  a f te r  sh r in k in g  a ll s tro n g ly  c o n n e c te d  c o m p o n e n ts  o f  N .  T h is  

ju s tif ie s  S te p  6  o f  th e  a lg o rith m . H e n c e , th is  e s ta b lish e s  th e  c o rre c tn e ss  o f  th e  a lg o rith m  b y  o u r  d isc u ss io n  p re c e d 

ing  th e  a lg o rith m .

L e t  u s  s ta te  tim e  c o m p le x itie s  o f  a ll s te ps  o f  the  a b o v e  a lg o rith m . W e  e s ta b lish  th e  b o u n d s  fo r  S te p s  4  a n d  7 

b e lo w . S te p  1 ta k e s  O ( m a x ( k ,n /i) k m n ‘/i)  t im e  [G a .G iS o ]. S te p  2  ta k e s  O ( m + n )  t im e . S te p s  3 -8  a re  re p e a te d  k n  

t im es . S tep  4  ta k e s  0  ( m in ( k , ' fn ) ( m + n ) )  t im e  a n d  s te p  5 ta k e s  0 ( m + n )  t im e . S te p  6  a lso  ta k e s  0 ( m + n )  t im e. 

S tep  7  ta k e s  O  (m in(A fiyn  +  k n 1 M i j k n  +  n )) tim e , w h e re  is th e  n u m b e r  o f  se p a ra tin g  ¿ -se ts  b e tw e e n  Vj a n d  jc,. 

S tep  7  ta k e s  O  (m in(A f/i + k 2n 3 M k n  + k n 2)) tim e  o v e r  th e  e x e c u tio n  o f  b o th  lo o p s , w h e re  M  is th e  n u m b e r o f  

se p ara tin g  ¿ -s e ts  in  G . S te p  8  tak e s c o n s ta n t tim e. T h e  to ta l tim e  fo r  th e  a lg o rith m  is  

© (m in  ( M n + k 2n 3 M k n  + k n m m m ( k ,^ ln ) ) )  =  O  (2kn 3).

S te p s  4 -7  sh o w  h o w  to  find  a ll se p ara tin g  ¿ -se ts  b e tw e e n  a  p a ir  o f  v e r tic e s  s  a n d  t  o f  G . L e t u s  see  in  d e ta il 

h o w  w e  a c tu a lly  d o  th is . F irs t, w e  c o n s tru c t a  d ig ra p h  G  =  ( V ,E ) as  in  [E vT a] (se e  a lso  [E v l] ) :  F o r  e ve ry  v e rte x  

v e V  p u t  tw o  v e rtic e s  v ' a n d  v "  in  V  w ith  a  d ire c te d  e d g e  ( v ' , v " ) e E .  F o r  e v e ry  e d g e  ( u , v ) e E ,  p u t  tw o  e d g e s 

( u " , v ') e £  a n d  ( u \ v " ) e E . D e fine  n o w  a  n e tw o rk  w ith  d ig ra p h  G , s o u rc e  s " ,  s in k  r \  u n it  c a p a c ity  fo r  a ll in te rn a l  

e d g e s (e d g e s  fo r  e v e ry  v e rte x  o f  G ) a n d  in fin ite  c a p a c ity  e d g e s fo r  a ll o th e r  e d g e s  o f  G  (e x te rn a l)  (se e  f ig u re  1).

L e m m a  2 :  [ E v l]  I f  ( s , t ) e E  th en  th e  le a s t  c a rd in a lity  ( s j )  v e rte x  se p a ra to r  is  e q u a l to  th e  m a x im u m  n u m b e r o f  v e r 

tex  d is jo in t p a th s  b e tw e e n  s  a n d  t.

T h e re  a re  tw o  w a y s  to  f in d  a  m a x im u m  flow  fro m  s "  to  t '  in  G . T h e  firs t m e th o d  is  fa s te r  fo r  sm a ll v a lu e s  o f  

¿ ,  a n d  w o rk s  a s  fo llo w s . W e  find  ¿  d ire c te d  p a th s  in  G  fro m  s "  to  t ',  o n e  p a th  a t a  tim e. C a ll the  re s u ltin g  f low  F . 

T h e re  a re  n o  ¿ -se ts  se p a ra tin g  s  a n d  f i n  G  i f  a n d  o n ly  i f  w e  c an  f in d  a  p a th  fro m  s "  to  t '  in  th e  re s id u a l  g rap h  G  w ith  

re sp e c t to  F . T h is  e n tir e  a lg o rith m  ru n s  in  0  ^  (m + n ) )  t im e.

