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ABSTRACT. The aim of the present paper is to introduce the concept “Finite dimension”
in the theory of associative rings R with respect to two sided ideals. We obtain that if R
has finite dimension on two sided ideals, then there exist uniform ideals Uy, Us,--- ,U, of
R whose sum is direct and essential in R. The number n is independent of the choice of
the uniform ideals U; and ’'n’ is called the dimension of R.

1. Introduction

The dimension of a vector space is defined as the number of elements in the
basis. One can define a basis of a vector space as a maximal set of linearly indepen-
dent vectors or a minimal set of vectors which span the space. The former when
generalized to modules over rings become the concept of Goldie dimension. Goldie
proved a structure theorem for modules which states that “a module with finite
Goldie dimension (FGD, in short) contains a finite number of uniform submodules
Ui,Us,--- ,U, whose sum is direct and essential in M”. The number n obtained
here is independent of the choice of Uy, Us, - - - , U, and it is called as Goldie dimen-
sion of M. The concept Goldie dimension in Modules was studied by several authors
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like Reddy, Satyanarayana, Syam Prasad, Nagaraju (refer [4], [5], [6]).

If we consider ring as a module over itself, then the existing literature tells about
dimension theory for ideals (i.e., two sided ideals) in case of commutative rings; and
left (or right) ideals in case of associative (but not commutative) rings. So at present
we can understand the structure theorem for associative rings in terms of one sided
ideals only (that is, if R has FGD with respect to left (right) ideals, then there exist
n uniform left (or right) ideals of R whose sum is direct and essential in R). This
result cannot say about the structure theorem for associative rings in terms of two
sided ideals. So to fill the gap, we prove the structure theorem for associative rings
with respect to two sided ideals.

Throughout the paper R denotes an associative ring (need not be commutative).
The paper is divided into three sections. In Secton-2 we introduce and study the
concepts: complement, essential with respect to two sided ideals of R. In Section-3,
we introduce the concept: uniform ideal and study few fundamental results which
are useful in Section-4. In Section-4, we introduce the concept “finite dimension”.
We obtain an equivalent condition for an associative ring R to have finite dimension,
which is used in the later part. Finally, we prove the main theorem: If an ideal H
has FDIR, then there exist uniform ideals Uy, Us, --- , U, of R whose sum is direct
and essential in H. The number is independent of the choice of the uniform ideals
U;, 1 <1i < n. This number n is called the dimension of H and we denote it by dim
H.

Let R be a fixed (not necessarily commutative) ring. We write K < R to denote
‘K is an ideal of R’. We use the term “ideal” for “two sided ideal”. The ideal
generated by an element a € R is denoted by < a >. We do not include the proofs
of some results when they are easy or straight forward verification.

2. Essential ideals
We start this section with the following definition.

Definition 2.1. Let I, J be two ideals of R such that I C J.

(i) We say that I is essential (or ideal essential) in J if it satisfies the following
condition: K 4R, K C J,InN K = (0) imply K = (0).

(ii) If I is essential in J and I # J, then we say that J is a proper essential extension
of I. If I is essential in J, then we denote this fact by I <. J.

Definition 2.2. If K < R, A < R and K is a maximal element in {I /T < R, I N
A = (0)}, then we say that K is a complement of A (or a complement in R).

Note 2.3. Let I and J be ideals of R.

()I<.JeINK=(0),K<IR=JnNnK=(0).

(ii) B is a complement in R < there exists an ideal A of R such that BN A = (0)

and K' N A # (0) for any ideal K! of R with B ¢ K!. In this case B + A <, R.
[Verification: Suppose B is a complement in R = B is complement of an ideal A

of R = B is a maximal ideal of R with respect to the property B N A=(0). Suppose
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that K1< R with B ¢ K. If KN A = (0), then since B is maximal with respect to
B N A=(0) we get K' = B, a contradiction. Therefore K N A #(0).The converse
is clear.

Now we show that B + A <, R. Let J < R such that (B + A)n J = (0). Let
xeB+I)NA=>x=b+jeAwherebeBandjeJ=b-x=-j€ (B
+A)NJ=0)=j=0=x=be& AnNB=(0). Therefore (B + J) N A =
(0). Since B is maximal with respect to the property that B N A = (0), we have
that B+J=B.NowJCBCB+A=J=JN(B+A)=(0). ThusB + A <. R].

(iii) If A N B = (0), and C is an ideal of R which is maximal with respect to
the property C 2 A and C N B = (0), then C @& B is essential in R. Moreover, C is
a complement of B containing A. [Verification: Follows from (ii)].

