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Abstract—We present a general method for the3 factor we present our results for the factor of the microdisk laser

cialcu_latilon ir::| olp;ical microcavities. The analysis is 33560‘ on the and of the optical microcavity incorporating a two-dimensional
classical model for atomic transitions in a semiconductor active ;

> S an ! ) ) otonic bandgap structure (2-D PBG).

medium. The finite-difference time-domain method is used to P 9ap ( )

evolve the electromagnetic fields of the system and calculate the

total radiated energy, as well as the energy radiated into the mode Il. DESCRIPTION OF THEPROPOSEDMETHOD

of interest. We analyze the microdisk laser and compare our . int is the classical del f f
result with the previous theoretical and experimental analyses. ~ OUr starting point is the classical model for thefactor

We also calculate the3 factor of the microcavity based on a two- calculation [2]-[4]. Atomic transitions are modeled as classical
dimensional (2-D) photonic crystal in an optically thin dielectric  oscillating electric dipoles with resonant frequencies equal
slab. From the 3 calculations, we are able to estimate the coupling tg the atomic transition frequenay,. Different dephasing

to radiation modes in both the microdisk and the 2-D photonic o anisms are taken into account through the dipole lifetime

crystal cavity, thereby showing the effectiveness of the photonic . -
crystal in suppressing in-plane radiation modes. 74, Which corresponds to homogeneous broadening of the
spontaneous emission spectrum [17].

Index Terms—# factor, finite-difference time-domain methods,
microcavity, microdisk, photonic crystals, spontaneous emission.

A. No Dipole Sources
Consider first the electromagnetic field of the system when
dipoles are not present. We solve the problem in a large
HE spontaneous emission coupling factgr factor) of pox, which we call the computational domain and denote
a given mode is defined as the ratio of the spontaneoys,,. Appropriate boundary conditions, which depend on the
emission rate into that mode and the spontaneous emission fgsical situation of interest, have to be applied to the surface
into all modes [1]. There are many analyses (both classi@HclosingVep. We neglect the absorption losses (i.e., we
and quantum mechanical) of this parameter in the literatuggsume that the conductivity of a medium is equal to zero). At
but they consider only simple laser geometries and often usgy point inside the box, the set of Maxwell’s curl equations
many approximations. These include the spontaneous emissi@ge to be satisfied:
factor of the injection laser [2], the vertical-cavity surface-

. INTRODUCTION

emitting laser (VCSEL) of square cross section [3], [4], the V x H= (%) o (1)
microdisk [5], and the ring laser [6]. af

Over the past few years, much scientific attention has been C o F— —uo%- 2)
focused on the use of photonic crystals [7]-[9] for building ot

optical microcavities [10]-[12] for spontaneous emission con- SR
trol [13] and thresholdless lasing [1], [14]. However, due to Let {£,,(r")} be the complete set of transverse orthonormal

the complex geometry of the proposed microcavities, it w%%?\%?ﬁogf(\f\?ﬁ] lgssgiiisor?:l\gtyer%i]r:t[zd?ileTc-:?r(iec c():gzgnoﬁ_:tn;allty
not possible to perform a detailed analysis of thiactor. Our P P )

goal is to define a method for the calculation of this importar'ﬁ defined as [19]

parameter which is flexible enough to incorporate highly N (L R g3

complex geometries, including those of photonic crystals. () Em () - Bp () d°7 = b 3)
In Section Il, we describe a method for calculating the ‘on

spontaneous emission factor using the finite-difference timgheres,,,, is the Kronecker's delta. The transversality condi-
domain (FDTD) method [15], [16]. In Sections Ill and IV,tjon is given by [19]
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wherew,, is the frequency of a mode. In the mode expansidd. Dipole Sources
method, we express the total electric field of the cavity using| o ;5 assume we haw dipoles, all at the same time in
the modes from the sgt,,. (")} [18], [19] the microcavity, that are randomly positioned and randomly
. . . . ) NGO .
o N . polarized in the active reglom‘ﬁf andF; " are the position and
E(rt) = ZEm(T)fm(t) = Z”m(“t)' (6)  the polarization of thath dipole, respectively). We consider
m m dipoles which have a single oscillation frequengy and
gfetime T4, but random phases which are uniformly distributed
in the rang€l0, 27) (¢; is the initial phase of théth dipole).
The Maxwell curl equations now have the following form:

Each term#,, (7, ¢) in the previous expansion satisfies th
following wave equation:

. on, 927, o 3
. N m . m o i E P
V XV X T = —26mp0€(T) 5 pro€(i™) 52 (7 ¥ x H = () %_t n %_t (12)
where k,,, is the field decay rate for the:th mode, which VxE=—p @ (13)
accounts for the radiation outside the box. For some optical ot
mode described by frequenay,, and the quality factor [21] Boo oy . .
O, the field decay rate is given by where P(7,t) is given by the following expression:
N
Ko = Wm_ (8) B(rt) = Z pél)ej(wpt-i—qbi)e—(t/m)é(f’_ 7—;1)) (14)
2an i=1
From (3), (5), and (7), it follows that We discretize (12)—(14) with the initial conditiorﬁ(ﬁt =
B ) 07) = 0 and H(¥,t = 0~) = 0. Mur's absorbing boundary
Frn(t) + 260 frn(t) + W2, fa(t) = 0 (9) condition is again applied to the boundaries of the compu-
tational domainV-p. The electric field in the cavity can be
with the solution: separated into transverse and longitudinal parts [19]
Fn(t) = Fpeimte™(@nt/2Qm) (10) E(F,t) = Ep(F,t) + EL(7,1) (15)
where
wherew’,, = w,,(1 — (1/4Q2,))'/2. For the cavity modes of . .
interest,@},,, is large enough so that we can assume= w,. V - (e(7)Er(7,t)) =0 (16)

We can discretize space and time in (1) and (2) and use. _
the FDTD method to calculate the electromagnetic field of }&Sing the FDTD method, we evolve real parts of the fields
system. We apply Mur’s absorbing boundary condition [22] to E_“R(F’ t) = S%[E(F, )] (17)
the boundaries of the computational domain which allows the 20 I
radiation to escape outside, without reflecting back itg,. H(7,t) = RH(Tt)]. (18)

The first step in our calculation involves isolating the modget ys choose a volum& (with outer surfaceS) to be a

distribution E(7",¢ = 0) and H(7,# = 0), we use the FDTD mjcrocavity. At timet, we calculate the energy radiated into
analysis to time evolve the electric and magnetic fiel&tdn,. a1l modes, W (), as

During the time evolution, we store the field at a point of low .

symmetry in the microcavity. After applying a fast Fourier W) = W v () + Wi v (¢ +/ P dr (19
transform (FFT) to the resulting time series, we observe the =(*) Ev(®) v () o rad(7) dr (19)
resonant peaks in the spectrum corresponding to the modes of W _ e(7) BR(7 D12 B

the structure. Then we filter the electromagnetic field for the eyv(t) = 2 | Bz (7, 0)7 d%7
mode of interest [what we term as the fundamental mode, v

whose electric field is denoted bg(i)]. The filtering is Wiy (t) = /// Ho |HR(7, )| d*F (21)
done by convolving the electromagnetic field in time with . 2

a bandpass filter centered at the resonant frequency of the v

(20)

fundamental mode and with an appropriate bandwidth [12],  P..4(7) = // (ER(7,7) x HR(7,7)) dS (22)
[23]. The filtered mode is then normalized in the following p4
way:
where P,,q(7) represents the power radiated out of the cavity
o DR (= i ;
/// () Bo(7)2 d¥7 = 1. (11) and EX(7,t) is defined as
o EF(7,t) = R[Er(7.1)] (23)

Once we have solved for the field pattern of the mode dfe total energy radiated into all modes is
interest, we then proceed to calculate the electric and magnetic .