T h e  se c o n d  a lg o ri th m  is fa s te r  th en  the  f irs t fo r  la rg e  v a lu e s  o f  ¿ . In  th is  a lg o rith m  w e  sim p ly  f in d  a  m ax im u m  

flow  in  0 ( m 4 n )  t im e  u s in g  D in ic ’s  a lg o rith m  in  a  u n it n e tw o rk  [T a]. H e n c e  w e  im p le m e n t s te p  4  u s in g  o n e  o f  

th ese  a lg o rith m s  d e p e n d in g  o n  th e  v a lu e  o f  ¿ . H e n c e  th e  tim e  c o m p le x ity  o f  th is  s te p  is 0  (m in (¿ , V n ) ( /n + n ) ) .

T h e re  a re  se v era l d iffe re n t a lg o rith m s  w h ic h  find  a ll c lo se d  se ts  o f  a n  a c y clic  d ire c te d  n e tw o rk  [B a P r,S c B a ]. 

W e  w ill p re s e n t o n e  o f  th em  a fte r  th e  fo llo w in g  lem m a . L e t u s  se e  k n o w  h o w  m an y  e d g e s  th e  d ire c te d  a c y clic
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n e tw o r k !  c an  have .

I llu s tra tin g  th e  re d u c tio n  fro m  G  to  G . 

F ig u re  1.

O b s e r v a t io n  3 : T a k e  a n y  tw o  a d ja c e n t v e rtic e s  o f  G . T h e re  a re  fo u r  v e rtic e s  in  G  c o rre s p o n d in g  to  them . I f  the  

v e rtic es  o f  G  c o rre sp o n d in g  to  them  w e re  n o t  u se d  in  a  m ax im u m  flow  fro m  s "  to  t '  th e n  in  th e  re s id u a l n e tw o rk  

th e y  w ill fo rm  a  d ire c te d  c y c le  o f  le n g th  4  (se e  f ig u re  1).

L e t  /  b e  a  flow  fro m  s "  to  t '  in  G , w h ic h  w e  c re a te  b y  u s in g  sh o rte s t a u g m e n tin g  p a th s  o n ly . T h a t is , w e  

a lw ay s  c h o o se  a  sh o rte s t a u g m e n tin g  p a th  o f  the  c u rre n t re s id u a l g rap h  to  in c re a se  th e  f lo w . L e t  u s  c a ll th is  flow  a  

sh o r te s t p a th  flo w .

L e m m a  3 : L e t  / b e  a  sh o rte s t p a th  f low  fro m  s "  to  t '  in  G . L e t N '  b e  th e  re s id u a l g ra p h  o f  G  w ith  re sp e c t to  / .  L e t 

V  b e  th e  a c y c lic  g rap h  w h ic h  w e  g e t  a f te r  sh r in k in g  th e  s tro n g ly  c o n n e c te d  c o m p o n e n ts  o f  AT. T h e n  th e  n u m b e r o f  

e d g e s in  L '  is  0  ( fn ) , w h e re  n  = \ V \ .  (N o te  th a t th e re  is  o n e  p a th  fro m  s "  to  /  in  G  fo r  e v e ry  u n it  o f  flow  / .  T h e se  

p a th s  a re  v e rte x  d is jo in t).

P r o o f : W e  w ill p ro v e  th a t th e  n u m b e r o f  e d g e s  o f  V  is  a t  m o s t l l n  b y  in d u c tio n  o n  l, w h e re  / is  th e  n u m b e r  o f  p a th s  

in  G  fo r  flow  f ( f =  t).

L e t  / =  1. T a k e  a  sh o rte s t p a th  P  f ro m  s  to  t  in  G . T h e re  a re  n o  e d g e s  b e tw e e n  v e rtic e s  o f  th e  p a th  P  e x c e p t the  

e d g e s  E  (P )  (ed g e s  o f  th e  p a th  itse lf) , b e c a u se  th e  p a th  is  th e  sh o rte s t. A  sh o rte s t p a th  P  in  G  c o rre sp o n d s  to  a
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sh o rte s t p a th  P  in  G . E v e ry  e d g e  in  P  c o rre sp o n d s  to  tw o  e d g e s in  G , o n e  fo rw a rd  e d g e  w h ic h  is  p a r t  o f  P ,  a n d  o n e  

b a c k w a rd  e d g e  w h ic h  c o n n e c ts  tw o  v e rtic e s  o f  P .  A lso  e v ery  v e rte x  o f  P  c o rre sp o n d s  to  a n  e d g e  in  P . H e n c e , the  

n u m b e r  o f  e d g e s  in  G  c o rre sp o n d in g  to  P  is 3 p , w h e re  p  is  th e  le n g th  o f  P  in  G .

