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On the basis of Wilson’s operator product expansions, local improved operator products
are defined as well-defined parts of usual operator products. The local products thus defined
are independent of the order of the operators in the original products. All expressions,
identities, relations and equations to be considered in the quantum field theory are uniquely,
by virtue of the order independence, given by these local products. They are exactly of the
same form as those of the formal theory except the case of the trace identity anomaly.
The Adler-Bell-Jackiw anomaly is an example of the trace anomaly. When the improved
operator products are rewritten in terms of the usual products, our theory reduces to the

renormalization theory.

§1. Introduction and summary

In general, the product of the Heisenberg operators
A (1) Ay (2) - Ap(x0) (1-1)
in the covariant field theory is singular at x, =x,= -+ =x, owing to the singularities

of the canomical commutation relations and then it is impossible to consider the

local product
A (x) A(x) - Ap(2) (1-2)

in a naive sense. It is not easy to regularize the commutation relations. So we
propose, without regularizing them, the adoption of the improved and regularized
operator products. For the singularities of operator products Wilson” has pre-
sented a powerful hypothesis which states that any operator product allows an

expansion in the form
A, (-r1> A, (xs) "'f1n<-'rn> = By (1, Xy 0, z,)
+2 Ei(xly Tay =ty ‘Tn)01<x1> —I—R(‘rl’ Loy =7y xﬂ-) - (1 ) 3)

Here the E;s are c-number functions which may be singular at xy=x,= - =z,
the O;s are local operators (anti-) commuting with themselves and other local
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280 Y. Taguchi, A. Tanaka and K. Yamamoto

operator of the model at y if x—1y is space-like and R is an operator which becomes
weakly zero as x;=x,= - =x,.

On the basis of this hypothesis, we define, in the next section, the non-local
improved product (non-local IP)

L[ A (x) Ay () - An () ] 1-4

as a well-defined part of the expansion (1-3), where £ is a constant, with the
dimension of mass, necessary in the process of the subtraction of a logarithmically
divergent part. Then the improved product (IP) is g-dependent. The local im-
proved product (local IP)

L[ A (x) Ay(z) - An(2) ] (1-5)

exists, contrary to the formal product (1-2), and is the one which takes the place
of (1-2). The IP thus defined has the following important properties. Firstly,
the local IP is independent of the order of the operators in the original product,
for example,

Ll A (x) As(x) -] =1 [ Ao () Ay (2) -], (1-6)
but if x—y is time-like
L[ A (2) Ao (v) - 155 LA (9) Ay (=) -] -7

This is because the IP has no singular part to bring about the order dependence.
This property is indispensable for the correct definition of the product, since the
Feynman rules with regularization procedure® always give correct results and the
manifestly covariant Feynman rules possess the independence of this kind. Second-
ly, for the operators with the Lorentz index, A, and B, in some cases,
the trace identity is modified as

0l 4.8, 1=1[A,B,---] +anomalous term. (1-8)

From the definition of the IP it is obvious that the anomalous term is always
finite and covariant. This is also indispensable because the regularization scheme
brings® the anomaly of this kind.

Our basic proposition is that all the quantities to be considered in the quantum
field theory, such as each term of the equations of motion and the generators of
the transformation groups, are given by the local IP without any modification.
The product like I;[---]1¢[---] is unnecessary. According to this, the quantum
equation for a formal one, 0,J,(x) =0(x) is 1.[0,J,(x)]=1,[O(x)]. Then, in
some cases, the divergence equation becomes

0. J, ()] =1,[O(x)] +anomalous term (1-9)
on account of the trace anomaly seen in (1-8). This is the operator form of
Adler-Bell-Jackiw’s result.” We emphasize that, by virtue of (1-6), there is no
arbitrariness in the process of the quantization. We can rigorously prove that the
generators thus obtained satisfy the necessary algebraic relations.
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Finite and Covariant Formulation of Local Field Theory 281

We study the IP formulation of a free field theory in four dimensions in § 2,
of the 7-N system in two dimensions in § 3 and of the vector-meson nucleon system
in two dimensions in §4. In §5 the connection between our theory and the
renormalization theory is discussed.

