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FINITE COMPLEX REFLECTION GROUPS

By Arien M. COHEN

Introduction

In 1954 G. C. Shephard and J. A. Todd published a list of all finite irreducible complex
reflection groups (up to conjugacy). In their classification they separately studied the
imprimitive groups and the primitive groups. In the latter case they extensively used
the classification of finite collineation groups containing homologies as worked out by
G. Bagnera (1905), H. F. Blichfeldt (1905), and H. H. Mitchell (1914). Furthermore,
Shephard and Todd determined the degrees of the reflection groups, using the invariant
theory of the corresponding collineation groups in the primitive case. In 1967
H. S. M. Coxeter (¢f. [6]) presented a number of graphs connected with complex reflection
groups in an attempt to systematize the results of Shephard and Todd.

This paper is another attempt to obtain a systematization of the same results. The
complex reflection groups are classified by means of new methods (without use of the
old literature). Furthermore, we give some new results concerning these groups.

Chapter 1 contains a number of familiar facts about reflection groups and is of a
preparatory nature.

Chapter 2 deals with the imprimitive case and contains a study of systems of
imprimitivity.

In Chapter 3 we look for all complex reflection groups among the finite subgroups
of G, (C).

As to Chapter 4, inspired by Coxeter’s “complex’’ graphs (see above) and by root
systems associated with real reflection groups, we define root graphs and root systems
connected with finite reflection groups. Furthermore, we show how these root graphs
may be useful by constructing for a given reflection group G a root graph with corres-
ponding reflection group H in such a way that H is a subgroup of G with properties
resembling those of G. Furthermore, a number of root graphs are brought together.
Using these root graphs, we build root systems and study the associated reflection groups.
These groups are all primitive and complex.

Thanks to T. A. Springer’s work on regular elements of reflection groups (¢f. [18]),
we are able to determine the degrees of these groups in a manner analogous to the one in
Bourbaki.
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380 A. M. COHEN

In Chapter 5, a theorem of Blichfeldt concerning finite primitive groups is discussed.
From this theorem we deduce several necessary conditions for a primitive subgroup
of G, (C) (n = 3) to be a reflection group. The classification is completed by manipulating
with root graphs.

This article is the greater part of a thesis written at the State University of Utrecht.

To my promotor, Professor T. A. Springer, I am especially indebted for his encou-
ragement and for many stimulating discussions. 1 gratefully acknowledge the inspiring
help and criticism of R. van der Hout, H. Maazen and J. Stienstra.

1. Generalities about reflection groups

Let V be a complex vector space of dimension n.

(1.1) DerINITIONS. — A reflection in V is a linear transformation of V of finite order
with exactlyn — 1 eigenvaluesequalto 1. A reflection group in V is a finite group generated
by reflections in V. From (1.6) on we will assume a reflection (group) to be unitary with
respect to a unitary inner product. A reflection subgroup of a group G of linear trans-
formations of V is a subgroup of G which is a reflection groupin V. A reflection group G
in V is called a real group or Coxeter group if there is a G-invariant R-subspace V, of V
such that the canonical map C ®g Vo — V is bijective. If this is not the case, G will
be called complex (note that, according to this definition, a real reflection group is not
complex). A reflection group G is called r-dimensional if the dimension of the subspace V¢
of points fixed by G is n — r. We will say that G is irreducible in dimension r (also
irreducible r-dimensional or merely irreducible if no confusion is possible) if G is
r-dimensional and the restriction of G to a G-invariant complement of V© in V is irre-
ducible. We will use the same convention for other properties than irreducibility
(e. g. primitivity, see § 2).

(1.2) Let G be a finite group of linear transformations of V and let S = S (V) be the
algebra of the polynomial functions on V with G-action defined by (g.f) (v) = f(g" ' v)
for any veV, fe8, geG. The subalgebra of G-invariant polynomials will be denoted
by SG. The theorem below is a well-known characterization of reflection groups {¢f. [18]).

THEOREM. — The following three statements are equivalent:

(i) G is a reflection group in V;

(i) there are n algebraically independent homogeneous polynomials fi, f, . . ., f, € S with
| G| = deg (f1).deg (f2). . .deg (f);

(iii) there are n algebraically independent homogeneous polynomials fi, fs, ..., f, € SC
which generate S€ as an algebra over C (together with 1).

Furthermore, let fi,fs, ...,/ , be a family of algebraically independent homogeneous
polynomials in S such that d; < d;,, (i€n —1) where d; is the degree of f; (jen); then
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FINITE COMPLEX REFLECTION GROUPS 381

fi502s - oo S satisfy (ii) if and only if they satisfy (iii). In this situation, the sequence
dy, d, ..., d, is independent of the particular choice of such a family fi, f2, .. s [y

DEFINITION. — d,, d,, ..., d, are called the degrees of G.

(1.3) Let G be a reflection group with degrees d;, d,, ..., d,. Supposefi,fs, ..., [, €SC
satisfy (1.2) (ii) and d; = deg (f;). Let I be the ideal in S generated by fi, /2 « - s fn
Then I is a G-invariant graded ideal, so S/I is a graded G-module. According to [4],
G acts on S/I by the regular representation. Let { be an irreducible character of G;
denote by a; () the multiplicity of ¥ in the i-th homogeneous component (S/I); of S/I
(i = 0). Adopting an idea of [18], we define

oG

py(M =Y a:(NT.

i=0
Note that p,, (T) is a polynomial specifying for which i the representation corresponding

to Y occurs in (S/I);.
Now the identity

(1) IGl_l ZG\P(g)-det(l—gT)‘l = pv(T) ]jl (1_Td:)~1

is obtained by writing out left- and right-hand side as a formal power series in T.

The following result is due to R. Steinberg (¢f. [3], p. 127): if G is irreducible, then,
for each j € n, the action of G on the j-th exterior power of V is also irreducible. Write X
for the corresponding character (j = 1,2, ...,n). The coefficient of Y/ in Solomon’s
formula (see [3], p. 136):

1 det(1+Yg) & (1+YTH™h
|G| g6 det(1—gT) =1 (1-T%

equals p,, (T). [T(1 — T%~.
“ i=1

@

(1.4) We mention a few corollaries of these statements.

Notations as before. — Put N =Y (d;— 1), and let y, be the character of the
i=1

12
given representation of G in V. Suppose G is irreducible. Then:

0 2, = ¥ T

(ii) I Z (G) | = ng (dl’ d2, PR dn);

(iii) pgs (T) = TN p,, (T™1), where 5 (g) = det(g) (g€ G);

(iv) there is a homogeneous polynomial J of degree N such that g (J) = det (g).J for
any g€ G;
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382 A. M. COHEN

n

(V) N is the number of reflections in G, in fact Y b, T' = ] (d; — 1+T), where h; is
i=0 i

i=1
the number of elements in G with exactly i eigenvalues equal to 1;

(vi) dy = 2; furthermore, the following three statements are equivalent: (@) G is complex,
(b) { has complex values, (c) d; > 2.

Since (i), (ii), ..., (v) appear elsewhere in the literature (¢f. [3], [18]), it is left as an
exercise to the reader to deduce them from (1.3).

For a character y of an irreducible representation p of G we define

vi) = |G|t Y ().
geG
It is a known fact that

1 if p is a real representation,
v(y) =< —1 if p is not real, but conjugate to p,
0 otherwise, i.e. if ¥ has complex values.

For further details we refer to [11].

We will now prove the essential parto f (vi). Suppose y takes only real values; then
(x [ X) = 1, so d; = 2. Considering the coefficient of T? in formula (1) of (1.3), we
get (x2| 1) = # {i|d, = 2}, where x? is the second symmetric character (in the notation
of [15]. But (2| 1) = 1/2((x | D+v () = 12(1+v ()50 14+v () = 2% | De2N,
and therefore v(x) = 1. Hence G is a real reflection group. This shows that (a)
implies (b). The rest of the proof of (vi) is easy.

(1.5) G is an n-dimensional reflection group in V. Let P be a subset of V. Put
Gp={geG|gp=pforallpeP}. Then Gy is a reflection sub-group of G (see [20]).
If m is the dimension of the vector space spanned by P, then Gp is at most
(n—m)-dimensional. If G is reducible, then G is a direct product of reflection subgroups
which are irreducible in dimension smaller than n. Therefore we can restrict ourselves to
the determination of irreducible reflection groups. It is clear that it is only the conjugacy
class of G we are interested in.

(1.6) It is well known that there exists a unitary inner product (|) on V invariant
under G; hence we may assume that G is a subgroup of U (V), the group of all unitary
transformations with respect to a unitary inner product. From now on we will make
this assumption. One can prove that two finite subgroups of U (V) are conjugate in U (V)
if and only if they are conjugate in G/ (V). Furthermore, G is real if and only if there
is an orthonormal basis of V such that the matrix of any element in G with respect to
this basis has real coefficients only.

In the sequel U will stand for the set of unitary complex numbers.

DEFINITIONS. — A (unitary) root of a reflection in V is an eigenvector (of length 1)
corresponding to the unique nontrivial eigenvalue of the reflection.
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FINITE COMPLEX REFLECTION GROUPS 383

A (unitary) root of G is a (unitary) root of a reflection in G. Let s be a reflection in V
of order d > 1; there is a nonzero vector a € V and a primitive d-th root of unity { such
that, putting
6)) Sa X =x—(1-0)(a | @)7'(x | a)a (xeV),
we have s = 5, ,;

(2) we will also write s, , instead of s, . if { = exp 27 id ~1), and s, instead of s, ,.

If ¢ is any unitary transformation of V, we have the equality;

3) e

Define o : V— N by og (v) = | Gy | where W = v* (ve V).
Then o (v) > 1 if and only if v is a root of G. In this case og (v) is the order of the

cyclic group generated by the reflections in G with root v; if a is a root of G, the number
og (a) will be called the order of a (with respect to G).

In the rest of this chapter, G is a reflection group in the unitary space V [as always
G < U (V)] with degrees d,, d,, ...,d,. The following observations concerning linear
characters of G are due to T. A. Springer.

(1.7) If ais a nonzero element of V, we denote by /, the linear (homogeneous) polynomial
defined by /, (x) = (x| a) (xe V).

LemMMA. — Let a, b be roots of G, let { be a root of unity, and let ¢ € C* be such that
Sayc-ly = cly.  Then either ¢ = 1, 0r ¢ = ™ and ae Cb.

Proof. — Since I, = s, .0, = I, ;, we have that b is an eigenvector of s, , with eigen-
value ¢. Therefore ¢ = 1,{ L. If ¢ = {~!, the dimension of the eigenspace of Sac
corresponding to { is 1, so b is a multiple of a.

(1.8) For each reflection s of G we fix a unitary root g, in such a way that if s and s" are
reflections of G with U g, = U g, we have a; = a,.

Put U = {a,| s is a reflection of G } and P = { Uq,| s is a reflection of G }. Note
that G acts on P and that there is a natural map 7 : P — U such that, for L € P, we have
t(L)y=a<aeclLnU.

If O is an orbit of G in P, define fo €S by fo = [] / ,; moreover, define

LeO

% :G—Ubyx (g = [] (dets)™*

Uas; €O

if sy, 85, ..., 5, are reflections of G with g = s, 5,...5,. It follows from (i) of the
proposition below that y, is well defined.

PROPOSITION. — Fix an orbit O, of G in P:

() if s is a reflection in G with nontrivial eigenvalue {, then

B fo. if Uag¢0y,
-sf°“{<:"fol if Ua,eO0y;
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384 A. M. COHEN

(i) %o, is a linear character of G with Py, (D) = T!Oul;

(iii) any linear character of G is the product of some Yo (O orbit in P).

Proof. — (i) let Ly,L,,...,L, be an orbit of s in P, so s L; =L, (ier—1)
and N L, = Ll' Put h = ]q I‘I(Li)’ and L,+1 = LI'

Since there are ¢; € C* such that s T (L)) = ¢; T (L,..,), we have

0y s.h=(Te)h
and
2 Sl = A1) ke

If T] ¢; # 1, then (2) and (1.7) imply that s" (and therefore s, too) has unitary root
a; = 1(L;), whence & = [, , and (using (1)) s.h = {71 A

As to (iii), let ¢ be a nontrivial linear character of G, and let fe S be a nonzero homo-
geneous polynomial of minimal degree such thatg.f = ¢ (g) f (g€ G). Itisclear from (1.3)
that such a polynomial exists. Suppose s € G is a reflection with ¢ (s) # 1. ForanyveV
with (v [ a;) = 0, we have f(v) = f(s 1 v) = (s.f) () = ¢ (5)f(v), so f(v) = 0. There-
fore f must be divisible by /, , and also by /, ¢, for any L in the G-orbit O of U a,. Hence f
is divisible by f,. Write f; for the quotient of £ by f,, and ¢, for the quotient of ¢ by ¥,.
If f, is a non-constant, then f; is a nonzero homogeneous polynomial of minimal degree
such that g.f; = ¢, (2)f1 (g€ G), and of degree strictly lower than the degree of f.
Induction finishes the proof.

Finally, (ii) is a consequence of the preceding.

(1.9) o5 (1 (L)) being independent of the choice of L € O for a given G-orbit O of P,
we will also write og (O) for this number.

CorOLLARY. — G/[G, G] is a direct product of cyclic groups of orders og (O), O running
through the G-orbits in P.

The proof follows from G/[G, G] & Hom (G, U) and the fact that if O, O,, ..., O,
are different orbits in P, and Ay, Ay, ..., A, are integers such that x¥, x...x%w =1,
then b, = x2...= %o~ = 1.

(1.10) DEeFINITIONS. — A vector v € V is called regular with respect to G, if (v | a) #0,
for any root a of G [in other words, if no reflection of G fixes v, or equivalently,
fG, =1,d. (1.5)]. A transformation g € G is called regular if g has a regular eigen-
vector. The regular degrees of G form the set of numbers, minimal with respect to
inclusion, such that the order of any regular element of G is a divisor of an element in
this set and, vice-versa, any divisor of an element in this set is the order of a regular element
of G. Of the many interesting properties of regular elements we will only mention a
few. For their proofs and other properties we refer to [18].
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FINITE COMPLEX REFLECTION GROUPS 385

THEOREM. — Let § be a primitive d-th root of unity. Let g € G be regular with regular
eigenvector v € V and related eigenvalue .  Denote by W the eigenspace { xe V| gx = { x }
ofginV. Then:

() d is the order of g; moreover, g has eigenvalues {*~%, {179 (17,
(i) dim W = # {i!d is divisor of d; };

(iii) the restriction to W of the centralizer of g in G defines an isomorphism onto a

reflection group in W, whose degrees are the d; divisible by d and whose order is [] d;;
did;
(iv) the conjugacy class of g consists of all elements of G having dim W eigenvalues .

2. The imprimitive case

V is the unitary space C" equipped with standard unitary inner product ( [ ), and S is
asin(1.2). The standard basis of Vis denoted by ¢y, ¢,, ..., &, Inaccordance with (1.6),
a reflection (group) is always assumed to be unitary.

(2.1) DeFANITIONS. — A group G of unitary automorphisms of V is called imprimitive
if Visadirect sum V=V, ®V,®...@ YV, of nontrivial proper linear subspaces V;
(1 £i = t)of Vsuchthat { V;|iet}is invariant under G. In this situation the family
(V)1 <1< is called a system of imprimitivity for G. 1If such a direct splitting of V does
not exist, G is called primitive (¢f. [7], [9]).

A polynomial peS is called semi-invariant with respect to G if it affords a linear
character ¢ of G, i.e. if g.p = e€(g)p for any ge G.