A ll  v e r tic e s  o f  V - P  w h ic h  a re  n o t  o n  P  h a v e  a t  m o s t 3 e d g e s  in c id e n t  o n  th e  p a th . H e n c e , th e  n u m b e r  o f  e d g e s 

E '  b e tw e e n  v e rtic e s  o f  P  a n d  th e  v e rtic e s  in  V - P  is  a t  m o s t 3 ( n - p ) ,  w h ere  p  is th e  le n g th  o f  P . A ll e d g e s  o f  G  

w h ic h  c o rre sp o n d  to  E  - E ' - E  (P )  in  G  w ill b e  sh ru n k  in  N '  b y  O b se rv a tio n  3 . T h e re  a re  2  e d g e s in  G  c o rre sp o n d in g  

to  e a c h  e d g e  o f  E \  a n d  th e re  is o n e  e d g e  in  G  c o rre sp o n d in g  to  e a c h  v e rte x  o f  G . S o , th e  n u m b e r  o f  e d g e s in  V  is  

< ln .

A ss u m e  th e  c la im  is  tru e  fo r  /  <  r ,  a n d  le t  l =  r + 1 .  T h a t  m e a n s  th a t  th e re  a re  0  (rri) e d g e s in  L '  fo r  f lo w / =  r . 

L e t  P r= (P u  • • • ,P r) b e  th e  r  v e r te x  d is jo in t p a th s  in  G  w h ic h  fo rm  th e  f low  / .  C o n s id e r  th e  e d g e s  E  in  G , w h ich  

n e ith e r  b e lo n g  to  p a th s  P r f ro m  s "  to  / '  n o r  a re  a d ja c e n t to  them . B y  th e  a ssu m p tio n  th e re  a re  < lr n  e d g e s  in  E  -  E  

a d ja c e n t to  p a th s  P r f ro m  s "  to  t '  o r  o n  them . F in d  th e  sh o rte s t a u g m e n ta tio n  p a th  P  in  th e  re s id u a l  g rap h  N *  o f  G  

w ith  re sp e c t to  / f r o m  s ' '  to  t '. A n  e d g e  e e E  w ill b e  sh ru n k  in  N '  u n le ss  it  b e lo n g s  to  P  o r  is a d ja c e n t to  it. N o te  th a t 

a ll o f  th e  n e ig h b o rin g  e d g e s  o f  a ll p re v io u s  r  p a th s  P r w e re  a lre a d y  c o u n te d  b y  the  a ssu m p tio n . W e  c la im  th a t th e re  

a re  a t  m o s t I n  e d g e s  a d ja c e n t to  P  o r  o n  P  w h ic h  a re  in  E .

C a se  1. L e t  e  = (v 1,v 2)g P  su c h  th a t  V i i P r a n d  v 2e P r . L e t  P i  b e  th e  se t o f  a ll e d g e s  o f  th is  ty p e  o n  P . T h e n  

th e re  a re  a t  m o s t  3 e d g e s  b e tw e e n  e a c h  v e rte x  o f  V a n d  th e  e n d p o in ts  o f  E  i w h ich  a re  in  E ,  b e c a u s e  P  is th e  sh o rte s t 

a u g m e n tin g  p a th .

C ase  2 . L e t  e  =  ( v ! ,v 2) e P  su c h  th a t  v 1e P r a n d  v 2e P r . T h e n  a ll o f  th e  e d g e s  a d ja c e n t to  e  w ere  a lre a d y  c o u n te d  

b y  th e  a ssu m p tio n .

C ase  3 . L e t  e  =  ( v u v 2) e P  suc h  th a t  e ith e r  v xe P r o r  v 2e P r b u t n o t b o th . N o te  th a t  th e  o n ly  e d g e s  o f  G  w h ic h  

w ere  re v e rs e d  in  N *  a re  th e  e d g e s  o f  P r. T h e re  a re  tw o  su b c ases

C ase  A . v 1e P r . T h e n  th e re  is  o n ly  o n e  e d g e  o u tg o in g  fro m  v 2 , w h ic h  is  th e  e d g e  o f  C a se  1. H e n c e , a ll o f  th e  e dg es  

a d ja c e n t to  v 2 w e re  a lre a d y  c o u n te d  in  C ase  1, a n d  a ll o f  th e  e d g e s a d ja c e n t to  Vi w ere  c o u n te d  in  C a s e  2 .