Finally we want to remark on the constant . Our formalism explicitly de-
pends on k. Therefore, all the results depend on £. However, even in our theory,
the finite renormalization is necessary. The matrix element, renormalizable in the
sense of the usual renormalization theory, will be k-independent, so long as we
write it by the renormalized mass and coupling. The unrenormalizable matrix

element, however, remains k-dependent although it becomes finite.

§ 2. Finite formulation of free field theory based on IP

For the case of a free complex scalar field with mass # in four dimensions,
we investigate the following subjects:
A) Definition of IP,
B) How to formulate finite theory,
C) Properties of IP,
D) How to express generators of the Poincaré group and the gauge group,
E) Transformation properties of IP,
F) Algebra of generators.
Since there is no problem in the free field theory, we can safely use the conven-
tional ones for the equations of motion, the equal-time commutators, the definition
of vacuum and so on. Most of the discussion in this section holds also for inter-
acting cases.
A)  Definition of 1P

In the free field theory, the operator products ¢(x)@(y) and ¢*(x)¢*(v)
have no singularity at x=y. Only the products ¢* (x)¢(y) and ¢(x)d*(y) have
c-number singularities. Its form is obtained from the vacuum expectation value

G @@= @ =L Ko %w
LY e N TEVA .
4n2[/12 1 'L<2+16/1' Jlog. 2 ] -1
where
Lo= (x =y, xg—yy—ic). (2-2)

At this stage, it will be worthwhile to note that

£ SO0 -Llo-gl..

FNO L

.z 5 a— .
- T [(x4y)2+63]2 0(x—y). (2-3)
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282 Y. Taguchi, A. Tanaka and K. Yamamoto

Therefore (2:1) reproduces the canonical commutation relation.
Now, taking the case of 0,4*(x)0,6(y), let us illustrate how to define the
IP. Using (2-1), we extract the ill-defined part of 8,4*(x)8,9(y) as

2 4 .
a,wm:_l;a,w[ 2/ —g’-mgwﬂ

a Ly er
1 2 /L[ 8 u /14}
— AL — + . 2.4
4772 /12 (}\2)2 /12 8 ( )

In (2-4) k is any constant with the dimension of mass. The last term in the
second square bracket of (2-4) is not well-defined, since it depends on the direction
of the limit. The well-defined part of 3,4 (x)8,6(y), which is called the non-local
IP and denoted by I;[8.0*(x)d,4(y)], is

Le[0.9* () 0,4 (3) 1= 0.46™ (2) 0,4 (v) —auw(d). (2-5)

As is seen in (2-4), in general, the unique separation of the ill-defined part is

done in the form

1 - Al
S A=+ 3 B (log 6V 2™+ 31 Cptele (2-6)
™ (12>m ™ ™ (ﬁ) m

where A,, B, and C, are x,y-independent constants or the non-local IP already
defined. Only after subtracting these terms from 0,4*(x)0,4(y), we can define
the local product

L [0.4% (x) 0.8 () 1. (2:7)

The IP thus defined depends on the choice of £ and hence we denote it by the
suffix.

Next let us show ‘that the ill-defined part (2-5) is derivable from only the
informations of the canonical commutation relations and the equations of motion.