Result 2.4. (i) The intersection of finite number of essential ideals is essential;
(ii) If I, J, K are ideals of R such that I <., J, and J <. K, then I <, K;

(iii) <. J= IN K <. JN K;

(iv) If IC JC K, then I <, K if and only if I <. J, and J <. K; and

(v) If Ry, Ry are two rings, f: Ry — Rs is a ring isomorphism, and A is an ideal
of Ry, then A <. R; < f(A) <. Ras.

Proof. Proof for (i) to (iv) is a straight forward verification.

(v) Suppose A <., R;. We have to show that f(A) <. Rs. Let B be an ideal of Ry
such that f(A) N B = (0). Now A N f~1(B) = (0). Since A is essential in Ry, we
have f~1(B) = (0) and so B = f(f~(B)) = (0). Thus f(A)<. Ry. If f(A) <. Rs.
The other part is similar. O

Note 2.5(Refer page 158 of [1]). If R is a ring, a € R, then < a > = {ra + as +
na—|—2f:1masi/keZ,neZ,kEO,r,s, si, i €ER }.

Remark 2.6. If a, b € R and x € < a >, then there exists y € < b > such that x
+ye<a+b>.

[Verification: Since x € < a >, by above Note 2.5, it follows that x = ra + as
+ na + Ele r;as;. If y =rb + bs + nb + Zle ribs; € <b> thenx +y =r(a
+b)+ (a+b)s+n(a+b)+ X5 r(a+b)si € <a+b>]

Lemma 2.7. (i) Ly, Lo, K1, Ks are ideals of R such that L; C K; fori =1, 2
and Kl OKQ = (0) Then L1 Se K1 and L2 Se K2 ~ L1 + L2 Se K1 +K2; and
(ii) Let Ky, Ko, -+ Ky, L1, Lo, -+, Ly are ideals of R such that the sum K, + Ks
+ -+ + Ky is direct and L; C K; for 1 < i< t. Then L1 + Lo+ ---+ Ly <,
Ki+Ko+---+ K, < L, <. K; fOT‘Z <1<t

P’f’OOf. (1) Assume that Ll Se Kl and LQ Se KQ. Write A1 = L1 + K2 and A2 =
Ky + Lo. We show that A1 <. K1+ Ks. Let 0 # a € K; + Ko. Then a = a1 + as
for some a; € K1, as € Ky. If a; = 0, then a € A; and hence < a > NA4; # (0).
If a1 # 0, then since L1 <. K7 and 0 #< a1 >C K there exists 0 # 1 € < a1 >
N Ly. By Remark 2.6, there exists o2 € < ag > such that x1 + 2 € < a; + a2 >.
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Since £1# 0,0 £ 1+ 22 € < ai;+ag >N A =<a>NA;. Thus 4; <, K; + K>.
Similarly Ay <. K7+ K5. Since L1+ Lo = A; N Az by Result 2.4(i), it follows that
Li+Ly=A NAy <. Kq + K».

Converse: Suppose that Ly + Ly <. Ky + K3 . To show L; <. K, take (0) # A
<R such that A C K; and L1 N A = (0). Nowx € AN (L1 +Ls) =x€ Aandx
=1li+1lsforsomely € Liandly € Ly = —l1 +x=1y € (L1+A)OL2 C KinN
Ky =(0),la=0=x=1; € L1 N A =(0). Therefore A N (L; + L2) = (0). Since
Ly + Ly <. K7 + K3 we have that A = (0). Thus L; <. K;. In a similar way, we
can show Ly <., Ks. The rest follows by using (i) and Mathematical induction on
t. |

Note 2.8. Consider ideals A, B, C of R as in Note 2.3 (ii) and (iii). Here A & B
<.Rand A @ BC C® B C R. Using Result 2.4 (iv), we get that A @ B <. C @
B. By Lemma 2.7, it follows that A <., C. Note that C is a complement ideal which
is also an essential extension of A.

3. Uniform ideals

Definition 3.1. A non-zero ideal I of R is said to be uniform if (0) # J < R, and
JCI=J<. L

Note 3.2. Let Ry, Ry be two rings and f: Ry — Rs is a ring isomorphism. I, J <
Ry. Then f~H(I) N f~Y(J) = f~1(InJ).

Theorem 3.3. (i) [ is an uniform ideal < LR, K<R, LC I, K C I, LnK = (0)
= L=(0) or K =(0).

(ii) Let Ry and Ry be two rings and f: Ry — Ry be ring isomorphism. If U is ideal
of Ry, then U is uniform in Ry < f(U) is uniform in Ra.

(iii) Let H and K be two ideals of R such that H N K = (0). For an ideal U of R
contained in H, we have that U is uniform < (U + K)/K is uniform in R/K.