C ase  B . v 2e P r . T h e n  th e re  is  o n ly  o n e  e d g e  in c o m in g  to  V! w h ic h  is th e  e d g e  o f  C a s e  1. H e n c e , a ll o f  th e  e dg es  

a d ja c e n t to  V! w e re  a lre a d y  c o u n te d  in  C a se  1, a n d  a ll o f  th e  e d g e s  a d ja c e n t in  v 2 w ere  c o u n te d  b y  C ase  2.
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T h a t co n c lu d e  th e  p ro o f  o f  th e  C la im . H en ce , the  n u m b e r  o f  edg e s in  th e  n e tw o rk  L  is  < 7 ( r + l ) n .

T h is  co n c lu d e s  th e  p ro o f  o f  th e  lem m a .

□

C o ro l la r y :  T h e  n u m b e r  o f  edg e s in  n e tw o rk  L  is  0  (Jen).

A n  a n tic h a in  in  a n  a c y c lic  n e tw o rk  is a  su b se t  o f  n o d e s R  such  th a t  fo r  a ll p a ir s  o f  n o d e s  i  a n d  j  in  R , i is  n e i 

th e r  a  p re d e c e s so r  n o r  a  su c c e sso r  o f  j .  T h e  a lg o rith m  A n tic h a in  f in d s  a ll c lo se d  su b se ts  o f  a  d ire c te d  a cy c lic  n e t 

w o rk  L , a n d  ru n s  in  a  lin e a r  tim e  p e r  s u b se t  [B aP r].

O b s e r v a t io n  4 : [P iQ u .B a P r] E a c h  a n tic h a in  o f  L  o n e -to -o n e  c o rre s p o n d s  to  a  c lo se d  se t o f  L .

L e t  V  (L )  b e  th e  s e t  o f  v e rtic e s  o f  L , a n d  E  (L )  b e  th e  se t o f  e d g e s o f  L . L e t  C  b e  a  p a r t  o f  an  a n tic h a in , a n d  the  

a lg o rith m  re c u rs iv e ly  a d d s  a  v e rte x  to  th e  a n tic h a in  a t  e a c h  step . In itia lly  C  is  e m p ty . L e t  M  b e  th e  n u m b e r o f  

a n tic h a in s  in  L , in itia lly  0 .

A n tic h a in  (V { L \ E ( L ) , C \ M )

S tep  1: C h o o se  a n  i e V ( L ) o f  in -d e g re e  0  a n d  o u tp u t C u { z } ;  se t Af =  1; i f  V (J L )- { i )  =  0 ,  s to p .

S tep  2: D e le te  i  f ro m  V (L ) to  o b ta in  L  = ( V (L ) ,E  ( £ ) )  a n d  C all A n tic h a in  ( V ( L ) ,£  (L ) ,C  'M ') \  s e t M  =  M  +  M \

a

S tep  3: F in d  a ll su c c e sso rs  o f  i , d e n o te d  b y  S C (i). I f  V ( L ) - S C (/) -{* }  =  0 ,  th en  s to p ; o th e rw ise  d e le te  S C ( i)K j{ i} 

fro m  V (L )  to  o b ta in  L  =  ( V ( L ) ,E ( L ))  a n d  C all A n tic h a in  ( V ( L ) ,£ ( L ) ,C u  {z};Af/) ; s e tM  = M  + M \

T h e  c o rre c tn e ss  o f  th is  a lg o rith m  c an  b e  fo u n d  in  [B aP r]. T h e  tim e  c o m p le x ity  o f  th is  a lg o rith m  is 0  (M stm ), 

w h ere  m  is th e  n u m b e r  o f  e d g e s  in  L  a n d  M st is  th e  n u m b e r o f  ¿ -se ts  se p a ra tin g  s  a n d  t  in  G .

B u t  i t  c a n  b e  im p ro v e d . L e t  u s  f in d  a ll su c c e sso rs  o f  e a ch  v e rte x  o f  L  b e fo re  c a ll in g  a lg o rith m  an tich a in . T h a t 

c an  b e  d o n e  in  O  (m n ) tim e , w h ere  m  is th e  n u m b e r o f  e d g e s  in  L  a n d  n  is  th e  n u m b e r  o f  v e rtic e s  in  L .  W e  b u ild  a  

d e p th  f irst se arc h  tre e  Tx fo r  e a c h  v e rte x  x  o f  L  in  0  (m + n )  tim e  p e r  v e rte x . S in c e  L  is  a c y c lic  g rap h  w e  c an  f in d  a ll 

