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Finite-Difference Approximation
of Energies in Fracture Mechanics

ROBERTO ALICANDRO - MATTEO FOCARDI —
MARIA STELLA GELLI

Abstract. We provide a variational approximation by finite-difference energies of
functionals of the type

u/ |Su|2dx+-):/ |divu(x)[2dx+/ @ ([ul, vy) dH™L,
Q 2 Q Ju

defined for u € SBD(R2), which are related to variational models in’fracture
mechanics for linearly-elastic materials. We perform this approximation in di-
mension 2 via both discrete and continuous functionals. In the discrete scheme we
treat also boundary value problems and we give an extension of the approximation
result to dimension 3.

Mathematics Subject Classification (2000): 49J45 (primary), 49M25, 74R10
(secondary).

1. — Introduction

In this paper we provide a variational approximation by discrete energies
of functionals of the type

1.1 p,/- |5u(x)|2dx+§/ Idivu(x)lzdx+/ @ ([ul, v) dH"!
Q\K 2 Jak K

defined for every closed hypersurface K € © with normal v and u € C'(Q\
K:R"), where € € R” is a bounded domain of R". Here fu = %(Vu +
Viu) denotes the symmetric part of the gradient of u, [#] is the jump of u
through K along v and H"~! is the (n — 1)-dimensional Hausdorff measure.
These functionals are related to variational models in fracture mechanics for
linearly elastic materials in the framework of Griffith’s theory of brittle fracture

Pervenuto alla Redazione il 10 novembre 1999 e in forma definitiva il 13 aprile 2000.
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(see [33]). In this context u represents the displacement field of the body,
with § as a reference configuration. The volume term in (1.1) represents the
bulk energy of the body in the “solid region”, where linear elasticity is supposed
to hold, u, A being the Lamé constants of the material. The surface term is the
energy necessary to produce the fracture, proportional to the crack surface K
in the isotropic case and, in general, depending on the normal v to K and on
the jump [u].
The weak formulation of the problem leads to functionals of the type

(1.2) p,/glé’u(x)lzdx+%/Qldivu(x)lzdx+/ &([u], v,)dH" !

Ju

defined on the space SBD(2) of integrable functions # whose symmetrized
distributional derivative Eu is a bounded Radon measure with density £u with
respect to the Lebesgue measure and with singular part concentrated on an
(n — 1)-dimensional set J,, on which it is possible to define a normal v, in a
weak sense and one-sided traces.

The description of continuum models in Fracture Mechanics as variational
limits of discrete systems has been the object of recent research (see [17], [19],
{201, [15] and [36]). In particular, in [19] an asymptotic analysis has been
performed for discrete energies of the form

(1.3) Hew) = > We(u@) —uy),x—y),

x,yeRe, x#y

where R, is the portion of the lattice ¢Z” of step size ¢ > 0 contained in 2 and
u : R, — R" may be interpreted as the displacement of a particle parameterized
by x € R.. In this model the energy of the system is obtained by superposition
of energies which take into account pairwise interactions, according to the
classical theory of crystalline structures. Upon identifying u» in (1.3) with the
function in L' constant on each cell of the lattice £Z", the asymptotic behaviour
of functionals H. can be studied in the framework of I"-convergence of energies
defined on L' (see [25], [23]). A complete theory has been developed when u is
scalar-valued; in this case the proper space where the limit energies are defined
is the space of SBV functions (see for instance [24]). An important model

. 2 . .
case is when W, (z, w) = p(%)e"‘lf(%). In this case we may rewrite H, as

> @ Y & felDiu@)),

gezt aeRE

where R! is a suitable portion of R. and Déu(x) denotes the difference quotient
% (u(x + €§) — u(x)). Functionals of this type have been studied also in [22] in

the framework of computer vision. In [22] and, in a general framework, in [19]
it has been proved that, if f(¢) = min{z, 1} and p is a positive function with
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suitable summability and symmetry properties, then H, approximates functionals
of the type

(1.4) c/ lvu(x)|2dx+/ & ([u], v,) dH" !
Q Ju

defined for u € SBV(R2), which are formally very similar to that in (1.2). A
similar result holds by replacing min{z, 1} by any increasing function f with
f(0)=0, f/(0)=a >0 and f(c0)=b < +o0.

Following this approach, in order to approximate (1.2), one may think to
“symmetrize” the effect of the difference quotient by considering the family of
functionals

D p®) Y & flel(Diu@). ) .

gezn aGRE

By letting ¢ tend to O, we obtain as limit a proper subclass of functionals (1.2).
Indeed, the two coefficients ¢ and A of the limit functionals are related by a
fixed ratio. This limitation corresponds to the well-known fact that pairwise
interactions produce only particular choices of the Lamé constants.

To overcome this difficulty we are forced to take into account in the model
non-central interactions. The idea underlying this paper is to introduce a suit- -
able discretization of the divergence, call it diviu, that takes into account also
interactions in directions orthogonal to &, and to consider functionals of the
form

(1.5) D 0@ > e fe(Diul@)? + 0ldiviu(@)?)

gez aeRg

with 6 a strictly positive parameter (for more precise definitions see Sections 3
and 7). In Theorem 3.1 we prove that with suitable choices of f, p and 6 we can
approximate functionals of type (1.2} in dimension 2 and 3 with arbitrary u, A
and & satisfying some symmetry properties due to the geometry of the lattice.
Actually, the general form of the limit functional is the following

(1.6) /QW(Su(x))dx+C/Q|divu(x)|2dx+/J & ([u], v,)dH" !,

with W explicitly given; in particular we may choose W (Eu(x)) = u|Eu(x)?
and ¢ = %— We underline that the energy density of the limit surface term
is always anisotropic due to the symmetries of the lattices ¢Z". The depen-
dence on [u], v, arises in a natural way from the discretizations chosen and
the vectorial framework of the problem. To drop the anisotropy of the limit
surface energy we consider as well a continuous version of the approximating

functionals (1.5) given by

1
/ / ~ f(e((Dsu(x), &)1 + 01diviu(x)|*)p(§) dx dt ,
R JR" €
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where in this case p is a symmetric convolution kernel which corresponds to a
polycrystalline approach. By varying f, p and 8, as stated in Theorem 3.8, we
obtain as limit functionals of the form

1.7) “/Q IEu(x)|® dx + %/Qldivu(x)lzdx +yH"I ()

for any choice of positive constants u, A and y. This continuous model gener-
alizes the one proposed by E. De Giorgi and studied by M. Gobbino in [31],
to approximate the Mumford-Shah functional

c/ IVu)?dx + H"1(J)
Q

defined for u € SBV ().

The main technical issue of the paper is that, in the proof of both the dis-
crete and the continuous approximation, we cannot reduce to the 1-dimensional
case by an integral-geometric approach as in [19], [22], [31], due to the presence
of the divergence term. For a deeper insight of the techniques used we refer to
Sections 4 and 5; we just underline that the proofs of the two approximations
(discrete and continuous) are strictly related.

Analogously to [19], in Section 7 we treat boundary value problems in the
discrete scheme for the 2-dimensional case and a convergence result for such
problems is derived (see Proposition 6.3 and Theorem 6.4).

ACKNOWLEDGMENTS. Our attention on this problem was drawn by An-
drea Braides, after some remarks by Lev Truskinovsky. We also thank Luigi
Ambrosio and Gianni Dal Maso for some useful remarks. This work is part
of CNR Research Project “Equazioni Differenziali e Calcolo delle Variazioni”.
Roberto Alicandro and Maria Stella Gelli gratefully acknowledge the hospitality
of Scuola Normale Superiore, Pisa, and Matteo Focardi that of SISSA, Trieste.

2. — Notation and preliminaries

We denote by (-,-) the scalar product in R”; |-{ will be the usual euclidean
norm. For x,y € R”, [x, y] denotes the segment between x and y. If a,b € R
we write a A b and a Vv b for the minimum and maximum between a and b,
respectively. If & = (¢!, £2) € R?, we denote by £ the vector in R? orthogonal
to £ defined by &1 := (—£2,£1).

If Q is a bounded open subset of R", A(Q2) and B(S2) are the families
of open and Borel subsets of €2, respectively. If 1 is a Borel measure and B
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is a Borel set, then the measure wl_B is defined as ul_ B(A) = u(A N B).
We denote by £” the Lebesgue measure in R” and by H* the k-dimensional
Hausdorff measure. If B C R” is a Borel set, we will also use the notation
|B| for £*(B). The notation a.e. stands for almost everywhere with respect to
the Lebesgue measure, unless otherwise specified. We use standard notation for
Lebesgue spaces.