(2.2) PrROPOSITION. — Let G be an irreducible imprimitive reflection group in V (n = 2),
and let (V)), < i<, be a system of imptimitivity for G. Then:

() dim V; = 1 for eachi€ t, and t = n; there are distinct linear homogeneous polynomials
Ii, 1y, ..., 1, (not even equal up to a constant factor) such that 1, 1,, ..., 1, is a semi-
invariant homogeneous polynomial of degree n in S;

(ii) for any reflection s€ G we have either sV; = V; for all ien, or there are i #j
(1 £ i, j £ n) such that any root of s is contained in V;+V;, sV; = V;, sV, =V, for all
k #1i, j, and s is of order 2;

(iii) let v : G — S, be the homomorphism that assigns to g € G the permutation 6 € S,
defined by g V; = V) for any ien. Then s is surjective and admits a section t : S, — G,
which is a homomorphism;

(v) VLV foralli,ji#j1<ij<n;

(V) if v is a unitary root of G of order 2, and w is a unitary root of G of order > 2,
then | (v |w)|e {0,272 }.
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386 A. M. COHEN

Proof:

(i) let i be such that dim V; > 1; because G is irreducible, there is a j # i and a reflec-
tion € G such that sV, =V;. It follows that dim(V;n V;) > 0, contradicting
V;nV; ={0}. To establish the last part of (i), fix unitary 4, € V,, and take for J, the
linear homogeneous polynomial with /;(a;) = 1 and /;(a)) = 1 for j # i;

(ii) let s € G be a reflection with unitary root a and nontrivial eigenvalue { such that
(aIVl) #0 and aeV,. Then (up to a permutation of indices) sV, = V,. Take
0+#x;€V, (i=1, 2) such that sx; = x,. There is a jen with s®x; €V;; thus

s?x,€(Ca+Cx)NV;=(V,+V,)nV,

This implies that j = 1 or 2. Since a¢ V, U'V,, we have s2x; = x, and {2 = 1; so
{ =—1 and s is of order 2. Furthermore, the root a is a scalar multiple of x, —x,, in
particularae V,+V,. If(a | V;) # 0forsomei > 2, thereisaj > 2suchthats V; = V;;
thusae (V;+V,) n (V;+V,) = {0}, which is impossible. So (a|V,;) = Oforanyi > 2.
In particular s V, = V. for £ > 2, and (ii) is proved;

(iii) the irreducibility of G implies that for each j > 1 there exists a reflection s;
with s; V; = V; (necessarily of order 2). The image of s; € G under ¥ is the element
(1)) € S, [according to (ii)]. Itis known that theset { (1) |j = 2,3, ..., n } generates S,.
Finally, not that the restriction of Y to the reflection subgroup < s, 53, ..., 8, » of G
is an isomorphism;

n

(iv) note that (x, y)~ ¥ 1;(x)l;(p) [where I, 1,, ..., 1, are as in (i)] defines a uni-
i=1

tary inner product on V, fixed by G. Since such a unitary inner product must be a striclty

positive scalar multiple of ( [ ), the required result is readily deduced;

(v) is clear from (ii) and (iv).

(2.3) If we do not mention an explicit basis, we shall always identify a linear
transformation of C" with its matrix with respect to the standard basis.

Let H, be the group of all nxn-permutation matrices; let A (m, p, n), where
? | m (m,p € N), be the group of all nxn-matrices (a;;);<;, j<» Such that a;; = 0,9,
where 6™ = 1 for each ien, and (det(a;))™” = 1. Then II, normalizes A (m, p, n).
Define G (m, p, n) = A (m, p, n) I1,,; this is a semi-direct product. It is not hard to see
that G (m, p, n) is an imprimitive reflection group in C®, with system of imprimitivity
(Cedicn

(2.4) THEOREM. — Let n = 2, and let G be an irreducible imprimitive reflection group
in V. Then G is conjugate to G (m, p, n) for some m, pe N with p l m. Furthermore,
G (m, p, n) is irreducible if and only if m > 1 and (m, p, n) # (2,2,2). [By conjugacy we
mean conjugacy within U (V).]

Proof. — Let G be as stated. There is an orthonormal basis ey, e,, ..., e, With the
properties that the V; = C; ¢; (1 £ i < n) form a system of imprimitivity for G, and that
for each j > 1 there is a reflection s; € G such that se; = ¢; [¢f. (2.2)]. Without changing
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FINITE COMPLEX REFLECTION GROUPS 387

the conjugacy class of G we may put e; = ¢; (i.e. e, €5, ..., €, is the standard basis).
It follows from (2.2) that II, is a subgroup of G. Let ¢ be the order of the cyclic group
generated by the reflections that leave V§ pointwise fixed (so ¢ = og (e,) with notations
of (1.6)). Then A(g,1,n) is a subgroup of G.

According to (2.2), the only reflections outside A (g, 1, n).II, are the s’ € G with
s'e; =0e; where 0 UN{1} and i #j, and s' ¢, = ¢, for k #1i, j. Up to conjugacy
by an element of I1,, we may take i = 1 andj = 2. Let s = s, € G be the reflection with
se; = e,. Then (ss')e; = 0 e, and (s5') e, = 0”1 e,, so 0 is a root of unity. Let m be
the maximum of all orders of elements st € G where ¢ is a reflection such that t V, = V,,
It is not difficult to see that A (m, m, n) is a subgroup of G, commuting with A (g, 1, n).
and that ¢ |m. Putting p = g~ ".m, we have A (m,p,n) = A (g, 1,n).A (m, m,n); so
G (m, p,n) = A (m, p, n) I, is a subgroup of G. Since all reflections of G are contained
in this subgroup, the subgroup must be equal to G itself, in other words G = G (m, p, n).

In order to prove the second statement of the theorem, suppose that G = G (m, p, n)
leaves invariant a nontrivial proper linear subspace W of V. Since W is also a Il,-invariant
subspace of V, we know from [15; p. 29, 30], for instance, that W = C (g, +&,+ ... +¢,)
up to an interchange of W and Wi. As A (m, p, n) stabilizes C (¢, +&,+...+¢g,), all
diagonal coeflicients of an element in A (m, p, n) must be equal. It is not hard to deduce
from this that (m, p,n) € { (1, 1, n), (2,2,2) }.

On the other hand, it is obvious that G (1, 1,n) and G (2, 2,2) are reducible in V.

(2.5) Remarks:

(i) G (m, m, 2)is conjugate to W (I, (m)), the Coxeter group corresponding to type I, (m)
(notation of [3]). This group is reducible only if m < 2. For the other Coxeter groups
the notation will be similar;

G (1, 1,n) = II,, operating on the ;hyperplane (e, +&,+...+¢g)t of C; represents
WA-)@®z2).

G (2,1, n) represents W (B,) = W (C) (n = 2).

G (2, 2, n) represents W (D,) (n = 3).

W (A,) is primitive if » > 2, and W (A,) is conjugate to W (I, (3)).

The above groups form the set if all real reflection groups appearing in (2.4);

(i) let X,,X,, ..., X, €8 be as in (1.11) (ii). The first n—1 elementary symmetric

polynomials in (X);., (.e. X7T+X7+...+X7, Y XrX7, ..., Y [[] X} and

i<j i=1 j#i
X, X,...X,)%, where ¢ =p~1.m, form a set of G (m,p, n)-invariant homogeneous
algebraically independent polynomials; the product of their degrees equals

m2m...n—=D)m.gn=q.m" 'nt=p tm.n!=|G(mp,n)|

By (1.2) the degrees of G (m,p,n) are m,2m, ...,(n—1) m, qgn. One of the conse-
quences is that | Z (G (m, p, n)) ] = g.ged(p, n). Finally, X, X,...X,is the semi-invariant
associated with the canonical system of imprimitivity;
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388 A. M. COHEN

(iii) G (m, m,n) and G (p~* m, 1, n) are reflection subgroups of G (m, p, n);

(iv) G 4,4,2) is conjugate to G(2,1,2). These two groups form the only pair of
conjugates in the set of all irreducible G (m, p, n), as can be seen with the help of the
invariant polynomials of (ii);

(v) if p = 1 or m, it is possible to choose n generating reflections for G (m, p, n): take
the reflections of order 2 with roots &, —¢&,, &,—€3, ..., &, 1 —&, and

the reflection of order 2 with root (¢, —exp(2nim™!)s,) if p=m,
a reflection of order m with root ¢, if p=1.

If p # 1, m take n generating reflections for G (m, m, n) and an additional reflection
of order p~* m with root €, to obtain n+1 generating reflections for G (m, p, n);

(vi) put G = G (m, p, n) and, as always, g = p~ ' m. Let P be as in (1.8). Suppose
n = 2; P consists of ged (2, m) (ged (2, )~ G-orbits of length m.ged (2, q).(gcd (2, m)) ™!
and, if p # m, of one more G-orbit, in fact { Ug,, Ueg, } of length 2. If n > 2, then G
admits one orbit in P of length 1/2 mn (n—1); if, moreover, p = m, this is the single orbit
in P; if p #% m, P contains one more orbit, of length »;

(vii) if g is even or m is odd, then the fo of G (m,p,2) are X7—X% and, unless
p=myX; X,. If gisodd and m = 2k, then the f, of G (m, p, 2) are Xt — X%, X* +XE&
and, unless p = m, X; X,. Finally, if n > 2, then the f, of G (m, p, n) are [] (X['—X7)

t<j

and, unless p = m, X; X,...X,.

(2.6) LEMMA. — Let G be an irreducible reflection group in V. If G has a reflection
subgroup which is primitive in dimension r > 1 and not conjugate to W (A,), then G itself
is primitive.

Proof. — Let H be a reflection subgroup of G as described in the assumptions, and
denote by W the orthogonal complement of V. We may assume that r < n.

Suppose that G is imprimitive with system of imprimitivity L,,L,, ..., L,. Since
dim W = r, we have that H is primitive, and therefore irreducible, in W. If L, c W
for some i € n, then HL; spans W, so the L; with L; € W form a system of imprimitivity
for H in W, unless W = L;; but W = L; would imply that r = 1 [because of (2.2) (i)],
which is assumed to be false. Thus

) L; €W for all jen.

Let s € H be a reflection withrootae V. Notethatae W. IfsL; = L;foreveryien,
then a € L; for some jen, and L; = W, which is impossible because of (1); so sL; = L,
(up to a permutation of indices), and s is of order 2 [see (2.2) (ii))]- If a’eV is a root
of another reflection s’ of H such thats’ L, = L,, then [by (2.2) (ii)]Ca+Ca’ = L, +L,;
since a, a’ € W, this yields L;, L, € W, contradicting (1).

We conclude that there are no reflections s € H such that s L; = L, for any ien, and
that for i, jen (i #j) there is at most one reflection se H with s L; = L;. By now,
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it is obvious from (2.2) (iii) that there exists ¢ € n such that H is conjugate to G (1, 1, ).
Because H is r-dimensional, we have that + = »+1, and that H is conjugate to W (A,).

(2.7) LemMA. — Suppose G = G (m, p, n) is irreducible (p l mand n = 2). Then G
has a unique system of imprimitivity that (m,p,n) ¢ {(2,1,2),(4,4,2),(3,3,3), (2,2, 9 }.

Proof. — The L; = Cg; (ien) constitute a system of imprimitivity for G (m, p, n).
Let P be as in (1.8). First of all, we will pay attention to the case that an orbit of P gives
rise to another system of imprimitivity. By (2.5) (vi), we then have either

1 n=2=mged(2, q).(gcd(2, m))~?!,
or
2 n>2 and mn(n—1)=2n.

If (1) occurs, we have (m,p,n)e{(2,1,2),(4,4,2)}; (2) leads to a contradiction
with m > 1 [¢f. (2.4)]. The conclusion is that none of the groups G in question has a
system of imprimitivity afforded by roots different from the canonical system.

Let us assume that V,,V,, ...,V, is a system of imprimitivity different from
L,,L,,...,L, and not corresponding to an orbit of P. Let /,,/,,...,1, be defined
with respect to V,,V,, ..., V, as in the proof of (2.2) (i), and put f=1,,15, ..., 1,
Suppose that f is a semi-invariant but not an invariant. It follows, by an argument
similar to the one on the proof of (1.8) (iii), that f is the product of an invariant and
some fo (O orbit in P). Since deg (f) = n, the irreducibility of G implies that there is
an orbit O in P of length # such that f = f,; this is contradictory to our assumption.
Therefore fis an invariant homogeneous polynomial. Because f¢ C.X, X,...X,, there
must be an a e C such that f—a X, X,...X, is a nonzero homogeneous G-invariant
polynomial in X7, X%, ..., X" [¢f. (2.5) (ii)]. Hence m divides n.

Put

L =0y X+, X+ ... 40, X,, r;=# {ien|o=m;} forjen,

and ro = # {ien|o; #0}. Letje{0,1,2,...,n}. Since the stabilizerin IT, of C/,
is of order < r; ! (n—r; !, and since the II,-orbit of C/; has at most » elements, we
have

3) ngn!.(rj!)'l.((n—rj)!)*‘=<:“>.

7

This implies that r; = 1, n—1, nfor any je {0,1, ...,n }.

Note that r, # 1. Suppose r, = n—1. Using a combinatorial argument, we get that
the stabilizer of C/, in G (m, p, n) is of order < mq (n—1) !, whence
nzm" tg.nl.(mqgq.n—DY) ' =m""2.n;

so n £ 2, and /, e CX,, contrary to the assumption that V,,V,, ..., V, is different
from L,,L,,...,L,. We conclude that r, = n. The order of the C/,-stabilizer in
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G (m, p, n) is smaller than or equal to m.n!, so n 2 m" 1.q.nl.(m.n )" = m* 2.4
Together with m | n, this implies that (m, p, n) € { (2, 1, 2), (2,2, 4), (3, 3, 3) }.

(2.8) Remark. — To G (2, 1, 2) correspond, apart from the canonical one, two systems
of imprimitivity, namely C(g,+¢;), C(g;—¢,) with semi-invariant X?—X2, and
C (e, +is,), C(e;—isg,) with invariant X?+X2 [compare (1.11) (iii))]. To G (3, 3, 3)
corresponds C (g;+&,+¢;3), C(g;+we,+0%e;), C(g;+0?e,+me;) with invariant
X34+ X3+X3-3X, X, X,.

To G (2, 2,4) correspond C (g, +€,+85+¢,), C(e;+e,—83—8,), C(g;—¢&,+€3—8,),
C (e, —&,—&5+¢&,) with invariant

XX+ X5+ X 22X X4+ XX+ XIX 2+ X223+ X2 X2+ X2 XD+ 8 X X, X5 X,

and the system that can be obtained from the preceding one by substitution of —¢, for ¢,
with invariant that can be obtained from the preceding one by substitution of —X, for X.

Moreover one can prove that these are all non-canonical systems of imprimitivity in
the respective cases.

(2.9) PROPOSITION. — Let 1 < m < n, let G be a primitive reflection group in V, and
let H be an imprimitive irreducible m-dimensional (i. e. imprimitive irreducible in dimension m
as defined in (1.1)) reflection subgroup of G. Suppose, moreover, that H has a unique system
of imprimitivity L, L,, ..., L, in (V®)t. Then G contains a reflection s, such that { H, sy >
is a primitive (m+1)-dimensional reflection subgroup of G.

Proof. — Put W = (V¥)*. Now dim W = m; the proof goes by induction with respect
to n—m.

