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Abstract
We introduce a theory of a class of finite-dimensional vessels, a concept originating from the
pioneering work of M. Livsic [Livl]. This work may be considered as a first step toward analyzing
and constructing Lax Phillips scattering theory for Sturm - Liouville differentiable equations on the
half axis (0, c0) with singularity at 0. We also develop a rich and interesting theory of vessels with
deep connections to the notion of 7 function, arising in non linear differential equations and to the
Galois differential theory for LDEs.
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1 Introduction

The Sturm-Liouville (SL) differential equation is a second order differential equation with real valued
coefficients of the form




where y(x) is a function of the free variable x. Here p(x) > 0, ¢(x) and w(x) > 0 are specified and are
integrable on the closed real interval [a, b]. It is usually considered with separated boundary conditions
of the form

y(a) cos(a) — p(a)y’(a) sin(a) = 0,

y(b) cos(8) — p(b)y'(b) sin(3) = 0

where a, 8 € [0, 7).

It is well known that in the Hilbert space L?([a, b], w(z)dx) there is an orthonormal basis of solutions
to this equation, see for example [Hal], and important examples for some choices of p(x), g(x), w(x) are
the Bessel and Legendre equations. A special case of this equation is obtained for p(z) = w(z) = 1, i.e.,
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where the parameter ¢(z) is usually called the potential. Investigating this class of equations is classical
and extensive, dating back to C. Sturm [S] and R. Liouville [L] and over the years a wide spectrum of
techniques was developed for solving this equation. For example, the monodromy preserving deformation
problem of Linear Differential Equations (LDE) was extensively studied by Schlesinger [Shl], R. Fuchs
[Fu] and Garnier [G]. They focused on the Sturm-Liouville equation primarily as the simplest non
trivial LDE. (See bibliography for chapters 7,8,9 in [CoLe] for more information.) The Scattering theory
of Lax Phillips [LxPh] focused on this equation as well, constructing the so called spectral function for
a given potential and initial conditions ¢'(0) — hy(0) = 0 and scattering data. It is also worthwhile to
mention the work of A. Povzner [Pov] who used Riemannian transformation to study the solutions of

the PDE
0? 0?

@U(% y) —q(x)u(z,y) = anyU(w, y) — a(y)u(z, y),

which is closely connected to the study of solutions of the SL equation. The inverse scattering problem,
which reconstructs the potential g(x) from the scattering data was solved by a student of A. Povzner,
V.A. Marchenko in [Mar] and by M.I. Gelfand and I.M. Levitan in [GL].

In the work of Moshe Livsic [Livl], a theory of vessels was developed, connecting the theory of
commuting non self-adjoint operators to the theory of systems intertwining solutions of PDEs. Using
separation of variables in this theory, one finds that PDEs becomes LDEs with a spectral parameter
[BV]. Some ideas of Moshe Livsic were further developed in [M], presenting a theory of overdetermined
2D systems, invariant in one direction. As we have just mentioned, the transfer functions of such a
system map solutions of the input LDE with a spectral parameter A to solutions of the output LDE
with the same spectral parameter (this theory was further developed in this setting in [AMV]). In a
special case of such systems, LDEs are constructed from solutions of the Sturm-Liouville differential
equation (1). Using realization theory, developed in [M] one can construct more complicated differential
equations at the output starting from a trivial SL equation (g(t2) = 0) or more generally from SL
equations with potentials, for which the solutions are obtainable.

This paper considers finite-dimensional vessels as a first step to understand the obtained potentials.
As a result convergence problems do not arise and the tools are mostly (differentially) algebraic. In
an analogy to [JMU] we consider this theory as a ”deformation theory” of Sturm-Liouville differential
equations. One of the reasons to consider it as a deformation theory is the appearance of an analogue of
the 7(x)-function, whose role is to generate a differential ring, to which all the involved objects belong.
For example the formula for the potential at the output is g.(z) = —286—;2 log 7(z) which is identical to
the classical case.



The main ideas in this paper are the following. First is the new Definition 2, which significantly
simplifies the original definition of the vessel, appearing in [Livl, M]. For example, it follows from this
definition that the Lyapunov equation is redundant (Lemma 2.1). The second is a detailed study of a
special example, appearing in Definition 4, which illustrates how one can apply this theory to the study
of the differential equation (1). It is very well known that the role of the tau function is extremely
important in the study of differential equations in general and in the study of (1) particularly. The
7-function arises as a determinant of a solution of a Lyapunov equation (16), associated to the vessel. A
similar formula for the tau function appears in the work [KV] of V. Katsnelson and D. Volok, where it is

used a Sylvester equation (which actually is an affine version of a Lyapunov equation, appearing in our
/

-
case). One of the main theorems, Theorem 3.15, shows that — generates all the objects associated with
T

the differential equation (1) and the corresponding vessel. In order to represent how the main result,
Theorem 3.15 arises, we first show its form for the simple case when the input SL equation is trivial
(g(t2) = 0). If one denotes by R (Definition 6) the differential ring generated by {77/, 1}, then we prove
in Theorem 3.10 that the entries of the transfer function and of the potential at the output g.(t2) are
in R, which probably explains the appearance of this function in many applications.

In the more general case (Definition 10), we distinguish between the input R and the output R.
2

d
differential rings. If the input SL equation (1) is defined by a potential g;, = ZdTn and the output SL
2
2

d
equation (1) by gour = 2@7’, then one defines in Definition 10 the input differential ring R, generated
2
/ /
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by {n—, 1}, and the output differential ring R., generated by {n—, T—, 1}. In the first case when ¢;, = 0,
U noT

we obtain a special case, since then R = {1} is a trivial differential ring.

Another innovation of this paper is the application of differential algebraic methods to linear differ-
ential equations [PS]. As a result of the main Theorem 3.15 the 7-function, together with the data at the
input generate a differential Piccard-Vessiot ring for the output LDE. As a result the Galois differential
group can be explicitly calculated [H] and turns out to be a finite group, as discussed in Conclusions.
From the point of view of differential Galois theory, an interesting example arises of a finitely generated,
filtered differential ring, whose properties may be axiomatized and studied in relationship to arbitrary
rings (Corollary 3.16). In the general case, when the vessel is not finite-dimensional, one can study
existence of Liouvillian solutions for the output LDE.

2 Overdetermined time invariant 2D systems

2.1 Conservative vessel [MVc]

The notion of a vessel as it appear in this article was defined by M.S. Livsic in [Liv2]. It is closely con-
nected to the study of a pair of commuting non self-adjoint operators [LKMV] with compact imaginary
parts and first appeared in [Livl]. The origins of this theory are in the fundamental work of M. Livsic
and B. Brodskii [BL] which study the connection between non self-adjoint operators and meromorphic
functions in the upper half plane. For each non self-adjoint operator A; there corresponds a naturally
defined characteristic function S(A) and conversely. Multiplicative structure of the function S(\) is in
a correspondence with invariant subspaces of the operator A;. A pair of commuting non self adjoint
operators Aj, As are studied via connection to their joint characteristic function of two variables S(A, w)



[LKMV] and there are similar results concerning invariant subspaces of both Ay, A;. The notion of a
vessel arises as a collection of operators and spaces, which ”encode” the properties of Ay, As. More
precisely a (conservative) vessel is the collection

0 = (Ala A27 Bv 01,02,7, Vx; H? 5)7
for which the following axioms hold:

Aj+ A5+ Bo;B* =0, j=1,2
AgAy = Ay Ay =0,

—AgBO’l + AlBO'Q + B’}/ = O7
A3Boy — AjBos + By, =0,

Y= Vs + UlB*BUQ — CTQB*BO'1.

Here the first axiom means that the operators are non self-adjoint, but their imaginary part may be
decomposed through an auxiliary space £. The second axiom is commutativity, the last three axioms
determine additional connections between factorization operators B, o1,02 and some operators -, vs.
These results were further explored in [BV] and applied to the theory of systems. The class of systems,
arising in this manner is defined using the vessel operators

%.ﬁ(tl,fq) = All‘(tl,tz) + B g1 u(tl,tg)
> %.ﬂ(tl,tg) = Agl‘(tl,tg) + B oy u(tl,tz)
y(tl,tg) = u(tl,tg) — B*.’Ii(tl,tg)

and intertwines solutions of Partial Differential Equations PDEs. More precisely taking u(t1,t2) as a
solutions of the input PDE

0 0
[O’Qaitl — O'lait2 +’Y]U(t1,t2) =0

one obtains that y(¢1,t2) is a solution of the output PDE

725 = 71+l 12) =0
with constant coeflicients o1, 09, 7,7.. It is shown [BV] how these axioms for a two operator vessel are
derived from the system theory point of view. Independence of the system transition on the path and
overdetermindness of the input/output signals is shown to be equivalent to the set of these axioms.
These ideas have its origins in the work of M. Livsic [Liv1].

There are also some result, considering vessels on Riemann manifolds [Ga], whose vector bundles
have fibers that are Hilbert spaces.