We recall also the notion of convergence in measure on the space LY(S; RM.
We say that a sequence u, converges to u in measure if for every n > 0 we
have lim, [{x € Q : |u,(x) — u(x)| > n}| = 0. The space L'(Q;R"), when
endowed with this convergence, is metrizable, an example of metric being

) — vl
Ao v) = /g T 4 () = v(o)]

for u, v e L1(Q; R").

2.1. - BV and BD functions

Let © be a bounded open set of R”. If u € L'(; RY), we denote by S,
the complement of the Lebesgue set of u, i.e. x &€ S, if and only if

tim o™ [ 0= 2ldy =0

p—0 Bo(x)

for some z € RY. If z exists then it is unique and we denote it by #(x). The

set S, is Lebesgue-negligible and i is a Borel function equal to u £" a.e. in 2.
Moreover, we say that x € Q is a jump point of u, and we denote by J,

the set of all such points for u, if there exist a, b € RY and v € S"~! such that

a#b and

@.1) lim p—"/ u(y)—aldy =0, lim p—"/ u(y)—bldy =0,
p—0 B;(x,v) p—0 B

o (x,v)

where BX(x,v) 1= {y € By(x) : £{y —x,v(x)) > 0}.

The triplet (a, b, v), uniquely determined by (2.1) up to a permutation of
(a,b) and a change of sign of v, will be denoted by (u™(x), u™(x), v.(x)).
Notice that J, is a Borel subset of §,.

We say that u is approximately differentiable at a Lebesgue point x if there
exists L € R¥*" such that

22) lim o1 / lu(y) — () — L(y — x)|dy = 0.
p—0 Bp(x)

If u is approximately differentiable at a Lebesgue point x, then L, uniquely de-
termined by (2.2), will be denoted by Vu(x) and will be called the approximate
gradient of u at x.
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Eventually, given a Borel set J C R" , we say that J is H"!-rectifiable if

J=NUlJK;

i>1

where H*~! (N) =0 and each K; is a compact subset of a C! (n — 1) dimen-
sional manifold. Thus, for a H" -rectifiable set J it is possible to define Hr !
a.e. a unitary normal vector field v.

2.1.1. - BV functions

We recall some definitions and basic results on functions with bounded
variation. For a detailed study of the properties of these functions we refer
to [9] (see also [26], [30]).

DerINITION 2.1. Let u € LY(Q;RY); we say that u is a function with
bounded variation in Q, and we write u € BV(Q;RY), if the distributional
derivative Du of u is a N x n matrix-valued measure on  with finite total
variation.

If u e BV(Q;R"), then u is approximately differentiable £" a.e. in
and J, turns out to be H" l-rectifiable.

Let us consider the Lebesgue decomposition of Du with respect to £”,
i.e., Du = D% + D*u, where D%u is the absolutely continuous part and D*u
is the singular one. The density of D?u with respect to £" coincides £" a.e.
with the approximate gradient Vu of u. Define the jump part of Du, D/u, to
be the restriction of D*u to J,, and the Cantor part, D u, to be the restriction
of D°u to 2\ J,, thus we have

Du = D%u + D’u + D‘u.

Moreover, it holds D/u = (u* —u~™) ® v,H"" 'L J,, where if a € RV and
b € R" a ® b denotes the matrix whose entries are g;b; with 1 <i < N and
l<j=<n

DErINITION 2.2. Let u € BV(Q; RY); we say that u is a special function
with bounded variation in Q, and we write u € SBV(; RV), if Du = 0.

Functionals involved in free-discontinuity problems are often not coercive
in SBV(Q; RY), then it is useful to consider the following wider class (see [24],

[5D-

DEFINITION 2.3. Given u € L'(Q;RY), we say that u is a generalized
special function with bounded variation in 2, and we write u € GSBV (Q; RV),
if g(u) € SBV () for every g € C L(R¥) such that Vg has compact support.

Notice that GSBV(2; RV) N L®(; RY) = SBV(Q; RY) N L>®(Q; RY).
Functions u € GSBV (2, R") are approximately differentiable a.e. in 2, and J,
turns out to be H" l-rectifiable (see [S]).

In the space GSBV(Q; R") the following closure and lower semicontinuity
theorem holds (see [4], [6]).
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THEOREM 2.4. Let (uy) C GSBV (Q; RY) and assume that
sup</ |Vun|* dx +H"‘1(Juh)) < +00.
K \Ja

If up — u in measure in , then u € GSBV (S R"Y) and Vu, — Vu weakly in
L? (Q; R¥*"). Moreover

HN ) < lin}lian”_l(Juh) .

2.1.2. — BD functions

We recall some definitions and basic results on functions with bounded
deformation. For a general treatment of this subject we refer to [8] (see also [12],

[35D).

DEFINITION 2.5. Let u € LY(Q;R"); we say that u is a function with
bounded deformation in 2, and we write u € BD(S2), if the symmetric part of
the distributional derivative of u, Eu := % (Du + D'u), is a n x n matrix-valued
measure on 2 with finite total variation.

If u € BD(R2), then u is approximately differentiable a.e. in € and J,
turns out to be H"~!-rectifiable.
As in the BV case, we can decompose Eu as

Eu=E*+Eu+ Eu,

where E“u is the absolutely continuous part of Eu with respect to £" with
density

(Vu+ Viu) = &u,

N[ =

Elyu is the restriction‘ of Eu to J,, and Eu is the restriction of E‘u to
Q\ J,. Moreover, E/u turns out to be equal to (ut —u~) ©® v, H""1L J,,
wherea@b:=%(a®b+b®a). )

DEFINITION 2.6. Let u € BD(2); we say that u is a special function with
bounded deformation in Q, and we write u € SBD(2), if E‘u =0. ’

Before stating the Slicing Theorem (see [8]) we fix some notation. Let
£ eR'\{0) and let TTI¥ = {y eR":{£,y)=0}. If y € [1¥* and B C R"
we set BS := {r e R:y+1£ € B). Moreover, given u : B — R", we define
ut? : BS — R by ubY(t) = (u (y +15), £).
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THEOREM 2.7. Letu € LY(Q; R") and let {&1, ..., &,} be an orthonormal basis
of R". Then the following two conditions are equivalent:

(i) Forevery& =& +§&;,1<i,j <n, there holds
u>? € SBV(Q) for " ' ae.y e ¥,

/n : ‘Dug’yl @) dH™1(y) < +00;

(ii) u € SBD(Q).
Moreover, ifu € SBD(2) and § € R" \ {0} the following properties hold:
(@) (1) = (Eu(y +1£)E,€) forae t € Q;

®) Jey= (Jf)ifor H* L ae ycIl5, where

Ji={x el W) —u ()€ £0};
(€ H* Y (I \J})=0forH" 'ae & S L

The following compactness result in SBD(S2) is due to Bellettini, Coscia
and Dal Maso (see [12]) and its proof is based on slicing techniques and on
the characterization of SBD(S2) provided by Theorem 2.7.

THEOREM 2.8. Let (uj) C SBD(S2) be such that
sup (/ 1€uj ) dx + 1" () + Huj”Loo) < +00.
j Q
Then there exists a subsequence (not relabelled) (u;) converging in Llloc(Q; R”) to

a function u € SBD(S2). Moreover Eu; weakly converge to Eu in L*(S; R”2) and

liminf 1"~ (J,)) = H* ' ().

jo+ox

We state now a lower semicontinuity result in SBD that can be proved by
following the same ideas and strategy of the proof of Theorem 2.8.

THEOREM 2.9. Let u;, u € SBD(Q) be such that u; — u in L'(Q; R") and

ey s | rewes e+ [ ;10 £)dH™ < o0

Jor§ e R"\ {0}. Then (Eu;(x)§, &) — (Eu(x)§, &) weakly in L? () and

/ |(v, €Y dH" ! < lim.inf/ [(v;» E) AHTE
i J 5 J
u uj

In particular, if (2.3) holds for every § € (&1, ..., &,} orthogonal basis in R", then
divu; — divu weakly in L*(Q).
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Finally, we introduce the following subspace of SBD(Q2)
SBD*(Q) = {u € SBD(Q) : / |Eu()P dx + H' (L) < +oo} :
Q

2.2, - I'-convergence

We recall the notion of I'-convergence (see [25]). Let (X, d) be a metric
space. A family (F,)..o of functionals F; : X — [0, +4oc] is said to I'-
converge to a functional F : X — [0, +00] at u € X, and we write F(u) =
I'-lim,_, o+ Fz(u), if for every sequence (g;) of positive numbers decreasing to 0
the following two conditions hold:

(i) (lower semicontinuity inequality) for all sequences (u;) converging to u
in X we have F(u) < liminf; ng (u;);

(ii) (existence of a recovery sequence) there exists a sequence (u;) converging
to u in X such that F(u) > limsupj ng (uj).