Suppose m = n—1. Put L, = V. Note that L, L,, ..., L, form a system of impri-
mitivity for H in V. The required result is a direct consequence of the observation that
this is the only system of imprimitivity for H in V consisting of 1-dimensional linear
subspaces. In order to prove this observation, let V, V,, ..., V, be another such system.
Reasoning as in the proof of (2.6), we obtain that either H is conjugate to G (1, 1, n) or
there is a jen with V; @ W. As G (1, 1, n) is primitive in dimension n—1, we must
have that V; =« W for all but one i € n; the uniqueness of L,, L,, ..., L, readily follows.

Suppose m < n—1. Assume that there is no s, as required. Let s be a reflection
in G with unitary root a such that a¢ W u W*. Note that { H, s > is (m +1)-dimensional.
Now { H, s ) is irreducible and imprimitive in W+s W. Furthermore, { H,s > has a
unique system of imprimitivity in W+s W, namely L,, Ly, ..., Ly, Lyyr = Wrn s W.
Choose unitary vectors a;€L; (e m+1), and permute the indices to obtain sa; = g,
(iem—1) and sa, = a,,.. Clearly, s is of order 2. Application of the induction
hypothesis to { H, s ) provides a reflection s € G with unitary root, say, b € V such that
{H,s,s ) is primitive in W = W+sW+s" W+ s W.

Let a,., be a unitary vector in W' n (W+sW)*. There is an iem+1 with
s'a; ¢ W+s W; because the L; (je m+1) form a single { H, s )>-orbit, there are ge {( H, s>
and o€ U with ga; = aa,,,. Replacing s’ by gs’g~!, we see that the assumption
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s" a,, ¢ W45 W does not harm the generality. Because ( H, s’ > is imprimitive in dimen-
sion m+1, we may assume that there are A, pe C with b = 272 (g, — Mg, ;— 1 a, 4 2).
The imprimitivity of { H, ss" s > in dimension m+1 implies that

1—|A|? = | (ss" sa, | aw) [€ {0, 1}

Therefore |A| =0, 1, and & = 27'2 (a,—A a,,, ) or 27? (a,—} G, ,), contradicting
the primitivity of { H, s, s’ > in dimension m+2.

(2.10) Remark. — The knowledge of the orders of regular elements is useful for the
determination of conjugacy classes and character tables of the reflection groups. Since
much of this is contained in [1], we will not pursue this matter here beyond the presen-
tation of the regular degrees.

(2.11) PrROPOSITION. — The regular degrees of G (m, p,n) with p | mm>1,n>2
are
(n—Dm, n if p=m and njfm,
(n—1Dm if p=m and nlm,
mn/p if p#Em.

(2.12) LemMA. — Let G < G, (R) be a finite irreducible group, and let t e G I, (C)
be such that t Gt ™' = G. Then there are 1€ C and ue Gl, (R) such that t = n.u.

Proof. — Let { € C be an eigenvalue of ¢ ~! f corresponding to the eigenvector w € C".
LetneCbesuchthatnw'? =¢§ Putu=mn"'¢ Thenuw = uw, so
W= {xeC|ux =ux}

is a nonzero G-invariant subspace of C". Therefore W = C", whence u = u.

We will look for all finite subgroups H in U, (C) that H normalizes a reflection group G
in case n = 3 (the case n = 2 can easily be handled without use of the specific properties
of reflection groups). In view of the previous lemma, the results for a real reflection
group G are to be found in [3] (p. 232, ex. 16).

(2.13) Puty, = W, for the set of all roots of unity in C.
=1

PROPOSITION. — Suppose n 2 2 and let G (m, p, n) be irreducible. Let H < U, (C) be
a finite group such that G (m,p,n)< H. If

(m’pa n) ¢ { (21 1, 2)’ (3a 35 3)3 (2a 2, 4) } then H < Koo .G (m, 1, n).

If
(m,p,n) = (3,3,3) then H < p,.W(M,);

if
(m,p,n) =(2,2,4) then H <y, . W (F,).
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Proof. — Let ¢ be a unitary transformation of C" normalizing G (m, p, n). Note that ¢
transforms one system of imprimitivity of G (m, p, n) into another.

Suppose ¢ leaves invariant the canonical system of imprimitivity (C&;);<;cs Of
G (m, p,n). One easily sees that 7 has a diagonal matrix after replacement of ¢ by a suitable
element of 1 G (l,1,n). Let neU be such that n"*t¢;, = ¢, and let j > 1. As
N~ 1(e,—&) = &, —n"! tg;is aroot of G (m, p, n), it follows that n~* t¢; € Q (e*"/™) g;.
Hence all coefficients of n~! ¢ are in Q (¢**/™), and "1 te G (m, 1, n).

This settles the proposition in the case where G (m, p, n) has only one system of impri-
mitivity [¢f. (2.7)], including the case (m, p, n) = (4, 4, 2).

Thanks to (2.8), one immediately finds all possible cosets ., G (m, 1, n) in the remain-
ing cases [recall that G (2, 1, 2) is conjugate to G (4, 4, 2)].

3. The two-dimensional case
V = C? with standard unitary inner product.
In this chapter we shall identify p,, and p,,.I, for me N.

(3.1) We present a description of all finite subgroups in G/, (C) (¢f. [10], [13]).

Let H, K be finite subgroups of S/, (C) such that K < H and H/K is a cyclic group
of order w and assume an isomorphism ¢ : p,4/ptg — H/K is given.

Some definitions: Z I, (C) = Z (G I, (C)) is the center of G I, (C),
V:ZL(IC)xSL({C)—> G (O
is the usual product map,
Hoa X o H = {(m, S)EPax H I o (mpy) = SK}

and
(uwd I Has H I K)q) = \ll(”'wdxq)H)'

The latter group is a finite subgroup of G/, (C). Every finite subgroup G of G/, (C)
can be gotten in this way: put

Hoa = G.SLCONZL(C), wW=GnZl(0),
H=SL(C)nG.ZI,(C), K=SL(OnG,

and let ¢ : p,/ps — H/K be the composition of the natural isomorphisms:
Woa/la = (Z1L,(CO)NG.SL(C)HG/G=(G.Z1,(C)nSL(C)G/G—- H/K.

Conjugation of G does not alter pu,,; and p,;, and changes H and K into conjugates by
the same element.
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For each conjugacy class of finite subgroups of S/, (C) we fix a representing element
(¢f. loc. cit.):

the cyclic group of order m:

[/ 2mim~1
e 0
C'm - <\< 0 e-—21n'm‘1 >> ’

the binary dihedral group of order 4 m:

the binary tetrahedral group of order 24:

T=<\/ii<2 Zj),D2>,

the binary octahedral group of order 48:

o-((5 2))

the binary icosahedral group of order 120:

1 (n*=n n*-n*\ 1 (n’-n* n*-1
I=(—{ > 3 4 | —= 3 s
VAL B B NVAW/ N Sk B R
Where e = exp(mid™ "), n=exp(@mi5™Y).
The choice of the representing elements is such that each group is in SU, (C) and such
that G,, < D,,<D,, and D, T < O. Apart from G, < C,,, these are the only
normal inclusions with cyclic quotient. Thanks to this observation, it is readily checked

that if H is not cyclic, the conjugacy class of G = (4 | Hs; H| K), is independent of the
choice of ¢. In that case we shall drop the index ¢ and write (4| ps; H|K) for G.

Note that G is irreducible if and only if H is non-cyclic. By now it is not hard to
prove the following well-known

THEOREM. — Any irreducible finite subgroup of G, (C) is conjugate to one of the
Jollowing subgroups of U, (C):

(Mag | M2g3 D | Cowd)s  Howm- T,
(Mag | H20: Dam | Dp)  (Mom | Mom T | Do),
(29 | Mo D | Dp) = M2y D> Hom- O
(Hag | B3 D | Gu) for (m,2) =1 (M4 | W23 O | T) my,I.,

where m, q € N.
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(3.2) Let H, K be subgroups of U, (C) occurring in the list of (3.1) such that K I H;
suppose that H is non-cyclic. The following statements concerning G = (4 [ pa; H | K)
are easily verified:

() G is imprimitive if and only if H = D,, for some m e N;

) ZG)=GnZI,(C) =y, and G/Z(G) = H/Z(H) = H/y,;

(iii) let m = pq > 1; then

(Mag | M2g3 Dz | Gw)  if p even, g 0dd,

(M2 | Mg D | Dmpz)  if podd, q even,

Hzg-Dp if p,q even,
\ (Mg | B3 D | G)  if modd.

(3.3) Let G = (ya| 1a; H| K) be as in (3.2). Suppose moreover that G is an irre-
ducible reflection group with degrees dy, d,. Denote by II the projective group G/Z (G)
operating on the projective complex line, and by n,, n,, #; the orders of three non-conjugate
non-trivial isotropy subgroups of IT (¢f. [13]). We state without proof:

G (m, p, 2) is conjugate to

PROPOSITION :
(i) 2.d.d™ ! dy) d'dy) = | H| and d = | Z(G)| = ged (dy, d,);

(i) u,;.G is a reflection group if | = 1/21cm (2, wd);

(iii) poq-H is a reflection group if and only if wd | dy d,; in this situation, the degrees
of Wog-Hared.lem (w,d™*d) (i =1,2);

(iv) the order of any reflection in G is a divisor of some n; (i = 1, 2, 3);

) wd |2 lem (ny, ny, n3).

(3.4) A case-by-case argument, involving either invariants or generating reflections,
yields the following theorem (cf. [17]).

THEOREM. — Up to conmjugacy the primitive 2-dimensional reflection groups are
u6m'T }
m=1,2,
(b6 | Hom; T | D2)
u4m'0 }
m=1,23,6,
(Ham | Waoms O | T)
Hom I m=2,3,5,6, 10, 15, 30.

(3.5) The primitive 2-dimensional reflection groups are listed in (3.6) together with
some properties. In order to obtain the column of regular degrees, make the following
observations [¢f. (1.10)]:

() if G is an irreducible reflection group, and g € G is regular, then the same holds for
any element in g. Z (G); moreover, the order of g is a divisor of one of the degrees of G;

(i) if G is a 2-dimensional reflection group and s is a reflection in G, then s is regular
if and only if any reflection (# 1) in G commuting with s has the same set of roots as s.
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(3.6) In the following table we have listed the primitive 2-dimensional reflection groups
together with some properties. In the first column is written the number Shephard and
Todd gave to the corresponding reflection group in [17] (p. 301). Later on the group
(16 | n2; T | D) will also be denoted by W (L,) [compare (4.4) (iv)].

TABLE
Number
of reflections
of order

Shephard-Todd Order Regular -
number Group Degrees Order of center degrees 2 3 4 5
R (ns | p2; T 1Dy) 4,6 24 2 4,6 - 8 - -
S us. T 6,12 72 6 12 - 16 - -
[ (12 ‘ He; T | D)) 4,12 48 4 12 6 8 - -
T w2 T 12,12 144 12 12 6 16 - -
- FUU (s [ 1a; O|T) 8,12 96 4 8,12 6 - 12 -
L ps. O 8,24 192 8 24 18 - 12 -
10.............. (24 | Bi2; O T) 12,24 288 12 24 6 16 12 -
... H24.0 24,24 576 24 24 18 16 12 -
12, ... Ma | p2; 0| T) 6,8 48 2 6,8 12 - - -
13,000t te. O 8,12 96 4 12 18 - - -
14.. . ..., (12 | He; O|T) 6,24 144 6 24 12 16 - -
15 .. Hi2.O 12,24 288 12 12 18 16 - -
16, et Hio. I 20,30 600 10 20,30 - - -~ 48
17. ..ot M2o. I 20,60 1200 20 60 30 - - 48
8. . Mzo. I 30,60 1800 30 60 - 40 -~ 48
19, Meo- I 60,60 3600 60 60 30 40 - 48
20, . e e . I 12,30 360 6 12,30 - 40 - -
21 Miz2. I 12,60 720 12 60 30 40 - -
22, s pe . I 12,20 240 4 12,20 30 - - -

4. Root graphs and root systems

If n = m, we think of C™ as the subspace of C® spanned by the first m standard basis
vectors €, €,, ..., &, Moreover, C* is endowed with the standard unitary inner
product ( | ). If G is a reflection group in a complex vector space V of dimension n, we
can assume, after choosing coordinates in V, that G € G, (C), and, thanks to (1.6),
even that G < U, (C). Since roots of G are vectors in C* = C**1, there is a natural way
to view G as a subgroup of U,,, (C). If G is r-dimensional, then r is the smallest
number such that a conjugate of G is contained in U, (C).

(4.1) DEFINITIONS. — A vector graph is a pair (B, w) where B is a nonempty finite subset
of C* such that for all @, 5e B we have | (a|b)| = 1< a = b, and w is a map from B
to N\{ 1 } In this situation B is called the set of points, vectors, or vertices of the
vector graph and w (a), for a € B, the order of a [with respect to (B, w)].
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Two vector graphs (B, w) and (B’, ') are called isomorphic if there is a bijection
o : B— B’ such that for all a, b B:

w(@=w'(ca) and (a|b)=(ca|ch);

or equivalently, if there is a unitary transformation ¢t of C* such that ¢+ B = B’ and
w (@) = w’ (ta) for any aeB.

We shall identify a vector graph (B, w) with a “directed valued graph”’ in the following
way. The points of the graph are the elements of B. For any set {a,b} = B with
(a ] b) # 0,1 we fix a direction, i. e. we prescribe which point is starting point and which
one is end point. Now the directed edges of the graph are the (g, b) € Bx B with
(a I b) # 0, 1 such that a is starting point according to the direction of {a,b}. Finally,
to any point a € B we assign the value w (a), and to any directed edge (4, b)) e Bx B we
assign the value (a | b).

Note that the set of directed edges of a vector graph is not uniquely determined.

To provide an example, let a = ¢, and
b=+ /3712 (e e + (44 /262 s,y).

Put B={4,b},w(a = 2, and w () = 3.
We represent the vector graph (B, w) by

-3 wi/u

@ (3+/3) 2" “/
a

>3

or, if we are only interested in the isomorphism class of the vector graph, by

-1 wi/y
@ (3+/§) e > @

The vector graph may also be represented by

-wi /L4

-1
OB/ 2T o

with edge (b, a).
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We shall often use the following conventions when drawing a vector graph (B, w).
Let a, beB:

(1) if w (@) = 2, the number 2 in the vertex a is omitted;

) if (a | b) € R*, the arrow indicating the direction of the edge connecting g and b is
left out;

(3) if (a|b) =—1/2 and w(a) = w (b) = 2, the value —1/2 associated with the edge
connecting ¢ and b is omitted.

Let I' = (B,w) be a vector graph. Put E= {{a,b}|a,beB,|(a|b)]| #0,1}.
Now (B, E) is a graph. All usual definitions concerning graphs (like cycle and connected-
ness) applied to I'" are with respect to (B, E). A cycle of a vector graph consisting of
3 points will often be called a triangle.

If v € C™, we denote by v the complex conjugate of v. Let B = {b | beB }, and let

w:B—N\{1} be defined by i (b) = w(b) (beB). We shall say that (B, w) is the
complex conjugate of T.

(4.2) DerNiTIONS. — Let I' = (B, w) be a vector graph. We denote by dim ()
(or dimension of T') the dimension of the vector space spanned by B, and by W (I') the
group generated by all reflections s, ,, With @€ B. Thus, if I is isomorphic to I”,
then W (I') is conjugate to W (I™).

I" is called a root graph if:

(1) dim () = | B| (in other words, the elements of B are linearly independent);
(2) W (I) is a finite group (and therefore a reflection group).

Note that if a is a point of a root graph T, then a is a unitary root of W (I).

