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Abstract. We consider the viscous Cahn-Hilliard equation in an infinite domain. Due
to the noncompactness of operators, we use weighted Sobolev spaces to prove that the
semigroup generated by this equation has the global attractor which has finite Hausdorff
dimension.

1. Introduction. Many equations arising from mechanics and physics possess a
global attractor, which is a compact invariant set which uniformly attracts the trajecto-
ries as time goes to infinity, and thus appears as a suitable object for the study of the
asymptotic behaviour of the system. An important issue is then to study the dimension,
in the sense of the Hausdorff or fractal dimension, of the global attractor. A finite bound
of the dimension of the attractor means that the system has an asymptotic behaviour
determined by a finite number of degrees of freedom, indeed a remarkable improvement
compared to the a priori infinite-dimensional dynamics (see [5] and [I5]).

For the equations on bounded domains, the known constructions of global attractors
make use of some compactness properties in an essential manner, and more specifically of
the compact embedding of H™! into H™2, when mj > msy. Such properties are no longer
valid for equations on unbounded domains, and it is thus more difficult to develop a
general theory of existence of the global attractor in this case. A possibility then consists
of working in weighted Sobolev spaces (see [1], [3], [4], [6], and [10]).

In this article, we study, on an unbounded domain, the existence of global attractors
and their Hausdorff dimensions for the viscous Cahn-Hilliard equation of the form

Oy (u — BAU) + vA%u — A(f(u) + Mou+ g) =0, (1.1)

where §,v > 0, A\g > 0, and f and g are given functions and u = u(z,t) is the unknown
function. Such equations, where f is the derivative of some double-well potential F', are
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94 AHMED BONFOH

generalizations of the Cahn-Hilliard equation which is very important in material science
and models the qualitative behaviours of two phase systems (see [7], [8], [9], [11], [12],
[13] and [14]).

The layout of this paper is as follows. In Section 2, we set the problem. In Section 3
and 4, we obtain some results, as existence of solutions, in unweighted and in weighted
spaces, respectively. Section 5 is devoted to the study of the existence of the global
attractor. Finally, in Section 6, we prove that the Hausdorff dimension of the global
attractor is finite.

Throughout this paper, the same letter C' and ¢ (and sometimes ¢;, i = 0, 1,2, ...) shall
denote positive constants that may change from line to line.

2. Setting of the problem. For the sake of simplicity, we take, in this section,
Ao =0 and g = 0, and consider the following system:

Or(u — BAu) + vA%u — Af(u) =0 in QxR
ul,_g =up in €, (2.1)
u=Au=0 on 00 xRT,

where 0 C R? is defined by the inequalities
bl(l‘l) <xy < bg(Il), r1 € R, (22)

and where b; and by are twice continuously differentiable functions bounded over the
entire axis

{ —M < by(x1) < ba(xy) < M, (2.3)

|0f (1) + 0 (1) < ¢, i=1,2.

All the results of this paper are valid for any open set Q of R? d = 2 or 3, regular
and bounded at least in one direction. That is, €2 is included in the set limited by two
hyperplanes orthogonal to that direction. The nonlinear term f(u) is supposed to satisfy
the following conditions:

flu)u >0,
FO)=0, F(0)=0, f'u)=—c (2.4)
|f(u) = f/(v)] < clu—v]* (1 + |u] + |v])%, '
[f(u)] < exful*or (1 + [u])@,
where ag, a1 > 1, qo,q1 > 0 are arbitrary when d = 2 and

Qo+ag <2, q1+ag <2 (2.5)

when d = 3. For instance, the function f(u) = u® — ou®, o > 0, satisfies (2.4) for

|u| > y/o. We denote by |.|| and (.,.) the usual norm and inner product of L2(f2),
respectively, and set H = L?(Q), Hy = H}(Q), Hy = H?(Q) N H}(Q) and H3 = {v €
H3(Q)NH(Q), Av € H}(2)}. The first eigenvalue \; of the operator A = —A : D(A) —
H, with D(A) = H?(Q) N H (), is positive, that is,

inf{(—Awv,v), ve D(A4), |lv]|=1}= A >0. (2.6)

In the case by = —M, by = M, we have A\; = (55;)? (see [3]).
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VISCOUS CAHN-HILLIARD EQUATION IN AN UNBOUNDED DOMAIN 95

REMARK 2.1. For v € L%(Q), the solution ¢ (denoted by N (v)) of the Dirichlet problem