We say that F. T'-converges to F if F(u) = I'-lim,_ o+ F.(4) at all points
u € X and that F is the I'-limit of F,. If we define the lower and upper
[-limits by

F"(u) = I'-limsup F,(«) = inf{limsup F,(u;) : u, — u},

e—~0t g0

F'(u) = T-liminf F,(u) = inf{liminf F,(u,;) : us —> u},
-0t e—>0

respectively, then the conditions (i) and (ii) are equivalent to F'(u) = F"(u) =
F(u). Note that the functions F’ and F” are lower semicontinuous.

In the sequel we will denote by I'(meas)-liminf, I'(meas)-limsup and
I'(LY-liminf, T'(L')-limsup, the lower and upper I'-limits on the space L!
endowed with the metric of the L! strong convergence and the convergence in
measure, respectively.

The reason for the introduction of this notion is explained by the following
fundamental theorem.

THEOREM 2.10. Let F = I'-lim,_ o+ F,, and let a compact set K C X exist
such that infy F, = infg F; for all . Then

24 dmin F = lim inf F; .
X e—0t X

Moreover, if (u;) is a converging sequence such that lim; Fy; (u;) = lim; infy Fej
then its limit is a minimum point for F.

We refer to [23] for an exposition of the main properties of I'-convergence
(see also [18]).
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2.3. — Preliminary lemmas

In this section we state and prove some preliminary results, that will be
used in the sequel.

Let B:={&,...,&,} an orthogonal basis of R". Then for any measurable
function u : R® — R" and y € R" \ {0} define

2.5) TS Bu(x) = u (sy +e H )
€ip

where [z]5 := ZL][%Q’—)]&

Notice that T;’Bu is constant on each cell « + ¢Qp, @ € e@;_, &7,
where Qp = {x € R" : 0 < {x, &) < |&]?). The following result generalizes
Lemma 3.36 in [14].

LemMA 2.11. Letu, — u in LL_(R"; R"), then for any compact set K of R" it
holds

. ,B _
26) lim J VT ue = iy dy = 0.
/PROOF. For the sake of simplicity we assume B = {ey, ..., e,}. With fixed

a compact set K, call I, the double integral in (2.6). By Fubini theorem and
the change of variable ey +&[Z]s — y we get

X
I = . o
Je o e (2 3], ) -0

1
5/ —n/ lus(y) — u(x)dydx
K €& x+e(—1,1)"

1
5/ 7/ (I () — we ()| + lus (x) — u(x)]) dydx.
K €7 Jx+e(~1,1)n

dydx

The further change of variable y — x + ¢y and Fubini Theorem yield
L [ [ et en) - uldrdy +2° [ o - uelds,
-LH*JK K

thus the conclusion follows by the uniform continuity of the translation operator
for strongly converging families in L. . (R"; R"). O

REMARK 2.12. Let C. C Qg a family of sets such that

2.7 limiEfICgi >c>0.

£—0
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Then under the hypothesis of the previous lemma, for any compact set K of R”
we can choose y, € C. such that T9Pu, — u in L'(K;R"). Indeed, by the
Mean Value theorem, there exist y, € C. such that

s B
IT2 B2y — ull 1 gy |Cel < /C ITE B0, — ull 1 g amy 4y
€
S/ ”T;‘Bus—u”LI(K,Rn)dy.
oB

Then the conclusion easily follows from (2.6) and (2.7). This property will be
used in the proof of Propositions 4.4 and 5.1.

In the sequel for n =2, & € R*\ {0} and B = {£, &1}, we will denote the
operators TF and [-]z by T% and [-]¢, respectively.

LEMMA 2.13. Let J be a HN~!-rectifiable set and define
2.8) Jf::{xe]R”:x=y+t§withte(—8,8)andy€J}

for& € R* and

(2.9) JErbr = | ) UG
i=1
for &1, ..., & €R", r being a positive integer. Then, if HN~1(J) < +00
ﬁ"( gl’-w&r) .
(2.10) limsup ——+~ < 2/ sup |(v, &) dH* ™,
s—0 £ J i

where v(x) is the unitary normal vector to J at x.

Proor. First note that by Fubini theorem and the Generalized Coarea For-
mula (see [9])

H
2.11) cr (Jf) 528/ #(Jf) dH"(y) :28/ (v, &) dH™ 1,
né y J
hence

@12) o (Jft) <2 /J D v, &) dH ! < 2resup &MY ().
i=1 !

By the very definition of rectifiability there exist countably many compact sub-
sets K; of C! graphs such that

HN! (J\UK,») =0,

i>1
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and HV"1(K; N K;) = 0 for i # j. Thus, by (2.12) for any M € N we have

En Jfl,-u,é’r [,n (K.)Elw,&'r
—QS Z —(l;_s__)_*_erlilplsilHN—l (]\ U Ki) ,

1<i<M 1<i<M

hence, first letting ¢ — 0 and then M — 400 it follows

n Els"- Er El,m &r

L£r(J, LM(K;

lim sup £1UTT) < Z lim sup ——((—')6——2 .
€

e—0 & i»1 €0

Thus, it suffices to prove (2.10) for J compact subset of a C! graph. Up
to an outer approximation with open sets we may assume J open. Furtherly,
splitting J into its connected components, we can reduce ourselves to prove
the inequality for J connected. For such a J (2.10) follows by an easy com-
putation. O

LEMMA 2.14. Let A : A(2) — [0, +-00) be a superadditive function on disjoint
open sets, let u be a positive measure on Q and let Yy, : Q — [0, +00] be a countable
family of Borel functions such that \(A) > [, Y du for every A € A(Q).

Set Y = supycn Vi, then

AMA) = /Awdu

forevery A € A(Q).

The proof of this lemma can be found in [14].

3. — The main result

In this section all the results are set in R2. A generalization to higher
dimension will be given in Section 6.

We introduce first a discretization of the divergence. Fix &,¢ € R? \ {0};
for £ > 0 and for any u : R> — R? define

Diu(x) = (u(x + §) — u(x), §),
divitu(x) := Diu(x) + Diu(x),
@3.1) |De cu(x)? := [Diu(0)* + D ux)P,
IDive su(x)[? = [divEE u(o)l? + [divE = ux)l?
+1divEE 2 + [dive S P
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Starting from this definition we will provide discrete and continuous approxi-
mation results for functionals of type (1.2) and (1.6). We underline that this is
only one possible definition of discretized divergence that seems to agree with
mechanical models of neighbouring atomic interactions.

We can give also the following alternative definition

Diu(x) = (u(x + &) — u(x — €&), £),
1
(3.2) |Degu(x)* := 5|D§u(x)|2

IDiv, cu(x)|? := | DEulx) + DE u(x)[?.

This second definition can be motivated by the fact that from a numerical point
of view it gives a more accurate approximation of the divergence as ¢ — 0,
although the centered differences usually have other drawbacks.

For the sake of simplicity, in the proofs of Sections 4 and 5, we will assume
that the “finite-difference terms” involved in the approximating functionals are
defined by (3.1). The arguments we will use can be easily adapted when
considering definition (3.2).

3.1. - Discrete approximation result
Let © be a bounded open set of R? and, for ¢ > 0, define
A () :={u:Q > R? : u=const on (a+[0,6)*) NG for any o € eZ?}.

Let f: [0, +00) — [0, +00) be an increasing function, such that a, b > 0 exist
with
f@®

(3.3) a:= tgr& — b= t-LlEloo f@®

and f(t) < (at) Ab for any t > 0. For u € A,(Q) and £ € 72, set

1
(3.4) FEw) =) ef <g(|De,gu(a)|2 +9|DiVs,§u(a)|2)> :
&

acR:
where 0 is a strictly positive parameter and
R :={aeeZ’: [a—et,a+eflUa—ctt,a+e6]1C Q).
Then consider the functional F¢ : L'(£; R?) — [0, +00] defined as

] { 3 p®FHE@) if ue A
(3'5) FE (u) =

gez?
+00 otherwise

where p : Z* — [0, +00) is such that 5, ;2 |E|*p(&) < 400 and p(&) > O for
§=ej, e+ e
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THEOREM 3.1. Let Q be a convex bounded open set of R*. Then F. f I"-converges
on L®(2; R?) 10 the functional F® : L®(; R?) — [0, +00] given by

(3.6)

Eez?
+oo otherwise

J { > pEF @) ifueSBDQ)
F (M) =

with respect to both the L1(Q; R?)-convergence and the convergence in measure,
where

FEu) = 2a/ 1<5u(x)g,§>|2dx+4a9;s|4/ |div u(x)|® dx
Q Q

+2b [ St —u,v)dH,
Ju

with the function ®¢ : R* — [0, +00) defined by

O (2, v) 1= Y (2, ) vV UE (@),

where for n € R?
[ Kvml ifz,m #0
Vi@ v) = { 0 otherwise .