In a more general setting a t;-invariant conservative vessel [M, MV¢] is a collection of operators
and spaces, defined for values of ¢ in an interval 7

BY = (Ai(t2), Az(t2), B(t2); o1(t2), oa(t2), v(t2), v« (t2); H, E),

where H, £ are Hilbert spaces and
Al(tg),AQ(tg) T H —>H,

B(ts) LE =1,
o1(t2), 02(ta), y(t2) 1€ =&



are bounded operators, which satisfy the following axioms:

Ai(t2) + Ai(t2) + B(t2)o1(t2) B*(t2) = 0, (2)

As(ta) + A5(t2) + B(ta)oa(t2)B*(t2) = 0, (3)

%Al(tz) = Aa(t2) A1 (t2) — Ar(t2) Az(t2) (4)

d;:; (B(t2)o1(t2)) — Aa(te)B(t2)oi(ta) + A1 (t2) B(ta)oa(t2) + B(t2)y(t2) = 0 (5)
di (B(t2))o1(t2) + A5(t2) B(t2)o1(t2) — A (t2) B(t2)oa(t2) + B(t2)v.(t2) = 0 (6)
V(t2) = Yu(t2) + 01(t2) B* (t2) B(t2)o2(t2) — 02(t2) B* (t2) B(t2)o1(t2) (7)

g1 (tQ)

(t
=07(t2), 02(t2) = 05(t2),
v*(t2) + (t «(t2) =

2) = Vi (t2) + v« (t2)

Using simple calculations one can show that the condition (6) is redundant, but it plays an important
role in the theory of vessels and appears here for the completeness of the presentation. Since we are
dealing with t5 dependent operators, we have also to consider smoothness assumptions. In this article
it is enough to make the following:

0.1 (t2) (8)

Assumption 1 On an interval I the following conditions hold
1. Operators Ai(t2), A2(t2), B(t2) are bounded operators for each ty € Z,
2. Operators Ay(t2),01(t2),01(t2), v(t2), v« (t2) are continuously differentiable,
3. Operator o1(t2) is invertible for each value of to € T.

The vessel is associated to the input/state/output (i/s/o) system

(tl,tg) Al(tQ) (thtz) + B(tQ) Jl(tg) U(tl,tg)
DI (tl,tg) = AQ(tQ) (thtz) + B(tQ) Jg(tg) U(tl,tg) (9)
y(tlth) u(ty, t2) — B*(t2)x(t1, t2)

and compatibility conditions for the input/ output signals:

72(12) gl 12) = 01(12) (b, 1) + 1 12)ults, 12) = 0, (10)
72(12) g y(t1:2) — 01 () gt 12) + 7 () (01,12) = 0 ()

A natural notion of equivalence for vessels is called gauge-equivalence and is defined as follows. Two

vessels
T = (Ai(t2), Az(t2), B(t2); 01(t2), 02(t2), v (t2), v« (t2); H, £), (12)
B = (A1(t2), Az(t2), B(ta); 01 (t2), 02 (t2), Y (t2), v (t2); H, €)



are called gauge-equivalent if there exists an operator T'(t3) : H — H with densely defined (on at least
the same dense subspace as T'(t2)) inverse and derivative such that:

Ay(ty) = T(t2)As(ta) T ()
Ay(ts) = T(ta)Ax(ta)T 1 (ts) +
B(ty) =T(t2)B(ta)

T (t2) (13)

Moreover, the inner products (-, )% and (-, -)5 of the spaces H and H respectively are related by the
following formula
(T~ (t2)z, T~ (t2) ") = (2, 2")

i (14)

Gauge transformations have the same role as state space similarities in the realization theory of
matrix-valued functions [KFA]. Since each transformation is realized by an operator, acting between
Hilbert spaces one can compose such transformations, use the inverse T—1(t5) operator for the inverse
transformation and to use an identity operator as the trivial (identity) transformation. If we consider
such transformations for the same (or identified) Hilbert spaces H and ﬁ, we will obtain a group. At the
Theorem 2.4 we will see that gauge transformation does not change one of the most important notions,
related to the system: its transfer function. Thus gauge transformations may be thought as a ”change
of coordinate” of a given system.

Using [MV1] Theorem 8.1, one can construct a gauge-equivalent vessel, such that A; is a constant
operator and As(tz) = 0. The basic idea behind the existence of such an equivalence is the fact that
from the Lax equation (4) it follows that Aj(ty) = T~ 1(t2)A1T(t2), where A; is a constant operator,
and where T'(t3) is an operator generated by As(t2) as follows: T"(t2) = —T(t2)As(t2). Using now the
gauge transformation, defined by this T'(¢2), we shall obtain that

Ay = T(t2) Ay ()T (ta) = T(t2)T~ (t2) AT (t2)T~ (t2) = Ay,
is constant and
sz = T(tQ)AQ(tQ)T_l(tQ) + TI(tQ)T_l(tQ) = T(tQ)AQ(tQ)T_l(t2> - T(tQ)AQ(tQ)T_l(tQ) =0.

Moreover defining X(ty) = T(t5)T*(t;), one can show that the condition (5) for B(ty) = T(t2)B(t2)
becomes [MV1, Lemma 8.2]

d ~ - - -
dTQ[B(tz)O’l(tz)] = —A1B(t2)o2(t2) — B(t2)v(t2), A1 = A; is constant,

and the condition (2) gives us
A1X(t2) + X(t2) A + B(tz)o1(t2) B* (t2) = 0.
The condition (3) then results in

d ~ ~
TX(tQ) = B(tQ)Ug(tQ)B*(tQ).
13
Using these ideas we define a notion of a vessel of a very special kind, in which we give up the positive
definiteness of X(¢2) and which enables us to develop a theory of ”perturbations” of the potential in



the Sturm-Liouville differential equation. We can also motivate this as follows. In the case X(t2) has a
constant signature, it follows that any such X(t2) factors as X(t2) = T'(t2)JT™*(t2), where J is a constant
signature matrix. Then use the induced by this .J, Krein space, instead of the Hilbert space H appearing
in the vessel &0, with all the formulas remaining the same.

Definition 2 A wvessel is a collection
U = (A1, B(t2), X(t2) = X*(t2); 01(t2), 02(t2),Y(t2), v+ (t2); H, E),

for which the following vessel conditions hold

B(ta)o1(t2)) + A1B(t2)o2(t2) + B(t2)y =0, 15

-
dts
A1X(t2) + X(tg)AT + B(tg)Oj(tg)B*(tz) =0,

d

(15)
(16)
——X(t2) = B(t2)o2(t2) B*(t2), (17)
(18)
(19)

dto
7*(t2) = 7(t2) + 01(tQ)B*(tZ)X_l(tQ)B(tQ)UQ(tQ) — Ug(tg)B*(tQ)X_l(tQ)B(tQ)Ul(tQ)
o1(t2) = 07 (t2), 02(t2) = 05 (t2),
T (t2) + y(t2) = Vi(t2) + 1u(te) = — gL o1 (L2).

18

19

The vessel exists on an interval T C R on which X(t2) is invertible and the regularity assumptions 1
hold. The vessel is called conservative if it holds that X(t2) > 0 on the interval I.

It turns out that the equation (17) is redundant for appropriately chosen initial conditions:

Lemma 2.1 Suppose that B(ta) satisfies (15) and X(t2) satisfies (17), then if the Lyapunov equation
(16)
A1X(t2) + X(tQ)AT + B(tg)O’lB*(tQ) =0

holds for a fived t9, then it holds for all to. If X(t3) = X*(t9) for a fived value of to = t3, then
X(tQ) = X*(tg) fOT‘ all tz.

Proof: By differentiating and using equations (15), (17), and (19) it can be seen that left hand side is
a constant. From the formula (17) it follows that

[2)
X(ta) = X() + [ B ()ra(0) By
t9
and since o2(y) is self-adjoint, the result on the self adjointness of X(t3) follows. O

2.2 The transfer function of a vessel

Let us consider first the conservative vessel &, satisfying condition (2)-(7) . Collecting all the trajectory
data in the form

U(tl, tg) = U)\(tg)e)\h,

$(t1, tg) = x,\(t2)6>\t1 R

y(t1,t2) = ya(ta)eM,



we arrive at the notion of a transfer function. Note that w(t1,t2), y(t1, t2) satisfy PDEs, but uy (t2), yx(t2)

are solutions of LDEs with a spectral parameter A,

)\UQ(tQ)U)\(tQ) — Jl(tz)%u,\(tg) + ’y(tg)u,\(tg) =0,

A2(t2)ya(t2) — 1(t2) 55 ya(t2) + 7 (t2)ya(t2) = 0.