{ —A¢=wv in Q,

€=0 on 09, 27)

is such that £ € D(A). Furthermore, the norm ||A|| is equivalent on D(A) to the
canonical norm ||£|| g2(q) (see [I] and [2]).
If we denote ||¢q||—1 = [|[VIN(q)||, then there exists ¢, c2 > 0 such that

cillgll-1 < llall < e2[Vall, Vg € Hy(Q). (2.8)

We now endow H, Hy, Hy and Hs with the norms [l¢llo = (|¢l|2, + Blll?)2, gl =

(lgl* + B8IVal*)2, llalls = (IVal|* + Bl Aq|*)% and ||glls = [|VAg]|, respectively. These

norms are equivalent to the usual L?(Q2), H'(Q), H?(2) and H3(2) norms, respectively.
We finally denote

lullg,, = Jo [ul?(1 + |2]?)7 dz,
{ | O e (2.9)

2, = Va0l 1=1,2,

where v > 0 and 9% = 2+ 22 with |a| = a; + ag, (a1, a2) € N2, The space H; ()

T 011 Ozo2

is the set of u such that the norm |jul|; - is finite. The space H; () is denoted by H'(f2).

3. Estimates in unweighted spaces. In order to obtain the existence of solution
results for the system (2.1)-(2.5), we introduce a weak variational formulation of the
problem:

Find w : [0; T] — Haz such that u(0) = ug, and for a.e. t € [0,T], VT > 0,

%[(u,v) + B(Vu, V)] + v(Au, Av) — (f(u), Av) =0, VYov € Hs. (3.1)

THEOREM 3.1. Let ug € H;. Then, there exists a unique function u solution of (3.1) such
that u € L°°(0,T; Hy) N L?(0,T; Hy) and dyu € L*(0,T; H). Furthermore, if ug € Ha,
then u € L>(0,T; Hy) N L*(0,T; Hs) and d,u € L*(0,T; Hy).

Proof. Using Galerkin approximation arguments, we prove, for each n € N, the exis-
tence of a solution w, of (3.1) in the truncated domain ,, = QN (] — n,n[x[—M, M]).
For ug € Hy, we easily obtain, noting that the constant ¢y in (2.8) is chosen to depend
on M only, that there exists a constant C' > 0 independent of n such that

Ja, (|un)? + B|Vun,|?) do + cfQW’X]()’T[ |Au, |2 dzdt < C. (3.2)
Equation (2.1) restricted to €, can be written as
Oy, = L_IA(_VAun + f(un))v (33)

where L = I — A is an isomorphism from HE(2) onto H1(£2), and can be viewed
alternately as an unbounded operator on L?(Q2) with domain D(L) = H2(2) N H ().
Furthermore, ||Lg|| is & norm which is equivalent on D(L) to the norm [|Aq||, and there-
fore, ||L=1Agq|| is a norm which is equivalent on L?(Q) to the usual L?(Q) norm (see [I]
and [2]). Therefore, constants in inequalities deduced from the respective equivalence of
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96 AHMED BONFOH

these norms restricted to €2, can be chosen to depend on M only, but not on n. From
(3.3), we have

Ja xjo.rp 10eun|? dzdt < C [o o p(1Aun|* + | f (un)|?) dadt
< O+ Jo g0y [ 7P25 (14 [y [2) dxdt) (3.4)
< CA+T(lunllf(q,) +1) <C,

where r > 0, C' is chosen to depend on T, M, ||up|l; only, but not on n. We further
note that Sobolev embeddings are valid on the whole domain Q even when Q = R?,
so0, in the deduced inequalities, we can choose constants independently of €, (see [2]
and [I5]). In (3.4), we used the continuous embedding H'(€2,) — L9(Q,), Vg > 1, and
the fact that there exists a constant ¢ > 0 independent of n such that ”u"”%l(ﬂn) <
¢ Jo (Junl* + B|Vuy|?) dz. We then deduce the existence of solutions u, in Q, and a
subsequence (which we still denote by {u,, },) which converges to u as n — 400 and w is
a solution of (3.1). We remark that, here, due to the noncompactness of operators, A~!
for instance, we are not able to apply classical methods used to directly obtain a solution
of (3.1).