The proof of the theorem above will be given in Section 4 as a consequence
of some propositions, which deal with lower and upper I'-limits separately.

REMARK 3.2. Notice that the surface term can be written explicitly as

[ et~ wyant = [, L ivwslan!

T VA

3.7

[ Mg+ [ LBV L £
i\ nJ;

U u

REMARK 3.3. We point out that the assumption €2 convex will be used only
in the proof of the I'-lim sup inequality. This assumption can be weakened (see
Remark 4.5).

REMARK 3.4. Notice that the domain of F¢ is L°(Q; R2?) N SBD*(RQ).
Indeed, taking into account the assumption on p, an easy computation shows
that

Flay= p(s)ﬁ(u)y(/g |£u(x)|2dx+H'<J.,)).

§=eyj,e1tey
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REMARK 3.5. Note that, by a suitable choice of the discrete function p,
the limit functional is isotropic in the volume term, i.e.,

Fd(u)=u1/ |5u(x)|2dx+k1/ |div u(x)]* dx
(3.8) @ 2
+/ St —u,v)dH' .
Ju

Choose, for example, p(e;) = p(ex) = 2p(ex £ e1) # 0 and p(§) = O else-
where. Moreover, for suitable choices of f and 8, it is possible to approximate
functionals of type (3.8) for any strictly positive 1, Ay.

By dropping the divergence term in (3.4) (i.e. 6 = 0), one can consider
the functional G¢ : L1(Q; R?) — [0, +-00] defined as

1
d @ > ef <E|Ds,§u(a)|2> if u € A(Q)
39) Glu) =1 e ek

+o00 otherwise ,

where ﬁg = {a € 6Z? : [@ — e&,a + €] C Q) and p is as above and satisfies
also the condition p(e;) # 0.

THEOREM 3.6. Let S2 be a convex bounded open set of R%. Then G T'-converges
on L>(Q; R?) to the functional G? : L>®(L; R?) — [0, +o0] given by

(3.10)

ge72
+00 otherwise

) { > p®G W) ifue SBD®)
G (u) =

with respect to both the L'(S2; R?)-convergence and the convergence in measure,
where

Gt ) :2a/g|(£u(x)5,§)|2dx+2b/ﬁ (v, €Y dH' .

The proof of this theorem can be recovered from the proof of Theorem 3.1,
up to slight modifications. We only remark that the further hypothesis p(e2) # 0
is needed in order to have good coercivity properties of the family G<.

ReMARK 3.7. Notice that, although the definition of G‘j corresponds in
some sense to taking 0 = 0 in (3.5), its I'-limit G4 differs from F¢ for 6 =0
in the surface term.

3.2. — Continuous approximation result

Let Q be a bounded open set of R? and let f : [0, +00) — [0, +00) be
as in the previous section.



686 ROBERTO ALICANDRO — MATTEO FOCARDI - MARIA STELLA GELLI
For ¢ > 0, define F¢: L1(Q; R?) — [0, +00] as

P = [ o175 .
where
¢ 1 1 ) . 2
(3.11) Ft(u) = —/ f (—(|D8,gu(x)[ + 0|Div, su(x)| )) dx
& Jat £
with
Q= {x eR: [x —e&,x +eE]U[x — e, x +e&1] C 9},

6 > 0 and p(§) = Y (|§]) where ¥ : [0, +00) — [0, +00) is such that for some
M > 0 ess inf<p ¥ (t) > 0 and [;"° Py (1) dr < +oo.

THEOREM 3.8. F¢ T'-converges on L™ (2; R?) with respect to the L' (2; R?)-
convergence to the functional F¢ : L®(; R?) — [0, 4+-00] given by

1 o lEu)?dx + A [ |divu(x)?dx + yHI(J,)

Fe(u) := { ifu e SBD(R2)

+00 otherwise ,
where
wi=a [ o0 (b1t = 45h3) a.
R2
A= a/ p () (49|y14 + nyﬁ) dy,
R2

y :=2b /Rz e () (y1l Viy2l) dy.

Moreover, Ff converges to F€ pointwise on L™ (; R?).

The proof of the theorem above will be consequence of propositions in
Sections 4 and 5.

REMARK 3.9. Notice that = a [z p(y) (¥ — y22)2 dy, so that u, A and y
are all positive. Moreover, the summability assumption on i easily yields the
finiteness of such constants.

REMARK 3.10. We underline that for any positive coefficients w, A and y,
we can choose f, p and 6 such that the limit functional has the form
u/ |Eu(x)|? dx +x/ [divux) P dx + yH (L) .
Q Q

Analogously to the discrete case, we may drop in (3.11) the divergence term
and consider the sequence of functionals G¢ : L1(Q; R?) — [0, +00] defined
by

crin 1 1 2
Giw = [, 0@ [ 7 ({1Peuco) ) axas

with $~2§ = {x e R?: [x — e, x +£] C Q} and p as above. By applying the
same slicing techniques of [31] it can be proved the following result.
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THEOREM 3.11. G¢ I'-converges on L™ (Q; R?) with respect to the LY(Q; R?)-
convergence to the functional G¢ : L®(Q; R?) — [0, +00] given by

ifu € SBD(Q)

{ B [ lEu(x)Pdx + X [o|divu@)?dx + y'H (1)
G (u) :=
+00 otherwise ,

where
p = a/ p(y) (Iyl4 —4y12y§) dy
Rr2

A i=2a / p(Myiysdy,
RZ

y'i=2 [ pOinidy.
R2
REMARK 3.12. As in the discrete case, the I'-limit G° does not correspond
to F°¢ for 6 = 0.

REMARK 3.13. The restriction to L*°(2; R?) in Theorems 3.1 and 3.8 is
technical in order to characterize the I'-limit. For a function u in L!(£2;R?)\
L>®($2; R?), by following the procedure of the proof of Proposition 4.1 below,
one can deduce from the finiteness of the I'-limits that the one dimensional
sections of u belong to S BV(Qi). Anyway, since condition (i) of Theorem 2.7
is not in general satisfied, one cannot conclude that u € SBD(2). On the other
hand this condition is satisfied if u € BD(L2), so that Theorems 3.1, 3.6, 3.8,
3.11 still hold if we replace L>(2; R?) by BD(RQ).

4. — The discrete case

In this section we will prove Theorem 3.1. In the sequel we need to
“localize” the functionals F&¢ as

FiAu,A) = > &f (-i—(lDE,;u(a)F + 0|Div8,gu(a)|2)) ,
@eRE (A)
for any A € A(R) a1\1d u € A (2), where
RE(A) ={a € e7%: [a —8%',0(+8§]U[(¥—-8§J',a+8§l] C A}.
PROPOSITION 4.1. For any u € L™(R; R?),

[ (meas)-lim inf Fi(u) > Fi(u).
£



688 ROBERTO ALICANDRO - MATTEO FOCARDI - MARIA STELLA GELLI

Proor. STEP 1. Let us first prove the inequality in the case f(t) = (at) Ab.
Let &; — 0, u; € A () and u € L™(Q; R?) be such that u; — u in measure.

We can suppose that liminf; ng, (u;) = lim; Ffj (uj) < +oo. In particular, for
any £ € Z?* such that p(£) # 0, lim inf; ]-'fj’s(uj) < 4o00. Using this estimate

for & € {e1, e; + €2}, we will deduce that # € SBD(R2) and we will obtain the
required inequality by proving that, for any £ € Z? such that p(&) # 0,

4.1) lim'inf]-‘fj"s(u,-) > F4(u).
j

To this aim, as in Theorem 4.1 of [19], we will proceed by splitting the
lattice Z? into similar sub-lattices and reducing ourselves to study the limit of
functionals defined on one of these sub-lattices. Indeed, fixed £ € Z? such that
p(&) # 0, we split Z? into an union of disjoint copies of |E|Z* as

l&|2
7? =@ + 28 © 78",
i=1
where
fmri=1.. P i={eeZ? : 0< (&) <IE], 0< (o &") <|&]}.
Then, for any A € A(Q), we write

l1?
Fot i, A) =Y Fo w), A)
i=l
where

; 1 .
Fobiw, A=) ¢f (;(ms,.,gu,-(a)ﬂ+01D1vsj,guj(a)|2>)
RE () !

with jozf(A) = jo (A)Nej(zi+ZEDBZES). We split as well the lattice Z& ZE*
into an union of disjoint sub-lattices as