First we put

L. (2-8)

Llg*(@) ¢ 1=¢*(x)¢(y) — ymcr

From the definition, the singularities of ¢*(x)¢(y) are subtracted by the second
and the third terms. The second term —1/47°4* is the one responsible for the
canonical commutation relation between 3,4* and ¢ as is seen in the discussion
around (2-3). The third term L(z,y) is the rest of the ill-defined part of ¢* (x)
X p{y) and therefore

[L(:c,y)]qS:O, (29)
where [ 7, denotes the extraction of the singular part, at least quadratically.
Operating [],—#* in (2-8), we have

2

2 (O,— ) L(x, ). (2-10)
47* 2

(=) Lg* (@ (] =
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Finite and Covariant Formulation of Local Field Theory 283

From the definition, in general, I.[---] is less singular than log v and 2,4,/7%
then

[(Dx*/lz)l,g("'>]“:0. (211)
Using (2-9), (2-10) and (2-11), we obtain

(1L (, ¥) Jos= 2;2 . (2-12)

This determines L (x,y) uniquely, because of (2-9), as

Lz, y) = loq V22, (2-13)
Secondly, using
o 9 « B _
L2 L @on ] =0 (212

and (2-8) with (2-13), we can fix the singularities of 9,6*(x)0,4(v) up to the
quadratic order. Thus
[ (3',;9 _41#12]
@ns @
“ [0“,” A lu}
+ —2222 |\ — L, (x,y), (2-15
szl 12 (lzy H( 3’) ( )

Le[0.6% () 0,4 (v)] = 0.4 () 0.0 () —

where L,, is the rest of the ill-defined part of 9,6™(x)0,4(y) and therefore
[L,(x,3)]g6=0. (2-16)
Operating [],— /4" again in (2-15), we have

(L= 10,97 (2) 0.6 () ]

4
= /ﬂ,[i’;” “2&%2} = (O =) Lo (2, ). (2-17)
From (2-11), (2-16) and (2-17) we find
) l L
DILI‘V gy s T // |:0/w ] 218
[ (x, v ], 8L i ROk ( )

This determines L, (x,y) uniquely. The ill-defined part of 9,4*(x)?.#(y) thus
obtained is exactly a, (1) given by (2-4).

The IP has some similarities to the normal ordered product. The former is,
however, defined by subtracting only ill-defined terms from the usual operator product,
whereas in the latter for two operators in a free theory the whole vacuum expecta-
tion value is subtracted. We emphasize that the ill-defined terms are directly
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284 Y. Taguchi, A. Tanaka and K. Yamamoto

derivable from the informations of the canonical commutation relations and the
equations of motion, but the whole vacuum expectation value is not.

Finally from (2-5) we have
Le[0.4* ()0, (3) 1 — 1[04 (3) 0,6* (2)]
=100 (x), 0,6 ()] —au(D) +ak ()

4" Vi VO *

] 4, () +ak (D). (2-19)

Then it is obvious that

Le[0.8% () 0,9 (2) ] =1, [0,6 (2) 0,0* () ] (2-20)
which is the special case of (1-6), but if x—y is time-like
L [0.0% (2) 0,0 (3) 151 [0,8 (v) 0.8 () ] (2-21)

which is the special case of (1-7). This statement is valid also for the interacting
cases. Thus we see that the local IP is independent of the order of the operators
in the original product, although the non-local IP depends. For simplicity in the
following we omit 7¢ which comes from the order of operators.
B)  Proposition for finite and covariant formulation of local field theory
Our basic proposition is that all quantities in the finite theory are obtained
from those in the formal theory by replacing them by corresponding local IP’s.
It should be noted that this proposition is meaningless without (1-6). Identities,
relations and equations in the formal theory are valid also in the finite theory
without any modification except the case of the trace anomaly seen in (1-8).
When we consider the expression involved in the trace anomaly, the trace should
be always taken in the inside of the IP.
C) Some properties of IP
It is clear from the discussion in A) that
4
Le[0,6% ()9,0 ()] =0,6" ()8, () = (D) =57 (2-22)
The origin of the last term is that — (#/327%)1,4,/2* in (2-4) becomes — u'/327*
for 8,0*(x)0,6(v) and becomes well-defined. So it should not be subtracted from
0,0*(x)0,4(y). Comparing (2-22) with (2-5), we have

Lo 0,5* (0.6 ()] =1e[0,8* (90,6 ()] + L. (2-23)

This is a simple example® of the trace anomaly (1-8). We do not have this
kind of anomalous equation for the normal product of free field operators.
From (2-1), we easily verify that