(iv) If U and K are two ideals of R such that U N K = (0), then U is uniform in
R < (U + K)/K s uniform in R/K.

Proof. (i) Let I be an uniform ideal of R. Suppose L IR, K IR LCL KCIL L
N K=(0). Suppose L # (0). By our supposition, we have that L <. I. Since L. <. I
and L N K = (0) by Note 2.3 (i), we have that K N I = (0). Since K C I it follows
that K = K NI = (0). The other part of (i) is straight forward verification.

(ii) is direct verification.

(iii) Define f : H — (H+K)/K by f(h) = h+ K. Then f is a ring isomorphism. By
(ii), we get that U is uniform in H & f(U) = (U+ K)/K is uniform in (H+ K)/K.
(iv) follows from (iii). O

Remark 3.4. Let K be an uniform ideal of R and L < R such that L C K. Then
either L = (0) or L is uniform.

[Verification: Suppose L # (0). Let A< R, B<R such that ACL, BCL
and AN B = (0). Since A, BCLCK, ANB = (0) and K is uniform, it follows
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that A = (0) or B = (0). This shows that L is uniform.]

4. Associative rings with finite dimension

Definition 4.1. (i) We say that R has Finite Dimension on Ideals (FDI, in short)
if R do not contain infinite number of non-zero ideals of R whose sum is direct.
(ii) Let (0) # K < R. We say that K has finite dimension on ideals of R (FDIR, in
short) if K does not contain an infinite number of non-zero ideals of R whose sum
is direct. It is clear that if R has FDI, then every ideal K of R has FDIR.

Theorem 4.2. K has FDIR < for any strictly increasing sequence Hy, Hs, -+ of
ideals of R contained in K, there is an integer i such that Hy <. Hyi1 for every k
> i

Proof. Suppose K has FDIR. Take a strictly increasing sequence Hy C Hy --- of
ideals of R contained in K. In a contrary way, suppose that for every integer i there
exists k > i such that Hj is not essential in Hpyq -+ «-- (i)

Take i = 1. Then there exists k1 > 1 such that Hg, is not essential in Hg, 41 .
Write i3 = k1 + 1. Then by (i), there exists ko > g such that Hg, is not essential
in Hig,+1 . Note that ks > k1 +1. If we continue this process, then we get a
subsequence { Hg,}2, of { H;}$2, such that Hy, is not essential in Hg,y; and
kiy1 > k; + 1. Since the sequence H; C Hy --- is increasing we have that Hg,
D Hp,y1. Since Hp, is not essential in Hg, 1 and Hg, 11 € Hg,,, we have that
Hp, is not essential in Hg,,,. Thus we got a subsequence { Hp, }2; of { H;}2,
such that Hp, is not essential in Hg, , for all i. Write B; = H, fori > 1. Now
{B;}?2, is an increasing sequence of ideals of R contained in K such that B; is not
essential in B;, 1. Now for each i there exists a non-zero ideal A; of R contained in
K such that 4; C B;11 and B; N A; = (0). Now we verify that the sum y .~ A;
is a direct sum of infinite number of non-zero ideals {A4;}2, . Let x1 € A4;,, 25 €

Ay, oo, oy € A, such that 1 + 29+ -+ -+, = 0. With out loss of generality, we

may assume that iy < s < --+ < i,. Also we can suppose that x, # 0.

Now A;, € Bj,y1 €+ CB;,, A4, CBi,:1 € CB;,, -+, A, €B;,_ 41 C
- C By,

x1+x2+- 1 €A, +A,+-- +A,_, CB;,.

Now (Ail + A, +"'+Ain71) NA;, CB, ﬁAin = (0) =T +T2+ -+ Tpo1 =
—xpn € (A +Aspy +---+ A, _)NA;, =(0) =z, =0, a contradiction. Hence the
sum Y o, A; is a direct sum of infinite number of non-zero ideals of R contained in
K, a contradiction to (i). This completes the proof for (i) = (ii).

(ii) = (i): Suppose (ii). We have to verify that K does not contain a direct sum
of infinite number of non-zero of ideals of R. In a contrary way, suppose that K
contains a direct sum of infinite number of non-zero of ideals {I;}°,. Write J,, =
11+IQ++In for n Z 1. Then Jl Q J2 Q ---. Since (O) 7& In Q Jn+1 and Jn
N I,+1 = (0), it follows that J, is not essential in J,y;. This is true for all n >
1. Thus we arrived at a strictly increasing sequence J; C Js C --- of ideals of R
contained in K such that J; is not essential in J;41 for i > 1, a contradiction to the
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assumed condition (ii). This completes the proof. O

Lemma 4.3. If R has FDI and (0) # K < R, then K contains an uniform ideal of
R.