su c c esso rs  o f  x  in  lin e a r  tim e  fro m  Tx . T h e n  a ll  su b s te p s o f  S te p  3 o f  th e  a lg o rith m  A n tic h a in  ta k e s  o n ly  0  (n )  tim e, 

s in c e  w e  o n ly  n e e d  to  re a d  a n d  m e rg e  th e  lis ts  o f  m a x im u m  s iz e  n . H e n ce , th e  e n tir e  a lg o r ith m  ta k e s  O  (M stn  + m n )  

t im e  in s te a d  o f  0  (M stm ).
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R ec a ll  th a t  m  = 0 ( k n )  fo r  L . T h e  tim e  sp e n t b y  th e  a lg o rith m  to  f in d  a ll ¿ -se ts  se p a ra tin g  s  a n d  t in  G  is  

0 ( m i n ( M stk n  +  m in ( k , ' f n ) b n n ) , ( M stn  + k 2n 2)). S in c e  w e  a d d  e d g e  f c .v y )  to  G , th e  se p a ra tin g  ¿ -se ts  w h ic h  w e  

h a v e  a lre a d y  fo u n d , c a n n o t  b e  fo u n d  a g a in  fo r  a n y  o th e r  p a ir  o f  v e r tic e s  in  th e  u p d a te d  G . H e n c e ,

i=k j=n  

i = l  y = l

n2

w h e re  M  is  th e  to ta l n u m b e r  o f  se p ara tin g  ¿ -se ts  in  G . S in ce  M  = 0  (2*— ) [K a 2], w e  c o n c lu d e  th a t  th e  to ta l tim e

c o m p le x ity  o f  th e  a lg o rith m  is  ® (m in (M n k  + k m n m m ( k , ' fn ) ,M n  + k 2n 3) = 0 ( 2 kn 3). N o te  th a t  fo r  f in d in g  a ll 

m in im u m  s iz e  e d g e  se p a ra to rs  w e  n e e d  to  find  a ll m in im u m  se p a ra tin g  e d g e  se ts  b e tw e e n  a t m o s t  n - 1  p a irs  o f  v e r 

t ic es  [B aP r]. In  c o n tra s t o u r  a lg o rith m  n e e d s  to  c o n s id e r  k n  p a ir s  in  o rd e r  to  find  a ll m in im u m  s iz e  se p ara tin g  v erte x  

sets.

5 .  P a r a l l e l  a l g o r i t h m

In  th is  se c tio n  w e  p re s e n t  a  p a ra lle l a lg o rith m  fo r  find in g  a ll m in im u m  s iz e  se p a ra tin g  v e rte x  se ts  o f  G . N o te  

th a t i f  ¿  is b ig g e r  th a n  p o ly \o g ( ti )  th a n  th e  tim e  c o m p le x ity  o f  th e  se q u e n tia l a lg o rith m  fro m  th e  p re v io u s  se c tio n  

m ig h t  b e  g re a te r  th an  p o ly n o m ia l in  n. T h e  p a ra lle l a lg o rith m  is  v e ry  s im ila r  to  th e  se q u e n tia l o n e , b u t  e v ery  s te p  o f  

it  w il l u s e  a  p a ra l le l  v e rs io n .

A lg o rith m

1. F in d  c o n n e c tiv ity  ¿  o f  a  g rap h  G

2. a ) .  T a k e  a  se t K  o f  ¿  v e rtice s  o f  G . C h e c k  i f  th e  se t K  is  a  s e p a ra tin g  ¿ -se t o f  G .

b ) . F o rm  a ll p a irs  o f  v e r tic e s  (x ,v ) , w h e re  x e K  a n d  v e  G . T h e re  a re  k n  p a irs . N u m b e r th e se  p a irs .

3. F o r  e v e ry  p a ir  (x ,v )  m ak e  a  c o p y  o f  th e  g ra p h  G  a n d  a d d  a n  e d g e  ( y ,z )  fo r  e v e ry  p a ir  (y ,z )  w h o se  n u m b e r is 

sm a lle r  th a n  th e  n u m b e r  o f  th e  p a ir  (x ,v ) . C a ll th is  g rap h  G ^ .

4 . F o r  e v e ry  p a ir  (x ,v )  c re a te  a  d ire c te d  g ra p h  G „  b y  u s in g  th e  E v e n -T a rja n  red u c tio n . F in d  th e  m a x im u m  flow

fro m .* "  to  v ' in  G m .