<0 0

_}_

0x, 0y,

>Ix [¢* (2) ¢ ()] =1s[0u* () () T+ Le[6* (2) 0 (N ]. (2-24)
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Finite and Covariant Formulation of Local Field Theory 285

Obviously this identity holds for the IP of any operators.
Using the definition of the IP, we can easily calculate the equal-time com-

mutator between the IP’s, for example,

[Te{¢* (@) 9}, Le{0* (2D} Ta=vomar =0’
=i* () p(v) 0 (=" —y). (2-25)

This indicates that the commutator between the IP’s is not always written by IP
alone. Therefore the commutator between the local IP’sis meaningless. This is
the reason why we consider the non-local IP as well as the local IP in spite of
our proposition that all the physical quantities are given by the local IP. This is
not an obstacle to formulate the theory.
D) Generators of transformation groups

According to the proposition in B), the energy-momentum tensor and the

conserved current are
T, (x) =1:[0,6% (x) 0,0 () ] +1c[0,6" () 0.0 (x) ]
— 0w {Le[0,0% () 0 () ] -+ 171 [47 () f () T}
— 0, (2-26)
J () =i [0,0% (2)p(x) ] —ile[¢¥ (2) 0.8 () ]. (2-27)

When the vacuum is defined, we should determine the last term of (2:26) so
that the vacuum expectation value of 71, (x) may be zero.

Using (2-26) and (2-27), we can construct the generators of the Poincaré
group and the gauge group. Then we obtain the usual commutation relations
between the generators and each of ¢(x), O (x), ¢*(x), 0up* (x).

E) Transformation properties of 1P
As an illustration we study the transformation property of I.[3:¢* (x)0;¢(x)
Bop ()] under the time translation. The definition of 1.[0:,46%0;00,0] is
Le[0:6* () 0,00 (v) 0oh (2) ] =0:6™ () 066 () 0op (2)
—ay (x—y)0up(2) +aw(x—2)0;0(y) (2-28)
with the singular function a, (2-4). Since the Hamiltonian I has already been
defined in D), we can calculate the commutator between H and 1.10:0*0;40,0] as

i[H, T {0:0% (2) 0366 () 0u (=)} ]
= 060:0* () 0, (v) Gofp (2) + 0utp™ () 0506 () 0otp (2)
+0:* (2) 0,8 () (7 — 1) §(2) —ay (x—v) (T =) $(=)
+ayn(x—2) 00b (v). (2-29)

Now we try to write, by the IP, each term of (2-29):

220z 1snBny /| uo Jasn sonsnr Jo Juewnedaq 'S'N Aq Z80ES8L/6.22/L/2S/2l0Me/d)d/woo dno-oiwepeoe/:sdny woly papeojumoq



286 Y. Taguchi, A. Tanika and K. Yamamoto

the first term=1;[0,0,6™ () 0,5 () 0o (2) ]

+ 0oy (2 —9) Oop (2) +Osates (x—2) D (), (2-30)
the second term=I.[0,¢* (x) 0,06 (v) 0o () ]

— 0oty (£ —3) 0o (2) —awn(x—2)00;0(v),  (2-31)
the third term=1;[0,6% () 8,4 (v) (F*— 1) ¢ (=) ]

Fay(x—y) (PP— 1) ¢(2) —0iawm (x—2) 0,8 (»)