Let T = (B, w) be a root graph. We say that T is irreducible if W (I') is irreducible
in dimension dim (I'), or equivalently, if I is connected. I is called real (complex,
primitive) if W (I') is real (complex, primitive).

Let I = (B’, w’) be another root graph. If B < B’ and w’ |B = w, we say that T is
an extension of I', or that I" is a sub-root-graph of I". If W (I) is conjugate to W (I'),
we say that I' is equivalent to I”. Furthermore, I' is said to be congruent to I"" if there
is e GI(C®) such that w’ (ta) = w (a) for any ae B and the elements of B are eigen
vectors of .

If the roots v, v’ span a root graph I" and are of order 2, then there exists m € N such
that W (T') is conjugate to G (m, m,2); so | (v|v")| = cos (n k/m) for some k prime
to m.

Let I' = (B, w) be a root graph. Put
M = {meN | there exist a, beB with w(a) = w(b) = 2 and |(a | b)| =cos(xm™")}.

We define d(I') by
_{ max(M) if M#0,
aI = | O otherwise.
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Let G be a reflection group. Put
N = {order (ss) ] s, s are reflections of G of order 2}.

Now d(G) is defined by

_j max(N) if N#0@,
4(G) = { 0 otherwise.

(4.3) Remarks:

(i) The complex conjugate of a root graph is, again, a root graph;

(ii) the definition of a real (complex, primitive, irreducible) root graph depends only
on the isomorphism class of the root graph;

(iii) there exist root graphs I" with d (I') < d (W (I')). This will be clear from (4.4) (v);

(iv) if I is a root graph, then W(I') is a reflection group generated by dim (I") reflections.
On the other hand, every reflection group G in C” that is generated by r reflections can
be obtained as follows. Fix a unitary root for each of the n generating reflections in G.
Let B be the set of these unitary roots and let w : B — N\({ 1 } be given by w (@) = og (a)
(a € B) [notation of (1.6)]. Then I' = (B, w) is a root graph with W (I') = G;

(v) if two root graphs are congruent, they are equivalent;

(vi) we will frequently use the following observation. If I' = (B, w) is a root graph
and a, b€ B, then T is equivalent to the root graph

I"=(B,w), where B ={s5,,4,b0}UB\{b}
and w' : B—>N\{1} is given by

w,(x)={ w(x) if x e B\{b},

w(b) if x=8; pb;

(vii) if (B, w) is a vector graph with B = { e, e;, ..., ¢, }, then det ((e; [ e;)) is a real
number = 0.

Equality holds if and only if e,, e,, ..., e, are linearly dependent. If this is the case,
(B, w) cannot be a root graph.

(4.4) Examples:

(i) A slight adaptation of the usual Coxeter graphs (¢f. [3]) provides root graphs in
the sense of (4.2), namely: Replace any number m assigned to an edge by —cos (m m™1).
By a Coxeter graph we mean here a root graph obtained in this way.
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The classification of Coxeter graphs (loc. cit.) gives us the following result. The only

irreducible root graphs T = (B, w) with w (B) = {2} and without cycles are the Coxeter
graphs:

(}—cos(ﬂ/k){) L O
O—0 ctveee e O——OC (n points, n = 1) An
1
-9"2 , -
0220 ... O——0 (mpoints, n>2) B = B!
, > .
vireen. O—o0 (0 points, n =3) D_ = D_(2)
o —cos(w/5)1vﬁ o H,
-9732
O—0—2t—0—0 F,
Fcos(n/s) O o e H,
O O i O -O Eg
o—o0- ir O——O0—0 E,
O O i O O—O——0O s

It is well known that if I is one of these root graphs, then d (I') = d (W (I)); furthermore,
di,k) =%k, dA)=dD,)=dE)=3, dB,)=d{F,)=4, dH,)=5. As a
consequence of our definitions, we have that I' is a real root graph if and only if I" is
equivalent to a Coxeter graph;

(i) let ' = (B, w) be a root graph. If w(B) = {2 } and T has no cycles, then I is

a real root graph, as we saw in (i). But 3 s a real root graph too [equivalent
grap grap q

to O——O—— , as can be deduced with the process of (4.3) (vi)];

01

(iii) the example in (4.1) is a root graph: the reflections s, = <_1 0) and
Sp3 = 1/2 0* (i~ 1)(_1,1 11) satisfy (sy,35,)° = —il, and generate a finite group; in

fact, the corresponding reflection group is conjugate to (i, | ue; T | D;) [¢f. (3.6)].
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The root graph is congruent to

-1
-Wz/uaor(3+/§) 2 3 »

e

and equivalent to

(3-/3)"2

e O Q@ b

for some ce Us, 5,3 a.

The latter statement follows from < 5,3, 5, 85,3 5, 553 g > = { S Sp,3 3

(iv) put @ = g5 and b = i 3712 (¢, +¢,+¢;), and let L, be the vector graph

a 2@ »

Then L, is a 2-dimensional complex primitive root graph with reflection group W (L,)
conjugate to (g | p; T | D,); furthermore d (L,) = d (W (L,)) = 0 [¢f. 3.6)];
(v) let m,n > 1. By B} or I (m, 1, n) we denote the vector graph

-2
@ O O (n points)

and by D, (m) or T (m, m, n) the vector graph

e‘"i/mcos('ﬂm_l) >O—O (n points, n =2 3)

so B2 = B, and D, (2) = D,, in accordance with (i).
It can be deduced with the help of (2.5) (v) that T (m, p, n) is a root graph, with
W (T (m, p, n)) conjugate to G (m, p,n) (p = 1, m). Furthermore

d(I'(m, m, n)) = max (3, m),
and
4 if m=2,
d(T'(m, 1, n)) —{ 3 otherwise,
while
max (3, m) if p~'m is odd,
max(4, m) if p 'm is even.

d(G(m, p, n)) ={

Finally, I (m, m, n) is equivalent to its complex conjugate.
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(4.5) All usual definitions concerning root graphs (like complex) applied to a cycle C
of a root graph (B, w) are meant to hold for the sub-root-graph of (B, w) spanned by C
[i. e. for (C, w|0)].

LemMA. — Let T = (B, w) be a root graph:

(@ let C={ey e ...,e,} beacycle of T; put e,,1 =e. If[] (e;| eir1) e C\R,
i=1
then C spans a complex root graph;
(i) if w(B) = {2} and T is complex, then T contains a cycle { ey, e,, ..., e, } such

that [] (e;| €i+1) € C\R (where e, = e,); hence dim (') 2 3;
i=1

(iii) let T be irreducible and let G be an irreducible n-dimensional reflection group with
W () < G; then T can be extended to a root graph I’ such that W (I'') is an irreducible
n-dimensional reflection subgroup of G;

(iv) suppose T is irreducible and complex, w(B) =2, d() =dW (), and
n = dim (') = 3; then there is a 3-dimensional irreducible complex root graph Ty with
WT) = W) and d(Ty) = d(W D).

Proof:

(i) One easily sees that a cycle C as in (i) is not embeddable in a real vector space.
This proves (i);

(i) if w (B) = {2 } and I does not contain any cycle as described in (ii), then (a | b)eR
for any a, b € B, up to congruency of I'. It is immediate that we have W (I') € G / (R®),
up to conjugacy of W (I');

(iii) let W be the subspace of C” spanned by the roots of I.  If W is a proper subspace
of C" such that x e W u W* for any root x of G, then G is reducible; so there is a
unitary root ¢ W u W*. Let I'; be the root graph spanned by I' and v. Now
dim (I';) = dim (I)+1. Continue with I'; instead of I', and so on, until the newly
obtained root graph is n-dimensional.

(iv) if n = 3, we have nothing to prove. We use induction on n. Suppose n > 3.
Because of induction it suffices to construct a complex irreducible root graph I'; of dimen-
sion <n with W{IT)<W({) and d{@y) =d). Let a, beB be such that
|(a]b)| = cos(md(T)~"). Let C be a complex cycle of I' with a minimal number of
points. Let {es,e,, ...,e,} form the set of points of C, numbered such that
(e, | e;+1) #0 for any iem (e,., = e;). Note that C does not have any subcycles
(so (e;|e) =0 if both |i—j| > 1 and {4, j} # {1,m}) and that C is as described
in (ii). Without loss of generality we may (and shall) assume that e, is end point of a
minimal path connecting { a, b } and C, and that a is the starting point of this minimal
path; thus { @, b } N C # @ implies thate, = a. Ifm 2 4,then {s,, e, } UB\{ e, €5}
spans a root graph I'; as wanted. Therefore we may assume thatm = 3. If {a,b } = C,
we are through. We are left with the case that { a, b } n C consists of at most one point.
If {a,b} n C =0, let c be the (unique) point with (¢ | ¢;) # O in the minimal path given
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above, otherwise put ¢ =15 (then (a|c)=(a|b) #0). If both (c|e,) #0and
(c| es) # 0, then there is an ie3 such that the triangle spanned by {c¢}u C\{e¢ }
is complex; now { ¢} U B\ {e, } spans a root graph I, as wanted.

Thus we may assume (e; | ¢) = 0. Replacing e, by s, e,, if necessary, we obtain
(e2|¢) #0. If the triangle { e, e, ¢} is complex, we can take for I'; the root
graph spanned by B\ { e; }. If the triangle is real, then the root graph spanned by

{s.,e1 } UB\{ey,e; } yields the reduction to dimension < n.

(4.6) THEOREM. — Suppose G is an n-dimensional complex irreducible reflection group,
all reflections having order 2 and n = 3. Then there is a 3-dimensional complex
irreducible root graph T with d (') = d(G) and W (I') = G.

Proof. — We proceed by induction on n. The order of a point in any vector graph
that will be considered here is 2.

Let n =3. Put A =cos(nd(G)™!). If follows from the definition of d(G) that
there are unitary roots e;, ¢, of G with (e, | e;) = L. We add a unitary root e; in order
to obtain an irreducible root graph I', spanned by {e, e 05} [of 4.5 (ii)]. If T,
is complex we can take " = I',.

Consider the case that Iy is real. After replacing G by a suitable conjugate, we may
assume that I'y is a Coxeter graph; in fact, I'y is

A~ .
O o—=2 (cf. (4.4)(i))

If for every unitary root v of G there is an « € U such that o (v | e) € R (i € 3), then every
reflection of G has a real matrix with respect to ey, e,, e3, contradictory to G being complex;
so there is a unitary root v of G with the following property:

€5 for any we U there is an ie3 with a(v | e;)e C\R.

Take such a unitary root v with the additional property that (v |e,;)e R*. If v, e, e,
are linearly dependent, then either v, e,, 5., e, or s,, v, e;, e, are linearly independent.
After replacing e, by s,, e, or v by 5., v in the respective cases if necessary, we still have
that (v | e,) € R*, and that (1) holds, but also that v, e,, e, are linearly independent. Put

B, ={ey, e;, v}, B, ={ey, s., €3, v}, By = {s,,e5, €3, v},
B,={ey e5,v} and Bs={ey €5, 5,0}
Let T'; be the vector graph spanned by B,. Suppose none of these five vector graphs I'; is
a complex irreducible root graph with d (T';) = d (G).
Now I, is an irreducible root graph, so I'; is real; but (e | e;), (v|ey) € R*, so

. (v]e;)eR by (4.5) (i). This implies that (v|s,, e;)€ R and (v]e;) e C\R because
of (1).
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If ey, s,, e, v were linearly independent, then I', would be a complex root graph.
Thus there are A; # 0, A, € C\ R such that

(2) v=7\.1€1+7»262+7»263.

Suppose (v | 5., e1) # 0. Reasoning with I'; as with I",, we get that v is also linearly
dependent on s,, e; and e;. From this and (2) we derive that ve C (s, e;—2 ) e3);
this however contradicts (1).

We now have (v|s,, ;) = 0; so A, (1—22%) = 0. Since A, # 0, this is equivalent
to A = 27Y2 Thus d('*) = d(G) =4.

Note that (v | e,) e R*. Now v, e,, e; are linearly independent, so I', is a complex
root graph. If | (v]e)| = 27" for some ie{2,3}, we are through. Therefore we
may assume, after replacement of v by —v if necessary, that (v|e,) = | (v]es)| = 1/2.
This means A, /241, = 1 and | A, | = 1. Reasoning with I's as with I',, we also get
| Ge,v|es)| =172, so |14k, | =1, and A e{o,®*}. But now it is clear that
there is a unitary transformation ¢ of C® such that te, = —¢;, te, = 2712 (g, —¢3),
te; = 2712 (g, —g,), and v = 27Y2 (A, g, —g;). The conclusion is that the reflection
group < S, S, Se,, 5., » is conjugate to G (6, 3, 3) [this follows from the proof of (2.4)].
By (4.4) (v), we have 4 = d(G) = d(G (6,3, 3)) = 6. This contradiction establishes
the 3-dimensional case.

Suppose n > 3. Let H be a real irreducible reflection subgroup of G with d (H) = d(G)
and maximal with respect to these properties. Then H is of dimension = 3. Up to
conjugacy, there is a Coxeter graph I'y = (Bo, wp) with By = { e, €5, ..., ¢, ..., ¢ }
such that (e, | e,) =—cos (nd(G)™Y), (e;-4 | e)=—1/2@3 £i £ r), e is end point of I,
and W (I',) = H.

Since G\\H # O, there is a unitary root v of G such that s,e G\ H. Ifeithervors, v
is linearly dependent on e, ..., ¢,_1, €41, ..., €, the induction hypothesis, applied
to the subgroup of G generated by {s,, |i # r} together with s, or s,, s, s,,, provides
a root graph as wanted. (Note that such a subgroup is complex, for otherwise the roots
of this group together with e, could be embedded in R*®, in contradiction with the
maximality of H.)

Thanks to this argument and (4.5) (iv), we are left with the case:

(3 Both v,eq, ..., €_ 1,115 - .56 and o Us €15 v ooy @rrgy €pis vrey &

span irreducible real root graphs.

After replacing v by a suitable scalar multiple, we have that (v | e)eR fori# r, and
U] l e,) ¢ R. Furthermore, (v ] e;) # 0 for some j # r, so we can change v by an element
of (s, |i# r,r—1) to make (v|e,_) # 0. This implies that (s, v|e,_) € C\R and
(8¢, v [ e)eR for i # r—1,r. Because of (4.5) (i) and (3), we must have that
(s, v|e) =0, s0 (v l e)=0ifi#r—1,r

Put u = e, +e3+...+e,_; =5,,...5, _,e_;. Observe that u is a unitary root of H

‘Ter—2

with (eq | u) =—cos (nd(G)™"). If v is a linear combination of e;, u and ¢, then the
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subgroup K of G generated by the reflections with roots v, e, u, e, is complex irreducible
in dimension 3 and satisfies d (K) = d(G), so we are done.

Suppose v is linearly independent of e,,  and e,. Since
(e, 5.0 | e)=—2(e; | e)(v | -)eR*  and  (s,5,v | w)=(v | )eC\R,
the root graph spanned by e;, u and s, _s, v fulfils the demands for T".

4.7) CoroLLARY. — G as in :(4.6). Suppose moreover that G is primitive
and n = 8—d (G) gg4. Then Ethere jis a primitive complex (8 —d (G))-dimensional root
graph T with d(I') = d(G) and W (') € G. In fact, T' can be obtained as an extension
of any 3-dimensional irreducible complex root graph T with d(T'y) = d (G) and W ([ ,)< G.

Proof. — By the theorem there exists I'y as described. By Lemma (4. 5) we can extend T,
to a complex irreducible (7 —d (G))-dimensional root graph I', with W (I';) = G. Since
G(2,2,4) is real and d(G (3, 3, 3)) = 3, we have by (4.4) (v) and Lemma (2.7) that
W (I'y) is either primitive or has a unique system of imprimitivity. By (2.6) and (2.9),
there is a unitary root v of G which extends I'; to a root graph as wanted.