The corresponding i/s/o system becomes

.13,\(t2) = ()\I — A1(tQ))_lB(tQ)O'l(t2)U)\(t2)
dnoa(ta) = As(t2)za(t2) + Blt2)oa(t2)ua(t2)
ya(tz) = ua(t2) — B*(t2)wa(t2)-

The output yy(t2) = ux(t2) — B*(t2)x(t2) may be found from the first i/s/o equation:

ya(t2) = S(A t2)un(t2),
using the transfer function

SO\ ts) = I — B*(t2)(\ — Ax(t2)) " B(ts)o1 (ts).

(20)

Here )\ is outside the spectrum of A;(¢2), which is independent of ¢ by (4). We emphasize here that

S(A,ta) is a function of ¢y for each A (which is a frequency variable corresponding to t1).

Proposition 2.2 ([MVc]) S(\t2) = I — B*(t2)(A — Ay (t2)) "1 B(t2)o1(t2) has the following proper-

ties:

1. S(A\ t2) is an analytic function of A in the neighborhood of oo, where it satisfies:

S(OO,tQ) = Inxn

2. For all N\, S(\,t2) is a continuous function of ta.

3. In the case X(t3) > 0 the following inequalities are satisfied:

S(A,tg)*a'l(tg)S()\ﬂfg) = O'l(tg), §R)\ =0
S()\,tQ)*Jl(tg)S()\,tz) Z Jl(tg), 8%)\ Z 0

for X in the domain of analyticity of S(\,t2).

4. For each fized \, multiplication by S(\, t2) maps solutions of the input LDE with a spectral pa-

rameter \

du
Aoa(tz)u — 01(t2)d72 +(t2)u =0

to solutions of the output LDE with the same spectral parameter X

d
Aoa(ta)y — m(tz)d—i + 7. (ta)y = 0

(21)

(22)



The converse also holds (see [MVc¢]| chapter 5 on the realization problem).

Theorem 2.3 ([MVc]) For any functions of two variables S(\,t2), satisfying conditions of the Propo-
sition 2.2, there is a conservative t1 invariant vessel whose transfer function is S(\, ta).

Recall [CoLe] that the fourth property actually means that
for fundamental matrices of the corresponding equations:

Ao (t2) s (A, 12, 13) — 01 (t2) 5 Pu (A, 12, 1) 4 7 (t2) Pu (N, 2, 15) = O,

24
B, (N9, 10) =T (24)
and )
Aoa(t2)P(X, 2, 19) — 01 (ta) 59- D(A, b2, 19) + Y (t2) D(A, 12, 13) =0, (25)
D\, 13,19) = 1.
From (23) we obtain that
S(Aa t2) = q)*(/\v lo, tg)S(A’ t(Q))@il(Av la, t(2))
and as a result S(A,t2) satisfies the following differential equation
0 _ _
S S0t) = 07 (22X 9)S( 1) = S t2)o (02A ). (26)

For two gauge equivalent vessels 2,9, defined in (12) using the operator T(ts), recall (13) that
Ai(ty) = T(t2) A1 ()T (t2),  Blt2) = T(t2)B(t2)

and the adjoint B (ty) is given by Bl¥l(ty) = B*(t3)(T(t2)T*(t2)) ! as a result of the inner product
property (14). Then we shall obtain that

S\ ty) =1 — BX ()M — Ay (t2)) L B(t2)o1 (t2) =
=1 — B*(t2) T~ " (t2) (T (t2)T*(t2)) " (A — T(t2) A (t2) T~ (t2)) ' T (t2) B(t2)o1(t2) =
=1- B*(tg)(/\l — Al(tg)) B(tg)dl(tg) ()\,tg)

But also the converse holds (see [MVc¢|, Theorem 3.5). In order to prove it, we need a notion of minimal
realization of a transfer function. From Theorem 2.3 it follows that for each transfer function there
exists a vessel which realizes it, i.e. S(A,t2) is the transfer function of the constructed vessel. There is
a natural notion of minimal vessel. A vessel U is called minimal if for each t5 € 7

span A7 B(t2)o1(t2)€ =H, n=0,1,2,...

Realization of a transfer function is called minimal if a vessel, which realizes this function is minimal.
For minimal realization the following Theorem holds

Theorem 2.4 ([MVC]) Assume that we are given two minimal t1-invariant vessels 0, 0 with transfer

functions S(\, t3), S(\,ta) respectively. Then the vessels are gauge-equivalent iff S(\,t2) = S(\, t3) for
all points of analyticity.



Let us focus now on the generalization of the conservative vessel
B = (A1, B(ta), X(t2) = X" (t2); 01(t2), 02(t2), Y(t2), 1 (t2); 1, €),

appearing in Definition 2. Consider the following trajectories (only x(t2) is changed comparatively to
the conservative vessel &)

u(tl, tQ) = U)\(tg)e)\tl,

.%(tl, tg) = T(tg)x,\ (tg)e)‘tl ,

Y(t1,t2) = ya(t2)eM.

Then one can check that the corresponding i/s/o system is rewritten as

Fata) = (M — A1) B(ta)o (t2)ua(t2)
T (t2) = B(t2)oa(t2)ux(t2)
ya(tz) = ux(ta) — B (2)Z (t2).

As a result, its transfer function becomes

S(Aty) =1 —BX(t) (A — Ay) " B(ty)o(t2) =

=1~ B*(t2)X " (t2) (M — A1) "' B(t2) o1 (t2) 0

The analogues of Proposition 2.2 and Theorem 2.3 also exist in this case and will be considered in the
future works [AMV, M1]. For the present work one do need to consider such generalizations, because
everything is finite-dimensional and may be calculated.

Finally, notice that if we are interested only in the transfer function, then one can bring by gauge-
equivalence the operator A; to the simplest (up to similarity) form. We can suppose that it is a Jordan
block matrix.

3 Sturm-Liouville vessels

At the first stage elementary input Sturm—Liouville vessels are considered. This case is presented in
order to prepare and discus main theorems and notions for the general case. Then arbitrary input vessel
is considered, i.e. for arbitrary rapidly decreasing sufficiently differentiable ¢(¢2). Notice that we use
the general version of the vessel U appearing in Definition 2.

3.1 Elementary input vessels
3.1.1 Definition of a vessel with elementary input

There exists a choice of parameters of the vessel U such that the input LDE is constructed from solutions
of Sturm-Liouville differential equation (1) with the trivial potential g(t2) = 0. Notice that in this case
the equation (1) is solved by exponents. In the Definition 2 we choose the space & = C2, i.e., a Hilbert
space of dimension 2.

Definition 3 The Sturm-Liouville parameters are given by [Liv2]
101 |10 100
S I TV I R VRV IS I VIR A

10



It easy to check that the equation (19) is satisfied. The input compatibility differential equation (21)
then becomes

o ua(t2) + { 8 ? :|U:)\(t2) =

{ )\ul()\7t2) — %UQ()\,tz) =0 (28)
—%ul()\, t2) + ’L"U,Q()\, tg) =0
From the second equation us(A, ty) = —ia%ul()\,tg) and substituting it back to the first equation,

we shall obtain the trivial Sturm—Liouville differential equation with the spectral parameter —i\ for
(751 (/\, tQ)t

82

_873

For the output compatibility differential (22), we take v, (¢2) to be of the following form

it = | Tl A

ur (A, t2) = —idug (A, t2)

for real valued functions 711 (t2), B(t2). Consequently, for the output y(t2) = [

(A ta) ], we shall
obtain that (22) is

yz()\,tz)
0 = Aaz(ta)ua(tz) — o1(t2) g ya(t2) + (t2)un(t2)
1 0
/\|:0 O:|U)\(t2) )

— { 2“i)ﬁll(7;2) *%fﬂ(tz) ] [ ylE
2) — 55 i

and thus the system of equations must be satisfied

{ (A —im(t2))y1 (A t2) — (g5 + B(t2))y2(A, t2) = 0,
(B(t2) — 22 )y1 (A, t2) + iya(A, t2) = 0.

From the second equation ya (A, t2) = i(8(t2) — %)yl (A, t2) and substituting it into the first equation

0 = (>\2— im1 (2))y1 (A t2) — i( 50 + B(t2))(B(t2) — 722)y1 (A, t2)
= igzyn (A t2) + My (A t2) —i(mu(t2) + B (t2) + B2 (t2))y1 (A t2)

and consequently,
2

*87%%(%1?2) + (m11(t2) + B (t2) + B2 (t2))y1 (N, t2) = —idy1 (A, t2),

11



which means that y; (A, t2) satisfies the Sturm-Liouville differential equation (1) with the spectral pa-
rameter —i)\ and the potential is q(t2) = m11(t2) + B'(t2) + B2(t2). It turns out that properties of the
transfer function (27) of the vessel U require the compatibility condition on 711, 3. In order to see this
one needs to consider so called moments of S(),¢2). Take the Taylor expansion of that function around
infinity

S|
S\ ta) =1 — B*(ta)X Y (t2) (M — A1) ' B(ta)oy = I — Z YES! B*(t2)X H(ta) AT B(t2)oy.  (29)
n=0
We define coefficients of this Taylour series
H,(ty) = B*(t2)X (o) AT B(t2) oy (30)

as moments of S(\,z). Then the following lemma holds:

Lemma 3.1 Let S(\ t2) be a transfer function of a vessel U defined with Sturm-Liouville vessel pa-
rameters. Then the following compatibility condition must hold

m(z) = 8'(z) - B (2). (31)

Proof: Notice that the zero moment is Hy(tz) = B*(t2)X !(t2)B(t2)o1 and using it, the linkage
condition (18) becomes
’y*(tg) - = O'QH()(tg) — UlHQ(tQ)O';lUQ.