S Ry S Py el P :
Bt eV o), @32

where @y, =ay+a»+au.  Substituting (2-30) ~(2-32) into (2-29) and using the
explicit form (2-4) of a,, we obtain
t[H, 1 {00 (2) 0,6 () 05 (2) } ]
=1,[0,0:0* (x) 0,0 (v) 0o (2) 1+ 1e[0:0* (x) 000;6 (v) 00 (2) ]
+Le[0:™ () 0,0 (v) PP — 1) ¢ (2) ]. (2-33)
This contains no ill-defined term. Then taking the local limit of (2-33), we have
Oole[0:* (2) 0sh () Both () ]
=1x[000:6% (x) 8,0 (2) 0up () T + L[ 0:8* () 009 () Botp () ]
+1e[0:6* () 00 () (P*— 1) $ () ]. (2-34)
This is the rigorous quantum equation corresponding to the formal equation
05[0:6™ () 0,8 (2) 0o () ] = 060:05* () 0 () Both ()
+0:* () 0,050 () Both () + 0:9* () 0,6 () (P2 — 1) b (). (2-35)
The derivation of the equation like (2-34) for the other kind of transformation
is much easier than that of (2-34).

Equation (2-34) tells us the following two facts. Firstly, the rigorous equa-
tion corresponding to the formal equation is obtained by simply replacing the formal
operator products with the local IP’s. In this case we have Eq. (2-33)
for the non-local IP, too. However, the equation we want to have is not the

non-local one but the local one on account of the order dependence of the non-local
IP. Secondly, although

[LeCo), Le (o) ] (2-36)
cannot be written by the IP as shown in (2-25),

[generator, Ix(--)] (2-37)

* Throughout this paper 8, is the differentiation with respect to the argument of the nearest
operator or function unless 9,[---].
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Finite and Covariant Formulation of Local Field Theory 287

can be written by the IP alone. From the local limit of the commutator (2-37)
written by the IP, we see that the local IP has the transformation property
expected {rom its constituents.
F) Algebra of generators

Since the local IP has the expected transformation property and the generator
is constructed from the IP’s, the algebra of generators is exactly the one which

is expected from the formal theory.

§ 3. Finite theory for z-IN system in two dimensions
According to the proposition in B) in §2, the equations of motion and the
symmetrical energy-momentum tensor for the 7-N system in two dimensions are
(-0 -+m) () = — igLe[ 7 (2) 6 (), 3 D#
(0 — 26 (2) = igLe[§ (2) s ()] (3-2)
and
O (2) =113 () 1.0, 0,) $ (@)1 +3Le[§ (@) 7.0, —0.) ¢ (@) ]
10,1 [P () 7+ (@ 0) p(2) ] = mOuTe[§ (2) () ]
1[0, (2) 0,6 (2) 1 = 10,1 [0, () 0,8 (2) 1 — 40T [ 6 () 9 () ]
g0, T [P (@) 7p (2) 3 (2) ] — "D (3-3)

The last term in (3-3) is the one corresponding to ¢f, in (2-26). In order to
understand (3-1) ~(3-3) we need the definition of each IP. TFor these, after
the straightforward but rather lengthy calculations explained in the Appendix,

we have
Ll¢p@) o 1=¢@ ¢, (3-4)
L[¢(x)d (M ]1=¢(x)d(y) —1IDCT’s, (3-5)

L6 @F )] =@ F o) +2%{*7‘-0+m——;~i975[¢(r) 51}

xlog k2%, (3-6)
LC [axl(f/) <x> J (3’) ] - 0#‘;“/) (JZ) Q; (5’)
- iq”fs [%@ (z) — Q:IT)' 0¢(x) +7-0¢(x) 1. log /c\/f]

4z
2 — 1 o~
if_ [ log £/ 20+ 4 o A}h [4(x) ()] —IDCTs, (3-7)
T -

1[0 ()0, ()] =084 (x) 8,6 (v) —IDCT’s, (3-8)

# For the Dirac matrices we take y1=01, 74=0: and 75=0,.
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A @F O] = @F 04 - L[ L mlog sV F 3 @)

+%{n log £V {Te[¢ (@) ¢ ()] +Le[g (Mg (2]} —IDCTs,  (3-9)

where A,— (x;—y,, xy—y,—1ie) and IDCT’s are ill-defined c-number terms.

When we use (3-4)~(3-9) for the tensor like @,, we must be careful
about the trace identity anomaly (1-8). Especially, in the two-dimensional space-
time this problem becomes perplexing because of the identity for any tensor T,

Thw=T,—Tu. (3-10)

We can easily avoid this by examining in the n-dimensional space-time free from
(3-10).