(4.8) Remark. — If we replace the inequalities in the hypotheses of the preceding
corollary by n = 4 and d (G) = 5, we get, using the same arguments as before, that there
exists a primitive complex 4-dimensional root graph I' with d(I') = 5 and W (I') = G;
however, a similar root graph of dimension 3 would be more useful [compare (6.6)].

(4.9) DeFmNITIONS. — Let £ = (R, f) be a pair consisting of:

(1) a finite set R of nonzero elements of C®
(2 amapf:R—N\{1} such thatforalla, beR

Sa,f(a)R = R and f(sa’f(a) b) = f(b).

In this situation X is called a pre-root-system. If R is a subset of a linear subspace V of C*,
we say that X is a pre-root-system in V.

To X = (R, f) is associated the reflection group W (Z) defined by

W () =5, s |aeR).

[Since W (Z) fixes R* pointwise, the restriction of W () to the vector space spanned by R
is faithful, so W (Z) can be viewed as a group of permutations of R ; hence W () is finite. ]

A pre-root-system X = (R, f) is called a root system if for allae R

3 vaeR < aaeW(Q@)a.

We shall say that ¥ is isomorphic to the root system (R’, ) if there is a unitary trans-
formation ¢ of C® such that ¢t (R) = R’ and f’ (ta) = f(a) for all aeR.
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(4.10) Remarks:

(i) If I = (B, w) is a root graph, then the pair £ = (R, f) where R = W (I').B and
the map f: R — N\{ 1 } is induced by the order function oy (-, defines a pre-root-system
with W (Z) = W (I);

(ii) let G be a finite reflection group in a linear subspace V of C®. For any reflection se G,
we choose a unitary root a,e V. Let R, be the set of elements a, € V obtained in this
way, and define f; :Ro—>N\{1} by fy(@) =0g(a) (@aeRy). Now R = G.R,
furnished with the extension f: R —~N\{1} of f, given by f(ga) = f, (a) for aeR,,
g € G (note that fis well defined) yields a pre-root-system (R, f) in V;

(iii) if X, T’ are two isomorphic root systems, then W () is conjugate to W (Z').

(4.11) LemMA. — Suppose % = (R, f) is a pre-root-system. We have:

@ {s }(a) |aeR,0 < j<f(a)} is the set of all reflections in W (Z);

(ii) there is a root system ® = (8,g) with W(@®) =W @), ScRandg=f |s.
Suppose moreover that X is a root system;

(iii) if A = R is such that W (Z) = { s,, @) [ aeA), then every reflection of W (Z)
is comjugate to s,{,,,, Jor some j, meN and ac A; furthermore, R consists of W (Z)-orbits
of elements in A;

(iv) let A be a subring of C with exp (2 wi/m)e A for each me f(R), and let A be as
in (iii) but with the additional property that (a|a), (b|a)(a|a) " €A for all a, beA;
then (b|a)(a|a)™* € A for all a, be R and W (Z) is defined over the quotient field of A;

(V) if g is a regular element of W (T), then the order of g is a divisor of | R] .
Proof:

@ put T={veC”|ConR#0O}. Suppose ue C*\T is a root of W(Z) of
order m > 1. Now W (£) leaves T invariant; so by (1.8) there is a linear character
% : W (Z) — C such that, for any reflection r € W (Z), we have

(r) = det(r) if r has a root in T,
xry= 1 otherwise.

On the other hand, W (Z) is generated by the s, s, With aeR, so x = det, and
1 = y(s, ) = det(s,,,); this is absurd. Therefore C*\T does not contain any roots
of W (Z), whence T is the set of roots of W (Z).

Let s be a reflection in W (Z) with eigenvalue { # 1. We have just seen that s has a
rootaeR. PutQ = W (X).(C*q). Using (1.8) once again, we obtain a linear character
¥ : W (Z) — C* such that for any reflection r € W (X), we have

detr if r has a root in Q,
V() = { 1 otherwise.
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There exist ay, a5, ...,4,€R With s =5, ra)) sy, £ ar)- - -Say, £(ay> NOW, the order
of { =dets = ) dets,, s, is a divisor of f(a), and we are done;

acQ
(i) put U = {C*u[u is a root of W(Z)}. Let u,uy,...,u;€R be such that
{C* u, C*uy, ..., C* u,} is a set of representatives of the W (Z)-orbits in U. Define
i

S=U W@®u and g =f|;. Putting ® = (S, g), we have that W (®) = W () and
i=1
that ® is a root system;

(iii) R; = W (2).A together with f; : R; — N\ {1} defined in the obvious way gives
a pre-root-system X, with W (Z,) = W (2). If a e R, an application of (i) to X, yields
ae W (Z).A. The rest of (iii) is clear from formula (3) of (1.6);

(iv) since

(s';,f(,,)b | )= (b ] o)—(1—exp2rikf(a)")(b | a)(a | o)(a i a) leA
for all a, b, ceA and keN,

the proof comes down to a straightforward induction argument;

(v) a regular g € W (Z) permutes the elements of R and, unless g = 1, fixes no element
of R [¢f. (1.10) (i)]; so all g-orbits have the same number of elements, i. c. the order
of g.

(4.12) Examples:
() put

R (m,m,n) = iyt { /" ei—¢; |1, /,1eN,i £, 1 2 i,j=n},
and let £, ..., : R (m, m,n) > N\ {1} be the constant map 2; then

z (m, m, n) = (R (m’ m, n),fm,m,n)

is a root system with

W (Z (m,m,n)) = G (m,mn)and |R (m, m,n) | = m*.n (n—1). ged (m,2)"*.
Let g=p *meN\{1}. Put Rm,p,) =R(mmmup {g|l<k=<n} and
let £, ,.n : R (m, p,n) > N\ {1} be the extension of f,, ,, , determined by f'(g,) = ¢ for
all k; then X (m, p,n) = (R (m, p, n), fm, ,,») is @ root system with

w (Z (ms D, n)) =G (m, p, n);

(i) putR = pg {&1, 1/3R0+1) (@’ &y +8&,+83) |j=0,1,2 },andletf: R—>N\{1}
be the constant map 3; then X = (R, f) is a root system such that W () is conjugate
to (ug | 12; T | D,) [compare (4.4) (iv) and (4.10) (i)].
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(4.13) DerNITION. — Let X = (R, f) be a pre-root-system. A neat extension of T
is a root system (S, g) with the properties S 2 R, g IR =f, g(S) = f(R), and
{l@ | B)|.la|"".1b]"* | a beSng ' ()}
c{|cos(nkim)| | keZ,0<m < d(W(Z))}.
(4.14) LeMMA:

() If G is a reflection group, and T is a root system such that W (T) is conjugate to a
proper reflection subgroup of G with o (W (X)) = 0 (G) and d(W (2)) = d(G), then
G = W (') for some root system X' which is isomorphic to a neat extension of X;

(ii) no root system in C3 is a neat extension of (3, 3, 3).

Proof:
(i) is obvious;

(ii) suppose x e C*® is an element outside X (3, 3, 3) contained in a neat extension.
Changing the length of x if necessary, we may assume | x | = \/2. Then

| (x| e;—we) | = 0,1
for any pair i #j (1 £, j £ 3). An easy compqtation shows that this is impossible,

(4.15) We now present a number of vector graphs in order to construct primitive
reflection groups.

By J, (4) we denote the vector graph

e3

e1 %OL €2

where o = 1/2 (1+i,/7) (this is a root of X2—X+2=0), ¢; = &,, &; = 1/2a (5, +¢3),
e; =—1/2 (e, +&, —ag3).
By L, we denote the vector graph

- 3—%
3=3 .
Q———0——0
e €2 €3

-1/2

where e, = &5, e, = i37 1% (g, +¢&,+¢3), €3 = €,.
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By M5 we denote the vector graph

.
-2 2 13

o—*t—0

€3

ANl

€3

With el = 2—'1/2 (82'_83), ez = 83, e3 = i3_1/2 (81+82+83).
By J; (5) we denote the vector graph

€3

3 e,
5
where

e, =€, e, =—(0?cos(n/5)e;—cos (37/5)e,+1/2 we;).

ey =— (1/2 g, +cos (3 /5) €, +cos (n/5) €5).
By N, we denote the vector graph

€2

& 1(1°2) % Q

where e, = 1/2(14+i) (e2+8y), €3 = 12(1+i)(e3—8,), e3 = 1/2(—g,+igy—e;3+igy),
e4 = 81.
By L, we denote the vector graph

1 -—
3 o

73
©))
€2

=

Al

® 73

=3 ]

v e
N}

—2< 0

3 €4

where ¢; = €3, e; = i3 Y2 (g, +€,+83), €3 = &,, €, = i3 V2 (=g, +e,+8,)
By K5 we denote the vector graph

c3

O <

O O
=31 €2
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where
e, =022 (g5+g5), e =—0273(—g+(14+20) e, 465+, +85+586),
ey = 2712 (g, —¢,), e = 2712 (g, —g3), es = 2712 (g5—¢,).

Note that e; e (es—ge)* for i€5.
By K; we denote the graph

es
r'r/ N O
\/ T ( ./ ./ )
€1 € ~T3W €4 €5 6
where e;,e,,¢3,¢4,¢5 are as in (5.9) and es = —272 @0 (&, + &, + 83+ (1420 B4 + E5—E¢)-

THEOREM. — Let T' = (B, w) be any of the above vector graphs, of dimension, say, n.
Put G=W(), R=G(B), and = = (R,f) where f:R—N\{1} is determined by
w:B—>N\{1} Then: '

() T is a root graph, G is a primitive reflection group in C", and £ a root system
in C" with G = W (%),

@ii) if T # N,, then X does not admit a neat extension in C";

(iii) if T’ = Ny, then X admits exactly one neat extension in C", namely A = (S, g) where
S=G®B) UG (e +e,+es+¢8,) and g : S—N\{ 1} is the constant map 2;

(iv) T is equivalent to its complex conjugate.

The reflection group associated with the root system A in (iii) will be denoted by
EW (N,). Thus EW (N,) = W (A). Note that EW (N,) is primitive since it contains
W (N,) as a 4-dimensional primitive subgroup.

We sketch a case-by-case proof’:

(i) since the proofs in the different cases are rather similar, we shall only deal with
the case I' = K5. As

Sez sel se4 sez Sz‘ se5 se4 se; \/ 2 () € Hs (83 + 84)

there is no problem in verifying that

(1) R=Ge; = lJ'G{sj t &, &5+8s, %((_1—2(’3)(—1)’“ 8j+(—1)k28k

4
+(_1)k381+(—1)k4sm_85—86) 1:_[ (_—l)kP = 13 {]’ k’ la m} # 4}

and that
|R| = 270.
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It follows that X is a root system, that G is a reflection group and that I is a root graph.
It remains to prove that G is primitive. To this end, note that X is a neat extension of
the pre-root-system spanned by the subset

1
l»ls{ej T &, e5+Es, E((—l"zw)(—l)kl31+(-1)k282+(—1)k383
4
+(—=De,—es—gg) | [T (=D =1;j, ke{2,3,4},j+# k} of R.
r=1

As the reflection group associated to this pre-root-system is conjugate to W (A;), the
group G contains a primitive subgroup, and is therefore primitive itself;

(ii) again, we shall restrict ourselves to a single case, in fact to the case I' = J; (4).
The assertion can be stated as follows.
(2) There is no nonzero v € C*\C.R with | (v [ x)|.|v|™*.| x|* e {0,1/2,271/2 } for
every x € R.

3
To prove (2) we choose v = Y v;&; # Osuch that [v| =2 and [(v|x) [*€{0,4,8}
i=1

for any x e R. It is enough to show that the existence of v leads to a contradiction.
3
Setting x = ¢&;, we get |v;[>€{0,1,2} for each ie3. Furthermore ‘Y |v;|* =4, so

i=1
up to a permutation of the codrdinates (i. e. modulo action of G) we have either

3) |v)]?=|vs[*=2 and ,=0,
(4) |UI|2=2 and |Uzl=|v3|=1.

Setting x = a (g; + €;), a g, + €, + &; in the above condition on b, we get

®) |vs v, [2€{0, 2, 4},
(6) [v, £ v5]7€{0, 2, 4},
@) |v, £ 0v;3]7€{0, 2, 4},
®) |av, 0, +0s5]°€{0, 4, 8}.

Suppose (3) holds; then (5) implies v; = + iv,. Application of (8) 1eads to
3+ /7T=|ai+1]?€{0,2,4},
which is absurd. Suppose (4) holds; then (6) implies v; = + iv,, + v,. From (5) we
get that v, = + «v,, + a v, and from (7) that v, = + & v;, + A v;.

So vy = =+ v,, and v = v, (g, +&,+&3) or v = v, (%€, +&,+¢&;) (modulo action of G).
The first case does not occur, for otherwise v € R, up to a scalar multiple. Thus we are
left with the case

v = v, (g, +&,+&;)  where v,eU.

Now (8) yields \/ 2= |a?+2]e{0,4,8}, which is impossible. So (2) holds indeed,
proving (iii);
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(iii) first of all, note that A is a root system (this results from (1.6) (3) and
S81+82+s3+£4 S = S)

Suppose x = (x,, X5, X3, x,) € C*\U.R is an element of a neat extension of £ with
— 4

| x| =2. Then|x;|€{0,1,./2} for each ic4. Since I | x; |* = 4, we have (up to
i=1

the choice of x within its G-orbit) one of the following three possibilities

¢)) x;=%,=0 and |x3|=|x4|=\/§,
2 x|=1 (jed),
€)) _ x, =0, |x2|=|xs| =1, |x4|=!\/i.

Calculation of inner products with g; + &; yields
) |x; + x;|€{0,/2,2}  for all i%j.

If x; =0and |x;| =1 for i # j, then (4) leads to a contradiction; hence case (3)
cannot occur. Suppose we have (1). From (4) we deduce Rex;x, =0; so
xeC(g; + ig,) and a nonzero scalar multiple of x is contained in R’.

In case (2) we have Re x;x; € {+1,0}. Therefore we may assume, by adapting x
if necessary, that

xeC (81 +82'|"83+84) uC (i €y +82+83+84).
If xEC(i €4 +82+83+84)9 then

|(x | &y +e,—ies—igy)| = |3i+1|¢4.{0, é, 2‘”2},

sox € C (g, +¢&,+¢€;3+¢,) and, again, a multiple of x is contained inR’. Since RUR’ =S
consists of only one EW (N,)-orbit [for s, .., e 4c, (281) = &1—8,—83—84], there is
no other neat extension of £ which is a root system but A;

(iv) in case ' = K4, for instance, I' is equivalent to the root graph spanned by
€1, €3, €3, _se;:, €4, —€s5, —Eg.

(4.16) CoroLLARY. — The degrees, the regular degrees, and the numbers of reflections
of given order of the reflection groups discussed in (4.15), as well as corresponding
isomorphisms with classical groups, are as indicated in the following table.

g is a non-degenerate quadratic form of index [1/2(n—1)], and 4 is a hermitian
form on Fi.

As to the proof, we will only treat the case I' = K5 (in the notation of (4.15)).