From here it follows, denoting the elements of Hy(t2) = [Héj}, ,j=1,2:

—imii(t2) —B(t2) ] _ { Hy' — Hi?  Hy*(t2)
B(ts) 0 —Hy?(t2) 0

and consequently,
H&2(t2) = 7ﬂ(t2), H&l - Hg2 = 7Z'7T11(t2). (32)

Using the differential equation (26) and inserting here the formula (29) we shall obtain that entries of
the first moment H;(t2) = [H{’],4,j = 1,2 satisfy

0'1_10'2H1(t2) — Hl(t2)0'1_10'2 = %Hg(tg) — Ul_l’y*(tg)Ho(tg) + HQ(tQ)O'l_l’y.

which means

- Hy' — BHY' —iH! = —H{?,
an HY? — BHE i —HE?) =0,
L HS +imnHy' + BHG! = H{' - HP?,

L HP +imuHY? + BHS? +iHG' = H{?.
Then H{? can be evaluated using the first and the last equations. When we equate these two equations,
we shall obtain that the compatibility condition for this differential equation to hold is
d
corril 22 12 12 2
i(Hy — Hy™) = dTgHO (t2) — (Ho"(t2))",

which is exactly (31) using formulas (32). O

So, without loss of generality we make the following

12



Definition 4 In terms of the elementary input, Sturm-Liouville vessel Elgy, is the following collection

Clsp = (A1, B(ts), X(t2) = X*(t2); o ? (1) [ }
8 8= ) e

satisfying the vessel conditions

%( (t2)o1) + A1 B(ta)o2 + B(te)y =0, (

X(t2) + X(t2) AT + B(t2)o1 B*(t2) = 0, (16)
~X(t2) = B(t2)o2B(t2), (17)

Vilta) =7+ 01B*(t2)X 71 (t2) B(t2) oz — 02 B*(t2) X~ (t2) B(t2)or.  (

The vessel exists on an interval T C R on which X(t2) is invertible and the regularity assumptions 1
hold.

An interesting question, which is out of the scope of this present article is whether for each B(t3) there
exists an elementary input vessel, which has the output parameters defined with that given 8(t3). This
question is considered at [AMV].

3.1.2 The 7 function of an elementary input vessel

Following [MV1] (Theorem 8.1) there is developed a structure of the transfer functions of a vessel and
it will be applied to €gr. If Seg, (A, 19) has a realization at t3 [Br]

Ses, (M 19) =T — BEXg (M — A1) "' Byoy,
A1X0+XOAT+BSUlBO ZO7 XO :XS,

then solving (15) with initial value B(t3) = By and (17) with X(¢3) = Xy we obtain that formula (27)
Seo, (N to) =T — B* ()X (ta) (M — Ay) "' B(to)oy

Notice that since o3 > 0 and (integration of (17))

X(19) = Xo + / B(y)osB* (y)dy

2

we shall obtain that in the case X > 0 it holds that X(t3) > 0 for all t, > t9, since B(y)oaB*(y) > 0.
As a result in that case the vessel €gy, exists at least on the interval Z = [t9,00). Of course it can
be extended to the left by continuity considerations. In the case spec A; C iR it is possible to obtain
a vessel, which exist on the whole axis. For this it is enough to take Xy big enough and chains of
”companion solutions” of length one (which will create periodic, and hence bounded with bounded
anti-derivative functions on the whole axis). More about this construction may be found in [AMV].

Let us now delineate this construction for the transfer function. First we have to consider the initial
realization at 9, which is very well known from the realization theory of rational matrix functions [KFA].
It can be brought, as we have already mentioned to a Jordan block form.

13



Write the function B(ts) as

bi (t2)
b3(t2)
B(te) = ) , (33)
biv (t2)
and suppose that Ay = Jordan(z1,71,. .., 2n, ), where z; is a spectral value and r; is the size of Jordan

block (notice that we can have the same eigenvalue appearing more than once). Then [MV1] b;(t2) are
defined as chains of companion solutions of the so called adjoint output LDE

d
[UldTg — poz =]y =0 (34)

with the spectral parameter p = —z;:

d .
01 %bj+1(2i)+2f0'2bj+1(zi) —’}/bj+1(zi) = CTij(ZZ'), ] =" +.. .-|—T‘Z',1, eI +.. .+7’i,1 +7’1' -1 (35)
and where the first vector function by, 4. 4r, , (%) is a solution of (34) with the spectral parameter —z;".
The operator X(t2) = [z;;] is a solution of (16) (or equivalently (17) due to Lemma 2.1). Thus the
transfer function is
S@SL ()\,tg) =1- B*(tQ)X_l(t2>()\I — Al)_lB(tg)O'l =

*

1

=I-[b by - by J[FEEM A 4N | o (36)

=

by
where M;;(t2) denotes the minor ¢, j of the matrix X(¢2) and

Definition 5 The tau function T = 7(t3) for the Jordan block matriz Ay and the initial condition By, X
is defined as
7 = det X(t2) = det[z;;]. (37)

It turns out that the tau function 7(¢3) defines also 7. (t2) as the following proposition states
Proposition 3.2 For Sturm—Liouville elementary vessel the following formula for v, holds

0 ‘|

Proof: It follows from the formula for logarithmic derivative of a determinant using the vessel condition
(17) and the definition of the zero moment:

’

1

A

Sl

!/
t
:‘((t 2)) = tI‘(X_l(tg)X/(tQ)) = tI‘(X_l(tg)B(tg)O'QB*(tQ))
2
= tr(B*(t2)X7 ! (t2) B(t2)02) = Hy' (t2),
which combined with (32) gives the desired result. O

14



3.1.3 Anti-adjoint spectral values

Suppose that there are two eigenvalues z;, z; which satisfy z; = —z7. Then the entry bJo1b;, appearing
at the matrix B(t2)o;B*(t2) (which in turn appears at the Lyapunov equation (16)) must be zero,
because the corresponding i, j entry for the expression A;X(t2) + X(¢2)A7 is such. Notice that denoting

bi(ta) = { ZZ; }, we shall obtain that

b;—kdlbj = b?lij + b;}bjl = 0

Since by, satisfies (34) or (22) it means (see (28)) that byo = —+/—1b},. Substituting this into the last
equality we shall obtain:

0= b7 (—v _1b;‘1) + (=V=1b}1)"bj1 = V—=1(=bj; ;‘1 + (b}1)"bj1), (38)

d
from where it follows (by dividing on b;;1b}; and obtaining 7N In(b}; /bj1) = 0) that b} = bjic for a
2
constant ¢ € C.

Corollary 3.3 If two chains of solutions correspond to the spectral values z;, z; and have the property
z; = —z;, then these chains are of length one.

Proof: From the previous calculation it follows that each element b; at the chain corresponding to z;
must be equal to the adjoint of each element b; at the second chain, which is possible only in the case
the chains are of length one, because a companion solution by is obtained by multiplying the previous
element by on ¢2, which means that we can have the equality b; = b} only for the first elements at these
chains. 0

Corollary 3.4 Suppose that the spectral value z; is purely imaginary: z} = —z;, then its chain must be
of length one.

Proof: Using the same idea as in the previous Corollary all elements in this chain will be equal to the
adjoint of the first one, which is possible only if it is a chain of length one. 0

Notice that the last result has a feature in common with the result on discrete spectrum in the inverse
scattering problem [Fa], where it is proved that for the case [ z|q(x)|dz < oo the discrete spectrum is
on the imaginary axis and is simple (i.e. each eigenvalue appears exactly once).

3.2 Vessels as Backlund transformations. Crum transformations

A Backlund transform is typically a system of first order partial differential equations relating two func-
tions, and often depending on an additional parameter. It implies that the two functions separately
satisfy partial differential equations, and each of the two functions is then said to be a Backlund trans-
formation of the other. We can consider a vessel as an example of Bécklund transformation, because if
we consider inputs u(¢1,t2) which satisfy the input compatibility condition (10)

= +u(ti,t2) =0
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then the output y(¢1,t2) of the system (9) satisfies the output PDE (11)

0 0
[‘723751 - 0187152 + 7+]y(t1,t2) = 0.

The set of parameters of this Backlund transformation in our case is the initial realization for the transfer
function of the vessel U
Sp(A\19) =T — BiXg (M — A1) ' Byoy.