Proof. In a contrary way, suppose K contains no uniform ideal of R. Then K is
not uniform ideal of R. So there exist (0) # K; < R and (0) # L; < R such
that K3 N Ly = (0), and Ky + L; € K (by Theorem 3.3(i)). Now L; is not
uniform and so there exist (0) # Ko < R, (0) # Ly < R such that Ky N Ly = (0)
and Ky + Ly C Lq. If we continue this process, we get two infinite sequences
{K;}2,, {Li}$2, of non-zero ideals of R such that K; N L; = (0) for each i and
K;+L; C L;_q fori> 2. Also note that Ly O Ly D ---. The sum 221 K; is an
infinite direct sum of non-zero ideals of R. [Verification: In contrary way, suppose
that there exist non-zero elements x; € K;,, xo € K;,, --+, v, € K;,_ such that
T1+x2+- - +x, =0 where iy <o < -+ <ip. wyp € Ky, C L y—1 S+ C Ly, Tt
€Ki, , CLgu, -1 C Ly, 22 € Ky, C Ljy)—1 € Liy. Nowaza+a3+---+a,
€ L;,. Since z1 € K;, and zo+2x3+---+x, € L;,, it follows that —z1 = z2+---+x,
€ K;;, N L;; = (0) and so x; = 0, a contradiction]. This is a contradiction to the
fact that R has FDI. This completes the proof. ([l

Theorem 4.4. Suppose 0 # H < R and H has FDIR. Then the following conditions
hold.

(i) (Ezistence) There exist uniform ideals Uy, Us,--- ,U, of R whose sum is direct
and essential in H;

(ii) If Vi, 1 < i < k are uniform ideals of R, whose sum is direct and essential in
H, then k < n.

(iii) (Uniqueness) If Vi, 1 < i < k are uniform ideals of R whose sum is direct
and essential in H, then k = n.

Proof. (i) Suppose H has FDIR. In a contrary way, suppose that for any finite
number of uniform ideals U;, 1 < i < n whose sum is direct, the sum > U; is not
essential in H. By Lemma 4.3, H contains an uniform ideal U;. Then U;j is not
essential in H. So there exists 0 # H; < R such that H; C H with U; N Hy = (0).
Again by using Lemma 4.3, we conclude that H; contains a uniform ideal Us. Now
the sum U; + Us is a direct sum of two uniform ideals. So U; + Us is not essential
in H. This means, there exists (0) # Hs < R, Hy C H such that (Uy + Us) N Ha
= (0). Again by using Lemma 4.3, we get an uniform ideal Us C Hs. Now the
sum Uy + Us + Us is direct. If we continue this process, we get an infinite strictly
increasing chain Uy C (Uy + Us) C (U + Uz + Us)--- of ideals of R such that
Ui ®Us; @ --- ® Us is not essential in Uy Uz @ --- dUs; & Usyq for all s > 1. By
Theorem 4.2, it follows that H has no FDIR, a contradiction to our assumption.
Hence there exist uniform ideals U;, 1 <i < nin R whose sum Uy + Uy +--- + U,
is direct and essential in H.

(ii) Suppose V;, 1 <i < k are uniform ideals of R whose sum is direct and V; + V5 +
coo4+Vp CH. Write K1 = Vo ®V3®--- @ Vy. Since K7 is not essential in H, there
exists i ( 1 <1i < n) such that K3 N U; = (0). Without loss of generality, we may
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assume that K7 N U; = (0). Note that the sum Uy + Vo + - - - + Vi, is direct. Write
Ko =U1®V5®---® V. Since K is not essential in H there exists an i (2 <i <
n) such that Ko N U; = (0). We may suppose that Ko N Uy = (0). Now the sum
Ui +Uz+ V3 +--- 4V is direct. If we continue this process, we can replace each V;
(1 <j<k)bysomeU; (1 <i<n). From this discussion, we can conclude k < n.
(iii) In (ii) we verified that k < n. Similarly, we can verify that n < k. Hence k =
n. O
As a consequence of this result we have the following Corollary.

Corollary 4.5. If R is a ring with FDI, then the following (i) - (ii) are true:

(i) (Ewistence) There exist uniform ideals Uy, Us, - -- U, in R whose sum is direct
and essential in R;

(i1) (Uniqueness) If Vi, 1 < i < k, are uniform ideals of R whose sum is direct and
essential in R, then k = n.

Definition 4.6. The number n of the above Theorem is independent of the choice
of the uniform ideals. This number n is called the dimension of H, and is denoted
by dim H.
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