! : ) o ; Wsoo = lim Wx(t). 24
fields of the system excited by oscillating dipoles. = s =(t) (24)
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If we evolve the fields for a long enough tinté (' > 7,) calculated as [3]
such that the energy of the electromagnetic field which remains

within V att = ¢ is negligible, we can approximai&y,, as Wono = % /0 o di /// c(F)EO(F,t 43(7 t) d37

t Veo
Wow =We(t)= [ Paa(r) dr. (25) 33)
0
The transverse electric field (which is the radiation field [18Jyvhere
[19]) can be expressed as the superposi'ﬂon of the complete set . .
of orthonormal modes of the closed cavity, (¥), introduced Eo(7,t) = FEo(7)go(t). (34)
previously
. It follows that
= E.(7)gn(t). (26)
n Wooo = 1‘60|Bo|2
Er(7,t) satisfies the following wave equation: 2<i + ﬂ)
. Qo _ 2Q0
6 X 6 X E -2 m rn m 2 W 2
[ 7] = —2p0€(7 Z"" ") gm (t) © oy — o)+ <i N &)
82E 9P #eo
o T T 35
—HoelT) —n T HO s (27) (35)

It should be noted that the choice @f(0) does not influence
the value ofWy.,. An alternative approach (which leads to
the same result) is to calculat&,.. in the following way:

wherePr denotes the tranverse componenf’oFrom (3), (5),
(26), and (27), we obtain the differential equation fgg(t),
corresponding to a localized mode labeled by index

. W
grn(t) + grn( ) + wrngrn(t) WOoo — / dt §R [/// EO )d3 _’] . (36)
0
The 3 factor of the fundamental mode is equal to the ratio of

3 2% —» aQPT(7 t)
AU}zE 7. 2D
82 P(7 ) the total energy radiated into that mode and the total energy
/// BPFE® () — (28) radiated into all modes [2]-[4].
ot We include inhomogenous broadening by using an approx-
imate transition spectrum which has a Lorentzian shape, with
The transformation of the integral in the previous equation wase central frequency, and FWHM equal taAw,:
proven previously in [19]. The right-hand side in (28) can be

Vep

written in the following way: Aws

_ 27
prbe . PEED Fluwp) = R @37)

e (wp —ws)? + <T>
Vep
P +Oo
= G eIwrte=(/a) (29) / Fw,) dw, =1 (38)
where

where F(w,) represents the density of dipoles (electronic

(m) _ 1 2w, (0) B (i) i states) at the frequencw,. We average the result over
= { wp + 2 p } Z PoY B (7)e’*. (30) different dipole resonant frequencies
=1
Under the condition that the transverse electric field is zero at Z F(wp)Wooo(wp)
t = 0 (g,(0) = 0 for all m), we solve (28) forg,,(t) _wp
8= . (39)
gm(t) _ Bm(ejwptcf(t/m) _ Cjwmtcf(wmt/QQm)) (31) Z F(wP)WEoo(wP)
am) !
Bm = ) s, 1 Wan, . 2 wm The value of the3 factor when only homogeneous broad-
Win — Wyt 7'_3 - 74Qm —JWp Ty Qm gning is taken into acco.unt and dipoles have the frequency
(32) s denoted by3y and given by
Let us label the fundamental mode by index 0. Then the energy By = M_ (40)

radiated into the fundamental mode at time— oo can be Weoo(wp)
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Fig. 2. Bu(X\p) for the microdisk laser with(R/d) = 4.5 and

(R/Xo) = 0.52. 74 = 0.1 ps. Onz axis we plot the ratio of the wavelength
of the TE(5, 1) mode)o and the wavelength of the dipole oscillatiop .