ZEDTEN = ZEU(ZE + E)U(ZE+EHUEZE + (E+EY)

where Z¢ := 27& @ 2Z£*. We confine now our attention to the sequence

1 .
Fay =3 &f (;(mgj,gu,-(anz+9|D1vej,gu,~<a>12))

. J
weZ;j(A)
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where Z;(A) ;= Rﬁj An ajZE. Set

. b
I = {oz € Rfj | Dg; guj (@) + 0IDive, guj (@) > ;8,-}

and let (v;) be the sequence in SBV(2; R?), whose components are piecewise
affine, uniquely determined by

(i — g;§), £) xe(@+eQ:)NQ
a€gZNI;
(uj (@), ) + W%Dﬁjuj(a)(x —af) xe@+g0:)NR
(v (x), £) = oeeZE\
(uj(a), &) + E;é?p;fuj(a)(x —a,&) xe(@+eQ: )N
\ ERIVARD S
((uj(a — g;E5), £L) x€(@+60,1)NQ
aegZin
) <u,~(a),sl>+gjlélzz)gjluj(a)(x—a,gﬂ x € (@48 QgL )NR
(vj(x),§7) = o eeZi\ I
@&+ e D wy(@r—ast) x € @terQpr, )N
{ ceegZi\ I,
where

Qs i=(x €R? : |(x,§)| < I£F, |(x.§)] < [€1°)

Q¢xi={x € Q¢ : £(x,§) >20}.
In order to clarify this construction, we note that, in the case & = ey, v; =
(vjl, sz) is the sequence whose component v} is piecewise affine along the
direction ¢; and piecewise constant along the orthogonal direction, for i = 1, 2.
It is easy to check that v; still converges to u in measure. Let us fix n > 0
and consider A, := {x € A : dist(x, R?\ A) > n}. Note that, by construction,
for j large we have

> a(IDgeu;@F +6Dive u; @)
a€Z; (AN

/ (Evj (0)E, £)> dx + ab || /A |div v; (x)]* dx

> a
T 21812 Ja, n
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and

bEj#{Zj(A) ﬂlj}

b 1 Lyf gl
> 2P max {/Ji,mn (o, (), §) dH (y),/ngjlmn [(vo; (), § ) dH (y)}
Then, for j large and for any fixed § € [0, 1],
FA= Y a (|D8j,§uj(oz)|2 + 9|Div8j,§uj(a)|2) + be;#{Z;(A) N I}
(!EZj(A)\lj
> 4 / (Ev; ()&, ) dx + ablE P / div v; (o) dx
21812 Ja, A
(4.2) b

) v (1), £)| dH!
+ 5 /Jsjm,,'("f(” &) dH ()
b
——(1-35 . (), EDdH ().
+ 5 )/J%Lmnuv,(y)s NECRO)

In particular by applying a slicing argument and taking into account the notation
used in Theorem 2.7, by Fatou Lemma, we get

+00 > liminf 7;(A)
j

4.3) 1 o
> ——2/ lim inf a/
20817 Jme An

n’y

65712 dt + b#(J(vf’y))> dH'(y).

Note that, even if p(&+) = 0, taking into account also the divergence term and
the second surface term in (4.2), we can obtain an analogue of the inequal-
ity (4.3) for £€-. By the closure and lower semicontinuity Theorem 2.4 we
deduce that u%” € SBV((An)i), and since u € L®(Q; R?) we get

44) ez [ 1Du1(4)5) an' ()

for ¢ = £,&1. Recall that by assumption p(er), p(e; + e2) # 0, thus (4.4)
holds in particular for ¢ = e;, e3, €1 + e;. Then by Theorem 2.7, we get that
u € SBD(A,) for any n > 0. Moreover, since the estimate in (4.4) is uniform

with respect to 1, we conclude that u € SBD(A).
Going back to (4.2), by applying Theorem 2.9 and then letting n— 0, we get

a
liminf F; (A) > —
A Z e

b
AE2 s d ! 1-6 - Lyl dH! ’
W (‘S/,m'(” lar+(1-0)] £ H)

for any 4 € [0, 1].

/1<5u(x)§,s>|2dx +a9|§|2/ div u(x)|* dx
A A
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Note that, using the inequality above with A = Q, § = ey, e; + 3, it

can be easily checked that £u € L?(Q; R?*?) and H!(J,) < +oo. Then, by
Lemma 2.14 applied with

A(A) = liminf F; (A),
J

b
@ 2oy ——HLJ,,

= oep 2112

(I(Eux)§, §)1* + 615 P|divu(x)?) on 2\ J,

Sl (v, )] on JE\ JE
VRO =4 i, £4)] on JE\ J
Sul (Vs E) + (1 — 80) (v, 5] on JENJET,

with 6, € QN [0, 1], we get

lim inf 7 (%) = EIZ?/QI(Su(x)é,é)lzdx+a9|’;‘|2/gldivu(x)|2dx

b
L / v, dH‘+/ vy 1) dH!
2|€|2<15\15l|< &)l o1 10 €41

+/§m§l (v, )1 v |<vu,sl>|dH1> :

u

Finally, since the argument above is not affected by the choice of the sub-
lattices in which Z? has been split with respect to &, we obtain (4.1). The
thesis follows by summing over £ € Z2.

Step 2. If f is any increasing positive function satisfying (3.3), we can
find two sequences of positive numbers (a;) and (b;) such that sup,a; = a,
sup; b; = b and f(¢t) > (a;t) A b; for any t > 0. By Step 1 we have that
I'(meas)-liminf,_o F4(u) is finite only if F?(u) is finite and

I (meas)-liminf F{ () > ) | p(&) (2a,- /Q [Eu(x)E, &)1 dx

sez?

+4a,-9|$l4/9|divu(x)|2dx+2b,-/ c1>¥(u+—u—,uu)dH1> .
Ju

Then the thesis follows as above from Lemma 2.14. O

The following proposition will be crucial for the proof of the I'-limsup
inequality in both the discrete and the continuous case.
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PROPOSITION 4.2. Let u € SBD?* (Q) N L™ (2, R?), then
lim sup F2% (u) < F* (u).

e—>0
Proor. Using the notation of Lemma 2.13, set
1 1
£ . E E.L & %—L § 3 E %-J. £¢
= (I ) v (B E) v (UEnaE)

&

Since f(t) < b, by Lemma 2.13 there follows

2 JE
lim sup F&¥ (u) < 11msup]-'c5(u 5\ J%) + blim sup —= ( w)
e—>0 —0 e—0
< hmsup}'acs(u, Q5 J5)
=0

1 1
+2 (/E\ﬁluvu,sndﬂl /glvfuuu,s )dH

+ /JgnjsJ_ [{vu, &) Vv |(Vu,§L)|d’H1> i

Let us prove that for a.e. x € Q5 \ J? and for ¢ € (&, £&1)

@5)  Diu(x) = (u(x + £0) — u(x), ¢) = /O (Eux +s0)7. £) ds

Let, for instance, { = &, then using the notation of Theorem 2.7 if x € Q& \ J¢
and x =y + t£, with y € TI%, we get

(u(x +€&) —u(x),§) =u*(t + &) —u*7 (1)
Since u € SBD (), for H'-ae. y € IT¥ we have that u5? ¢ SBV((Qg)g),
WSV () = (Eu(y +18)&,§) for L1 ae. 1€ () and Jey = (J5);. Thus
1+¢
W ke) w0 = [ (Euly+56)5.8) ds
t

+ D ()T — @) (9)) sgn (£, vy)
setD,

4.6)

and, since (Jf)i N[t,t+e] =49, (4.5) follows.
Moreover, Jensen’s inequality, Fubini Theorem and (4.5) yield

1 N
4.7) 8_2/95\15 Dgu(x)‘ dx_/

af\us €2
for ¢ = ££.