Let uy and ug be two solutions of (3.1) with the same initial data. Setting w = u; —uq,
we have w(0) = 0 and

3 allwlly + vIIVwl® = =(f(ur) = f(uz), w). (3-5)
Noting that (f(u1) — f(uz2),w) > —c|lw||?, we obtain
gllwllg < ellwl3, (3.6)

hence the uniqueness of solution.
Now, let up in Hy and multiply (2.1) by v = —Au,. Integrating over {2,,, we obtain

1L (fo, (IVunl? + BlAun[?) do) + v [y [V AUy [ da

— J"Q" V f(un)VAu, dz. (3.7)
We have
| an Vf(un)VAun d$| < Hf/(un)vun”L"’(Qn) VAun||L2(Qn) (3 8)
< c||f’(un)VunH%2(Q") + 5IVAu, |i2(gn)
and
15/ un) Vil ) = S, 1) PI Ve 59)
< cfﬂ [t |20 (1 + |1y |29) |V, |? da. '
Since d < 3, we have
J"Q" | 290 (1 + [y [290) |V, |2 da < c(||un||2L'§§D(Qn)
2(ao+q0) v \VA (310)
205 ) Tl [V 22,
and, using Sobolev embeddings, we obtain
Jo, Tun]?* (1 + \un\zj°)|Vun|2 dx 2§ C||un||§{a10(gn) (3.11)
X (1 + a2 g At 22
We finally obtain the estimate
Jo, (IVun|* + BlAu,|?) dz + CanX]QT[ |VAu,|? dzdt < C, (3.12)
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VISCOUS CAHN-HILLIARD EQUATION IN AN UNBOUNDED DOMAIN 97

where C' is chosen to depend on ||ug||1, ||uoll2, T, M only, but not on n; hence the result,
passing to the limit.

4. Estimates in weight multipliers. Let p(z) = ¢(z,¢€, p,7) be a function of the
variable z € ), which depends on parameters ¢, p, v and satisfies the following conditions:

oz, e,p,7) > 1, p(z,6p,7) = plex,1,p,1)7,
o(x,1,p,7) does not depend on p if |z| < p,
30('/1:)17p77)_ (p+1’ apaV) as |$‘Zp+17 (41)

10%¢(z,€,p,7)| < Cel®lp(z,€,p,7) for |a| <2,
@(xa67p177)2§0($767p257) as pi 2p221) ’YZOa
. ol
lim, . ¢(z,1,p,7) = (1 + |2[*)2 = ¢(x).

Let ¢ = ¢(z,€,p,27) and ¢ = 3.
REMARK 4.1. In [3], A.V. Babin gives an example of a function satisfying all the
above conditions.

The following propositions and their proofs can be found in [3].
PROPOSITION 4.1. If u € H(Q), then
e Vull = [[V(u)l]] < Celltpull. (4.2)
If u € H?(Q), then
I Aull = [[A(u)|[| < Celltb(lul + [Vul)]. (4.3)
PROPOSITION 4.2. If u € H'(Q) such that u|pg = 0, then
2[¢Vull® = Mllyul®. (4.4)
PROPOSITION 4.3. For ¢ sufficiently small and u € H?(f2) such that u|sq = 0, we have
I4¥ul < 202 [ Aul. (45)

PROPOSITION 4.4. We have

{ llull1,5 < cllpVul, Yue Hy(Q), uloa =0,

4.6
lulloy < cléAall, Vu€ Han(9), ulan = 0. (4.6)

LEMMA 4.1. Let v > 0 and up € Ho N Hy (). Then, the solution u(t) of (2.1)-(2.5)
satisfies the estimates

{ ||u()|| <C, 0<t<T, )

fo [lu(t)] |2Wdt <C, VT >0.
Proof. For the solution w of (2.1)-(2.5), equation (2.1) is equivalent to
Ou(N (u) + fu) — vAu + f(u) = 0. (4.8)

We multiply (4.8) by p(—Au+ edyu). We omit the details here (see for instance [5]). We
treat only the term

|[(f (u), p(=Bu+ edpw))| < [ f(w)ll[[PAu]| + el f (u)[[[¢Orull (4.9)
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98 AHMED BONFOH

and

[ f (wl* = 2fg £ (u \zsodfvf ¢ fo lul?2er(1+ IZU\Q‘“)sode
< cllull 73 ) (1 + [[ullz @) [vull® < cllullzriq, (4.10)

2
X (1 + [Jull g o) lvull? < cllgull.
We finally obtain an estimate of the form

%%(HWHZ + Bl Vul?) + vy Aul|* + Bel[popul?
< Ce|[yul Y Aull + Cellpopul| [[Pu]] + Ce?[[¢opul|?
+CBI[P0ull [[PVul| + Cev|[pVul [|d,ul|
+C|[Yull [P Aull + Cel|pul| [|0pull

(4.11)

For e sufficiently small, we obtain, using Young’s inequality and Propositions 4.1 through
4.3, the estimate

3L ([ul? + BllvVul?) + vl Aul? + Bellpdyul?
< Ll[pAu|? + Z5|[woul|® + L l[vAul? + 25| voul?