Put R, = \/5 R, and put V, = (e5—&¢)t 1 C® First of all we shall determine the
degrees dy, d;, ...,ds of G in V.
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TABLE
Number
of
reflec-
Shephard- tions
Todd of order
Regular —~—r—— Associated
number Group Degrees degrees 2 3 isomorphisms
24, . ... W({J:@) 4,6,14 6,14 21 - W@:@) =2 03 ¥+, 9)
25 . W (Ls) 6,9, 12 9,12 - 24
26. ... W (M) 6,12, 18 18 9 24
7 WJs(5) 6,12,30 30 45 - W) 2 0:Fs,q
29, i W (N,) 4,8,12,20 20 40 -
K ) EW (N.) 8,12, 20, 24 20,24 60 -
2. W (La) 12, 18, 24, 30 24,30 - 80 WL/, = Uy (Fy|F2, h)
33 W (Ks) 4, 6,10, 12, 18 10,18 45 - WKs) = 05 F3, 9
M. W (Ks) 6, 12, 18, 24, 30, 42 42 126 - W Ke)/us = 06 (Fs, q)
Put

(i3 1 —i3 —i3 i3 i3]
1 i3 3 -1 11
1 iJ3 -1 3 11
3 —i3 1 1 -1 -
1 iJ3 -1 -1 1 -3
1 i3 -1 -1 =3 1

1

C=T57‘4T‘37‘27'1 ==Z_

Then ¢? has eigenvalues —o», —®, —w, —1, —1, 1; so ¢ has order 18. Let {4 be both
a primitive 18-th root of unity and an eigenvalue of ¢. Then {3 =—0. Now ],
and {}3 are conjugates of {;5 over Q(w), and eigenvalues of ¢. Furthermore, ¢ has an
eigenvalue 1 (since c fixes €5—¢&¢) and two eigenvalues of the form (3%, (3] with
s ke{1,3,5}. Now

v=(—1-40)g,+e,+e5+(l—20)e,—E5—8¢
g (—1-20)e+e,+363+38,—85—86) + (15 (28, +283+45,)
is a regular eigenvector in V, of ¢ corresponding to the eigenvalue ;5. This implies

that (d);.s. = 18+k, 18, 12+k, 18, 6+k; 18, 19-3k+k, 18, 19-3j+k5 18 where
- 5

k, = o (l€5). Since there are exactly 45 reflections in G, the equality )  d; = 50 holds;
2 )

i=

5

hence j+k = 8+9<Z k;]. But j+k =10, so k;, =0 for each /€5, and j+k =38.
=1

This implies that {j,k} = {3, 5 }; thus the degrees are as stated.
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We have just seen that 18 is a regular degree. Since | R l = 270, we have by (4.11) (v)
that 4 does not divide a regular degree. We shall now establish that 5 is the order of a
regular element. By Sylow’s theorem, W (K;) contains an element g of order 5. Since
W (Ks) € GI(Q (w)), the eigenvalues of g are all distinct 5-th roots of unity.

Suppose now that g is not regular. Then there is an eigenvector of g (corresponding
to the eigenvalue 1) which is a root of W (K;). Up to conjugacy of g, we may assume
this eigenvector to be e5+¢&4. It results from (1.5) that g is an element of the group gene-
rated by the reflections with roots in Ry n {&s+¢g6 }*, which is a group conjugate
to W (D,).

As 5 does not divide | w(D,) l, this leads to a contradiction. We conclude that there
is a regular element of order 5 and (since | Z (W (D)) | = 2) one of order 10, too.

We leave the determination of the number of reflections of order 2 and 3 to the reader
and finish by settling the associated isomorphisms.

Let 6 : Z[1/2, ®] — F; be the homomorphisms “reduction mod 3’ determined by
6(®) = 6(~1/2) = 1l,andlet o : (Z[1/2, ®])° — F§ be induced by . Put W, = ¢ (V,),
and €; = gs+¢. Define by : Wy x Wy — F; by

4 4 4
bo( 21 X; €+ X5 €5, 21 Vi&i+Yys 8'5> =Y x;y;i—%sys (%, y;i€F3).
i= i= i=1

Then

3
bo(px, oy)=o((x | y))  for x,eron(ZE,wD-

This leads to a non-degenerate quadratic form ¢, of index 2. One easily establishes
that @ (R) = {xeW,|go(x) =—1}. Denoting by ¥ the homomorphism from
Gl (Z[1/2,0]) to Gl (F3) defined in the obvious way with the help of ¢, we get
V (G) < Os (Fs, o) and ¥ (G*) < Qs (F3, go). The latter group if the known simple
one of order 25,920 (c¢f. [8]). Since ¥ (G*) # 1, we have Y (G*) = Q5 (F;, go) and
VY (G) = O (F3, o). Comparison of the orders of both G and O (Fj, go) shows that
the restriction of \ to G is the desired isomorphism.

5. The primitive case

In this chapter we shall show that for any complex primitive n-dimensional reflection
group G (n = 3) there is a root system X as discussed in (4. 15) such that W (Z) is conjugate
to G, thus completing the classification of all complex reflection groups. Prior to this
classification we shall give a useful theorem of Blichfeldt (see [9]; the idea of the proof
goes back to Frobenius, [12]).

The main goal of this chapter is the proof of (5.12). PutV = C".
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(5.1) TeeoreM (Blichfeldt). — Let G be a finite group of unitary automorphisms of V.
Letge Gandlet {1,685 ..., ¢, } be the set of distinct eigenvalues of g. Denote V; the
eigenspace of g corresponding to {;.  Suppose |arg {; (71 | < w/3 for all jem:

(D) if keG has eigenvalues my, My, ..., M, Such that there is an oeU with
|argom;| < 1/2x for all ien, then kV, =V,;

(i) if G is primitive, then g e Z (G);

(iii) if g has only 2 different eigenvalues and k is as in (i), then gk = kg.

(5.2) CoroLLARY. — Let dim V = n 2 3, and let G be a finite primitive group of unitary
transformations of V:

() if H is a primitive 2-dimensional reflection subgroup of G then H is conjugate to
W(L,) (. e to (us | B3 T I D,));

(ii) G does not contain any reflection of order = 4; if G contains a reflection of order 3,
then G contains a reflection subgroup conjugate to W (L,);

(iii) suppose H is an irreducible r-dimensional reflection subgroup of G, and 1 < r < n;
then |Z(H)| < 6; if r=n—1, then |Z(H)| < 4; if r =n—1 and | Z(H)| = 3, then
{ G, ol,) contains a reflection subgroup conjugate to W (L,);

@iv) if m, p, re N are such that p [ mm>1,r=2, and G(m,p, r) is a reflection
subroup of G, then m £ 5 and m £ 3 p; in particular, d (G) £ 5;

™) if H is a primitive r-dimensional reflection subgroup of G with r < n, then
|Z(H) | < 4

(vi) any irreducible 2-dimensional root graph T" with W (I') < G is equivalent to 1, (m)
B=m<g5), B, or L,

Proof. — By (ii) of the previous theorem, there is no element g € G having the set { 1, ¢ }
of distinct eigenvalues if { is a primitive root of unity of order = 6. This implies the
first part of (iii), the absence of reflections of order = 6, and the absence of 2-dimensional
primitive reflection subgroups not conjugate to (ug|i,; T |D2), (12| Ha; T | D)),
(Mg | 1a3 O, T), (s | M2; O | T), 1e. O, py.I [¢ft (3.6)].

Since (ug | Ha; O | T), (g | p2; O | T), and p,.O contain the element

-172 wi 1 i
2 .expz (1 —i)ET

24
[¢f. (3.1)], and since p,.I contains the element —1/\/5 (nl—:

4

113-‘1> where
n"—n

n = exp (2 i/5) [¢f. (3.1)], each of these four groups has an element with eigenvalues
—o, —®2. Another application of Theorem (6.2) shows that a group H as described
in (i) must be conjugate to (g | 1y; T | D) or (145 | Ba; T|D,). Suppose now that G
contains reflections of order = 3. Denote the orbit of a root of such a reflection by B.
If we have (x ] y) = 0 for each linearly independent pair x, y € B, then the orbit B gives
rise to a system of imprimitivity of G. Thus there are x, y € B with (x|y) # 0 and
Cx # Cy. Considering the subgroup of G generated by all reflections with root x
or y, we obtain from (2.2) that there exists a primitive 2-dimensional reflection subgroup
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in G. This subgroup must be conjugate to (g | py; T | Dy) or (g, | pa; T | D), as we
have previously seen. As a consequence, there are no roots of G of order = 4 (for
neither (ug | pp; T | Dy) nor (i, | ,; T |D,) does contain reflections of order = 4).
This proves the first part of (ii).

If G contains an (#— 1)-dimensional reflection subgroup with center of order m, then
{ G, e*™ ™1 > is a primitive group containing reflections of order m; hence m < 4.

Let H be as in (v). We may assume that » > 1. Denote by K the normal subgroup
of G generated by all reflections of G. The primitivity of G implies that K is irreducible
in dimensions n. Note that | Z(H)| < 4 if H is conjugate to W (A,). If H is not
conjugate to W (A,), apply (2.6) to an irreducible (r+ 1)-dimensional reflection subgroup
of K containing H, and use the above argument to obtain | Z (H) | < 4, and (v).

As | Z (g2 | 1e; T | D,)) | = 4, there is no reflection subgroup of G or { G, 01, )
conjugate to this one. If His as in (iii) and r = n—1, then there is a reflection of order 3
in { G, eI, ), it follows by the argument before that this group contains a subgroup
conjugate to (ig | pg; T |Dy) = W (L,). This finishes the proofs of (i), (i) and (iii).

As to the proof of (iv), remark that G (m, p, r) has reflections of order p~'.m. So
m < 3p. Use the element

2nifm

—2nifm

e eG(m, m, r)

In-2

[considered as subgroup of U, (C)] to derive from (6.2) (ii) that m < 5.

Finally, (vi) is obtained by putting (i), (iv) and (4.4) (iv), (v) together (note that G (4, 2, 2)
is not generated by 2 reflections).

We shall use the convention to write r; instead of s,,, ., throughout the rest of this
chapter.

(5.3) Let G be a complex 3-dimensional finite group generated by reflections of order 2.
Put m = d(G). By (4.6) there is a root graph I':

with @, b, ce Ry, a € U\R, ¢ = cos (n/m), m = d(I'), and W) = G.

PROPOSITION :
@) if m £ 5, then T is equivalent to D3 (m) (m = 3) or J; (m) (m = 4);
(ii) if G is primitive, then G is conjugate to W (J; (m)) (m = 4, 5);
(iii) no irreducible n-dimensional reflection group contains a reflection subgroup conjugate
toWJs8)ifn = 4.
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The proof will be given in a number of steps.
Write

p=|(riez | )|, a=|(rze; | )|, r=|(rse; | er)]
We shall frequently use that
(D P, q, 1, a, b, ce{|cos(nk/l)| ] keZ, 0<l<smPN\{l}.
Note that p, g, r can be expressed in the data a, b, ¢, a; for example,

p’= ](ez ' es+2be1)|2 =a*+4b*c*+4Reaabc
)] and
g®> =b*+4a*c*+4Reoabe.

We shall refer to any formula of this kind by (2).
Subtraction gives

3 p*—q* = (a*-b*)(1—4c?).
Again, (3) stands for all similar expressions.
A translation of det ((¢; | ¢;)) > 0 [¢f. (4.3) (vii)] in the present case is
)] 1—a*—b*—~c*—2Reaabe > 0.
Elimination of Re o abc with the help of (2) yields
) a’+p? < 1+(1-2b%(1-2c2).
As Re o > —1, it is evident from (2) that
(6) pqr # 0.

If m = 3, then T is the root graph

A
ey -3a €2

with o € { ®, ®* }; so T is equivalent to D5 (3) [this follows from

1

a=b=c=p=q=r= andReOC=—

)

N o=
N

see (1), (2), and (6):| .
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Now W (D; (3)) = G (3, 3, 3) is imprimitive. If G is primitive, then (4.14) leads to
a contradiction with the existence of G. Therefore the primitivity of G implies that
m 2= 4.

Suppose m = 4; so ¢ = cos (n/4) = 2712, Denote by I', the root graph spanned
by e, and e,. We assert:

(iv) there is a root ve W (I'y) e; of W (I') such that T is equivalent to the root graph
spanned by e,, e, v and such that | (v | e,) | = | (v] e2) | = 1/2.

Proof of (iv). — Assume that a == b = 2 does not hold (otherwise we are done).

If a = 1/2, b = 27'/2, we obtain from (3) that ¢ = r and p?>—q* = 1/4.

Together with (1) and (6), it follows that p = 272 and ¢ = r = 1/2. Thus we can
take v = r, e;.

If a = 2742, b = 1/2 symmetry in the root graph leads to a choice of v analogous to
the one in the previous case.

If @ = b = 2712, then the root graph spanned by e,, e,, r; e; is equivalent to I
[¢f. (4.3) (vi)] and congruent to the root graph dealt with in the preceding case [as can
be seen by computation of p from (3), (5) and (6)]. This finishes the proof of (iv).

Calculating the inner products for the root graph spanned by v, e, e, [with the help
of (2)]in the case a = 2, b = 27 1/2 of the previous proof, we obtain the following corollary:

W if272e{p,q,a,b}, then T is equivalent to J; (4).

We conclude from (iv) that T is equivalent to

€3

C

7

If p = 1/2 (or 27%/?), then Rea = —27/% (or —27%2), and T is equivalent to D; (4)
(or J;(4)). Hence G contains a reflection group conjugate to either G (4,4, 3) or
W (Js (4).

Suppose that G is primitive. If G contains a reflection group conjugate to G (4, 4, 3),
then { G, iI; ) is a primitive 3-dimensional finite group containing a conjugate of

1

i. €. a reflection of order 4. This contradicts (5.2) (ii). As a result, G has a reflection
subgroup conjugate to W (J5 (4)). From (4.14) (i) and (4.15) (ii), we obtain that G itself
is conjugate to W (J; (4)). By now we have established (i) and (ii) in the case m < 4.
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Suppose m = 5; 50 ¢ = cos (n/5) = (1 +\/5)/4. Note that

{|cos(nkfS)| | keZ} = {0, cos(n/5), cos(2m/5), 1} = {O, i(-l_— 1+ \/5), 1}.
We assert
(vi) a, b, p, g ¢ { cos (r/5), cos (2 /5) }.

Proof of (vi). — By an argument similar to the one at the end of the proof of (iv), it
suffices to prove that a, b ¢ { cos (r/5), cos (2 /5) } ‘

Suppose that either the group generated by r; and r; or the group generated by r,
and ry is conjugate to W({I, (5)) = G(5,5,2). We may assume that a = cos (n/5)
(after interchanging e, and e,, replacing e, by r; r, e; and changing some signs if necessary).
We have the following possibilities for b.

(@) b = cos (2n/5). Using (3), we get g>—p? = (5+\/ 5)/8; but this is impossible
because of (1).

(®) b = cos (n/5). Bow (5) gives p*> < 1—1/4 \/5 < 1/2;s0p = 1/2,cos 2 n/5). The
latter case (p = cos (2 n/5)) implies that the root graph spanned by e,, r, e,, e; is (up to
congruence) as described in the previous case, which is absurd. So p=¢qg=r = 1/2
[¢f. (3)]. Application of (3) to the triangle associated with e, e,, 7, e; leads to

|(ries | raes)|*—|(es | €x))* =—cos’(n/5) and  (rye, | re5)=0.

We find that I' is equivalent to a Coxeter graph, namely the one congruent to the root
graph spanned by r, e5, e,, ; ¢,. But this contradicts our assumption of I" being complex.

(¢) b = cos (n/4). Because ey, e,, r; e; span a Coxeter graph (up to congruence)
with | (e | €,) | = cos (n/5), it follows that r = | (e, | rye;) | = 1/2. From (3) we get
p=r=1/2 and ¢* = p*>+(b*—a® (1—4 c*) = 0; but this is in contradiction with (6).