TABLE |
3 FacTor CALCULATION FOR THE TE(5, 1) MoDE OF THE
MicRropISK LASER WITH (R/d) = 4.5 AND (R/Xg) = 0.52

Al [nm] | 3[%)]
200 | 11.48

7180 1213
150 | 13.29
130 | 14.21
80 17.22
25 22.14

®) n corresponds to the radial number of a mode—(1 nodes

_ _ _ _ _ ~along the radial direction). For a lasing wavelength of the
Fig. 1. (a) Two-dimensional slice through the middle of the mICI’OdISE.E 51 d [ tdn — 155 f the disk
showing (a) the TE(5, 1) mode electric field amplitude and (b) the TE(18, (5, 1) mode equal td, = 1.55 um, parameters of the I.S
1) mode electric field amplitude. are R = 0.8 pm andd = 0.18 um. We calculate the quality

factor of the TE(5, 1) mode to b€, = 740. This is much
larger than the calculated value of [24] due to the fact that
lll. 3 FACTOR OF THE MICRODISK LASER we neglect absorption losses and the presence of the post. For

Many analyses, both theoretical and experimental, of tHae purpose of calculating thefactor, we consider the active
spontaneous emission factor of the microdisk laser can lyer (quantum well) to be centered in the middle of the disk.
found in the literature [5], [24]. Using the previously describetVe assume that the quantum well (QW) couples most strongly
FDTD method, we calculate the factor of the microdisk and to TE modes, so we only consider oscillating dipoles with
compare our results with the experimental work of Frateschplarization in the plane of the QW. Dipoles appear uniformly
and Levi [24] and the theoretical work by Chét al. [5]. throughout the area of the disk. The calculated value§gof

The parameters used to describe a microdisk are the ratidaf = 0.1 ps, which corresponds to a FWHM of the emission
its radius and its thicknesg/d, the ratio of its radius and the spectrum equal to 25 nm a%, = 1.55 pm) for different
wavelength of the fundamental mod& )\, and the refractive Wavelengths of the dipole excitatioy, are shown in Fig. 2.
index of the diskn;.x. (Note that all wavelengths mentioned In order to account for the inhomogeneous broadening,
throughout this paper are measured in air.) the emission spectrum from the QW is approximated by a

The first structure that we analyze has the same set lgfrentzian, centered at the wavelength equahjcand with
parameters as the structure in [24R/d) = 4.5, (R/)\o) = FWHM denoted byA\,. We analyze several possibilities for
0.52, and ngix = 3.4 (disk is surrounded by air). The AX; and assume that, = A = 1.55 pm. The results are
fundamental mode (lasing mode) is the TE(5, 1) mode whoskown in Table I. The first row corresponds to the condition
electric field pattern, obtained by FDTD, is shown in Fig. 1in [24] where the experimentally observed value ®fwas
In the notation TEm,n), m denotes the azimuthal number4.5%. It should be noted that in our calculatiGris averaged
of a mode (there ar@m nodes along the) direction) and over a finite frequency range which neglects the long tails of
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TABLE 1l
Brr FACTOR CALCULATION FOR THE MICRODISK LASERS WHEN

Xo = Ay = 1.55 pm AND AN, = 0.016\, = 25 nm absorber

)i 13 =T nslab

7= mode Q | Bul%] | Ny | plom™]

83| 1.2 TE(IG,I) 2879 | 2.88 2 1.3 m ( ; ;
45052 | TE(5,1) | 740 | 22.14 | 2 0.1 O b O air
15044 | TE(5,1) | 1293 | 30.56 | 2 | 0.05 ® 00 e 0

®0 0000
S - o000 06060
the Lorentzian. This leads to a small overestimatiogsofVe e 6
also neglect the presence of the post as well as absorption o O’_L—' o O o
losses, which causes the additional discrepancy. O L ] :) Q O

We analyze two more microdisk structures, whose parame- O M o
ters and calculated values are shown in Table Il. The pattern I
of the TE(16, 1) mode, which was analyzed in one of the a
microdisks, is given in Fig. 1. In [5], the simplified model 7
of modes of the microdisk and the mode density leads to
overestimated; values, as noted previously [25]. Fig. 3. Schematic of a 2-D slice through the middle of the patterned

In order to separate the contribution of guided modes anp@h-index slab. A defect in the hexagonal lattice of the air holes is formed
radiation modes to the factor, one can use the followingby omitting the central hole of the array.
approximate expression:

X

1
N, + pAX

whereA; is the width of the spontaneous emission spectrum,
N, is the number of guided modes within the spontaneousfs
emission spectrum, and is an effective density of radiation
modes ath,. In (41), it is assumed that the same amount of
spontaneous emission goes into all guided modes within the
emission spectrum and that the density of radiation modes ig
constant withinAX;. N, can be counted from the spectrum
determined using the FDTD (as described in Section Il). The
values of NV, andp for the analyzed microdisk structures are
given in Table II.