2

/(8u(x+s§)§ Cyds| dx

< /Q (Eu()g, £) P dx |
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Let us also prove that

1
(4.8) lim sup 2/S (divEs udx < |§|4/ \div u(x)|? dx .
QNI Q

e—>0 &

Setting
g(x) = |E[*div u(x)

and )
Ceed
ge(x) == gdlv‘g’E I,t(x)/\,’gg\]iE x),

(4.8) follows if we prove that

4.9) lg — g€“L2(Q) — 0.
Note that
(4.10) g(x) = (Eu(x)E, &) + (Eu(x)E*, £1),

and that by (4.5) on Qf \ JZ we have
@11)  divisu(x) =/0 ((Eu(x +SEVE,E) + (Eulx + sEL)EL £ )) ds.
Thus, by absolute continuity and Jensen’s inequality we get
I8 = 81230, < o) +21¢T* [ i > [ teu+56) - gucor asas
+2|§|“/Qg é/og |Eu(x + s&1) — Eu(x) P ds dx .
Applying Fubini theorem and then extending £u to 0 outside €2 yield
g — g8”L2(Q) < o(1) 4 2JE[*~ / /|€u(x+s§) Eu(x)|>dx ds
+20E1* = / / |Eu(x + sE1) — Eu(x)*dx ds ,

and so (4.9) follows by the continuity of the translation operator in L%(Q; R?*?),
Of course, using the same argument, we can claim that the analogous
inequalities of (4.8), obtained by replacing (£,£1) by one among the pairs

(S’ _gl)’ (—57 S_L)’ (—Si _El)v hold true.
Eventually, since f(t) < at, by (4.7) and (4.8) we get

e—>0

lim sup F&5 (u, Q5 \ JE) < Za/ |<5u(x)s,g)|2dx+4a9|s|4/ |div u(x)|* dx
. Q Q

and the conclusion follows. a
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REMARK 4.3. Arguing as in the proof of Proposition 4.2 we infer that the
functionals defined by

1 1
1 — 2
Gg(u) = ;/953 (;le,su(x)l ) dx ,

&

where g(¢) := (at) A b, satisfy the estimate
6¢ ) < 2 [ Eue)g. )P dx +2b [ 1o 8)ldR,
Q I

for any u € SBD(Q).
Moreover, by the subadditivity of g and since f(r) < g(z) by hypothesm
there holds

(4.12) FoEw) < o(GE@w) + G5 () < cFEu).

Now we are going to prove the I'-limsup inequality that concludes the proof
of Theorem 3.1. We will obtain the recovery sequence for u € L*°(£; R?) as
suitable interpolations of the function u itself.

PROPOSITION 4.4. For any u € L®(Q; R?),

[(L')-limsup FZ(u) < Fe(u).

e—>0

ProoF. It suffices to prove the inequality above for u € SBD*(Q). Up
to a translation argument we may assume that 0 € Q. Let A € (0,1) and
define u,(x) := u(Ax) for x € @, = A7!Q. Notice that @ CC ©, and
u; € SBD*(R,). It is easy to check that u, — u in L'(S;R?) as A — 1 and

}in} Feu,, ) = F(u).

Then, by the lower semicontinuity of I'-limsup,_,, F?, it suffices to prove that

T(LY)-limsup F(uy) < F(uy, S2),

>0

for any XA € (0, 1).

We now generalize an argument used in [22], [14]. Let & — 0 and
consider u, extended to O outside ;. Notice that for o € ¢Z? and & € 7Z? we
have ¢[%],, =« and e[%i]e1 = o + €&, thus we get

‘/(0,1) F (Ty ) dy = Z p(E)/ Z &j ( ej,sux(é‘j)’+a)|2

gez?
+ 0IDiv; cus(ejy + 0‘)12)> dy,

where T is given by (2.5) for B = {e1, e2}.
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Then, using the change of variable £;y +a — y, we obtain
/ FEd_ (T;j u)dy
(, 1)2 7

=Y 0® 2/

4

<> P(é)ffj’é(ux, ).

tez?

1 .
(;uDs,.,suA(y)F +9|D1Vej,sux()’)l2)) dy
J

+(0,67)2 81

In particular, by Proposition 4.2 and Remark 4.3, there holds
lim sup Ff_ (Tysjuk)dy
i Jon? Y

< Z p(&)lim.supf;f‘f(ux, Q) < Fuy, Q) < +00.
te2? J

(4.13)

Fix § > 0 and set
cl = {z €0, 1): FA(Tw) < /(0 . FE(Ty w) dy +a} .
By (4.13), we have for j large

Fe (Ty us)dy + 8

10, D2\ CJ| <

<c<l,

(0,12

which implies .
IC{|>1—c>0.

Then, by Remark 2.12, for any j € N we can choose z; € C{ such that
szfuA — uy in L}(S; R?) and
(4.14) FE(Ty w) < / JFAT w)dy +6.

©,1)

Hence, by (4.13) and (4.14), there holds
lim sup Ffj (sz.ju)\) < Foup, 22) +38,
J

from which we infer

[(LY)-limsup F;j () < Fo(up, ) + 8
J

and letting § — 0 we get the conclusion. O
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REMARK 4.5. In the proof of the previous proposition the convexity as-
sumption on € is used only to ensure that for any A > 1 © CC €,. This
condition is nedeed in order to justify the existence of some kind of extension
of a SBD function outside of €2 with controlled energy. An alternative approach
would involve the use of an extension theorem in SBD analogous to the one
holding true in SBV (see Lemma 4.11 of [14]). So far, such a result has not
been proved, yet.

Thus, Proposition 4.4 and Theorem 3.1 can be stated for open sets sharing one
of the previous properties.

5. - The continuous case

In this section we will prove Theorem 3.8. We “localize” the function-
als F5% as

1 1
Fofu, A) = /A ¢ f (;(|Da,su(x)|2 +9|Diva,;u(x)|2)) dx,

for any u € L1(Q; R?), A € A(Q), with
Al = {xeR*:[x —ek, x+e6]Ux — ek, x +£67] C A}.
PROPOSITION 5.1. Forany u € L®(2; R?) N L1(2; R?),
F(Ll)-limiglngc(u) > Fu).
£
Proor. STeEp 1. Let us first assume f(t) = (ar) A b. Let g — 0,

uj € LY R?), u € L®(Q;R?) be such that u; — u in L'(2;R?) and
lim inf; Fscj(uj) = lim; F;j(uj) < 4o00. In particular for ae. £ € R? such

that p(§) # O liminf; Fgcf(uj) < +00. Fix such a £ € R? and A € A(RQ).
Up to passing to a subsequence we may assume that liminf; ]-'ch (uj, A) =
lim; fgf (uj, A) < +00. We now adapt to our case a “discretization” argument

used in the proof of Proposition 3.38 of [14]. In what follows, when needed,
we will consider u; and u extended to O outside Q. If we define

1 . )
gi(x) = { f (*3_1(lD“‘jf”i(’C)l2 +9‘D1V£j,5uj(x)|2)) if x € Agj
otherwise in R?,

we can write

1 1
fcfs(u-,A)=—/ (x)dx = — / (x)dx
% & JR? gj( ) & Z a+5ja§ gj( )

! aeej(zt0EL)

1
= - Z /~ gix+a)dx = [ ¢j(x)dx,
T weej(zeanel) 1% Q¢
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where

b= > gglex+a)

acg; (ZE@ZEJ“)

O ={x eR*:0< (x,&) < |E%0< (x,67) < |E1]%).

Fix § > 0, then, arguing as in the proof of Proposition 4.4, by using
Remark 2.12, for any j € N we can find x; € Q¢ such that ij."’suj -
u in L1(S;R?) and

Fof . A) +8 = 1§15 (x)
1
> & > f ;(IDsj,guj(a+£,-xj)|2+9|Divgj,§uj(a+8jxj)lz)>

aesjzk@zst) 7

E .
“EAEJ £j %]

Now we point out that the functionals on the right hand side is of the same type
of those defined in (3.4). Hence, up to slight modifications, we can proceed as
in the proof of Proposition 4.1 to obtain that u € SBD(£2) and

lim.inffgcljs(uj) > 2a / HEu(x)E, &> dx + 4ab|E|* / |div u(x)|* dx
J Q Q

+2b/ e edn + [ v, &Y R
It TS

+\/JEHJEJ- I(vquH v I(Vu,sl)ld’]-{l> .

u

Finally, recalling that H!(J, \ J5) = 0 for ae. £ € R%, by integrating with
respect to & and by Fatou Lemma, we get

> [ 0@ ( [ 2alucos, o)1 + daslertidivuco x ) ds
R2 Q
+ /RZ 2bp(§) (/J [(vy, &) Vv |(Vu,§'i')|d7-[1> d&
= /Q (/ﬁ{zp(‘?)(zal(fu(x)é,g)lz+4a0|§|4|divu(x)|2)d§) dx
+ [ ([ 2@t 01Vt £ de ) e

The expressions for w, A,y follow after a simple computation.
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Step 2. If f is any, arguing as in Step 2 of the proof of Proposition 4.1,
we have that T (Ll) -liminf,_,o F{(u) is finite only if F°(x) is finite and

r (Ll) —limiéfosc(u) > ,L,./ [Eu(x)|?dx + xif div u(x)|? dx + y;H U (J,)
£—> Q Q

" with sup; i = W, sup; A; = A and sup; y; = y. The thesis follows using once

more Lemma 2.14. O

Let us now prove the I'-limsup inequality which easily follows by Propo-
sition 4.2 and Remark 4.3.