0 1 ( 412
B ol + e[Vl + SlleAul? + 5 poul? (4.12)
tea|vull? + £ v Aul? + HllpAul? + 5 l[vowu?,
and therefore
(2 + B9 Vul2) + viiwdul® + Selluwde]? w3
< cr[pull® + ea| V.
There exists § > 0 such that
(ol + Bl ul?) + vlwdul? + fel ol i

< o(llvull® + Bl Vul?),

hence the result.

THEOREM 4.1. Let v > 0 and ug € Ha N Hy (). Then, v € L>(0,T; H;~(2))N
L2(0,T; Hy () and dyu € L2(0,T; Ho (), VT > 0.

Proof. We integrate (4.14) and pass to the limit on p using Fatou’s lemma.
We set H(y) = Ho N Hy (). Thanks to Theorem 4.1, we can define the semigroup
{S:}, St H(y) — H(y), up — u(t). We have the following results.

LEMMA 4.2. Operators {S;} are bounded in H; ,(£2),
ISuollin < clluollig, T), as 0<t<T. (4.15)

Proof. 1t follows from (4.14).
REMARK 4.2. For sufficiently smooth u, we have d; N (u) € H*(Q2) and then

and therefore, ;N (u)|aq = 0 (see [2]).

LEMMA 4.3. Operators {S;} are bounded from H(v) into Hs () as ¢t > 0.
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VISCOUS CAHN-HILLIARD EQUATION IN AN UNBOUNDED DOMAIN 99

Proof. On differentiating (4.8) with respect to ¢ and multiplying by ¢t (N (u) + Su),
we obtain using estimate
[(Oruf’ (u), td (N (u) + fu))| < ct||0y (N (u) + Bu)|| [ Opul (4.17)
that

5 ([0 (N (u) + Bu) |?) + t[pdrull* < 1|10 (N (u) + Bu)|?
+062t\|w&sUIl | N (Opu)|| + Cetlld)@tUH ||¢VN(8tu)|| (4~18)
+Bet|[deul|® + t]|10 (N (u) + Bu)]| ||[1dyul|.

For ¢ sufficiently small and using the estimates
[YN(Ou)|| < 1| VN (Gpu)|| and [ VN (Qpu)|| < col|tpdyul], (4.19)

which follow from (4.4) and (4.5), we obtain
3 (00 (N (w) + Bu) %) + tllvdeul® < e(1 + 1) (N (u) + fu) >

4.20
+gllvowul® + gllvdeu|® + llvopul® + gllvdeul?, (4.20)
and therefore
2 (V0N (u) + Bu)[?) < e(1+ 8)[[3 (N (u) + Su) |, (4.21)
hence
FR6OU(N () + B2 < e(1+7) J7 [0, (N (u) + )2 a a2
<c(l+7) Jy (PlloAul? + |9 f(u)]?) dt.
We pass to the limit on p and obtain
7|0 (N (u) + Bu)||> < O(T, [[u(0)[|1,4)- (4.23)
We multiply (4.8) by ¢tAu and obtain
| Aul® < 7l[hd (N (u) + Bu)|* + 7C||yul]*. (4.24)
We pass to the limit on p and using (4.6) we obtain that
llu(r)l3, < C(T, [[u(0)ll1,5), V7 €[0,T]. (4.25)

THEOREM 4.2. The semigroup {S;} has an absorbing set in H () which is invariant and
bounded in Hs ,(2).

Proof. We first prove the existence of an absorbing set bounded in H; (). We
multiply (4.8) by ¢(u + edyu) and use (4.19) and the estimates

[ON (W) < e[ VN ()] and [ VN (u)]] < eaf[pull, (4.26)
which follow from (4.4) and (4.5). We find