J&i (41)

IV. [ FACTOR OF THE MICROCAVITY BASED ON 2-D
PBG IN AN OPTICALLY THIN DIELECTRIC SLAB : ‘9! A AR

Optical microcavities can be constructed by introducing 4 Toovi & microfabricated 2.0 h | ol "
: : : - 0. 4. Top view of a microfabricated 2-D hexagonal array of holes with a
defects into photonic crystals [8], [26]. These microcavitie ngle central hole missing. The interhole spacing:is= 500 nm and the

support high&), localized modes (defect modes), which haveudius of the holes is approximately 150 nm.
their resonant frequencies within the bandgap of the photonic
crystal.

The microcavity that we analyze is an optically thin dielec-

tric slab patterned with a 2-D array of holes, as shown odes shown in Fig. 5, which we term thedipole andy-

Fig. 3. A defect is made by omitting a central hole in the dipole modes in reference to the fact that they transform like

D array of air holes. A 2-D PBG is used to laterally confinﬁ] and v components of a vector under the point arou
the defect mode and to suppress the lateral radiation. Tota Ty P . . P group
erations ofCg, [12]. We consider they-dipole mode to

internal reflection at the air—membrane boundary is used o he fund : de. Th lized f t th
vertical confinement of the mode. The important parametersl?ﬁ the fundamental mode. The normalized frequency of the

the structure are the distance between the centers of adjaddRflamental mode iga/Ao) = 0.32 and its quality factor is

air holes a, the radius of an air holer, the number of Qo = 129. If we assume that in realitho = 1.55 pm, this
periods of holes around the defegt.., the thickness of the corresponds tol = 198 nm, a = 495 nm, andr = 165
membranel, and the refractive index of the membrang,;,. M. The bandgap of the infinite 2-D photonic crystal of
The parameters of the analyzed structure (@rg:) = 0.3, this thickness extends frora/A) = 0.2983 to (a/)) =
(d/a) = 0.4, nga, = 3.4, andnye = 3. The detailed analysis 0.3884 [12].

of localized defect modes in this structure was presented inThe active layer (QW) is again centered in the middle of the
[12]. In Fig. 4, we show the top view of a microfabricatedlielectric membrane. We assume that the QW couples most
defect cavity in InGaAsP, designed for 1.5 emission [27]. strongly to TE modes, so we only analyze dipoles with the

The defect modes are a set of doubly degenerate dipole
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c p

Fig. 6. 34 dependence on the wavelength of the dipole excitatigrfor
the microcavity based on 2-D PBQy is the wavelength of the-dipole
mode. 7y = 0.1 ps.

TABLE 1l
3 FACTOR CALCULATION FOR THE y-DIPOLE MODE OF THE MICROCAVITY
BAseD ON 2-D PBGIN AN OPTICALLY THIN DIELECTRIC SLAB;
PARAMETERS OF THE CAVITY ARE DESCRIBED IN THE TEXT

Ao[nm] | A [nm] | AX[nm] | 8[%]
() 1550 | 1550 | 200 40
Fig. 5. (a) Two-dimensional slice through the middle of the slab showing 1550 | 1550 150 41.26
the = dipole mode electric field amplitude. (i) dipole mode electric field 1530 1550 130 41.7
amplitude. 1550 1550 80 43
1550 | 1550 25 46.42
polarization in the plane of the QW. Dipoles appear uniformly
throughout the the area of the defect. The lifetime of dipoles O O O O
is assumed to be; = 0.1 ps.
The results of3y for different dipole wavelengthg,, are O O D D D
shown in Fig. 6. In order to account for the inhomogeneous
broadening, we approximate the emission spectrum from the O O Q O
QW by a Lorentzian, centered At and with FWHM denoted O O O O