(d) b = cos (n/3). Thanks to (3), we have p*—q? = —cos? (n/5), which is impossible
because of (1) and (6). This contradiction establishes (vi).

The conclusion is that a, b, p, g€ { 1/2,271/2 }.  We shall now finish the proof of the
proposition in case m = 3.

Suppose b = cos (n/4). The root graph associated with e,, r5 e;, e, is congruent to
a Coxeter graph; so r = | (r; e; | ;) | = 1/2. Note that (3) yields ¢* = (l+\/ 5)/8 if
a = cos (n/4); this contradicts (1). Therefore we have ¢ = 1/2, and, using (3) once more,
g = 1/2. Now T is equivalent to the root graph spanned by ey, e,, 7, e;. This root
graph on its turn is congruent to

-8 g@.sf(n/'s)

for some B e U. Thus the proof of (i) is complete in the case b = cos (n/4).
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If we have a = cos (n/4), we can reason similarly, thanks to symmetry. Therefore we
may assume that ¢ = b = 1/2 (up to the equivalence of I').

In view of (1), (2), (6), and (vi), we have but two possibilities:
p=- = Rea = —cos(n/5) and T is equivalent to D;(5),
p=2""2 = Rea=- % and T is equivalent to J; (5).

If G is primitive, we can argue as in the case where G contains a conjugate of G (4, 4, 3)
in order to obtain that G does not obtain a conjugate of G (5, 5,3). So far, we have
established (i) and (ii) in case m < 5.
~ Since m < 5 whenever G is primitive [see (5.2) (iv)], we are done with (i) and (ii).

As to (iii) of the proposition, note that | Z(W J;5(5)) | = 6 [¢f. (4.16) (i) and (1.4) (i)].
Now (iii) is a direct consequence of (2.6), and (5.2) (iii).

(5.4) LeMMA. — Let T be the real root graph

where a,b,ce R.g,0e{ ~1,1},c =cos(mm™), and m = d(T) = d (W (I)):
() if m < 4, then at least two of the 3 values (ry e, | €3), (rye5 | ey), (rse, | e;) are 0.
Suppose m = 5. Denote by Ty the sub-root-graph of I spanned by e, e,;
(ii) at least one of the 2 values (ry e, | e3), (r; ey | e3) equals O;
(iii) there is ve W (T,) e3 with (v | e;) = 0.
Proof. — We will adopt the notation of (5.3) concerning p, ¢, r. Note that (1), (2),
3), 4, (5) of (5.3) hold in this case too.

(i) from (1) and (4) of (5.3), we obtain Reax < 1. Hencea = Rea =—1. By (5.3)(2),
we have p = | a—2bc|. Similar equalities hold for ¢ and r. From this it is immediate
that a = b = ¢ = 1/2 implies p = g = r = 0. From (5.3) (1) and computation of p,
it is clear that we are left with the case a = 1/2, b = ¢ = 272 (up to a permutation
of a, b, ¢). But then p = 1/2 and g = r = 0; so we are through with (i);

(ii) suppose pq # 0. Since I' is real and irreducible, I" is equivalent to the Coxeter
graph Hj, and | (x| y)| # 27'/? for any pair x, y of unitary roots of W (I). We will
check (ii) for all possible values of @ and b up to symmetry.

(@) @ = cos (2m/5), b =1/2. Then g = | 1/2 £ 2 cos (2 n/5) cos (n/5) | =0,1 [by (2)
of (6.4)]; but this is absurd.
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(b) a =b=1/2. Now
p=|1/2 % cos(/5) | = B+/3)/4 (—1+./5)/4.

So p = (—1+\/ 5)/4 = cos (2 7/5). Replacement of e, by r, ey leads to the previous
case.

(¢) a = cos (n/5), b = 1/2 leads to the absurdity p = | cos (n/5) + cos (n/5) |.
(d) a = cos (n/5), b = cos (2 n/5) yields

q=pm@w$i2m§mﬁn=L%u+Jn

which is, again, a contradiction.
(¢) a = b=cos(2n/5). Sincep = |cos(2n/5) & 1/2|, we must have that p = cos (r/5).
After replacing e; by r, e;, we are back in the preceding case.

(f) a=>b=cos(n/5). Since p=1+1/2 \/5, 1/2, we have p = 1/2. Therefore
replacing e; by r; e; reduces the check to case (c);

(iii) from (ii) we obtain that pg = 0. If ¢ = 0, we can take v = r,e;. If p =0,
then by r, rp, ry ry e, € Ue, we have

(ryryrye; l e) =(rie; I rirariryey) =0,
and v = r, ry r, e; is a proper choice.

(5.5) PROPOSITION. — Let G be a primitive n-dimensional complex reflection group
(n = 3) generated by reflections of order 2, and let m = d(G) = 5. Thenn =3, and G
is conjugate to W (J5 (5)).

Proof. — Because of (5.2) (iv), we only need consider the case m = 5. In view
of (4.14) (i), (4.15) (ii) and (5. 3) (ii), (iii), it suffices to show that there is a complex primitive
3-dimensional reflection subgroup G, of G with d (G,) = 5.

According to (4.6), there is an irreducible 3-dimensional complex root graph I' with
dT) =5and W) = G. If T is primitive, we can take G, = W (I).

The case that I is imprimitive remains to be considered. Up to conjugacy of G, we
may assume [¢f. (2.4) and (4.4) (v)] that T is the root graph

€3

ey o cos(n/5) “e,

where o € U with Re o = cos (n/5).

By (2.9) there is a unitary root e, of G such that e, e,, €, span a primitive root graph I’
with w () = G and m(I'") = 5. If I is complex, then G, = W (I'") is as required.
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Suppose that I is real. By (5.4) (iii) there is a unitary root e, of W (I'") such that
ey, e,, €4 sSpan a root graph congruent to a Coxeter graph and equivalent to I''.  We may
assume that (e, | e,) = 0 and (e, | e,) =—1/2. Putting (e; | e,) =—7v ¢ (c€ R.q, y€ U),
we have that e,, e,, e3, e, span the vector graph A:

=YC
e3 Y > e4

e, €2

q cos(n/5)

(Note that we have drawn a connection between e; and ey, f‘although the possibility yc = 0
is not yet excluded.)

Now W (A) is a reflection subgroup of G. If e, e,, 5, e, are linearly dependent,
then G, = W (A) is as required. We are left with the case where
(1) A is a root graph.

Because det ((¢; | ¢))) > 0 [see (4.3) (vi)], we have the inequality

¥)) 5/16—cz+(c2—%) cos? (n/5)—%cRe y+% c.cos (n/5).Re oy > 0.

Consequently

(3 yve¢{0,—-1/2,1/20%},
as will be used later on.

Another way of expressing that | (r, es | r; e,) | = cos (n k/l) | for some k <1< 5 is

a.cos(m/5)— % —yc

E{O, %, 2712 cos(m/5), cos(2/5), 1}.

As a result we have that

@ vcé¢{l20,120%}.

From (1) and (3) it is clear that r; e4, €4, e, span a root graph I'” (with m (I'") = 5)
which is a cycle. If I'” is complex and primitive, we have found our G, (namely W (I'")).

On the other hand, if T is complex and imprimitive, we have by (5.3) (i) that I'” is
equivalent to Dj (5). Since | (x | y)| # cos (n/4) for any pair x, y of unitary roots of
W (D5 (5)) = G (5, 5, 3), it follows from (5.3) (vi) that | (r; e, | €2) | = | (ra es | e} | = 1/2.
This implies that ¢ = | 1/2+yc| = 1/2; so Rey = —1/2. According to (4), this is
impossible.

Thus we may (and shall) assume that I'” is real; by (4.5) (i) this comes down to

(B5) a(¥y+2c)eR.
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A similar reasoning with the triangle

e, & cog(n/5) e,

instead of I'” shows that we may also assume:
6 a(l+2yc)eR.

From (5) and (6), we obtain (since ¢ > 0) that
(M a(y+DeR.

If ¢ #1/2, then o e R, which is impossible. Hence ¢ = 1/2. Putting vy =—1+ar
(reR), we get from (3) that vy #—1,a2 and r # 0, 2 Reoa. This contradiction with
1=|v|>*=]|~14ar|* completes the proof.

(5.6) Let G be a complex primitive 3-dimensional reflection group generated by
reflections of order 3. It follows from (6.3) (vi) and (4.12) (ii) that | (v | w) | e {0,374/2 }
if v, w are two distinct unitary roots of G of order 3. In view of (5.2) (ii) and (4.4) (iv),
there is a root graph I';:

w
ot

el@ @

€2

with W (I'y) = G. Let e; be a unitary root of G not contained in C e, +C e, such that
(e, | e3) # 0 (since G is irreducible there is a unitary root w¢ Ce;+Ce, such that
(w]e) #0o0r(w]|ey) # 0;if (w]e;) = 0, take e3 = ry e,; this shows that such a unitary
root e; exists). Let I be the root graph spanned by e, e,, 5 (in other words, letI" = (B, w)
be the root graph with B = { e, e,,e; }and w (B) = {3 }).

PROPOSITION :

() I is equivalent to Lj;

(i) G is conjugate to W (L;).
Proof:

(i) If T is a root graph without cycles, then I is clearly congruent to L;. Suppose I'
is a triangle; then I” is the root graph

where o € U (up to congruence).
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If (rje,|ey) =0 for some je2, then T is equivalent to the root graph spanned
by r{ ey, e, e3; but the latter root graph has no cycles. Therefore we can restrict ourselves
to the case (rj e; [e,) # 0(j = 1,2). But now

| (rieg|es)| =312, or |a—3""2(1-0)| =1 (j=1,2),

which is impossible. This brings the proof of (i) to an end;
(i) follows from (i) and (4.15) (ii).

(5.7) Suppose G is a complex primitive 3-dimensional reflection group containing
reflections of order 2 as well as of order 3. Again, there is a root graph Iy:

with W (I'p) = G. In view of (2.2) (v) and (5.2) (vi) we have that | (v | w) [ e {0,27%/* }
if v is a unitary root of order 2 and w is a unitary root of order 3. — Take a unitary root e,
of order 2 such that (e, | e3) # 0 (if all roots of order 2 were perpendicular to e,, they
would span a proper G-invariant linear subspace of V; hence such a unitary root e; does
exist). Denote by I" the root graph spanned by e,, e,, e; (the orders of the roots being
as indicated above).

PPROPOSITION :

(i) T is equivalent to M;;
(ii) G is equivalent to W (M3);
(iii) if n > 3 and H is an irreducible n-dimensional reflection group, then H does not

contain a reflection group conjugate to W (My); if H is primitive, H does not have reflections
of order 2 and 3 at the same time.

Proof:

(i) if (e;|es) =0, then T is mecessarily congruent to M,. Suppose (e, |e;) # 0.
Now I is the root graph
€3

for some o € U (up to congruence). As in (5.6), we need only consider the case that
(] e l e3) # 0, or , (rf ey l e3) I =2"12(je2).

This leads to the same absurdity as in (5.6); hence (i).

(ii) is a direct consequence of (4.15) (ii);

(iii) follows from | Z (W M,)) | = 6 [see (4.16)], (5.2) (iii), (2.6), and the above.
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(5.8) Let G be a complex primitive finite subgroup of U, (C) generated by reflections
of order 2. Put m = d(G). By (4.6) and (5.3) (i) there is a root graph I'y:

€3

AN
e -a cos(mm~t!) e,

with a € UNR, m = d (I'y), and W (Iy) = G.

By (4.5) (iii) and (4.7) there is a unitary root e, of G such that e,, e,, €3, ¢, span an
irreducible root graph I' which is primitive if m = 4.

Furthermore, (5.5) implies that m < 4.

PROPOSITION :
(i) m = 4, and T is equivalent to N,;
(ii) G is conjugate to W (N,) or EW (N);

(iii) no irreducible n-dimensional reflection group (n = 5) contains a group conjugate
to W(N,) (or EW (N,));

(iv) if H is a primitive n-dimensional reflection group (n = 5), then d (H) = 3.

The rest of this section is made up of the proof of the proposition. Because of (5.3) (i),
(ii), (2) we need only consider three distinct cases:

(@) m=3,Ty=D;3),and Rea =—1/2.

@) m=4, Tyo=D;(4), Rea=—2"Y2 and G does not contain a primitive
3-dimensional complex reflection group H with 4 (H) = 4.

(©m=4,T,=1J;(4),and Rea =—273%2;
) if # {ie3|(e;| es) #0} =1, then T is congruent to D, (m) or W (N).

Proof of (v). — If T is of the form

-aa

-b A A c O
then 3/4~a*—b*—c*+a® ¢c*~ab Re o > 0 [by (4.3) (vi))]. If (a) or (b) holds, it follows
that ¢ = 1/2, and we are through. Suppose (¢) holds, so Rea =—2"%2 Up to
symmetry we have either

1

h==-
2

, a=2"Y%  and ce{%,f”z} or hb=2"Y% and a=c=

[ SR
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Note that ¢ # 2712 in the latter case, since

is a real sub-root-graph of I.  The above inequality shows that none of these cases occurs,
whence (V).

Suppose I' is the root graph

-yC

e, e,

-b

€, ! =1 e,
-a?2

where b, ce {1/2,27%*}, a,ye U, and Reae {—2712 —273/2},

We assert:

(vi) b=1/2 and Rea =—=2"Y2, If ¢ =27Y2, then y = o and T is equivalent to

O —
~“Ir Y2 €4 €1 —aZ-% €2

If ¢ = 1/2, then either vy = 1+a \/i and T is equivalent to

(-1-0vV2)r;r, ey

O %

€4

or Y =—1 and T is equivalent to

o,

€4

(1+&_/§)62

I" is equivalent to N, in all cases.
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Proof of (vi). — Since ey, e,, e, span a root graph congruent to a Coxeter graph, we
have b = 1/2. From (4.3) (vii), we get

(1) - ——Zc —2_3/2Reoc—-%cRey—c2‘3’2Reocy>O.

As m = 4, we are in case (b) or (¢). First of all we will show that case (¢) does not
occur. Suppose, in order to do this, that T’y = J; (4) and Reoa = —27%2 The root
graph associated with e, 7, €3, e, is congruent to a Coxeter graph, while

| (ryes]e)]| =272
This implies | (e, | 7y €3)| = |1/2+yc|e{0,1/2}. Since ce {1/2,27%2}, there are
three possibilities:

(c1) ¢ = 1/2 and Rey = —1. But then equality holds in (1).

(¢c2) c=1/2and Rey =—1/2. As(re;|e) = a27"?and e,, r, e;, e, span a root
graph, we must have by (5.3) (i), (2) and (5.4) (i) that Reaye { + 1, =272 2732},
But a straightforward computation shows that Reay = 272 (1 + \/ 21).

(c3) c=2"Y%2 and Rey =—2"Y2, Now

Reay=(1+ /74, and |(rae;|raes)|* =G £ /4
On the other hand, |(r,e, | r,e5)|>€{0,1/4,1/2}.

All three possibilities lead to an absurdity. We conclude that T’y # J5 (4), and that
we are in case (b).

Now I'y = D; (4). Let ¢ = 2742, Application of (5.3) (2), (v) to the triangle cor~
responding to ey, es, e, gives ¥ = o or o. In the latter case, inequality (1) yields the
absurdity —3/16 > 0; so v = o. The assertions of (vi) in this situation are now easily
checked. Suppose ¢ = 1/2. Since |(rjey|ey)| =1/2|1+y]|e€{0,1/2,27%2}, there
are three possible values for Rey:

(b1) Rey =-—1. This case is further discussed in the assertions.