It turns out that Crum transformations, which first appeared in [Crum] are particular case of our
construction. The basic idea of a Crum transformation is to use a solution by (¢2) of the equation (1)
(with the potential g(t2)) for a fixed spectral value —iXg, A\g € R. Then take a solution y(A,¢2) of (1)

and define
Y (A t2)b1(t2) — y(A t2)by (t2)

A to) = ,
1 t2) (A = Ao)bi(t2)
0
where y' = a—tzy A simple calculation [Crum, Fa] shows that y1 (), t2) satisfies (1) with the potential
by (t d?
a1(ts) = qlta) + Da(ta).  Aqlty) = —2202) —2—— Inby (t).
b (t2) dt3

This transformation is used in order to construct solutions for equation (1), having the property that the
corresponding SL operator will have one more point (namely \g) at the discrete spectrum, comparatively
to the previous one.

It turns out that we can obtain the same transformation. Consider now the one dimensional vessel

—i(B(t2) — B2(t —B(t
6[07‘7"71 = (A07B(t2)7X(t2);0—17027777*(152) - Z(ﬁ (é%tQ)ﬁ ( 2)) ’L( 2> ;Cacz)'
Denote B(ta) = { z;gz; ], where b} is a solution of (1) with the spectral parameter Ag. Then X(t3)

may be found from the differential equation
X/(tz) = B(tQ)O'QB*(tQ) = blbiK
For example, in the case A9 # 0 we can also solve the Lyapunov equation (16) in order to find X(¢2)

X(ty) = B2)1B () _ B (t2)b1(t2) + i (F2)b (t2)
TN N Ao+ A

The tau function in this one dimensional case is 7 = X(¢2) and the potential is g(t2) + 23’ (¢2), where

7 ba(t2)bi(te)
—B = —= Tt;)

Using the transfer function Scyum (A, t2) of the vessel Elcyyy, we find that if the input

o =[G

satisfies (21) with the spectral parameter A, then the output

_ | m(hta)
y(\ t2) = { Z;()\7t2) }

16



satisfies the output (22) with the same spectral parameter and the following formula holds

y(>\7 tg) = Scrum()\,ltg)u(A7 tg) = [I — B*(tg)xil(tz)()\ — Ao)ilB(tQ)Cfl]U(A, tQ)
b1

:[[—m by [ b7 b5 ] o1]u() ta)
:u_ﬁ e |05 0t uinta),

where taking the upper part y1 (A, t2) of the vector y(A, ta) = [ zlgfg ] , we find that
2(t2

y1(A\t2) = uo(N ta) —yl(t2)ﬁ [ 05 0] [ ZO } -

1
=up(A, t2) — bl(t2)7_

m(bzuo + bjus)

Using equation (47), which solves the input LDE (21), we may rewrite this as

1

i (M t2) = w0\ t2) = bu(te) s

i((b7) 1o — bjug)

which is identical to the Crum transformations [Fa, (15.33)]. The Crum transformations corresponds to
the choice of the spectral values on the imaginary axis, each appearing once, which is consistent with
Corollaries 3.3 and 3.4 in our case.

3.3 The differential ring R, associated to an elementary input SL vessel
We can see that the element T?/ is used to construct 7., since TTH = %(%) + (%/)2 In the sequel we
shall use the notion of a differential ring, which can be studied for example from [K]. A differential
ring is a ring R with a linear operator, called derivation 0 : R — R, satisfying the Leibnitz rule
d(ab) = (0a)b + adb and such that R C R. Notice [K] that intersection of two differential rings is
again a differential ring, thus we make the following definition. The ring R is called generated by the set
{a1,...,a,} (n may be oo) if R is the minimal (in inclusion) differential ring containing {a1, ..., a,}.

Definition 6 The differential ring R. is defined to be the ring generated by {77/, 1}.

Notice that it follows from the definition that R, is the smallest algebra of functions, containing 77/, and

1 which is invariant under the operation T We define a space T, which plays an important role in

analyzing R.. This space is obtained by tak?ng the linear span of all the derivatives of the tau function
and its structure is reflected in Definition 7.

Without loss of generality (by using gauge equivalence) we may suppose the eigenvalues of A; are
ordered so that first there appear purely imaginary ones with length one for its chain (due to Corollary
3.4), then there appear pairs (p;, —p;) so that each one has a chain of length one (due to Corollary 3.3)
and after that eigenvalues with an arbitrary length for its chain, which are different from the minus
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adjoint of all other eigenvalues:

E 0 0
A= 0 P 0 (39)
0o o0 J
E = diag(ey, e2,...,¢6r,), (40)
P= diag(pre-‘rla _p:e-i,-la .. apra _p:p)a (41)
J = Jordan(zy, 4 2ry+1, "re42ry 415+ -+ > Zns T'n) (42)

so that N =re + 21, + 1y yor, 41+ ... + T Suppose also that the transpose of B(tq) is

B(to)' = [ ui ... wl vf g wiio... U3y ws. bf o g ... by ], (43)

where v;, w;’s are corresponding solutions of the adjoint input LDE (34) and b;’s are companion solutions
of the same equation (34). The following Definition 7 consists of a basis of functions, defined on Z,
which are created by successive differentiation of the tau function 7(t2). Notice that from the Lyapunov
equation (16) it follows that in the case z; # —=27 the i, j entry z;; of the matrix X(t2) is

b¥oib;
Ty = %,
Z; + 2
J
. d . . . . .
and satisfies Exij = bjo2b;. But if z; = —27, then this element is found from the equation (17) and is
2

equal to

to
Tij = :c”(tg) =+ /0 b?a'gbjdy,

2

d
and its derivative is still Exij = bfo2b;. Moreover, using the formula for the determinant of a function
2

7 =detX(tz) = Z(—l)Sig“(”)pr(l)xgﬁp@) ...TNp(N), P - permutations of {1,2,..., N},
P

we obtain that each index i appears exactly twice at each summand. This can be translated as appear-
ance of each b} and b; exactly once via the formulas for z;;.

Notice that the term 1 j1)Z2,p(2) - - - TN p(v) and all its derivatives are actually of finite degree, which
means that differentiating it enough times we will obtain terms, which appeared before. A simpler reason
for that is that it is a multiplication of exponential functions and polynomials (Lemma 3.6). Another
reason, reflected in the combinatorics of the following Definition 7, where one learned the structure of
such a term. Each index 1 < ¢ < N appears twice as we have already mentioned and each x;; and its
derivatives are expressed through the companion solutions with smaller indexes, thus we obtain that
differentiating it enough times, we will obtain expressions appearing in the lower derivatives. Moreover,
one can ”split” all the multiplications so that all terms corresponding to the same chain appear together.
All these ideas are present at the proof of Lemma 3.5. Actually, all the difficulties in the proof of the
Lemma 3.5 are inserted into the definition, so that one have to show only that the structure of T is
preserved after derivation (see Lemma 3.5).
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Definition 7 The space T is defined to be the span of functions constructed from multiplication of the
following terms

T =span{y1y2 - - - Yr, Yr +1Yre+3 - - - YrpYre+2rpy+1Yre+2rp+ri+1 - - - YN—rn+1},

where y;’s corresponds to the chains in the structure of Ai. The first ro variables y; are one of the
following two elements

T .
;= ’ 1<i:<r
yl {quzUl b - — le

In this definition, the y;’s corresponds to the pairs of eigenvalues p;, —p; and are multiplications of one
of the following two terms

v Byvgwi  Bipiwiya,
Yi = wi Bivi 124 441, re +1 <0< 2rp, i — 1 45 odd
V] Biwi 12414,

The last group of y;’s corresponds to the companion solutions and is a multiplication of r; terms:

1
* * * . T2
Yi = biky Ei gy 02 Vige, Ditka Bika 020740, -+ Dikr, Bk, bin, s 0= 7e +2rp +
Tn—1
where the r; tuples (k1,ka, ... kr,), (€1,02,. .., Lr,)
1. satisfy increasing property ky < ks <...<ky, b1 <l <...<{,,, and
2. are less than or equal to (1,2,...,r;) in the point-wise order of tuples (so, for example k1 and ¢4

are actually 1).

E;’s with different indexes are 2 x 2 matrices over C. We shall call each function y1y2...YN—r,+1,
satisfying these two conditions as a basic element.

Lemma 3.5 7' C 7.

Proof: Using the Leibnitz rule for the derivative of multiplication of functions, it is enough to prove
that the derivative of b} F;;,b;, and of x;, j, are linear combinations of elements of the same form. For
%4, 4, the derivative is bfo2b;,. If b; is a companion solution corresponding to the spectral parameter z
(which is usually of the form —z}), then

b, = 01_1(022 + ¥)b; + o2bi—1.
Suppose also that bj, is a companion solution corresponding to the spectral parameter w. Then
d 7% 1% * —1 * —1
2:0iBbj, =07 (022" —v)oy Ebj, +b;_j0207 Ebj,+

dto 1
+bf By (oaw 4+ 7)b;, + bi Eoy togbj, 1 (44)
= b;[(022" = 7)o 'E + Eoy ' (ow + 7)]bj, + bi_y0207  Ebj, + b; Eoy  o3bj, 1.
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and again we obtain elements of the same form. In order to see that we stay within the space 7, notice
that differentiating b Eb;, we obtain an element of the same form

b [(022" — 7)oy 'E + Eoy H(oaw +7)]by,
and two elements with smaller indexes
bi_yo207 'Ebj,,  bfEoy'osbj, 1.