by A);. Using the averaging technique described in Section

Il, we calculate the value of thg factor for different values O O O O

of the inhomogeneous broadening and the central frequency

of the spectrum matched to the frequency of the fundamental D O O D D
mode. The results are given in Table IIl.
For AX, =25 nm, N, = 2 (doubly degenerate fundamental O O O O

mode), and3y = 46.42%, we calculate the effective density

of radiation modes to bg = 0.006 17 nm~* which is around Fig. 7. Cavity geometry for splitting of the dipole mode degeneracy and 2-D
ten times smaller than in the microdisk which has a peak valglige through the middle of the slab showing thelipole mode electric field

of 8 = 30.56%. We attribute such a smallto the suppression 2MPitude:

of radiation modes by the 2-D photonic crystal over a finite ) ) ]
in-plane angular range. the radius of the two nearest neighbor holes along:tlais)

The 3 factor can be almost doubled using the degenerat}Z]- In the previously analyzed PBG membrane, we increase
splitting of the dipole modes. Degeneracy splitting can B&e radii of the two nearest neighbor holes0t6a and move
accomplished by lowering the defect symmetry relative ttiem0.2qa simultaneously toward the center defect in order to
that of the hexagonal lattice (as an example, by increasingaintain the rib size in the direction. We analyze thé factor
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of they-dipole mode (shown in Fig. 7), whose parameters afgo] Y. Xu, J. V&, R. K. Lee, O. J. Painter, A. Scherer, and A. Yariv, “Finite-

Q = 224 and (a/)\o) = 0.34. For A\, = \g = 1.55 pm and difference time-domain calculation of spontaneous emission lifetime in
- . SO a microcavity,”J. Opt. Soc. Amer. Brol. 16, no. 3, pp. 465-474, 1999.
AX; =25 nm, we Obta'nﬁ = 86.82%. [21] A. Yariv, Optical Electronics in Modern CommunicationsNew York:

Oxford Univ., 1997.
[22] G. Mur, “Absorbing boundary conditions for the finite-difference ap-
V. CONCLUSIONS proximation of the time-domain electromagnetic-field equatioHsEE
Trans. Electromag. Compatvol. EMC-23, pp. 377-382, Nov. 1981.

We proposed a new method for the calculation of the spops] D. H. Choi and W. J. R. Hoefer, “The finite-difference-time-domain
taneous emission coupling factor using the finite-difference method and its application to eigenvalue problemEEE Trans. Mi-

time-domain method. We calculated ti#efactor of the mi-

crowave Theory Techvol. 34, pp. 1464-1469, Dec. 1986.
24] N. C. Frateschi and A. F. J. Levi, “The spectrum of microdisk lasers,”

crodisk laser and compared it with existing theoretical and  J. Appl. Phys.vol. 80, no. 2, pp. 644-653, July 1996. '
experimental data. We also calculatgdof the microcavity [25] G. Chang-Zhi and C. Shui-Lian, “Whispering-gallery mode structure in

based on the 2-D PBG structure. We conclude that the latter

semiconductor microdisk lasers and control of the spontaneous emission
factor,” Acta Physica Sinica (Overseas Editipadl. no. 3, pp. 185-194,

structure is a promising design for a very low threshold laser, 1996. _ _ o
since the 2-D PBG suppresses the in-plane radiation mod@§] H- A. Haus and C. V. Shank, “Antisymmetric taper of distributed

feedback lasers[EEE J. Quantum Electronvol. QE-12, p. 532, 1976.

We estimate that thg factor can be as large as 87% (Whel7] 0. Painter, R. Lee, A. Yariv, A. Scherer, and J. O'Brien, “Photonic
degeneracy is broken) for a 2-D PBG defect. bandgap membrane microresonatdntegr. Photon. Resvol. 4, pp.

221-223, 1998.
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