(62) Rey =—1/2. This implies the absurdity | (r, e, |73 es) |> = 2 + </3)/4.

(3) Rey =0. Ify=1+a./2, then | (ryes| rses) |> = 5/4. Hence y = 1+a /2.
This case, too, is further described in the assertions.

By now, the proof of (vi) is complete;

(vil) if I is the root graph

-0 cos(w/m

where o, B, vy e U and c € R, then I has a real triangle.

4¢ SERIE — TOME 9 — 1976 — N° 3



FINITE COMPLEX REFLECTION GROUPS 427

Proof of (vii). — Assume that all triangles of I" are complex. We will show that this
leads to a contradiction.

Suppose ¢ = 1/2. Applying (5.3)(2), (6) to the complex root graph spanned by e, e, e,,
we get | (ryes]|e)| =1/2| 1+y]|e{1/2,27Y2}. Hence

2 Reye{O, —-1}
2
A similar argument with the triangle corresponding to e,, e3, e, yields
3) Re ﬁ?e_{O, - %}

Suppose B = 1, then
det ((e; | e;)) = 3(1 —cos? (n/m))— (1 +cos (n/m) Re oc)(l + %Rev) .

Hence, if (@) holds, then Rey =—1/2, and det ((e; | e;) = 0; if (b) or (c) holds, then
Rey 2—1/2 and Rea=—2""2, g0 det((¢;| ¢;))) <0, in contradiction with (4.3) (vii).
Therefore B # 1.

We now derive a contradiction for each of the three distinct T'.

(a) m=3 and Rey=Reoc=Reoc[3=ReB?=—%

Put o = o (note that this does not harm the generality), Now af = ® or ®>. So B =
and y0? = ® or w2 Since Y = @ or ®?, too, we have y = ©? and a = B =7
This leads to the absurdity det ((e; | ¢;)) = 0.

(b) m=4 and Reo =—2712
From (5 3) (2), (6), (v) we know that |(r; es|e,)| = 1/2. This implies af = o, and
B=0a2=+i Moreover, pye{o, 0% +i} by (3. Soye{+io, tio’ +1} in
contradiction with (2).

© m=4 and Rea=-2"2%

Put o =—273? (1+i\/?). If | (ryeq4]e) | = 1/2, then ReaP =—27"2 by (5.3) (2.
and B = (1+\/3)/4+i(1—\/7)/4 or (1—\/3)/4—i ( +\/7)/4, which is not in agreement
with (2) and (3). The remaining possibility is | (r, e4 | ¢,) | = 272 So Reaf =—27372,
Now B = a? = (=3—i \/ 5)/4, and again we end up in contradiction with (2) and (3).

The conclusion is that ¢ # 1/2. This means that ¢ = 272, Arguing as in the case
c=1/2, we get

) Rea, Rey, ReBy, Reape{—2"12 —27%2},

If B =1, we have det((¢;| ej)) =—5/8—(1+27"/* Rew) (1+27/> Rey) £ 0. Hence
B 1

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



428 A. M. COHEN

As m = 4, case (a) does not occur. It remains to check the other two cases.
(b) Rea = Rey = RePy = Reaf = —27 /2

(for otherwise it follows from (4) that there is a sub-root-graph of " equivalent to W (J5 (4))).
Put o = —2" Y2 (14i). Now the root graph

e,

is of the type described in the case ¢ = 1/2 provided all triangles are complex (note that

| I4+y \/ §| = 1). Therefore one of the triangles must be real. No triangle but
iey, e4, — 11 €3 qualifies for this property [¢f. (4.5) (i)]. It follows that

iB(1+7/2) =+ 1, whence B= =+ 1.
But Re af =—271/2 then implies p = 1, which was excluded beforehand.
(¢ Rea =272,

Put v = ryr, rqye;. The roots v, ey, e,, 5 (being linearly independent) span the root
graph

\V4 3

)

ey —T €z
-a2 “

for certain §, € e C, contradicting (v) or (vi).

This brings the proof of (vii) to an end;

(viii) suppose that (@) holds. Then there is a unitary root ve W (I'y) U e, such that
either T'y and v span the root graph

a
v 2 €3

€1 €2

or (v l e;) # 0 for exactly one i £ 3. In any case, I is equivalent to D, (3).
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Proof of (viii)). — Because of (5.4) (i) and (5.8), we can restrict ourselves to the case
where # {ie3|(e;|e) #0} =2. If (e;|ey) =0 (or (e5]e,) = 0), replace e, by
ryrye, (or ryrye,) in order to obtain (e |e,) # 0, (e;]ey) =0, and (es | e,) # O.
Replacing e, by a suitable scalar multiple, we obtain that T is

.
=zY

eq €3

e 7 €2

where v € U. Application of (5.3) (1), (2), (6) to the triangle spanned by e,, e;, e, yields
that ye { —1, ®, ®®* }. We verify (viii) for these three distinct values v.

(c4) y =—1. Now I is equivalent to
-I“l 63

O w2 2

.
Ca 1 2w? w” e,y

(¢5) vy = o> Wehave that | (ryes | re)| = |1/240? | = 1/2 \/3, which is absurd,

(c6) vy = ®. Now I' is equivalent to

ya
r, T, e,,,CJL 1w %, -3u CH

This finishes the proof of (viii).

We will now prove that () does not occur. Suppose it does, then it is direct from (viii)
that G contains a reflection group conjugate to W (D, (3)) = G(3,3,4). Hence
{G,0l,> is a primitive finite group containing reflections of order 2 and 3,
contradicting (5.7) (iii).

The conclusion is that m = 4. In order to prove the second part of (i), note that I
cannot be equivalent to D, (4), as T is primitive. We may (and shall) assume that
(es| e)) € Ryg. If (es]| eq) =0, then (i) follows from (v) and (vi). Let (e, |ey) # 0.
If (e3 | e,) = 0, replace e, by r; r, e, and apply (v) and (vi) once more. Thus we are
left with the case that (e, ] ey) # 0too. By (5.3) (iv) and (5.4) (i), we may assume that
(e1 | €s) =—1/2, | (2| es) | = 1/2, and that all triangles are complex (for otherwise we
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can reduce the situation to a previous one). But (vii) asserts that there is no such root
graph,

By now, (ii) is a direct consequence of (i) and (4.15) (ili). Furthermore, (iii) follows
from (5.2) (v), ]Z(W (NL) | = 4 [¢f. (4.16)], and (2.6). Note that (iv) holds if H
isreal. Let H be complex. By (5.5), we must have d (H) < 4. If d(H) = 4, then (4.7)
together with (ii) implies that H contains a group conjugate to W (N,). But this
contradicts (iii). Hence d (H) = 3, proving (iv).

(5.9) Let G be a primitive 4-dimensional reflection group containing reflections of
order > 2. In view of (5.2) (ii) and (5.7) (iii), there is no reflection of order # 3 in G.

PROPOSITION :
(i) there is a root graph T equivalent to L, such that W (I') = G;
(ii) G is conjugate to W (L,);
(iii) no n-dimensional primitive reflection group (n = 5) contains reflections of order > 2.
Proof. — By (5.2) (ii) and (5.6), there is a root graph I'y:
-1 1
3 2 3 2

Q— €

with W (I',) € G. Let e, be a unitary root of G such that e, e,, e;, e, is a basis of C*
and such that (e, | e,) eR,o. Then (e, [ e,) = 37%/2. Let T be the root graph spanned
by this basis.

If (e, | es) # O, then (ey | rfes) = 0 for some je2 [see (5.6)]. Therefore we may
assume (e, | e,) = 0 and (still) (e, | e,) = 3742 If (e5 | es) = O, then det ((e; | e)) = 0;
s0 | (e3 | es) | = 37Y/* by (4.3) (vii). Replacing e, by a suitable rootin ry Ue, U r; Ue,,
we see that I is equivalent to L,. Thus (i) is proved. Now (ii) is a consequence of (i)
and (4.15) (ii), while (iii) follows from (5.2) (i), (iii), | Z (W (L,)) | = 6, and (ii).

(5.10) Suppose G is a 5-dimensional complex primitive reflection group. Then d(G) =3
by (5.8) (iv), and all reflection orders equal 2 by (5.9) (iii). It is clear that G contains
a complex irreducible 4-dimensional reflection group. From (5.8) (i), we obtain that
this group is imprimitive. Hence G (3, 3, 4) = G, up to conjugacy. By (4.4) (v) there
is a root graph I'y:

€3

Y
ey ""12'(0’ Vé O

~

€4

with W ()} & G. Let es be a unitary root of G such that e, e,, €3, €4, €5 span a
primitive root graph [¢f. (2.7) and (2.9)]. We shall denote this root graph by T.
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PROPOSITION::
(i) T is equivalent to Ks;

(ii) G is conjugate to W (Ks).

Proof. — By (5.8) (viii) and some symmetry arguments, we may assume that ey is such
that one of the following cases prevails.

(a) ‘(93 I es) =— % and (eq | es) = (e, | es)=0.
) (] ed== ad (o] e)=(es | e)=0.

1 1
© (e | es) = 2 (e2 I es) =0, and (es | es)=— >

We will deal with these cases in the given order.
(a) If (e, | es) = 0, then I is congruent to K.
Suppose (es|es) =—1/2y for some yeU. Then (ryr,ryoes|e) =—1/2(1-yo).

Hence ye { —1,», —0*}. But

[(es|raraes)|=1/2]1+y]|e{0,1/2}
implies y # — 2.

If y = —1, then I' is equivalent to

r, r,e;0

1 )
zW?

If y = o, then I is equivalent to

€3
e O
r.r,r, e > > e
1 T2 T4 €50 TN o g, 4

In both cases, I' is equivalent to K.
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(b) Now (4.3) (vii) implies that (e, | es) # 0 and that the triangle spanned by e, e,, s
is real, in other words (e, | es) = 1/2. Hence I' is equivalent to

-]

> O —Q rse
e W%, 2 s €4

5

o=

and therefore also to D5 (3), which is impossible since the latter root graph is imprimitive.

(c¢) comes down to one of the previous cases, as will become clear if one replaces e,
by 3 e;.

So far for the proof of (i). From this and (4.15) (ii) one readily deduces (ii).
(5.11) Let G be a 6-dimensional complex primitive reflection group. Then, again,

d(G) = 3 and all reflections in G have order 2. Using (4.7) and (5.10), we obtain a
root graph I'y:

€3

esO— O TR 3, O e4

e ~zW

with W (I"y) € G. Let ¢4 be a unitary root such that e,, e, ..., ¢ span an irreducible
root graph. This root graph will be called I Note that I" is primitive [¢f. (2.6)].

PROPOSITION:
() T is equivalent to Kg;
(ii) G is conjugate to W (Kg);
(iii) no n-dimensional complex reflection group (n = 7) is primitive.

Proof. — Symmetry and (5.8) (viii) allow us to assume (without loss of generality)
that we have one of the following situations:

(@) (es I ) = — % and (e | eg) = (e, | ) = 0.
() (e | eg) =~ ; and (e, | eg)=(es | eg) = 0.

1 1
(©) (e | €g) = 5, (ez I es) =0 and (e5 I eg) = — i
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We will check these cases separately.

(@) If (es|es) = (es|es) = 0, then det((e;|e;)) <O0. Assume that there is ye U
with (e, jeﬁ) =—1/2 vy (thanks to symmetry in the root graph, this does not harm the
generality). Comparison of (5.10) (a) with the root graph spanned by e, e,, e,, €4, €,
gives that either:

(al) Y=o,
or
(a2) y=-1.

If (@ 1) holds, we have that I" is equivalent to the root graph spanned by

€3

1
Ew) 19 O =7

Ty Py Ty €60

and es. As we have seen before in an analogous situation, this implies that r, r, r, e,
ey, and es span a real triangle, i.e. (es|r; ry 7y €6) =—1/2 0%

Consequently, I' is equivalent to
: es

N
7

) > e
Ps Ty Ty Ty €60 o £ O e e e — e,

N4

hence to K.
Suppose (@ 2) holds, i.e. y =—1. Then T is equivalent to the root graph spanned
by I'y:

O e4

P v, e O

and eg, while (e, | es) = 0. But I'| is a root graph congruent to I';. Thus we have
reduced this case to the situation:

(a3) (es | e6)=0 (and (s | €6)=— %yl with vy, EU).
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SoTis

esO— £,

eV
&

1
T2

If v, = o, we are back in case (al). If y, =—1, then det ((¢; | e;)) < 0, which is
impossible.

(b) Leaving out es for a while, we see that the triangle spanned by e,, e,, e is a real
one; so (e4[ es) = 1/2. Replacing eg by r, eg shows that we can alter the situation in
order to get (e; | es) = (62| €s) = (€3] €) =0 and (e, |es) =—1/2. If (es | es) =0,
it suffices for the proof to refer to (4.15) (iv).

Let (es | eg) =—1/2y with ye U. Since

e €3
T(w+y)
€s T s Tglq €2
2Y
is a root graph, we obtain y = —» or w?.
If y = —o, then I is equivalent to

P35 TeTa €2

630 \'é 1 \—és f\\é; S

If y = @2, then I is equivalent to

P1Psrgs€p

{—
&0 Q& 2 <, O e

In both cases I is equivalent to K.
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{¢) Replacement of e; by r; e, brings us back in one of the previous cases.

Now (i) follows from (i) and (4.15) (i), whereas (iii) is a consequence of
|Z(W (K6))| = 6 [see (4.16)], (5.2) (iii), (4.7), (5.8) (iii), and (5.9) (iii).

(5.12) The conclusion from (5.3), (5.4), ..., (5.11) is the following

THEOREM. — If n = 3, then any complex primitive reflection group in C" is conjugate
to one of the reflection groups discussed in (4.15).

We refer to (4.16) for a list of these groups. The rest of this chapter gives some
properties concerning these groups.

(5.13) PROPOSITION. — Every primitive complex n-dimensional reflection group G gene-
rated by reflections of order 2 (n = 3) contains an irreducible n-dimensional real reflection
group H with d (H) = d(G).

Proof. — It suffices to prove the corresponding statement for the root systems of
type J3 (4), J5 (5), Ny, K5, and K. It is immediate that the root systems of type J; (4),
J5 (5), Ny, K¢ contain systems of type B;, Hj, By, D¢ respectively.

Finally, K is dealt with in the proof of (4.15) (i).

0
(5.14) Putp, = |

n=1

PROPOSITION. — Let G be a complex primitive n-dimensional reflection group (n = 3),
and let H = U, (C) be a finite group such that G < H. Then H < .G except for the
Jollowing two cases:

G=W(L5) and Hcp,.W(M;),
01
10
G=W(L, and Hecp, .t WL,

0 -1

The proof consists of a case-by-case argument along the following lines. Fix a unitary
transformation ¢ of C" that normalizes G. Since ¢ permutes the reflections of G [¢f. (3)
of (1.6)] and since we are only interested in ¢.u,,.G, we may assume # = v for some
root v provided G does not have more than one orbit of the same length in { C x [ x is root
of G} (this, though occurring in F,, never happens in the complex primitive case).
Furthermore, ¢ leaves invariant the set { C x | x is root of G in v* }. This implies that ¢
normalizes G,, a lower dimensional reflection group, and we have reduced our problem.

(5.15) Remark. — Blichfeldt’s list of finite primitive collineation groups in 4 variables
given in [2] is not complete, as the non-trivial extension H/(p, » H) of W (L,)/ue
[notation as in (5.14)] is omitted. The mistake is due to an incorrect conclusion on the
last page of his article.
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