But if b; or b; are initial members at a companion chain of solutions, then these two elements does not
exist.

In order to see that the condition of point-wise comparison holds, notice that if there appear
bj s ..., bj, satisfying this condition, then the derivative of b E1bj, ...b; Enbj, will only decrease
indexes. On the other hand, taking Ej’s as elementary matrices we are able to substitute elements at
the chain. For example,

.10 .00
bz|:0 0:|bjbk|:1 0:|bm:
= 4, k interchanged :b,";{(l) 8}@@{(1) 8 bm

=1,k and m, j interchanged = b} [ (1) 8 } b bF [ (1) 8 ] b;

and as a result we can always represent an element as a sum of basic elements, defined by elementary
matrices and having the increasing and the pointwise inequalities. L]

Since we are dealing with finite-dimensional vessels, with a trivial equation at the input, we can also
find chains of solution of the input LDE (21) explicitly. Let us consider an arbitrary chain by,bs, ..., b,
corresponding to a spectral parameter z. Solving the input compatibility condition (21) we find that

biref2 + bygekt2

b = —ik(bnektz — blge_ktz)

Dbi(t9) =8y, k=+V-iz

Notice that in a generic case, if we consider real and imaginary parts of the numbers by1, b2, k, we shall
obtain that by is a sum of 4 different real exponents:

Rbte o—Rhts Skty o —Shkts
The second element at the chain by, satisfies
by(t2) = o7 (=097 — )ba(ta) + oabi(ta), ba(t5) = b5
and as a result is of the form
ba(ta) = (tabar + c21)€"? + (tabas + caz)e ™2,
which means that in a generic case it is a linear combination of the previous exponents and their multiple

by tzi
— X —< — - R -
§Rk’t2 , §Rk‘t2 , dktg , Jth’ t §Rkt2 , t2 %ktz’ t Jktg’ t \Sk‘tg
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Obviously, in the generic case (i.e. where the coefficients of no exponent vanish) the ¢-th element in this
chain will be a linear combination of powers of o multiplied by exponents:

thetRE 1tk i —0,1,... 0.

The coefficients of thet®™* t5e*SF are defined by the initial conditions and moreover are polynomial
expressions in RbY, IbY. As a result of these discussions we have the following lemma

Lemma 3.6 Let by(t2),ba(ta),...,b.(t2) be a chain corresponding to the spectral value z with initial
values b9,09,...,0°. Then an element by, 1 < ¢ < r at that chain is a linear combination of
téeﬂ%, téeigk,i =0,1,...,¢

with coefficients, which are polynomial expressions in the initial values Rb;, Ib;, and Rk, k.
Proof: We will use induction on n, using the fact that the element b, 41 may be presented as

n+1

bng1 = 3 [bnyrith(€"? +e772) 4y i(eF? 4 M),
=1

The same conclusion can be derived using the Fundamental matrix of solutions ®(z,2) of the equation
(21):
sin(k(ty —t9))

B(z,ts) = cos(k(ty —19)) T
iksin(k(ta —t9)) cos(k(tz —t9))
Then .
b = 0zsta) | @7 oy oaba )y + ) )
t2

Further, if b, satisfies the assumptions of the Lemma, then b,,4; will satisfy them too, by direct com-
putations. 0

Corollary 3.7 Let by(ta),ba(ts),...,b.(t2) be a chain corresponding to the spectral value z with initial
values b9,09,...,0%. Then

1. for fized i # j, spanb; Eb; = spanb; Eb;,
2. for any indexes satisfying i + j = k +m, spanb; Eb; = span b} E'b,, .

Proof: Using the general form of b;, developed in Lemma 3.6, we understand that expression b} E'b; is
a linear combination of exponents with real exponents, multiplied by powers of t5, which is also real.
Thus conjugation will result in a combination of the same real valued exponents, multiplied by powers
of to. Similarly, in the case ¢ + j = k + m we obtain that b Eb; and b E'b,, are linear combinations
of the same exponents, multiplied by powers of t5 from 0 to 2(i + j — 2) = 2(k + m — 2), so the result
follows. L]
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Corollary 3.8 The dimension of the space T is at most
4“¥Tf46111+4% (ry —1)]4".

Proof: First, the number of different exponents, corresponding to a purely imaginary element z; = —z;
is 4 (notice that b*o1b = b*E12b + b*E91b =0) :

b*E11b, 0" E120, 0" Eagb, x4
For the pair, corresponding to the spectral value p; and —p; there are 4% elements, which correspond to
v; Byvjwi By 1w, wi Evig1 24 541, v Biwip1Tig1 i,

again elements w;o1v; = vioiw; = 0 and we substitute them with corresponding x;;.

Finally, for the general chain, we have to count the number of different pairs of r,-tuples
(k1,kay ... kr ), (€1, 0a, ..., €. ), which additionally to being increasing and point-wize less or equal to
(1,2,... ,rn> have the two properties, stated in Corollary 3.7. From the first property it follows that we
can order the tuples so that k; < £;. And using next the second property it follows that actually the
total sum

Tn
Z(kz +4;)
1
distinguishes between the pairs of tuples. The total sum of the indexes is between 2r,, and r,(r, + 1).
Since each on of the tuples creates at most 4™ different terms, we obtain that their total number is at
most
[rr(rn+1) —2r, +1]4™ = [1 4+ r,(r, — 1)]4™

which is exactly the term appearing in the Corollary. UJ

There is also an alternative proof for the calculation of maximal number of different elements for a
general chain, which is presented in the next lemma. We choose to talk about one block for A;, but it
is easily generalized to any number of blocks, since there is a property of 7, which enables to ”collect”
all companion solutions together and then use the result of this Lemma for each block. Notice that we
use the fact that the companion solutions are pure exponential functions, multiplied by powers of ¢:

Lemma 3.9 Suppose that Ay consist of one spectral value z and one chain of length r. Suppose also
that by, b, ..., b, are companion solutions corresponding to this data. Then the tau function in this case
is a linear combination of the following functions

6:|:2§Rkt2:|:2$k:t2 . eiQ%ktzﬂ:Q%th té7 i = 0’ 1.... , 1 4 T(T _ 1)

T times

and their total number is
[L4+7r(r—1))4"

Proof: First, let us consider the maximal power of ¢, and proceed by a proof of induction on N. For

N =1, we obtain that
7 = det X = det 2710
z1+ 21
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which is a sum of 4 eXpOnentS
— < —23k -
62§Rk‘1t2’e 2§Rk‘1t2762\5k1t2,e 2\Sk1t2) kl /ZZ,l7

coefficients are rational functions of real and imaginary parts of b9, k. Since increasing of the state
space H is equivalent to adding one element by to the last chain or creating a new chain with different
eigenvalue, we obtain that

%
* NUle 9
ZN + ZN

where

bTUle

*
Zl*—"_ZN
b201bN

ES
Cx Zo + 2y

b, o1by

| zn—1+ 2y |

Using a formula for evaluating determinant of a block matrix, we shall obtain that

b}CVOij

( b}‘vale
ZN + 2y

det Xy = det Xy_1 det »
ZN + 2y

_C}kvngl_lcN) =TN_1 —C?VXX]l_lCNTN_l
b*Nale

The expression 7n_1 "
ZN + 2N

can be easily understood, since we know by the induction hypothesis that:

TN_1 € Span{eﬂ:%ﬁktgjﬂ%ktg . e:t2§Rkt2:t2Skt2 té | i=0,1,...,1+ (T _ 1)(7, _ 2)}

r — 1 times

. : byoibn .. o
On the other hand, using Lemma 3.6 we obtain that the element NT is a linear combination of
ZN ZN
the following terms:
eEIRE 2k EIRE 4 2SIk 2T 2Rk t%TeiQJk,
no power of to te in power 1 to in power 2r

Notice that the highest power of ¢ is 2r, which is multiplied on one of the four ”basic” exponents:

~
t%rei%)?k’ t%rej:2\sk

On the other hand, the highest power for 7 _;1. If we collect the highest possible powers for each element

bio1by

b; at the chain and multiply on the all possible exponents, we shall obtain that contains the

ZN ZN
element with the highest power of t:

14244+ +20r—1)+2r =1+7(r —1).
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This element is multiplied by one of the following exponents

o E2RKt2 £2Skts | H2Rbta+ 2Tkt
)

r times

because each et2%kt2 o ¢£23kt2 gppears at each b;.