Now we try to derive the equations of motion (3-1) and (3-2) from the
Hamiltonian

H=— jcle@ziv (=) (3-11)

by calculating
[H, ¢], [H,¢] and [H,0.4]. (3-12)

The energy-momentum tensor (3-3) is sufficient so far as the matrix elements
between some states are concerned. However, the special care is required in cal-
culating the commutators (3-12). As discussed in E) in §2, (3-12) must be
written by IP alone, that is, the singularities which appear in the commutators
between each term of @F and ¢ (or ¢, 0.6) must be cancelled out each other.
Therefore the local limit of each term of @F should be related to each other so
that the cancellation may take place correctly. For example, the logarithmic fac-
tors as coefficients of I;[¢4] in (3-7) and (3-9) should take the common value.
Then the Hamiltonian (3-11) is defined as the local limit of an integral over one
variable x, keeping the relative coordinates fixed so as to satisfy the condition
for the cancellation. We confine the fixed relative coordinates to space components
alone from necessity of deriving the equations of motion from (3-12). Using the
Hamiltonian thus defined, we have (3-1) and (3-2) through

LH, p(x) ] = —1:(nO +m) P (x) —igrasle[P(x) d(x) ], (3-13)
LH, ¢ (x)] =05 (x), (3-14)
[H, 0.4 () 1= —0¢(x) +1°p (x) +igle[¢ () 15 (2) ]. (3-15)

Now we examine the transformation property of IP. As an illustration we
study the transformation property of L. [¢(x)¢ (v)] under the time translation.
Using (3:6) and (3-1), we find

0

Xy

L@@ D] +Llp (2§ (0] % = — 7,70 (@) F () =9 (G @) 7074
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Finite and Covariant Formulation of Local Field T heory 289

—myp ()P (v) +mp(x)d (W71
—197.7sp (2) P ()G (¥) +igd () ()G (W) 157

— %’rrs [8s¢ () +0ugp () Tlog £V 2. (3-16)

Using (3-6), (3-7) and (3-9), we rewrite each term of (3-16) into the cor-
responding IP with care to the trace anomaly about y:-0. The result is

L7 02§ M T+LLP @ F () 7-07:]
=~ [1p (DF ()1 +mI [P F (7]
—igLe[7:750 (@) (2§ ()] +igLe [P (@) BN F () 757:]
+ L1 L9 (2 § @] L[ (5 () I og 6427 (3-17)
Although in (3-7) and (3-9) we have not written the explicit forms of the
IDCT’s, (3-17) is correct including the IDCT. The local limit is
Le[7.7 04 (2§ (@) ]+ Le[¢ (@) F () 7-07.]
= — I [1p ()P () 1+ I[P (2 (2) 7]
—igL 775 () § (@) $(2) ] +igLe[$ (@) F (@) 1o (@) 1. (3-18)
Note that y-0 is placed inside of I;[:-+]. This is exactly the equation we have

proposed in B) in § 2.

§ 4. Vector-meson nucleon system in two dimensions

and the Adler-Bell-Jackiw anomaly

Let us consider the system whose Lagrangian is

L= _J(T'a'f‘m)‘ib__%FwFﬂv“%ﬂzAﬂAﬂ

— 40, AR i T A, (4-1)

where
F,=0,4,—-0,4,. (4-2)

The canonical commutation relations are

LA (=), A () 1e=0, =0, (4-3)
[A(2), 7 () Tay=y, = 20,0 (21— 1), (4-4)
[7.(x), T (¥) Joy=0, =0, (4-5)

where
m () =iFy (), (4-6)

T (x) =im(x) = —y (). (4-7)
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The proposed equations of motion are

(r-04+m)(x) = —iele[7 () Au(2) ], (4-8)

(O—mA(x2) =004, (x) +0,y(x) =ielg[¢p (@) rup(2) ], (4-9)