5. I f  f x v = k  d o

6. S h rin k  a ll s tro n g ly  c o n n e c te d  c o m p o n e n ts  o f  th e  re s id u a l g rap h  o f  G „  w ith  re s p e c t to  f „ .  T h e  re su ltin g  

a c y c lic  d ire c te d  g ra p h  is  L „ .
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7. F in d  a ll c lo s e d  se ts  o f  L „ .

N o w , w e  w ill sh ow  how  to  im p lem en t e ach  s tep  e ff ic ien tly  in  p a ra lle l. F o r  s tep  1 w e  w ill u s e  id e a  fro m  the  

seq u en tia l a lg o rith m . W e  w ill ta k e  k  v e r tic e s  o f  G  ( K)  a n d  f ind  th e  m ax im u m  flow  b e tw een  ev e ry  v e rtex  K  a n d  

ev e ry  v e rtex  o f  G . N o te  th a t  s in c e  w e  c an  ru n  a ll o f  th e se  k n  m ax im u m  flow s  in  p a ra lle l, w e  c an  s to p  a s  soon  as  w e  

find  th e  m ax im u m  flow  fo r  o n e  o f  th e  p a irs .

F o r  m ax im u m  flow  w e  c an  u s e  sev era l d iff e re n t  a lg o rith m s . T h e  f irst a lg o rith m  is  d e te rm in is tic  an d  is  b e tte r  

fo r  sm a ll v a lu e s  o f  k .  I t  u se s  th e  s tra ig h t fo rw a rd  im p le m e n ta tio n  o f  th e  a b o v e  a lg o rith m . I t tak e s 0  (k lo g n )  p a ra lle l 

N a
tim e  u s in g  O  ( k n - — n )  E R E W  P R A M  p ro c e sso rs , w h e re  N a  is  th e  n u m b e r o f  p ro c e sso rs  n e e d e d  fo r  m a tr ix  m u lti 

lo g

p lic a tio n  [K a rR a ]. W e  u s e  m atr ix  m u ltip lic a tio n  fo r  find in g  th e  sh o rte s t  p a th  in  fo r  e a c h  p a ir  (x ,v )  in  p a ra lle l. 

W e  n e e d  to  r e p e a t  th is  a t  m o s t k  t im e s.

T h e  se c o n d  a lg o rith m  is a  ra n d o m iz e d  a lg o rith m , b u t  ru n s  fas te r  fo r  la rg e  k . W e  f in d  a  m a x im u m  flow  fo r  

e v e ry  p a ir  in  a  u n it  n e tw o rk  u s in g  ra n d o m iz e d  p a ra l le l  a lg o rith m  fo r  m atc h in g  [M u V a V a ]. T h a t  ta k e s  0  ( lo g 2n )  

p a ra lle l tim e  u s in g  O  (k n 2N a ) C R C W  P R A M  p ro c e s so rs  a n d  g iv e s  a n  R N C  a lg o rith m .

F ir s t  p a r t  o f  S te p  2  ta k e s O  ( lo g n )  p a ra lle l  tim e  u s in g  O  (n + m ) C R C W  P R A M  p ro c e s so rs  [S h V i]. S e c o n d  p a rt 

o f  S te p  2  ta k e s  O  (\o g n k / \o g \o g n k )  p a ra l le l  tim e  u s in g  0  (n k / lo g k n )  C R E W  P R A M  p ro c e ss o rs  u s in g  p a ra l le l  p re f ix  

[K arR a]. S te p  3 ta k e s  0 ( 1 )  p a ra lle l tim e  u s in g  0 ( n k ( m + n ))  E R E W  P R A M  p ro c e sso rs . S te p  4  is  e sse n tia lly  the  

sa m e  a s  s te p  1. S te p  6  ta k e s  0  ( lo g n )  p a ra lle l tim e  w ith  0 ( k n N a )  C R C W  P R A M  p ro c e s so rs  [H i]. S tep  7  tak es  

0  ( lo g n )  p a ra lle l tim e  u s in g  0 ( M ^ n 2) C R C W  P R A M  p ro c e sso rs . W e  w ill sh o w  th e  im p le m e n ta tio n  o f  th is  s te p  

b e lo w .