The second term appearing in the expression for 7y is actually of the same form (denoting by M;;
the minor (i,j) of Xy_1):

CAXRL1OnTN -1 = O} [Mi;(—1)H]Cy =

oy ]
21+ 2y
bioiby
bNalbl bN(leg N b NO'le_l [Mij(—l)i+j] 29 +27\/'
Zi+av oz +an 2y T 2ZN—1 .
by_101bn
ZN -1 +ZN
bNO'lbj bx O‘le S 0‘1b b g1 N
= M (—1)i+9 270N e (S0 (— 1) 2 iTL
Z”Z + 2N ( ) 21+ZN N(Zzg J( ) Z]+ZNZ7,+Z;,)N

and again it can be presented as a multiplication of exponents appearing at 7n_1 (since such are the
expressions

3 (T T
— Y zitanzit+ 2y

by o1by

ZN-1+ 2N
result follows. J

and of exponents of b3;by. Thus we obtain the same exponents as for the term 7n_; . The

From this Lemma 3.6 it follows that the coefficients of the exponents may vanish on a variety, if
we consider a ”big” space R¥, where K is the total number of real and imaginary parts of all initial
conditions and all spectral values. Indeed, it is true for each block of A; separately, due to Lemma 3.6.
As a result we make the following

Definition 8 The choice of the initial spectral parameters Ay, B(t3), Xo for which all the exponents does
not vanish in the expression for T(t2) is called a generic case.

Theorem 3.10 The entries of v, and %7' are in R.. For each natural n, 7™ € T and as a result T
satisfies a linear differential equation of finite order with constant coefficients. In the generic case

1. span, ey (7)) =T

2. The entires of the transfer function Seg, (A t2) of s are in lT CR..

Proof: Notice that 1 = T is in R. by definition. We will show that ™ R, by induction on n > 1.
For n =1 it is true by the definition, and generally,

Pt g g )

T dts T T T’
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The space T was constructed so that all the derivatives of 7 are there. Thus the first part of the Lemma
is proven.

Let us consider now the generic case. Comparing the result of corollaries 3.8 and 3.7 the maximal
number of independent elements coincides with the minimal number of exponential functions, multiplied
by polynomials:

n
47200 TT[1 A+ 1 (1 — 1)]4™
k=1
and since in the generic case all the exponents, multiplied by powers of ¢ do not vanish, it is a well
known fact (using the generalized Vandermonde determinant) that all their derivatives (up to their total
order) are independent and we obtain that spanneN(T(”)) =T.
Let us use the formula (36):

1

*

_1)'L+] 1 2
SGSL ()\,tg) =1- [ b1 b2 ‘e le-‘r“'-‘r?“n ] [TM”] ()\I - Al) : ag1.
Dbt
Notice first that o
-1 -1 (=1 -1
X7 (t)(M = Ay) = [fMji] (M — A1) = [Ky]
where K;; are linear combinations of MTJ when we consider A as a constant. Then
b1
(_1)i+j b;
S()\7t2) :I— [ bl bQ bN ]X_l(tg)[ P Mji]()\I—Al)_l . g1
by
=1- Zij bib;KijOj.
Since b;b; K has entries in %T, we obtain the desired result. ]

Let us finish this discussion with some properties of the differential ring R,

Corollary 3.11 R. is a finitely generated, filtered differential ring

R*:C+I+ﬁ2+m.
T T

for which the derivative respects the following rule

i 7'1 Tz TiJr 1

—) C — —,
dtz( )< T + Titl

Tt

Proof: By its definition R, is generated by 77/ Linear combinations and multiplications obviously re-
spect the filtering, since 7; 7;—]] - 7;: . All the other elements of the ring are obtained by multiplication.
Let us evaluate the differentiation of an element of the filtering

d T @l T, T T
i\ T T T S e
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where %’Ti C T holds by Lemma 3.5. O

One can also calculate the Piccard Vessiot differential ring of the output LDE. This ring is by
definition the minimal differential ring, containing the entries of the fundamental matrix. See the
references [H, PS] for more material on this subject.

Corollary 3.12 Let A & {z1,...,2,} be a parameter. The Piccard-Vessiot ring of the output LDE (22)
Y' = 07 (02A + 7 (12))Y ()

is generated by {T?,, ektz e=kt2} where k = v/—i\.
Proof: The fundamental matrix of the input LDE (21) can be taken as follows
ek?tz e—ktz

q>()‘at2) = —ikekt2 ekt

Moreover from (23) we obtain the fundamental matrix of the output LDE (22) to be given by
D, (ta) = S(A, t2) (N, t2) ST (A, 19).

Since the entries of S(\, t2) are generated by T?/ and the entries of ®(), t2) are combinations of {e**2 e =2}
we obtain the desired result. UJ

3.4 General Sturm-—Liouville vessels

In this section we want to consider an arbitrary input Sturm—Liouville vessel. In order to obtain a
Sturm-Liouville equation at the input we will take

Y= v
n

for an analytic function n = n(t3) (actually it is enough for 5 to be differentiable a finite number of
times, but then the notion of the differential ring R, appearing at the Definition 10 must be substituted
by the ring, generated by the derivatives). Moreover, in order to use techniques similar to the trivial
case, we shall suppose that

~ 3‘3

i (n) —
Jim 5™ (t2) =0, (45)
for sufficiently large n, which will be clear from the proof of Lemma 3.13. Then entries of the input
uy (A, t2)

u(tz) = [ (A1) } will satisfy

9? d? ,
—ﬁul()\,tg) + 2W(logn)u1()\,t2) = —iAug (A, t2), (46)
2 2
u2(>‘7t2) = 7’(77 - ot )ul(AatQ)a (47)
2

which means that u; (), t2) satisfies the Sturm-Liouville differential equation (1) with potential 2—6‘;; (log n)
2
and the spectral parameter —i\.
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Definition 9 A general Sturm—Liouville vessel is a collection

/

Gsr = (A1, B(t2),X(t2);01,02,7 = [ Zn?/ % ‘| Y« (t2) = [ 71.(6,57 ) Z.ﬂ ;H, C?)
LR
n

satisfying the the vessel condition (15), (16), (17), (18) and ezisting on an interval T on which the
reqularity assumptions 1 hold.

If A; = Jordan(z1,71,...,2,,7,) with 2z;’s spectral values and 7;’s the corresponding sizes of Jordan
blocks, then defining companion solutions b; of (35) we obtain solving (15) (where N =7y 4+ --- +1y)
by
Bl = | 2
by
X(t2) = [x4j] is a solution of the Lyapunov equation (16) and satisfies (17). We will use the same

definition as in the elementary input case 7 = det X(f2) and using Lemma 3.1 and Proposition 3.2
considered in this new setting, the same formula, appearing at the Proposition 3.2 is obtained for ~,:

L i T
Y = W ;7 L TR (48)
n T

/

From here we can see that the differential ring R, must include the element % In the sequel, we will

also use the ring, generated by 77’—/ itself, so we make the following
]

Definition 10 The input differential ring R is the ring as defined to be generated by {%, 1}. The
output differential ring R is the ring as defined to be generated by {T—/ us 1}.

T
This definition is a generalization of the Definition 6, because in the elementary input case we obtain
that the input differential ring is generated by % =0 and 1, i.e it is trivial and as a result, the output
differential ring is generated only by 77/ and 1.

Notice also that the same restriction (corollaries 3.3 and 3.4) on the appearance of purely imaginary

and pairs (p;, —p}) hold and as a result we may consider A; of the same form as in the elementary input
case

E 0 0
Ai=|1 0 P O (39)
0o 0 J
E = diag(e, ea, ..., e, ), (40)
P = diag(pr. 41, =05, 115+ Prp) —p;ﬁp), (41)
J = Jordan(z,, y2r, 41, Tro42ry+15 -+ ZnsTn)  (42)
so that N =re +2rp + 1y 42r, 41+ .- + T Suppose also that as in (43) the transpose of B(ts) is

t __ * * * * * * * *
Bt2)' =[ i - wl v Wige-o Vi oy Wi blioe iy ... by ],

where v;, w;’s are corresponding solutions of the adjoint input LDE (34) (for which + is not trivial) and
b;’s are companion solutions of the same equation (34).
Let us define an analogue of the space 7 appearing in Definition 7 in the following way
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Definition 11 We define Tg to be the space defined by

Te = span{y1ya - - - Yr Yro+1Yr +3 - - - YrpYre+2rp,+1Yre+2rp+ri+1 - - - YN—r, +1J R,
where y;’s are defined as in Definition 7.

Remark: It follows from the definition that 7¢ = TR.
On the contrary to Theorem 3.10 this space will not usually be finite-dimensional, because the input
differential ring R is generally infinite-dimensional.