0.4, (x) —a®y(x) =0. (4-10)
Then

(O—a®?)y(x) =0. (4-11)

The symmetrical energy-momentum tensor, whose (4,4) component does not con-

tain 0,0, 0.0, 0°A, and By, is
O () = 11e[§ (2) 7.(8,—0.) ()]

— 10, L[ (@7 G0 p(2)]— ImOuLe[§ (2) ¢ (x)]

[ Fy (@) Fy () 1+ 3T0A (=) (T4 ) A ()]

— 1 A, (2)0,0,4,(2) ] = 3Le[0,2 (x) A (2) ]
 10uLe[ F oo (2) Fou ()] — 580, 1[ A, (2) Ap(2)]
30,1 (0,7 () Ay (@) T+ 10, T[4 () 72 (2) ]

~%zeow (6 (@) 7 (2) A (2) 1+ (ow). (4-12)

After the same procedure, used the canonical commutation relations 4-3)
~(4-5) and the equations of motion (4-8)~(4-10), as that in the 7-N case in

the previous section, we have

L[A,(x) A ]=A(x) A (y) —IDCT’s, (4-13)
Le[0,A4,(x)0:A4,(¥)]1=0,4,(x)0,4,(y) —IDCT’s, (4-14)
Le[A,(2)0,0,A,(3)]=A,(x)0,0,4,(y) —IDCT’s, (4-15)
LT[0 (@) Ay (9) 1 =0, (x) A, (v) —IDCT’s , (4-16)
L[y (x) g () 1=y (x) 7 (v) —IDCT’s, (4-17)
Ll (@) A ] = () A(y) (4-18)

LIp@F ] =@ F )+ LA, (@) +4,()] - IDCT's, - (4:19)

1[0, ()¢ () 1=04(x)¢ ()

8/[ <m +;p,” Aok (%ﬁzk) (A, (o) — ~/1 04, ()]

L1704, () 7o7 = 127,704, (2) ] log £V 2

4 0he0udy (D72, Ay 04, ()77 -2 Aay A7 04, (2)
b Ps s
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~dm (3, og iV B 2) 4, )|

ElTuhoda o0 sulal * A uw-z]
+_ _:“_P_+2 pphof —2, rep I A Ag'
|k . A @A )]

—IDCT’s, (4-20)

L[ F () Ay ()] = () F () A, () — Zlﬁ <f;_j— m log m%) A,(2)

v

v ;;; l_ﬂ%/l{lﬁ [A, () Au(2)] +1:[4, () A ()]} ~IDCT’s. (4-21)

By using these the consistency between the equations of motion and the energy-
momentum tensor is justified in the same way as the 7-N case.
Through the same process of the calculation as done in the derivation of

(3-18), we get
Ix[aﬂ{a(l‘) Tutd (x> }] =0 (422)
and

Le[0.4¢ (@) rsrush (2) } ] = —2mIc[§ (z) 7ap () 1. (4-23)

By virtue of (2:24) we can take out 9, from the IP so far as the differentiation
is concerned. Only problem is the trace anomaly. The careful evaluation gives us

0.Le[¢ (@) 1. (2)1=0, (4-24)
0Ll (@) 151up(2) 1= —2mIc[§ (2) rop (2) ]

- ;—; ¢l (2), (4-25)
where €,= —¢; =17 and

LG @719 @]=F @714 _% %

—;3 Lelapa, (o) + 4,1, (4-26)
T A
. . 1
L§ @ 0] =0 (27579 (0) ==t
iec A, _
_chnuhlg [A,(x) +4,0)], (4-27)

which are the special cases of (4-19). Equation (4-25) is the two-dimensional
analog of Adler-Bell-Jackiw’s anomalous equation.”