L e t  b e  th e  re s id u a l g rap h  o f  G  w ith  re sp e c t to  a  m a x im u m  flow  fro m  x "  to  V  w ith  s h ru n k  s tro n g ly  c o n 

n e c te d  c o m p o n e n ts . R e c a ll th a t  th e re  is  o n e -to -o n e  c o rre sp o n d e n c e  b e tw e e n  th e  ¿ -se ts  se p a ra tin g  x  a n d  v in  G  an d  

the  a n t ic h a in s  in  L „ .  I f  w e  a d d  to  a ll e d g es  b e tw e e n  e v e ry  v e rte x  y  a n d  a ll o f  its  su c c e sso rs  th e n  w e  g e t a  tra n s i 

t iv e  c lo su re  L + . T h e n  e v ery  a n tic h a in  in  L+ s till  g iv e s  a n  ( S ,S )  c u t  in  N „ .  T h e  n e tw o rk  L+ is  s till  a c y c lic  a n d  

d ire c te d . W e  w ill u se  th e  a d jac e n c y  m atr ix  o f  L£, to  i f  tw o  v e rtic e s  a re  in c o m p a ra b le .

F o r  th e  p ro b le m  o f  fin d ing  a ll a n tic h a in s  in  a  tra n s itiv e  c lo su re  o f  a n  a c y c lic  n e tw o rk  w e  w ill u se  w e ll-k n o w n  

d o u b lin g  tec h n iq u e . W e  w ill f irst f ind  a ll a n tic h a in s  o f  s ize s  o f  p o w e rs  o f  2 , a n d  th e n  u s e  th em  to  f in d  a ll o th e r
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an ticha in s  o f  a ll o th e r  s iz e s . T ak e  ev e ry  s in g le  v e rtex  as  an  an tich a in . T ak e  a ll a n tic h a in s  o f  th e  cu rre n t s iz e  and  

tak e  a ll  p o s s ib le  u n io n s  b e tw een  them . N o w , ch eck  a ll c re a ted  se ts  an d  rem o v e  a ll se ts  w h ich  a re  n o t an tich a in s  o f  

th e  d o u b le  s iz e  o r  rep e titio n s . R ep ea t th a t p ro ced u re  lo gn  tim es. T h is  c re a te s  a ll a n tich a in s  o f  th e  s iz e s  o f  p ow e rs  o f

2 . N o w  w e  c an  u se  th e s e  an tich a in s  an d  g e t a n tich a in s  o f  a ll o th e rs  s iz es  u s in g  a t  m o s t lo g «  an tich a in s  o f  th e  s izes  

p o w e rs  o f  2.

A lg o rith m

1. F o rm  a  tra n s itiv e  c lo su re  L + o f  a n  in p u t n e tw o rk  L.

2 . T a k e  e v e ry  v e rte x  a s  a n tich ain

3. R e p e a t lo g n  tim e s

F in d  a ll a n tic h a in s  o f  th e  d o u b le  s iz e  u s in g  a n tic h a in s  o f  th e  c u r re n t  s iz e

4 . F in d  a ll o th e r  a n tic h a in s  o f  a ll o th e r  s ize s  u s in g  a t  m o s t lo g n  in d e p e n d e n t  se ts  o f  s ize s  o f  p o w e rs  o f  2.

5 . F in d  a ll c lo s e d  se ts  in  th e  n e tw o rk  u s in g  a n tic h a in s .

L e t  u s  s ta te  th e  tim e  c o m p le x itie s  a n d  p ro c e sso r  b o u n d s  fo r  e a ch  s te p  o f  th e  a b o v e  a lg o rith m . W e  e s ta b lish

th e  b o u n d s  fo r  S te p s  3 a n d  4  b e lo w . S tep  1 o f  th e  a b o v e  a lg o rith m  ru n s  in  O  ( lo g n )  tim e  u s in g  O  ( N a ) E R E W

P R A M  p ro c e ss o rs , w h e re  N a  is th e  n u m b e r  o f  p ro c e sso rs  u s e d  fo r  m atr ix  m u ltip lic a tio n  [K a rR a ]. S te p  2  ru n s  in

O i l )  p a ra lle l tim e  u s in g  O (n )  E R E W  P R A M  p ro c e sso rs . S tep  3 ru n s  in  (9 ( lo g n )  p a ra lle l tim e  u s in g  0 ( M 2tn 2)

CRCTW P R A M  p ro c e s so rs  as  sh o w n  b e lo w . S te p  4  ru n s in  0  ( lo g n )  p a ra l le l  tim e  u s in g  O  (M 2, n 2) C R C W  P R A M

p ro c e s so rs  [T aV i]. S te p  5 ru n s  in  0  (1 )  p a ra lle l tim e  u s in g  0  (M stm ) C R E W  P R A M  p ro c e sso rs . H en c e , to ta l p a ra l-