55 (1OVN@)[1? + vel|pVul? + Bllgul?) + v][¢Vul]® + Bel[¢dyul|?
< Cel|opul| ||wVul| + Ce||dsul|® + Cev||yhyVul|? (4.27)
+CEV|[Yopul| [V Vul| + Cel|pVul [y pul.
For e sufficiently small, we have
55 (IOVN@)[1? + vel|pVul? + Bllgul?) + v][¢Vull® + Bel[¢dyul|?
< Sl + gllovull® + S llvdeul® + 5[0 Vul? (4.28)
ol + £ 10 Vul® + & llwdpul® + §llvVul?,
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100 AHMED BONFOH

and therefore,
G UWVN@)? + velpVul® + Bllvul?) + v][¢Vul* < 0. (4.29)
There exists 7 > 0 such that
v[vVul* > n([vVN (W) + vel|pVul? + Bllvul?). (4.30)
We then deduce after passing to the limit on p that
Hu(t)H%v < c||u0||iwe_’7t7 Vit > 0. (4.31)

We deduce the existence of a bounded absorbing set By for {S;} in H(y). We denote by
B; = Sy, By for some t; > 0 such that S;By C By, Vt > t; and By = UtZt1 S;B1. The
set B is a bounded absorbing set and Bs is a bounded absorbing and invariant set in
H (~y) which is bounded in Hs ~(£2) (which follows from Lemma 4.3).

5. Existence of the global attractor. Let F be a Banach space.
DEFINITION 5.1. The set A is called an (E, E)—attractor of the semigroup {S;} if
1. A is compact in E.
2. A is strictly invariant, that is, Sy A = A, Vt > 0.
3. Ais an attracting set for {S;} in the following sense: for any bounded set B C E
the Hausdorff distance
distg(S:B,A) =0 as t— oc.

THEOREM 5.1. We assume that the operators {S;} are continuous on E for any ¢ > 0
and there exists a compact subset K C E having the following attracting property: for
any bounded set B C F

distg(S:B,K) — 0 as t— oo. (5.1)
Then, the semigroup {S;} has an (E, E)—attractor A C K.

We want to prove the existence of a compact set By of H(y) which is bounded in
H; () and satisfying (5.1).

Any solution u of (2.1) can be decomposed into the sum
u=v+w, (5.2)
where v is a solution of the linear problem

0 (v — BAY) + vA%v = 0,
U‘tzo = VYo = Uo, (53)
v]an = Av|an = 0,
and w is a solution of
Oy (w — BAW) + vA%2w — Af(u) =0,
w|t:0 = Wy = 0, (54)
w|aQ = Aw‘ag =0.
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VISCOUS CAHN-HILLIARD EQUATION IN AN UNBOUNDED DOMAIN 101

LEMMA 5.1. Let ug € By. Then, the solution v of (5.3) satisfies the inequality
lo@®)f , < Ce™, vt >0, (5.5)
where p > 0.

Proof. We multiply (—A)~! of (5.3) by ¢(v+0;v) and integrate with respect to z and
pass to the limit on p.

LEMMA 5.2. Let w be a solution of (5.4) where u(t) € By. Let a < a3 (ay of (2.4)-(2.5)).
Then,

{ lw(®)]2, < C, VE20, 5.6
lw(t)]l1,(14a)y < C, Vt>0.
Proof. The first estimate of (5.6) follows from the fact that u is bounded in Hs ().

We multiply (—A)~! of (5.4) by ¢'7%(w + §;w) and obtain an inequality of the form
& ([T VN ()P + Bl w|? + vl o Vw|]?)

5.7
Bl Bl + v Twl? < Ol ) 5.7

There exists n > 0 such that
AU VNP + Bl + v Vul?) (NP

ol ew]? + vt e Vwl?) < Cllgtre fu) 2.
To deduce the last estimate of (5.6) it is sufficient to prove that |[1* f(u)]| is bounded.
We have
[ f)|? < C fo [ulP720r (14 [u@ )™ da
< C [ luPT2or de + C [, [pul?F2or+2a dy (5.9)
< CllYullpgzio) + 1),
where 7 > 0, noting the continuous embeddings H?(Q2) C L%(Q), Vg > 2. Passing to the

limit p — +o0 after integrating with respect to ¢, and noting that ||¢u||g2(q) < cllull2
and the boundedness of u(t) in Ha (), we deduce the result.

LEMMA 5.3. Operators {S;} are continuous from H(v) into H (7).

Proof. Let ug1 and upz be two initial values of problem (2.1)-(2.5). We denote by
uy(t) = Siupr, ua(t) = Syuge and s(t) = u1(t) —uz(t). The following equation is satisfied:

Oi(N(s) + ) — vAs + f(ur) — f(ua) = 0. (5.10)
We multiply (5.10) by (s + 9;s) and obtain after calculations
Is(®)ll1y < Ce™[5(0)l1., (5.11)

with > 0, and therefore
lur (t) = u2(t)]l1,y < Ce™[luor — uozl1, (5.12)
hence the result.