PROPOSITION 5.2. For any u € L>(Q; R?),

T'(L')-limsup FS(u) < F°(u).
e—>0

PrROOF. As usual we can reduce ourselves to prove the inequality for u €
SBD?*(R2). For such a u the recovery sequence is provided by the function
itself. Indeed, by Proposition 4.2, estimate (4.12) and Fatou lemma, we get

lim sup FC(u) < / '2 p(€) lim sup Fo£ (u) dE
=0

-0 R

< [, p©F was = Feaw). g

6. — Convergence of minimum problems in the discrete case

6.1. — A compactness lemma

The following lemma will be crucial to derive the convergence of the
minimum problems treated in the next section.

LEmMA 6.1. Let f, p, F,f be as in Theorem 3.1; assume in addition that Q is
a bounded Lipschitz open set. Let (u;) be a sequence in .Agj (2) such that

(6.1) sqp(ng (u;) + llu; llLoo(sz;m2)) < F00.
J

Then there exists a subsequence (u;,) converging in LY(S2; R?) to a function u €
SBD*(R).
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ProoF. Without loss of generality we may assume f(f) = (at) A b. Set

1 1
C] = E Ejf (s—ngjlu](a)|2)+ E EJf(s—ngjzu](a)lz)
J € J
QERL

€1
&

1 2 1 —e 2
+ > &f (;tD§;+e2u,~<a>1)+ > &f (;ws; 2u,-(a>|),
R§!+e2 J Rg!—ez J

then the monotonicity and subadditivity of f yield
(6.2) s1;p Ci<c s1;p Ffj (u;) < +o00.
Let
M (@) := max {|D§;u,-(a)|2; ID;J?uj(a)lz; | Dluj (e + gjex)l;
|D2uj(a + gje)l’s 1DE2u; @) 1D + gjen)
and
R;:==RIN Rg;“z N (R! — gje2) N (RE! — gjen) 0 (R;Jﬁez —gjer),
then set b
I; := {(x €R: Mj(a) < ;8]'} .

Consider the (piecewise affine) functions v; = (v}, v}) defined on & +¢;[0, 1)?,

7
ael;, as
. 1 1
uj(@) + —Dlu @) (1 — o) + —(uj(@ + gje) = uj (@) (x2 — @2)
J J
xe(a+gTT)NQ

1
vj(x) =1 ula+ei(e1 +e2)) + ;Ds}uj(a + gje2)(x1 — a1 — &)
J

1
+— () @ + 5501 +e2)) — ui(@ +gie))(xa — @z — &)
J

\ xe(a+£jT+)ﬂS2

1 1
uj(@)+ Dy @) (=) + (wa+ ejen) — ud@)) (ri—an)

xe(a+eTT)NQ

1
vf(x) =4 ujz(a +¢j(er +e2)) + S—ng?uj(a +gje1)(x2 — a2 — €;)
J

1
+— (@ (@ + gjler + e) — uj(e + gje) (1 — e — ¢))
J

L xe@+THNQ
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where T = {x € (0, 1)®: +(x;1+x,—1) >0} and x; = (x,¢;), i = 1,2, and
vj = u; elsewhere in Q. Notice that on each triangle & + &;T* v; is an affine
interpolation of the values of u; on the vertices of the triangle.

By direct computation it is easily seen that for any « € I; and x € «+¢;(0, 1)?
there holds

1\2
Enmie<e (s ) M@,
j
hence, by taking into account (6.2) and the subadditivity of f, we get

6.3) sup/ |5vj(x)lzdx <c supC; < +00.
Jj I J

Now, we provide an estimate for HI(J,,J.). Let
Aji={eegZ: a+e60,D*NQ#0},
Dj:={x eR?: d(x,3Q) <2},

and note that
U e+g0 D cD;.

aEAj\Rj
By the Lipschitz regularity assumption on €2, it follows
|D;] H! ()
#ANR) = 5 se ——

and thus we get
HI(ij) < 48]'#(Aj \ Ij) = 48j#(Aj \ R]) + 48j#(Rj \ 1])

<c (H'@D+C)<ec.
Since (vj) C SBD(S) is bounded in L™ (£2; R?) and by taking into account (6.3)
and (6.4), Theorem 2.8 yields the existence of a subsequence (v ) converging
in L1(Q; R?) to a function u € SBD*(). The thesis follows noticing that by
Proposition A.1 (ujk) is also converging to u in L'(Q; R?). O

Thanks to Lemma 6.1 and by taking into account Theorems 3.1 and 2.10,
we have the following convergence result for obstacle problems with Neumann
boundary conditions.

THEOREM 6.2. Let K be a compact subset of R* and let h € L'(Q; R?). Then
the minimum values

(6.5) min{F;’(u) —/(h,u)dx: ue LY (R, ue Ka.e.} ,
Q

6.4)

converge to the minimum value
(6.6) min{Fd(u) ——/(h,u)dx cue LN RY, ue Ka.e.} ,
Q

Moreover, for any family of minimizers (u.) for (6.5) and for any sequence (&;) of
positive numbers converging to 0, there exists a subsequence (not relabeled) U,
converging to a minimizer of (6.6).
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6.2. — Boundary value problems

In this section we deal with boundary value problems for discrete energies.
Following [19], we separate “interior interactions” from those “crossing the
boundary”. Let Q@ C R? be a convex set such that 0 € Q, let » > 0 and
denote by Q, the open set {x € R?: dist (x,3Q) <n}. Let ¢ : 3Q — R?
and pi,..., py € 992 such that ¢ is Lipschitz on each connected component of
0Q\{p1, ..., py}. Then define for n < dist (0, 3S2) the function ¢ : 2, — R?
by

P(x) == p(tx),

where t > 0 is such that {rx} = {tx};>0 N 9.
We remark that ¢ € Wh(Q, \ U {tpi}=0; R?) and J; = U, {tpi};50 N 2y
The function ¢ is a possible extension of ¢ to €2,. Other extensions are possible
which, under regularity assumptions, yield the same result. Here we examine
this “radial” extension only, for the sake of simplicity.

With given u € SBD(RQ), let

ulx) if xeQ

uf(x) = { F() if x € 2\ Q,

then u® € SBD(Qy,) and Juo = J, U J; Ufx € 32 1 y@®) # o)),
where y(u) denotes the inner trace of u with respect to 92. Finally, we define
a suitable discretization of ¢ by

Pla) if @ €eZ2NQy
Pe(a) = . 2
0 if o geZ°NQ,.

Let f, p, Ff be as in Theorem 3.1 and assume in addition that p(§) =0
for [£] > M, with M > 2. Let B (u) := F?(u) + F%¢(u), where

1
Yop® > ef (E(IDs,gu%(a)P+9|Div8,§u¢6(a)|2))

&1=M @eRE (09)

d,¢ .
FoPu) = if ue A(Q)

+00 otherwise
with
RE(3Y) :={@ € eZ*\ RE(Q) : [o — €, +eE]U[a — €, a + 611N Q # 0}

and we) ifaceZ?ng

ut (@) = { ve@) ifageZ?Ng.

RE(d2) represents that part of the lattice R} underlying interactions between
pairs of points of Q, one inside and the other outside 2 (interactions through
the boundary).
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PROPOSITION 6.3. B, I-converges on L™ (S2;R?) to the functional B:L*®(Q;R*)—
[0, +o<] given by

{ Flw)+26Y " p(&) O (y () —¢, vop) dH' ifueSBD(Q)
Bu) := lEl<M JupNQ2

+00 otherwise

with respect to both the L'(2; R?)-convergence and the convergence in measure,
where vyq is the inner unit normal to 32 and the function ®¢ : R? — [0, +00) is
defined by

D (2, v) == PE@ V) VIE @),

with for n € R? ol i @) 0
[ Mv,ml iz
Y@ v) = { 0 otherwise .

Proor. Note that if ¢ is sufficiently small, for every v € A(Q) we have
6.7) B:(v) = F{ (v, QU Q) — F (9, 2\ Q) -
Moreover, the regularity of ¢ and the assumptions on f yield

6.8)  limsup F¥(ps, 2, \ ) < [, \ Q1 +¢ H'(J; N (2, \ Q).

&0

Let u; — u in measure on €2, then u% — u¥ in measure on QU ,. Thus,
by Theorem 3.1 and inequalities (6.7) and (6.8), we get

liminf B, (ue) = F4(u?, QU Q) — 0(n) = B) — (),
&>

with lim,_,ow(n) = 0. Then the I'-liminf inequality follows by letting n — 0.
Let u € L®(2; RDNSBD*(Q), fix A€ (0, 1) and define u§ € SBD*(LQ,) as

{ u (f) x € AQ
uj(x) = A
@(x) x e Q,\ A2,

then u} — u in L1(Q; R?) and F¢(uy, Q) — B(u) for A — 1.
Hence, to prove the I'-limsup inequality, it suffices to show that

(6.9) -limsup B, (uf) < F4(u?, Q).