Finally we remark that (4-24) and (4-25) are derivable directly from (4-26),
(4-27) and the equations of motion (4-8)~(4-10).
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§ 5. Connection with renormalization theory

In our finite theory all operator products have been expressed by the local
IP’s. If we wish, we can write these products by the usual products in a formal
but not a rigorous way. For example, the Hamiltonian densities in the models of

§ 3 and § 4 are written, apart from the ¢number terms, as

61 (@) = @1, B.= ) (@) + 1 (@) (a)
@@ Lo @) 0.9 (@) + L ()6 (2)
2 2 2
1 igP (2) 7 () () — g—ﬁ (log £8) ¢ () ¢ (), (5-1)

— 0 = "*Qb ()71 (61 - 01) ¢(x) + mﬂb ()¢ (x)

% (@) 7() —0,m(@) Ad) + i0im(2) Ai) + L (@ i

+~;—/J2Aﬂ (2) A, () +ieg ()79 (2) A (2) +28—;A1 () Ai(2). (5-2)

In (5-1), 7=0,¢ and log &0 are the abbreviation of [log fc«/(x—y)z]ﬁy. Equations
(56-1) and (5-2) are the Hamiltonian in the usual renormalization theory. The
last term of (5-1) is only one divergent quantity in that model and is the counter
term to the meson mass. Since the vector-meson nucleon system in two dimensions
has no divergent Feynman graph, there is no counter term in (5-2). The last
term of (5-2) is necessary to assure” the Lorentz covariance (the integrability
condition in the interaction representation or the Schwinger condition in the Heisen-
berg representation). Thus our theory is closely connected with the renormaliza-
tion theory. However, (5-1) and (5-2) are the Hamiltonian written only in
a formal way.

Similarly, rewriting (3-1), (3-2) (4-8)~(4-10) by the wusual product, we

get the formal equations of motion in the renormalization theory.

Appendix

Derivation of (8-4)~(3-9)—

In this Appendix we discuss how to derive (3-4)~(3-9). For this purpose
we explain the method of the derivation of (3:6) and (3-7).
Now we put

Llp@)¢ DI1=¢@)¢ () — A5z, ). A-D

27r /12
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The singularities of ¢(x)@ (v) are subtracted by the second and the third terms.
The second term —7p-2/274%, satisfying

1y2,1 r-x*]
— + - = — — R A
[ 2 2 27 (A0 * e 7o (z=) (A-2)

is the one responsible for the canonical commutation relation between ¢ and ¢.
The third term is the rest of the ill-defined part of ¢(x)¢ (v) and therefore

[S(z,¥) ]:=0, (A-3)

where [ i denotes the extraction of the singular part, at least linearly. Operat-

ing (y-0+m) in (A-1), we have

[ Lstam |, =~ Im+iorp @1, A9
since for any IP
(6.1l 10 =0 (A-5)
and
[8 (6 (@ F D=9 (@ L (A-6)

From (A-3) and (A-4), we obtain (3:6). In (3-6) we use the form — (1/4x)
Xigys[d(x) +d(v) log kv instead of — (1/27)ig7s6 () log £/ This difference
is not essential so long as the ill-defined part is concerned. We use the former
one to maintain the symmetry between ¢(x) and ¢ (¥).

Next using (A-5) and (3-6), we can write

L0 (x) ¢ ()] =0up(x)§ (v)

+[—r0+m—MnM@];Q—LA&y> (A-7)
A

with
[L.(x,¥)]s=0. (A-8)
Operating (y-0/0y—m) from the right in (A-7) and using (A-5), we get

P

Lo 7] =006 @F )7

: 2 0
A+ =7 0+m—1i07s¢(x 2 < -—~m>. A-9
[—7 v >]2m12 7 o (A-9)
The linear singularities are closely connected with the equal-time commutators as

is seen in (A-2). Then, we can easily obtain

Au

27Mz7’5¢ )

[0, ()¢ (D75 o= —[—7-0+m—igrsp() ]
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Ap

:_<_T-a+m)rszmz¢(y>
. Z;b _.1_ o gV 12 :
+ig 2 {19401 - L tog v} (A-10)

Equations (A-9) and (A-10) are sufficient to derive (3-7).
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