LEMMA 5.4. A set, which is bounded in Hz ,(€2) and in H;y g(2), 8 > v > 0, is precom-
pact in Hq ().
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102 AHMED BONFOH

Proof. See the proof of Lemma 4.5 in [3].

THEOREM 5.2. The semigroup {S;}, S; : H(vy) — H(y), generated by (2.1)-(2.5), has a
(H(v), H(v))-attractor A(y), bounded in Hs () and in H((1+ a)v) as a < o.

Proof. We denote by Bj the set
B3 = {y € H(V)? Y= 'LU(t,’U,Q), t Z Oa ug € B2}a

which is the union of all the values w(t) of solution w of (5.4) for all ¢ > 0 and all ug € Bs.
The set Bs is bounded in Hy () and in H; (144)5(f) , since u(t) € By. Such a set is
precompact in H; ,(2). We denote by By the closure of Bz in H; (). The set By is
compact in Hy ~(£2), and for all u(t) € By, we have w(t) € By and

distyy, (o) (u(t), By) < Ce ™™, 1> 0. (5.13)

Since the operators {S;} are continuous on H (), we apply Theorem 5.1.

A careful examination of the previous study shows that Theorem 5.2 is applicable to
the following system:

Or(u — BAU) + vA%u — A(f(u) + Mou + g) = 0,
ult=0 = uo, (5.14)
ulon = Aulpg =0,
where \g > 0 and g € H?(Q2).
Here, any solution of (5.14) can be decomposed into the sum v = v + w + z, where v
is a solution of the linear problem
Oy (v — BAY) + vA%0 — NgAv = 0,
lt=0 = vo = uo, (5.15)
vlaa = Avlan = 0,
w is a solution of
Oy (w — BAW) + vA%w — A(f(u) + w) = 0,
W= = wo = 0, (5.16)
wlan = Awlag = 0,
and z is a solution of the stationary problem
vA%z — A(Noz+g) =0,
{ Z|aQ = AZ|3Q =0. (5‘17)

We have the following result.

THEOREM 5.3. Let g € Hy (). The semigroup {S;}, Si: H(y) — H(y) generated by
(5.14), (2.2)-(2.5) has a (H(7y), H(v))-attractor A(7y), bounded in Hs ., (€2). This attractor
can be represented in the form

A7) =z + Ay, (5.18)

where z is a solution of (5.17) and the set A; is bounded in Hy (114),(2) as o < .

Proof. We denote B; = z+ By. We have u = v+ z+w and z +w € Bs as t > 0,
v € u — Bs and v satisfies (5.5); therefore the result.
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COROLLARY 5.1. Let g € Ho ~,(€2), 0 <y <. Then, the semigroup {S;} generated by
(5.14), (2.2)-(2.5) has a (H(vy), H(v))-attractor .A(v) as in Theorem 5.3.

Proof. Let g € Ha ,(2), 0 <y <~p. Then, g € H (), and we apply Theorem 5.3.

THEOREM 5.4. Let g € Hs (), 0 > 0, 0 < v < 70. Then, the attractors A(y) of
semigroups {S;} acting in H(y) coincide with A(~).

Proof. See Theorem 4.2 in [3].

6. Finite Hausdorff dimension of the attractor. We consider the (H(v), H(v))-
attractor A of the semigroup {S:} acting in H(y) C H obtained in Theorem 5.3. We
prove the following result when d = 2 (a similar result is available for d = 3).

THEOREM 6.1. Suppose g € Hy 4(2), v > 0, and f satisfies the conditions of Therorem
5.3. Then, the following statements are valid:

1 I | f (w)] < Clu|*Cy(u), then
dimgy A < Cr= 1A% g]. (6.1)
2. If —f'(u) < clul, then
dimy A < Cv=1);?, (6.2)
where dimy A is the Hausdorff dimension of A in the topology of H.

Proof. Due to the equivalence, first, of equations (5.14) and
Ot (N(u) + fu) — vAu+ f(u) + Nu+g=0 (6.3)

on H(v) and, secondly, of norms |[ul|op and ||u|| on H, the differential Sj(ug)vo = v(t) of
operator S; acting on a function vy is the solution of the equation in variations

O(N(v) + pv) = vAv — f'(u(t))v — Aov, (6.4)

where u(t) = S¢(ug), up € A. The operator Sj(ug) : H — H generated by (6.4) is the
differential of S; on A at the point ug (see [6]). We then apply Theorem 3.2 of [6].
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