6

le i tim e  sp e n t is  0  ( lo g n )  u s in g  @ (A fJn 2) =  O  (4*— ) C R C W  P R A M  p ro ce sso rs .
k L

L e t u s  se e  in  d e ta il th e  im p lem e n ta tio n  o f  S te p  3 . N o te  th a t  th e  n u m b e r  o f  a n tic h a in s  in  L+, is e q u a l to  the  

n u m b e r o f  ¿ -s e ts  w h ic h  se p ara tes  s  a n d  t  in  G  (M st). F irs t o f  a ll, w e  ta k e  a ll S i  a n d  S 2 w h ic h  a re  tw o  d iffe re n t 

a n tic h a in s  o f  c u rre n t s iz e  /, to  c re a te  a t m o s t M 2, s e ts  o f  s iz e  2 i. In  o rd e r  to  c h e c k  i f  a  c re a te d  se t is  a n  a n tic h a in  o f  

s iz e  2 i  w e  n e e d  to  c h e c k  tw o  p ro p ertie s . F irs t, th a t  th e  c re a te d  se t is  a n  a n tic h a in , a n d  se c o n d  th a t  its  c a rd in a lity  o f  a  

se t is  2 i. F o r  th e  f irs t p ro p e rty  w e  w ill c h e c k  th e  n x n  a d ja c e n c y  m atr ix  o f  F o r  th e  se c o n d  p ro p e rty  w e  c h e c k  i f  

a  \=b  fo r  e v e ry  p a ir  o f  e le m e n ts  (a ,b ) , w h e re  a e S  x a n d  b e  S 2. S o  w e  c a n  c h e c k  e a c h  se t in  O  (1 ) p a ra l le l tim e  u sin g



14

O  (n 2) C R C W  P R A M  p ro c e sso rs . H e n c e , S te p  3 ru n s in  0  ( lo g n )  p a ra lle l tim e  u s in g  O  (M 2tn 2) C R C W  P R A M  p ro 

c e sso rs  a n d  S te p  4  ru n s  in  0  ( lo g n )  p a ra lle l tim e  u s in g  0  (M 2,n  2) C R C W  P R A M  p ro c e sso rs .

W e  h a v e  to  ru n  th e  a b o v e  a lg o ri th m  fo r  k n  g ra p h s , o n e  fo r  e a c h  p a ir  (x ,v ) . B u t

i=k j=n

«=1 j - l

s in c e  n o  se p ara tin g  £ -se t is  c re a te d  tw ice .

E  I,Min2 < ( J  =  M 2n2 £  4 * -^ -,
«'=1 j = 1

£

k 2

H e n c e , s te p  7  o f  th e  p a ra l le l  a lg o rith m  fo r  f in d in g  a ll m in im u m  s iz e  se p a ra tin g  v e rte x  se ts  ru n s  in  0  ( lo g n )

Tl°
tim es  u s in g  O  (4*— ) C R C W  P R A M  p ro c e sse rs  fo r  a ll k n  p a irs  o f  v e rtice s  ( x ,v )  x e  K  a n d  v g  V. 

k z

T h e  e n ti re  p a ra lle l a lg o rith m  ru n s  in  O  (£ lo g n ) d e te rm in is tic  tim e  u s in g  @ (Ai2n 2 +  k n N a )  =  O  (4 k ^ r  +  k n N a )
k l

C R C W  P R A M  p ro c e s so rs , o r  ru n s  in  0  ( lo g 2n )  ra n d o m iz e d  p a ra l le l  tim e  u sing

6

@ (M 2n 2 +  k n 2N a )  =  O  (4 * —  +  k n 2N a )  C R C W  P R A M  p ro ce sso rs , w h e re  N a  is  th e  n u m b e r  o f  p ro c e sso rs  n e e d e d
k z

fo r  m a tr ix  m u ltip lic a tio n .

A c k n o w l e d g e m e n t

I  w o u ld  l ik e  to  th a n k  V ija y a  R a m a c h a n d ra n  fo r  in tro d u c in g  m e  to  th is  p ro b le m  a n d  m an y  c ru c ia l d iscu ssio n s  

a n d  su g g es tio n s . I  a ls o  w ish  to  th a n k  R o b e rto  T a m a ss ia  fo r  v a lu a b le  d isc u ss io n s  a n d  c o m m e n ts . I w ish  to  th a n k  

D a n  G u sfie ld  fo r  p o in tin g  o u t  a p p lic a tio n  o f  th is  re s u lt  fo r  n e tw o rk  re lia b i lity  a n d  fo r  su g g e s t in g  se v era l re fe re n c e s  

fo r  it.
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