£—0

Fix 8§ > 0, arguing as in the proof of Proposition 4.4, we can find v, of the
form uf(- + 7.), with 7. < ce and v, — uf in L'(Q; R?) as ¢ — 0, such that

(6.10) limsup FZ (v, Q) < F @, Q)+ 3.

e—0
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Note that if 8 =, o £ &, @ £+ e+ with « € RE (0882), for & small we have
PB+1) if BeeZ’NQ
?(8) if BeZ?NQ.
Then, by the regularity of ¢, it can be proved that
F*:) = 0@,

v (B) = {

hence, by (6.10),
limsup By (v;) < F4(uf, Q) +6.

>0

Then, inequality (6.9) follows letting § — 0. |

As a consequence of Lemma 6.1 and Proposition 6.3, we get the following
convergence result for boundary value problems.

THEOREM 6.4. Let K be a compact set of R? and let B, be as in Proposition 6.3.
Then the minimum values

(6.11) min{B,(u) : u € K a.e.}
converge to the minimum value
(6.12) ) min{Bu) :u € K a.e.}.

Moreover, for any family of minimizers (u;) for (6.11) and for any sequence (g;)
of positive numbers converging to O, there exists a subsequence (not relabeled) Us;
converging to a minimizer of (6.12).

Proor. It easily follows from Lemma 6.1, Proposition 6.3 and Theorem 2.10.0

7. — Generalizations

By following the approach of Section 3, different generalizations to higher
dimension can be proposed. We present here one possible extension of the
discrete model in R3 which provides as well an approximation of energies of

type (1.6).
For any orthogonal pair (§,¢) € R3\ {0} and for any u : R? — R> define
Diu(x) := (u(x + &) — u(x), §),
|D; gu(x)? := |DSu(x))? + D fu(x)?,
|Dg g, u(x)]* := | Dggu(x)|* + | Dgcu(x)*,
IDive ¢ cu(x))? =

2
D;’Mu(x)) ,

1 1 1
—_ D —_D%%
2 (mz @) F D)

(01.07,03)€{1,-1)3
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where & x ¢ denotes the external product of & and ¢.
Let © be a bounded open set of R? and A3(Q) :={u: Q> R : u=
const on (@ +[0,£)>)NQ for any o € €Z3}. Then set

S :={(e1, e2), (e1, €3), (€2, €3), (e1+e2, e1—e2), (e1+e3, e1—e3), (e2+e3, 2—e€3)}

and consider the sequence of functionals F®® : L1(€;R%*) — [0, +oc] de-
fined by

2 1 2 : 2) . 3
Yo Y e f(gqu,g,;u(an + 0|Div, ¢ cu(@)?))  if ue ARQ)

Fu:=q G068 gt

+o0 otherwise ,
with
R = {a € eZ’ : [a—e, a+e&]U[e—es, a+eglU[a—eE X ¢, a+e6 xL] C Q)

and f,6 as in Section 3.

THEOREM 7.1. Let Q be convex. Then F&3 T'-converges on L°(2; R?) to the
functional F%3 : L®(2; R®) — [0, +00] given by

Sa/ [Eu(x))?dx +4(1 +20)a/ |div u(x)|* dx
Q Q

Flu) = +2b Z / 55wt —u, v,) dH? ifu € SBD(Q)
. 0)es” u
+00 otherwise

with respect to both the L'(; R3)-convergence and the convergence in measure,
where &% : R3 — [0, +00) is defined by

®54(z,v) 1= ¥z, V) Vi v) Vi, v),

with for n € R3
CfHwml e #0
Vi@ v) = { 0 otherwise .

Proor. It suffices to proceed as in the proof of Theorem 3.1, by extending
all the arguments to dimension 3 and taking into account Lemmas 2.11 and 2.13,
that are stated in any dimension. |
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A Appendix

In the previous sections in order to study the I'-convergence of discrete
energies we have identified a function u defined on a lattice with a suitable
“piecewise-constant” interpolation, i.e., a function which takes on each cell
of the lattice the value of # in one node of the cell itself. Then, fixed a
discretization step length, we treated the convergence (in measure or L! strong)
of discrete functions through this association.

This choice is not arbitrarily done. Indeed, the convergence of piecewise-
constant interpolations ensures the convergence of any other “piecewise-affine”
ones, whose values on each cell are obtained as a convex combination of the
values of the discrete function in the nodes of the cell itself. Actually, the
converse result also holds true, as the following proposition shows.

ProposiTION A.l1. Let € be a positive parameter tending to 0 and let T, =
(T))ien be a family of n-simplices in R" such that int (T}) Nint(T)) = @ ifi # J,
U; T! = R" and assume also that sup; diam T} — Oase — 0. Letu, € L'(R") be
a family of functions which are affine on the interior of each simplex T:. We consider
the two piecewise constant functions u,, u; € L'(R"), defined on every simplex T
by

u, := ess-inf 7i e W, ;= ess-sup Tile -

Then u, — u in L'(R") implies u,,u; — u in L'(R"). The same holds if L'
convergence is replaced by L] . convergence or local convergence in measure.

ProoF. With fixed £ and i € N let u,; : T_e" — R be the unique continuous
extension of ug ;i) to the closed simplex T and let y;;, y}; be two vertices
: 0 e,

of T! such that

Uei(¥e ;) = minug, ue,i (v = max ug,; .
T,

& TE

If u.; is constant on T/, we suppose in addition that Yei y;f ; and define
! :=y}, — y;;. Let Al the n-simplex homothetic to T} of ratio § and with
homothety center in y,; and let B! := AL+ 37/, It is easy to see that B C T}.

We will proceed as follows: first we will construct a function v, on B; :=
U,'eNB;' which is affine on the interior of each set Bj; and whose distance from u
in the L'(B,)-norm tends to 0. Afterwards we will estimate two particular
convex combinations of u, and %, that will allow us to estimate the oscillation
@, — u,. Let v, be defined in x € int(B!) as us(x — 37/). In order to prove

that

(A1) lim lve —uldx =0,

e—0 B

we observe that

dx=0.

u(x) —u (x + %tg’)

lim /
e—>0 21: Aé
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This would be trivial if # were continuous with compact support, and can be

proved by a standard approximation argument for a general u € L!(R"). Then
we have

IZ/Bé [ve(x) — u(x)ldx = Xi:/Aé u.(x) —u (x + %ré)
< Z/A e (x) —u(x)|dx+zi:/Afs u(x) —u (x+ %rj)

which proves (A.1).
We note that % Ye. ,-+% y:: ; s a maximum point of u,; on A, and a minimum

dx

dx — 0,

1
oint of u,; on B.. This gives
3 &

2 - 1 + i
ve < §ue(y£,,-) + gue(ye,,-) < ug on B;.
Hence
2 _ 1 1 i
gua(yg,,-) + gus(yg,,-) —u| < max{|u, —ul, [v: — ul} on B,
and
. 2 1_
;l_r)r(l)lZ'/B‘é §y£+§ug—u dx=0.

By a similar argument, we may prove also that

lim
>0 Z B};
1]

Since %, and u, are constant on each simplex T/, and |B.| = 37"|T}|, we
conclude that

dx=0.

1 2_
3ot gl U

e—>0 Jpn

lim |u€—£8|dx=3"21ign/, @, —u,|dx =0
5 BL

and, finally, by using the following inequalities,
e — u| < lug — el + U —ul < |lu, —ue| + lue —ul,

we get that ¥, — u in L'(R") and analogously for 7.

If u. > u in L}OC(R") or locally in measure, it suffices to repeat the
constructions and reasonings above, localizing each integral. For the local con-
vergence in measure, one has also to replace the L! distance with a distance
inducing the convergence in measure on a bounded set. O
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REMARK A.2. Note that the functions #.,u, do not coincide with the
piecewise-constant ones considered in the previous sections. Nevertheless, from
the proposition above, one can easily deduce that the convergence (L!, L.
or locally in measure) of piecewise-affine functions considered in Lemma 6.1
implies the convergence of the piecewise-constant ones . Indeed, if we consider
the piecewise-constant function w, defined on the cell a+[—¢/2, & /2)2, o € g72,
as u. (o) for a given family of functions (u.) which are affine on each triangle of
the form a+¢T*, then it is easy to see that u, < w, < #,. Thus, by the previous
proposition the convergence of u. (L!, L]  or locally in measure) implies the
same convergence of w,. Finally it suffices to note that the piecewise-constant
functions considered in Lemma 6.1 can be written as w,(x + 1.) with |1.] < ce.
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