Lemma 3.13 7/ C Tg and 7 satisfies a linear differential equation of finite order over R.
Proof: From the definition it follows that 7¢ = TR and using Leibnitz rule,
TeCTR+TR.
Consequently, it is enough to show that 7' C TR, since then
TR+TR CTRR+TRCTRCTs

as desired. In order to see that 7/ C TR, we use the Leibnitz rule and evaluate the derivatives of
b E;;,bj, using their definition as companion solutions of the adjoint output LDE (34)

d 1%

at; Vi Bijibj, = ) ) ) )

= bi[(022" =)oy Eyj, + Eij,00 (02w + )]s, + bi_10207  Eij.bj, + b Eyj,o0 02bj,—1

’ 1"
AT 0 '
= bl [ . ’I’[/ EZ_]1 + E'Uz _77// n/ ]b]1+
—1 —L w—il- T
K 1 O
* — * —
0710201 Eij;bj, + 07 Eij,01 09bj, 1

«| 1 0 1 0 / o 0 2" 0 1
bi[[o _1}Eiji+Eiji[O 1 :|]bj7:?,+bi[|: i 0 ]Eiji+Eiji[w O}V’jﬂr
1

0 0 0 " _ _
+b2‘[{ 0 0 ]Em + Eij, { i 0 }]bﬁ",, + 010207 Bijbj, + 0 Bij,oq o2bj 1,

which means that we obtain elements of the form b} F;;, b;,’R. In order to see that we stay at the space
Ta, notice that if b; or b;, are initial members at a companion chain of solutions, then the two elements
with smaller indexes

bi_10207 ' Eij.bj,, Ui Eijo1 'oabj,

i

does not appear, which explains why the restriction on 7¢ in Definition 11 holds.
Since T¢ = TR and 7T is finite-dimensional, we obtain that 7 € T satisfies a linear differential
equation with coefficients in R. 0
Although the solutions of the input LDE (21) are not exponents, multiplied by powers of ¢, they
have the same properties appearing in Corollary 3.7:

Lemma 3.14 Let by(t2),ba(t2),...,b.(t2) be a chain corresponding to the spectral value z with initial

values b9,09,...,0%. Then

1. for fized i # j, span(b; Eb;) = span(bj Eb;),

28



2. for any indezes satisfying i + j = k + m, span(b} Eb;) = span(b;Eb,, ),

b;dlbj
z+ 2
terms with the same b;,b; and terms with lower indexes. Performing these calculations, we can find
that y;; satisfies the following differential equation

Proof: Denote by y;; = As we saw at the previous Lemma 3.13 derivatives of y;; involves

(4) 4 77”77 - (77/)2 \/7 * (2) —\2 K _ 4
Yij _[(71724—2 —1(z = 2")y;;” — (2 +2)°yi; + Kij =0, (49)
where K;; is a linear combination of elements v, with lower indexes. Let ¥(t3) be the fundamental
matrix of solutions of the homogeneous part of the equation (49):

W(ty)™D — [4(77”77;2(77/)2 + 2V =1(z — 2°)U(t2) D — (24 2)2U(ty) =0, V(t9) =1, (50)

then W(ty) can be taken as a real valued function, since the coefficients are such. Then

to

%:wmw[’wwwwm@+wﬁn

0
2
Since W(t2) is real valued, we obtain that

ta

W:%=@@»j“wwﬂ@@@+%@»

£

If we suppose using induction that K;; and K; are linear combinations of the same functions real-
valued functions, then immediately we obtain that y;; and y;; are also linear combinations of the same
functions. This finishes the first part of the Lemma.

Let us prove the second part using induction on i + j. We will use again the differential equation
(50) for U(tz), but now we will use the fact that the coefficients of this differential equation does not
depend on 4,j but on z,1 only. We have also analyze more carefully the element Kj;; appearing in

b*ob;
i1 i we obtain elements of the form

(49). Differentiating twice and four times the function y;; =

b;‘l Ei jibj, where i —4 <1y <4i,7—4 < ji <jand F;, j is a constant matrix in C?*2. So, their sum
satisfies
itj-8<ii+j<itj—1
Consequently,
ta
=) [ VTS BB (@)
t2 itj—8<iy+1 <itj—1

But the same formula holds for y,,,, for m+n =17+ j

ta
%m:wm%/QW@* 3 e By s b 5 + g (12)].

0
t3 m+n—8<mi+n;<m+n—1
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If we suppose, by the induction hypothesis, that

Z b;Eihjl bjn and Z b:nlEml,nl bn1

i+j—8<iy+j1<i+j—1 m4n—8<mi+n;<m+n—1

are linear combinations of the same functions, we shall obtain the desired result. Notice that the basis
for this induction is for ¢ + j = 3, which holds by the first property. L]

From the assumption (45) on the function 7 it follows that in the neighborhood of infinity (to — o)
the solutions and their derivatives of the input compatibility condition (21) are close to the exponential
functions. Using this observation, we may define a generic case on the basis of the trivial input case:

Definition 12 We define a notion of generic case as follows. For each choice of the initial spectral
parameters Ay, B(19),Xq at the neighborhood of infinity, the solutions of the input LDE (21) are close to
exponential solutions. A choice of these parameters, for which no exponent, appearing in T, considered
at the neighborhood of infinity, vanishes is called a generic case.

The generalization of Theorem 3.10 is as follows

Theorem 3.15 The entries of v, are in R, and in the generic case the entries of the transfer function
Ses. (A ta) of the vessel gy, are in R.. In the generic case, the dimension of the space Tg over R is
the dimension of T, which is as in Corollary 3.8:

4req?ro=r) [T 4 ru(rn — DA™, re+2r 411+ 1o+ -+, = N
k=1

Proof: From the formula (48) it follows that the entries of 7, are in R..

Due to the assumption of the generic case, the maximal and the minimal dimension of the space
Te coincide and is given by the formula above. In order to prove the statement regarding the transfer
function, let us use the formula (36):

by
(=)™ -1 b2
SQ5SL ()\,tg) =] - [ b1 bQ N leJr"'JrTn } T[MWKAI — Al) . o1q.
b7\,
Notice first that L
~1 o (= ~1
X7 (t2)M = A7 = ——[Myu](M — A1) ™" = [Ky]

where K;; are linear combinations of @ when we consider A as a constant. Then
by
(,1)i+j b;

S()\7t2) =71 — [ b1 b2 ) bN ] X_l(tg) = [M]Z](AI — Al)_l . 01

by

=1- Zij bzb;K”(fl
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Since b;b7 K;; has entries in %T, we obtain by the assumption of the generic case that these entries are

in R..

The following corollaries are proved identically to the elementary input case

Corollary 3.16 R. is a finitely generated, filtered differential ring:

Te T2
7G+7C2¥+...
T T

R.=R+
for which the derivative respects the following rule

@
dto

Té

Tt

7 Ti+1
G G
(=)< i + Fitl
Corollary 3.17 The Piccard-Vessiot ring of the output LDE (22) (for A & {z1,

d _
SV =07 (o) 4 ul12)Y (1)
2

is generated by T?/ and the entries of ®(\,t2).

4 Conclusions and remarks

O

Y

1. It is possible to generalize all the formulas appearing in this article to solutions of differential

equations of greater order. For example, defining

0 0 1 1 0 0 i 153
o1r=10 1 0f,00=0 0 0]|,y=]| =8 0
1 00 0 0 0 —a -1

for real valued «(t2), m(t2), one obtains that for the input function uy(t2) =

entry satisfies

" !/

—u)' +ul (B + B =2 + )+ u((BY) — " —ia+ed +cB—

which is a general linear differential equation of order 3

"

u” + qu’ + gu = M.

1 (/\a t2)
For the output yx(t2) = | y2(A,t2) |, the first entry satisfies
yB()‘a t2)
" /
Y1 + QY1 + Gesy1 = Ayn

and there are relations between ¢4, g2« and ¢, qs.
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More generally, defining o; as anti diagonal, o7 = E1; and v of the same form as for n=3, we can
study differential equations of order n.

We can also conclude that in the Sturm—Liouville case the role of the 7-function is a ”generating
element” of a universe (a generator of the output differential ring R, together with % corre-
sponding to the input), where all the relevant objects (7., transfer function, the potential g, (t2))
live.

2. The Galois Group [PS] of the differential equation (1) is defined as the group of automorphisms
of @, (), t2) (see Definition 24), commuting with the derivative, which leave the ring, generated by
the potential, invariant. In that case, it means that we are interested in automorphisms of R,
which leave the ring R invariant. Any automorphism of R, is uniquely determined by its action
on the generating element 7. Since, 7 satisfies a linear differential equation of finite order over R,
it follows that 7 can be mapped to a solution of the same differential equation only. So, the Galois
group is finite in that case and has a maximal number of elements as the degree of Tg over R, i.e.
as the degree of 7. This analysis can be carried out further, using the nature of the differential
equation for 7.

3. Generalizing the ideas in this article, we may study a differential ring R. generated from another
differential ring R using solutions of the input Sturm-Liouville differential equation (1). The ring
R. will have the filtering structure appearing in Corollary 3.16. Structure of the space 75 may
be further analyzed.
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